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FOREWORD

This thesis comprises <four parts.

In Part 1, a statistical theory of the finite-amplitude
effects in electron plasma oscillations is developed. Ihis is
the field of study whose subject is more commonly known by the
terms turbulent phenomena. The phenomena of turbulent fluctua:
in plasmas are still very poorly understood today, although they
have a grave consequence on the confinement of thermOonuclear pla
Therefore, it is urgently hoped that the results obtained would
a bregkthrough into the domain of these extremely intractable rr

Part 1 consists of two chapters.

In the first charter, the method of redurdant variables f
many-body problems is fully exploited in order to analyse, by me
of collective coordinates, the macroscopic turbulent electric fi
fluctuations in electron plasmas. The theory is based on a non
perturbational technique, which utilizes the statistical stabili
of the Gaussian distribution of random fluctuations. In this
spirit, an attempt is made to clarify the stationary phase distr
bution of large-amplitude long-wivelerngth longitudinal electric
field fluctuations, neglecting the effects due to thermal motion
of individual electrons; but the most essential feature of nonli
interactions between distinct modes is entirely retained.

In the second chapter of Part 1, an investigation is made

the energy distribution, in a wave number space, of the macrosco



turbulent electric field fluctuations in electron plasmas.
Oscillatory longitudinal electiric fields are expressed by means

of collective coordinates as a system of coupled oscillators

with non-linear mode couplings. The model under considerstion

is such an electron plasma in which finite amplitude plasma oscil-
lations are strongly excited through a long wavelength region and
are thus sustaining a quasi-stationary state. An attempt is

made to determine the energy spectral distribution in the wave
number space approximately, by checking on frequency~shift rela-
tions, but without lpoking into the mechanism of thermalizing
processes. It is found that the curve of the energy distribution
rises linearly with k up to a critical wave number. Beyond the
critical wave number which depends on the intensity of the turbu-
lent fluctuations, the curve rapidly falls off to zero as an
inverse square of k.

Part 2 is mostly concerned with the diffusion process of
plasmas across an externally-applied magnetic field. Estimation
is made of the diffusion of guiding centers of charged particles
across the magnetic field.

In Part 3 a tricky method is introduced in order to find
proper starting values for the numerical solution of simultaneous
nonlinear algebraic equations. The method is a new version of
the technique which is more commonly called the Monte Carlo
method. Particle physics analogue is fully utilized in intro-
ducing certain hypothetical potential fields which are constructed
from the given equations. Confirmation of the theoretical predic-
tion was carried out on a digital computer.

In Part 4 a method of the instability analysis of weakly-
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ionized plasmas was applied to describe the formation and orien=-
tation of the equatorial (ionospheric) sporadic E layers.
The theory was found satisfactory in interpreting various observed
facts.

In the end, a summary is given of the results obtained in

the present thesis.

The theoretical results stated in Chapters 1 and 2 of Part

1 have already been published in the Progress of Theoretical

Physics, Volume 28, Number 3, September 1962 and in the same
journal, Volume 30, Number 1, July 1963, respectively. Part of
the contents of Part 2 has also been published in the Japanese

Journal of Thermonuclear Research (Kakuyugo Kenkyu), Volume 3,

Number 6, December 1959. As for Part 3, none of the results
are not published yet, but are scheduled to be contributed to
some authorized journal elsewhere. Contents of Part 4 are now

in press and will appear in the Report of Ionosphere and Space

Research in Japan in the near future as a joint work with Profs.

K. Maeda and H. Maeda.



PART ',

A STATICTIC'L THENRY CT T~ FINITT-tNTLIITUNE
IN TTEOTRON PLASMA O WILIATICYS



Chapter 1. A theory of the turtulent electric field fluctua-

tions I. =-- Mean rate of fluctusticns.

§1.1 Introsduction

The plasma which will be considered heresfter is the
electron plasma, in which ions zre nseured to form a uniform
backeround of ruonitive charge to keep the plasma elestrically
neutral as a whole. Even such 2r idealized plasma ie rapable
of a wide variety our oscillatory metions. We ghall ascume that
neither external electric field n~r magnetic field 1is appnlied
during the evoluticn of the rhenomena, and ignore the existence
of radiation fields. These rectrictions may be removed with
no great concertual 4ifficultie=.

Sunrrose a sudden inrulsive disturtence, say, an impulsive
and strorg electric field, ‘& initially intreiuced ir%t~ a plasma,
The plasma will then he subject to turbulent electrie field oscil-
lations. More exactly sreaking, when such a large-amplitude
electron plsasma nscillation with a3 certain wavelength (which may
be of the orier of the characteristic dimenceiorn of the rtlasma)
ceecurs, the oscillating electric field enerry is =plit into other
derrees of freedom thrnu-h nonlinear interszctions. Thus, =2t the
cost of the decrease of the enerev in the cricinal wave moie,
various other finite-amplitude modes are excited and finallvw,
after surh a cascade process, the so-calle? turbulent l-wgitudinal
electric field fluctuations ~re de—elopred.

Using s method similar to that of the theory of the hydro-
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dynamic turbulence, we analyze such a turbulent electric field
fluctuation into various constituent longitudinal waves, each of
which is due to an organized motion of the plasma. Frequent
nonlinear interactions cause various elementary waves to grow

or decay, thus the resultant state made up from such an aggregate
of multi-component system of waves appears to be almost random in
nature.

It is believed that the best approach to this problem is
threuzh the theory of collective behavior in the many-body problem,
since the long-wavelength electric field fluctuations of the present
concern are not due to individual (thermzl) motion of the plasma
particles. We employ the so=-called method of redundant variables.
Namely, we divide the total Hamiltonian for the electron plasma
with Coulomb interaction into three parts: Hc (collective part),
Hint (particle-versus-collective interaction) and Hp (particle
part). Particle motions can be described as 1f they occur in
an external field due to Hc ; but, to make the guantities self-
consistent, another condition of restraint is impcsed on the
relation between the collective motion and the particle behavior.
By this procedure, we can derive rigorous equations concerning
both the phase distribution of the fluctuation and the particle
aspect of the plasma.

We next subdivide the wave number region into

ko<kc<kd<°<’,
where kd is the wave number corresronding to the Debye wave-

length; k, 1is a critical wave number which can be defined by kg



and the ratic of tne tctal fluctuaticn energy to the thermal
prarticle erergy of the rlesma; and ko is the wave nunber corres-
pondine to the cheracteristic dimension of the rlasma system.

In the region (kT. ké) the colle~tive ktehavior and the rarticle
agspect countertalsnce each other; tut in the leng wavelength
region (ko, kc), the particle aspect gives no appreciable effect
and the mode-tc-made ~oupling ronlinear efferts are of vital
concern. This is the regi»n which corresronde to the inertial
subrange of the statistical! hvdrodynamic turculence where the
mode courling determines ite statistical prorerties -nd even tle
energy dissipation rlays no impor*tant role. In this region we
cannoct neglect the interchange of energy between the various
modes.

Next we evamine the case in which the turbulent eleatric
field fluctuations are spa*ially h~mogeneous and stationary in
time. It can be shewn by a calculation of the characteristic
function that the phase distribution is a normal distribution in
an asymptotic sencse z2nd that the energy equipertition holds appro-
ximately in the reginn (ko, kc). Thue by means of the quasi-
normalitvy of the phase Adiatributicn we are adle to cobhtain =
closed system of differential equaticn=, from whiech the mean
apeed of the rhase variation of the electric field fluctuations
is derived. The lifetime of the irregularity in the electron

denesity is also calrulated, The units are e. 9. u.
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1)
8§1.2 Method of redundert varialrles

Tor an electron rlasma, where all positive ions are gssumed
to be =smeared-out background, the total Hamiltonian nf the systep

comrose?d of N electrons in 2 velume V is civen 23 fnllows:

y ~ = i 4 I Yy - )
— S - (.1
= _>_] um )+ = > U ¢
H .~ ( /bJ / ) k2 < J’L))
J JF7
g th
where m is the electron mase, /Z' the momentum of the } electron,
th Fh
rjn the dimtance tretween the } B and nf” elect~ons and the last
term rerrecents the Coulomb r-tential <nerry of the system.

Now let us intreoduce 8 set ~f cancricel variables QQE 3
7 —>
/%? . where b belonegs t~ a certain set of oY)
. . D>
wave numiers { k{} s The =r+ { & [ rarrrises 2ll the wave

> = i —>
numbers, both + & and k. ., ite magnitude k (= ,ﬁ,l)

being
ko < R N Ry Civay

where ko ~orrespends te the 'incar dimenzion under consideration,
and kd to the Tebye wavelencth,

As tie variables le ani f:? are not included
in the original Hamiltoniar, the rossible crbit ~f the system

in  (*M+) '-dizensional erace must cornly witn, sav.

le = consianl = O (1-3)

.

Next, 1let us carry out a cancnical trensformatin with 2 generat-

ing function defired by

©Q



2= P» (Q++§->)+ > (. %), (1)
(%} J

where 8-’ je defined to be

&
..1 - - X
& =(Wk) D ep(-ik-x) (=8%). o
k - d -4
J
- 55
In the above, the X i» the rositien vector of the j ™' elec*ron,
and the symbol "*" rerresents the complex ccnjucste of the quanti-

ty to which it ie attached,

Now, general rel=ations i» canoniecal transfcrmation theeory

Qg =aR/oP | Z = 2.2 /oF;

il 6)

Pr = 3R/5Qp | }; - aSZ/ai;

yield the following relatisr:

= S ae ke i)

The potentinl part contained in the orieinal Hamil *cnisn



can be expanded rigorously in terms of cur collective coordinate

(i.e. without having recouirse tn the randocm phase angroximatinq):

LY UG = U@+ S U@ E S, o
2 JEn {%} k -k

where

- I 2 z ! )
Un(Z)=5N D #* UM 8, -5 N UG, (o
{{k}} %
-
{{ ﬁu}} represents the ccmplementary set which crrtaines all
— -
the 4 excent thrse belgrging to {_ﬁ } . (%) ie the
Fourier coefficient of U(;?\:
- . I
U(x) = ZZl]Yé)eq>(—cé-x ), (r.10)
x

and U(x):U'IA n:ez/k? in the presen* case of Cou'omb-interaction
(e=electronic charege).

Ag *he next =oter. we write dcwn the newlv-tr=rsformed
Hamiltonian with collentive coordinates (in rapital letters) and
particle conrdinates (in lcwer case letters). For mere simpli-
city, we do not put primes on those variables obtained after the
transformation (1.7). The Pamiltonian is then evpressed as a

sum of thr<e terms Hp, Hc and Hint'

H = H (F, %) +Hy (7;P,Q)+ H (P,Q);

Cr.11)



= Z(_’-z/zm)i-Uo(;') L b2,
ch't 2 (% /’J ex/b(_ ﬁi})ﬂ»

gy X
f : (£-7) 5
— = Z P—' ID—; *-~————-€ FL L(é+1~xj‘)J’
SN 748 i3
(Z+Z¢o)
' . - } o=l
H zl‘Z[NZkZU(&)—)QZ—)-‘-(N"L) feﬁ—)] Cled e,
c 2 {Z} b —k k T~k -
s o] A
o> = gz(zu ,IN)EN%}A&XF(-CQ IJ') (con.stmmf
J C1ois
As is well known, the electror nunter daensity Tl(-;:) is
defined as
. —~ = :
)= S 5GE-2,
j
so that
~
fz = (N&) nz , Ry
where

R S = SV

11



Thus the éf%f 's are the functicrg of time t and if we
could know the detziled variation of each fz . then the be-
havior of the §£> ‘s cculd be readily related t~ that of the

electron density. Furthermore, from the relation

—

div £ = 4nein(2)~~g—}} (e<0)

we have
- 2 % , 2 * (1
. = 47{'€N j N '
/Z g ( J gz i p
where

-> i . e 7,
E(2) =2 exp (~<k-X ‘
R

This =sives the relatior. between the electrostatic erergy stored
in space as a result of electron nlasma oscillaticone and the
deneity fluctuations.

We have <¢ far obtained risorously the Hamiltonian which
constrains the ev-'uti-n of *he epllective conrdinstes. Thus,

the Hamiltonian equat:n»rs for our rollentive rocrdinates are as

follows:
dQ -/ '“; e ) — b4
k_ _ L [2e 7 (kep By
=B g %7‘]’6‘1" %)
> -
™ (ket) > ]
AR+ £ 5
+Z{Z} Nk ‘ IPZ%HL )
k+Z 40

12



R =~N/-sz(k,)Q_Z)

Cie<3)
08—) o 5‘, .
R
The above equations are further simplified by putting

Y= 5

wf = NEUw) [ m e
(.. 25)
B =tme 7
to yield

dZZ — $+ ;

77 o, (r.2¢)

d'f_) o (zf/ -

R — . "*‘*—Ié-l—ffl _— t

dt sz ;?} kL —£ iu L)Ll—:( )’

N 1.27)
_ B (- 42
]%(t) (Nm) J> 74_ exf: \—ck J (1.2¢8)

Thus we have obtained a gset of exact ecuations from which we
start our investigation through the present vpaper. The second

term on the right-hand side of (1.27) renresents the effect of

nonlinear interactior, i.e. mode-to-mode coupling between waves

/3



having drstinct wave number vectors. “he third term is due to
—>
individual particle behavior ~f the electrrn plasrme; /ﬁ is
| J
not the whole vrsrticle morentum, but the momentum which has been
transforred after the aforeseii transformation to ex*ract a collec-

tive property of electron riacua.

$1.3 Conlitich LAY F prexcw magt o P tg = “ousliep

effcet -

In this -hapter, we ~-~ntine ~urcelves to the region
(ko’kc) where <+no vrarticle espeecr ig rvershadowed by the moue cuom-
ling effect. Therefore ve chall ~ainulate the ~pproxirate vai =
k and find on what condition cur rather idenlized treatment
becomees realistic.

The deterrminati-n orf kc car. te carried out bt~ rgughly com-

paring the order of magnituce of t:e tw~ terms in uq.(L.27):

Z (/z-(),-u_[]wfg ., and Z -exf:(—éz;f;)

k£ 7 hl

!

J

Now
| (umy’ S Ehep ik |~ vk <88
. |

(v=thermal velocity of electrons),

14



(1) 7 > ‘
k £ g ~> il e
l% ) % le’_Z_l fi’u wf’§£<$£§2>

(rather overestimated; however, Z are of the same order

as é )

Therefore, in order for the particle aspect to be negligible, it

is required thet
X
hor < & &40
ﬁfﬁ* < I

X
, D L8820

%

(<« . e (1.2%)
U <&y £ 00
Hence we may define k. as
X %
4 W, Z<ff$f'>‘ ,
¢ = | =L === A 1. 26)

Then in case kc:> kc' we may neglect tne effects due to particle
motion in the reginn (ko.kc?: as long 18 we mav ne;lect the effect
we have no energy sink in (kc'kc) and we m=7 rresume that *he
fluctuation 2nercv is egually distributsd awong the modec whiech
are in the region (ko.kc3. To determine the overall sl re of the

srectral distribution curve, the energv inflow or outflow through

15



the wave number region kc oY kd must be taken into acrount and a

theory includinz those particle aspects will be developed in the

chapter which follows.

Let us denote the fluctuatirn enerrv ex’isting in a mode as

e (per unit volume); then, since

< §Z Eg > = “*‘C”:“: (2 18]

gmen

(n=electron number density; ws rave made us= of the fact that

-3 _ . , b
V= ﬁo s g V e N &4Uté)<§z§{> Y,
we have
X &
Z<§.¢ 8.,>= ————,; times the number of degrees of
L L 4men
fraedom in (Fh,kd). ([, 32)

Thus we have, rnotiecing that the relaticn k. .-k « kd—k, fcllaws

“

from k0<< kcz

J' {
k :( e ki) (1. 23)

C 2 . ,/ -k
mn U b °
2]

where
Et =tntal fluctuaticn energy per unit volume,

2
iqnnU‘:particle therral erergy r=r unit volume,

2
j=3 for 3-dimensional case, &nd 1 faor l-4Aimensional case.

Unless the narticle disaipation is csreiderci. the slcpe (which

is due to a unidirectional ener;v flow in the wave number apace)

cannot be determined; but in either the low temrer-ture limit or

16



the large flu~+ration energy limit (i.e. for the case o rather
cold plasma) the nroperties revealed in the fcllowing
analys!s 2ve not far from reality. Ths tyre ~f placra which sub-
mits to the present thecory is the plasma which undergoes a sudden
isturbance and which takes a certsin arpreciable lapse of time

tn effe~t thermalization,

§1.4 Statistical treatmert of the fluctuntions
-
e the Fourier -nmronecnt lﬁ; of a turbulent velocity

field is lorked upon 28 a random variarle, sc we regard the Fourler

cormponents fz-. Zéf as venAdcm variables which have a frequency
Q% in the linezr approximaticn, althcugh *the phases are
indeterminate.

The motive for introducing the ~oncept of rendomness is
guite aralngeous to thet of hy-iresynamicnl turbulencei)it follows
from the randomness of fluctuaticons that *he Fourier corraonente are
also random. To gee the average behavinr of the fluctuations, we
may make averaging operation2 over the random variahles by enclosing
them with brackets. e.z. < ** > , The 2vacvape i a snatial
average inasmuch as the f{lactu=tions ar> hororeneous in srace.

Or, whax amounts to the same thing, the average is equivslent to
a time average hescause the rhen~mena of the ~resent study are a
random process stationary in time,

T what follows, we shall state that the statistical d:is-

to be

tributior of the flunctuation can be asnuﬂid quasi-normal. As

a matter of farct, we shall verify in what followe that the quasi-

17



normality is a very prrooeble tyre of distribution and that such
types of distribution are the arprovimate solutions to the sta-
tionary cases of our interecst. 23
The clues to the verification sre found in Hopf's paper:
See for more details the account of his theory in reference 3.
He showed, by tracing the behavicr ~f the charartevistic {vnction,
that the phase distributionof the fluid velrcity ~an be actually
normal in the limiti=ng case of rerec viccocity 2o2rnd that the energy
equirartition is develnred in the weove nimber cpace in such a tur-
bulent flow.
Fopf states that, in the r-dimensional u-space. n=(uy.-+-,
Bn)’ denrted alsn by 5~ , the 21iffrrentir~l law of the chuse

nmetion be-~amers s ~rdinarTy diferential evoterie-

da“’)) 8 ; -~ 5 ‘ )
e —_ ) - 1 sse >, S P ”
At A Lh) =, (e, o, Uy ) o 7
L A4
The func*ticns ja_ are aggumes o be rol O VHIR. o tre

hydrodynamicn? cnce the ™igh*-hard egidea ~f tq4e Jifferential en . -

tione ~f pha~e rotion ar~ functionalse ~f geror’ de roe i = u(f:)
The ~hsra<iorigtie Suneti-y _§> 5 Tefine’l ra
B (v 2] = ovriite w)f = | expis nyy
f y} )-— QXF{L(y,u,)f = tXf)fL(:{,u) f A w
A

L) = D g,

i’



f)t(du) denctes the "differential" probability ophase distri-
bution after a larse of time * from the iritial instonce. In
generel it changes with time +t. (If, hewever, the underlving
rhage diatribution is statinnary, then *he averace »f any phane
function stays canstart in time --- thic is the present case.)

The charactevistic funetion §§ of any prhage distribution

})t('ﬂ ) satisfies the linear p-=rtial differentiel equation

a§ L4 \7 o // a ()
PR S ’ ‘ [T oo ——-—-)f (/AJé)
in which the expressions ;QV on the richt are to be interpreted

as symbolic differential npreraioc:s.

Now we shall spply the above relations to the present‘
problem and find under what conditions the phases §Z and 2{
permit a normal distribution which is alse a =stationary s~luticn

28 /ot = o.

First, we define ae follows:

R} £
[z, ] <2 2,7,
’ T L
* | p -
z% a ‘zéf ) 23? - ;;Af 5

19



The charanteristi~ function dia:

b (y,z;t)=FElepitty, ¢i+l2,7))]
(1.+8)

whe e E represents the expectation nf the valne enclosed within

tre square hrackets.

? ’
Aa 54 and ?_, satisfy
k
)
%
d C/_; 3
o = — @ S_’
At PR

?
dfz _ 2; ~Z (E.Z)
dt ey

RERL Y a§+é§\“(_&22’)1/&121? ENE
ET /= —s g, )
d 7 K% gy Mo Tk Th .04
- Z;_’ ‘a_g (1.+0)
£y <%

True if we could asazume thst

asy

2 3 ok Cr.%1)
= exfy{ 7 > \ja;;_,+4;?z_) )} ’

20



where 7" igs a dimersionless congtant, then we would have
B e N A
f R A 2\ . X . (kL )[k+L %
=l epi-n 2 (LY 2,4 22 By g Y
Pg L Rk Kk & kh ke kLR
(1. 4<)

Dennting the abanlute value of the right-hand side of the above

equation as 5‘ , we assert that the sufficient conditions for

é\ to e negligible are an follnws:
(1) I‘;L,I or IZ.,) —> o Cters)
k k
5 - Ll %)
(2) | 9,1 and | 25| ™ 9.
R R
Therefore, to ensure that (9 is nepligible for medium velves

of I y$I and 1 Za! . anotrher suffirient condition ie frund to
k R
he necessary: viz.,

(3) T .
Therefere, vhen the condition (%) ie cati~fied, the charascteristic
function 3efined in (1.41), whi~h corresrends te o nermal phaee

Aistribution. ia one sppreximate statione~y solution te Eq.(1.40).

. . 2
To =ee *he physical zeenirg of the conctant % e
exnand the chara~teristis furctinon j@ in a Tavlor seriep:
— — O f 2
=9 +P+ P+ ST

21



then

r
Cr.47)
CL
The coeaffients G are (ef. (1.71]))
n '
l 9 @ “ poe
— pm— = - < f §->40_ I 2.-)n>.
n| 37 ...ai*...92; n! Z, "
' Z &* e
(1o 42)
We then have (of, (1,57)):
! 1. +9)
$ =0,

-2 _ ! ’ ) . o
=32 2 [, +CES ’z.>>;;ki .
< ) ) Z Z
I A e ]

Y * / 7% £
=- [ <&, 0% L+ <Y, z£,>z 2 ]

5 R
ik}t s
As we 'now fer the rrosent case
— 2 < * X
? = S 2t ( (Lf{‘, #9 + Z_9 Z_} ) Ll.&")
S, R R R R 7
1k

trnerefore,

) e k) /LK) | 7wl ok P
{1.82)

22



energv allotted to a longitudinal mode with wave vectar ;:
(cf. Eq.(1.21)), Eq.(1.52) eavys that the erergy is equipartitioned
ameng variovs longitudinal rodes.

Hence the suffiecient conditinn for the right-hand side of

(1.40) to vanish fer any y and z is, from (1.45):

2

o é: € L | (L.53)
+men?

or., from (1.33):

-3
(o e éo

mn v (4meho ) (k)R

1<¢ 1} Cl1.v4)

wrere

-3
Et ﬁo =total fluctuation erer-v,
4.1(;32 ko =potential eneryy hHetween a 1air 2f electrons spaced

-1
AT &o arart,
£—3

n R, =total number of electrars.

Thus when this cendition ¢f longe wavelen~th (~f.(1.53))or

high density (c¢7.(1.%4)) is met, the norma! dist-ibution is a

stable statirnary solution asrrrcximately, becsuse we then have

AL, 28 . /
a$ . S = (] (>L ). (158

Xs
(D)



We have rouchly exarined the condition frr the validity nf
the agssum:*tion of the quesi-rormality of the distriritinn fg? -
z;? 5 “rom this, we can exp:ind ryrroxim=tely, a2 in the nace

~f a pure normai Aistribtution:

CXYZW D> = KXYDUZWD +XXZ YW )
F CXWHILYZ > wse)

Heve ¥, Y, Z and V' sre either of § Sk Z, . Ve mave
uge of the above spproximate relatisn rtetween the fourth order
correlation and the <ernnd rorrelatiors, in ~rider that we ~an

derive 2 ~lseed ~vatern nf eqguatinns. The exmension 18 moesibl-~

8

for arv loree =mpiitude rhercmens ec ‘ong 2e the crmiition (1.53)

(i

or (1.54) is satisfied,

Now we sh-vld men*icn arcther imrortzant rroperty which permite
simrlifications. Geperallr, wren any —andom variarle, which is n
srace~time furncticx. is aralvzed irte “opurier comreorents by Fourier
epatial tranoform, then, as lorc =s the original spacs-time functicn
can be regarded =s haviny spatial atatis*ice)l hr-mozgeneirty. the
Frurier coe ficievts (funrtions of time ~rlv) are alsn wardeom
variables and *hev have crthogrnal prorerties with respect to wave

4)
number vectors:

()=, kxR
Cé,) & (o)
R R’

L4



The above relation srhomlid not bre confused with the so-
called random rhase aprroximatiom which is often assumed in deal-

ing with the particle =2apect of many-rarticle systems.

§1.5 Calcul=tions

We now cocnfine nurselves tn the long wavelength region
(ko’kc) where the mode-conurling effects prdominate as discussed
in §1.3%, and perform a Iarlace transformation on thre following
eoquations whose derivatinn is in the Appendix [. (Simplified

o
notations such as &, (t)= f_', §4(°)=§_> , etn., are nsed.)
' k R h

kR
2 * *
izz;_( %Z é?o > = - CO: < §}? §ZP > (1.5%)
(R L) » = n "
LISy P S :
% k2 Pat )-ZJ: §Z+Z gz /
X
<7, §_) °s \ 0 —w 8] w
L Rl fz , f P
K3 X o _|
= <& 5., 57:) =l @ 0o @, o0 |y
’: xo
L % T 0%
n, L to
: 22 RE 51? ’ J o 0 ~p 0
J
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<1 64.,§f°>

X
<$7522%%
<$"’ ?—ii%—a
¥o
<7.277.’+th >
- - 4
+ @ ﬁ*_’: A<, 7><f»§4
[K+2 | £ £z .
- > =
kth- k fi[ N } cr.59)
L < $> —*}— ﬁ‘f(,)(
{lk;fl:;lf( 2507 Wk Rl
- > 7P
&+ XA L *o >
—— < > 2 (> -
T et ik
0
d *0 *o (1.60)
ﬁ<zz$?>= ﬂ@lb<$z$/_: >

We assumed s initial conditions:

d 0 %o

<(7€§7«’> §Z>=°, C(.61)
< 7-» 36‘2 f Y
<§f7?+? $*> = 0 (1. 62)
<§,O}I 70 $Z’+£

[4

Gl B
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. ¥o
then the Larlace transform »f < 52 §> 2> im:
K

o - * i 2 Wy (;il)
L[<§E’§ZO>J:+S<§ 27 le’w” o Zﬂu
f{L}
> ? >
x | k+L Shiwp ) ﬁé—'— .
[ReL] f o) S50 <y n
el R 7
+“"L("§t» s —-@“—)I“L’@w{
PARed |4 R L te ok
o ~
2 R+ L
- ‘QCUP j;“j;f'— 7_, > Z? 9:>} J
[R+L | £ TReL REE

In the above, we have made nse of the fact that, in the present

case, rrcducte such as < §_, §_f> de not derend on time.

Wie write

S = ~<w ~ J (w, & real mc»zﬁcrs)

~

Cl. o)

and equate the denominator of Eq.(1.63) to zero. Then we have
two ecquations, one from the real part, the other from tre imaginary

rart, from whirh we inow that two tyves of sclutions exist:

(0N
i
N

(a—) fl(g):o) %l
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Wi(E) = Lof? [{ s S Bk t)
< P £

+ [ (ZZ)ULZ L) f"‘ ' (ZZ)
Ve ¢ N (REINREL L 0 > — LR
[L ;Z Jia ZZ 4-[4-+‘§; kAL
=¥ Z+ZZ 7} >\
7 L ——— L <)Z 2 >—' <Z.;—> - =@
Rl /{IZZZ ‘ ka8 2 7 Ri T/
> > > 2%
kth -k X (he),» 2 * <
***** i -> - L <§-—> '§+—>> J J
+[Z+Z)£ <§L §?> kL e+ 2] kil Rl }J ?
({.go
/ /.
by FHE) = [FlarT e A e S f ], L
14}
2 7 2 / N / N Y.
Sih) = Lyse D[40 ]
ol.57)

As can be seen ;vr~7 (1.5%), if initi=lly the turbulent
state of the fluctuatirng electric tiecld is one-dimensional, then
the staie will ever remain -one-d.rmensicral. since tnere is no
couplines between. wavee with wove mumusr vecter orthogonal to each
other. ror such 2 orne-dinenc'~al case, rak.rng into account the

statisticel syrmetry, we then sinrlify 2s fillows:

Lot Dl [ =t 0™ 201,04 ) <560

e



AT LI §H§

Z+L B Kt

s4 S} = sen Sy,

(1. 70)

%
For é, whose absolute macnitude is =mal! ercusgh, it can be

easily shown that fZLZ) of (1.67) is nesative, hence f(z) is
no* real. Also for z’ whose magnitude is lar-e enough,
makings use of another assumption plausible for the stesdy st-*e
a?») <f+§2>(cf Eq.(1.52)), it can re=dily be proved that
f‘[k) is of nerative value. Thus, in short, the solution of
(b) is not a physical solution, since it contrad.:ts the ccrnditi
tnat 7(R) be real.

Let us scrutinize the solution (a). 0Of *¥e two brarches,
we call one the hisn-frequency mocde, tre otlier “he low- roecuency
mode, corresponding to +/- sisn in (1.66) resyectiv:ly. "he
fact that zr(Z);:o reflects the si*uation where the ~vergy inter-
change between thé modes nccurs reversibly and where the energy
flos in the wave number space iz ot unidirer~tionsl st-tistieally.
In other words, #< heve nct considered the particle asrect; tere-
fore, in the steady stute, even if one mode *ransfereg its e~ -rgy

e
to other modes, the latter zives back the ener,.v the former, thus

Ziving rise tc no net damping.
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§1.6 Lkate of elentric field flu-tuaticn

For leng vavelengthe (i.e. for v, k, < k < kc), the nobtaine
W -vercus-~-% relations assume mich gimpler fapm. As me are densl-
irs» with a steady state. using the »elstion!{].521, we have

Low=freaiency mnde:
2. > | 2 R SRR T
R R A AP R
(71

High-freanency mode:

ch)_g SERT SO /&42 +2é42+7 1,

S T4y
where
E E < 5 6 > t nl'}J)
..)
me n, .
{2 &
We hove plotted tre ahove relation ir %o L1 e then split

the ripht-hand aide of Eg.(1.43) it~ partial ‘rections in arder

to deternine their relatjve weightg, ™e retio of the amrlitude
of thoze two mades is also zhown in i, 1.1, Thus we gsee that

when either k is small cr the fluctuatinn ener;y is =2t so zreat,

then th= predominant mrie ia ths low-frequency mode, This ir
the ~ontinuaticr of the linear arrroximation. In rase the k eor

the flurtustion eneriy is quite large, the high freguerecy prednopi-
nates.

We have so far tried to answer trhe question: Whnat is tle

3o



n/wp T Amplitude ratio /
| (high vs. low) /

4.0

2.0

12

A= i’

S )

(h<ka)
0 __/ 1 ] ] _ 1
0 1.0 2.0 3.0 4.0

F£9.1.1 Mean rate of electric field fluctuations
(2n/k is the scale of measurement in space).



mean rate of electric field fluctuations when we put two points of
probes inside a well-agitated plasma? The spacing between the
two probes is of the order of 2w /g and we measure the fluctuating
potential difference between the two thin conductors. If we can
prescribe the total amount of the fluctuation energy, then we can
conclude theoreticelly that the mean rate of electric field (or
density) fluctuations with wavelength 27 /k_is that which can

be read from the curve in Fig. [.[.

We have to await the time when we will experimentally study
the fine structure of the plasma. But at least we can say that
to the extent that we can assume the validity of the quasi-normality
of the phase distribution, the phase fluctuation will occur at the
rate we have derived. The merit of the present theory is that the
method is not that of a perturbation technique. It should be
remembered that the (quasi-) normality is not necessarily equivalent
to linearization.

The electric field rluctuations or the efectron density
fluctuations observable at one point of space generally have various
frequency components. They can be known from the 59 -versus- é:
relation by varying the value of k within the range compatible to

the relevant physical conditions.

(59



81.7 Lifetime of an irrepularity in denzity
As bas been stated in the first cection of tris chapter,
the pic*ture of the turrulent electric field fluctuations is ore

in which the longitudiral densitv pattern is analyzed irto waves

with varinis wave numbhers. Thug if we mention a certain weave
—)
number, £ , ther we are referring to the waves with various

rhases in space, which nave been produced by norlinear intersctions
between waves wiivn longer (or possibly shorter) wavelengths,
“ren we observe a longitndiral dencitv natterm, whose mean wavelewg?
is 21T /k, then we c¢an 2av that wavee with wavelensth equal to
or less than 2T /k have beer in rhase sratially; but arce
‘this coincidence has vee» egtablished, *her each ~cmronent of the
waves contributing to tte fc-mation cf the irrecularity besins to
oscillate with varienes ant differring frequencies as shown in the
preceding section. After = rertain lapse ¢’ tine --- we define
this =28 the lifetime of t.e rresularity --- the irvegularity
almos*t completely dilsarpears in the »rage-mixing nroce=s,

So let ns attempt to evaluate the lifet<me of ar 1rresulari-
ty fror Bq.(1.71) and (1.7,

As can easily be ascertaire”, w  ¥1ow ‘hat

6 2l6

0= w1+ &5 0E G2 OM‘ZUU
[

( &2‘ZZ <1 ; ¢, (1'7')-) J
(1.74)
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and

=

@ = on S 2w oz |

( S > s EF (1.74))

(1.75)

‘ie may defire the Jitetime of an irreguiarity with waveler -th of
the order of 2T /k, a8 the time interval sfter which thre

inequality

PRI NV ARY AN IS TNIRS

Resk< kR, ka<k<k,
is satisfied. Az we are dealing with a cne-iimensinal cace,

the above inequality ~an be writtcin as

&, .
/ PSS g <L

R
/ X . {
S <&, 8,°> 4k j
R K - L
Ko Ro (.77 )

Moreover, girre *he ~gse of -~ur interest is a steady state wi.ere
< ga.$§:> is a constant i;rrelevant *to k, (1.77) reduces to
k &k e
k!
{ ( \ 3 ) '
S ,B cxpllwkIt) dr |« . (1.78)
k; ‘éo '
Ro

Firet, for the case 42;2 &1 , we rave
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R,
exF{iwLZ)C}i& = chbicu) t}JeX/; w -—-k Z}dé

Ro

where

S = Z<§_,§ >

{%}

has already bheen defired in (1.7%.

Therefore, denoting the left-hand side of (1.,78) as "R",

k, (1 )(‘)f:t Z

K — / . ‘ exf){icczfo(%
R, — Kk, ﬂ/g)w/,tz

we have

N QAT C1.79)

We have to find it'e value of t whirh make: %

—_—

aprrerniably
amaller thsn unitv, The comrlex value ¢of the definite intecral
in (1,78} ~2v be ~htained frer the Aiagram of the well-k-rwn

Corr spiral, I uy> koo then

- k7 ) opt S
[
R ~ exlb{cltczj du ,
k(1 w,t 3

> G
and the velue of { 5 e"“’ dw/ conrereces to /o s24 0,52

0
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hence the behavior ~f R is determined hy I/{é,‘/(,/g)caf,tZ},

Tf ¥y > k, (kl not much largser than k_). the velne of ‘5 , in
(1.79) tends +n zerc: cn the otre~ hesnd the »elne {ql 1/(r/g)-a}'(,tz
which makea /j l almoat vanish is more than ~7 tre covrder of

ten. 8o trat when &, (I/G)“)ft 2 has incrensed to ten with

increasing *, the factor I/{&, /Z’_c.;ft Z} is again rroademinant.
Thus in general, for the case fe,l 2«1 . the amplitnde of the
irrecularity diminishes arpravimately at the »ate nf I/{ ﬁ”/é’—wptz i
Therefore, we n2n conclude that for thi- cace the Yjifetime ie

2 | :
l/{&, 2 'wf,z} s tnrorh the rate of aecayv is ratner =l -wer
than that ronvertionelly defined (the amp'itude of *he irre -
larity varies as 7/1/1: ¥a

T <
For the other rase g, Z>>l znd éo 2 > 1,
R,

e 2 ! . .
exF{Lw(i)t} Ak =;;7§ exrfcwf/—z—fk,f-€K/>1¢wf,’2tko

ko

sn *trag~

1 ] | .
R e+ e i ex;ﬂéca fitk,j’ —eX {U‘) /_Etko\l}
(&, ~ko )y St | i, presy K

(1.80)

Therefrore the 1i“etin: of the irre;ularity with wevelength ch‘/,(l

is abent ’/ztérﬁo)udf,/:)}- A8 wr hews asecured kl‘z > 1
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the 'ifetime ig much shcrter than thsat ecarrcsrondin~ to the
rerio® »f plasma cacillation except for tho case in which Kk,
is g8lightly larger than ko.

Wher there is rot much difference between k, ard kc” the
situation i3 critical ard the liretime c2n te lonser than *he
reriod of rlasrma oscillations,

The avproximate values of the 1ifetime so far shrained

are:
47tezn2 / 2t
:
2 . (él '*'““:“; << ’ ) )'
ﬁl £ w y 4$mren
1 e P Ci.31)
T = /
fwent (et _si)
Cﬁ,—éo)'/ét “% , wwe o

5 2 £, o 5
Theses vslues are plotted agains* é,ygt/zmgi‘zn L.

(ko ig ve,ravded za smell ercugh for *the hirh-fremuernry mode).

1.8 COancludirne remerys

In thic ch-y*er, we “Y2ve drawn two conclusiong: One is

i

atout the mean rate of Tluctuation of the electris {ield st-ength

in an acitated elec*ron ' neme and the other about the lifetime
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(or, conversely, the growth time) of an irregularity in density.
In the light of the present status of the theoretical investi-
gation concerning the nonlinear aspects of the plasma, the results
may be noteworthy since the technique utilized in the present
theory is non-perturbational, a combination being made most effec-
tively between the method of redundant variables and the stability
of the Gaussian distribution.

We have so far idealized the plasma in such a way that the
discussions may be self-contained within the scope of the collective
behavior only. In the situations where the conditions for such
treatment to be valid break down, the interrelationship between
the particle aspect and the collective behavior looms up. The
unified treatment for both of these two aspects will be developed

in chapters which follow.
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Chapter 2. A theorv of the turbuleut electrins field fluctua-

tions IT.--- Erergy spectral distribution.

§2.1 Forewnrd
1)

In Chanter 1, =ome characteristic Trorerties of the turim-
lent electrie field fluntuations with finite amrlituce were s~ udied
making use of the methoa of reduniart varishles for many-body sve-
tem. No considerntion was talren of cencernins- the e¢nerev source
responsible for the snset ¢f the turtuient fluctuations; there-
fore, the =s*ructure ~f7 the grectral distribution has been left
unsolved. in this chart=r, a particular wzv of feeding energy
onto the finite-amplitude is sssured and the spectral distributicn
(versus wave number’ confeorming to triz condition i= approximately
determined.

' The particular model we Fave in mind is, for example, a
fully ionized plasma involved in a 4rift inetability. This tyme
of instability ie czvucesd Ly a unidiresticnal flow of electrons
arainst ions. Thi= tas teen studied evtensively by vari-us aunthors.
But the studiea ~arried ~ut on this phenomencon are almost exelusive-

ly within the framework of lincsriged *henry and we have verv little

information on the state w! tch the piasva nay atiein after a finite

lazse of time, T+ is maid tr=* the plaams will inevitabhly expe-
rience n *turbnlent strte. The obier*tive of +he nreosent studr i=a

to nlough irto the virgin soil of cur knewledge and %o discras the
matter cualitativelv vather thap nuantitativelv. We adnprt a

quagi-ctationary nodel with a conctart ener~y invmt at l-no wrve-
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lengths.

Longitudinal electric fields in an electran rlasrma a-e
desrribed ty mears of an =2gsembly oY hoarmornis oscillstare carrea-
cemding to eackh wove rurter. It marticular, *he nonlinear effect
can be resarde? as tre coupling tetwerern d1fevent ascillatars,

The deseription i equivalert o the ronventional velecity distri-
bution function method when the weve mimber tales on values ranging
from zero t»n infinity. What ic tc be exurined is the hehavior nf
the lonsitudinnl elertyris Tields; the eonllective rnordinates are
suitable far this purrnse, Thervefore the mest neturel methnd for
the present study is tr examine the preorerties ~f thie gystem of

couirled escilla*rrs whose variavles are ~nllective cooriirat

£
- s

D

In & labnratory plasra, the enersv due to dersity fluctuo-
tions is knzown t~ be 2 few ~er sent ~f the +otal erergy. There-
fore, average dansity fluctuations have 2n amrli*tude some twenty
rer cert of the beesic density. Llth~eh = variety nt models may
be rornsidered, a medel of weaklv-coupled hermonic oscillatar gys-
tem ie rermiesible on first cersideraticn, rercnuge of the fairlv
weny ooarling.

“he far* that the s stem to our intorects ran be expressed
bv a Hamilterian equatior snivegts thet the recent regnult by P. &,

2)
Sturrock  ~--~ acticon-*rarefer theory--- is useful. Tre thenry
gives the relations, i» ceses of small counling enerey, betweer
eirer~frequerciee, their shitts, “reir vrnerturred erergy and *he

coirling erergy invelvine *hese desreces 2f freedem, A< is maually
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the case, coupling energy is not very eeeily Xrown. Therefore
we reduce the problem in auech 2 wav that estimated freasuernv-
snifts will lesd us to know tre erergy partition =omons the degrees
of freedom. In this wav, the most rumbersore part of our wovri ig
the calculation ¢f the freqnercy-ohifte, The hvpothesie of tur-
bulence ies introduced for longer waveler: th reginni ramely, elemer-
tary waves constitutine the observed fields are sepasrate macrosc~p-
@
ir waves in themselves, but after}}nng rerini ~7 obrervation, they
are of quasi-+ 1g3ian property due to rarndemizirg mode rovuplings.
Ry gtraight-forwsrdi procedure, the discussinne can be evtend-—--
ed ana vove, theose imreortar-t truosport yvantities, such A electri-

cal and thermal conductivitieg, diffucior velnrities, ete.

2\
X



§°.2 Fundamental equatio»s
When ions are assured to form a uniform smeared-out back-—

rround of vpasitive charges, the Hamiltonisn for electrons is

H = E/bc'l/Zm, “f'E,"ZU(;;—%), (2.1)

éﬁJ

h h

- - s t N
where . ard x. are the poaition vectora 0f the 17 and j

i
respectively,. and U is the rctential energv between these electrons.
The summation covers all the rcasiblie vaglues of inte-ers i and ]

(i#£3) ccrrespondine to each electror (N electrors in all).

By a r~ontact trarsformation defined by

52 = o Fo= 7
¢ (2.2)

I
~
¥
"
>
-
—~
|
~.
g
Ko’
N
-

G

l—’ ﬁ
“, k
we have
. A
5, = J ep(-ikk),
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, =
The summetion with respect *o k¥ 3a prerforrmed for =211 wvaglues of
Thus we have riznrausly the followineg:

-5
k including zern.
! 7 7 < 2me”
H=-— Y (Ki)m, a, ¢ +) %
2 R £ —?+Z { R® & -k
(2.3)

.)
= 0 and thnge for whirk

On regrouping the firs* term or. the righ-hard side of the above
1

__)
equation into thcse for which k +
- 2
k +1 7 0, we obtain the followirs e~uations:

Zm =
kR
LN (R w8
- = . T >
< i ¢ AN
>7 5
R+ L Fo0
= Ho + HI (Z‘I—)
0 { 2;&2‘12' e +2;_zrcelf [
== e > =¥ 2.
=  ~ — ( Lo = > > <. b
2m i L + ¢ )
I
R4 +o

for the set ~f inderendent rarMe-1ic nscillatsrs. while

H° atands
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I

H™ for the interaction between them.

¥or gasecus vlasmas, some

rerent experimental evidence indicates trat the rwean amplitude
of turbulent elesctric field fluctuatiora resriies 20 % of the base

density, i.e., the interactior enerecy ie roughly ~f the order of

g
10 % of the total os~illation energy. On these crounds, we may

take a madel of wesklv-counled o=ecillators as stil) depicting the

essentials of ary atrsna veggitated electror placmaa,
K : 24 L

8§2.3 Action tranefer and freqruency-shift
2
After P. A, Sturrock, there are arme diztir~ished proper-

"
ties for H° (assembly of harmoni~ osrillator=) and H' (interaction

between them).
H = H° + H*T (2-7)

Now fdenoting suffixes by A s, etc. and normalizing. we

are able to write

(o]

I

H z%(&z-ﬁwf zf) (2.8)

A

where f& and ZA are canonicel variatles and Wy th-
eigen-frenuency. HI is ae3sumed to be exrressed in a power series

of f& and ZA .  On tronsformirg —orables by the
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relation

o
I
—~
N
oy
3
>

L
Nj
o
a
D
>
.

(2.9)

into action andangle variatles, we have

H°=%°"AIA =2 E  (Jy=Er /@), («00)

\E;\ is the ener~y belongine to a mode A .  Turthermore,
we put
_ x (2.11)
6&L = a%‘t + X

Then, the intersction Hamiltonian is sererally expressed in the

following form:

!
=L, iM

L « z ' '
H = Z FLI./\‘Wm;L.-. »/:\ ]u_ e;(/b{x.f{a),tti-)(,{}f-(.m{wﬁttl-IC#I

LLA

where L, M, ... are positive inte3e1541nd

[}Z,[ % [, L-{-k:—_O (moa 2) |
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These relations are easilv found by seeirs that HI i exrressed

in a power serie~ of k& and 1 . Thus the equation of

motion in action-angle variatles is

d Ja _ IH"
* S (2.14)
A _ 2K’
it N

Denoting the operation of taking mean valu=s of some guantity by

enclosing them with brackets like < > , < 4% /dtD> correspond-
ing to the second equaticn of £q.(2.14) rives mean frejuercy-shift.
Regarding the contritution of (2.12) to d/dt of (2.14) as additive
(as is indeed rermissible for = weaklv-~onpled oscillators system),

termwise analysis of d/dt may be denoted symboliczlly:

d/at = > D . (2.15)

LLA LIAM”L/U—"‘
M mop

Eq. (2.12), together with the second equation of Lg.(2.14), yields
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If we write

LZ,\_MM/‘,.-Q

in place of

! /
gk M
’EL,Q AMrg/L ],‘\ J e/’(lb {4.2 Ca),\f+7fl) +Lm(a),,,f'+ 79‘)

/u.
b}

then we have

D x, =-~LH

A LZAMM/:--- 2 L.!.x\Mm/,L...
)

which can be written in a more general feorm as £ollows.

J,\ J,u | I
—‘D )CA == '_-_.'DI_/\_M x o= ve ¥ =2 ——-H .(‘2"6)
L Lz&Mm# LA M L * ”:'/('". /L 2 LLAM)y( XY}

Now, we define 4, &, | 4, e to be the frequency

shifts of the unperturted eigen-frequency Wy o W, e
I
due to an interaction H" . Thus we obtain
LLAMPep -+
4, @ I
EA . ' ~ = E/L . AI w}‘ —_ ¢ el T -—’— H (2-l7)
w [ X}
L oy M Wy, 2 Ll_/\.Mn/‘
The values of the positive intergers L, M, «-+ ¢orend ot the way
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the variables f; . Ta . /%a ‘ ?/‘ s ** are includ-

I
ed in HLLAMM/‘ .

itly in the interaction Hdumriltonian, ther, all those inte;e~z are

. If the variables are not coatained explic-

2eros. Incidentally the total frequenny-shif+ for mnde A is

given by an equation 1ike

z

AW — ey :E:l.ﬁf (2.1%)
e = LLA Mmcp oo
“Ex
In Eq.(2.6), we write for cimnlicity
I
L r2.20) ~
- — T, T, § =2 Hop o
2m " R 1 2.7 LL C2.19)
by which Eq.(2.17) reduces to
(£) (<)
A’Q) = A‘(L) | 1
ECHOZUI ) M E s Lyl G

Q? b )

e have noticed that every eigen-freguency for every harmonic

oscillator in Eq. f2.5) is CUP fansular frequenry of electron
_—)
plasma oscillati~ns). wik) is the evers belonging to the wave
> . ) . .
number k. z&,co denotes a yrrtial srift d:= to anr interaction
L
Hs-.
kL

By takineg a time average on Ej. (2.20), w= have



a,0(k)> s <awd)>
5(€)< . = £(L) — Y
Wp @y 2 R L )

where 6 ig for <E> .

In the present study. the ahiective ia to know the k-
—
d=zrendence of E(ft) . Yor this purrcse, we have *two zroices
> L
from Bq.(2.21): either we estirate at { 4,W(R)Dan? ( HI? Z> ny
=3 -~ > ’
we make A gues> st (40(R)D , &) and (8, @(L)> .

Tsuall~ the average vilue of the -ourling enerry is not easily

knowr: therefore, we mate the latter choice. In other woric, we
-’.
rogtulate that quantitiec at s wave number 1 are alrez2dv known ani
—>

calculate the fresvensv-shift at the relevant wave number i, by +the

hyrotheris of turtmlent flurtuations, in order t- determine the

_)
relative value E (& ) appraximatelyr.

v2.4 Turbulent ele~triec f:s13 fluxtuations
What we r231 ‘urbilent states are an2logcus to the turbulent
phenorens trasted ir hydradynamins. Tn the *urbulent flurtuntions

-

(both ir opace ard tire), they can be annivazed into snonstitaent
elementars maercs~oric wavres (ar in the hydrsdivnamic turbtulenre, in®%

elementary eddies that corracsrand o eacr spa*isl Tourier ~amporent )

5o



They cear be thus made up tr:m a got of wnaves at an arbitrary

moment in time. Bt they are subjert to » rcomplex tims evalu-
tion bhecauze of nonlirear mnde corvlings tetween nuwmnercas Aegrees
af fre=d-om, s~ that in the end they ca» be treated as statiatiral

rhenomena. It ie indeed po=sible to fnollew their behavior with-

3

in s very short times ac an ini*ial-value ~ratler of dyvnamire.

An average st*tate, however, cannot b= knawn by nuch a method.

Now we look on tr. rherorena 2 an agereeate of longitudinal
waves with distirct wave numbers, Let the w-space (i.e. wave
nunber space) be sibdivided into the followirg four regione.

(1) (O,koﬁz The k, is 2 wave mmter a* wrich *he energy of the
turhilent finctu=*ionse is suprlied or it cives the
effective upper bourid bel-w which the energy is fed to
the turbulent fluctuations. In nther worde, trrough
this region (I). waves sheorb enerey from individnal
rarticles ani ore continvally growing. i model i=
that in which mafes ir the emall wove number region
are auasi-stationarily excited,

(11) (kO,kc): The definiticr »f k_ is already given in the fore-
going chapter, $§1.3%, In the lonz wavelemgth demain
(k_.x_). we are able to rerlect the particie asvect
and mode-tec-mode couplinres determine the enercv rarti-
Tl . Te Aefiniti-nm of kc ~iven ir the preceding
cvarter is s-~mewhat smbiguous; tut, ‘o the carce of

drift jn=tabili*y cf the prresgent concern, we have a
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(I11)

-

kC

5 I

d

larve electran Arift velo~itv, sn that v aprearing ir

N

the third emation of §7.7 should he rerlaced by vy

{the Arif% ve]ncity). Va is abecut equal to or more

tharn the thermal velocity of eleastrars, "“orecver we
ehonld notire that whien A ie far larcer than the thermal
Ve]cﬁity,.ko beccres extremely emoll.

Thus we bave (for a niec—-dime=cinnsl ~nge)

)~

i Et 44 <
i p . ko

where
Et = Th~ rot2l over*hermal “tustuetion en~ruy rer
unit vnlure,
%mnvg = the ¥ retir ererry ¢{ the 1articler. due to &
ariTorm Arifi, ver urit wnlume,
ko = the mai.. mnve murnter a* which the fintite ampli-
tude waves are atrovels eveited,
L4 = *the Deiye wave numver.
Y1 We have in thiz vegion ~nexiating medinm-Tike Aspect
and particle arpect. vhenr thie repicr has a long slope
(0<¥ Kky). ther the encrzy denuity ie rather low. so
tha*t the mode ~cur.ing effent ray he nerlected in the

firet arrrovimaticr, Thia gimpli“feration is ~lso self-

consiatent, sinre, on neglerting the mnde coupling effect

8. ¥
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in this domain, the slope falls off as an inverse
square of the wave number (as to be stated later) and
thus rapidly approaches to zero.

(1IV) (kd,°°): This region corresponds to scales shorter than the
Debye wavelength. A Hamiltonian expression is possi—
ble including this region as expounded in §2.2. The
fluctuations in these scales are such that we cannot
define an eigen-frequency adequately. Namely, the
coupling energy is of an order, almost the same as,
or even more than, the unperturbed oscillator energy.
We exclude *ri=s region from the scope of the present
discussions.

We prescribe the state at the interfacing boundary of the
regions (III) and (IV) as a given condition. And then we find
the solution backward to the smallest-k region. Another premise
that we should add is that the wave number domain involved is

large enough to make the following condition valid:

0 <k, K k & ky.

§2.5 Spectral distribution in the region (III)

of fluctuations is largely overshadowed by the particle aspect,
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rather than the mode coupling due to finite amplitude effects.

For this reason, the frequency corresponding to a wave number k
(kc< k < kd) is given by the following equation. It is the dis-
persion relation with the Landau damping term. And even the dis-
persion relation discussed recent1§> with modifications to the

unperturbed distribution gives the same resul-=.

w (k) x 03; + 3 SF 2t (%-22)

('p2> is the mean square of the momentum of an electron. Let us

notice

N
2 n ! —’,-Z” -» [ >, =
<p 7= Zi’,; =*;/~Z” )R-IL’]Z-L"fL'+£”.

> -
e (2.43)

The frequency-shift arising from a mode coupling ternz)

I [, 92 T T. ¢ 4)
B iy peee ] " / ‘_’ L, 2
Hy s == LRG0t
vy
is given by
=3 >
E(ﬁ) ~>—E(L)sz" .L T;Z?'[nf—o
——- k) = e @ s R T
F ’ 2.25)

Therefore, from Egs.(2.22) and (2.23), the partial shift of fre-

¥a



)

€
querncy may be expressed as follows.

J 3 & - >
AIWL£)=—1—’_W_Z..!_(§.£)<71-_9 T, P, >
g 7 L ktl )
£ 3 [_2 { - =
Aw(L)=~-"02 = . _ k-4 T T €.,
: =G N (ko) <M o 55 2>
(2.26)

Thus, Eqs. (2.25) and (2.26) result in

sz([{) = sz(f) (2.27)

*) The tctal shift of frequercy A@(k) is (3/2) §2<f2)/€1¢
from Eq.(2.22). <(p2)can be expres.ed by a sum of terms as is
shown in Eq.(2.23); ea-h of these terms now makes an additive con-
tribution to the total shift. Therefore, if we refer to the par-
tial shift due to one single coupling term defined by Eg.(2.24),
then we are naturallv led to Eq.(2.26) by compering Eq.(2.24)

with Eq.(2.23).
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Since the vector 1 1is not specified, we have, in the region

(TTT )2

5(5) - {//;62_ (2.28)

From the above, the energy spectral distribution in the region

-
(III) is determined, when é\U%Q is given.

§2.6 Assumption of quasi-ncrmuzlity

In the wgve numrer recion (II). the mcde coupling effect
predominates. This is the i1¢gion for which a macros~ropic descrip——
tion is adequate. As the rext ster, we have .0 make the calcula-
tion of the frequency-skifts in this rerion. Prior to the calcu-
lation, we make an assumption thet tie variables 7r£ 3 f’k ;
etec. follow a quasi-normal statistical distriiution and examine
the properties of these variablec.

Now we make averngin: operations 1in the same way as ex-
pounded in the rrevicus ;hapterj) ‘amely, the symbol < D>
represents the mean value for ra2nr g-mples taken by shifting the
time origin arbitrarily. In this chapter, too, we have to see

if higher order correlations can be decomposed to lower order

correlations in order that the chain of the hierarchal system
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of two-time moment equations be cut and closed.

In order to define & characteristic function for the
stochastic variables fzy and /q? y let yp and 22 be
their corresponding arbitrary porameters respectively.

FPurther we write, for simplicity, as follows:

[#,fj:\i j:Sz L&LIITJ :L.\/_, :‘:IC:_ (<. «Y)
2
We have
‘ ’\_ (L.JO)
= e = 4
72 s, il

where " , " stands for complex conjugate, and the cheracteristic

function is

i ' : { - o 2. 91
vy = = LeAlbix\\j,J'; r[Z,uJ)}J 2. 31}

(E is for the expectation value).

The Hopf equation (see REF. 6 ) which this character-

istic function should otey 1is

N, A ¢ — g, T - b d J
) i 4 9 B © . S < -
- = T e e ( R " / Vl i 3 r L
j t e > = R d\;;’ > >

R w R+ #e
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f P - - - i
-y ) (k)R oz, e
~m ‘;" /—_';' ko)zzz8z—>
R . - e
1 ) —
— ‘/~7T€l Z — y ¢ (2.32)
5 &k k 3#_’ ’
k —k

where the sum includes the cases bpoth E;O and'KQO.

In the following, we treat only those cases in which the
statistical state is stationery in time; for instance, the time
correlations are dependent on the time differences between the
times at which the quantities are referred to, but independent

of the time origin. Therefore,

QL
b

QJV
<]
Il
O
1\
w
u
N

By making use of the independence of different components, we may
assume the following type of solutions to hold and study the

sufficient cciiditions that tl.e solutions are required to meet:

b g W AB a+ N N
R S e A R (2. 94)
m 1—: o — — = h 2
h gt;a h
2 —
RSV D U S LS P
[ <t ‘t:‘ QZZ:E 822 ﬁz a;’.ﬂ)
n
2
= ~ A(k) 4, Ca.38)
h .



If Eqs.(2.34) and (2.35) are satisfied by

= — R, k) B ;
¢ c ( ) jZ& 7 Zi{ ) (
- (2, 3¢)

_ > -
= ~AL(k,=) ¥ ,2z, 2z
R

(R)y 4
- — e .
4 é~g {A g

respectively (c, 4, and e is indevendent of y and z), the only

relation required is:

' - 2 2 Gl 2 e~ 2 2 g
L Z Ck-n )k d(i,i)+ﬁ7f_e_e(;?).—.—::)(£~k)c(£,
2 &
> 7 k ;
€z2.37)

We then find that

—

F=t-Selt)tpsp 33K )5, .00 2,

RtA R
(2.34)
2 2 = = 2 > 2
| Jten) = c(r-%, h) +d(k,&))
is a solution for (Z2.32) ard (2.33).
ow in general, fé is expressiitle as & tunctional
power series in y ani z. In particuluar, on notici.g that y and

z may take arbitrary complex values, it can be ascert.iined that
those terms, such as yz, yyy and yyz cannot be contaiuned in this
functional power series for the present case. This means that

concerning the joint distribution of ; and e we have

&0



the following relations:

{me> ~ 0

)

e e

PSS > ~ O (221

LeL > ~ O,

On summing up the above results, we know the first few terms of the
functional power series for ,§ % Therefore, for Vi and 2y not

very large in absolute magnitude, we have

—_ ) - > " - 5 5 ’—*
= > -
- O ﬁ(k"")%*za%f (1, 40)
+ > &t & £ p
) k+h +o

-2 > - -
In the above, e(k) and g(k,-k) (0 < |k|<& ) give kinetic and poten-
tial energy of the harmonic oscillators respectively, while

>
g(k,h) 1is the energy of coupling.
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§2.7 Energy spectral distribution in the region (II)
In this section calculations are made of the frequency-
.—)
shift for an arbitrary wave number k in the region (ko, kc) mak-

ing use of the hypothesis of turbulent fluctuations. Now let us
-
take another wave number 1 that is also in this region. (The
- >
vector k+1 is a non-zero vector which lies in the same wave number

region.) The calculations are performed along the way indicated

by Eq.(2.20) or Eq.(2.21). In other words, particular attention

_)
is paid to the coupling term < Hé'f > to which vectors k

and-f make a joint contribution, and the partial shift of eigen-
frequency, AK,QJ , due to this single coupling is calculated.
The actual total shift of frequency, A4 W , is understood to
be the sum of all the partial shifts of frequency due to those

_->
terms of HI involving the specific wave number k.

i
Lo <ae)> L e
C'(il)‘*“”L—"~*—— = tLe) A < H;f4:>
av E 2 217,
P
N ¢ WD }Z - (2., 41)
L9 A Caro (D)
gy 2T L e 25
W, (ﬁﬁ
Lo Caw (k) S I o
= C(ﬁ T T = Z o < HZ' E" > <)
W 5 i i
P R/ L,

where the summation in the right of the last equation covers
) > > 5> > >
those terms in which either k', 1' or k'+l1' coincides with k.

In a way similar to the one we have followed in the pre-
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cedings ohuapter, by employ:ng the hypothesis of quasi-normal distri-
bution, we heve the foilowlng ecustion for the totul frequency-

ghift (See Appendix 2 tor 1ty derivation):

L. 2y
A X { : c I o A N - FR-A‘
it Nip iy b o= - SRR AN ),‘Hh’ >,f P BTN Ty,
. " Lt & . -
“( R R ,: A \ 5
N
/ ] 6 . con )\
[ 7 $oa £, - g+ e bR
d ( noktt R _ \
e “"’ i
| 2-
dt [ (T8 5 :c’) ! G n _‘fne o ;
S N Cath)S
i , f
B N2 N Y .
<P 0s 0% —ho Rt 0
~f  k+h Z } \ m ™~ }(
® o0 / ‘ 4-!('91 117(*‘" 2 y !
\\< (6—’7(“—-,» ;'U_; >/ \\ s :0—1 - —';’— /
\ "g“tt ﬁ k # \ (1(4-.1.) h //
\
/ < RZ 92*': 540 > / 2 \
X | \ t /
/ = ®o i ' -
RS A r AN B ) .
f (' 5 > ’* »>
| C § | “71.‘[ K ﬁﬂ%f*fi'{»‘ R R €
CPassab, 2 | - "
%\ ~h kKt K o SR FRPIRS
) \
\ E 3 Fow % .: ? TC.
NP B BT PR RS, PERL
< —k-h o+ k / o m Z . 5 -
\ ‘ \ 4 2R+ )R 505 5
\ Atk ~f-k -

/
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(T85> f 1 (Z+7)-~)<7r+72' N
X }(’-Z Z + ", Vrn/ (3 £ "}; : < fz 5‘:‘0>
’ k

-5 - *9<1T T '
o;l-L '—’-) -
(rth) =k h+z> }

i
s I8

K o ;
i
\ 0 /
\ / (2. 4+)
p
: Lk t Ny g, .2 %o el xo
-’—.QTC’)S‘_) >=—~~-—— \(_ +r1}"f'< (;-)glrafé [ R S ()O—_))f
4t -k K am L ~k-T ¥ k R 2
r
(20 47)

From the above equation, we select out the contribution due to

{ ’ﬂ - . _ <
A H_' N - ‘—’1- Lé'L) I(__) I(‘, )_’ S -
b L “ L RHx

(.*

i
- n R~k

= kd o

For that purpose, we only have to pick the terms ﬁzl, 1=1 and

- Lo i 4

r=1 from the sums E - 2? and 2; respectively;
C £ T

here the last two corresyond to the term on the right of Eg.(2.46)

By utilizing Eq.(2:39) as initi~l conditions and carrying out a

Laplace transtormation on Eqs.(2.43) through (2.45), we seek the

frequency-shi ts, irolating those terms corresvonding to Eq.(2.46)

>
Taking k for a tixed vector, we examine the intensity of

" N
interactions Hé'f for diirerent 1. Je have
% |

L ’ ;> )
[Ho 5 | ~ [&-£ T,7, ¢
K, i
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%
= ji ,') N > i ~) & <
ro [ Rel | P E LRIk S Lkt )

J
where an approximate relation
; » 1 X ~
',Q-L<7Z.—§T—->>rv—‘<$o_)§)_>>\, C(Z)
S 2k k

is made use of. Therefore we can conclude that interactions

with larger.f are stronger ( {?fl9l;l Yo This is indeed compati-
ble with the conclusion which will be drawn from the statement;
namely, by considering only those '—1>'s for which II)I » | l_()l ,

it will be shown later that ei(;) in *the regsion (II) is pro-
portional to i;?[ , and therefore

B2 1/2 :
‘HII:’TI v (x+1) / (k1) / ~ k12,

Thus the assumption that we should Le muinly concerned about the
> > -
1 lll?»l kl ) is not in contradictio.. tc the results.

- - -

Therefore, let 1 be suck thet | 11> k| ; then, by the
approximate calculations shown in App.ndix 3. we derive the follow-
ing equation for the one-dimensional cas~, where the shift due to

' I ) G ( *) - A z -
é\F{ is denoted byl-\_2 R) for k, and %, @( ) for 1.
Thus, we are now able to show the energy spectral distribution

versus the wave number k.

65



- { 13
A, @R} X ~———: b E(L) (2.47)

{1QJP711
A, ) ) A, 0 (L) _
E(R) el c(e) ——— = KM (@47
wp “% ’
Clh) = {Amw/,2 Ris, k (>0) €2, #%8)
£ Ek)

- -

When R+X 0 | then K(£)<O , vice versa; see Eq.( A /S ).

Energy distribution for long wavelengths in the wave number region
(II) is known by adding up the coniributions due to various—f

( jfl >>l§l ). In this way, we can find out Ei(k) from Eq.(2.48)
by specifying the states at the shorter wavelength Y. Namely,

for the present case, E (k) is proportional to ‘—g’ .

See Appendix 4 for the discussion of Eq. (2.47').

-

§2.8 Znergy partitionin the regions (II) and (III)

On recalling the definition of kc s, We zare able to draw the
Fig. 4,4 «

The general features seen in the figure are rather under-
standable. In the region where the mode-coupling predominates,
strong oscillations excited at the wave number k0 s OT in its

neighbourhood are more easily coupled to the larger wave numbers.
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Therefore, the lifetime of fluctuations on incressing k becomes
shorter, but the energy is more effectively transferred to the
larger k. This is the reason why we have a rising characteristic.
As the particle aspects become influential on increasing k, the
energy of the turbulent fluctuations is transferred to the individ-
ual particles and this process comes to be very outstanding in the
neighborhood of the Debye wave number. Finally we may conclude
that the spectral distribution changes its character in the neigh-

borhood of the critical wave number kc'

§2.9 Concluding remarks

We have thus attempted t. determine *he energy srectral
distribution ¢f tie turbulent =2lectric fiecld fiuc*rations in elecirsc:
plasmas versus wave numbers, hv ntilizing a tneory of a weskly-
coupled harmonic oscillator system. The results obtained will
be important clues to the study of the effective transport phencm-
ena in overtherm2l turbulent states, Moreover, an electron plung-
ing into the regi~n of cvertherz . zlectric field f.uctuations in
hot plasmas is very likely to be a’fected more by the turbulent
fluctuatzbns ther. by the ordi.=r c.llision events. This suggests
that the turbulent electric :ield fluctuations are in some cases
fatal to the confinement o. trerronuclear not plasmas. To develop
a theory of confinement including all these efiects will need

another lengthy chapter.
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PART 2
DIFFUSION OF PLASMAS ACLOLS THE MAGRETIC FIZLD
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Chapter 3. Diffusion of plasmas across the magnetic field

§3.1 Introduction

Suppose there were a sirong and uniform magnetic field.
Charged particles experience collisions less frequently, as the
temperature is raised degree by degree: they finally become
"frozen" to the line of magnetic force and the plasma ceases its
motion in bulk across the magnetic field. In this state, the
density gradient, perpendicular to the line of force, is sustained
steadily. It is indeed true that, in this idealized situation,
the two-body Coulomb force acting as "impacts" between the parti-
cles comes to be much less influenti:zl. On the sther hgnd, 2t
is open to question if we can neglect the effe~t ot irregular
electric fields due to other charced particlec within the Debye
sphere. The charged particles at the center of the sphere would
find that these electric fields are of duration, much longer than

the aforesaid two-body force, although the irregular fields are

weaker than the impact fcrces. It is probatle that these electriccce

fields, with tie coexistiny magnetic field, cause the cuurges

drift random.y acros< the magnetic field thus resulting in the

bulk motion of the plasma. erticularly, the (turculent) electricos

field fluctuations with a period longer than the period of gyraticrnm

may be responsible for tue "drain diffusion", which should be dis-

tinguished from the classical diffusion process.

These phenomena should be treated by some statistical theoryyyy
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with many-body correluations properly considered. But in this
chapter we assess the effects just mentioned, by the assumption of
the independence of each individual particle, for the limitirg case

: 2
of very hot plasmas. Namely, we follow the Markovian method.)

§3.2 Electric field fluctuation and the motion of guiding centers

The plasma is supposed to be very dilute. Let th2 strong
magnetic field E§ directed uniformly along the z-axis. Some
gradient in density is assumed to e..is. in the x-directio.; guiding
centers would drift and diffuse in thi: x-direction. srurtnermore,
the temperature is assumed to be spatially uniform. We discuss
the spatial diffusion.

Let the pocition of the guiding oS o tes* particlc ke

_.)
R (X, 7Y, ¢ with reference to the rest coordiinate o stem. Laline

>
'

the vectors and

o T

for its pAarticle roysitzon and velocity recmec--

tively. Then, we have

-2 -~ M i ~»>
t ; )
"‘2 == ',: + ] \.‘P X d ) C 3' :)
itfﬁ‘
where my and Tt ( 2‘:7 ; are the mass ond the charge of the test
particle, The equaticrn of motion for the particle in *the directicnn

vertical to the magnetic fiela is given by

)
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v, and E; are the velocity and the electric-field components

perpendicular to the magnetic field. Therefore,

> g
ARJ_ = ,.Ci_:’: At
Ck -
» l—)
rr 2 % l -
= a1 (Eat)xB ], ta.ad

—_—
In the above, ESL is again the component of the fluctuating elec-
tric field due to field particles vertical tc the line of magnetic
force. Al  is the mean duration of the fluctuation for the
observer moving with the test charge. l!é: is the distance
traversed by the guiding center in the interval of time at .

The relation of E3.(3.3) holds irrespective of

a (gyration radius)

2? f; ( the Debye radius)

or & 2 on

n is the nurber dens:*y of the charges.
The fiux of guiding centers diffusing in the x-direction is

given by the fcllowing etuation:

gy d
o= n(x) {ax>~ f;’;(”’-(“(tu)&))) C3. %)
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where the brackets <: :> stand for the mean value per
unit time.
When we think of binsry collision only, in Eq.(3.3), and
the change of velocity is supposed to occur impulsively due to
?téi_ in an infinitesimal interval of time AT (much shorter
than the gyration period), then we have the same results s were

obtained impact-theoretically by Hosenbluth and Longmiré?

§3.3 Electric field fluctuations within the Debye sphere

Let us consider the distance : by whick anv pair of par*ti-
cles are said to have approsched closelv enough to forw o tina~
system. In our hot plasma, r is much shorter then the inter-
particle distance d; therefore the electric field acting on the tlestt

particle is Holtsmark-like, i.e. the electric field has a r=ther

)
long period of fluctuation, although it 1s weakf’ Ve have
&
e - €C 3.5 )
ﬁTﬁxklégetazer;rb b
s

where Te and Ti are the electron and the ion tempera*ures respec-

tively, ﬁ is the Boltzmann constant. For example, for
n=10"% co” ema 1 =T, = 10° °x,
/
- - -3
7‘:.,\,/3 d=n® « x10
?
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s o« od Cae)

We introduce the following zssumptions concerning the
stochastic properties of the electric rield rluctuations. The
fields are due to those charged particles within the Debye sphere.

i) The probability that a charged particle occupies an infini-

I d
tesimal volume 6(7‘ in tke D2ecbye ephere with radius Si
at s certain moment is given by au‘/ ( i‘-/tf; )
J -

ii) The motions of the fi.ld perticles are indeperdent of each
other.

iii) Numerous tield pcriiecles, say, zore ih.n 1,uu0, ¢xist 3n the
Debye sphere.

Using the assurptions 1, and iji), we ca.a calculate , b
Markoff's method, the inteansity ot ile electric fie'd fluc*vation.
a* the point under co:ucideraticn (~.e. a8t iue p.it..n ~f the Lest

. . , . Ay, 3) .
particle). Je know ti.e ~lass.zal thecry ov Holtmma:: *, in
which the electric field f.uctuaticns wie to¢ c¢lay _ed particles
uniformly distributed in space are culculate? tcr specific point
in space. In this thecry, tn po batility Jdensatv 1s calculated
of the electric field :i.uctu..tio: Yy the larkov.un method: first,
with the radius of tue sphiere *=.:x 1t1inite, *hen irn the process of
simplification the rcuius .8 taken to bL: 1nfinitely large.
Therefore, it is expected L&t the resul-s th.s obtalined may coin-

cide with the results whicli are obtained w.tl. : large enough radius

4
to include numerous field particlec. Indeed, G. Ecker) made a
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numerical analysis with the finite radius throughout the calcu-

lation, and found that the results are similar to those obtained
by Holtsmark, as long as the field particles are numerous (more

than 10°) within the Debye sphere.

Therefore, if the assumption iii) holds, then the field

fluctuations are Holtsmark-like. On these grounds, the Holts-

mark theory may be applied to the hot plasma with density gradients.
Since the probability distribution of the instantaneous
value of the electric field fluctuation is uniform within the

Debye sphere (see i) and ii)), Eq.(3.3) yields

<axy = (£ xb ) =0, sz
b
where the overbar stands for a mere averaging. Therefore, we
have to see to
. . -
 (4X)T) = E* at (3.8)
o @ )

> >
As the next step, the probsbility density W( E, £ ) for
9

¥ = o r >
E to fall into the interval ( £, E+dE ) and for (= dE/dt: the

> >
rate of field fluctuaitior) to fall into ( f, f+df ) must be cal-

> >
culated. This function, W( E, £ ) is known by the Markovian

method in principle. fut it is sufficient for the present purpose

to assume

> . (3.9)
J ;TET



P

Atg: is the expectation value of ths lifetime for » pair of

2 s
fixed values E (fluctuating fiela) and v (the veloecity of the test

particle). We cre able to midte use of the values Atgi? obtained
e}

by S. Chandrasekhar =nd J. von Neumanﬁ) ¥ within the range

appropriate for the present problemn.

We define the following quantities:

.2 2
& C T 3 !
@, = T = ect - ) ?
" ’ f
B 3 N\ ‘3 LY (3.10)
e '—L*ﬂn) P !
\
> i
! . ,
2 y
The probability IJensity of *he ovent thart {E;I fells _...o

3 2 >
the interval ( [El)fEH—c(iEI) i3 21ven by

N
Lt

WCIE ) = Ht/ 2y

—— 2

? P

P

7T

4 < > , "'(Fj
ORI

”

The mean duration of the fluctuating electric field observed
by the test particle in motion, i.e. the lifetime cf the fluctua-
tion, is calculated as follows. We have to distinguish the follow-
ing two cases, in relation %o the magnitudes of the radius of gyra-

tion a, and the mean interparticle distance d. Namely, we
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have two cases:

CASE a) a,>d or a,

X
{o7]

CASE b a, « d

In the case of b), it becomes probable that, by the random cross-
field drifting motion, the electrons are able to "drain" through
other particles. In the case of a), the velocit: of the test
particle has some relation to the lifetime just mentioned, when
observed by the test particle itself.

The diffusion due to mutual interactions among like particle

is much less important, so that this can be neglected as a higher-

order process. In what follows, the results.are given for var.ousss
cases.
CASE a) a, > d or a =™ d ( test particles = electrons ).
By means of the general formula,) &)
3 ! -4
e e 2 R N . 2
‘ d fHG (2 e (TP OHG) .g’
Als |, = ;:::: . S L.t+‘ + == T
v i @(3) / 27 T E] ;°‘G<..B)J

C3.72)

- -
( v = the velocity of the test particle; u = the velocity of the

field particles ), we have
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= 3
At’.) 5, = tE‘ - ﬂi _ 9(.3,. ,-J'lH("J) ’
E:”i {TQFZ — (ﬁ;) (27m) ey
T G g S HE)
‘ !
C3.127)

-
where Vv is the velocity of the test electron. Genernally the
lifetime is related to both the velocity of the tezt particles
and the velccity of the field particles. In the above, 1t is

assumed that

[T /v o oo

( u;, = the velocity of the ions ).
G(p ) 1s defined by

A 4

iy - 4 | =% (304
G'(;”" > ') 3 H(3 )43 , £3.7¢]

i

CASE a) ( test purtacles = jonc )

Since we have approx:mately,

, s (5./6)
VT TR

the lifetime is as follows:

»~



3 /
1 T 4T
= . — ' 3
E) :}?\: @“‘;- - 12 [ L /} )’ (11'() --—-_._*Hf’a) , (J. ")
F15 V2, Ce o

In Eqs.(3.12') and (3.16), the isotropy of the velocity distri-

bution is assumed. If we regard the value of *he terun

/ - '/_
/o 5 H (3! \"
1 . k [+ e T ] L 3.07)
¢ T e /
as unity*), then we have trem Egs,(2,120) and "3 7R
2 3
2 r-s em .
- : 2 :
Clex) > =L 4w\ Py at 43 €
J ﬁl ] ﬂ , o
JO
where
) 2 3.19)
2 \ |8 ’
“55 r— k o / 7: g
*) N. B

(3.17) > 1 ( 520 o832 ),

\3.07) ~ | ¢ ,"3 Zl) .
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The upper bound for the integral in £q.(3.18) has been
taken to be ps . This value cannot be determined no more
accurately than in the corresponding case of the ordinary correla-

tion method. Thus we have

! L .
r 2 - [ 3 = Q
Wax) ) = 5 lk,‘?‘) LM)J ;I'! .ﬁ_r
[4 ]

-

Lo

"S : 7 & N
| rne [ RO TR o
9 G(j) J !

For a particular case where

3 i
,31 H(J) -~ p .
_S 3P H(s) ,{.-—~———--——-] 43 = JCk 5)
) (3 ’
j ( 3.21)
¢ 3g 1)

holds, so that, neglecting the factor of an order of unity. we

obtain the following:

2
{@x)* > 4y A ;?,,35 (4.22)

CASE b) ( test particles = electrons )

lor the sake of simplicity, we assume that the ions obey
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an isotropic velocity distribution. For the value of v

in
Eq.(3.12), the value such that

[7] =@,3/8 e

should be taken. Denote the value of ﬂ

by 8: ’ which
gatisfies

Cays3 /b )1

=7
| a
(4
Then obviously we have
e 3
2 B - ,2
P = ?"““:] ' . Gdueid
H

3
At ~ v——‘z-dn 3 * see e 3( <« 3 L
A v = 35S e /\
1/[7"2 ¢
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Since p ~ 1.6 gives the maximum occurrence of the fluctuating

electric field, we have the following results:

ca.)? _% A
X <(AX)1>~ _g__%zfl.go(-!,c .—_/.Caow"( ({%«’-‘)
H 3

< Eax)®y ~ (16Gq) L = .6 “u Cp. 2 0.6)
B* JI_;T i

(3.26)

CASE b) ( test particles = ions )

The electrons, now acting as the field particles, are
assumed to follow the next relation

T «T,

f -

with respect t-~ their kinetic temperature, in the planes parallel
and vertical to the line of magnetic force. Trhie lifetime is
determined by their motion in the plane vertical to the line of

magnetic force.

3 i
2 ~ T ’
f (N (8 ()
G (5l /:+ Hep)
2;2 _ < f£731P)
(?;Hc/w)f 4 (ﬂ» ,vt,>
G(p) @, /B

(3.27)
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Therefore we have

> 3 '
{ 2 p EY
| 2 R CBTHGIN 4
i : < L3 H(.'j)('“"”f‘“‘"" :m;méw
| F %] ’ | /LT
' TG0
x> = ¢ | A
LIVt F)(Au,rg‘)
. 3 f
.3 T . oy
/ K '\f& Puey (2 HG 2l M
. /', i ) — : i . -y
B‘d ‘Jo : \ i;r(";)) ;J) U'rv‘«"‘
\ (3.29)

The above relations are further simplified as follows, 1f ¢ 1:

‘, :}‘H :f.. 3 = g
bor 2y s il » 22
ex)y > ~ ‘} Cs.-9)
P i “H
Tk ; Bt U:" « —
. o “J Iy ‘ | g s
[

§3.4 Kesume

By means of the formulae s0 Lur outaived, the fiux ~f the

diffising particlec cer te calenlited irom e ejuation

P.
2 o X .

24



It is anticipated that in some of the caces above mentioned the
to
controlling magnetic field becomes less effective in orderﬂsustain

a given density gradient. This occurs in the limiting case of a

low-density plasma with a high confining field.
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PART 3 ( Chapler 4)

APPLICATION OF THE MONTE CARLO MEZETHOD TO SYSTEMS OF

NON-LINEAR ALGEBRAIC EWUATIONS

~--= PARTICLE PHYSICS ANALOGUE INTRODUCED INTO THE
DOMAIN OF NUMERICAL ANALYSIS ——we-

36



§4.1 Introduction

It is, in general, a difficult problem to find all the
roots of a given system of nonlinear algebraic equations with
several unknowns, even though we meet with such demands in many
fields of applied sciences. We have several methods for such

~

problems, which have been extended from some powerful method for
algebraic equations with a single unknown. Tterstive procedures,
thus developed, are often found unsuccessful, since they do not
necessarily converge, given arbitrary starting values. The con-
ventional methods of iteration are guaranteed against divergence,
only if the starting value is well enough in the neighborhood of
the solution?

Thus, as long as we have no means to place all the roots
even very roughly, we have no working method to find all the roots
of a given system of nonlinear algebraic equations. In the presemmr
paper, a new scheme of the Monte Carlo technique is proposed in
order to find approximate locations of these roots, which are
believed to provide successful starting values for the current
classical methods of iteration. The results of a test on a

digital computer zre also illustrated, together with a sketch of

the actual computer procedures.

lSee Toad [1], pp. 255 -- 278.
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Apart from the novelty of the underlying concept, the
method has a merit that it can treat cases with many variables

with no particular increase in complexity.

§4.2 Principle

Suppose that a system of nonlinear algebraic equations

~— v ;
r‘l k xl} n(l) )

A

Xn ;=0 (L=t 4, m ) (1)

is given. In principle, the Fi's may be any functions of the
variables Xis Xpe eee y Xp o However, in the present context, the
Fi's are regarded as polynomials of the n variables. Complex
rcots may be considered, 2s indeed suggested in the last section:
but, for simplicity, only the real roots are taken into account.

Corresponding to Eq. (4.1), the following pseudo-potential

U is introduced:

. = z -2
U(x‘) 7(1) ...)J(,,_): /. Q‘:f':. Lx,’x,”...,xn_)}
€=
( a.,=constants). 4, <)

o

Let an aggregate of particles move about in this hypothetical
n-dimensional potential field, colliding with each other. The

manner of collision is arbitrary; at least a certzin mean free
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path must be specified. There is no mutual interaction among
particles during free flights; the particles are in motion con-
forming to the potential, given by Eq. (4.2), between collisions.
hen a collision occurs, the transfer of both the momentum and
the energy are supposed to result in.

When a statistical equilibrium is established, it is what
the statistuecsal mechanices telle u32 that the numbter density
distribution of the particles in the 2n-dimernsional phase space
is proporticnal to an exponential factor

exr (~ E //’/5 ))
where f3 is a constant equivelent to the kinetic temperature.
E is the total energy, namely the sum of the potential energy U

and the kinetic energy T of the particle under consideration.

Thus

= U(x,)xll.u,xn) (X, X e, X )

Ce. 3)

(Here dots represent differertiations with respect to the time.)
In particular the distribution in the (%3, X5 «-. , xn)-coordi-

nate space is proportional to the weight fmector

»

2See Landau [2], Chap. 3.
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exp (-U/5),

thus the probability that a particle is found in the interval
between (xl, Xy eoe s xn) and (x1+dx1, XotdXoy eee xn+dxn)

is given by

£y - .
l \'x‘) xl) \\!,,Ln) d.x' de (R XY d-x,t

-U(x" le Q\I’x“) //,j

" dx
€ At R Ly
"
b aws

- "’UU‘I:’CJ., &4
JJT) E

|

ﬁdx‘ dxl 1en d_x,,_

Therefore, by help of the ergodicity, after having observed the
behavior of a particle for a time sufficiently long to tring about
a statistical eguilibrium, then the particle would have occupied

most freguently the part of the space where

T ke, ke, e, e =0 s

2

holds. In terms of particle ensemble, the partiecles would have
shown the most dense concentration 2t the position where Eq. (4.5)
holds. The points where we have Eqg. (4.5) are the real roots of
the given system of equations, as seern from Eq. (4.2).

The equations of motion fcr the particle are
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dpy, [at = - AU/ ox: = = Uy, (20,0, %) l

: (A= [, 2,0, 1)
bo, = dx [dt
(46)
We cumulatively otserve the quantities
»L/ﬁs
ves X, € lX,; dxz v dXx
<xl > (4.7)
< —
'U/f
jnnj e dxl dxz e d"o«.
having the particle in motion. If the steepness of the gradient

of the Boltzmann factor is remarkable, then the relation

U(<"t>)<7‘z>,~"J<xn>)gO (+.9)

is found valid, so that these observed quantities ((:q))'<xl))
-",<Xm>:) afford us the knowledge of approximate locations of the
roots now looked for. One methcd to have the steepness of the

gradient outstanding is to prescribe that the scale factors ai's
in Eq. (4.2) be properly large. It will indeed be demonstrated
in a later section that these simple tricks work notably for the
purpose of steepening the gradient and smoothing out the wrinkles

where the particle may be trapped unfavorably for sore time.

g1



In actual procedures, the differentials in Eq. (4.6) are
replaced with differences; the particle moves obeying the differ-
ence equations thus constructed. Let the mean free path be A
and make decision whether 2 collision has occurred or not at each
step. Here a step is defined as S/~  of the traversed distance.
s is a positive number sufficiently smaller than unity. In the
event of collisions, the transfer of kinetic energy takes place
and the particle =cquire a new level of energy qu s Which is an
arbitrary fraction of the upprer bound of the kinetic energy Tm.
The particle involved in collision in this way is scattered iso-
tropically. The q just mentioned is a pseudo-random number equi-
distributed in the intervel [0, 1]. The collision protability at
each step of SA is shown in Fig. 4.1. The mocdel is such
that when the kinetic energy surpasses a threshold value Tm' then
the particle makes a transition to lower energy-level and is
gscattered. Therefore, it is expected that by thus restricting
the range of movement of the representative point in the phase
gpace, at least along the axes of momenta, the state of the
statistical equilibrium could achieved in a relatively small

number of steps.
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At the preliminary stage of computation, < xi'>. and
<(xi - x> )2)»are observed with the passage of time. If the
latter turns out to be non-decreasing, then the roots are distri-
buted wide apart, ( xi:> giving the center of distance of those
roots. In the case where we have several distinct roots, the
anisotropy of the spatial distribution now mentioned can be infer-
red from the inequality among the values ((xi—<xi> )2 > (i=1, 2,
eesy, n). Namely this quantity((xi-<xi) )2> is the largest,
say, for i= ¥ , along the axis along which the roots are most
diversely located. As the next step the observation of (Hxi)
is done distinguishing <xi) (d=ly weu 5 )y BUEHK thgt Xy < <XP)
from < xy» (i=l, ..., n), such that x, > <{xy)» . Subdivid-
ing the entire space in this way, there exist more than one root
in each of these subdivided regions. Continuing making such
binary subdivisions in this way, an ultimate state will be reached
where in each subdivision the variances ((xi—~<xi> )?}diminish
steadily and the limiting values of"(xi) will give the approximate
values of the roots.

In the present scheme of computation, the range of seé@hing
need not be restricted at the outset. However, in the example

shown later, the range of searching is specified for the sake of
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convenience, i. e. only the pseudo-random numbers equidistributed
in the unit interval [0, 1] were utilized. In many of the practi-
cal cases, we can usually specify the upper and lower bounds loosely
between which the roots are suprosed to exist.

Moreover it should be noted as for the range of searching
that by the inversion of x; into 1/x; all the points outside the

unit hypercube are r<placed with those inside the hypercube.
§4.3 Algorithm
The example which will be shown in the following section

ie of the form

i

F(xy, ¥y ) =0,

(4.9)
G( %, y )

0.
Therefore, the computational procedures suitable for the solution
of the above equation will be stated. But similar procedures
are followed in cases of many more vareables.
(0°)  Define T_, s, 4, Ny, N, (D N;).
0O —N, 0 —»x, O ——->x2, ete.
1 - ai (i=1, 2, +.. , N).
(1°) Choose the initial position randomly in the present sub-
division, generating uniformly distributed random numbers.

(2°)  Determine the value of the kinetic energy:

qu - T,

g5



where q is symbolically written for random numbers generated

whenever necessary, which are equi-distributed in the interval

(o,1].

(3°)

(49)

flight:

(5°)

(6°)

(7%)

This notation of q is preferably used in what follows.

Find the velocity:
sznz =P, AT HeuX] S py,

Compute the time required of the particle for one step's

SA /YT —— dt

Compute the displacement:

be'dt""}d’c) f’#-dt -—-—-)dg.

Compute the increments of the velocity:

~ U dt — - Uy dt — dp, .

Find the new position and velocity after the displacement:
x4 dx = x (? 4.aei 5 jf 2
If the representative point (x, y) is not in the relevant

subdivision, then (2°9), else g2y,

Record:
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xtt > x> 71+Zjl~»j‘,‘

N+ 1 —> N.

(10°) If N=0 (mod N,), then (20°), else (11°).

2

0
(11%) 1If Py

" p§ > T, then (2°), else (12°).
(12°) If q > s, then (4°) (i. e. no collision), else (2°) (i. e.

collision).

(20°) Compute, store, and write:

jg x /N — <x> L =MX)

Z*}/N —r <y> (= MY);

> ot /N — x> 5 LEVX )

2 4N - Sgts o pEVY.
(21°) If n=0 (mod N2), then (30°), else (11°).
(30%) Clear the counter of N:
0 -— N.
(31°) If DEVX > 4° or DEVY > d° and either of them non-decreas-
ing, then (40°), else (32°).
(32°) Take up the next subdivision if any, and go to (1°), else

halt.

(40°) If DEVX D DEVY, then (41°), else (429).
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(41°) Divide the present subdivision further into halves, one
in which x> MX, the other in which x < MX. Go to (43°).
(420) Divide the present subdivision further into halves, one
in which y > MY, the other in which y < MY. Go to (43°).
(43°) Steepen the gradient of the potential:
T a2 a.
a®i —> %1’
lessen the volume of the momentum space:
rtTm —_> Tm;
make the step finer so as to gain more resolving power:
A — A,
Here T, Ty and r, are predetermined constants; ra)>l,

0 <.rt( 1, O < r,{ 1, otherwise rather arbitrary.

$4.4  Example
As an example, the equations

F(x, y)=xy ~ 3/16 = 0,
(4.10)

G(x, y)‘:‘-_x2 + y2 -5/8 =0

are considered. The potential ts denoted as follows:

U(x, y) = a2(F% + G6°). (4.11)

The roots of Eq. (4.10) are:
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(x, ¥) = (0.25, 0.75) and (0.75, 0.25). (4.12)
The range of searching is now understood to be 0$x<1, 0Sy<1.
See Fig. 4.2. In this example, we have potential minimum, which
does not correspond to the roots, in the middle of the square
domain.
To find approximate values of the roots of this sample

problem, the computation was started with constants defined as

such:
T, = 4.0,
s = 0.1,
A= 0.1,
d = 0.1.

Other factors were taken to be

r, = 10,
r, = 1/400,
¥y = 1/10.

The results of computation of the first searching are shown in
Table 4.1 and Fig. 4.3. Checking was done at the procedure (310)
and the interval of x, [0, 1], was halved into [0, 0.462«+«(=MX)]

and [(0.462..+, 1]. The Monte Carlo search was performed in these

subdivisions separately. Further results thus obtained are shown
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FIGURE CAPTIONS

Pig. 4.1 Collision protability after a free path SA .

Pir. 4.2 Location of the roots of the sample problem Eq. (4.10).

Fig. 4.3 Preliminary survey in 0£x%1l, 0Sy<1.

Fig. 4.4 Survey in the subdivision 0 x 0.462..., 0Sy<1.
(See also Table 4.2; DEVX and DEVY are monotonically
decreasing. )

Fig. 4.5 Survey in the subdivision 0.462...<£x5£1, 05y<£1.
(See also Table 4.3; DEVX and DEVY are monotonically
decreasing.)

Fig. 4.6 Survey in the subdivicion 0<£x €£0.462..., 0Ly S1l.
Steepening factor ai unaltered at the second stage of
computation (a§=7).

Fig. 4.7 Variances in the survey of Fig. 4.6. Note that

DEVX and DEVY are very large in magnitude.
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200

400

600

800

1000

1200

1400

1600

1800

2000

N. B.

0.2888:~1 = 0,2888x10

m

Table &./ Preliminary survey in 0£xS1, 045y <1

MX
0.71987
0.44739
0.3%461
0.41663
0.49035
0.53655
0.56922
0+55110
0.50223

0.46242

oY
0.21580
0.16199
0.19379
0.19029
0.192%
0.24704
0.33252
0.40750
0.45179

0.45675

i

T =4.0, s = 0.1, A=
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, etc.

O.l’

d

DEVX
0.2888:
0.9722:
0.9297:
0.1026:
0.1060:
0.1015:
0.9580:
0.9857:
0.1074:

0.11123

0.1, a

2

1405

DEVY
0.7988:
0.999% :
0.1128:
0.9630:
0.9164:
0.2763%:
0.68349:
0.9973:
0.1052:

0.9818:
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1000
2000
3000
4000

5000

N. B.

1000

2000

3000

4000

5000

5800

N. B.

T

Table 4.2

m

MX
0.27933
0.26768
0.26485
0.26051

0.26020

= 0.01, s

Table 4.3

MX
0.74360
0.74856
0.75193
0.75004
0.75053
0.75047

= 0.01,

Survey in the subdivision 0<x£0.462...,

0Sy£1

MY

0.74968

0.74872

0.74799

0.74806

0.74721

= 0.1,

Survey in the

0sy<1

A

0.01, =a

]

MY

0.15622

0.19945

0.21002

0.22312

0.28722

0.23029

s = 0.

1,

104

A= 0.01,

0.4704:
0.3152:
0.2672:
0.2402:
0207352

0.1865:

DEVX

0.2302:-2

0.1641:-2

0.1187:-2

0.1021:-2

0.8408:-3

DEVX

6.2=

DEVY

0.3%295:
0.2374:
0.1824:
0.1706:

0.1552:

subdivision 0.462...<x%£1,

DEVY

0.2616:-2

0.3260:=2

0.2467:-

0.2469:=2
0.2083:=-2

0.1890:-2
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jn Tables 4.2 and 4.3 and Figs. 4.4 and 4.5. After this stage
of computation, it was found that the results were satisfactory
for the present purpose and the computation was ended.

The reason why ai is diminished by a factor of /O in the
procedure (41°) is clear in Figs. 4.6 and 4.7. Here the computa-
tion was performed with condition of redefinimg ai's deleted from
the procedure (41°). This is a good example to show how effective
the increasing of a,'s is for making the potential gradient steep
enough. Tm may be fixed throughout the computation. The refin-

ing of Th in the procedure does not seem to be essential.

§4.5 Further extensions
Experimental results so far obtained have confirmed the
validity of the theoretical expectation. Further extensions may
be accomplished for the following problems:
(a) Conditional minimiz~tion:
Find the points (xl, Xps +oe s xn) where a given function
Fxy Xpy eee o x,) (>0)
assumes the minimum values, under the given conditions that
Gi(xl’ Xpy ene s X ) =0, (i=1, 2, ... , m).

n

For such a type of problems, we may as well introduce a

pseudo-potential ] #
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) 2 =l 2

= a” P" + a G2

U(xl, Xy eon v X 4B,

n
( a ~nd a;'s = constants ),
then the potential minimum will give the solution. Maximization
problems can be treated in the same manner.
(b) Complex roots of simultaneous nonlear algebraic equations:
Transforming the variables in Eq. (4.1) by the relation
szd&+aii/3& (k=12 ,1n;
Ji=-1; O(k,[gk :T‘ed))
we have simultaneous nonlinear algebraic equations with
2n unknowns 0% , Pﬁ (=T, .54 5 N)s Therefore, at
the cost of the increase of the numbher of unknowns, the
method so far explained will also be applicable 2nd the
complex roots of Eq. (4.1) will 6e found approximately.
§4.6  Acknowledgement
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PART 4

THEORETICAL INTERFETATION OF TH: E(UATORIAL SPORALIC
E LAYERS
——— AN INSTABILI?Y ANALY3IS 0% A WEAXKLY-IONIZED PLASHMA

IN AN ELECT:CHMAGIZYIC FIELD ---
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Chapter 5. Theoretical interpretation of the equatorial

sporadic E layers

In this chapter a macroscopic theory is presented in order
to interpret the anomalously large foEs observed near the magnetic
equator. A. 3imon's method is modified and applied to the iono-
sphere and it was found tuct when the V-E electric field strength
exceeds a certain threshold, an inhomogenetiy in charge density
ocecurs. Since the W-L cliectric field distribution is very similar
to the W-E electric current, it can be understood that the insta-
bility leading to the formation of the inhomogeneity is well corre-
lated with the electrojet. The source of sporadic I reflection
is this inhomogeneity; but the mechanism involved is not identical to
that of the two-stream instability.

In order to make comparison between the theory and the
phenomena, the variation c¢f horizontel magnetic force observed
at various stations in 1958 is analyzed and the meridional dis-
tribution and diurnal variation of jet current and of electriz
field are calculated. The results of calculations are compared
with the diurnal variation of foZs at Huarcayo and with the dip

dependence of nocn foks cbtroinec trom otcervations in 1958.

13



§5.1 Introduction

The daytime foEs near the magnetic (dip) equator is
abnormally large and this zone of intense¢ ks is very narrow
(about + 50 in dip), centered on the dip equator [Matsushita,
19513 1952a, b; 1953%a, bl. Matsushita also showed that the
foEs distribution against the dip resembles closely the distribu-
tion of the daily range in horizontal magnetic force and conclud-
ed that there must be close relationship between the equatorial
Es (Es(q)) znd the electrojet.

As for the structure and orientation of Es(q), a number of
important findings have come out from the high power radar evperi-

ment [Bowles et al., 1957, 1960, 196%; Cohen et al., 1963].

Up to this day, some authors have attempted to describe
the formatiorn of the ecuatorial Es, e. g. from the view-point of

two-stream plasma wave micro-instability (Farley, 1963].

In this parer the authors, through a macroscopic approach,
try to explain theoretically the formation and orientation of a
certain inhomogeneity in the E region and to interpret several
features of Es(q) on the basis of the theoretical results.
The mechanism invol»d4 is to be distinguished from the so-called
two-stream instability, since the gradient of the tackground

charge distribution plays an essential part.

§5.2 Outline of the theory
Our theoretical basis is similar to that worked out by
A. Simrn [1963), which is aimed at the instability analysis of

weakly-ionized plasmas. Particular modifications are made
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so as to'make Simon's method applicatle to the present ionospher-
ic model.

Let the rectengular coordinates be x, y, and z axes, waich
ave in the geomagnetic N-S direction, W-E direction, and vertical
upward direction, respectively (see Fig. §.1 ). The background
electron density (=positive ion density) is essumed to show a
linear variation over a height range of L. The electrostatic
force E_ { > 0) is applied in the W-E direction. Let superscripts
"+" and "-" be attached to the quantities belonging to the posi-
tive ions and electrons respectively. Suffix " "(" (") is used
to show that the coefficient referred to is that perpendicular
(parallel) to the magnetic field. M, by 4y, and T
are defined to be the mobility, the diffusion coefficient, the
angular gyration frequency, and the nean collision time, respective-

ly. If we consider a partially-ionized medium, with an electric

field E; (E E - EZ), then the fluxes of the ions and electrons,
¥
1~ , are given by
<
t
_ on t (s 1)

't t 3 + 2 _ptan
I, =% ;fi/mfz—*(%)(a tpmE) )

The charge density pattern made up from plane waves with wave

front parallel to the z-axis and with wave vector lying in the

1y



X (South )

Lu S
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xy-plane (i. e. horizontal plane) is considered. Therefore

we rut

n = n,(z)+ m (2)exp ’;—éwf’r‘ikxx +°'k;r2’>, (5.4

where n_ and E;

o

<

g - Eo(z) _(j'r‘ad{\/’(z) ex/{:(—émt+éﬁ11+<jﬁjj/‘3}) (. §)

(o, E o 0) (E§>O) are the unperturted

parts, here assumed to be linear functions of 2z, while the

second terms in the right-hand side of the equations above are

the perturbation terms.

fluxes of both species

—

on

—_— = _—db"f(].'t

ot

tcgether with Eq.

tion:
D 2E +
)

The above equations are then linearized,

Egs. (5.4)

end (5.5) in Eq. (5.7), i. e.

117

Continuity equations of particle

C$¢€)

(5.1) turough (5.3). yicld *he following rela-

92

o X

.3%.[,_-0‘?3_’-‘. y uEnE I(wHTJt(/ i’,'“_ i/-t_LnE )]
a_ i(?mD*-if i/%TT‘ JC>] .

c$.7)

cfter substituting



' % = + 2 +
0 = [—LOJ"(' D” 'ﬁxT"D‘L‘AJ i/"_{_ "&; EO(Z):, %I(z)

+ 2 x ,2
t [i/-(” éx Wo(z) t/‘.z_ éj %o(z)] \/,(Z)

od Vi
dz

- :Dj dlnl + (wHch:/Hj ’no(z) (Léj>

o!Zz

il{* (z) dv’)
/L_L dZ ’no dz

+

+ (%’Q)*—/uj {__Lé(jfg ('no(z)\/'(Z)>
+ (2 E, (2))

(£, 8)

If it is assared that tune perturbaticn is of the form
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Cz) ?]/SML(ZZ) ) (% 9)

( n , ' = couns tants of either sign),
then multiplying both sides of Eq. (5.7) by sin(7z/L) and

integrating over z from zero up to L, we have the following

equations:

0= [ A..CO-‘-D K (o()ﬁ £ g (‘*;)E + (w7 c)/uldE]%

(A T st T ey )

il ,‘J)
where the overbar is such that
= f(=) (1)

L
2 . L, T2
I:— 95 ;f('z) son -zj:)olz
0

for any function f(z). We have used simplified notations

- +
K («) = __12% tanzo( + ] =~ Z_g The o +]} (£,72)
* A A
where

Tan & ”ﬁx/ﬁg (see Pig. 5.1 ). (£.13)

In deriving Eq. (5.10), we have assumed that

irJ



2 L
é{ > ('":/L )
p

i. e,
(8) T » K. €& 14)
It was also noted that
L L - 2
dn © /2T ~ L
'no(z)sw(’mz)dz R zsm(‘u)dz——-vf‘_’_’:.——
a dz A L ‘dz 2T ,

since no(z) is understood vc b2 a linear function of z. In
order now that we have nontrivial solution for Eq. (5.10), the
determinant of the coefficients must be zero. Hence we have
an algebraic equatior, which we solve for (w In order to
determine the conditions for stability., we nced consider only

the real part of (—dw ). Thus we have

20 a0 [farnte o bt il 22)

Re(-iw) = - (DL 4 DDIK K (K i
4_{@) Tc)/-t_,_ (w T)/LJ_} ( ’ dm)ﬁ (/J—L K+(a(/+u K(d))
C £ 18)

where ~.litional assumptionz, 1. e.

(._f_ 4"0) & ﬁ CE.16)

Mo )

(b)

| AE,
B | = =
E;

d 7,
dz

(£.17)

(c)

dz

1
n

and
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(@) 1> tan’ ($.18)

were utilized.  Assumptions (a) and (U) are evidently permissible,
while (&) states that the electrostatiz field does not change so
remarkably as the charge density in the vertical direction in the
equatorial E layer. Assumption (d4) reflects that we are mainly
interested in the case of longitudinal waves which propagate
nearly perpendicular to th: geomacnetic field.

Frow Eq. (5.15), in order for the growth condition ( /f, (~£w)

>0) to be satisfied, it is at least required that

ey

T ! d 7o 0 (.f‘.l?)
(L. dz) >0,

No

Vhen EO>O, as is the case in daytime at the mrcnetic equator,
positive gradient (v:. height) of background charge density is
regquired. This condition is re.lized from itelow the normal E
layer towards higher levels, where there can czist back-scatter-
ing blobs produced from growing instablilitiec.

The physical mechanism of this type of instability is
that, in case of background charges incressing ve. height, the
horizontal polarization electric [ie.is accompanying the charge
density pattern intensify the trends of the perturbation by help
of the crifting motion of chargen ir *the vertical direction.

From Eg. (5.15), the magnitade of the electrostatic field
Eo necessary for the instability to gow is calculated (the inhomo-
geneity wavelength = 100 m) and shown in Fig, 5.2, for the two
cases o =0 and K # 0. Slightest departure from A =0 corresponds

to 2 very high threshold electric field. In the case (a) of the

[21
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- !
I d7e . ;
figure, (éa" 1z ) is assumed to vary proportionally with the

s g |
/
scale height.  The value of (—:~‘;‘"°) t the altitude of 100
n, dz

¥m is taken to be 1 km. The case (b) corresrponds to the case in

which (..__i_. %)-, is essumed to be constant (=1 km) vs. height.
It is befieved thet these nssumrtions are nct frr from reality in
the lower region of the E lever where the gradient of the Leight
distribution of charge density is very outstanding. In the Fig.
5.2 tre minimum value of the threshold EO is approximately 300

emu 2t the 2ltitude of 100 km when o =0. It is also seen from
the sarme figure thet when Ej exc~eds 700 emu, then the instability
will grow in the height range of 96 ~ 113 km in the cese (a)
(A=0), and 96 ~ 118 km in the case (b) (ol=0). In the latter
case the instability me; occur in the region still higher than the
one mentioned.

In short we may conclude that a plare-wave inhomogeneity
can hardly occur unless the direction of its wave vector coin-
cides with that of the y-axis (W-E direction); and the shape of
the inhomogeneity is like a thin plate hanging down vertically
with its surface lying in the xz-plane. The geometricsl
structure of the inhomogeneity is such thst the width in the
4= direction coincides with thrt of the electrojet (see Tig. 5.8),
the height range is restricted by the threshold condition of
Fig. 5.2, and as for the spacing in the W-E direction, our linear
theory has not much to tell, although the mean irregularity
wavelength may take on values from a few meters to a few hundred
meters. This inhomogeneity is believed to give rise to the

enhenced radio-wave back-scottering, commonly called Zs{q).
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L dny
If we use the value of ;;' 4z twice as lar:e as

that we have used in Fig. 5.2, then the threshold electric field
Eo will become twice larger than that indicated in Fig. 5.2.
Even in this situation, the general features so far duscussed

are not altered.

§5.3 Observed results and applications of the theory
5.3.1 Observed results of Ss and geomagnetic variation

A number of investigators have airecuay ieporied on the
dip dependence and diurnal variation of foEs. We have investi-
gated some similar characteristics of foEs, using the data of the
stations listed in Table 5.1, on 5 international quiet days for
each month in 1958. Fig. 5.3 shows the diurnal variations of
foEs at Huancayo, which are the average of foEs on twenty quiet
days in four months for two seasons. ¥ay, June, July and
August are grouped in J-months; March, April, September and
October in E-months; November, December, January, and February
in D-months. It can be seen from the figure that foEs rises
rapidly around 07 hr and falls around 17 hr. In Fig. 5.4 foEs is
plotted against the dip of the station, where foLs is the average
of the values observed at noon on twenty quiet aays for each
season (J, E and D-months). Asg seen fron the smoothed curves
foEs is very large over the range of + 5% in dip angle. No
seasonal change is distinguis.able in the shape and width of high
foEs zone.

Next Fig. 5.5 presents the diurnal variation of the external

part of the horizontal magnetic force ('A-He) at Huancayo averaged
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Table 1

Ionospheric

¥e. Station

1  Armedabad
2 Haringhata
5.j !acau

4 "Bombay

5. Beguio

6 Talara

7 | Madras

8 ' Chiclayo

9 Chinbote
10 Djibouti

11 | Tirucnirapa-

114

12 Kodaikanal
L3 Huancayo
14 Trivandrums
i€ Natal

o ‘ La Faz

L7 Ibadan

16  Bangui

19 Sin- i ure
20 Hollandia
21 Sao FPaulo
2 Lwiro
3
o
15

Digp

(.~

34
30
50

List ot I nospheric

nnd Seomagnetic ostations

Jromagnetic
~tation

Helwan
Honolulu
Cha-is
Alibag
M'Bour
Muntinlupa
3 &l
Talara
Farning
“hiclayo

“himbote

Chcambaram
Kodaikanal
Jarvis
Juancayo
i3 EoT

Trivaniruz

iAddie ababa

Yauen

ang\li
) Hollandia

jevgraphic
Lat. Long.
(*) (°)
23.0 K 73.0 B
22.9 K 38.6 E
18.6 N T245 B
16.4 ¥ 120.¢ E o
4.6 5 Bl.% ¥
13.0 B B0.% =
5.8 5 T2 o )
Tal w TR.4 i
115 X $5.% =
10.» X 78.8 L
:
10.2 ¥ 7.5 ©
g wd W TTLL
gy N T e B
et w  J5al W
o, & AN € B
7.1 1,0 E
1.4 N 18.F &
1. X 10%.8 E
2.6 o 14-.5 =
2,0 o db.t W
2.3 5 8.8 B
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Tahiti
Afln
Djakarta

luan ia

uip
(%)

41.2

37.0
29.5
24.6
17.4
14 .2
16
12.5
1249
9.1

Geographic

<]

ax

-

- -

8.5}

» o

s

ar

Lat. Long.
(°). (*)
9.9 B 33
21.* B 158,1
22.4 R 103.8 .
18.6 X 729
14.4 8 17.0
14.4 N 121.0
13,5 8 144.6
4.6 3 8l1.7
3.9 8 15v.4
6.8 o 79.8
9.1 o 7844
11.4 K Tdai
10.2 K 17 .5
~.4 N 160.0
12.t § 5.5
T.3 N 134.5
4.5 K 77.0
a,0 N 38.8
15.5 9 T4.5
4.4 8 18.6
2.5 8 _~£§Q,§”'
17;6 3 149.6
13,8 o 171..8
5,0 9 1Q6.7
1.9 o 1%5.1 ,

tx



9l Al @0 vO 00 ¥ 02 9 2\ $o vo 00
T A .4 g v LA T L R T T A b5 T i 5 = @ Y N Yy T A SR O
v
Q” ® t //
v ° v l\d\Q\

od/“
q
x
w0
Q
(¢]
x

\

0
/c vevwewvcoe?V M
° M/Mﬁb . ox R\o
S T] 17T —
° ° ‘94 v
® ©O
‘Uor o
(8G61) ‘290 «x
‘AON °
syjuow -J

uoew —

‘z%n.w . w X -' «

. C/(l\( .
‘Qeovw e

6ny

n

(8S81) Sl

unp

ADOW

9

X

syjuouw - 3

Ol

fe7s7nal) 83°)



di.Q
N S &Y .
o) Ot ne 0Kk of- 02~ o 0 o oz of :
. 04 .< -< o . i sy o«
. - . i/ \\D\"\l\.\l‘ll mA
o “\\\\\i;'.\‘!mA . . T .\\\r\ .
/< .\ .
|
. ; \
, Oi+ “. ! 1 O—.
\l g_o\“
/‘ . G,T\
|
G1l “ S
|
syjuow - @ P syjuow - 3

N
o o oe &~
L
\ o
by
N
M
1
.
i
!
|
syjuow -

Ol

St




120 ° ¢ ° D-Months

°" &
o .
5 80f
O i
: '/ \
- g ’
- Vs 5
(o]

C /. | )

; Y

- £ ‘
' >
/:' i\\
0 —— - 4 .l .i.ﬁﬁ N
*,',-o ; @ \i 4\ -
#‘.-’E——exi‘_' e —’_T? =
-40 L . R e . o %
00 O4 08 12 I8 20 p:
Loca! Time (hours)
FL;. 5.5

128



on twenty quiet days for each season. The zero level in the
figure was determined by a method previously found ty one of the
authors [imede H., 1955]. Fig. 5.6 is the similar plot of AHK®
at noon against the dip of the station as in fig. 5.4. The
stations 2re listed in Table S.1. An® precsented here is taken
2/3 of the criginal values, in order to eliminate the internal

part.

5.3.2 LEstimation of the electrojet current and the electric
field

Suppose the current density i(x) is flowing eastward (y)
at the height of h, as shown in Fig. 5.7. Here x is the axis
from north to south and measured along a peomagnetic meridian
from the dip equator. The earth's curvature ignored. This
current gives rise to the horizontal magnetic force (AH®) on the
ground. The meridional distance of the ground station from the

dip equator is denoted by x'. Then Biot-Savart's law gives

b ,,
AHe("')’—‘J Pt 5 4=, ()
, A+ (x=xD

—

where b is the half-width of the current sleet. The integral
equation (5.20) is approximated ny the following simultaneous
equation.

Jﬁ-AJ( 1‘-(:(".1), & 210)

AHeC"J)') = Z ﬁ'l.g.(x(_'—x})

We take the smoothed curve of AH® as shown in Fig. 5.6, and
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b=2,00 km,
x=100 km,
x;, x;=~£,000, -1,900, +++, =100, 0, 100,++, 2,000 km,

h=110 km.
Then the simultezneous equation has 41 unknowns (i(xi)) and can
be solved, by using the value AHe(x.'].) read from the smoothed
curve in Fig. 5.6. The calculated results of i(x) at noon for
each season are shown in Fig. 8. i(x) e+ other times (10 hr, 14
hr etc.) has been also obtained and using these results, the di-
~urnal variation of i at Huancayo can be obtained, which is shown
in Fig. 5.9.

Next in order to obtain the electric field (Ey:Eo),
which causes the enhanced flow of the jet current, the total
conductivity :Ej » which is the integral of 5& over the
height range of the E region, must be evaluated. As for EZJ
on the dip equator and its neighboring :one, the results of the
previous paper: ('laeda H., 1953, 1955; laede K. and Matsumoto,
1962] are available. Using. these results, together with the
jet current, we have calcul=zted the electric field (Eyon) by

the following equation:

E:; = 4 Cx)/zg = E L 2]

The diurnal variation of E (=Eo) at Huancayo is shown in Fig. 5.

3
9. In Fig. 5.8 the dip dependence of Eo at noon for each season

is shown.
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553 Comparison of the theory with the observed data

We have already obtained the threshold value of EO in
Fig. 5.2.  Comparing this result with Fig. 5.9 (the diurnal varia-
tion of electric field), we see that an inhomogeneity occurs at
about 07~08 hr and disappears at about 16 ~17 hr. And from
the comparison between Fig. 5.2 and Fig. 5.8, it can also be seen
that at local noon an inhomogeneity can occur on the magnetic
equatorial zone where the electrojet flows. Outside this narrow

zone, Eo is small and does not reach the threshold value.

§5.4 Discussions and remarks

The suggestion first made by Matsushita and now widely
supported, that the Es(g) is closely correlated with the electro-
Jet, has been demonstrated by o:r present thecry, in terms of the
W-E electric field strength. “he main point of the theory is
that starting from macroscopic equations, where the Leicnt-
dependent structure of the ionosphere is concidered, large W-E
electric field is possible to result in an unstable plasma
state under the action of the geomagnetic field. In the present
theory the electric field does not cause the instability by its-
self but in cooper~tion with the ma _netic fieid, wher<as in the
theory based on the two-stream drift instability [E:rley, 1263]
the magnetic field does nct play any essential part Lut has merely
2 secondary effect. We may conclude that the :ain features
concerning the diurnal variation of foEs at Huancayo and the dip

dependence of foEs near the dip equatorial zone have been

explained.



According to the radar experiments ty Bowles et al.[1957,

1960, 1963)], the irregularity which gives rise to Es(q), is not
of field-aligned cylindrical shape as hitherto suprosed, but it
is\a certain plane wave disturbance, which lies in the plane
parallel to the geomagnetic field. This fact is consistent
with the structure and orientation given by the present theory.

A Doppler shift was observed in the received radio waves scatter-
ed back from the irregularity, and the scatterers moved from

east to west. From the analysis of the imaginary rart of
(—LOJ), i. e. .gna(—iaJ), for o =0, we have =t the zltitude of
about 100 km

O (i) /i 2 (ol pidl ol (£ 220) Ry7

dz

—_— .2
12t —-32 [ ol 7, -/ 7
+{ o) j/ﬁ (/‘.1.) E°Z(_—7n_,, -&-z“) ﬁj + Sma—uMJ
divided by the denominator of Eg. (5.15).

Hence we see that in order for @ to be positive ky must be

negative, which means that the longitudinal waves arising from

our instability always travel westward. ie also see that,

substituting appropriate values for the various physical para-

meters in the above equation, the phase velocity of the waves

w /ky is equal to the sound velocity in the order of megnitude.
It will be noticed tiat the present theory may also be

effective in interpreting the aurorsl type Es, since there is a

high electric field with an intense current flow in the auroral

[36



zone. This particular type of mechanism, which has so far
been involved in the interpretation of Es(q), might provide

a powerful means for the understanding of the so-called spread-
I phenomena.

The present theory based on Simon's work is a linearized
treatment, and therefore we cannot obtain any information on the
density excess in an inhomogeneity. We have avoided running
the risk of discussing all the features of the phenomena by

the growth rates etc. predicted from the simple linearized

treatment.
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summary

Main points of the results obtained in this thesis
are as follows:

(1) In order to open a new vista in the field of plasma
physics, attempts were made in treating the finite-amplitude
oscillations in electron plasmas. The subject is still in
the active stage of development; and the results obttained are
new and worth noticing in that they have contributed to the
understanding of what is vaguely cszlled the turbulent fluctua-
tions. The author sug-ests that it will be a future central
problem of plasma physics to introduce the ion correlations and,
if possible, to take into account the influence of an external
magnetic field.

(2) Diffusion of charced particles acroses a strong maguetic
field is assessed.

(3) By introducing & rzrticle-physics analogue into the
domain of numerical arnalysis, a novel technique has been
developed in order to find aprropriate starting values for the
iterative solntion of nor-linear algcbraic equations. Tris
is the first =+te~pt, eve~ made in the field of the Nonte Carlo
method, for tne removal oi crucizl difficulties in the conven-
tional method of solving simultaneous non-linear algebraic
equations.

(4) i new theory is prcposed in order to account for

various anomalous features of t*he cjuatorial sporadic E layers
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in the ionosphere. The mechanism considered therein may also
provide for the understanding of the "spread-F" phenomena,

which are not very well unlerstood as yet. The proposed theory
je a rival theory agairst D. T. Parl~y's, who only considered
the two-stresm plasma waeve instability of a uniform plasma in

a magnetic field.
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Tet us dencte
§9 (o) = §_’ ) fZCf) = fz ) ele . (A1)

Then, after an o*viaus 2lsebra, we have *he following enuation:

dz ')éo (Z.Z) - - d *,
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. (f#t)? ), (A2)
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We reglect the terms containing f and take AVETATES € e

atove egquatione in the sen=e exrounied in ‘*he earlier varagraph of

§1.1, mesking use of the propeTty (1.57) =+ the same tim2.

Yance we have Fnc, (1,887, {1.59) and (.60},
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APPENDIX 2
We attach superscripts o to the quantities at time t=0,
and none to those at time t=t. In the following, all the suffix
vectors of P and T are non-zero, nanmely, P and
TC are all fluctuating quantities. By the same method as

in the preceding chapter, the equations of motion from Eq.(2.4)

- 7
d&/m::-iZ(é-t)mfa.ﬂrﬁféﬁﬁ» )
& m ‘3 ho kek n ~k
5 R
k+hFO
4re
AT jyt L S (Rn)h T T~ — ¢,
* 2m2 k-t & kYT -4 L2
h

, -
yield the following system of equations (k is simplified to k, as

long as there is no confusion of symbols):

d l~o ! 2 %6

RN >-__.§(& R A A L SIS

d g5

— K § = (f-k)g (™ = ¢ ¢ ¢’f€< !

1t =~ k+E A Z ot ey 2T A2 % ﬁfﬂi
. *

d ¥o N
<, S Y= — (5 YRGB R AR >+——h AL

*o

%
{ 7 : y o N 2
L
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4 L %0
dt<7f“£~ > - Z(ﬁfﬁﬂ)i <,£ " 1( % S
4mer g
"(ﬁ+ﬂ)z< hfﬁfﬁf’k >+——~2(Tz £)£<7r 5 % ‘_‘9
4n€ %o
- T <7\-ﬁﬁ§j¢;g; >)
d e N *o ¢me? %o
— T, P = _' ~k-7). T e -
2T D m};(k I R YT <R

An assumption is made tnat <7t(t)3°(t)> v O (put, <T(t)pCe) >
need no+ be zero), < ?‘z (t)f’ (‘)> =0 (y';r/k" and (7(., (t)f( (t)> =0

k # k" If we d-compose the fourth order correlutlons as in
Eq.(1.5A) of the foregoing chapter, then the above equations are

simplified as shown in Tq.(2.44).
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APPENDIX 3
Here we perform a Laplace transforaztion on Eq.(2.44).
[Eq.(2.44) is a linear equation and the simultaneous correlations
are treated as constants. Yo find these constants 1is one of the
points of the present chapter.] Notice Eq.(2.39).

After laborious algebra, we have the following equations

S L N
[SA(S)+-r’;Z(&'A)IJ;HK(S)"-{;:;%Lﬁ.h)é;,f‘“)—:ﬁlA(s)}
h
X ! N ¥o
Bk(s)J LL<s s> )

_ | <7 . _’\i P ; /
{~L Ycwa) £ )+ onmelJC L)
h

- _L N 2 3 X0 + Xo a(s)
LS (hen) 4 (rrn) s 3<m,  wog > F<RED (s),
% L/—"(o)

where L is the operator for the Laplace transformation.

4(s) = s? (s*+ 4—(0,,1) ; (AIT)
2
B ) =[5 S (aer)t st ST TR e’
k 2mta(s) r (k+7)? P K
— { a 2
<= & Sk L [ 8 L onocg et
o a@s) b ket ktr xir

. , ¥ R G ! Y iw. T
ikt RSE B (5T G ) Ll* L Ty2
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~ 2 (k)T D+ (RET) T Y +v) kf-”)).l/

e

C)( = i'._ {_ ‘—) +r). < el ] C T f [
o L) [~ .o ats) 7 Crt?).rs (54 ‘*’,o)<‘i,-q-r (Tj;q >_,"1
; -
X | ZC?HT) P [ ]
L r AL5)

(The contents of [S = (1/2»1)Z(£?‘7)"' (1/acs)) [Jj-’

above are the same as that of /3; (s) .),

L (>) = Sf(_’_'t_)_‘f))s(a +ua JE & T _L_ifk_)
)‘L)k ~h n o
oo n
- IC w -
S Sk (h{-h)) 2
— yme? 11 L SR ; *
F, 28] = —{(hk)LS F ~ Chtkr ) !
4 SRR R )RS £
N Z 2l 5 ' 4 F T
- B ) L TN T - a (R T
A
+ 2 (htR)k<T T ST

Next we solve Eq.( A/9 ) to obtain an expression for L[<&§:§],

and equate the denominator of the rational equation to zero. Thus
we obtain an al;ebraic equation whose roots ere the matter of con-
cern. We have supposed that the oscillator system is & system of

weakly-coupled oscillators (as justified experimentally), so that
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we may neglect the square of EZ [square of amplitudes] in
comparison with EZ [square of amplitudes].

roots of the algebraic equation,

Ve have several
ocout of which we choose the one

which leads to the branch of CJF in the limit of linear

approximation (namely, the amplitudes —> 0). In order to find
the shift of frequency corresponding to Eq.(2.46), we select out
only the specific terms from the sum :E: , as stated immediate:-
1y below Eq.(<2.46).  The branch of w(&R) tending to *w, in

the limit of zero amplitude is given by a type of equation:

25 = - C,+ /C*t-4Co (Al<)

For a one-dimensional model, the actusl expressicn fer ra.( A12)

is as follows:

:291:-,& wlCQ)

I

_aef+ 3Lk (kD) Ec) + £ # )
e—;—--‘;’;ﬁltu) + f‘ ;’:a-i £ (k+4)

b (- E e 45 #t) L {Ew - Ett)f

L “@—C_’i’i@ ~lcﬁ+£)*)tu) 2L (ki) ECRIR) |

R
(A3)
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We know approximately

so that when | 1] is large enough compared with [k[

E(rtd) ~ C);

from the above relations we finally have

3
! iy Claiciel)  A%)

A w(R) =
2
llu%’n
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APPENDIX 4

( LETTER TO THE EDITOR )

Addenda to "A Theory of the Turbulent Electric Pield
Fluctuations in Electron Plasmas II"

(T. Teuda, Prog. Theot. Phys. 30 (1963), 17]

Takao TSUDA

Department of Electronics, Kyoto University, Kyoto

Concerning the paper quoted above, it hae come to the
author's notice that he should spend a few more words in order
to avoid misunderstanding about a point of partiocular importance
in the paper.

In the equation immediately below Eq. (47) of the quoted

paper, we have shown that

a,w (k) b, w(4)
£ (%)

Q)F )

(a)

= ()
C()P

where A;d(k) and zﬁ;n(l) are the frequency-shifts, due to an
interaocotion Hamiltonian

‘o - RN AR (h)
- - — (2T 5 — (4 ISRt

I
§H,

)

of the waves with wave numbers k and 1 respectively; é?(k) and
é:(l) are respectively the energies attributable to the modes
with wave numbers k and 1. It is insjruated, but not demonstrated
there in the paper that the right-hand side of Eq. (a), which is

denoted by K(1), is independent of the smaller wave number k.
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This, however, constituted a very essential part of the discus-
sions determining the spectral distribution which followed; there-
fore the author would like to justify the intuitive argument and
avoid misunderstanding on the side of the readers.

In deriving Eq. (A6) in the Appendix II of the quoted paper,
no assumption was introduced concerning the agsymmetry in the inter-
action between waves with wave numbers k and 1 ( |k|«lll<:k°).
Therefore, interchanging k with 1, we have an explicit expression
for 4,w (1), 1. e.

Azwu):*;;;;; {ll(u O(ﬁ/L))E(L)+-~ j (c)

It is thus demonetrated that, insofar as |[1|>»(k|, the right-hand
side of Eq. (a) in the above is independent of k to the first

order of approximation. This reflects the fact that, in turbulent
fluctuations, small-scale components are not much controlled by
large-scale fluctuations, while the converse does not hold true.

In this way we have

| A, w (L) £t e () (d)
K(”Eé(“"“;}; - —-’;mw;

Furthermore let it be notified that we cannot distinguish
between waves with wave number veobors +k and -k (see Eq. (5));
and waves with + k interact with waves with + 1 through the inter-
aotion Hamiltonian 5/{‘I . The frequency-shifts arising from
this interaction sare ;;é; that they conform to Eqe. (8) and (d);

hence the shifte are always negative.
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If we add up the contributions due to various 1 (|1[»|k| ),

then
- - / -~ .
Soa,w(k) = A 2 [£]” Ece)
“© N T Y ’
[LI»k| (2 »ie)

\

Ek) }:ZQW(‘//w, = O &) aety = 2 K4,

E4) = AL Ce)

e e ariasni L
o)
. . a
When & (1) ~ |1] (k, «|1l< k), then K(1)/02% (1)) ts constant

irrespective of 1; hence we have

Sikol K]
S ) VIO

which, together with Eq. (e), ylielde Eq. (48) of the paper in

question.

- *
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