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Dark matter (DM) search is one of the greatest challenges in physics. If DM consists of particles,
it may form a spike around supermassive black holes (BH) prevalent in galaxy centers. This spike
could be potentially observed by altering the orbits of Extreme Mass Ratio Inspirals (EMRIs), one
of LISA’s main targets. Meanwhile, the effects of EMRI on the DM spike have also been explored.
In this study, we focus on the tidal resonances between DM particles and EMRI secondary. As the
EMRI orbit evolves via gravitational wave backreaction, each DM particle experiences a significant
number of resonances. Although the effect of each individual resonance is small, their cumulative im-
pact might significantly alter the DM particle’s orbit. To test this possibility, we derived an explicit
form of the interaction Hamiltonian and carried out numerical simulations on generic Kerr orbits
with nonzero eccentricity and inclination—cases not previously explored extensively. Extending our
analysis to unprecedentedly high resonance orders, we quantified the exponential decay of higher-
order resonance amplitudes. These results demonstrate that tidal resonances exert an extremely
limited influence on the DM spike.

I. INTRODUCTION

Dark matter (DM) search is one of the current biggest
science goals. If the DM interaction with the standard
model particles is sufficiently weak, we can seek the DM
property only through gravity. DM may have a high con-
centration around supermassive black holes (SMBHs),
which are ubiquitous at the center of galaxies [1, 2]. Par-
ticularly high concentration is called DM “spike” [3–5].
In that case extreme mass ratio inspirals (EMRIs) [6, 7]
or intermediate mass ratio inspirals (IMRIs) [8, 9], which
are listed in the main targets of space-based gravitational
wave (GW) observatories such as LISA [10, 11], Taiji [12],
TianQin [13] and DECIGO [14], might be used as a probe
of the DM distribution at the galactic center [15, 16], al-
though EMRI events are usually expected to be a clean
system that brings us a detailed map of the spacetime ge-
ometry around the central black hole (BH) [17]. If DM is
densely distributed around the central black hole, the or-
bits of EMRI will be altered from the vacuum case. This
change is more pronounced if there is a mass concentra-
tion, a so-called DM spike, around the central black hole.
A DM spike will cause a verifiable shift in the phase of
the GWs of the EMRI compared to the vacuum case.
Hence, it is possible to extract information of DM from
EMRI observations.

While the DM spike affects the orbital evolution of
EMRIs, the DM distribution could also change due to
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the backreaction from EMRIs. This backreaction, called
halo feedback, has been investigated in several previous
studies [16, 18]. The effects due to dynamical friction and
accretion have been mainly investigated in previous stud-
ies [19]. It was found that when the mass ratio is close to
unity, the DM spike is dissipated by the halo feedback ef-
fects [16]. However, as far as we know, the extreme mass
ratio case has not been extensively investigated. In this
study, we investigate the behavior of DM particles in the
strong gravity region under the influence of EMRI, which
has not been explored in detail in previous studies.

Here, we focus on the evolution of the distribution of
DM particles in the very vicinity of the galactic center.
Without any perturbation from the Kerr background of
the central BH, DM particles maintain three constants
of motion, and hence, no secular evolution of the distri-
bution occurs. However, perturbations must be caused
by inspiralling satellites for the EMRI/IMRI case as well
as by the DM particles themselves. Under these pertur-
bations, the distribution of DM particles may evolve in
time.

The influence of the EMRI secondary can be broadly
divided into two channels: gravitational two-body scat-
tering and tidal resonance. The former is most effi-
cient when the secondary remains at large separations,
and—as discussed in Section II—its effect diminishes as
the companion approaches the BH. By contrast, tidal res-
onance is an intrinsically relativistic phenomenon of the
three-body problem and becomes important as the com-
panion is close to the black hole. In this work, we focus
specifically on quantifying its impact.

Tidal resonances on the Kerr space-time have been
studied in a series of important contributions. Bonga
et al. (2019) first proposed the mechanism and demon-
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strated the significance of the leading, low-order reso-
nances [20]. Building on that foundation, Gupta et al.
(2020, 2022) adopted a static circular perturber and sys-
tematically varied orbital parameters to map out clus-
ters of resonances, while leaving higher-order effects for
future work [21, 22]. Silva and Hirata (2022) then for-
mulated tidal resonance within a fully relativistic frame-
work and provided numerical examples for outer circular
orbits [23].

Although these studies have laid a solid foundation
under restricted orbital configurations, a comprehensive
analysis of higher-order resonances on generic, dynamical
Kerr geodesics remains lacking. In the present work, we
rederived Silva and Hirata’s relativistic resonance expres-
sions using a more general approach, and develop a com-
putational scheme well suited for tracking the time evolu-
tion of a representative DM particle. We further demon-
strate that dark-matter particles can encounter hundreds
to thousands of higher-order resonances, and we perform
the first exhaustive numerical survey of their cumulative
effects. Our results confirm that, even when summed
over all orders, these resonances do not induce domi-
nant changes in the particle trajectories; interestingly,
however, we show that in highly inclined orbits certain
higher-order resonances can reach amplitudes compara-
ble to those of the lowest-order terms.

The structure of this paper is as follows. In Sec. II,
we formulate the problem of DM scattering by an EMRI
secondary as a restricted three-body problem and explain
why tidal resonances are important. In Sec. III, we derive
the interaction Hamiltonian between DM particles and
the EMRI secondary. In Sec. IV, we numerically evaluate
the cumulative effects of resonances for typical orbits. In
Sec. V, we present the conclusion and future directions.

Throughout this paper, we use a system of units in
which the gravitational constant G and the speed of light
c are unity, i.e., G = c = 1.

II. SETUP: ORBITAL EVOLUTION OF EMRI
AND RESONANCE

In this section, we summarize the assumptions on the
motion of DM particles. First, we evaluate the direct
scattering between DM particles and the EMRI sec-
ondary, and show that the resonance effects become im-
portant in the vicinity of the central BH in subsection A.
For simplicity, we neglect the DM self-interaction includ-
ing the self-gravity. Namely, we treat the problem as a
restricted 3-body problem. After we review the geodesic
motion of particles in Kerr spacetime in subsection B,
we formulate the tidal resonance effect of the EMRI sec-
ondary on DM particles in subsection C.

A. Influence of EMRIs in the far region: Direct
scattering

Before studying the resonance effects, we consider the
direct scattering. Direct gravitational scattering is mod-
eled by the relaxation processes due to the two-body scat-
tering [24].
We denote the mass of the central BH and that of

the EMRI secondary by M and m, respectively. The
orbital velocity, radius, and frequency in the Newtonian
circular orbit approximation are given by v, R, and Ω,
respectively. They are related to each other as

v2 = (ΩR)2 =
M

R
. (1)

When we consider the direct (=large angle) gravitational
scattering of a DM particle by the satellite, the cross
section would be roughly estimated by σ = πr2 with the
scattering radius r roughly estimated by

m

r
≈ v2 . (2)

Thus, we have

σ ≈ π
m2

v4
, (3)

and the volume V that this cross section sweeps in a unit
time is roughly estimated by

dV

dt
≈ σv ≈ π

m2

v3
. (4)

On the other hand, the orbital radius shrinks by the
radiation reaction due to GW emission. Combining the
energy loss rate [25]

dE

dt
≈ −32m2

5M2
v10 , (5)

and the expression for the binding energy E ≈
−Mm/2R, we find

dR

dt
= −64m

5M
v6 . (6)

Hence, the average number of sweeping the volume by
the cross section mentioned above is evaluated as

dV/dt

4πR2|dR/dt|
=

5m

256Mv5
. (7)

This number exceeds unity for

R > Rcri = 1200M

(
m/M

10−6

)−2/5

. (8)

We find that the direct gravitational scattering is inef-
ficient for the DM particles distributing in the vicinity
of the central black hole, which would be relevant to the
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FIG. 1: Schematic diagram showing the dominant
ranges of direct scattering. In the region far from the
BH, the direct scattering is dominant. When the com-
panion is near the BH, direct scattering is no longer
important, but the resonance effect might have a signif-
icant effect. In this paper, we focus on the near region
to quantify the effect of the resonance.

EMRI motion in the frequency range observable by GWs.
The effect becomes weaker in the vicinity of the cen-
tral BH simply because of the shorter orbital evolution
timescale relative to the two-body scattering timescale.

From this result, the direct scattering no longer works
efficiently within the observational frequency range of
GWs when considering the extreme mass ratio regime
such as η := m

M ≲ 10−6. Thus, we consider the resonant
effects in the strong gravity region, which is calculated by
considering a small perturbation in the Kerr spacetime.

B. Particle motion in Kerr metric

Before considering the interaction between an EMRI
secondary and DM particles, we review the motion of

particles in Kerr spacetime [22]. We use the metric g
(0)
µν

expressed in Boyer-Lindquist coordinates (t, r, θ, ϕ),

g(0)µν dx
µdxν = −

(
1− 2Mr

Σ

)
dt2 − 4Mar sin2θ

Σ
dt dϕ

+
Σ

∆
dr2 +Σ dθ2 +

(
r2 + a2 +

2Ma2r

Σ
sin2θ

)
sin2θ dϕ2 ,

(9)

with

Σ = r2 + a2 cos2θ, ∆ = r2 − 2Mr + a2 , (10)

and a is the BH spin parameter.
It is known that Kerr geodesics are integrable and there

are four constants of motion (µ2, E, Lz, Q) [26, 27], which
are expressed by

µ2 = −gµνpµpν , (11)

E = −pt , (12)

Lz = pϕ , (13)

Q = p2θ + a2 cos2θ(1− p2t ) + cot2θp2ϕ , (14)

where pν is the conjugate momentum of the particle re-
lated to the four-velocity of the particle uν as pν = µuν .

In the following formal discussion, we use a set of action-
angle variables [28], (qα, jα), instead of the pair of the
Boyer-Lindquist coordinates and the four momentum
(xµ, pµ). The relation between these two sets of variables
is given by the generating function W (xµ, jα), which is
defined by

W (xµ, jα) =− jtt+ jϕϕ±
∫ r

dr′
√
Vr(r′)

∆

±
∫ θ

dθ′
√
Vθ(θ′) , (15)

where Vr and Vθ are given by

Vr(r, E, Lz, Q, µ
2) =

(
E(r2 + a2)− aLz

)2
−∆

[
r2µ2 + (Lz − aE)2 +Q

]
,

Vθ(θ,E, Lz, Q, µ
2) =Q− cos2θ

[
a2(µ2 − E2) +

L2
z

sin2θ

]
.

(16)

By using (15), we can express the relation of these vari-
ables as

pµ =
∂W

∂xµ
(xν , jα) , (17)

qα =
∂W

∂jα
(xν , jα) . (18)

The expression for W (xµ, jα) contains (µ2, E, Lz, Q),
which are to be understood as functions of jα determined
by the relations,

jt = −E , jϕ = Lz ,

jr =
1

2π

∮ √
Vr(r, E, Lz, Q, µ2)

∆(r)
dr ,

jθ =
1

2π

∮ √
Vθ(θ,E, Lz, Q, µ2)dθ . (19)

Here,
∮
means the integral over one cycle of oscillation of

the integration variable, and the signature of the square
root is chosen to be positive (negative) when the integra-
tion variable increases (decreases).
The motion is dictated for an arbitrary time-parameter

by the Hamiltonian [29],

H =
y

2
(gµνpµpν − 1) . (20)

Here, y is an undetermined multiplier that is adjusted
according to the choice of the time parameter. For proper
time, set y = 1, and for Mino time, set y = Σ. In the

case of gµν = g
(0)
µν , the equations of motion for qα and jα

take the form of

djα
dτ

= 0 , (21)

dqα

dτ
= ωα(jβ) , (22)
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with τ and ωα being the arbitrary time parameter corre-
sponding to the multiplier y and corresponding frequen-
cies, respectively, which follow immediately from the def-
inition of the action-angle variables. Namely, the action
variables are conserved, and the angular variables evolve
uniformly over time.

C. Influence of EMRIs in near region: Resonance

Here we discuss how DM particles are gravitationally
affected by the EMRI secondary. Since the mass of the
EMRI secondary is much smaller than the central BH, its
effect can be treated as a perturbation. We denote the
perturbed spacetime metric as gµν and the perturbation
due to the EMRI secondary as hµν , i.e.,

gµν = g(0)µν + hµν . (23)

Accordingly, the Hamiltonian can be decomposed into
background part H0 and the perturbation Hint as

H =H0 +Hint , (24)

H0 :=
y

2

(
gµν(0)pµpν − 1

)
, (25)

Hint :=− y

2
hµνpµpν . (26)

When the perturbation of the EMRI secondary is
added, the motion is not necessarily integrable, and the
action variables defined based on the background metric
evolve as,

djα
dτ

= −∂Hint

∂qα
. (27)

Two objects around the BH, the EMRI secondary and
the DM particle, interact efficiently only when the tidal
resonance condition is satisfied [20]. Since each geodesic
orbit has three different frequencies of oscillations corre-
sponding to (r, θ, ϕ) directions, we have six frequencies
in total. We denote the EMRI and DM frequencies as
Ωa, ωa (a = (r, θ, ϕ)), respectively1.
Since the timescale of the orbital motion is much

shorter than that of secular evolution of the action vari-
ables, we can average the interaction Hamiltonian over
the orbital timescale. Furthermore, the oscillatory part
of the evolution of the action variables are totally gauge
dependent. As discussed in detail in Sec. III B, the aver-
aged Hamiltonian is given by

⟨Hint⟩(χ) =
∑

(na,Na)∈Res

Hna,Na
eiχ , (28)

where χ is expressed in terms of the angle variables qα

of the DM particles, as follows:

1 The reason why the t-frequency is irrelevant is explained near
Eq. (88) in the next section.

χ := naq
a +NaΩ̂

aqt , (29)

which does not depend on time for (na, Na) ∈ Res.
Here, “Res” means the set of all combinations of integers
(na, Na) that satisfy the resonance condition

naω̂
a +NaΩ̂

a = 0 , (30)

with

ω̂a :=
ωa

ωt
, Ω̂a :=

Ωa

Ωt
. (31)

Since the averaged Hamiltonian at resonance depends
on the the angular variables qα only through the resonant
angle χ, the following relationship holds (see, e.g., [30])

〈
djα
dτ

〉
= −

〈
∂Hint

∂qα

〉
= −nα

∂⟨Hint⟩
∂χ

. (32)

Here, nα is a four vector (nt, nr, nθ, nϕ) with nt = NaΩ̂
a.

Using the expression (28), we can write down the evo-
lution of each action variable as

〈
djα
dτ

〉
= −i

∑
(na,Na)∈Res

Hna,Nanαe
iχ . (33)

From this expression, it can be seen that the change
rate of each action variable is proportional to the corre-
sponding integer nα [22].
So far, we focused on a single resonance. However,

once we consider the backreaction of the GW emission,
the DM particle will experience multiple resonances as
the EMRI orbit contracts. Here, we discuss the number
of resonances experienced by DM particles. We find that
the DM particles in the LISA-band experience a large
number of resonances before the EMRI reaches the LISA-
band. (see Fig. 2.)
Counting the number of resonances is challenging due

to the six parameters involved: the eccentricity, the semi-
latus rectum, and the inclination angle (e, p, x) of the
EMRI system and those of the DM particle. In Fig. 2,
we present the distribution of resonances by setting the
DM orbital parameters as follows: eccentricity e = 0.5,
inclination x = 0.64, and varying the semi-latus rectum
p. The EMRI orbital parameters are fixed at (e, p, x) =
(0.1, 100, 0.7). For each bin of the semi-latus rectum of
the DM particle, we show the number of resonances with
resonance order

K :=
∑
a

|na|+|Na|≤ 10 . (34)

As can be read from the figure, a large number of res-
onances exist. When the EMRI orbit contracts due to
the backreaction of GWs, the semi-latus rectum of the
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FIG. 2: The number of significant resonances experi-
enced by a DM particle in each range of semi-latus rec-
tum p for a fixed EMRI orbit. The horizontal axis rep-
resents the semi-latus rectum of the DM particle, nor-
malized by the mass of the central supermassive black
hole. Each resonance is characterized by six parame-
ters: the eccentricities e, the semi-latus recta p, and the
inclination angles ι for both DM and EMRI (three pa-
rameters each). Instead of ι, we utilize x = cos ι. In
this plot, we fix the DM eccentricity and the inclination
angles to (e, x) = (0.5, 0.64), and the orbital parame-
ters of the EMRI to (e, p, x) = (0.1, 100, 0.7). As the
EMRI orbit shrinks due to the GW emission, the inner
DM particles hit resonant orbits that shrink accord-
ingly. The vertical axis shows the number of resonances
with the sum of the absolute values of resonance inte-
gers less than or equal to 10. The size of the bin in the
horizontal axis is 2M . The cumulative number of reso-
nances in this figure is 2231.

DM particle at resonance will also get smaller. As a re-
sult, all the resonances with the labels (na, Na) located
outside of each DM particle in this figure will hit the par-
ticle as the EMRI evolves. The figure represents just a
typical parameter choice, but the results for other cases
are similar. Thus, we find that DM particles close to the
central BH, in general, experience resonances of O(103)
with

∑
a(|na|+|Na|) ≤ 10 for each EMRI event.

D. Resonant jump

Here, we estimate how much the orbital elements
change at a single resonance. First, we confirm that the
dynamics around a resonance can be treated essentially
as a one-dimensional system.

Secondly, we perform a phase-space average to derive
an analytical expression for the typical amplitude of the
resonance-induced jump.

We assume that the EMRI orbital parameters vary
very slowly. The cases in which this condition is not
satisfied will be discussed in Sec.IID 4.

1. Reduction to a one-dimensional system

As noted in the previous section, orbital averaging
eliminates contributions to ⟨Hint⟩ from non-resonant
Fourier modes. As the angle variables other than χ de-
fined in (29) evolve rapidly, they are irrelevant for long-
term evolution. To understand the evolution of χ, we
only need to know the combination of frequencies R de-
fined by

R = naω
a +NaΩ̂

aωt , (35)

which is zero exactly at the resonance. When we ne-
glect changes in the frequency of the EMRI secondary Ω̂a

due to the effect of the dissipative self-force, we obtain
the following equations:

dχ

dτ
=R , (36)

dR
dτ

=nα
∂ωα

∂jβ

djβ
dτ

. (37)

By using the equation of motion (32), the average of
the second equation can be rewritten as

d⟨R⟩
dτ

= −|n|2 ∂ ⟨Hint⟩ (χ)
∂χ

, (38)

with

|n|2:= Gαβnαnβ , Gαβ :=
∂ωα

∂jβ
=

∂2H0

∂jα∂jβ
. (39)

2. Motion near the resonance

The changes in the orbital elements due to resonance
can be obtained by solving Eqs. (36) and (38). When
the interaction Hamiltonian is Fourier decomposed, we
expect the fundamental mode to dominate, which leads
to the approximation by

⟨Hint⟩(χ) = −H cosχ , (40)

with H being the constant amplitude of the interaction
Hamiltonian. The origin of χ is chosen such that ⟨Hint⟩
takes the minimum there.
Differentiating Eq. (36) and substituting Eqs. (38)

and (40), the equation of motion for χ becomes

d2χ

dτ2
= −α sinχ , (41)

with

α := ||n|2H| . (42)
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This shows that the resonant angle follows the same
dynamics as a pendulum [31, 32]. The motions in the
phase space are shown in Fig. 3. The maximum ampli-
tude of the oscillation of R can be easily obtained from
the “energy conservation” equation, which is given by

Rmax = 2
√
α . (43)

In reality, the GW backreaction is present, and the
frequency would gradually drift. The time taken to cross
the resonance is roughly given by

∆τGW :=
Rmax

dΩ/dτ
=

5

48

√
αa

11
2

EMRI(1− e2EMRI)
7
2

ηM
7
2

×
(
1 +

73

24
e2EMRI +

37

96
e4EMRI

)−1

,

(44)

under the lowest order post-Newtonian approximation.
The dynamics would change depending on whether
∆τGW is slow or not compared to the typical libration
timescale, which we call the resonance timescale. In this
work, we set the resonance timescale to the oscillation
period when the amplitude of χ is equal to π

2
2:

∆τres ∼
4√
α
K

(
1√
2

)
, (45)

where K is a complete elliptic integral of the first kind
defined by

K(k) :=

∫ π
2

0

dθ√
1− k2 sin2 θ

. (46)

3. slow-evolution

First, let us investigate how the change in the fre-
quency R is related to the change in the action variables
in the case of the slow crossing (∆τGW > ∆τres). From
Eq. (33), since the time derivative of each action vari-
able is proportional to the corresponding resonance inte-
ger nα, a small jump in the action variable ∆jα across a
resonance can be written as

∆jα = nαΘ , (47)

where Θ is a proportionality constant and can be de-
termined as follows. Here, we use the following relation

∆ωα ≃ Gαβ∆jβ , (48)

2 The phase chosen here is intended to estimate a representative
value and is not unique. We have checked that as long as one
takes the O(1) phase, our estimations are not altered signifi-
cantly.

which can be derived from the definition of Gαβ (39).
By denoting the average change in R as ∆R, we obtain

∆R =nα∆ω
α

=|n|2Θ . (49)

Now, our task is to estimate ∆R. As the EMRI fre-
quencies evolve over time due to GW backreaction, the
value of the resonance frequency R changes. R. R–axis.
V . ∆jα.
To study the representative motion of dark-matter

(DM) particles, we perform an average over the phase
space as follows.
Fig. 3 shows a schematic picture of the phase space. In

the absence of self-force of the EMRI secondary, each DM
particle moves along the unperturbed phase-flow stream-
lines. When the gravitational self-force is taken into ac-
count, however, a phase flow along the R-axis is induced
across the entire phase space due to the χ-independent
contribution to R arising from the second term in (35).
Because of this newly added flow, the orbit of the par-
ticles deviate from the stream line shown in Fig. 3. A
typical trajectory driven by the upward flow is displayed
in Fig. 4, a particle starting from (χ,R) = (0,−0.8) tra-
verses the libration region and moves to the upper part
of the phase space. Since such passage through the libra-
tion region under a unidirectional phase flow causes a net
change in the action variable, we estimate the displace-
ment of a phase-space–averaged (i.e., typical) particle.
For the sake of clarity, we introduce the quantity

R̂ := naω
a = R−NaΩ̂

aωt (50)

defined by subtracting the dependence on the EMRI sec-
ondary. In the R̂–χ space, the value of R̂ correspond-
ing to a resonance varies along with the frequency evo-
lution of the EMRI secondary. Within this R̂–χ space,
the libration region moves vertically. Since the phase-
space volume is conserved by Liouville’s theorem, the
vertical displacement of the libration region in the R̂–χ
space—for instance, downward (upward)—necessarily
implies that particles outside the libration region are
transported upward (downward) on average by the same
amount of volume.Accordingly, we set the displaced vol-
ume, V, equal to the volume swept out by a typical par-
ticle, ∆R × 2π, and use this equality to carry out our
calculation.
Thus, ∆R and the volume of the libration region V

satisfies the relation

∆R =
V

2π
. (51)

Since V is the area inside the separatrix, it is calculated
as

V =2

∫ 2π

0

dχ
√
2α(1− sinχ)

=16
√
α . (52)
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FIG. 3: The phase diagram of the motion at a reso-
nance. Similar to a pendulum, the motion is divided
into an unbound rotation region (yellow area) and a
bound libration region (blue area), with the separa-
trix indicated by the red curve. When gravitational
self-force of EMRI secondary is included, it induces a
phase-space flow in the R-axis direction, advecting par-
ticles so that they traverse the libration region. If the
timescale of the GW backreaction is slower than that of
the resonance, the shift of the particle can be assumed
to occur adiabatically. Since the volume of phase space
is conserved, it is expected that particles, except for a
few in the libration region, will move in the opposite di-
rection by an amount proportional to the volume of the
libration region.

Thus, ∆R is given by

∆R =
8
√
α

π
. (53)

Finally, from (49), the change in the action variable
can be obtained as3

3 In deriving this equation, we did not assume the formulas pre-
sented in previous studies (e.g., Refs.[20],[23]). In those studies,
the bodies subject to tidal resonance were also assumed to ex-
perience the effect of gravitational-wave backreaction, and the
resonance duration was estimated under that assumption. In
contrast, in the present work, we assume that the DM particle
is extremely light and its gravitational wave emission can be ne-
glected. Therefore, it should be noted that the formulas derived
in the previous studies and that derived here apply to different
physical situations.

FIG. 4: The trajectory of a single particle in the phase
space. The self-force–induced phase flow (upward in
the figure) shifts the particle’s orbit in one direction.
The orbit is initialized at (χ,R) = (0, −0.8). One
clearly sees that the particle’s path deviates slightly
from the unperturbed phase flow of Fig. 3 and is car-
ried from the lower to the upper part of the libration
region (shaded blue).

∆jα =
8
√
H

π|n|
nα . (54)

From (54), it can be seen that the change in each or-
bital element is proportional to the square root of the
Hamiltonian. Since the interaction corresponds to tidal
forces in the Newtonian limit, which inversely scale with
the cube of the distance from the EMRI secondary [31],
the magnitude of the interaction Hamiltonian can be es-
timated as [21]

Hint = h
mM2

|aEMRI − aDM|3
, (55)

where h is a dimensionless quantity and is expected to be
of O(1) and aDM is the semi-major axis of a DM parti-
cle. Taking the above into consideration, let us estimate
the effects of resonance for a typical EMRI case. We
set the mass of the central black hole as 106M⊙, and
consider the case where the mass ratio η = 10−4. As
discussed in the previous section, typically, a DM parti-
cle can experience more than O(103) resonances. For a
mass ratio η ∼ O(10−4) and a radius outside the LISA
band R ∼ O(50M) [17], each resonance may have an ef-
fect of O(10−4), since the resonance amplitude scales as
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the square root of the interaction Hamiltonian. If all the
resonances had the same impact on the orbit, the orbital
elements would change by O(1). This estimate is too
naive because the amplitude of the Hamiltonian involv-
ing the high-order resonances should be suppressed. In
the next section, we will numerically evaluate H to find
that our naive estimate is not always valid.

4. fast-evolution

In the above discussion, we assumed that the timescale
of oscillation around the resonance point ∆τres is suffi-
ciently short compared to the timescale of the resonance
crossing due to GW backreaction ∆τGW. This assump-
tion might not be always satisfied. In such a case, the
change in action variables can be approximated by the
following equation

∆ja ≃ dja
dτ

∆τGW , (56)

and the direction and the amplitude of change in ja de-
pend on the phase at which the orbit hits the resonance.
This time evolution is derived in the same manner as in
Ref. [20, 23].

Let us explore the region where τGW becomes suffi-
ciently short. Taking the ratio of (44) and (45) yields

∆τGW

∆τres
=

5

192K
(
1
2

) ( aEMRI

aEMRI − aDM

)3

a
5
2

EMRIh|n|
2

=273

(
aEMRI

aEMRI − aDM

)3 (aEMRI

50M

) 5
2

h|n|2

(57)

Here, we assume the Hamiltonian takes the form of
Eq. (55) and the orbit is circular. From this result, it
can be seen that for most parameter regions in the LISA
band, the slow-evolution condition, ∆τres < ∆τGW, is
expected to be satisfied. We will see later that this con-
clusion does not change, even though the estimate of Hint

given in Eq. (55) is unreliable.

III. DERIVATION OF THE INTERACTION
HAMILTONIAN

In this section, we derive the expression for the in-
teraction Hamiltonian Hint. We then obtain an explicit
expression for the evolution of the orbital elements at a
single resonance. The explicit expression for the evolu-
tion of orbital elements during resonance in Kerr space-
time was obtained for the first time by [23]. Although
their method is very elegant, we derive it in a more for-
mal and easily extendable way. The equivalence of these
expressions can be easily shown by using identities given
in Ref. [33].

Since the interaction Hamiltonian includes the metric
perturbation, we first review the metric reconstruction

procedure following Ref. [33]. We then average the ob-
tained equations over trajectories to derive the desired
expression of the Hamiltonian.

A. Metric reconstruction

We recapitulate the metric reconstruction from the
Teukolsky variable, which satisfies the following separa-
ble equation,

sOsΨ =4πΣsT̂ , (58)

where s represents the spin. Here, sO is a linear differ-
ential operator, which is separable for r and θ as

sO =sOr + sOθ , (59)

where sOr and sOθ are represented by only r and θ co-
ordinates, respectively. Their explicit expressions can be
found in Ref. [33].

The source term sT̂ on the right-hand side is obtained
by acting the linear differential operator sτµν on the
stress-energy tensor Tµν as

sT̂ =sτµνT
µν . (60)

For a point particle, Tµν is given by [34]

Tµν = m

∫
γ

dzµ

dτ

dzν

dτ
δ(4)(x− z(τ)) y−1dτ . (61)

Here γ is the trajectory of the particle.
The homogeneous solution of the Teukolsky equation

is expressed in a mode-decomposed form,

sΨ =

∫ ∞

−∞
dω

∑
l,m

e−iωt
sRΛ(r)sZΛ(θ, ϕ) , (62)

where sZΛ(θ, ϕ) is the spin weighted spheroidal harmon-
ics and sRΛ(r) is the homogeneous solution of the radial
equation with Λ = (ω, l,m). For notational simplicity,
we introduce the mode function sΩ

♭
Λ defined by

sΩ
♭
Λ := e−iωt

sR
♭
Λ(r)sZΛ(θ, ϕ) , (63)

with ♭ being the label specifying the boundary conditions.
Suppose that when sΨ is expanded as

sΨ =
∑
Λ

AΛsΩΛ , (64)

the reconstructed metric hµν is given by (see Eq. (A.32)
in [33])

hµν = 2
∑
Λ

ℜAΛsΠΛ,µν , (65)

where

sΠ
♭
Λ,µν :=ζssτ

∗
µνsΩ̃

♭
Λ , (66)

sΩ̃
♭
Λ :=−sR

♭
ΛsZΛe

−iωt , (67)



9

and ℜ denotes the real part. Here, we define the adjoint
operator sτ

∗
µν so as to satisfy∫

d4x
√
−g XsτµνY

µν =

∫
d4x

√
−g Y µν

sτ∗µνX , (68)

for an arbitrary scalar field X and a tensor field Y µν

which vanish on the boundaries. Here, X is the com-
plex conjugate of X. The constant ζs is related to the
Teukolsky-Starobinsky constant C [35] as

ζ2 =
1

C
, ζ−2 =

16

C
. (69)

From above, the metric perturbation can be obtained by
calculating the coefficients AΛ by solving the Teukolsky
equation (58). In the following, we discuss how to obtain
the coefficients AΛ, specifically for the case of a point
particle.

The Green’s function of the Teukolsky equation (58)

sG(x, x
′), in general, satisfies

sOsG(x, x
′) =

δ(4)(x− x′)

∆s
. (70)

When the source radius r′ is greater than that of the field
point r, the Green’s function with the retarded boundary
condition is simply given by

sG(x, x
′) =

∑
Λ

1

2πWΛ
sΩ

in
Λ (x)sR

up
Λ (r′)sZΛ(θ′, ϕ′)e

iωt′ ,

(71)

whereW is the Wronskian betweensR
in
Λ and sR

up
Λ defined

by

WΛ := ∆s+1

[
sR

in
Λ

d

dr
sR

up
Λ − sR

up
Λ

d

dr
sR

in
Λ

]
. (72)

Here, sR
up
Λ and sR

in
Λ are the homogeneous solutions

which satisfy the following respective boundary condi-
tions,

sR
in
Λ :=

{
sB

inc
Λ r−1e−iωr∗ + sB

ref
Λ r−2s−1eiωr∗ , r∗ → ∞,

sB
trans
Λ ∆−se−ikr, r∗ → −∞,

(73)

sR
up
Λ :=

{
sC

trans
Λ r−2s−1e−iωr∗ , r∗ → ∞,

sC
up
Λ eikr + sC

ref
Λ ∆−se−ikr, r∗ → −∞,

(74)

with r∗ :=
∫
dr(r2+a2)/∆ being the tortoise coordinate.

We also define sR
down
Λ to satisfy

sR
up
Λ := ∆−s

−sRdown
Λ . (75)

It is known that sR
up
Λ thus obtained from sR

down
Λ gives

a homogeneous solution of the Eq. 58. Substituting (75)
into (71), we obtain the following equation

sG(x, x
′) =

∑
Λ

1

2πWΛ
sΩ

in
Λ (x)sΩ̃down

Λ (x′)∆−s(r′) , (76)

using the definition (67).
From Eqs. (70) and (76), we can write down the solu-

tion to Eq. (58) as

sΨ =

∫
d4x′G(x, x′)∆s4πΣsT̂ sin θ′

=
∑
Λ

sΩ
in
Λ (x)

4

WΛζ̄s

∫
dτ ′ysΠdown

Λ,µν p
µpν , (77)

where we perform integration by parts and use Eqs. (60)
and (68). We also use the fact that the determinant of
the metric is given by

√
−g = Σsin θ . (78)

By comparing Eqs. (64) and (77), the coefficient AΛ is
determined as,

AΛ =
4

WΛζ̄s

∫
dτ ′ysΠdown

Λ,µν p
µpν . (79)

Substituting this into Eq. (65), the desired expression of
the reconstructed metric hµν(x) is given by

hµν = ℜ
∑
Λ

8

WΛζ̄s
sΠ

in
Λ,µν

∫
dτ ′ysΠdown

Λ,αβp
αpβ , (80)

unless the source is extended down to the maximum ra-
dius of the DM orbit.

B. Interaction Hamiltonian

Now, we derive the analytic expression of the interac-
tion Hamiltonian. Since the timescale of the change in
the action variables is much longer than the timescale of
the orbital oscillations, the interaction Hamiltonian can
be averaged over time. Plugging Eq. (80) into Eq. (26)
and taking the time average, we obtain

⟨Hint⟩ = − lim
T→∞

1

2T

∫ T

−T

dτ
y

2
hµνpµpν

= lim
T→∞

1

2T
ℜ
∑
Λ

4

WΛζ̄s

∫ T

−T

dτψin
Λ

∫
γ

dτ ′ψdown
Λ , (81)

where

ψ♭
Λ :=yΠ♭

Λ,µνp
µpν . (82)

Note that ψin is evaluated along the inner DM particle
orbit, while ψdown along the outer EMRI secondary orbit.
Due to the periodicities of r and θ, we expand ψ♭

Λ into
a Fourier series with respect to the angular variables qα:

ψ♭
Λ =

∑
k,n

ψ♭
Λ,kne

i(ωωt−mωϕ−nωr−kωθ)τ+iq0 , (83)
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where the Fourier coefficients are given by

ψ♭
Λ,kn =

1

4π2

∫
dqrdqθψ♭

Λ(r(q
r, qθ), θ(qr, qθ))ei(nq

r+kqθ) .

(84)

Note that, in addition to the Fourier-transformed depen-
dencies on qr and qθ, the dependencies on qt and qϕ were
originally retained in Eq. (82).

Here, q0 is given by q0 = nαq
α
init where q

α
init is the initial

value of the angle variables.
Taking the time integral of Eq. (83), we obtain∫
dτψdown

Λ =
∑
k,n

ψdown
Λ,kn

2π

Ωt
δ

(
ω −Na

Ωa

Ωt

)
eiQ0 , (85)

where Q0 is the initial phase of the EMRI, defined
similarly to q0.
Substituting Eqs. (83) and (85) into Eq. (81) and per-

forming the ω-integral, we obtain

⟨Hint⟩ =
∑
lm

4

ζ̄sWlm

∑
k′,n′

∑
k,n

2π

Ωt
ψin
lm,k′n′ψdown

lm,kn

× eiq
0−iQ0

lim
T→∞

1

2T

∫ T

−T

dτe
i
(

ωt

Ωt NaΩ
a−naω

a
)
τ
.

(86)

Taking the time average, we obtain the analytic expres-
sion for the averaged interaction Hamiltonian as

⟨Hint⟩ =
∑
l

8π

ζ̄s

∑
Res

eiq
0−iQ0

WlmΩt
ψin
lm,k′n′ψdown

lm,kn , (87)

where
∑

m,k,n,k′,n′∈Res sums over (m, k′, n′, k, n) satisfy-
ing the resonance condition given by

NaΩ
a

Ωt
=
naω

a

ωt
. (88)

It is more convenient to use the Mino-time instead of the
proper time for the numerical computation. The rela-
tion between the Hamiltonian in the Mino-time and the
proper time can be obtained with the method in [29].

IV. APPLICATION: RESONANT SCATTERING
OF A DM PARTICLE

In this section, we discuss the numerical results of the
orbital evolution of DM particles due to multiple reso-
nances.

We treat the time evolution of DM particles as a re-
stricted three-body problem with an EMRI. The orbit of
the DM particle is treated as a test particle. The orbital
parameters are modified each time when it satisfies the
resonance condition, according to Eq. (54) or Eq. (56),
depending on whether the ratio (57) exceeds unity or not.

To evaluate the latter equation, we adopt a prescrip-
tion that selects the phase to maximize the contribution

from the resonance. The EMRI orbit is evolved by the
GW backreaction using the quadrupole formula. For sim-
plicity, we neglect the influence of DM on the EMRI orbit.
As mentioned above, we use Mino time by setting y = Σ.
All numerical calculations are performed using Mathe-
matica and Julia, with the Teukolsky mode functions
computed by Black Hole Perturbation Toolkit [36]. In
the previous section, we demonstrate the existence of the
conserved quantities (µ2, E, Lz, Q). However, it is cus-
tomary to describe bound trajectories using the orbital
elements—the semi-latus rectum p, eccentricity e, and
inclination x—and we adopt this convention through-
out this section. The relation between (µ2, E, L,Q) and
(p, e, x) is described in [37]. In the following calculation,
we fix a central BH spin to a = 0.9 and the mass ratio to
η = 10−4.

FIG. 5: The semi-major axis of the DM particle and
the EMRI secondary just before the respective reso-
nances. The horizontal and vertical axes correspond
to the semi-major axis of EMRI and DM in the unit
of the central BH mass M , respectively. The jumps
in the vertical direction represent the orbital change
of the DM particle across the resonance. Since the or-
bit of the EMRI secondary shrinks due to GW emis-
sion, time lapses from right to left. In this figure,
2612 resonances are taken into account, and the to-
tal change in semi-major axis is about 0.3%. The ini-
tial orbital parameters of DM particle and EMRI sec-
ondary are (a, pDM, eDM, xDM) = (0.9, 25, 0.2, 0.7), and
(pEMRI, eEMRI, xEMRI) = (126, 0.2, 0.7), respectively. We
fixed the mass ratio to η = 10−4. For fast resonances,
the initial phase was chosen to maximize the change in
angular momentum, resulting in a decrease of the DM’s
angular momentum.

Figure 5 shows the evolution of the semi-major axis
of the DM particle and that of the EMRI secondary for
a typical set of initial orbital parameters4. Each point

4 In the Newtonian limit, the semi–major axis is directly related
to the orbital energy [31], making it a natural measure of the
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FIG. 6: The relationship between the interac-
tion Hamiltonian and the resonance order K :=∑

a|na|+|Na|. The blue points represent the abso-
lute values of the interaction Hamiltonian at each
resonance. The red line indicates the naively esti-
mated magnitude of the interaction Hamiltonian (55)
η/1003 ∼ 10−10. The initial parameters are the same
as those in Fig. 5. It can be read that the interaction
Hamiltonian decays exponentially with respect to the
resonance integers.

shows the semi-major axis of the DM particle (vertical
direction) and that of EMRI (horizontal direction) just
before the resonances. As the EMRI orbit shrinks, the
state evolves from right to left in this figure. We ter-
minate our numerical calculations when the EMRI sec-
ondary orbit overlaps the DM orbit. Note that our cur-
rent formulation cannot handle situations where these
two orbits overlap in r. In this figure, the evolution of
the EMRI secondary was computed from the semi-major
axis aEMRI = 131M (semi-latus rectum pEMRI = 126M)
to aEMRI = 72.5M (pEMRI = 72M), whereM is the mass
of the central BH. There are 2612 resonances in this fig-
ure. As is evident from the vertical axis of the figure,
the orbital radius of the DM particle changes little. In
this case, the total change of semi-major axis is about
0.3%. We find that only a few resonances contribute sig-
nificantly and that the DM radius did not change in most
of the resonances.

The results show that the effects of resonances are
weaker than our previous naive estimate. To investi-
gate the reason for the smallness, we plotted the abso-
lute value of the interaction Hamiltonian against the res-
onance order K, which is defined as the sum of the abso-
lute value of the resonance integers, K :=

∑
a|na|+|Na|,

in Fig. 6. Each point shows the magnitude of the Hamil-
tonian for each resonance, with the horizontal axis rep-
resenting the resonance order K. Given the mass ratio

orbit’s size; accordingly, we plot the change in the semi–major
axis.

of 10−4 and the distance of the EMRI being approxi-
mately 100M , we can estimate that the magnitude of
the Hamiltonian in the Newtonian limit is about 10−10

using Eq. (55). From Fig. 6, we observe that the mag-
nitude of the Hamiltonian decays exponentially as the
resonance order K increases. As higher-order resonances
are exponentially suppressed, the accumulated effect is
smaller than naively expected. This tendency is expected
from the general fact that the higher-order Fourier coef-
ficients of a smooth function decay exponentially. It is
not surprising that the Hamiltonian asymptotically de-
cays in the limit of a large resonance order. However,
where the expected exponential decay begins can only be
determined through actual calculation. In this study, it
was confirmed that the decay of the Hamiltonian begins
at a small value of K. Furthermore, even for the same
value of K, the magnitude of the interaction Hamilto-
nian varies by six orders of magnitude. As a result, only
a small number of lower-order resonances affect the orbits
of DM particles, and the cumulative effect of resonances
remains small.

Tables I and II, respectively, show the ratios of the
semi-major axes and eccentricities between the initial
time and the final time for various values of DM eccen-
tricity and the inclination. The other parameters for DM
and EMRI are unchanged from Fig. 5. As can be seen
from the table, the cumulative effect of the resonances
is small regardless of the parameters. We can observe
a trend where larger eccentricities and inclination angles
result in greater changes in the orbit. It should be noted
that the calculation is stopped before the orbital radii of

TABLE I: The ratio of semi-major axis between the
initial and the final time for various values of the ini-
tial eccentricity and orbital inclination angle of the DM
particle. The other parameters are fixed in the same
way as in Fig. 5. The semi-major axis changes by at
most approximately 0.8%, indicating that the orbit
remains unchanged. Additionally, it can be observed
that larger eccentricities and inclination angles result in
greater orbital change.

eDM\xDM 0.7 0.8 0.9
0.2 1.003 1.003 1.002
0.3 1.005 1.004 1.004
0.4 1.008 1.007 1.006

TABLE II: The ratio of the eccentricities as shown for
the semi-latus rectum in Table I. The eccentricity de-
creases owing to the resonance. The orbit of dark mat-
ter (DM) gains angular momentum and becomes circu-
larized, but the effect is small.

eDM\xDM 0.7 0.8 0.9
0.2 0.955 0.968 0.986
0.3 0.971 0.981 0.990
0.4 0.977 0.984 0.993
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the EMRI and DM start to overlap. When the eccentric-
ity is large, orbital crossing occurs earlier, resulting in a
smaller number of computed resonances and potentially
underestimating the effect. We also examined orbits with
smaller values of x—that is, with larger inclination—than
those listed in the table. The results are shown in Fig. 7.
Although the cumulative effect of the resonance grows
with inclination, it remains too small to produce a sig-
nificant change in the orbit of the DM particle. Moreover,
for high-inclination trajectories, the interaction Hamilto-
nian Hint decreases more slowly as K increases than in
the low-inclination case, as detailed in the Appendix A.
This behavior degrades convergence with respect to K
and hence raises the computational cost.

FIG. 7: Total change in the dark-matter particle’s
semi-major axis as a function of xDM. The horizontal
axis corresponds to xDM, while the vertical axis shows
the cumulative fractional change in the semi-major
axis. Although the variation grows as xDM decreases,
it remains at the percent level (∼1%). All other param-
eters are the same as those used in Fig. 5.

Figure 8 shows the numerically evaluated ratio between
∆τres and ∆τGW discussed in Eq. (57). The horizontal
axis represents the resonance integerK, while the vertical
axis represents the ratio ∆τGW/∆τres. A red horizontal
line indicates where the ratio equals to one. The reso-
nances above the red line belong to the slow-evolution,
which account for about 39.5% of all resonances in Fig. 8.
As previously mentioned, when the resonance integer K
increases, the Hamiltonian decays exponentially, leading
to the fast-evolution regime.

The analysis presented thus far has considered
fixed EMRI parameters; however, systematic pa-
rameter variation studies reveal negligible quanti-
tative differences in the overall results. Com-
plete numerical datasets supporting these findings
will be archived in a publicly accessible repository
https://sites.google.com/view/bhpc1996/home.

FIG. 8: The ratio of the timescales between gravita-
tional back-reaction and resonance ∆τGW/∆τres (see
Eq. (57)). We fixed the initial parameters to those in
Fig. 5. The horizontal axis represents the resonance
integer K, and the vertical axis represents the ratio
∆τGW/∆τres. The red line indicates where the ratio
equals one. Above the red line, the timescale asso-
ciated with GWs is sufficiently long, and the orbital
changes due to resonance are considered adiabatic. Out
of 2612 resonances, 1033(39.5%) lie above the red line.
As discussed in Fig. 6, as the resonance integer K in-
creases, the Hamiltonian decays exponentially, making
resonances with larger integers more likely to be non-
adiabatic.

V. CONCLUSION AND DISCUSSION

In this study, we examined the impact of an EMRI
secondary’s orbital evolution on the dark-matter spike at
the galactic center, dividing the effects into direct scat-
tering and tidal resonance. In particular, because the
influence of tidal resonance in the relativistic strong-field
regime had not been explored, we generalized existing
formalisms, rederived them in a unified framework, and
organized the results. We then carried out numerical cal-
culations that include higher-order resonances on generic
Kerr orbits with nonzero eccentricity and inclination. To
our knowledge, this represents the first comprehensive
computation of tidal resonances on such generic orbits.

Our numerical evaluation shows that even when
higher-order tidal resonances are cumulatively consid-
ered, the resulting changes in DM trajectories remain
extremely small. This behavior arises because the am-
plitude of the interaction Hamiltonian decays exponen-
tially as the resonance integers increase, and we have—for
the first time—confirmed this previously unknown decay
pattern for higher-order resonances. We also observed
that this exponential suppression is somewhat alleviated
for highly inclined orbits, suggesting that certain higher-
order contributions may not be entirely negligible.

However, we found a large scatter in the individual res-
onance amplitudes—even for resonances with the same

https://sites.google.com/view/bhpc1996/home
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sum of integers—and the origin of this variability re-
mains unclear. Moreover, our analysis does not cover
the case where the radial domains of the DM particles
and the EMRI secondary overlap; in such situations, a
metric reconstruction that includes matter sources is re-
quired. Intuitively, one expects resonance effects to be
enhanced when the DM particles and the secondary body
come into close proximity, so addressing these issues is an
important direction for future work.

In conclusion, tidal resonances in the relativistic
strong-field regime have a very limited impact on the
evolution of the DM spike. Extended studies—including
calculations in overlapping regions and a deeper explo-
ration of the complex parameter dependencies of reso-
nances—will be needed to clarify the generality and ap-
plicability of this conclusion.
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Appendix A: numerical convergence

We examined how the resonance amplitude Hint varies
with K for small values of xDM across a range of pa-
rameter sets in Figs. 9 and 10. The baseline parameters
are those specified in Fig. 5.As the orbital inclination in-
creases (i.e. as x decreases), the decay of the interaction
Hamiltonian Hint with respect to K becomes progres-
sively poorer, rendering numerical evaluation more chal-
lenging. In this work, we therefore truncate the sum at
Kmax = 15, for which convergence of the results has been
verified.
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(a) xDM = 0.1

(b) xDM = 0.2

(c) xDM = 0.3

FIG. 9: Decay of the interaction Hamiltonian Hint as a
function of |K| for xDM = 0.1, 0.2, and 0.3. The three
curves—computed with all other parameters fixed as
in Fig. 5, show a progressively slower decay of Hint at
higher inclinations.

(a) xDM = 0.4

(b) xDM = 0.5

(c) xDM = 0.6

FIG. 10: Same as in Fig. 9, but restricted to the range
xDM = 0.4–0.6.
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