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A note on Strichartz estimates for the wave equation
with orthonormal initial data

By

Neal BEz? Shinya KINOSHITA* and Shobu SHIRAKI***

Abstract

This note is concerned with Strichartz estimates for the wave equation and orthonormal
families of initial data. We provide a survey of the known results and present what seems to be
a reasonable conjecture regarding the cases which have been left open. We also provide some
new results in the maximal-in-space boundary cases.

§1. Introduction

The (one-sided) wave propagator eV~ is given by
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for sufficiently nice initial data f and we often write Uf(t,xz) = V=2 f(x). Our
interest here are Strichartz estimates of the form
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where (f;); is a (possibly infinite) family of orthonormal functions in the homogeneous

Sobolev space H*(R%), s = ¢ — 4 _ 5 (we refer the reader forward to the end of this

section for the meaning of <). Equivalently, (1.1) can be seen as
2
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where (f;); is a family of orthogonal functions in H*(R?) and s is unchanged. Such an

m|“

estimate obviously implies the classical Strichartz estimate

(1.2) WU flleny <IN s

by considering a family of data for which all but one member is zero. Therefore, in what
follows, we restrict attention to exponents ¢ and r which admit a classical Strichartz
estimate. Conversely, it is also clear that (1.2) implies (1.1) with § = 1 by simply using
the triangle inequality (and, in particular, not making use of the orthogonality) and so
the challenge is to establish (1.1) for a range of § (depending on ¢ and r) which is as
large as possible.

Before going forward to describe the current situation regarding (1.1), we pause to
briefly clarify which exponents ¢ and r admit a classical Strichartz estimate (1.2). For
d > 2, let us say that (g,r) € [2,00] X [2, 00] is admissible if

1 d-1/1 1
el _Z{Z_ 2.
qg - 2 2 r

Then it is widely known that if (g, r) is admissible and r < oo then (1.2) holds (see, for
example, [16] and the references therein). The boundary case

(1:3) 10 Flegee S IF1, e

presents difficulties. Indeed, it is known that (1.3) fails when (¢,d) = (4,2) and when
q =2 for all d > 3 (see [9, Theorem 3] for the former claim and [14, Theorem 1.1] for
the latter). Also (1.3) fails when ¢ = oo thanks to the failure of the associated Sobolev
embedding. For the remaining ¢ (that is, ¢ € (4,00) when d = 2, or ¢ € (2,00) when
d > 3) estimate (1.3) holds; see, for example [9, Theorem 3.

Returning to the wider framework in (1.1), Frank and Sabin [11] provided the first

1
q

progress by establishing this estimate in the sharp admissible case

L Ldoa(ion

q 2 2 r

with ¢ = r = Q(ddjll) and g < TQJ:’Q. Formally interpolating with the trivial estimate

with 8 =1 at (¢,r) = (00,2), this yields (1.1) in the sharp admissible case (1.4) for
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r e (2, %] and § < % As far as we are aware, this interpolation argument seems
to require the use of an analytic family of operators (since the regularity exponent s
varies); we refer the reader forward to Section 2 for arguments of a similar nature.

To discuss results which have been established since [11], it is very convenient to
introduce the notation 8,(q,r), where o > 0, for the exponent satisfying

o 1 20

Bolg,r) q 7

Observe that g,(q,r) = TQJZ’Q in the case 5 = o(1 — 1), and so the result in [11] may

be viewed as the statement that (1.1) holds for 8 < ﬁ% (q,7) whenever (1.4) and

r € [2, Q(ddjll)]. It is also trivial to see that (,(q,r) is increasing as a function of o for

each fixed (g, 7).
In terms of upper bounds on the optimal value of the exponent 3, it was established

in [6] that

(1.5 o <uin{gy 0.4}

is necessary in order for (1.1) to be true. For completeness, in the Appendix of this
note, we give a sketch of the proof. One interesting consequence is that there is no
hope of raising g above 1 in the case where ¢ = 2 and so we omit this case from the
subsequent discussion. We also note that ﬁ% (g,7) < 4 if and only if % < %.

The result in [11] was extended in [6] and as a result the following is now known
to be true.

Theorem 1.1 (see [6, 11]). Letd > 2, q € (2,00),r € [2,00), and
. Then the estimate (1.1) holds in each of the following cases.
() 8 < Bus(g,r) when 41 > 4=2,

= =
e

T

(ii) B8 < £ when d=l < d=2

T = 49

It is perhaps beneficial to view this result with Figures 1 and 2 in mind. The points
A, B,C, D, FE are given as follows.

A= (%’%)’ b= (221111)’ Z(dd_+11)>’
(1) 002 o (G )

When (1, %) belongs to the interior of the region OAC or the line segment (A4,C] (i.e.

not including the endpoint at A), then Theorem 1.1 guarantees that (1.1) holds for
b < ﬁ% (q,7). For d > 3 and in the interior of region ODFEA, or the line segments




86 NEAL BEz, SHINYA KINOSHITA, AND SHOBU SHIRAKI

1
q
/
. |D E E
= Py o
) ! 7
2 : : -
. . P4
: : - s
: : s
Y. (S
. . - e
: ! ’
: /./’ ’
. ’
/'// 7 F Ve
-7 /0 s
e AV s
// :// /
-
-7 7 e
- o v
e . 7.
_ // s
-~ L0
1 Phe / 7
= ’ s
4 /7 7
, ’
7 7
d
4 7
4 e
[
/s
[
r s
72
/2d
72
3 7
2
’
7y
4
’ C
19) d—3 d—2 1 1
2(d—1)2d 2 T

Figure 1. The case d > 3 (note that D = F when d = 3). On the lines [C, E] and [O, A]
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Figure 2. The case d = 2. On the line [C, A] we have % =1(3 - 1).
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(0O, 4], [A, E), we have that (1.1) holds for § < 4. Thanks to (1.5), this means that
Theorem 1.1(ii) is sharp up to the critical case 3 = £.

(VIS

§1.1. A conjecture

The most pressing issue appears to be closing the gap between the necessary condi-
tion (1.5) and the sufficient condition g < ﬁ% (q,7) given in Theorem 1.1(i), illustrated
in Figures 3 and 4. For this it seems reasonable to us to believe that Theorem 1.1(i)
can be improved up to the necessary condition in (1.5). This amounts to the following

conjecture.

Conjecture 1.2. Letd > 2, g € (2,00),7 € [2,00), and
the estimate (1.1) holds in each of the following cases.

(i) B < ﬁ%(q,r) when % > %,

(i) B < 4 when % < %,

In Figures 1 and 2, the following points also arise:

s d—1 d B d—21 o (d—1)% d(d-1)
S \2d+1)20d+1) )] S\ 2d '2) C\2(d2H+1) 22+ 1))
Conjecture 1.2(i) says that (1.1) holds for g < Ba (q,7) in the interior of OFC and the
line segment [C, F'), and Conjecture 1.2(ii) says that (1.1) holds for 5 < 4 in the interior

of ODEF, or (O, F), or [F, E).
Observe that the line segment [C| E'] corresponds to the sharp admissible line

1_dfl 1
g 2\2 r

for the Strichartz estimates associated with the Schrédinger propagator e**2. The ana-

logue of (1.1) for Schrédinger propagator takes the form

(16) |l |, <Al

g L2L2
where (f;); is a family of orthonormal functions in the homogeneous Sobolev space
H*(RY), s = g — % — %, and interestingly this family of estimates is much better

understood than (1.1). In particular, it is known (see [10, 11, 12, 3]) that for ¢ €
(2,00),r € [2,00), and 5 < g(l — 1), the estimate (1.6) holds in each of the following

2 T
cases.
(i) B < B4 (g,r) when € > % (i.e. the interior of OA'C and [C, 4")).
(i) B < 4 when ¢ < % (i.e. the interior of ODE’A’ and the line segments

(0,4, [A",E")).
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Figure 3. For d > 3 and in the sharp admissible case L %(%
q

the necessary condition (1.5) and Theorem 1.1(i) is represented by the gap between the

light gray and dark gray regions. The exponent r; is given by rg = %.

— %), the gap between

Figure 4. For d = 2 and in the sharp admissible case 5 = 1(3 — 1), the gap between

the necessary condition (1.5) and Theorem 1.1(i) is represented by the gap between the
light gray and dark gray regions.
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Furthermore, the restriction in (1.5) is also known to be necessary for (1.6) too.
Thus, apart from certain critical/boundary cases, we have an almost complete under-
standing of when the estimates (1.6) are valid. We refer the reader to Frank et. al [10]
for the origin of this line of study for the Schrédinger equation, and to [11, 12, 3] for
further developments on (1.6).

§1.2. Boundary cases

The boundary cases ¢ = oo and r = 0o have been excluded from the statements of
Theorem 1.1 and Conjecture 1.2, and for the remainder of this note we mainly focus on
the case r = co. When ¢ = oo, we may simply use the following Sobolev inequality

| Sl

proved by Lieb [18]. Here, (f;); is a family of orthonormal functions in H*®(R%),

s
d(3—21)and r € (2,00). Using that U is unitary on H*(R%) and the embedding ¢ C (%

for § < %, we quickly obtain (1.1) with ¢ = oo, 7 € (2,00) and § < § = Ba (0o, 7). In

light of the necessary condition (1.5), we see that this result is sharp up to the critical

S A5 o

id
Lz

case J = 3.
When r = 0o, matters appear to be less simple and for the remainder of this note
we shall be concerned with the estimate

) ISl

S Aes,
L2 L

where (f;); is a family of orthonormal functions in H? % (RY). Also we recall from our
discussion of the classical Strichartz estimates (1.2) that we are interested in the range
q € (4,00) when d =2, and ¢ € (2,00) when d > 3. As such, we introduce the notation

)7
).

4 (d
> (d

2
qd =
3

Y

Our first new result is the following.

Theorem 1.3.  For any d > 2, the estimate (1.7) holds with q € (qq,00) and
p<i

Although it is unclear whether one can extend Theorem 1.3 to the critical case
p =1, we are at least able to show the following restricted weak-type estimates.

Theorem 1.4.  For any d > 3 and q € (qq,0), the estimate

(1.5 > nws

<
preg S Mg
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holds whenever (f;); is a family of orthonormal functions in H%_%(Rd),

The rest of the paper is devoted to proving Theorems 1.3 and 1.4, and this is taken
up in Sections 2 and 3, respectively. Prior to that, we introduce a small amount of

notation.

Notation

For non-negative quantities A, B, the notation A < B (or B 2 A) denotes an
estimate A < CB for some constant C' > 0, and we write A ~ B when both A < B and
B < A

Let ¢ € C5° be supported in the annulus {€ € R™ : 271 < [¢| < 2} and satisfy

Y e@Fe =1,  ceR\ {0}

keZ
Define the family of the Littlewood—Paley operators (Py)rez by ]3;;”(5) = Yk (f)f(f),
where @p(€) = ©(275¢) for each k € Z. Also, let x € C$° be supported in the ball
{€ e R™:|¢] < 1} with x(0) = 1.
For 1 < p < 00, 1 < ¢ < oo, we write LP9(R?) for the associated Lorentz function
space and 77 for the associated Lorentz sequence space. We refer the reader to [13, 22]

for the definition and wider discussion on these space. In particular, it is well known
that

Lp,p(Rd) - Lp(Rd), P (Rd) C LPe (Rd) when ¢1 < go.

§2. A sketch proof of Theorem 1.3

In [4], the analogue of (1.7) for the fractional Schrédinger propagators has been
obtained.

Theorem 2.1 (see [4]). Let a € (0,00) \ {1} and d > 1. For q € (qqy1,00) and
B < £, the estimate

e SlAes
Lf Ly

21) H Sl g2
J

holds whenever (f;); is a family of orthonormal functions in H%_%(Rd),

One may follow the argument in [4] to prove Theorem 1.3 with very minor modi-
fications, and so we only present a very brief sketch here and refer the reader to [4] for
further details.
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Key to the argument is the dispersive estimate of the integral kernel associated
with the wave propagator:

(22) [ eitreriehig=tr it ag < ol

where d > 2, -4 < ¢ < 0o, k € R, and C(k) > 0 satisfies C(r) < e°I%l for an arbitrary
small € > 0. The corresponding estimate for the fractional Schrédinger propagator

(2.3) | [etmeramigisitingg g < ol

holds for d > 1, a € (0,00)\{1}, § < ¢ < 00, k € R, and C(x) > 0 as above (for a proof
of (2.2) and (2.3), see for example [15] and [14]). Notice that the condition on ¢ in (2.2)
corresponds to the one for (2.3), but d is replaced by d — 1 and the endpoint ¢ = 72+ is
excluded; the lack of an endpoint estimate here turns out to be harmless (since we are
working away from the sharp admissible line).

The argument proceeds using a duality principle observed by Frank—Sabin [11,
Lemma 3] in an abstract setting. In our case, we see that (1.7) with U replaced by
x(|D)U is equivalent to

—(d— 2 *TT7

(24) WU (DDIDI DU W o < W,
where 8’ denotes the (standard) conjugate of 3, and ¢ denotes the (half-)conjugate of ¢
given by

11 1,11

g B g q¢ 2
Here, C?" with 8 > 1 denotes the Schatten space on L2(R%1) defined as

€7 ={T € Com(L*R™™)) : | Tllcs := ll(15(T))jentlleer < o0},

where Com(L?(R4*1)) denotes the set of compact operators on L2(R4Y) and (11 (T));
denotes the family of the singular values of T (i.e. non-zero eigenvalues of vT*T). Note
that establishing (1.7) with x(|D|)U suffices since one can rescale to deduce the same
estimate with x(e|D|)U for any £ > 0, and then take a limit ¢ — 0.

The space C! consists of trace-class operators and C> consists of compact operators
(endowed with the standard operator norm). Hence C? with 1 < B’ < oo is regarded as
an intermediate space. Of particular importance to the analysis in this note is that the
class C? consists of Hilbert—Schmidt operators and that there is a very useful expression
of the C? norm; if T is given

Tf(x) = K(z,y)f(y)dy,  feL*R™),

Rd+1
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then ||T|c> = || K| z2(re+1xrat1y. For more details about Schatten spaces, see Simon’s
textbook [21].

Our goal is to prove (2.4) for § € (2,qy) and 8’ > g. We write U = x(|D|)U and
divide into two cases depending on ¢.

Case 1: d > 3 and 4 < ¢ < co: We aim to get the following C? and C* bilinear
estimates: if 2 < ¢y < 4, 2 < ¢1 < o0,

—(d— % YRy Rk TTT
25) WD T TS U W s S CONWl s [Wel s s

— — % iR *Tx7
(26) WU DT I YW e S CR) WAl g Wl i

L;| L2

where C(r) < e°l#l for an arbitrary small € > 0. Then, by applying a bilinear version of
Stein’s analytic interpolation to the above estimates, we may obtain (2.4) for the case
4 < ¢ < oo. For this purpose, the complex power i is essential in (2.5) and (2.6) in
order to define an appropriate analytic family of operators; we refer the reader to the
proof of [4, Proposition 4.4] for further details. One may also notice that, thanks to the
Lorentz improvements on the right-hand sides of (2.5) and (2.6), the outcome is also
slightly stronger than (2.4), namely, in Case 1 and for 5’ > g one obtains
WU DI~ DU W oo SNV g
The proofs of (2.5) and (2.6) are based on the dispersive estimate for the wave prop-
agator (2.2) and the Lorentz refinement of the Hardy-Littlewood—Sobolev inequality
due to O’Neil [20]. The interested reader is encouraged to visit [4] where further details
regarding the bilinear analytic interpolation of (2.5) and (2.6) can also be found.
Case 2: d > 2 and 2 < ¢ < 4: We approach this case by first establishing the

somewhat weaker estimates

—(d—142)+irg s+ 757
(2.7) [Watd| DI~ YW 0 S CHRIW Loz [We

q,2 q,2 2
Ly L} L2

where 8/ > € and C(x) < €%l for an arbitrary small € > 0. In fact, we can offset the
loss in (2.7) (in the sense of L%? C LY when ¢ > 2) by capitalizing on the gain in (2.5)
(in the sense of L% C L9* if §; < 4), and use bilinear analytic interpolation once again
to obtain the desired estimate (2.4) in Case 2 (see [4] for further details of this step).
To prove (2.7), we use a frequency-localization argument and use a different bilinear

interpolation argument in this spirit of Keel-Tao [16] based on the estimates

(2.8) |[WildP| DI~ H 5Pl * W ler S (2F) 5 [Wall g2 [Wall 2 2

~

, — —os—14Ll Ll
(2.9) [WAUP|D| =24 PU T, e < C )25 2 7HF 3 |51, | W2

4372
Lt Lm

where q1,q3 € [2,00) are such that q% + q% > %, and C(x) < e°l#l for an arbitrary small
e > 0. Asin Case 1, (2.9) readily follows from a stronger form of the dispersive estimate
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(2.2) with decay (1+ [¢])~(¢~D/2. The estimate (2.8) is a manifestation of the frequency
localization! and Bessel’s inequality for orthonormal sequences, and for its proof, it is

convenient to make use of the representation

ITllesr = sup |{T'd;,45) L2 o)l oo
(¢9)eB

for Schatten norms (see [21, Proposition 2.6]). Here, B denotes the set of pairs of

orthonormal sequences in L?(R4H1).

§3. Proof of Theorem 1.4

Key to our proof of (1.8) is a clever summation idea going back to Bourgain [7]
(which has been used in several papers; see also [8, Section 6.2] and [17, Lemma 2.3] for
example) which allows us to pass from frequency-local to frequency-global estimates.

Lemma 3.1 (see [3]).  Let qo,q1,7 € [2,00], Bo,B1 € [2,00] and (g,); be a uni-
formly bounded sequence in L{°L" N LI L”. Suppose there exist eq, €1 > 0 such that

H ZMPR%IQ‘
i

< 275F|| Al o

40 T
2 2
L2 L2

and
2 k
sz MiIPegi | e 5 21N

for all k € Z, then

x

2
| > il |5y % I¥lens,

1 6 1 _1-6 , 0 _
wherea— +_’B_60+Ean‘i9_

_€o0
goter’

The above lemma was proved in [3, Proposition 2.2]. Let us give a sketch of the
argument when ¢; = oo (since this case does not immediately follow from the argument
in [3] as it stands).

Proof of Lemma 3.1 when ¢ = co. It is enough to show the desired inequality for
A=1pg (here, 15(j) =0 if j € E, and zero otherwise), so that we aim for

(3.1) 7] < <@> ,

14

!'Note that (2.8) without the frequency localization is not permitted due to the failure of the asso-
ciated Sobolev embedding.
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v}

where v > 0 and

Joi={teRr: HZL% P

For a fixed M € Z (chosen later), set

T ={teR: [ 31 Y Pgitt)F|| 5 >

JEE k>M+1

}

(NN

and

Bue= e |15 notee] > 2

JEE k<M

Regarding JS’ - let us observe that

HZ| Z Prg;(t, ‘

JEE E>M41

<2 M (UE)Fs

40 T
T’OO 2
Lz

In fact, applying Minkowski’s inequality twice gives

IS5 Aoy 28 [Tt
7

jel k>M+1 k>M+1

2
13 5) )
t L;

which is further bounded by (up to some constant) 270M (#E) . Hence, one readily
sees that

eoMag

<o T R F (4R T

~

|JB,M| SV

Z Pkg]

JEE k>Mt1

e

L?
A similar calculation reveals that there exists C' > 0 such that

12213 R r HL L5 SOV @B,

jeEE k<M

and now we select M to be the largest integer such that

Co M (4 E)FT < %

With this choice, we have J; 5, =  and oM V%(#E)_ﬁ. Since |J,| < )y, we
obtain (3.1) after a straightforward computation. O

Proof of Theorem 1.4. Let (f;)jen be a family of orthonormal functions in L?(R9).
First note that

(3.2) HZA UIDIRSiP| S @A

OOLOO
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This is the estimate dual to (2.8) (which can easily be verified directly by an application
of Bessel’s inequality as in [3]).

First we consider the case d > 4 in which case it is known (see for example [9,
Theorem 1]) that the classical Strichartz estimate (1.3) holds with f replaced by Py f.
Thus, by recaling,
< (Zk)%—s

~

(3.3) IUIDI™* P fill 2o
holds for each f;, and therefore the triangle inequality implies

(3.4) HZA VDI~ Py | Colatal PP

N

LiLee

Although (3.2) and

estimates with s, =

(3.4) are valid for all s € R, if we fix ¢ € (2,00) and apply these
% — é, then Lemma 3.1 immediately gives the desired estimate

5 (R

oo

HZA wpI gl

9
27
t

The case when d = 3 requires a bit more work to show (1.8) for 2 < ¢ < oo since
(3.3) with d = 3 is known to be false (see [19]). Thus, instead of (3.4), we aim for

(3.5) HZA UID B g, S @980

with ¢ larger than but abritrarily close to 2 (here the implicit constant blows up as
q — 2). It is clear that Lemma 3.1 combined with (3.2) and (3.5) yields (1.8).

The remainder of the argument is devoted to proving (3.5). First, by rescaling, we
may assume k = 0. Using duality [11, Lemma 3], it suffices to show
(36) W ST eam < N1y
where S := UPyPjU* and m a sufficiently large natural number. The inspiration to
consider dyadic exponents arose from arguments in [5] which rested on certain C? and
C* estimates; see [5, Lemma 3.2] or the remarks at the end of [5, Section 3].

To prove (3.6), first recall that the C2-norm can be expressed by the L?-norm of
its integral kernel, and in addition, from the definition of singular values, it holds that
|2

camtl = |T*T||c2m . Therefore, since S is self-adjoint, we have

2m71

|WSTEzn" = [(WST)2" e

2m1

Hence our task is to get an L? bound for the integral kernel Kom 1 of (WSW)
The notation for the variables in the forthcoming argument requires a little care and
our choices will become clear as we proceed.
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Let us write ¢; = (¢j,z;) € R™3. Then
WSTFG) = [ F@KiG.6)

with K1 (¢1, ) = W(G)W(R)K (G, ¢) and

K(C1,¢2) = /R3 | p(€)|2ei(mrmme)-et{ti—ta)lel) qe.

To handle this, we shall invoke the following frequency-localized dispersive estimate (see

e.g. [15]):

(3.7) ?U? 1K (G, Q)| S (t —to) 7T,

where (t) := 1+ [t].
For m = 2 we have

WSWPG(c) = [ G ( [ WO QPTG G IR (G ) e ) s

and from this we have an expression for K2 ((1,(3). Inductively,

am(GovGamin) = [ K1 (€ Gomr4)am G 1, Gom 1) G114

2 2 2
- / W) TT W I (Crn) T K cos) T dc
(R4)2m—1 =2 k=1 =2

for all m > 1, and consequently

-
|[Kam (C1, Cami )| < [W(C)] </ Hh H (th — trr1) " Hdt4>|W(C2m+1)|7
k=1 =2

where h(t) == |[W(¢,-)||32.
Now we are ready to estimate the relevant Schatten norm of W.SW:

W SW (| 25m

- /(R4)2 |K2m71(<=17 CQm*1+1)|2 dC1d<12m71+1

2m71

2m71
5/ h(t1)</ 1T 2t T e = tern)™ H dtg) (tom—141) dtrdbgm—144
R2 R2m—1-1

=2 k=1
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By expanding the square and an appropriate choice of labelling?, we see that

2m+1
(3.8) wswig < [ T] Ky
R2™ T
where L; - R2™ St—v; -t € R with
e ifj=1,...,2™
vy =
€j—om — €541—2m lfj =2 + 17”.72m+17

under the relation esm 1 = €1, and

h(t) if j=1,...,2™,

fit) =
’ 7t ifj=2m41,. .. 2mhL

One may notice that the term on the right-hand side of (3.8) has the structure of the
left-hand side of the Brascamp-Lieb inequality and, in fact, we shall invoke the following
characterization of finiteness of the Brascamp—Lieb constant (in the rank-one case) due
to Barthe [1]. Let n, M € N and for I = {1,..., M} we denote by 1; the vector of R
such that j-th element of 1; is 1 if 5 € I and 0 elsewhere.

Lemma 3.2 (see Proposition 3 in [1]).  There exists C < oo such that

M M
/ Hfj(l' -vj) da < CH 1 £ill s m)
R =1 j=1

holds for all non-negative f; in LPi(R) if and only if the following holds. The vector

% = (le ...,piM) belongs to the convex hull of 11 for subsets such that (vi)ier forms a
basis of R™.

We will use this lemma with n = 2™ and M = 2T Let Iy = {2™ +1,2™ +
2,...,2m g0 that 17, = (0,...,0;1,...,1); i.e. the first half of elements are all 0 and
the rests are all 1 (the separator “;” is positioned so that the components have been
divided into exactly two equal-sized parts). For integers i, j with 1 <4 < 2™ < j < 2m !
the transposition operator swapping i-th element and j-th element, denoted by [i, j],
provides

li,7117, = (0,...,0,1,0,...,0;1,...,1,0,1,...,1).

From the definition of (v;);, if 1 <i < 2™, the vectors

7

(V5)e({i1uIo\ {2 1))

2If we use t2,. .. ylom—1,15,. .. 7t;m71 for the variables arising from expanding the square, then the

claimed formula follows by relabelling ¢; = t§m+2_j for j=2m=1 42 .  om
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form a basis of R2”. In R2™ ", considering 2™ points [1,2™ + 1]1;,...,[2™, 2™ +]1;,
one may discover that the middle point of the plane spanned by those vectors, namely,
(2™, 271 -2 12T
lies on the boundary of the convex hull of characteristic vectors. Hence, if we set
(PT "D D1 s D) = (277,271 =27 1 =27,

then Lemma 3.2 implies that

2m+1 2m+1
2m+1
L L nwnacs TL ALy S IWIE .
=1 7j=1
which ends the proof. O

Appendix: Necessary conditions

We provide a justification of the necessary condition (1.5) for (1.1). The proof here
is not new and may be found in [6, Proposition 9].

The necessity of 3 < 1

The argument we give here is the same as in the proof of [6, Proposition 9]; since
r < oo was a blanket assumption throughout [6], here we consider the only case r = oco.
Consider the family (f;);>1 given by

fi(x) = Ug(—j, )

where the function g satisfies

~ 1 T,37 (|€|)
g(&) = C[s+7]d;1
[l
and the constant ¢ > 0 will be chosen shortly. Parseval’s identity and changing to polar

coordinates reveals

iy 2 Sd—l 3 ' '
i i = gy [ eomelgoRig ag - ﬁ R

and 5o (f;);>1 is an orthonormal family in H*(R?) upon an appropriate choice of c.
Also, assuming A; > 0 for each j we have

HZWW o= [(Snlose-s0p) a
j LiLg RN
q n+€0
ZZA%/ Ug(t —n,0)|7 dt
n>1 n

Y A

n>1
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where g9 > 0 is a sufficiently small constant and

€0 €0 ) df q
C = / |Ug(t,0)|7dt = cq/ / e’”g'idfl
0 0 €| €[, 37] €] 7=

The constant C is clearly finite, and a sufficiently small choice of ¢y guarantees |¢t|¢|| < 1—10
for € € [r, 37| and thus
dg

€0
C> cq/ / cos(t|é]) ———
o | gletr.sm [

c q €0 df q
— ——] d .
2(5) [ fopmigrz) >0

Hence, if (1.1) holds we deduce |Alle < [[Allp and this implies 8 < .

q

The necessity of 5 < ﬁ% (q,7)

Let B(x,7) be the ball in R? centred at z with radius r. Consider the family (fj)j\]:l

given by
fi(&) = 1o,y (R(§ — vy))-

Here, v1,...,vy € R are fixed vectors satisfying |v;| € [1,2] and chosen so that the
balls {B(vj, %)}j\]:l are disjoint. In particular, this means that the functions (fy)ﬁvzl
have disjoint support and thus ( fj)j\]:l is an orthogonal family. Moreover, we choose
a maximal collection of vectors vy,...,vy under the above constraints, which means
N ~ R%.

Next we claim that |Uf;| 2 R_dlg(o’C/R) for an appropriately small choice of the
constant ¢. To see this, first assume that v; = pey for some p € [1,2], and write

P E el =74 (ra b (6~ ) +HE] — €0) + plaa +1
2
— 8 € a6 )+

Here, we use the notation x = (Z,24). If ¢/ is chosen sufficiently small, then for (¢, 2) €
B(0,¢'R) and ¢ in the support of f; (in particular, |£] < 4, [é1 — p| < &) we get
1

001 < 15

T pla+t) = B () + plea +1).

and thus
U, (t,2)] = ‘/ () df‘ >
’ Blpea, d) Rl

as claimed. Taking A; = || f;]|%. and ¢g; = ||f]||Hf‘7 for each j =1,..., N, and recalling

that N ~ R?, we easily deduce that

g
2
t
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If we assume (1.1) then

Wl

—d

e

N 1

2,24 g 2

R (NIl ) s e
=1

since || f]||§{ ~ R™4. Therefore % + % < 4 and this yields the necessary condition

E
B <Balgr).
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