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CUSP FORMS OF WEIGHT OHE,QUARTIC RECIPROCITY
AND
ELLIPTIC CURVES

By
NOBUROQ ISHII

$1. Introduction

Let m be a non-square pesitive integer. Let K be the Galois extension
cver the rational number field Q generated by {:ﬁ and 4{5. Then its
Galois group over Q is the dihedral group D4 of order 8 and has the
unique two-dimensional irreducible complex recresentation /.
In view of the theory of Hecke-Weil-Langlands, we know that Y/ defines
a cusp form of weight one (c.f, Serre[6}). This cusp form is dencted
by‘e(t,K). The present paper consists of two parts, In the first
part (§2 and §3), we shall study the number theoretic properiies of
B(t,K) deduced from XK. We show firstly that G(T,K) has thres
expressions by definite or indefinite theta series. We may consider
these expressions offﬂ{t,K) as the identities between cusp forms of
weight one. This point of view gives a number theoretic explanstion for
the identities between cusp forms {{3]). Further we show that the
Fourier coefficients of the cusp form Q(T,K) determine the
decemposition law of the extension K/Q and especially the quzrtic
residuacity of m, These resulits are cbiained Irom that K has three

quadratic subfields over which K is abelian. In particular, for the



case m is prime, we write down the above expressions of B(r,X)
explicitly by determining the class group corresponding to K in each
quadratic subfield. We deduce from this a special case of quartic
reciprocity law, In this part we also establish the "higher reciprocity
law" of the defining equation of K,

3

Let E be the eiliptic curve defined by the equation:32= X7 +4mx,
Then X is generated over Q by certain torsion points of E. The purpose
of the second part is tc study the property of E}(F,K) related to E
through X. Let-((T,E) denote the inverse Mellin transform of the I-
function of E. Then ~f{T,E) is a cusp form of weight two {c¢.f.
Shimura {8]). In $4, we shall show, under certain assumptiorn on m,
the following congruence relation:
B(t,k) = L0{T,E) nod 4.

We remark that this result provides an answer for the problem proposed
by Koike (c¢.f. Koike [4]).

The author would like 4o express his hearty graiitude to Professor

T,.Hiramatsu for encouraging him to consider these problems and

Dr.Y.Mimura for very helpful discussions.

$2. Quartic residuacity and cusp forms of weight one

Let m be a non-square positive integer such that m has the

following decomposition in prime numbers pi

(1) m=ﬁpetp). 0% e(p)s 3,
P

Let K= Q(J:7,4Iﬁ) be the field generated by =1 and AW over the



rational number field Q. Then X is a Galois extension over ¢ of degree
8 and its Galois group G= G(X/Q) is isomorphic to the dihedral group
D4 of crder 8, Let ¢ and / be the two generators of G defired by
§{(HNm= F1NmE, ¢ (F)= 0T
p(Hmy= 4, PO= -

Then the fcllowing Diagram 1 of subfields of K is obtained:

|
L=. Q( §=1,Jm)
Lae>
<ad P> FE Ql{m) k= Q( 1) E= 0 {h) <63 5P>

|
Q
Diagram 1.

To the field K we shall define a cusp form [(T,K) of weight one,

Let 4’be the two-dimensional complex irreducible representation of

O 1
], LP(P)=(1 O) .

G defined by

voro(F

-1
Then the representation dety of G defined by (dety )(g)= det Y {g)
induces a Dirichlet character £ such that

Eln)= (~1/n).

Denote the Artin L-function associated with Y by
co

l-(s,K/Q,\V)=Z a(n)n™®,

n=1
Then L(s,K/Q,Y%) has the Buler product:

__3.._



(2)  Lls,k/Q, )= TT (Gi=almp ™)™ T T (1-a(p)p™5+ £{p)p~29)"",
P|N pf N

where N denotes the conductor of Y. Wow we define the function

B(t,K) vy

A

i)
G(F,K)=: a(n)q™ , q= exp(2R=ID).
=

It follows from the well known theory of Hecke-Weil-Langlands that
€(v,X) is a cusp form (new form) of weight one with character £
on the Hecke groun [E{N}i).

We are going to give explicit form of e(t,K}. 4t first we explain
the notation used below, Tet.khand A\ be fields sueh that L is
abelian over A\ . Then F{/A) {resp. f(L/A)) denotes the conductor
{resp, the finite part of conductor) of fLover /A . Tet M be one of the
quadratic fields appeared in Disgram 1, Then (?M denctes the ring of
integers of M and NM/Q denotes the norm of M over Q. Let 6t be an
integral ideal of M, If M is imaginary {(resp. rezl), then HMUR) denotes
the group of ray <¢lasses (resp., narrow ray classes) medulofLof M,
Purthermore PMUR] denotes the subgroup of HMGL) generated by principal
¢lasses (resp. principal classes represented by totally positive
elements). If ¥ is an ideal prime to g , then |b] denotes the class
of HM(MJ represented by B . If b is an element of M and (b) is the
principal ideal generated by b, then [b] denotes [(b)]. Finally let
CM{K) (resp. CM(L)) denote the subgroup of HM{f{K/M]) corresponding
to the field X (resp. L).

Tet Y and M be as above, Then the restriction of ¥ to the abelian

group G(K/M) decomposes into two distincet linear representations grq

1) See serre f6], for example.
._._4_



and g, of G(K/M). Via Artin reciprocity law, we can identify E
and £, with characters of Hy(£(K/M)) trivial on Cu(K). We denote
these characters by the same notation, If ¢y and Ch are the finite

bpart of conducters of ?M and ?h respectively, then Chy is conjugate

F ety R
to ¢ over Q. Tet ¥, (rESp.fﬁ ) be the primitive character of 5M
{resp. Eh ) and L{s,gm ) (resP.L(s,EM )} the Hecke I-function associatec

with'?h (resp.\ﬁh). Then it is well known that

(3 (s,%/Q,¥)= I(s, F= ils, T
Let Cy(K) and Cy(1) be the image of C,(K) and C,(L) by the canonical

homomorphism of HM(f(KfM)} to HM(CM) respectively., Then, as shown in{3],
I( 3, EM)"—" 2 XL'I(R}NI‘TXQ(UT)-S’
ElCUE

where [ ] v\( )
1 if [erjec (X)),

Kato0={ i

- otherwise.

Applying the inverse Mellin transformaticn on the both side of (3),

we obtain

(4) G- 7 Kyua e,
orC O
[e ] e CM(L)

Therefore (}(T,K) has three expressions according tc quadratic fields
F.E and k. To determine CM(K) and CM(L)’ iﬂ@s necessary to know the
CDndHCtOE}Gf E/M and L/M. Iet X,L and F be fields such that

KDLDF and [L:F}= 2. Assume K is abelian over F. Then f{K/F) is

2)See (31,



determined by f(K/L) and the differernt D{L/F} of L over F. Thus we have
Lemma 1. For a prime ideal P of I, let f(¥3) (resp. g(P)) denote
the P ~exponent of £(K/L) (resp. D(L/F}). Put
e(P)= max( 0, g(P)-£{P}).
Then
£(k/F)= £(k/5)D(1/B) TP,
Proof. This is deduced from the iroof of Lemma 1 in [ 3].
It follows from [D:i]= 2 that f(L/M)= D(L/M)z. ind D{L/M)} is deduced
from the following equalities:

D(L/Q)°
D{L/Q)

D(F/QYD(E/Q)D(k/Q);
D{L/M)D(M/Q).

In view of Lemma 1, to obtain F(X/M) it is sufficient to determine

F(K/L). Write

me 22200, ogel2)E£3, (m,2)= 1.
L)
Let
n1= TT B 112= T—rP'
p|m, pimy
e(p):even e(p):odd

Furthermore put n= n14n2. Then the conducter F(X/L) is as follows.

e{2) 1,3 0 2

m, mod 8 1|5 37| 153 | T

F(K/L) } 4n| n |[2n | 4n | 4n | 2n n

Table 1,

Tn the next Table 2, we give F(K/M), F(L/M) and c, in only the cases

-6



needed below, thus, the cases where m are prime numbers p=5.

p mod 8 {R(K/E)|F(L/E) ¢

IR VSIER S T R e

1 e Fo| o - £
1 D 4o, [ 409,09, '

2Fp 2Fvl  2p 2p 4o

&7 ¢ | sFpl  4p P | 4| oo, | s, | 4

>
3
T

Table 2.

In the above Table 2, P, denotes a prime ideal of F dividing 2 and
vo; (i= 1.2) denote infinite places of ¥, From this we know that

Cy(L)= Cy(D) and ‘E’:“M(K)= € (K) except the case p= 1 mod 8 and M= F.

Asgume that m is a prime p congruent to 5 mod B, Denote by H(T,M}
the right side of {4). In (I) through (IL) below, we shall determine
§{T,M) explicitly for .M= E,k and F respectively. In the following
we write simply Hy and P, in place of Hm(f(K/M)) and PM(f(KfM)}
respectively. Further for a prime ideal F.of. M denote by r(F) a
generator of the group (C}Mﬁpf:. And, for an integral ideal OU dividing

f{K/M), dencte by K(l) the kernel of the canonical homomorphism of Py

to PM(UI) 3

(I} The case M= E (= Q(y=p}). Put P= (JV-p). Let (uand A be

integers of E satisfying the following properties:
3

{ws Fr mod 2, {}LE 1 mod 2,372}
w= 1 mod P ; = r(R) mod P .
Then it is easy to see

P= W 7Y+ KB)={[wl)s
K((2))={[n])-



Since F(K/E)}= 2P and F(L/E}= 1, we see
CL(L}DPp i CelK) P Py, K(E), K((2))
This implies
[ PpiPpnep(K)]= 2. cp()d[w], [n] .

From this, noting that[ﬁ]QG Cp(K}, we have

Pe Cpl)= L}l

It follows from the genus theory that the class number h(E) of E is
even and that the number of square classes in HE/PE equals to 3h(E).
Let(ﬂi (i= 1,...,%h{E)) be integral ideals of E such that Bﬁi]g

represent all square classes in HE/PE. Since G(K/E) is a Xlein four

group,{ini]ze-CE(K) and the following cosel decompositions are obtained:
cpll)= (k) + op(iw],
GB(K}=Zi,l[5li] TA P CR(K)).
If ot is an integral ideal of E prime to EP and [U(]E_CE(L), then
there exist unique 01; and an element a+b/-p of ﬁliz such that
o7 = D'L.l"z(a+b1f——1_}) '

(a,p)=1,

af b mod 2.
Furthermore

(o] € cp(k) = (a/p)(-1)"= 1.

Hence we obtain

hly [ s 2,002) /4. 2
g(r,8)= % 2L (-1)Parpg a4y 3
i= 1 23bh mod 2
a+b\j—peﬁti2

-8 —



where 4= NEKQUHi)'
(L) The case M= k {=0(y-1)). Let p= PP' be the decomposotion in
prime ideals of p in k., Choose integral elements n and A of k

satisfying the congruent relations:

{’254-1 mod 2 A =1 mod 2
M= 1 mod P A= r{P) mod P
=1 mod P!,

Let n' be the conjugate of A over Q. Then it is easy to see

Py= <E—,ﬂ , [ 7] ,[’Q]> and K((p))= <[?1]> ., It follows Trom the values

of conductors in Table 2 that
[2.:0,(0)]= [0 (B):e (K)] = 2;
C (L)DK((p)}, C (K)DK((p)).
Since G(X/k) is cyelic of order 4, we know
o (1) 3[AT%, ¢, (K)HL2]°.
Purther the commutativity (resp. non-commutativity) of G{L/Q) {resp.

G(X/Q)) implies that
0 (1) TN (resp. o (K)PATII).
Therefore
0 (D)= (0% A7 W] - )
o(k)=< [A1200, I '
=< A5 AT



Thus for integral ideal3 ol of k vrime te 2p, we obtain

[UL] = Ck(L) &———> Ul has a generator x+v-1v such that
(x2+32/p)= 1, ¥x= 1, y= 0 mod 2;
Furthermore
[6U] € O (K) &= (x+3y/p) (x"+y°/p) 4= 1,
where s 1s an integer such that 325 -1 med p,

Hence
G(T.k)= % KZ}’ (x+syfp)(x2+3’2/13)4 qxzﬂr?
3
where the summation is over all pairs of integers (x,¥) such that
xz 1, y= 0 mod 2 angd (x2+y2/p)=1.
(I) The case M= F (= Q(yp)). Let P= (Jp) and w= %(1+/p). For
o« € (}F, take an element (L* of @JF such that
A% is totally positive,
¥z o mod 4,
#¥= 1 med P,
Let ge(j'F such that g:' induces an element of order 3 in the group
(®,/4) . Let7 be a positive integer such that = 1 mod 4 and
A= r(P) mod P. PutM= 1+26} . Then it is easy to see
P[4 [0 3% [A0) -
K((2))= ¥, 137, [] ), x((4a0)= D).
Taking account of the values of conductors, we have
[PpiCp(T) Ppl= [ CR{I)n PpiCplK)n Ppl= 23
Cp{L)DK((4)), P K{(2}); CRp(KIPHK((4)).
It [41*]' is the conjugate class of [ ¥], then



[nx1r= [5%{nx] .

Since CF{L) is closed under the c¢onjugation, thus CF(L)'= CF(L], and
CF(L)jDPF, we know

co(B (M, [79-[34).
Therefore
(5) cplDIn Pe=d (27,139 ,(0]) .
Thé non-commutativity of G(K/Q) shows that Cp(K)P [3%].
This implies
(6) cxlOn 2= g4, (3] .
Let h{PF) be the narrow class number of F, By the genus theory, h(F) is
odd, Let'bi {i=1,+..,h(F)) be integral ideals such that {Eifrepresent
all classes of HF/PF. Then we have the coset decompositions:

CplL)= Cp(K)+0p(X)(3%],

ep()= ) Lh] ™ topmn 7z).
Let }L be a totally positive element of Gﬁ.prime to 4P, If}is 1 mod 2,
then we can put L= u+vyp, u=z v+1 mod 2. Further in view of
(5) and {(6), we obtain

{[!-L] e Cp(l) &—> ['}L]E<[_’)*] SADe=s v= 0 mod 2, (p,u)= 13

(7)

(1] e cp(x) e===> (u/p}(-DF™¥" o1, vo 0 moa 2.
If}i% 1 mod 2, then we can put u= *{s+t/p), s:0dd. Choose a= 1 or 2
such that }Lg*a; 1 mod 2. Putd }ug *a=u+v1f_7p_; us v+1 mod 2. Since

NFKQ{E*)E 1 mod 4, we have

NF/Q(F')E uz-vz

mod 4.

—1—



Therefore
vz 0 mod 2 Q—L==$-NF‘;Q{#)E 1 med 4.
Further if v= C mod 2, then
(urv-1)= 3(s+1) mod 2,
Noting s 2u mod p, it follows from (7) that
{_-}L] € CF(L}%ﬁv:even . I\TF/Q({M.)E 1 mod 4;
Furthermore
E(u+v=-1) _ 2{g=-1)
L] € cplk) &= (u/p)(-1) = 1> (s/p)(~1) = 1.
To obtain O{T,F), we must consider the effects of units of F. Let
E+=-{E€%3T |8:totally positive units] ,
- + —
Ey={€e " |£= 1 moa £(x/F)}.
Put e= [E :Ej) and B,= Np,(f;). Then

g(t,m)- e-1;?££%{j ;r—i (s/p)(_1)%(5-1)+tq(s?—4pt2)f312
i=1 2z

. /o)1y (s=1) (s%~pt?) /4B 2
> 1 (s/p)(-1) q i Jo
far

where the summation with respect to PH (resp,}%) is over all
representatives mod E0 of the set of totally positive elements 0f'b32
such that ﬁ%= s+2t{p; s,t€Z and s= 1 mod 2 (resp,}12= L(s+tip);
s,t€2, s= 1 mod 2 and NF/Q([«LE}E 1 med 4},
Tet | be a prime number. Then we have
(-1/2)= (p/@)}=1 < { splits completely in L
= a(fl)= 12;
Furthermore
4 splits completely in K &———— all}= 2

(See Corollary 2 of §3 in the present paper).

—2—



Consequently we have

Theorem 1, Let p= 5 mod 8 and keep the notation as above. Then
(1) E(T,X) is a new form of weight one, with character
£{n)= (-1/n) on the group fa(16p2);
(ii) For a prime number J such that (-1/f)= {p/@)= 1,
(p/2) 4= 3a(d);

(iii) € (T,X) has the following three expressions:
3n(E) > ,
Q(T}K}= 3 E 5 ‘{-1)b(afp)q(a +pb )fﬂi

i=1 a¥b mod 2
a+bJ:ﬁem12

2
3 > (x+sy/p}(x2+3'2/p)4qx i
XY

m

o ;-@{:(sfp){_,l}%(3—1)+tq(52-—4pt2]/]3i2
=1~/ 212\ s4m 2
+ Y7 _ s- 5 -p .
(s/p)(~1)3(s=1) t°) /4B, }.
Ha

Especially from the second expression of P(T.X) in (iii), we obtain
a reciprocity law of gquartic residue:

Coroliary 1. Let § be & prime number such that {-1/2)= (p/g)= 1.
Put {= x2+y2 with x= 1 mod 2, Then

(p/0) = {x+sy/p)(E/p),.

To avoid diffuseness, for other primes, we shail state only the

results corresponding to (iii) in the next Remarks.

15



Remark 1, Let p= 2 or 3. Then B(T,K) is expressed as follows.

(p= 2)
— 2 2
B(T,K)= £2,(16T) 125 (16T)= Z?:. (1) #av1) 48D
a’
7 2 2
= %19%(817?}%(52t)= Ei_;{—1}yq(4x+1] +16y
X, ¥

= o0 (16T,1, O, 4d2)+ 34, (16T.3, Gp, #V2)

— 2 Z
= L\ (=2/s)qS ~9F
s>6 [T

where 1p0,1Q2, 193 and 1£4 are thetz series defined by

Wo(®)= LU0 exp(r{=1n"0), of,(T)= 51 exp

n=1 mod

{via E)
(via k)
{via F),
grj—_“lnszdf) .

Ws(T)=y | exp(=TnT), 24,(v)=] L(2/n)exp(7ty~Tn°T/8)
n n

and 7%, denotes the Hecke indefinite theta series (see [3]).

{p= 3)
2
B (T.x)= M (24T)d5(240)= )] (~1)2q(6a+1) +120

a,b

2

{via E)

2, 10,2 2 2
=Z{_1)Yq(6x+1} +12y +E(_1)x+1q4{3x+1) +9{2y+1)

I,y’ x,y

ii

~Lﬂ+[24f, 1 ¥ G-Fj 4‘}_3)_ ’2}?-_'_(24-[!?4'2\!_3;! I:?F'F’ 4‘\[_3.)

s 2
S 1 (s/6)(~1)%% ~12F
s> 4|t

where Q(Tj is the Dedekind eta function.

(via k}

(via F),



Remark 2. Let p= 3 mod 4 or p= 1 med 8. Xeen the notation as above.

Let{hti} (resp.{”bi}} be the set of the integral ideals of E {resp.F)

such that{ﬂli]g} (resp.{[bi]z} ) represent all square classes in
HEIPE (resp. HFKPF). Put 4= NE/Q(mi) and B, = NF!Q(EE)' Then we have
the following expressions of &(7,K}.

{p= 3 mod 4)

h(E 2
0(T.K)= (E) {> (-1)%(a/p)gt? +4pb2)”*&12}
i=1 Wy

I p= 7 mod 8,

0
1 n(E 2. .2 2
{f_iz) Z(-1}%(NE/Q(""E')”)(afp)q(a +Ph ”‘”‘ib
i=1 sy (:r____d_____f_.
otherwise;
— 1 2. .2
e o e
M

2h(F)..

=e'1z{

=1

> .2 2
> (s/p)(ﬂ)%tq(s -pt°) /By
!

2 2 2
+2(sfp)(-.1-)%5q{3 -pt J/Bi }’

Mz
where {x+4-1y/p}¢ denotes a cyclic character of‘(f?kfpf< of order 4

and the summations are as follows:

57 ¢ W= at2by=pe i, %, a+2b= 1 mod 4;
W
i

PIES

G
Y © 1 = x+y/~Ty, x= 1 mod 4, y= O mod 2, (x2+y2/p)= 13
7

W= %(a+b4:§)etni2, a= 3 mod 4;

E f (resp.z i Y pﬂ(resp.fb) runs over 211 representatives
4 ]



mod Eq of the set of totally positive elements swﬂf&lﬁz such that

5= 1, t= O { resp.s= Q, t= 1) mod 2.

{p=1 med 8)

Let }2 be a prime ideal of F over 2. Put

={uEE+[ 4= 1 nod ?22({5}}.

Let e'= [E+:E6]. Take s€ 2 such that 525 ~1 mod p. Then

2h(F)

Bl 0=4) | 5 (-1 Pa/p)gla ¥

]

— M

i=1 W

2
S (x+sy/p)(x +y2/p)¢q i

7\..-
h .

+2_-‘(_1)%[S-t*2}(_1)(p-1)/8(s/p)q(SZ_Pt2}f4Bi?k

where the summations are as follows:

E :: LU = a+bJ:ﬁEDIi2, az b mod 2;
T

25
>

s A= x+ {70y, (x%+y°/p)= 1;

( resp. E ; ) #1{resp ,H?) runs over all representatives

mad Eé of the set of totally positive integers such that f%— $+t{b

(resp.)L2= i(s+t{§))€'b1 and s= t+1 mod 2 (resp, s= 1 mod 2 and

$3%, Higher reciproecity law

Tet the notation be as in $2. Consider the polynomial f£{x)= x4em.

Then the cusp form Ea(t,K} has ¢lose relation to the decomposition law
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of K/Q and the "higher recivrocity 1aw3} " of f{x). We shall exvlain
these properties of H(T,K). To this purpose, let us consider the

exoression of Q(T,K) in (4), for M= k. Since—?k is primitive we obtain

(8) ST, K= o e aese Y
oU:&k

lovj& €y (L)
Let m= 2&(2)m1’ (m1,2}= 1. Put

(9} m1*= .I_l P
P[my

Then the conductor F(X/k) of X over k is given in the next Table 3.

e(2) 1,3 0 2
m, mod 8 1 5 3,7 1,5 3 7
PK/k) 8m ¥ [ m* | 2m ¥ dm ¥ [ 4m *-| 2m,* m1*_
Table 3,

Let f be the positive integer such that F(K/k}= (f). Then the level
N of B(r,¥X) is given by
(10) N= 4£2.
Now the decomposition law of K/Q is described by e(r,k) as follows.
Propositien 1. Let p be 2z prime number not dividing f. Denote
by fp the velative degree of the prime ideasls of K over p. Then the
following assertions held:
(i) If p= 1 mod 4, then

fy=1 == a{p)= 2;

3) por the higher reciprocity law, see Hiramatsu [2] and Moreno [ S].



fp: 2~¢—-'__—‘—‘}a(p}= -2;
f,= 4 &=—=a{p)= 0.

(i1) If p= 3 mod 4, then a(p)= 0, fpﬂ? or 4. Further
f= 22— a(p)= 13

fp= 4 == a(p2)= -1.

{iii} If p= 2, then fp= 1 or 2. Purther
£ =1 &= a{p)= 1;

B
fp= 2 -':@—}a(P}= -1.
Proof, Let P be a prime ideal of k¥ over p and f_ the relative

P
degree of P. Denote by P' the conjugate ideal of P, Since G(X/k) is

cyelic, it is easy to ses
[Pl Ck(L) (resp.ck(K))€===$‘ P splits completely in L {resp. K)
— fpffP= 1 or 2 {resp. fp/fP= 1)3
(Pl¢c () = [p]+{z].
From this, for a prime p such that p= 2 or p= 3 mod 4 we have
[P]EECk(L) and fP/fPa 1 or 2.
Therefore our assertions are deduced immidiately from (8),q.e.d.
Corollary 2. TLet p be a prime number sugch that (-1/p)= (m/p)= 1.
Then
(m/p) 4= $a(p).

Next we shall treat the higher reciprocity law of f£(x}. Consider

all irreducible representations of G and they are iisted below,
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S P
Vo L 1
" 1 -1
Yo -1 1
Vs -1 “1
a B

Table 4.

Let X be the character of . For a prime number p unramified at K

(¢==$'QXN), dencte by (jp the Frobenius substitution of p. Then

(11} 4/1(613): {‘1/1:')’ \PE{GP}= (m(j”{p)’ \bB(%)'—' (‘mO/‘P)-
I.(G’p)= a(P)s
where mg is the sguare free part of m:
eT(_pJ oad |

Por a prime number p, put
5(p)= #{aEFDI f(a)= 0 mod p} .
Then we have

Proposition 2. Let p be a prime number not dividing N, Then

5(p)= 1+a{p)+(my/p)

= a(p]+a(p2)-(-mb/P}-

Proof, Put H={py. Then H is the subgroup of G corresponding to

the subfield Q(%rﬁ). Let 1;; be the identity character of H and »J) its

—1G-



induced character of G. Let d(f) be the discriminant of f{x). Then
N and 4(f) have the same prime divisors. Therefore we obtain for p{N,
V(g,)= s(p).

Coemputing inner product of L/ with all irreducible characters of G, we

have
_ 0 if i= 1,3,
(Ulwi)={:1 otherwise;
(wixi= 1.
Therefore
L= ¢h+-¢é+-}i.

It follows from (11} that
S(p)= 1+(my/p)+alp).
In view of {2), we obtain ($3.3 of Shimura [7])
a(p)2= a(p°)+(~1/p).
On the other hand,by (11) we see
a(0)?= X (6%)+2(~1/p).
Therefore
a(p®}= A(S,2)+(=1/p).
Since the correspondence: g-———ejﬁ(gEJ is a e¢lass funetion of G, by
computing inner products with irreducible characters of G, we have
XAG 2Ym 1=(=1/2)+(mg/p)+(~my /) -
From this we have
a(p?)= t+(my/p)+(-m/P);  S(p)= a(p)+a(p”)-(-my/p),q. €.
Let Spl{f(xj} be the set of all primes p such that £{x) mod p factors

into a product of distinct linear polynomials over FP. Then we have
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Provosition 3. (Higher Reciprocity Law of f(x)). Let p be a
prime number not dividing W, Then
p < Spl{f(X)} —=— a{p)= 2.

Preof, This is obvious from Propositions 1 and 2.

4. Ellivtic curves and cusp forms of weight one
Let the notation be as in preceding sections. Consider the elliptic
curve E cover 1} defined by

2 3

Er y™= x7+4mx.

Then E has a complex multiplication J such that

(12} J(P)= (-x,-y-1y),

for all points P= (x,y) on E.

Since J2= —1E, the subalgebra O generated by J over Z is identified
with the maximal order(&kcgf k= Q{/-1}. Denote the L-function of E hy

L(e,E}= Z:z ¢(n)n”%,
n=1

Let c(E) be the conductor of B. Further put
o0

BT, E)= 71 cln)oh

n=1
Since E has complex multiplications, we know ~9(t,E) is a cusp form
of weight 2, with trivial character on the group .rB(C(E)) { shimura(s]).
In this section we shall show that the cusp form @(T,K) of weight one
is associated with the cusp form -{{T,E) of weight 2 under a congruent
relation. At first we determine the conductor c(E). Since E has

complex multiplications it is easy to see that c(E) takes the form
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c(E)= 2%3¥m,?,
where x, y& 2 and m. is the product of all prime divisors of m which
are prime to 6. Let e{2) and e(3) be the 2-exponent and 3-exponent of
m respectively, Then by Tate's argorithm in Tate [10), we knew y= 0

or 2 aceording to e{%)= 0 or noet. Further x are as follows,

e(2) 0 1 2 3
m, mod 4 1 3 1 3
X 5 6 8 6 5 8
Table 5.

Let my* be the integer defined by (9). Then we have from this

c(E)= 2%n;*2,
Therefore it follows from Tables 3 and 5 that the level e(B) of 4Q(rC,E)
equals 10 the level ® of J(T,K) uwp to a power of 2 and that c(E)= N
if e(2) is add. For a prime number p not dividing c{E}, denote by Ep
the reduction of E mod p. Then EP is again an elliptic curve with
complex multiplications C}k‘ Let 9 = (1+y=-1) be the prime ideal of k
dividing 2. Denote by E{n) (resp. Ep(n)) the group of C¥n=division

points of E (resp. Ep}. Then

B(2)= { (x,0) | X7+ 4imx= O} LL{OE},

B(3)= { (ny) | (F+mx)(x®-4m)= 0,5°= x*+amx}" fo },
where Og denotes the identity element of the group structure on E,

From this we obtain



(13) P= (x,y)€ B(3)-B(2) & X —dm= 0.
Further X is generated over Q by all ‘%B-divisian points of E. Denote

by N_ and T(p) the number of Fp—rational points of Ep and ED(B)

b

respectively. Then we have following Proposition,.

Proposition 4. Keep the notation as above. Let

pip)= {1-(-1/p)}{1+(2/p)]. Then
(1) 2(p)= 8(p)+({-my/p)+3;
(ii) N, T(p)+p{p} mod 8.

Proof. Let M (resp. M(n)) be the subset of prrational points

E . - - . Let
of B, (resp Ep{n} Ep{n 1)) e

N ={aer, | £(a)s 0 moa p} .
FPor pl2m, by (13) we have a bijection ¢of /\ to M(3) defined by
Pla)= (22°,4a2), ac A .

Therefore

s(p)= [A\| = [#M(3)
Further it is easy to see
[M(2)] = 1+(~my/p),  [M(1)] = 2.

-

Hence
p(p)= [M(3) + (2) + (M(2)| = S(p)+(~my/D}+3.

This shows (i). Next we shall prove (ii). The following is easily

ined:
cbtaine 4 if (~1/p)= (m/p),= 1,

(14) S(p)= 2 if (-1/p)= -1 and (n/p),= 1,

o otherwise,



Let p= % mod 4. Then it follaws from {14) and (i) just proved that
T{p)= 4 mod 8,

On the other hand it is easily obtained
Nn= D+1.

iy

Therefore

HPE T(p)ﬁ-/d(p) mod 8,

Let p= 1 mod 4. Then by (12), the endomorphism JP of Ep induced by J

is defined over Fp. Let U be the subgroup of ﬂutF (EP) Zenerated
P

by JP. Then U is cyelic group of order 4 and M becomes a U-module,

Let PEM and denote by O(P) the U-orbit of P. Then we have

1 if Pem(1),
{15) [o(P)| =3 2 ir Pex(2),
4 otherwise.

Let
)
%= \:ﬂ M(n), M**={ xEM { order of x is odd} .
n=1

Then M#* and M¥% become U-modulesand M= M* ® M¥*, From (15) we know
(16) [M**|= 1 mod 4.
Let t be the largest integer such that M*;’Ep{t). If there exists an
element P of M(3), then it follows from (15) that
M(3)| = 4, [m(2)] = 2.

This implies that tz3. Therefore

M¥*|= 2 === t= 1 &&= T(p)= 2;

|M¥)= 4 <=——— t= 2 &———= T(p)= 43

M¥|= O mod BEpt23 &=—== 2(p)= 8.
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Hence by (16),
NP=fM*|‘|M**iE T{p) mod 8,q.e.d.

Consider the L-function L(s,B} of E. Since B has cdmplex multipli-
cations, the Buler product and p-th coefficient c(p) of L(s,E) are
as follows { Tate [9])
L{s,E)= TT (1-c(p)p™S+p "2%)77,
pf{c(E}
1+p=N if pte(E},
C(p)={ , b

otherwise,

(17)

Furthermore we have
Proposition 5. Tet p be a prime number such that p fc(E). Let
¥ (p)=[1+{~1/p)}{1-(2/2)}. Then
c{p)= a(p)+ Y{p) mod 8,
Proof. Let fb denote the character of the resgular representation
of G, Then
Fo= 1+ Yy Yor Yav2 X
Singce G is of order 8, for all g&G we have
fﬁ(g}i 0 mod 8.
In this congruent equation, put g= dﬁ for P:VC{E)’ then by (11),
za(p}+1+{my/p)+{-my/p)+(~1/p)= O mod 8.
On the other hand, Propesitions 2 and 4 imply
e(p)= -alp)- ,LJ-(p)+P-2-{1+(m0/p)+{—m0fp)} mod 8.
Thus
c(p)= a(p)- p{p)+p-2+(-1/p) mod 8.
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It is easy to see

Y (p)= p-2 - l(p)+(-1/p) mod 8,
Thererfore

c(pl= a(p)+ Y(p) mod 8,q.e.d,

Hote that a(p)= 0 if p[f, e(p)= 0 if p|c(E) and F(p)= O mod 4.
Further it follows from Tables 3 and 5 that c(E}/f is a power of 2.
Therefore we have:

Corolliary 3. Let p be an ¢dd prime. Then

a(p)= c(p) mod 4.
Purthermore, if f is even, then
al{2)= c(2) mod 4.

It follows from (2) and (17) that Fourier coefficients a{n) and

c{n) are both multiplicative., Therefore we know that a(n)= c¢{n) mod 4,

if n is odd and that c(n)= 0 mod 4 if n is even. Let

B! (T,K)= Z::: a(n)q®,

n:odd
Then (9'(T,K) is a cusp form of weight one, with character £ ' on the
group If0(4N), where £ ' is a character mod 4N induced by €
(Lemma 2 in Shimuwra {(81). Consequently we obitain the next Theorem.
Theorem 2. Keep the notation as above, Then

D' (t,K)= J(T,E) mod 4.
If f is even, we have further

O (t,K)= 1£(t,E) mod 4,

Remark 3. The number of rational points Np is computed as follows,
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- { p+1 if p=3 med 4,
p+1=TC(-4m/i) 4~ T -4m/ T2} , otherwise,

where T and T are prime elements of k= Q(<3) such that p= 7L 7T and

L= 1 mod {2+2/=1) (Davenport and Hasse [1]). Prom this it is

comparatively easy to deduce Proposition 4 and Theorem 2., However we

could attain to Theorem 2, without using this resul:, along the

following process:

c{p) > N T(p) — S{p}—> a(p).
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