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ABSTRACT. In earlier papers [21,22] of this series we constructed a sequence of interme-
diate moduli spaces {]\/Zm(c)}mzo’lygw connecting a moduli space M (c) of stable torsion
free sheaves on a nonsingular complex projective surface X and M (¢) on its one point
blow-up X. They are moduli spaces of perverse coherent sheaves on X. In this pa-
per we study how Donaldson-type invariants (integrals of cohomology classes given by
universal sheaves) change from Z/W\m(c) to Z/W\m“'l(c), and then from M(c) to Z/\l\(c) As
an application we prove that Nekrasov-type partition functions satisfy certain equations
which determine invariants recursively in second Chern classes. They are generalization
of the blow-up equation for the original Nekrasov deformed partition function for the
pure N = 2 SUSY gauge theory, found and used to derive the Seiberg-Witten curves in
[18].

INTRODUCTION

Let X be a nonsingular complex projective surface and p: X — X the blow-up at a
point 0. Let C' = p~1(0) be the exceptional divisor. Let ¢ = (r,c;,chy) € H®(X) be
a cohomological data. Let M (c¢) be the moduli space of stable torsion free sheaves E
on X with ch(E) = ¢ and M (p.(c)) the corresponding moduli space on X. In [21, 22]
we constructed a sequence of intermediate moduli spaces M "(c) connected by birational

morphisms as

M™ (¢ N MM (¢
O “\5’; bn_~ ()Qj /

J/\Zm’m_i_l (C) ]/\Zm+1,m+2 (C)

such that
(1) ]\/4\’”(0) = ]\//_7(0) if m is sufficiently large, and
(2) M°(c) =2 M(p.(c)) if (¢1,[C]) = 0 under the natural homomorphism given by
E — p.(E). (See Proposition[1.2 for the statement when 0 < (¢y, [C]) < r.)
The diagram () is an example of those often appearing in variations of GIT quotients
[27], and similar to ones for moduli spaces of sheaves (by Thaddeus, Ellingsrud-Géttsche,

Friedman-Qin and others) when we move polarizations. See [21, 22| for more references
on earlier works.
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In this paper, we study how Donaldson type invariants (certain integrals of cohomology
classes given by universal sheaves) change from M™(c) to M™"!(c). By a technical reason

we restrict ourselves to the case when X is P2 and M™ (c) is replaced by the moduli space
of framed sheaves for which quiver description was given in [21]. We conjecture that
the results are universal, i.e., independent of the choice of a surfzic\e. Moreover we have
a natural (r + 1)-dimensional torus 7' = (C*)? x T"! action on M™(c) from the (C*)2-
action on P? and the change of framing. Thus we can consider equivariant Donaldson type
invariants to which we can apply Atiyah-Bott-Lefschetz fixed point formula to perform a
further computation. In this sense, we think our situation is most basic.

Our first main result says that the difference of invariants is given by a variant of
Mochizuki’s weak wall-crossing formula [14], i.e., it is expressed as a sum of an integral
over M’ (") with smaller ¢ (Theorem [1.5). Our argument closely follows Mochizuki’s,
once (x) is understood as a variation of GIT quotients.

Summing up the weak wall-crossing formula from 0 to m, we get the formula for the
difference of M(c) and M(p.(c)) by integrals over various M™ (¢), as a result. We nor-
malize the first Chern class of ¢ in the interval [0, — 1] twisting by a line bundle in order
to apply M(p.(c)) = ]\//.70(0’) for (c1(¢),[C]) = 0 and its modification Proposition [1.2.
Then those integrals themselves can be expressed by integrals over M (p.(c’)) and ones
over even smaller M ™" (). We apply the same argument for M ™" (). We thus do this

argument recursively to give an algorithm to express M (c¢) by a linear combination of
integrals over M (c,) for various ¢,. Since this algorithm is complicated (see Figure 1 for
the flowchart), we do not try to write down an explicit formula in general. We instead
focus on vanishing theorems for special cases when integrands are not twisted too much
along C'. This is our second main result. See §2.

Our motivation of study in this series is an application to the Nekrasov partition func-
tion [24]. Let us explain it briefly. The Nekrasov partition function is the generating
function of an equivariant integral over M (c). One of the main conjecture on it states
that the leading part Fy of its logarithm is given by the Seiberg-Witten prepotential, a
certain period integral on the Seiberg-Witten curves. The three consecutive coefficients
(denoted by H, A, B) are also important for the application to the wall-crossing formula
for usual or K-theoretic Donaldson invariants for projective surfaces with p, = 0 [7,8].

When the integrand is (1) 1, (2) slant products of Chern classes of universal sheaves
with the fundamental classes of C?, or (3) the Todd class of M(c), the authors proved
that the partition function satisfies functional equations, called the blow-up equations,
which determine coefficients recursively in second Chern numbers of ¢ [18, 19, 20]. The
functional equations induce a nonlinear partial differential equation for Fy, which has
been known as the contact term equation in the physics literature [12, 6]. In particular,
the Seiberg-Witten prepotential satisfies the same equation and hence is equal to Fy. This
was our proof of the above mentioned conjecture. There are other completely independent
proofs by [25,2]. But so far H, A, B can be determined only from the blow-up equation.

Nekrasov’s partition functions have more variants by replacing the integrand. Let us
give three examples:
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(a) We integrate Euler classes of vector bundles given by pushforward of universal
sheaves. They are called the theories with fundamental matters in the physics literature.

(b) When we integrate the Todd classes, we can cap with powers of the first Chern
classes of the same bundles. They are called 5-dimensional Chern-Simons terms.

(c) We can also incorporate universal sheaves to which Adams operators are applied.
They are called (higher) Casimir operators. They give coefficients appearing in the defin-
ing equation of the Seiberg-Witten curve.

The blow-up equation was derived by analyzing relation between integrals over M(c)

and M (¢). Our vanishing results in §2 enable us to generalize our proof for those variants’.
In this paper, we explain it for theories with 5-dimensional Chern-Simons terms and
Casimir operators. The case for the theories with matters will be given elsewhere [23].

The paper is organized as follows. In §1 we state our results after preparing the nec-
essary notations. In §2 we prove several versions of vanishing theorems as applications
of the results in §1l In §3 we study the Nekrasov partition function for theories with
5-dimensional Chern-Simons terms. The blow-up equation is derived. This section is ex-
pository since the derivation of Nekrasov’s conjecture was already given in [8] assuming
the vanishing theorems.

The actual proof starts from We review the quiver description of the framed moduli
spaces obtained in [21] and the analysis of the wall-crossing in [22], and add a few things.
The quiver description is necessary to define master spaces. In §5 we define enhanced
master spaces. We follow Mochizuki’s method [14], but give the construction in detail
for the sake of a reader. In §6/ we prove Theorem (1.5, the variant of Mochizuki’s weak
wall-crossing formula. Again the proof is the same as Mochizuki’s.

Acknowledgments. The first named author is supported by the Grant-in-Aid for Scien-
tific Research (B) (No. 19340006), Japan Society for the Promotion of Science. The second
named author is supported by the Grant-in-aid for Scientific Research (B) (No. 18340010),
(S) (No. 19104002), JSPS and Max Planck Institute for Mathematics. Both authors thank
Takuro Mochizuki for explanations of his results, and the referee for many valuable com-
ments.

1. MAIN RESULT

Notations. Let [z : 21 : 23] be the homogeneous coordinates on P? and ., = {2y = 0}
the line at infinity. Let p: P2 — P? be the blow-up of P? at [1 : 0 : 0]. Then P? is the
closed subvariety of P? x P! defined by

{([z0: 21 : 22), [zt w]) EP* X P! | zqw = 292},

where the map p is the projection to the first factor. We denote p~!(¢s) also by £, for
brevity. Let C' denote the exceptional divisor given by z; = 25 = 0. Let O denote the
structure sheaf of P2, O(C) the line bundle associated with the divisor C, and O(mC) its
m™ tensor product O(C)®™ when m > 0, (O(C)®~™)" if m < 0, and O if m = 0. And

'The proof in [25] can be generalized to those variants. See [26] for the theory with 5-dimensional
Chern-Simons terms, and [13] for higher Casimir operators, but not with Todd genus.
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we use the similar notion O(mC' + nl,,) for tensor products of O(mC') and tensor powers
of the line bundle corresponding to /., or its dual.

The structure sheaf of the exceptional divisor C' is denoted by O¢. If we twist it by the
line bundle Op:(n) over C' = P! we denote the resulted sheaf by O¢(n). Since C' has the
self-intersection number —1, we have O¢c ® O(C) = Oc(—1).

For c € H *(@2), its degree 0, 2, 4-parts are denoted by r, ¢;, chy respectively. If we
want to specify ¢, we denote by r(c), ¢1(c), cha(c).

For brevity, we twist the push-forward homomorphism p, by Todd genera of P? and P2
as in [22, §3.1] so that it is compatible with the Riemann-Roch formula.

We also use the following notations frequently:

e V is the involution on the K-group given by taking the dual of a vector bundle.

o A(E) :=c3(E) — Zrey(E)?, Ae) := —cha(c) + #(C)cl(c)z.

e (,, denotes Oc(—m — 1).

o ¢, :=ch(Oc(—m —1)).

e pt is a single point in X, X or sometimes an abstract point. Its Poincaré dual in
H*(X) or H4(X) is also denoted by the same notation.

e For an integer N let N ={1,2,..., N}.

For a sheaf E on P2, we denote HY (E(—(y)), H(E(C —l)) by Vo(E), V1(E) respec-
tively (and simply by Vg, Vi if there is no fear of confusion). In this paper we mainly treat
sheaves F with H (E(—/{y)) = 0 = H(E(C — {y)) for i # 1. This is clear after we will
recall the quiver description of framed moduli spaces in §4: V,(E) appears as a vector
space on the vertex «, and any sheaf in this paper corresponds to a representation of the
quiver. Under this assumption we have

dim Vy = dim H'(E(—(s)) = —(cho(E), [P) + %(CI<E)7 [C]),

dim V; = dim H'(E(C — () = —(cho(E), [P]) — =(c1(E), [C])

by Riemann-Roch.
Let M be a moduli scheme (or stack) and ¢;, g2 be projections to the first and second
factors of P2 x M. For a sheaf & (e.g., the universal sheaf) on P2 x M , let
* Vo(€) == R'q2.(€ ® 7 O(— L)),
e Vi(€) = R'q2(E @ qiO(C — L)).
Let Ext? denotes the derived functor of the composite functor gu. o Hom. We often

consider Ext? (€, Cy,), where Cy, is considered as a sheaf on P2 x M via the pull-back by
qi-

1.1. Framed moduli spaces. A framed sheaf (E,®) on P? is a pair of

e a coherent sheaf E/, which is locally free in a neighborhood of /.., and
e an isomorphism ®: E|, — (92:, where 7 is the rank of E.

An isomorphism of framed sheaves (F, ®), (E’,®’) is an isomorphism ¢: E — E’ such
that &' o ¢|,. = ®. When r = 0, we understand that a framed sheaf is an ordinary sheaf
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of rank 0 whose support does not intersect with ¢,,. We have the corresponding definition
of a framed sheaf on the blow-up P2

Definition 1.1. Let m € Z>(. A framed sheaf (E, ®) on P? is called m-stable if
(1) Hom(E, Oc(—m — 1)) = 0,
(2) Hom(O¢(—m), E) = 0, and
(3) E is torsion free outside C'.

Though it is not obvious from the definition, an m-stable sheaf must have r > 0. (See
21, §2.2].)

We have a smooth fine moduli scheme M’ "(¢) of m-stable framed sheaves (E, ®) with
ch(E) = c € H*(@2) such that (¢, [(x]) = 0. It is of dimension 2r(c)A(c). (See Theo-
rem 4.2.) Let € be the universal sheaf on P2 x M "(c), which is unique thanks to the
framing unlike the case of ordinary moduli spaces.

As special cases with m = 0 and m sufficiently large, we have fine moduli schemes M (c)
and M (¢) of framed torsion free sheaves (E,®) on P? and P2 respectively. For M (c), we
take ¢ € H*(P2) with (c1,[C]) = 0. (See [21, §7] or [22, §3.1, §3.9].) They are connected
by a sequence of birational morphisms as explained in the introduction. See §4.4.

In fact, M(c) was studied earlier in [17, Chap. 2,3] (denoted there by M(r,n)). We
need to recall one important property: We have a projective morphism 7: M (c) — My(c),
where Mjy(c) is the Uhlenbeck (partial) compactification of the moduli space My™(c) of
framed locally free sheaves (F,®). In [loc. cit.] My(c) was constructed via the quiver
description, and bijective to

LlMéeg(C/) ® SA(C)—A(C’) ((CQ)
set-theoretically. Here S™(C?) denotes the n'® symmetric product of C2.

For any m, we still have a projective morphism 7: M "(¢) — My(p«(c)). This follows
from the quiver description (Theorem[4.2) or [22, §3.2]. It is compatible with the diagram

(%) and induced from a projective morphism M mmEl(e) — My(p«(c)).

1.2. Grassmann bundle structure. Aswe mentioned above, we have M°(c) = M (p,(c))
when (¢, [C]) = 0. For 0 < (¢, [C]) < r, we have a similar relation as follows. We need

to consider M (¢) with 0 > (¢q, [C]) > —r instead after twisting by the line bundle O(C).

Proposition 1.2 ([22, §3.10]). Suppose 0 < n := —(c1,[C]) < r. There is a variety
N(c,n) relating M*(c) and M*(c — neg) through a diagram
Afl/ N(c,n) —
M*(c) M*(c — ney)

satisfying the followings:
(1) fi1 is surjective and birational.
(2) fo is the Grassmann bundle Gr(n, Ext,, (Oc(—1),€")) of n-planes in the vector bun-

dle Ext,, (Oc(—1),€&) of rank r over M (c — neg).
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(3) We have a short exact sequence
0 — (idgs x f2)*E" — (idgz X f1)*E — Oc(—1) K S — 0.

Here €, £ are the universal sheaves for ]\71(0) and M (¢ —mneg) respectively, and S is the
universal rank n subbundle of Exty, (Oc(—1),&") over Gr(n, Ext], (Oc(—1),&")).

Remark that Extfp(Oc(—l), E") =0 for i = 0,2 by the remark after Lemma4.11] below.
Hence Ext,, (Oc(—1),&’) is a vector bundle, and its rank is 7 by Riemann-Roch.

We have (c1(c—ney), [C]) = (c1, [C]) +n = 0. Therefore M\l(c—neo) becomes M (p.(c))
after crossing the wall between 0O-stability and 1-stability.

1.3. Torus action and equivariant homology groups. Let 7" be the maximal torus
of SL,(C) consisting of diagonal matrices and let T =C* x C* x T. We have a T-action
on M™(c) induced from the C* x C*-action on P2 given by

([0 0 21 22], [z s w]) = ([20 : t121 @ taze], [t12 : taw)])

and the change of the framing ®. See [22, §5]. It was defined exactly as in the case of
framed moduli spaces of torsion free sheaves, given in [18, §3]. The action is compatible
with one on My(c), i.e., T is T—equivariant. All the constructions, which we have explained
so far, are canonically T -equivariant. For example, we have the canonical T-action on the
unlversal _sheaf £.

Let H;f (X) be the T-equivariant Borel-Moore homology group of a T-space X with

rational coefficients. Let H:*F(X ) be the T -equivariant cohomology group with rational
coefficients. They are defined for X satisfying a reasonable condition, say an algebraic
variety with an algebraic T-action. See, for example, [19, App. C|. They are modules
over the equivariant cohomology group H%(pt) of a point, isomorphic to the symmetric
product of the dual of the Lie algebra, which we denote by S(T).

The projective morphism 7: M’ "(¢) — My(p«(c)) induce a homomorphism

.0 HI(M™(c)) — HT (My(p.(c))).

We denote this homomorphism 7, by fﬂm (o) since we also use similar push-forward ho-
momorphisms from homology groups of various moduli schemes or stacks and want to
emphasize the domain.

On the other hand, the target space My(p.(c)) is not at all important. We can com-
pose the push-forward homomorphism for the inclusion My(p.(c)) C My(c') for A(c') >

A(p.(c)). Then fﬁm takes values in HT(MO( ’)). We can also make me (¢) With values
in &(7T), the quotient ﬁeld of S(T) as follows: Recall that T has the umque fixed point 0 in
My(p«(c)) [18, Prop.2.9(3)]. We compose me(C with the inverse ¢, of the push-forward

homomorphism ¢, for the inclusion {0} — My(p.(c)) by using the localization theorem
for the equivariant homology group, which says t. becomes an isomorphism after tak-
ing tensor products with &(T) over Hx Z(pt) =S (T). This is compatible with the above
inclusion. See [18, §4] for more detail.
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1.4. Weak wall-crossing formula. We now state our first main result in this subsection.
Let ®(&) € HZ(M™(c)) be an equivariant cohomology class on M™(c) defined from a

sheaf & on P2 x M’ "(¢) by taking a slant product by a cohomology class on @2, or taking
a cohomology group, for example,

(13) B(E) == exp [Z {ty iy (€)/1C] + 7 ey (€) /[@2]}] ,

p=1
Ny
or (&) := He(Va(S) ®e™) a=0orl,
F=1

where t,, 7, are variables and the exponential defines formal power series in t,, 7, in
the first case, and my, ..., my, are variables for the equivariant cohomology H :C*) ~,; (Pt)

of the Ny-dimensional torus of a point, and €™/ is the corresponding equivariant line
bundle. For €& we typically take the universal sheaf, or its variant. For the latter (&) =
H;\Zl e(Vo(€) @ e™r), we need to enlarge T to T x (C*)N7 but keep the notation T' for
brevity. And e( ) denotes the equivariant Euler class.

Remark 1.4. The notation Ny is taken from physics literature. It is the number of flavors.
But we denote the rank by r, though it is denoted by N. (number of colors) in physics
literature.

The above examples of ® are multiplicative, i.e., P(EDE") = ©(E)P(E’). This condition
is useful when we will study the vanishing theorem in But we do not assume it in
general.

For j € Z-y we consider the j-dimensional torus (C*)? acting trivially on moduli
schemes. We denote the 1-dimensional weight n representation of the i*" factor by e™.
The equivariant cohomology H; *)j(pt) of the point is identified with C[h, ..., h;]. In the
following formula we invert variables hy,..., h;. See §6.1/ for the precise definition. Also
we identify ®(€) with the homology class ®(&£) N []\/4\ m+1(¢)] and apply the push-forward
homomorphism fﬂm (0"

Theorem 1.5.

/W(C)w) - /m(c)qm

[e.9]

:Z/A Res - - Res
Mm(c—jen) =0 =0

j=1

J
®(& &P CnRe™MW(E)],
=1

where &, is the universal sheaf for J\//Tm(c — jen) and

1 [iciizine (—hiy + Diy)

I (&, Cr) @ e7) e(N(Cr, &) @ ehi)|
2 2

N(&), Cm) 1= — > (=1)"Extl, (&, Cr), N(C,&) = =Y (—1)*Ext? (C, ).

a=0 a=0

\I/j (&,) =
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(Note that W (E,) depends on j, but not on ¢ — je,, if we consider &, as a variable.)

The proof will be given in §6.4

1. 5 Blow-up formula. Recall that Mm( ) is isomorphic to the framed moduli space
M ( ) of torsion free sheaves on P2 if m is sufficiently large. Using Proposition |1.2, Theo-
rem 1.5 and twist by the line bundle O(C), we can express [+ (o) (ID(E ) as a sum of various
Il M) ®'(E)’s for some ¢/, ®’. Unfortunately the procedure, which we will explain below
in detail, is recursive in nature and rather cumbersome. See Figure [l for the flowchart.
In particular, we do not solve the recursion and do not give the explicit formula.

1.5.1. For asequence j = (Jo, j1, . - -+ jm-1) € 7', we define \IIZ; recursively starting from
Ui =1 by
7 N ILici, iy, (= P0, + 1)

\Ifn = \IJZI 5>, Cn X e_hi - )
(8) = Faale ) Jn! TI2, e(M(e, C) @ e ) e(MN(Cyr, 0) @ €M)

where A7, ..., B} are variables. Then we set i = \Ifg. By Theorem [1.5/ we get
m—1 _]n
(1.6) / Z/ Rescp (& &P EP Cn W),
MO(c=32,, jnen) h= n=0 i=1
where Resﬁ:0 is the iterated residues
Res = Res ---Res Res ---Res --- Res --- Res
h=0 h9 =0 =0 h} =0 Rl=0 e 11 =0 P l=0

Since M (¢) is isomorphic to M ™ (c) for a sufficiently large m, an integral over M (c) can

be written in terms of integrals over M () with various ¢’ thanks to this formula.
Note that if (¢y, [C]) > 0, we have

dim]\/ZO(c— Zjnen)
(1.7) n
= dim]\/im(c)—z (2n+1)j Z]n (Z]n—I—Z o, [C ) <dim]\/4\m(c)

if (j17j27) #O

1.5.2.  We usually consider the moduli space ]\7(0) with 0 < (¢q, [C]) < r. This is always
achieved by tensoring a power of the line bundle O(C'). And then we can hope to relate
f]\//T(c) d(E) to fM(p*(c))(I)(E) thanks to Proposition But look at (1.6). The right

hand side of contains integrals over M 0() (¢ = ¢ =3, jnen) for which we have

0 < (e1(),[C]), but not necessarily < r. Thus we need to tensor a line bundle again.
Since keeping track the precise form of the formula is a rather tiresome work, we redefine

a term in the right hand side of (1.6) as fﬁo(c) ®(€), and start from it. We can assume

(c1,[C]) > 0, as we explained.
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1.5.3. First consider the case (¢1,[C]) = 0. We have an isomorphism II: ]\//.70(0) =
M (p.(c)) by (E,®) — (p.(F),®), where the higher direct image sheaves R>’p,(FE) van-
ishes. Moreover its inverse is given by (F,®) — (p*F,®), and L<p*F = 0. (See [22,
Prop. 3.3 and §1].) If we denote the universal sheaf for M (p.(c)) by F, the universal sheaf
& for M°(c) is equal to (p x I1)*(F). Therefore we have

O(€) = O((p x IN*(F)).
Jo 26)= [ a1 ()

Since L<%(p x I1)*(F) vanishes, this holds in the level of K-group.
We may have expressions O(C') or [C], which do not come from M (p.(c)) in the ex-
pression ®(&), but we can use the projection formula to rewrite the right hand side as

/ ().
M (p«(c))

for a possibly different cohomology class ®'(e).

1.5.4. Now we may assume (cq, [C]) > 0. We have

(18) /m(c)w): /M[C])fme(—c»

by the isomorphism ]\/4\0(0) > (E,®)— (E(C),P) € ]/\4\1(06[0]). Two universal sheaves for
M c), M (cell) are denoted by the same notation, but the latter is twisted by O(C)
from the former under this isomorphism, and it is the reason why we have ®(E(—C)).
We have —r < (ci1(cel™),[C]) = (c1,[C]) — r. If this is negative, in other words, if
we have (¢, [C]) < r, we go to the step which will be explained in §1.5.5. So we assume
(c1(cel),[C]) > 0. We now redefine the right hand side of as ffw\l(c) ® (&) and return

back to §1.5.1'and apply with m = 1.
We repeat this procedure until all terms are integrals over M*(c’) with —r < (cy(¢), [C]) <

0, or M O(¢") with ¢;(¢”) = 0. From the dimension estimate , the procedure ends after
finite steps.

For (&) = Hﬁf\zl e(V,(E) ® e™r), this process requires a care, since V,(E(—C)) =
R'g2.(E(—C)®2q;(O(aC —L4))) may not be a vector bundle on M%(c), so e(V,(E(—C))®
e™r) does not make sense, and we cannot apply (1.6) with m = 1. We overcome this
difficulty by replacing e(V,(E(—C)) @ e™f) by a product of e(V,(£) ® ") and a certain
class, which is well-defined on M°(c). See the proof of Theorem 2.1 for detail.

1.5.5. Now we redefine the right hand side of (1.8) as ff\Zl(c) ®(€) and consider it under

the assumption —r < (¢q, [C]) < 0.
Let n := —(¢y, [C]). By Proposition[1.2/ we have

/A @(E)Z/A O((idg, x f1)"€)
M1(c) N(c,m)
_ /ﬁ( @ ((idg: < 2)'(E) 8 HBS).
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where we denote the universal bundle over M Y(c—neg) by & for brevity. Since fy: N (c,n) —
M*'(c —nep) is the Grassmann bundle of n-planes in Ext;Q(Co, £), we can pushforward to
M(c — neg) to get
[ ® ((idgs x f2)"(€) ® Co K S) :/A 'D(E),
N(emn) M1(c—mnep)

where

'D(e) ::/G( )@(o@(CO@S))

c(Cr)=c(Extg, (Co.£))

We need to explain the notation. We consider the Grassmannian Gr(n,r) of n-planes
in C", and fGr(T_n’r) is the pushfcirward Hey(Gr(r — n,r)) — Hey,(pt). The o is a
variable living in the K-group K (P? x pt). The universal subbundle of the trivial bundle

C’ is denoted by . And Cy ¥ S is a sheaf on P? x Gr(r,n). We consider Gr(r,n) as
a moduli space and e & Cy X S is a universal sheaf, and apply the function ®. Finally
( )\C(Q)ZC(EX%(CO@) means that we substitute the Chern classes of Ext}, (Co,&)) to the

equivariant Chern classes of C” in H¢y (. (pt).
We now ri(ieﬁne S50 ®(E) a8 [0 ey P(E), and return to §1.5.1. Since dim M (c—
neg) < dim M*(c), this procedure eventually stop.

1.6. Example. Consider the case ¢ € H*(P?) with r(c) = r, c1(c) = 0, (A(c), [P?)) = 1.
In Theorem 1.5 the wall-crossing term appears only in the case m = 0, 7 = 0. Therefore
D(E @ CyRe M)
1.9 / (&) — / (&) = / Res
(1.9) M(e) &) MO(c) ©) M0 (c—eg) =0 €(N(&,, Co) @ M) e(N(Cy, &) @ M)

In the quiver description Theorem [4.2 for M O(c — eg) we have Vy = C, Vi = 0 and hence

]\/Zo(c —eg) X P

This also follows from Proposition|1.2. In fact, f; is an isomorphism in this case. We also
see that & = Ker [OF" — Op(1) W O¢] . Then we have

N(E, Cop) = Op(—1), N(Co,&) = O0p(1)*? @ S,

where Op(1) is the hyperplane bundle of P = P"~! and S is the universal subbundle, i.e.,
kernel of OF" — Op(1). This also follows from Lemmas [4.9/4.11. Therefore

e(N(&, Co) ® e ™) = —c1(Op(1)) — Ay,
e(M(Co, &) @ e™) = (c1(Op(1)) + 1)’e(S @ ™) = hij(e1(Op(1)) + ).

For ®, we consider a simplest nontrivial case. Let p(C') be the cohomology class on
M™(c) given by

(1.10) p(C) = A(E)/1C],
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where / denotes the slant product /: H%(@2 x M™(c)) @ HI (P?)) — Hji’i(]\//fm(c)). This
is the y-map appearing in the usual Donaldson invariants. We have

A(Sb D Co X €7hl)/[C] = —Cl<01p<1>> — hl +e1 + €9,

where e1, g9 are generators of Lie(C* x C*) corresponding to tq, to.
We also have

g

Vi(E®CyRe ™) 2z,

Hence
Ny Ny
[T @ Come™) @ emr) = TJ(ms— ).
f=1 f=1

We assume 2r — Ny > 1 and take ®(&) = pu(C)* s H;\Zl e(V1(€) ® e™r). Then the
right hand side of becomes

N
/ Re (—c1(Op(1)) = hy + &1 4+ 22)> N
P

I R G Ry A

By the degree reason, this must be a constant in e;, €2, my. Therefore we may set all 0.
Then this is equal to

—/ Res fiy " (1 (Op(1)) + By ) N2 = — (27" — Ny - 2).

r—1 hlzo r — ]_

If r =2, Ny =0, the answer is —2. This is a simplest case of the blow-up formula, which
was used to define Donaldson invariants for ¢, in the unstable range.

2. APPLICATIONS — VANISHING THEOREMS

As we mentioned above, the wall-crossing formula only gives us a recursive procedure
to give the blow-up formula. In this section, we concentrate on a rather special ®(€) and
derive certain vanishing theorems. They turn out to be enough for applications to the
instanton counting.

2.1. Theory with matters. Let u(C) be as in . We consider
Ny

o(&) = [[eOVo(&) @ ™) x exp (tu(C)),
f=1

and study the coefficient ®4(€) of t¢ with small d. We assume N ¢ < 2r hereafter.
Theorem 2.1. Suppose (c1,[C]) = 0. Then

(&) = e(V(E) ® e™) + O(th),
/m) (©) /M@*@fHJ“@ )+ O(t%)

where k = max(r +1,2r — Ny). Here V(£) = R'q2.(E ® ¢} (O(—L))) is defined from the
universal sheaf & on P? x M(p.(c)) as in the case of Vo(E), V1(E).
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This, in particular, means that ®4(£) = 0 for d = 1,...,k — 1. When N; = 0, this
vanishing was shown in [18, §6] by the dimension counting argument. The key point was
that dim M(c) = 2rA, and hence the smaller moduli spaces have codimension greater
than or equal to 2r. Once the wall-crossing formula is established as in the previous
section, the remaining argument below is similar, and the bound 2r — Ny comes from the

fact that the ‘virtual fundamental class’ H;Vi L e(V(E) ®e™) N [M(p.(c))] has dimension
(27“ - Nf)A

Proof. Let us compute the cohomological degrees of the both sides of the equality in
Theorem[1.5, where we say [, (o) has degree k if it is contained in H (My(p«(c))). We
have

(2.2) deg /M o BulE) = e /A By(£)

M™(c)
= dim M™(c) — Ny dim Vg(c) — d = —(2r — Nj)(cha(c), [P?]) — d.
On the other hand, we can write
Ny

/A 28 & ) G 0 e )WI(E) = /A [e0n(e) @ em)uo

M (c—jem) m(e—jem) §1
for some cohomology class ©. Therefore its degree is at most
dim ]\/I\m(c — jem) — Npdim Vo (c — jep,)
— — (2r — Np)(chy(e), [B?) — j(m(2r = Ny) + 7+ ).

Since j(m(2r — Ny) +r+j) > r+1, itis zero if d <.
In order to prove the vanishing for d < 2r — Ny —1, we need a refinement of the general
machinery in We need to look at each step in the flowchart (Figure (1) more closely.
The first step §1.5.1 has no problem. In (1.6) we have

m—1 Jjn m—1 jn

260 P o) = (@) [[ [[2(C o),

n=0 i=1 n=0 i=1

as we have a decomposition of a vector bundle Vy(€ @ @7, @, C, @ ey = Vo(E) @
e, gll Vo(Cr ® ehﬁl), and the Euler class has a multiplicative with respect to the

n=0
Whitney sum.

In §1.5.4,[1.5.5l we consider the tensor product £(—C), where £ is the universal family
on the moduli space of 1-stable sheaves. This causes a trouble because R!qa, (E(—C —{4))
is not a vector bundle, as mentioned ealier. We need a closer look.

By [21, Lemma 7.3] the natural homomorphism H(E(—/{y)) — HYE(C — ly)) is
surjective for a O-stable framed sheaf (E, ®). Therefore H'(E(—C —{y,)) — H(E(—{))
is surjective for a 1-stable framed sheaf (E, ®). Let us give a direct proof since we need
to understand the kernel. Suppose E is 1-stable. Since Hom(FE, O¢(—2)) = 0, we have
E ® Oc¢/torsion = @ O¢(a;) with a; > —1. Therefore H'(E ® O¢) = 0. Since we have
an exact sequence 0 = H%(Tor(E,O¢)) — HY(E ®F Oc) — HYE ® O¢), it implies
HY(E ®@* O¢) =0, and hence HY(E(—C — {4)) — H'(E(—{,,)) is surjective.
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Since the kernel of this surjective homomorphism is H°(E @ O¢), we have
eWVo(E(=C)) @ ™) = e(Vo(E) @ €™ ) e(qos (€ @ O¢) @ ™)
= e(Vo(€) @ ™) calga.([€] @ [Oc]) @ ™)
on M\l(c), where a = dim H(E(—C — () —dim H'(E(—{s)) = (c1(E), [C]) + 7 and we

replace £, O¢, qos by their K-theory classes and the K-theory pushforward in the last
expression.

Now Vy(€) is a vector bundle over M (c), M !(¢) and master spaces from the quiver
description in §4. Therefore e(Vy(€) @ €™) (and also ¢, (gex([€] @ [O¢]) ® ™)) are well-
defined so we replace e(Vo(E(—C)) ® €™) by the right hand side and continue the flow
in Figure 1. We may still need to treat ® O(C') in a subsequent process in the flowchart.
Then we again get e(Vo(E(—C)) ® €™/ ), so use the same procedure to replace by the right
hand side.

As a result we can write

(2.3) /A @)= /A( Tetie) @ cmoiie)
3 MO(c—c3 =1

Mm™(c

for various ¢ with ¢;(c — ¢¥) = 0 and cohomology classes 23(&,). The left hand side has
degree as in (2.2). On the other hand, the degree of the right hand side is at most

dim M (p,(c — ¢¥)) — Nyrank Vo (&) = (2r — Np)(A(c — &), [P?).

If ¢3 is nonzero, then it is at most (2r — Ny){(A(c), [P?]) — 1}, since (A(c— %), [P2)) is an
integer and we have (1.7). Therefore there is no contribution to the wall-crossing formula
. 5 " N

ifd < 27’/—\Nf. For ¢? = 0, we get [0, La(€), but it is equal to 5d/O\IM(p*(C)) [IL e(V(E)®
e™ ) as M°(c) — M(p.(c)) is an isomorphism and u(C) = 0 on M°(c). O

For a slightly modified version

(&) = [ e (&) @ ™) x exp (tu(C))
f=1

the second part of the argument works, we get

Theorem 2.4. Suppose (c1,[C]) =0. Then
Ny

(€)= e(V(E) @ ™) + O(t*—Nr).
/m) (©) /M(p*(c))gu)@ ) 4 Ot =)

Moreover the coefficient of t> N7 is

Ny

_(QT_Nf_Q)/ H€<V(8>®€Mf>7
r—1 M(pa(c)+pt) 723

Zfo < 2r.
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For the last assertion, it is enough to calculate the case (A(c), [P?]) = 1 by the same
argument. (See the proof of Theorem (2.6 for more detail.) Hence gives us the answer.
Next consider the ¢; # 0 case.

Theorem 2.5. Suppose 0 < n := (cy,[C]) <r. Then
/A (€)= O™,
m(c)
In fact, we have
deg //\ /() = (2r — Np)dim Vi(c) + n(r —n) —d,
Mm™(c)

and all terms in the right hand side of has degrees at most (2r — Ny)dim Vj(c) as
dim V;(c — ¢%) < dim V;(c). So the same argument works.

Let us state what we observed in the above proof as a general structure theorem. Let
®(€) be a multiplicative class in the universal family £. Then

Theorem 2.6. Let us fix c; with0 < —(cq, [C]) < r. There exists a class (€, t), which is
a polynomial in ¢;(€)/[0] (i = 2,...,7) with coefficients in HE. o« (pt)[[t]] = Cler, eo][[t],
and independent of A(c) such that

2.7 L r@eotmen =3[ e@0eEn

—

M(e) >0
Moreover §;(E,1) 1s unique if ®(E) # 0 for HZ(M(r,0,0)) = Hx(pt) = S(T).

For the theory with matters, the coefficients of Q;(€,t) are in H(I*Z*XC*X((C*)Nf (pt)[[t]] =

(C[€1, E9, M1, ... 7meH[tH.

Proof. As in the derivation of (2.3), we obtain a formula as above, where M (p,(c)+ 7 pt) is
replaced by M°(p*(p.(c) +jpt)) and ©2;(&,t) is a polynomial in Chern classes of ¢2.([E] @
[Oc(m)]), g2+([E]Y @ [Oc(m)]) of various m. This ©;(&,t) is independent of A(c), as

e UJ(&,) in Theorem depends only on j,

e the choice, whether we perform twist by O(C) or not, is determined by ¢, and
e the Grassmannian in Proposition [1.2/is determined by r and ¢;.

Thus it only remains to show that we can further replace €2; so that it is a polynomial in
a(E)/10] (i=2,...,7).

By the Grothendieck-Riemann-Roch theorem, these classes can be expressed by ¢;(£)/[0] =
(g2 ([]®[Oc])). Note that g ([]®[Oc]) = — 322_y (= 1)? Ext*(Op(—1),E). If we cross
back the wall from M to M, we have Ext) (Oc(-1),€) = 0 = ExtZ, (Oc(—1),&) on M
by the remark after Lemma below. Therefore Exty, (Oc(—1),€) is a vector bundle of
rank 7, and ¢;(£)/]0] vanishes for ¢ > r. Since the difference of the integrals over M* and

M? are expressed by integrals over small moduli spaces, we can eventually express 2; as
a polynomial in ¢;(€)/[0] (i =2,...,r) by a recursion.
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Let us show the uniqueness of ;(€,t) by a recursion on j. Let us take the smallest
possible A(c) with ]\7(0) # (), i.e., the case when ¢+ (c1,[C])eg = (r,0,0) (cf. Proposi-
tion 1.2). Then we only have the term with j = 0 in the right hand side of (2.7). In this
case, p«(c) = (r,0,0) and the moduli space M (r,0,0) is a single point. Therefore (&, t)
is determined by (2.7).

Now suppose that Q,(€,t) with j < n are determined. Then we take ¢ whose A(c) is
n larger than the previous smallest A(c). Then j in the summation in (2.7) runs from 0
to n. Moreover M (p.(c) +npt) = M(r,0,0) is a single point again. Therefore ,,(€,1) is
determined from (2.7) and Q;(&,t) with j < n. O

Suppose that the degree of fzﬁ(c) ®(&) is of a form yA(c) 4+ a(cy, [C]) + b for some
constants 7y, a and b, depending only on r. We further assume that v > 0, as in the case
v = 2r — Ny > 0 for the theory with matters. Then

deg/ O(E)u(C)! = vA(c) +aler, [C]) + b~ d,

M(c)
@g/ B(E)Y(E,1) < 1AP.(e)) — j) + b,
M (p«(c)+jpt)

Since we are fixing (c1, [C]) as in Theorem [2.6, the two degree cannot match if j is too
large. This means that we only need to calculate finitely many Q;(€,t) to determine
fﬁ(c) O(E)p(C)? for a fixed d. (In practice, the maximal j can be calculated explicitly.)

2.2. K-theory version. We derive the wall-crossing formula for a K-theoretic integra-
tion via the Grothendieck-Riemann-Roch formula.

Let td(a) be the Todd class of a K-theory class « on various moduli spaces. The Todd
class of the tangent bundle T}, of a variety M is denoted by td M. We have

td M™(c) = td(M(E, E)).
For integers d, [ and a = 0 or 1, we consider
(2.8) O(E) =td(M(E,E)) exp(ler(Va(€))) exp(—d chy(E)/[C)).
By a discussion in [20, several paragraphs preceding Def. 2.1], — chy(&)/[C] is the first

Chern class of an equivariant line bundle up to a (rational) cohomology class in H%(pt),

which is zero if (¢y, [C]) = 0. Since this difference is immaterial in the following discussion
(in particular in Theorem[2.11)), we identify — chy(€)/[C] with the equivariant line bundle,
which we denote by u(C). (This is the same as p(C) in the previous subsection up to a
class in H %(pt)) Then the equivariant Riemann-Roch theorem (see e.g., [9]) we have

Jo 80 =7 (RO @ det (),

where 7 is the equivariant Todd homomorphism 7: K T(MO (p«(c))) — H T (Mo(p«(c))) for
the Uhlenbeck partial compactification My(p«(c)), and 7, is the push-forward homomor-

phism in the equivariant K-theory.
We have

td(N(E, €)) = td(N(E1, 1)) td(N(E1, &) td(N(E, £1)) td(N(E2, £2))
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it £ =&, ® &. Then from Theorem 1.5/ we get

oo

o) — / o) = / ®(E,) U Res --- Res W (&),
/A%H(c) M™(c) ; M™(c—jem) =0 m=0

J

i U e (le(Va(Cr @ 7)) = dchy(Cr @ e7™) /[C]) e
vle) = j! [H K (N(e, Crp) @ e 1) eX (N(Chp, 0) @ €5) II @—em)

i=1 1<i1 #i2<j

Here e is the (Chern character of) K-theoretic Euler class:

o0

M(a) = e(a)td(a)™ = Y (=1)" ch(AFa"),

p=0

e

where e(«) is the usual Euler class as before.

Strictly speaking, we need to consider the completion C[h; ", /;]] for the coefficient
rings of the localized equivariant homology groups of moduli spaces, as for example, e~ "
is not allowed. Here C[h; ', h;]] is the algebra of formal power series " a;A’ such that
{j < 0] a; # 0} is finite. The modification appears only at §6.1 and the beginning of
§6.3, and the rest of the proof remains unchanged.

Observe that h; appears always as a function in z; := e~ — 1 in the above formula.
We change the coefficient ring from C[h; ', k]| to Cla; !, x;]].

We have

R 1\ — f(mz)
R/ =D =0
as dr; = —e "dh; = —(x; + 1)dh;. Therefore
Theorem 2.9.

o0

(&) _/ P(E) = / ®(E,) URes --- Res U/ (&),
/m+1(c> M™(c) 2 M (c—jem) %=0  ==0

1=

where

H exp l01 Cr @ (1 +1;))) — dchy(Cp, ® (1 +2;))/[C])
J' )® (1+ ) K (N(Crpyy @) © 775 ) (= (1 + 23))

x.
1<iy #i2<j "

In view of Proposition 1.2 the following is useful to replace the K-theoretic integration
on M'(c) by one on N(c,n).

Lemma 2.10. Consider the diagram in Proposition|1.2. We have
Rfl*(oﬁ(c,n)) = O]/\J\l(c)

Proof. Since f; is a proper birational morphism between smooth varieties, this is a well-
known result (see e.g., [11, §5.1]). O
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In the remaining of this section we study the vanishing theorem for small d.

Theorem 2.11. Assume 0 <[ < 7.
(1) Suppose (¢1,[C]) =0. If0 <al+d<r,

/A B(E) = / (AN(E, ) explles(V(E))),
M(c) M (p«(c))

where V(E) is the vector bundle defined as in Theorem 2.1,
(2) Suppose a =1 and 0 < (c1,[C]) <. If 0 < d < min(r + (c1, [C]) = ,r — 1),

/ﬁ y B(E) = 0.

This result was conjectured in [8, (1.37),(1.43)].

Proof. We study factors of ¥/(&,) more closely. Note that &, is the universal sheaf for
M™(c — jen), hence

rank N(C,, &) = (m+ 1)r + (1, [C]) + 5, rankN(E,, C) = mr + (¢4, [C)]) + 7.
If {a}, {Bp} are Chern roots of M(C,y, &), N(E,, Cy,) respectively, we have

1 B exp(d>_, ) H 1

K (N(Cp, &) @ ljxi) T (=) Dr+enlon L 1_;;@ )

1 1 mr+(c,[C])+3 1
: “(+3) e
e (m(gb, Cm) ® (1 -+ IZ)) Z; ; 1 4 1—e/. b

On the other hand, we have )
exp(ley(Va(Crm @ (14 24)))) = exp(ler(Va(Cr))) (1 + xi)l(m+a)
as rank V,(C,,) = m + a. Also
exp(—d chy(Cp, @ (1 + 4))/[C]) = exp(—d chy(C,,)/[CT) (1 + )%,

as chi(Cp,)/[C] = —1.
Let us expand W7 (&,) into formal Laurent power series in x;. Note that we have the
remaining factor

a

(2.12)

1 H 1= Tiy _ Hmﬂ(xl — Tiy)
(1"—1?1) il 1+ZE1 (1+$1)]

from W/ (e) in Theorem 2.9. This term can be absorbed into the second equality of (2.12)
as

x

T

x

(- L\ e o 1\ e o) i

Hz;éll( 1 ; 2) (1+ ) . (1+ ) H( Ly ‘
(1+ 1) ol

Note that mr + (¢y, [C]) > 0, and hence (1 + %)WHCL[CD is a polynomial in z7*. We also

write

l(m+a)+d l(m+a)+d 1 ma)td
(1+29) =z 1+ —
1
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as a Laurent polynomial in z;*. Note that we have [(m + a) +d > la +d > 0 by our
assumption. Therefore we have

W(E) = %f(wl‘l)

for some formal power series f(z7') in 27! with
N=m+1r+(c,[C])+j+1—=llm+a)—d
=m(r —1)+ (r—d)+ (c1,[C]) = la+j+ 1.

Since 0 < r — [ and 0 < m, the first term m(r — [) is nonnegative. We also have j > 1.
Therefore we have N > 2 if d+la < r+(cy, [C]). This shows that there are no wall-crossing

term, i.e.,
/A (ID(S):/A o(E).
M(c) MO(c)

If (¢1,[C]) = 0, we have an isomorphism II: ]\/Zﬂ(c) — M (p.«(c)) given by II(E, ®) =
(ps(E), @), U Y(F,®) = (p*(F),®) (see §1.5.3 for a precise statement). Therefore the
tangent bundles M(E,E) for M(c) and M (p.(c)) are isomorphic to each other. Vector

—~

bundles V(&) for M(c) and M (p.(c)) are isomorphic to each other from the description
of I in §1.5.31 We also have chy(€)/[C] = 0. These show (1).

To show (2), we consider M°(c) = M'(cel”)) given by (E,®) — (E(C),®). Then
Proposition [1.2/is applicable. We then have

Jro 2O = [ ARE.E) explie ((E)) exp(—dehalE(C))/[C)

MPO(c)

where £ in the right hand side is the universal sheaf for M Y(cel®l). As we explained in
the beginning of this subsection, we may replace this integral by

(7 (u(C)®? @ det Vo (£)®H)).

The difference between chy(E(—C))/[C] and chy(€)/[C] is immaterial, as it is a class
pulled back from My(p«(c)). By Lemma [2.10 and the projection formula, we can replace
the above by the push-forward from N(cel®), n) with n = r — (¢, [0]), where u(C), Vo(E)
are replaced by their pull-backs by fi. From the exact sequence in Proposition [1.2(3) we
have

fiVo(€) = [3V0(E)
where £’ is the universal sheaf for M’ 0(cel®l — neg). We also have

fin(C) = det S

up to the pull-back of a line bundle from M O(cel®l —ney) by fo. Therefore it is enough to
show that

fou(det 8% =0 for 0 <d <.
Since f5 is a Grassmann bundle of n-planes in a rank r vector bundle, this vanishing is

a special case of Bott vanishing theorem [1] or a direct consequence of Kodaira vanishing
theorem. ]
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2.3. Casimir operators. We generalize the vanishing result in the previous subsection
to the case when we integrate certain K-theoretic classes given by universal sheaves on
moduli spaces.

Let 9P be the p™® Adams operation (see e.g., [5, 1.§6]). We will use it for p < 0
defined by 1?(z) = ¢ P(z") . For indeterminates 7 = (--- ,7_9, 71,71, T2, -~ ) and =
(«++ ,t_g,t_1,11,t9, -+ ) we consider a generalization of (2.8) with a = 0:

B(E) = td(N(E, &) exp(ler (Vo(E)) — d cha(E)/[C))

xoxp | 3 ek <¢p(5)/[@2]> +t,ch <¢p(€) ® Oc(—l)/[GZD ,

peZ\{0}

where the K-theoretic slant product e /[C?] is defined by /[C%] = g, (e ®¢;p* (K. é@)) with
p: C? — C2. We have two remarks for the definition. First we define the push-forward
g2+« by the localization formula, i.e., the sum of the fixed point contributions, since ¢
is not proper. This is a standard technlque in instanton counting and its meaning was
explained in detail in [18] §4]. Second K 2 is the trivial line bundle together twisted by
the square root of the character of (C*)?, which we consider as a character of its double
cover. Having the above two remarks in mind, we see that the above integral is essentially
defined by the equivariant K-theory push-forward as before.

We expand f]/W\m(c) ®(&) in t,, 7, and consider coefficients

/ GRS | LA / D (E),

n,m p#0 ()
where 7 = (--- ,n_1,ny, - ), m=(---,m_1,myq,---). If we set
d\" aN"
(5) L) - =T
p#0 b p#0

—

o (8 (2 o0
M () n!m! \ 0T ot ™ () i

= [ e ) exalies ) - dehu(e) )
Mm™(c)

x ch <® (w©)/en)™" e (ve) e oc<—1>/[@21)®’"”> .

p

Proposition 2.13. Suppose (cy,[C]) = 0.
(1) Assume the followings:
(a) 0<d+ >, gpny +pmy, and
(b) d+ Zp>0 pny +pm, < 7.
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Then the wall-crossing term s zero, i.e.,

/A CI)ﬁﬁl(é’):/A D77 (E).
M™(c) MO(c)

(2) We further assume m, # 0 for some p. Then
/A Oz .4(E) = 0.
Mm™(c)
Proof. (1) We note that
YP(&E & Cp @ (14 ;) = YP(&) +YP(Cry) @ (1 + )P,

as the Adams operation is a homomorphism. Then the proof exactly goes as before.
(2) Recall that M%(c) = M (p.(c)) under (E,®) — (p.(E), ®). Then *(£)00c(—1)/[C?]
vanishes, since p,(Oc(—1)) = 0. O

3. PARTITION FUNCTION AND SEIBERG-WITTEN CURVES

In this section we explain an application of the vanishing theorems to Nekrasov partition
functions. Here a reader is supposed to be familiar with [18, 19| 20, 8].

3.1. Partition function. Let us fix [ € Z. We define a partition function as the gener-
ating function of integrals considered in §§2.2,2.3:

(3.1) Z™%(ey,e9,a; A, 7) = Z(A2r€f(r+l)(s1+sz)/2)(A(c),mﬂ])

[

« / td M(e)explles(VE)) exp | S meh (17(8)/[CY) |,
Mie) peZ\{0}
where the rank r = r(c) is fixed. Here @ = (ay,...,a,) (D as = 0) is the vector given by
generators a; of H}(pt) and 1, €5 ones of H, (Coy2 (pt), and the integrals, more coefficients
of monomials in 7,’s, take values in the quotient field &(T') of H, %(pt) as explained in §1.3.

(More precisely the quotient field of the representation ring R(T) = Z[e*®1, e=2 ¢*0] as
in §2.2/since this is a K-theoretic partition function.) And the K-theoretic slant product
e/[C?] is defined by go.(® ® qi‘(Kéf)) as in §2.3.

We have

aoN" .
(3.2) (§> Z""e1, 62,0 A, 7 = 0) = ) :(A2T6—<r+l><al+ez>/2)(A(c»[ﬂﬂn
T

x /M( b (® (w%)/[c?])@"”) td M (c) exp(ler (V(E))):

Therefore Z™'(¢q,&9,d; A, T) gives us integrals of any tensor products of various Adams
operators applied to the universal sheaves.
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We consider fixed points of the T-action on M(c) as in [18, §2]: they are parametrized
by r-tuples of Young diagrams ¥ = (Yi,...,Y;) with [Y| = 3 |Y,| = (A(c), [P2]) corre-
sponding to direct sums of monomial ideals in C[z,y]. The character of the fiber of V(&)
at the fixed point Y is given by

Ch( ( )|Y 61,82’ Zeaa Ze—l )e1—a’ 5)52

SEYy

where a'(s), I'(s) are as in [18, §2]. We also have

exp(ley(V(E)|g)) =exp [1) ) (aa —I'(s)er — a’(s)eg)] .

a=1 SGY&
Therefore we have

(A27‘e—7‘(81+52)/2>|§7|

an;ﬁ(gl,gg, a)

(33) e |13 (00— (o) — ()2~ 2 2

a=1 s€Y,

inst -, =\
Zl (617827(1’/\’7—) - §
Y

X exp

_Z ePta {1 — (1 —eP1)(1 — eP=2) ZSGY& e—pl’(8)€1—pa’(s)52}]
TP )

(681/2 — 6—81/2)(682/2 — 6—62/2)
L p,&x

where n, 5(51, €9, @) is the alternatlng sum of characters of exterior powers of the cotangent
space of M(r,n) at the fixed point Y. Its explicit formula was given in [20, §1.2], where

it was denoted by ng’ﬂ(el, €9,a;3), and we put 3 = 1.
We have

(3.4) Z;“St(sl, g9, @; N, T) = Zi_“ft(—sl, —&q, —a; \,'7),

where '7 is given by ‘7, = 7_,. This symmetry is a simple consequence of [8, the displayed
formula one below (1.33)], or the Serre duality.
Let d € Z>o. We consider a similar partition function on the blow-up:

Zitaler,en A7 1) = 3 (A )20

C

« /ﬁ ()tdz\?(c) exp(ler(Vo(€)) — dcha(€)/[C])

coxp 3 mch (W(E)/E) + b (v(E) © 0c(~1)/[E) | .

pEZ\{0}

where we also fix (¢i(c), [C]) = —Fk in this case.
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This is related to the partition function (3.1) by

ler;cstl(sb €2, 57 A7 7?7 5
Z (6(51+52)(d7(r+l)/2 A2r) (K2) )/2¢ (d—1/2)(k,&)

k=(ko)€Z" HaeA la (517 €2,0 )
S ka=k

1 1
X exp [l <6(61 + £9) Z k:i + 3 Z k‘iaa)]

d—(r+l)/2
2r

e F 4 (e = 1))
e (7 (e = 1)i)),

X ZmSt(El, E9 — €1, a—+ 51]{7' Ae

d— (’V‘+l>/
X 7™ (g1 — £9,69,a@ + ok Ae

where (& (51, £9,@) is a function given in [20, (2.3)].

Let us briefly explain how this formula is proved. It is a consequence of the Atiyah-
Bott-Lefschetz fixed pomt formula apphed to the T-action on M ( ). The fixed points are
parametrized by (k, Yl, Y2), where k € Z" corresponds to a line bundle O(k,C), and }71,
Y? are Young diagrams corresponding to monomial ideals in the toric coordinates at the
C* x C*-fixed point p; = ([1: 0 : 0],[1 : 0]) and py = ([1 : 0 : 0],[0 : 1]) in P2 (See
[18, §3] for more detail.) The structure of the above formula, i.e., the sum over & of the
product of two partition functions comes from this description of the fixed point set. The
shift of variables in the partition functions come from study of tangent bundles, universal
sheaves at fixed points. All these are done in [18, §3], [8, §1.7], except the expression
e~%a/2(7 4+ (e%« — 1)t) (a = 1,2) appears for variables for the Adams operators.

If we replace the Adams operator )P by the degree p part of the Chern character, the
expression was given in [19, §4], where we just need to change variables as 7 + g,t. In
our situation, ¢ is multiplied by ch(Og(—1)),, = e** — 1 instead of ¢,. The factor e~%a/2
appears as the ‘square root’” of Kg2 ® K@ij at the fixed point p,, since the K-theoretic

slant product /[C?] was defined as gs.(® ® q{p*(KééQ)), not as ‘go.(® ® qi( 1/2)) . (We

avoid Kééz, which cannot be defined.)
We have

Zinst =, - ~Zinst =, = _ /
Zlkd(€1,€2,a,/\,7'—0 ‘5 Z lk‘T‘ d( 51,_52,_0/,]\,7——0,_{).

This is proved exactly as in [8] the last displayed formula in §1.7.1] and (3.4)), or the Serre
duality.
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We define the perturbation part, see [20, §4.2] and [8, §1.7.2] for more details. We set

1 1 1 b
/751,62(‘1:;A) = _6 $+§(€1—|—€2) + z*log A

28162

—nx

+Z (ene1r — 1) 6"52—1)’

n>1
~ 1 w2z
Taaa@i) =l ) + = (5 - )
2 2 2 3
i El‘l' 2 xlogA+7r— +51+€2+ E1E2 10gA
25162 6 126152

for (x,A) in a neighborhood of vV—1R+¢ x R+y.
We define the full partition function by

3

. —~ al
Zi(e1,€2,d; A, T) := exp [ D Fererlaa —ag A) =1 e
a#p a=1 1=2

inst =, —
Zl (517627Q7A77_)7

Z\l,k,d<517 €2,0; \, T, f)

r 3
= exp [_ 2%1752(6% —ag; ) — ZZ 6e1€9
a=1

a#f

Using the difference equation satisfied by the perturbation terms (see [20, §4.2] and [8,
§1.7.2]), we can absorb the factors in (3.5) coming from line bundles O(k,C) into the
partition function to get

(3.6)
Zipaler, e2,@ N, 7, 1)

- {{_(4(d—|—l(—1/2+k/r))—r)(r—1) . m} 51“21]

~inst =, -
Zl,k,d(517 €2, \, T, f}

48
X Z Zi(e1,69 — 51,a+sll e?r{dH( *)_’}A ekfl * e — 1)7,?))
D=2 % Zi(er — e9, 60,0 + eols eB 13T 751N " s TQ(T”F (e = 1)1)),

where [ runs over the set {l = (o), €Q" | Y 1y =0,y = —k/r mod Z}, and e*a/" x 7
is defined as
ks,l/r —2keq /T

%7 = ( e 72767k5a/r T_1, kea/rT eZkea/r gy )

We shift from the prev1ous ktol by lo = ko — k/r. The effect of this shift was calculated
in [8, (1.36)] when 7 = t = 0, and we have used it here. And e**/"x comes from
O(koC) = O((lo + k/r)C). The part I, is absorbed into the shift @+ &,/, but we need the
remaining contribution from k/r.

Remark 3.7. We do not make precise to which ring the full partition functions belong,
as a function in A. We just use them formally to make a formula shorter as above.
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This applies all formulas below until they (more precisely their leading coefficients) are
identified with one defined via Seiberg-Witten curves, which are really functions defined
over an appropriate open set in A.

3.2. Regularity at ¢; = g5 = 0. We assume 0 <[ < r hereafter.
Theorem 2.11(1) means

(38) Z\l,o’d(c‘l,&g,a;/\,?: O,E: 0) = Zl(€1,€2,J;A,7?: O)

for 0 < d < r. This was conjectured in [8, (1.37)]. Combined with (3.5), we see that
coefficients of Z™t(gy, g9, d@; A, 7 = 0) in A" are determined recursively if the above holds
two different values of d, as explained in [19, §5.2]. The equation (3.8), the left hand
side replaced by (3.6)), is called the blow-up equation. It gives a strong constraint on the
partition function Z(ey,e9,a; A, 7 = 0).

As an application, in [loc. cit., Prop. 1.38] we proved the followings under [loc. cit.,

(1.37)]:

(3.9) Z™er, =261, @ A, T =0) = Z™" (261, —e1, @G A, T=0) ifl#r,

(3.10) e189log Z)(e1,€9,d; A, 7 = 0) is regular at 1 = g9 = 0.

(More precisely only the proof of (3.9) was given in [loc. cit.,(1.37)]. The proof of

was omitted since it is the same as [20, Th. 4.4].)

Remark 3.11. Though it was not stated explicitly in [loc. cit.], the second assertion holds
even if [ = r. On the other hand, the first one follows from (3.8) for d and r 4 [ — d, which
must be different. Therefore [ # r is required.

Let us apply the same argument to Proposition 2.13 We expand Z™* as before:
(3.12) Z"Mer o0, 0 A7) = Y [ 7o 2 (61, 22, )
. p#0

with @ = (-+- ,n_1,ny,---). Thus

i = 1 9 g ins — —
Z;'iHSt(51752aa;A> - ﬁ <§»> Zl t<517€27a;A7T: )
By Proposition 2.13 we have
a\" 5 e o
(3.13) 8_f Zipd(er, 2,0 A, 7T=0,t=0) =0

if 77 is nonzero and satisfies

(3.14) —anp <d< T—anp.
p<0 p>0
After substituting to the left hand side, we also call this as the blow-up equation.
For simplicity we assume 7 is supported on either Z- or Z.o, i.e., n, = 0 for any p < 0
or n, = 0 for any p > 0. We say 7 is positive in the first case, and negative in the second
case.
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We define ‘log Z(e1,e9,a; A, T)" as follows. Since the perturbative part is already the
exponential of something, we only need to define ‘log Z™%’. Then observe that

inst =, =\ Tpepaa
2" 1,82, A, T) = exp (Z (661/2 — 6—61/2)(662/2 — 6—62/2)> x (1+0(4)).

p?a

Therefore log Z™ can be defined as the sum of Zpa e [(ee1/2 _e=e1/2)(ef2/2—e—=2/2) and a
formal power series in A.

Proposition 3.15. (1) Suppose that i satisfies the followings:

(a) If Yomyp is odd, —(r+1)/2 < 37 _opny (negative case) or 3 _apn, < (r—1)/2
(positive case).
(b) If > " n, is even, the strict inequality holds.

Then
Zﬁ(éfl, —261, a, A) = Zﬁ(Z&?l, —€&1, CY, A)

(2) If —=r < >, .o Py (negative case) or Y _opn, <1 (positive case),

a ﬁ
£1€9 (—H> log Zi(e1,€2,a; A, 7= 0)
or

1s reqular at €1 = €9 = 0.

Proof. Since the proof of (2) is the same as that of (3.10), we only prove (1).
We expand Z™" as

o0
Zlinst<€1’ g9, a; N, T) = Z Zn (€1, 9,0, ?)A2rN.
N=0
Note that

epaa

Zo(e1,€9,a,T) = exp ZTP (651/2 _ 6_51/2)<652/2 _ 6_52/2)

p?a

Therefore the assertion is true for Zy. We prove the assertion by the induction on N.
We further expand as

ZN<€1,€2,C_I:, _’) = ZHT;LPZN’ﬁ(€1,€2,a>

n p#0

as in (3.12).

Fix 77 and N and consider the coefficient of A2V HT,?” in (3.5). Setting 5 = —&1, we
have

(d—1/2) (K@) o (N1 —Nz2)(d—(r+1)/2)e1

l
- > (Ees P - exp (5 > kiaa)
(3.16) (k,E)/2+N1+Na=N HaEA Ik (g1, —€1,0)
fi1+Tio="

X Zny (€1, —2e1,d + 51/;)ZN2,ﬁ2(2€1, —€1,0 — 61/;)
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if 7 # 0 by the blow-up equation ((3.13) and (3.5)). Here the summation is over k, i,

ﬁg, Nl, N2 and we write ﬁQ = ( N2 —1,N2 1, ) We assume
—g pnpgdgr—g PNy
p<0 p>0

We suppose that the same equality holds for r + 1 — d. So we assume

Z+anp§d§7“—|—l—l—2pnp.

p>0 p<0

By our assumption, there exists d satisfying both inequalities, e.g., we take d = r —
Zp>0 pn, in the positive case, r + [ + Zp<0 pn, in the negative case. Moreover, we may
assume d # (r+1)/2 if > n, is even.

Substituting r + [ — d into d in , and replacing k by —k, (N1, Ny) by (Ns, N7) and
(711, 7i2) by (72, 1), we get

o (d=1/2-1)(F.@) o (N1~ N2)(d—(r+1) /2)e1

0= Z (_1)Zn1,p H F

(k,k)/2+N1+No=N a€lA ta
iy +iig=

exp (é Z kiaa>

(517 —€1, 6)

-

X Z]\[l’ﬁ1 (261, —€&1, 6 + 51k>ZN2,ﬁ2(€17 —281, (i — 81];:).

Note . -
or(k.)/2 e~ (ka@)/2

HdEA l§’<€17 —E&1, 6) H&GA l;;(gla —€1, a)
by [20, Lem. 4.1 and (4.2)]. Note also that > ny, = > n, — > ns, and hence we can
replace (—1)="» by (—1)2="2# in the above formula. Then the only difference of the
above two equations are variables for Zy, 5, and Zy,5,. By the induction hypothesis
those are also equal if Ni, Ny < N. Therefore we have

0= Z (_1)2”2,;7 <€N(d_(r+l)/2)61ZN7ﬁl (81, —251, 6)Z0752(2€1, —€&1, CY)
n1+ne=n +—644V0L%T+D/2klzﬁlﬁl(51,—‘251,6)22mﬁ2(251,‘—51,6)
— N1 7 o (261, —€1, @) Zo iy (€1, —261, @)

— e NU=(r+D)/2)er Zoi, (261, —€1, @) Zn iy (€1, — 2671, 5)) ;

(3.17)
_ Z (_1)2712@ 6N(d—(7"+l)/2)81 Zo,ﬁg (251’ —£1, c_i)
7l +ii2 =7 X {ZN,ﬁ1 (817 _2517 C_i) o ZNvﬁl <2€1’ L 6)}
1 e~ N=(r+D)/2)a1 Zogi, (61, —2¢1, @)
X {Znm, (261, —€1,@) — Zn ., (E1, _261’6)}]’
if 1 #£ 0.

We now prove the assertion by induction on n. The case 7 = 0 is treated already in

(3.9).
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Now we assume that the assertion holds for smaller 77. Note that the assumption on 77
implies that on smaller ones. Then the only remaining terms in (3.17) are either 77; = 0
or 79 = 0. Therefore we have

0= (eN(d—(r+l)/2)51 . (_1)an€—N(d—(r+l)/2)51> {ZN,ﬁ(gla —261, C—L») . ZN7ﬁ<2€1, —&1, C—L»)}

Hence we have the assertion for Zy 7. Note that we take d # (r+1)/2 when > n, is even,
so the above is a nontrivial equality. ([l

Remark 3.18. We need the vanishing (3.16) for the case when ) n, is odd, but it is enough
to suppose that the right hand side of (3.16) is the same for d and r +1 —d when > n, is
even. In particular, if we use (3.8) instead of (3.13), the above argument works even for
7t = 0. This is nothing but the proof of (3.9) in [8].

3.3. Contact term equations. We expand as

€1&2 log Zl(glv €2, a; A7 T)

2 2
€1 + &5

= Fo(@; A7) + (1 4+ 2) H(G; A, T) + e182A(G; A, T) + B(a, A7) + -+,

where we only consider (9/ 8F)ﬁ|?:0 applied to this function, with 7 in the range in
Proposition 3.15(2) so that singular terms do not appear.

By (3.9) H(a; A, 7 = 0) comes only from the perturbative part. Thus we have H(a; A, T =
0) = —mv/—1{@, p), where p is the half sum of the positive roots. More generally by Propo-
sition [3.15(1) we have

ON" e -
(E’) H(@AN7T=0)=0

if 77 satisfies the condition there.

We introduce a new coordinate system for @ by a' = a; +as+---+a; (i =1,...,r—1)
as in [18, §1]. We also define £ for k in the same way.
Let

1 9*Fy(a; A, 7=0)
2my/—1 oaldal

Let ©p(£]7) be the Riemann theta function defined by

5(Er) = Z exp (W\/_Z k'K + 2%\/_2 K&+ = )
kezr—1

We substitute (3.6) into the left hand side of (3.8), and take the limit of £;,65 — 0.
Using H(a; A, 7 =0) = —my/—1(d, p), we obtain

1 r+ 1\ *Fy
exp(B — A) = exp [_@ (d_ 2 ) (0log A)?

]_ 1 T —|— l 02F0
Op | — — | d— -
2w/ —12r 2 dlog Ada
for 0 < d <r asin [20, §4]. Here Iy, A, B are evaluated at (a; A, 7 = 0).

(319) Tij = —

)
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In particular, the right hand side is independent of d. Dividing by the expression for
d=(r+1)/2 (ifr+1liseven),d= (r+1—1)/2, (if r +1is odd), we have

(3.20)

r 62 -
Op <_47r 1—17‘ (d =) 810g}/7\b8[1' T) ex 1 g_" +1\* 0°F
0:(0[7) - 82 2 ) (@logA)Z|’
r 62 -
@E<_47r\/1jlr (d_%l) 810g}/7\b8c_i 7-> — exp L{(d_T—Fl)Q—l} 82F0
2 N 812 2 4 [ (Olog A)?
Op (BW\/ljlral?)g}/?\Oad T) Lo (Olog A)

according to either r + [ is even or odd. This equation is called the contact term equation.
This equation determines Fy(@; A, 7 = 0) recursively in the expansion with respect to A,
starting from the perturbation part.

Here we remind again that our full partition function, and hence 7;; and © E(g|7'), ete,
do not have the rigorous meaning. (See Remark [3.7.) The rigorous form of the contact
term equation is given by rewriting it as an equation for the instanton part. This was
given in [18, (7.5)], for the homological version of Nekrasov partition function, but we do
not give here since it is not enlightening.

Similarly as the limit of (3.13), we obtain

1 r+1 0 a\"
21) 0=—— (d-— =) Fy(@A, 7=
(3:21) 0 2r (d 2 ) Jlog A (8?) o(@; 4,7 =0)

o1 Z O0log O
2w/ —1 - &

0 (3) Fol@: A, 7 = 0)

e L (d-r) o2r,  Oa' \ OT

T dny/—1r dlog Ada

2

when 7 is nonzero, either positive or negative and satisfies (3.14) and (3.15)(1)(a),(b). We
call this as the contact term equation for (9/07)"F,. This derivation of the contact term
equation from the blow-up equation can be done in the same way as in [19, §5.3].

Since dlog O /¢! is divisible by A, this equation determines (9/07)" Fy recursively in
the expansion with respect to A starting from the constant term:

o\" o\"
B a: — 7 — — _ Paa
<(‘37?) Fy(@; A =0,7=0) (8?) E Tpe

p7a

(3.22) 7A=0

_ {Za eP|, _, ifn,=1and n, =0 for ¢ # p,
0

otherwise.

In particular, we have
8 ﬁ
(_6?> Fo(a; A, 7=0)=0

unless n, = 1 and n, = 0 for ¢ # p. The remaining 0F,/07, will be determined in the
next subsection.
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Since higher derivatives vanish, we have

(/2 = ea) (e — e22) 0™ (27 Zi(e), 25,3 A, 7 = 0)

Zl(51a527d’; A77?: O)

e1=¢e2=0
F "
=11 (@(J;A,f: 0)) .
. ot

By (3.2) this is equal to

1

3.23 -
( ) Z;n5t<€1,82,a;A7F: 0)

Z(A2r67(r+l)(€1+€2)/2)(A(C),[PQD

C

)

x /M Lo <® ww)/[on@%) td M () exp(ler (V(€)))

p

e1=€2=0

where o/[0] is the slant product go.(e ® ¢i(Cq)) = (e51/2 — e751/2)(e52/2 — ¢752/2) o /[C?]
with the skyscraper sheaf Cy at the origin, which is nothing but the restriction to the
origin.

3.4. Seiberg-Witten prepotential. We give a quick review of the Seiberg-Witten pre-
potential for the theory with 5-dimensional Chern-Simons term in this subsection. See [8,
App. A] for more detail. (We change the notation slightly: m in [loc. cit.] is our I. a; is
our a,. 3 is set to be 1.)

We consider a family of hyperelliptic curves parametrized by U = (U, ..., U1):
Cpy, Y2 = P(X)? —4(=X)" A%
PX)=X"+U X" 4+ U X2+ 4 Up X+ (1)

for —r <l < r,l € Z. Note that we set 3 = 1 from [loc. cit.] for brevity. We call them
Seiberg- Witten curves. We define the Seiberg- Witten differential by

1 2XP(X)— P(X

o x ZXP) = (r+ )P0

2my/—1 2XY

We choose z, (a = 1,...,7) so that X, = eV~ are zeroes of P(X) = 0. Then we
take the cycles A,, By (v =2,...,7) in a way explained in [loc. cit.].

We define a,, a? by
aa:/ ds, afz/ ds.
Aa @

We then invert the role of a, and U,, so we consider a, as variables and U, are functions
in a,. Here we use a, = —v/—1z4 + O(A) [loc. cit., (A.1)].
Then one can show that there exists a locally defined function Fy = Fy(a; A) such that

b 1 0%

o = T ony10a,
This defines Fy up to a function (in A) independent of @. This ambiguity is fixed by
specifying 0Fy/0log A and the perturbation part of Fy. See [loc. cit.] for detail.

s = dX.
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It was proved in [loc. cit., (A.27), (A.33)] that Fy satisfies the contact term equations
(3.20) where the period matrix (7) is defined by the same formula as (3.19)) by replacing
Fy by Fy. Moreover, it was also proved that Fy has the same perturbation part as Fjy
[loc. cit., Prop. A.6]. Therefore the recursive structure of implies that Fy = Fp,
i.e., the leading part of the Nekrasov partition function is equal to the Seiberg-Witten
prepotential.

In [loc. cit., (A.25)], it was proved

_ 1 oy, n 1 Zalog@E ou,
© 2rdlogA  2my/—1 - ot |z o2k Oal

§=—1y=Tr 9log A0

(3.24) 0

under the assumption r 4 [ is even. This is the same as the equation with d — (r +
1)/2==+1. When r 41 is odd, we assume that U, satisfies (3.21) with d = (r +1+1)/2
for a moment, and gives a proof later.

The initial condition for U, is

Up = (_1)pep(X17 e 7X7') = (_1)})61’(6&17 e ’€GT> at A = 0’

where e, is the p'" elementary symmetric polynomial. Noticing that holds for
polynomials in 0Fy/07,, we see that (—1)?U, and 0F,/0T, are related exactly in the same
way as an elementary symmetric polynomial and a power sum by (3.22).

Theorem 3.25.
OFy

o7,

holds for —(r +1)/2 <p < (r—1)/2.

(@A, 7=0)=X7+---+XF

Note that all U,’s are written by polynomials in g—g(d’; A, 7 = 0) in the above range,

as Xi---X, = 1. Thanks to (3.23) the polynomials can be replaced by those in Adams
operators. We thus have

(_1)]) o — 2
U = — A2 o= (D) (e1+e2)/2) (A(e),[P])
P lenSt(EZL,EQ,C_i;Aa/F:O) Z( € )

C

x /M BN E/0)) M) expltes (VIE)

e1=€2=0

for 0 < p < (r—1)/2. For (r —1)/2 < p < r, the equation holds if we replace A"(E/[0])
by A""(£/]0])¥. This equation gives a moduli theoretic description of the coefficients U,
in the Seiberg-Witten curves.

It remains to show that U, satisfies (3.21) with d = (r+{+1)/2 in the case r +1{ is odd.
Let us give a sketch of the argument. We use the notation in [loc. cit.], e.g., E (X1, X5)
is the prime form, ws, —¢_ is the meromorphic differential with the vanishing A-periods
having poles 0_ and oo, of residue —1, 41 respectively, etc.
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By [4, Cor. 2.11] we have

( 02X+OO+ (Ij) E(0—7 OO+)
O%(3 Jo W) E(X,0-)E(X, 004

alog@E

= Woo, —0_(X)+2 X . w;(X).
+ 0 ( ) 27'(' /_1 ; 857’ §_7f°°+ . ( )
By [loc. cit., (A.18)], we have
(P(XY) - S~ U, XX
2XY Z dlogh v Wero-(X).

Therefore it is enough to show

(P(X) — Y)dX 0% (3 fo Fooy @) E(0_,004)

(3.26)

As in [loc. cit., §A.7] we take the branched double cover p: (f*m — Cp, given by
W +— X = W?2. It is given by

YQ — P(W2)2 . 4<_W2)T+ZA21“

(3.27) = (P(W?) = 2(V/=1W)™ A7) (P(W?) 4 2(v/=1W)" A7) .

We consider the Szeg6 kernel for éﬁ,l given by

O5(Jw, &)
V(Wi Wa) = ~—— 20—
Oz(0)E(W1, Wy)

where © 7 is the Riemann theta function for the curve 6@. As in [loc. cit., the first two
displayed formulas in §A.6] we have

Y — P(W?) 1
~ 2 _ -~ 7
U (W,004) VG dW d(W2)

From the defining equation of the double cover, this has zero of order 2(r 4 1) at
04 and of order 2(r — 1 — 1) at co_. Therefore

div@A(W—ooJr) =(r+10)-04+(r—-1-1) 00
(See [4, pp.16, 17] for basic properties of E(W1, W>).)

If we identify the half-integer characteristic E with a vector in C2~! so that ©4(¢) =
o — E), we have

(3.28) E=@+0-0.+(r—1—1) o00o_ —ooy — A,

where A is the Riemann’s divisor class (4, Th. 1.1)).
By [loc. cit., Lem. A.32] we have

(3.29) E=p'E—[0,c,0],

Wao=o004
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where p*: Jo(Cy,) — Jo(am).
On the other hand, we have

~ 1 [+
(3.30) A—p"A=0_+oc0_+p" <§/ w) + [0, ¢, 0]

by [4, Prop. 5.3].
From (3.28,3.29/3.30) we get

-1 -1 1o
=" +T—-oo_—0_——/ 5— A,
0_

2 + 2 2

where we have used 04 — oo_ = 0oy — 0_. Therefore © E( 02X+ &) has zero of order

(r4+1—1)/2 at 04, and of order (r — [ —1)/2 at co_ again by [4, Th. 1.1].

On the other hand, the left hand side of (3.26) has zero of order r +1 — 1 at 0, and
of order r — [ — 1 at oco_. Both sides of (3.26) have poles at 0_, oo, with residues —1, 1
respectively. (See [4, Cor. 2.11].) Therefore we have (3.26).

Although it is not necessary, let us also sketch how to prove (3.21) for more general d.

We first assume r + [ is even and generalize (3.24)) as

d oU, 9log O

ou,
2 olog A 2nv/-1 Z o€

£ d o2ry  Oat

~ 4n/—1r OlogAda

for |d| < (r —1)/2. This equation is nothing but (3.21) with d — (r +1)/2 replaced by d.
In terms of the d in (3.21), the condition is | < d < r. This is exactly one under which
we have proved (3.21) for all p from the vanishing theorem.

To show (3.31) we use [loc. cit., the first displayed formula in §A.6.2], which is [4,
Cor. 2.19 (43)]. We replace d by d + 1 and take zg = X, yo = X', &y = -+ = 24 = 0_,
Yyp =+ =1yq = 00,. We then get

dOO++X/—; _d2
O (fi13" 5) (E(X,o_>E<oo+,X'>)d(E<o o) VAT VI )

(3.31) 0=

050 E(X, X)) \E(X,00.)E(0_, X') xm0 Xo
B , \IJE(O_,X’)\I/E(X,oo+)1—(X/X’)d
=X T T ) T (XX

This is proved exactly as in [loc. cit., §A.6.2], so the detail is omitted. We multiply both
sides E(X, X'), differentiate with respect to X’ and set X' = X. We get

(3.32) Z algi@E / " B)a(X) +d X 6, 0 (X) = d\PE(X\;;O)‘I/i(O‘f)’ o0-)

as in [15, I1Ib §3, p.226]. When d = 1, this is nothing but [loc. cit., (A.24)]. From the
argument in [loc. cit., §A.6.1] we get (3.31).

We next consider the case r+1 is odd. We take the branched double cover p: aﬁ’l — Cy,

given by W +— X = W?2 as before. Then r, | become 2r, 2l for ém, and hence we have
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. or O , Wit replaced by 2d:
3.32) f C’Ul h d replaced by 2d

Z@log@ (Qd/“+ J)MWHZM%@ (zd/ooo+ SN, (W)

a=2 afa > afl
1 ~ 0o i G
m( d/ “_J)A)@*(W) +2d x @oo+_o, (W) = 2d E(Mf\’o ) E(Wv OO_,_),
og, 0_ (0000

where we take cycles Aq, B, Ai, B, A, B, as in [loc. cit., §A.7] and the corresponding
coordinates &,, &, 5 on JO(C’ ) This holds if |d| < (r —[)/2 as above. The right hand
side is

o POVA) —Y)aW [ (P(X) = Y)dX
2WY B 2XY
as [loc. cit., the second displayed equation in §A.6.1]. We also have
~ 1,
Woo, —0_ (W) = §p Wooy —0_ (X)

by definition. R
On the other hand, we rewrite the theta function © 5z by O by using [loc. cit., (A.29)
and the second displayed formula in p.1105]. We then get

{2 [ e o

B (P(X)=-Y)dX
+dxwoo+,0_(X)_d XY
From this we get
B d ouU,
~ 2rdlogA
1 1 [ dlogBpg OJlog O ou,
+ 2y —1 Z 5 88 - dt1/2  92F ag’b o a-12 92F dat
g == 4my/—1r 9log ADE fzimmr dlog Apa

as in [loc. cit., §A.6.1]. This is nothing but the sum of (3.21) for d replaced by d + (r +
+1)/2 and d + (r + 1 — 1)/2. Since we have already proved (3.21) for (r +1—1)/2, we
have (3.21) for I < d <.

4. QUIVER DESCRIPTION

In this section we review the result of [21], rephrase that of [22] in the quiver description,
and add a few things on Ext-groups.

4.1. Moduli spaces of m-stable sheaves. We take vector spaces Vj, Vi, W with
~ 1
r=dimW, (c,[C]) =dimVy—dimV;, (chy,[P?])= —§(dimVO + dim V4).

We consider following datum X = (By, Bs, d, 1, j)



PERVERSE COHERENT SHEAVES ON BLOW-UP. III 35
e By, B, € Hom(V4,Vp), d € Hom(Vp, V1), i € Hom(W, V), 5 € Hom(Vy, W),

Bi1,Bs
~ 4
w
o 1(B1,Bs,d,i,j) = BidBy — BedBy +ij = 0.

Let Q := u~1(0) be the subscheme of the vector space Hom(Vi, V4)®? & Hom(Vp, V;) &
Hom(W, ;) @ Hom(Vy, W) defined by the equation = 0. It is acted by G := GL(V}) x
GL(W1)

Vo

Vi

g+ (B, B,d.i,5) = (9oB191 ", goB2gr ', 1dgq ', ot jgr )-
Let ¢ = (Go, 1) € Q2
Definition 4.1. We say X = (By, Bs,d, i, 7) is (-semistable if
(1) for subspaces Sy C Vp, S1 C Vi such that B,(S1) C Sy (o = 1,2), d(Sy) C Sh,
Ker 7 D 51, we have (,dim Sy + (; dim S < 0.

(2) for subspaces Ty C Vy, T1 C Vi such that B, (7)) C Ty (« = 1,2), d(Ty) C T7,
Im: C Tg, we have (ycodim Ty 4 (4 codim 77 > 0.

We say X is (-stable if the inequalities are strict unless (Sp,S1) = (0,0) and (7p,73) =
(Vo, V1) respectively.

We say X7, X5 are S-equivalent when the closures of orbits intersect in the (-semistable
locus of Q.

By a standard argument, we can see that these come from quotients of () by G in the
geometric invariant theory. We only explain the result, see [10] for detail.

Let x: G — C* be the character given by x(g) = det g, 0 det 91 . where we assume
(Co,¢1) € Z* by multiplying a positive integer if necessary. We have a lift of G action on
the trivial line bundle @) x C given by (B, Bs, d,i,j,2) = (g (B, Ba,d,i,7), x(g)z). Let
L denote the corresponding G-equivariant line bundle. Then we can consider the GIT
quotient

M = Proj (@ A(Q)’“”) ,

n>0

where A(Q)X™ is the relative invariants in the coordinate ring A(Q) of Q: {f € A(Q) |

—

flg-X) = x(9)"f(X)}, which is the space of invariant sections of LZ™. Then M is
the quotient of (-semistable locus modulo S-equivalence relation. It contains ]\/Zg‘ of the
quotient of (-stable locus modulo the action of G.

We have a natural projective morphism 7: ]\//TC — u1(0)/G, where p~1(0)/G is the
affine geometric invariant theory quotient of x~1(0) by G, i.e., M,. By 21, §1.3] = 1(0) )G
is isomorphic to My, the Uhlenbeck partial compactification on P2

Now the main result of [21] says
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Theorem 4.2. Let m € Zxq. Suppose that (y < 0, 0 > m{y+ (m + 1)¢; > —1. Then
we have M; = M¢ and it is bijective to the set of isomorphism classes of m-stable framed

sheaves on P2.

We use this result as the definition of the moduli scheme of m-stable framed sheaves in
this paper. Therefore MC will be denoted by M™ (or M m( ) when we want to write the
Chern character of sheaves) hereafter. It was proved in [21, 2.4] that (a) du is surjective
and (b) the action of G is free on the (-stable locus. Therefore J/\/[\C is a smooth fine moduli
scheme.

The construction is given as follows: We consider the complex

CoVi®o
Vo ® O(C — L) o Vo ® O((s)
(4.3) &) 2L, Ceheo 2 o ,
Vi @ O(—Lx) ® Vi®O(—C+l)
W& O
with
z Z()B1
w 2bB: Zo —z1 Bozyg —Bizy 1z
a=|0 a-zdB\ B=lg gy 0 o)
0 Z9 — ZodBQ
0 20

The equation p(By, By, d,i,j) = B1dBs — BedB; +ij = 0 is equivalent to Sa = 0. The
stability condition ensures the injectivity of o and the surjectivity of 5. Then the sheaf
corresponding to (By, Bs,d,i,j) is defined by £ = Ker #/Ima. By the definition it is
endowed with the framing E|,, — W ® O,_. The (-stability is identified with the m-
stability.

The inverse construction is given by

Vo = Hl(E(—EOO)), Vi = Hl(E(C —lso))s

and By, By, d, t, j are homomorphisms between cohomology groups induced from certain
natural sections. -

From this construction V4, V; naturally define vector bundles over M™, which are
denoted by Vy, V; respectively. The above «, (3 in (4.3) are interpreted as homomorphisms
between vector bundles and the universal family £ is given by Ker 8/ Im «.

When we prove that the (-stability corresponds to the m-stability in Definition 1.1,
it is crucial to observe that the sheaf Oc(—m — 1) corresponds to the datum V5 = C™,
Vi=C"' W=0,d=0 and

Bi=[1n0], By=l[o1.],

where 1,, is the identity matrix of size m. We denote this datum by C,, as above.
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4.2. Tangent complex. From the construction the tangent space is the middle coho-
mology group of the complex

Hom(Vp, V1)
0
Hom(Vj, Vo) C? @ Hom(V1, V) p
(4.4) & s - —— Hom(V3, V),
Hom(V4, V1) Hom (W, Vp)
=
Hom(V;, W)
with
dgy — &xd d B+ BB+ B
5 Bt _ B, B,| BubB:+ Budb, + BidB:
. [ f(j = [Bobs—&DBa| . (dn) |By| = = BadBy — BydBy — BydB,
Lot i +ij+ i,
—Jj& j

where du is the differential of u, and ¢ is the differential of the group action. Remark that
dp is surjective and ¢ is injective by the above remark if X is (-stable.

4.3. A modified quiver. We fix the vector space W with dimW = r # 0. We define a
new quiver with three vertexes 0, 1, co. We write two arrows from 1 to 0 corresponding
to the data B, B, and one arrow from 0 to 1 corresponding to the data d. Instead of
writing one arrow from oo to 0, we write r-arrows. Similarly we write r-arrows from 1 to
0o. And instead of putting W at oo, we replace it the one dimensional space C on oo.
We denote it by V.. It means that instead of considering the homomorphism ¢ from W
to Vp, we take r-homomorphisms i1,is,. . ., i, from V,, to V; by taking a base of W. (See

Figure[2.)

0= ]
N4

\V#

FIGURE 2. modified quiver

We consider the full subcategory of the abelian category of representations of the new
quiver with the relation, consisting of representations such that dimV,, = 0 or 1. An
object can be considered as a representation of the original quiver with dim W = 0, or
dim W = r, according to dim V,, = 0 or 1. Note that we do not allow a representation of
the original quiver with dim W # r, 0.

It is also suitable to modify the stability condition for representations for the new quiver.
Let ({o,(1,¢00) € Q3. For a representation X of the modified quiver, let us denote the
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underlying vector spaces by Xg, X1, Xo. We define the rank, degree and slope by
rank X := dim Xy + dim X; + dim X,
(-dimX = (ydim Xy + ¢; dim X + (o dim X,
¢ -dim X
" rank X

where 0(X) is defined only when X # 0. We only consider the case dim X, = 0 or 1 as
before. We say X is 0-semistable if we have

0(S) < 0(X)

for any subrepresentation 0 # S of X. We say X is #-stable if the inequality is strict
unless S = X. If 0(X) = 0, 6-(semi)stability is equivalent to (-(semi)stability. In fact, if a
subrepresentation S has S,, = 0, then 0(S) < 0 is equivalent to (o dim Sy + ¢; dim S; < 0.
If a subrepresentation 7" has T, = C, then 6(7) < 0 is equivalent to (ycodim Ty +
(1 codim Ty > 0.

The 6-stability is unchanged even if we add ¢(1,1,1) (¢ € R) to (o, (1,(x). Therefore
once we fix dim Xy, dim X, dim X, we can always achieve the condition #(X) = 0
without the changing stable objects.

(4.5)
0(X) :

4.4. Wall-crossing. Let us fix a wall {¢ | m{y+ (m+ 1) =0,y < 0} and a parameter
¢" = (8, Y) from the wall. We take ¢*, ¢~ sufficiently close to ¥ with
1> me + (m+1)¢ >0, —l<mly +(m+1) <0.

(See Figure[3l) Then ¢~ is nothing but the parameter ¢ appeared in Theorem 4.2 corre-
sponding to the m-stability. On the other hand, we also know that (™ corresponds to the
(m + 1)-stability by the determination of the chamber structure in [21, §2].

G

G+¢=0 A

m+ (m+1)¢; =0

+
¢ 2
——*

>

FI1GURE 3. wall-crossing

Let us define the scheme M™™*! as the GIT quotient ]\/4\@ with respect to the (°-
semistability. .

From [21] it follows that M™™*! is the S-equivalence classes of (m,m + 1)-semistable
sheaves set-theoretically, where

Definition 4.6. (a) A framed sheaf (E, ®) on P? is called (m, m + 1)-semistable if
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(1) Hom(E, Oc(—m —2)) = 0,
(2) Hom(O¢(—m), E) = 0, and
(3) E is torsion free outside C.

(b) A framed sheaf (E,®) on P? is called (m, m + 1)-stable if it is either Oc(—m — 1)
(with the trivial framing) or both m-stable and (m+1)-stable, i.e., we have Hom(E, Oc(—m)) =
0 and Hom(O¢(—m), E) = 0 instead of (1),(2).

(c) A (m,m+ 1)-semistable framed sheaf (E, ®) has a filtration (0 = E° Cc F' C --- C
EN = E) such that E°/E"! is (m,m + 1)-stable with the induced framing from ®. We
say (m,m + 1)-semistable framed sheaves (F,®) and (E’,®') are S-equivalent if there
exists an isomorphism from @, E'/E""! to D, E"7/E"~! respecting the framing in the
(m,m + 1)-stable factors.

The main result [21, Th. 1.5] was stated for m-stable framed sheaves, but it can be
generalized to the case of (m,m + 1)-stable framed sheaves. It follows from Proposi-
tions 4.1,4.2 there that X is (%-semistable if and only if it satisfies the condition (S2) in
loc. cit., Th. 1.1] and the condition corresponding to (al-2) above. Then the remaining
arguments are the same. .
ASince Ci—stglzﬂity iml)lies Co—semista/\bility,/\we have P\atural morphisms &,,: M™ —
MLt At — ppremtl s Thus M™, M™T and M™™ 4 form the diagram ().

This definition of M™m+! is different from what are given in [22] for ordinary moduli
spaces without framing, but they are the same at least set-theoretically thanks to the
construction in [loc. cit., §§3.6,3.7]. It is also possible to show directly that &,,, £ have
structures of stratified Grassmann bundles described there.

From the definition it is clear that &,,, & are compatible with projective morphisms

M™ Mo, M+l Mo, Mm M, (all denoted by 7 before).
The change of the moduli spaces under the wall-crossing is described as follows:

Proposition 4.7 (][22, 3.15]). (1) If (E~, ®) is m-stable, we have an exact sequence
0—-V®C,—-E —E —0

with V' = Hom(C,,, E~) such that
(a) E' is (m,m + 1)-stable, and
(b) the induced homomorphism V — Ext!'(E’,C,,) is injective.
Conversely if (E',®) is (m,m + 1)-stable and a subspace V. C Ext'(E',C,,) is given,
(E~,®), defined by the above exact sequence, is m-stable.
(2) If (ET,®) is (m + 1)-stable, we have an exact sequence

0—-F —-FEt>U"®C, —0

with U = Hom(E™, C,,) such that

(a) E'is (m,m+ 1)-stable, and

(b) the induced homomorphism UY — Ext!(C,,, E') is injective.
Conversely if (E',®) is (m,m + 1)-stable and a subspace UY C Ext'(C,,, E') is given,
(ET,®), defined by the above exact sequence, is (m + 1)-stable.
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4.5. Computation of Ext-groups. In this subsection, we continue to fix a wall m{y +
(m—i— 1)C1 =0, C(] < 0.
Take X = (Bi, By, d,i,j) defined on Vg, Vi, W such that (B, Bs,d,i,7) = 0. We

consider the complex

Hom(Vp, C™ 1)

Hom(Vp, C™) @
(4.8) 0 —2 - C?*® Hom(V;,C™) —— Hom(V;,C™),
Hom(V;, C™ 1) )
Hom (W, C™)
with
] &id
516 _ | SBi—[mo]&
_51 §oBy — [01m &1 |
§ot
K
Bl 'L 't ~. o =
T |~ :[1m0]dBQ—[Olm]dBl+Zj+Blng—B2dBl.
2
1

This complex is constructed as follows. We take the dual of (4.3), and replace the part

[z w]

CCRVyo0 — Vi 0O(—C +ly) by Vi @ O(C — l). We then take the tensor
product with C,,, and apply H*(IP? e). Therefore when X corresponds to a framed sheaf
(E, ®), the cohomology groups of the complex are Ext*(E, C,,).

Lemma 4.9. Suppose that X corresponds to a framed sheaf (E, ®).
(1) Hom(E, C,,) = Ker o, Ext'(E, C,,) = Ker 7/ Im o, and Ext*(E, C,,) = Coker 7.
(2) Suppose further that X is (m,m + 1)-semistable. Then T is surjective.

Proof. (1) These are already explained.
(2) By the Serre duality we have Ext*(E,C,,) = Hom(C,,_;, E)". But the right hand
side vanishes if E is (m,m + 1)-semistable. O

If X is ("-stable (i.e., (E, ®) is m-stable), we also have Ker o = 0. But this does not
hold in general if X is only (m,m + 1)-semistable.
Next we consider the complex

Hom(C™, V1)
Hom(C™, V) @
(4.10) @ —2 - C? ® Hom(C™*',Vy) —— Hom(C™*',1}),
Hom(C™* V) ®

Hom(C™ W)
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with
) d&o
o S| _ | Bi& —&[mo0]
[S! Byly — & [om] |’
jIS!
[ d
By ~ ~ ~ ~ ~
T E :Bld[lm 0]—B2d[0 1m]+l]+B1ng—BQdB1.
2
| J

Lemma 4.11. Suppose that X corresponds to a framed sheaf (E, ®).
(1) Hom(C,,, E) = Ker o, Ext'(C,,, E) 2 Ker 7/ Im o, and Ext*(C,,, E) = Coker 7.
(2) Suppose further that X is (m,m + 1)-semistable. Then T is surjective.

Proof. The proof of (1) is the same as in Lemma 4.9, so is omitted.
(2) We have Ext?(C,,, E) = Hom(E, C,,11)" by the Serre duality. But the right hand
side vanishes if F is (m, m + 1)-semistable. U

If X is (*-stable (i.e., (E,®) is (m + 1)-stable), we also have Ker ¢ = 0. But this does
not hold in general if X is only (m,m + 1)-semistable.

Corollary 4.12. Let Q*(¢°) be the open subscheme of Q consisting of (°-semistable, i.e.,
(m,m + 1)-semistable objects. The differential dy is surjective on Q*(¢°). Hence Q*(¢°)
15 smooth.

Proof. Since the surjectivity of du is an open condition, it is enough to check the assertion
when X is a direct sum of (%-stable objects. As explained in Definition 4.6, we have
X = X°®C% where X° is (*-stable with X, # 0 and p > 0. Then the tangent complex
(4.4) decomposes into four parts, the tangent complex for X°, the sum of p-copies of the
complex for X9, the sum of p-copies of the complex for X% and the sum of
p?-copies of the tangent complex for C,,.

The differential of du for X is surjective since X is (®-stable by [21, 2.4]. The sur-
jectivity of 7 for (4.8) and (4.10) was proved in Lemma 4.9 and Lemma [4.11 respectively.
The surjectivity of du for C,, follows from either [21, 2.4], Lemma [4.9 or Lemma [4.11]
since Cy, is (—1/m,1/(m + 1))-stable by [21, §2.2]. O

5. ENHANCED MASTER SPACES

A naive idea to show the weak wall-crossing formula (=Theorem [1.5) is to compare
the intersection products on M™(c) and M™% (c) through the diagram (). Such an idea

works when M (), M m+1(c) are replaced by moduli spaces of stable rank 2 torsion free
sheaves over a surface with p, = 0 with respect to two polarizations separated by a wall
which is good [3]. (See also [7].)

However the idea does not work since the morphisms &,,, ! are much more complicated
in our current situation, basically because dimensions of vector spaces V', U in Proposi-
tion [4.7 can be arbitrary. We use a refinement of the idea, due to Mochizuki [14], which
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was used to study wall-crossing formula for moduli spaces of higher ranks stable sheaves.
It consists of two parts:

(Ma): Consider a pair of a sheaf and a full flag in the sheaf cohomology group.
(Mb): Use the fixed point formula for the C*-equivariant cohomology on Thaddeus’
master space.

In this section we describe the part (Ma). The results are straightforward modifications
of those in [14, §4], possibly except one in §5.4.

We remark that Yamada also used moduli spaces of pairs of a sheaf and a full flag in
the sheaf cohomology group to study wall-crossing of moduli spaces of higher rank sheaves
29].

We continue to fix m and choose parameters (Y, (* as in the previous section. We
fix a dimension vector v = (vg,v1,1) and define % so that the normalization condition
Quo + vy + €% = 0 is satisfied.

5.1. Framed sheaves with flags in cohomology groups. Let ((E,®), F'*) be a pair
of a framed sheaf and a full flag F* = (0 = F° c Ft ¢ --- c FN"' ¢ FN = Vi(E))
(N =dim V4(F)). Let £ be an integer between 0 and N.

Definition 5.1. An object ((E,®), F*) is called (m, {)-stable if the following three con-
ditions are satisfied

(1) (E,®) is (m, m + 1)-semistable.

(2) For a subsheaf & C E isomorphic to CZP with p € Z+, we have V;(&) N F* = 0.

(3) For a subsheaf & C FE such that the quotient £/& is isomorphic to CEP with
p € Z~o, we have F* ¢ Vi(&).

This notion makes a bridge between the m-stability and the (m+ 1)-stability by the fol-
lowing observation: If £ = 0 (resp. = N), then (m, ¢)-stability of ((E, ®), F'*) is equivalent
to m (resp. (m + 1))-stability of (E,®). (See Proposition [4.7})

Proposition 5.2 ([14, 4.2.5]). We have a smooth fine moduli scheme ]T/[/mvz(c) of (m,?)-

stable objects ((E,®), F*) with ch(E) = c¢. There is a projective morphism M™*(c) —
Mo(p+(c)).

The proof will be given in the next subsection.

Let € be the universal sheaf over P2 x M m¢(c) and qy, ¢ be the projection to the first
and second factors of P? x M™* (c) respectively as before. As well as the vector bundle
Vi = Vi(€) :i= R'qe.(E ® ¢;O(C — (), we also have the universal family F* = (0 =
FOCcF' c--- c FNL C FN = V) of flags of vector bundles over Mm’z(c).

For { = 0 or N, the preceding remark implies that M m0(¢), MmN (c) are the full flag

bundles Flag(V;, N) associated with vector bundles V; over M " (c), M m+1(c) respectively.
Here N = {1,..., N} and the notation Flag(V;, N) means that the flag is indexed by the
set V. This notation will become useful when we consider the fixed points in the enhanced
master space.
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5.2. Proof of Proposition [5.2. Let us rephrase the (m,{)-stability in the quiver de-
scription.

We consider a pair (X, F*) = ((By, Bs,d,1,7), F*) of X € p7'(0) and a flag F* = (0 =
FOcF'c...c FN7' Cc F¥N = V) of V; with dim(F?/F*1) = 0 or 1. In Definition 5.1
we have assumed that F*® is a full flag, i.e., dim(F"/F*"1) = 1, but we slightly generalize
it for a notational simplicity.

In terms of a quiver representation, Definition [5.1]is expressed as follows:

Definition 5.3. For 0 < ¢ < N, we say (X, F*) is (m, £)-stable if the following conditions
are satisfied:
(1) X is ¢%-semistable,
(2) for a nonzero submodule 0 # S C X with ¢° - dim S/rank S = 0 and S, = 0, we
have FN S, =0, and
(3) for a proper submodule S € X with ¢ - dim S/rank S = 0 and S,, = C, we have
F* ¢ S,.

The equivalence of (2),(3) and[5.1(2),(3) is an immediate consequence of [21, Th. 2.13,
Prop. 5.3].

If ¢ =0 (resp. = N), then (m, ¢)-stability is equivalent to the (= (resp. (*)-stability of
X. (See Proposition 4.7.)

The idea of the proof of Proposition 5.2 is to relate the above condition to an usual
stability condition for a linearization on the product of ;~1(0) and the flag variety with
respect to the group action of G. It is the tensor product of linearizations on p~*(0)
and the flag variety. For p~1(0), we take one as in §4.1. On the flag variety, we take
Q(det F)®Em) for n = (ny,...,ny) € QY,, where F is the i*® universal bundle. (See
[14, §4.2].) Then we have a natural projective morphism to p=(0)/G = My(p.(c)) as
before.

The corresponding stability condition is expressed as before, but an extra term for flags
is added to 6 (cf. [16, Ch. 4, §4]): For a nonzero graded submodule S C X we define
¢-dimS+ ), n;dim(S N FZ)

n(S) =
Hen(S) rank .S
We say (X, F'*) is ((,n)-(semi)stable if

#en(S) (S e n(X)

holds for any nonzero proper submodule 0 # S C X. Here (<) means that < for the
semistable case, and < for the stable case. We say (X, F*) is strictly (¢,n)-semistable if
it is (¢, n)-semistable and not (¢, n)-stable.

A standard argument shows the following:

Lemma 5.4. If (X, F*), (Y,G*) are (¢,n)-stable and have the same ¢ n-value, a nonzero
homomorphism &: X — Y with £(F') C G* must be an isomorphism.

We take N = dim V; so that F'* is a full flag of V;. Consider the following conditions
when ¢ # 0:

(55&) COUO + Clvl + Coo = 07
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N
(5.5b) nk>rankXZini>O fork=1,...,N —1,

i=k+1
N .
(¢ —¢)-dim S . . |¢"-dim S
(5'5C) Isl’lcaI}/{ rank S + Z i S gnCl‘I/l rank S 7
¢0.dim S50 =1 ¢0-dim S#0

l

rank X
5.5d 0 n; — 1 )
(5.5d) <;m o 7o+ (m A 1)G) < m

kX
(5.5€e) rank X Z in; < min ( Zm, — mCo + (m+ 1)),

i=l+1

L

Ny — Z ’an + rankX (mC() + (m + 1)C1)> s

2m +1

i=1
where S C V runs over the set of all graded subspaces (not necessarily submodules, as X
is not fixed yet) with ¢°-dim S # 0 in (c¢). For example, we can take ¢, n in the following
way: First note that the right hand side of (c) is a fixed constant independent of ¢, n
Therefore it holds if n; and ¢° — ¢ are sufficiently small. Next note that (d) says that
¢Y—¢, up to a constant multiplication, is between (Eézl in;) —n; and Zézl in;. Therefore
we can first take ¢ and nq, ..., ng so that (b) (for k =1,...,¢),(d) and (c) hold if we set
ner1 = -+ = ny = 0. Then we take sufficiently small n; (i = ¢+ 1,...,N) so that (e)
holds. We can choose them very small so that (b) and (c) are not violated.

Lemma 5.6 ([14, 4.2.4]). Assume (5.5). Then the followings hold:
(1) The (m,{)-stability is equivalent to the (¢, n)-stability.
(2) The (¢,n)-semistability automatically implies the ((,n)-stability.

Lemma also implies that ({, n)-stable objects have the trivial stabilizer. Therefore
we have Proposition from this lemma.

From the construction the universal family 7* = (0=F°Cc F' C--- c FN 1 Cc FN =
V) is the descent of the universal flag over Flag(Vi, N). Using descents of Vg, Vi (which
will be denoted by Vp, V1) in the complex , we also get the universal family £ over
P2 x M " (c).

Proof of Lemma5.6. Suppose that S C X is a nonzero submodule with ¢° - dim .S = 0,
Soo = 0. Then dim S = p(m,m + 1,0) for some p € Z~,. Then p¢n(S) < pien(X) means
mG+ (m+ DG 3L mdim(S$i 0 FY) _ 3 i

2m + 1 p(2m + 1) ~ rank X

By (5.5d,e) this holds if and only if S; N F* = 0. Moreover the equality never holds.
Next suppose that S C X is a proper submodule with (° - dim S = 0, S,, = C. Then
dim X/S = p(m,m + 1,0) for some p € Z~y. Then ¢ n(S) < picn(X) means

mG + (m+ DG L mdim(F/S 0 FY) S i
2m + 1 p(2m + 1) ~ rank X
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By (5.5d,e) this holds if and only if F*/S; N F* # 0 for some i = 1,...,/, ie., F* ¢ S).
Moreover the equality never holds.

Now let us start the proof. Suppose that (X, F*®) is (¢, n)-semistable. Then by (5.5¢)
pen(S) < pen(X) implies ¢° - dim S < 0, ie., X is (*-semistable. Then the above
consideration shows that (X, F'®) is (m, ¢)-stable and (¢, n)-stable.

Conversely suppose (X, F'®) is (m, £)-stable. We want to show that e n(S) < picn(X)
for any nonzero proper submodule S. Thanks to (5.5¢), it is enough to check this inequality
for S with ¢(°-dim S = 0. We have either So, = 0 or So, = C, and the above consideration
shows that the inequality holds. O

Remark 5.7. A closer look of the argument gives that it is enough to assume (5.5¢) for
S C V satisfying either of

(1) CO ~dim S > 0 and #Qn(s) < IUC,n(X)a

(2) CO -dim S < 0 and MC,n(S) > ,UC,n(X)'

5.3. Oriented sheaves with flags in cohomology groups. The following variant of
objects in the previous subsection will show up during our analysis for the enhanced
master space.

Definition 5.8. (1) Let (F, F'*) be a pair of a sheaf and a full flag F* = (0= F° C F'' C
o C FN7L c FN = Vi(B)) (N = dimVi(E)). We say (E, F*) is (m,+)-stable if the
following two conditions are satisfied:
(a) E = C2P for p € Zy.
(b) For a proper subsheaf & C FE isomorphic to C%? with ¢ € Z~, we have V(&) N
Fl=0.
(2) For (mg, my) € Z*\{(0,0)}, an orientation of (E, F'*) is an isomorphism p: det H'(E)®*™®
det HY(E(C))®™ = C. We set D := mmg + (m + 1)m.
(3) An oriented (m,+)-stable object means an (m,+)-stable object (E, F*) together
with an orientation.

We will choose (mg, m;) later when we define the enhanced master space. At this stage
we only need that we will have D > 0. Since the orientation will be used frequently, we
use the notation L(E) := det H(F(—{4))®™ ® det H'(E(C — {4))®™ for a sheaf E on

~

P2, (In the above case, FE is supported on C' and the twisting by O(—/,,) is unnecessary.)
If £ is a universal family for some moduli stack, we denote the corresponding line bundle
by L(E). Note that we deal only with those sheaves given by quiver representations, we
have vanishing of H° and H?. -

We will show that we have a moduli stack M™ ™ (pe,,) of oriented (m, +)-stable objects
with ch(E) = pe,, with the universal family (£, F*) where F* = (0=F"C F' C--- C

FN-Lc FN =V)) is a flag of vector bundles over M™% (pe,,).

In the following proposition we identify M™ " (pe,,) with a quotient stack related to the
Grassmann variety Gr(m + 1,p) of p-dimensional quotients of V1(C,,)* = H'(C,,(C))* =
C™*1. Let us fix the notation. Let Q denote the universal quotient bundle over Gr(m +
1, p), det Q its determinant line bundle, and (det Q)®P its D' tensor power. Let mg: ((det Q)®P)* —
Gr(m + 1,p) be the associated C*-bundle. Let Ogim+1,p) — Vi(Cin) @ Q be the homo-
morphism obtained from the universal homomorphism V;(C,,)* — Q.
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Proposition 5.9. (1) Forgetting F' fori # 1, we identify Mm’+(pem) with the total space
of the flag bundle Flag(Vy/F', N\ {1}), where the base is isomorphic to the quotient stack
((det Q%) /C",

where C* acts by the fiber-wise multiplication with weight —pD.
(2) Let C: = SpecC[s,s™'] be a copy of C* and let C* — C: be the homomorphism
given by t — t7PP = s. It induces an étale and finite morphism h: ((det Q)®P)*/C* —

((det Q)®P)*/Ct = Gr(m + 1,p) of degree = 1/pD. The vector bundles Vi, F* and the
universal sheaf € are related to objects on Gr(m + 1,p) by

Vi@ (F) =h(ViCn)®Q),  (F)77"P = h*((det Q)
E® (FYHY* = (id xh)*(C,, X Q),
and the inclusion (F* — V1) is W (Ogrm+1,p) — Vi(Cn) ® Q) ® idpi.
The proof will be given in the next subsection.

5.4. Proof of Proposition 5.9. Since F* with i > 1 does not appear in the stability
condition, the moduli stack has a structure of the flag bundle Flag(V;/F*, N \ {1}) over
the moduli stack parametrizing (X, F''). Here V) is a vector bundle over the moduli stack
and F! is its line subbundle, coming from V; and F! respectively.

Next we determine the moduli stack parametrizing (X, F!). Since we already know X =
CPP_ the remaining parameter is only a choice of F*, which is a 1-dimensional subspace
in V(X)) = V1(C,,) ® CP. We have an action of the stabilizer GL,(C) of X. The above
stability condition means that F', viewed as a nonzero homomorphism V;(C,,)* — CP?, is
surjective. Therefore the moduli stack is

(5.10) ({¢ € P(Hom(V1(Cy,)*, CP)) | € is surjective} x C*) / GL,(C),

where the action of GL,(C) on C* is given by g-u = (det ¢)” u with D = mmg+(m+1)m,.
We consider (5.10) as

(5.11) ({¢ € Hom(V1(C,)*, CP) | € is surjective} x C*) / GL,(C) x C*,

where C* > t acts by (§,u) — (t§,u). If we take the quotient by GL,(C) first, we get
L* = L\ (0-section), where L = (det Q)®7 the D' tensor power of the determinant line
bundle det Q of the universal quotient over the Gr(m + 1, p). Since C* 3 t acts by

(5.12) (té,u) = tides -(€,17PPu),

it is the fiber-wise multiplication with weight —pD on the quotient L*. Thus the moduli
stack parametrizing (X, F'!) is isomorphic to the quotient stack [L*/C*].

This action factors through p: C* — C* given by t — s = t PP where the latter action
is free on L* and the quotient is Gr(m + 1,p). Let us denote the latter C* by C*. Then
the stack L*/C? is represented by Gr(m + 1,p), as L* is a principal C*-bundle. Since
a C*-bundle induces a C:-bundle by taking the quotient by Kerp = Z/pD, we have a
morphism H: L*/C* — L*/C: = Gr(m + 1,p) between stacks. It is étale and finite of
degree 1/pD.

Let us identify the pair (F* C V;) of the vector bundle V; and its line subbundle F*
over the moduli stack in the description [L*/C*]. In the description (5.10), it is the
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descent of the restriction of (Op(—1) X O¢+ C V1(C,,) @ CP @ Op X O¢+) with respect to
the natural GL,(C)-action, where P = P(Hom(V;(C,,)*,C?)). Then in the description
(5.11), it becomes the descent of the pair (Oy C V1(Cy,) ® CP @ Oy ), where GL,(C) acts
naturally and the C*-action is twisted by the weight —1 action on the first factor Oy,. Here
V = {¢ € Hom(V1(C,,)*, CP) | £ is surjective} x C*. Finally in the description [L*/C*],
it is the descent of
(Orx Cme(Vi(Cn) © Q)),

where the C*-action is twisted by weight —1 on both Opx and 75 (V1(C),) ® Q. Here
e L* — Gr(m+1,p) is the projection. The twist on the second factor 7. (V1(Cy,) ® Q)
comes from the term ¢idce in (5.12).

From the above description of Vi, we have V; @ (FY)* = h*(V1(C,,) ® Q). On the
other hand, (F1)®7PP is the descent of Opx with the C*-action twisted by weight pD.
The action factors through the C:-action, and it is twisted by weight —1. Therefore it
descends to L on Gr(m + 1, p).

5.5. 2-stability condition. This subsection is devoted to preliminaries for a study of
enhanced master spaces.
We consider the following condition on n:

N
(5.13) > king #0 for any (ki, ... ky) € ZN\ {0} with |k;] < 2N,

i=1
Our flag F*® of V; again may have repetition, but assume dim(F*/F*~') = 0 or 1 as before.

Lemma 5.14. Assume that ¢ satisfies (m+1)(o+(m+2)( <0, (m—1)¢o+m¢ > 0, and
n satisfies (5.13). If (X, F'*) is strictly ((,n)-semistable, then there exists a submodule
0# S C X such that

(1) MC,D(S7 Sl N F.) = MC,II(X7 F.)7

(2) (S,S1NF*) and (X/S,F*/S1 N F*) are (¢,n)-stable.
Moreover the submodule S is unique except when (X, F'®) is the direct sum (S,S1 N F*) ®
(X/S,F*/S1 N F*). In this case the another choice of the submodule is X/S.

Proof. Take a submodule S violating the (¢, n)-stability of X. Then we have (1). Moreover
(5,51 N F*) and (X/S,F*/S, N F*) are (¢,n)-semistable. We have either S, = 0 or
(X/S)oo = 0.

Assume either (S, 51N F*) or (X/S, F*/S1 N F*) is strictly (¢, n)-semistable. Then we
have a filtration 0 = X° C X' C X2 C X3 = X with pucn(X*/ XL F?) = pen(X, F*)
for a = 1,2, 3, where F* denote the induced filtration on X%/ X! from F*.

Among X%/X* 1 (a = 1,2,3), one of them has C and two of them have 0 at the co-
component. Assume X! has C at the co-component for brevity, as the following argument
can be applied to the remaining cases.

We have dim X2/X! = py(m,m + 1,0), dim X3/X? = p3(m,m + 1,0) for some ps,
p3 € Z~o. Then pen(X?/ X1 F3) = pen(X3?/X?, FY) implies

S <dim(F2i) _ dim(F§)> _o

P2 D3
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By the assumption (5.13) we have ps dim(Fi) = py dim(Fi) and hence
(5.15) ps dim(Fi/Fi) = pa dim(Fi/Fi )
for any 7. On the other hand, we have
dim(F}/F7Y) + dim(Fy/Fy 1) + dim(F3 /Fy ) = dim(F'/F™ ) =0 or 1

for any i. Therefore at most one of three terms in the left hand side can be 1 and the
other terms are 0. Combined with (5.15) this implies dim(F3/F;~ ") = dim(Fi/Fy ') =0
for any 7. Thus we get a contradiction X! = X? = X3,

If we have another submodule S’ of the same property, the (¢, n)-stability implies
SNS"=0o0r SNS" =S5 =25" In the former case we have S’ = X/S. O

Lemma 5.16 ([14, 4.3.9]). Let (¢,n) as in Lemmal5.14. If (X, F*) is (¢, n)-semistable, its
stabilizer is either trivial or C*. In the latter case, (X, F'*) has the unique decomposition
(X, F}) @ (Xy, F?) such that both (X,, ), (X3, ) are (C,n)-stable, and jin)(X,) =
ten)(Xy). The stabilizer comes from that of the factor (Xy, Fy) with (X3)eo = 0.

Proof. Suppose g stabilizes (X, F*). If g has an eigenvalue A # 1, then we have the
generalized eigenspace decomposition (X, F*) = (X;, F}}) @ (X3, F) with (X,)e = C,
(X¥)o = 0. By Lemma (Xp, FY), (Xy, FY) are (¢,m)-stable. Since they have the
same [ic, and are not isomorphic, there are no nonzero homomorphisms between them.
Therefore the stabilizer is C* in this case. The uniqueness follows from that in Lemmal|5.14.
Next suppose g is unipotent and let n = g—1. Assume n # 0 and let j such that n/ # 0,
n/t1 = 0. We consider the submodule 0 # Kern/ C X. From the ({,n)-semistability
of (X, F*) we have p¢n(Kern?, F* N (Kern?);) = pen(X, F*). Therefore (Kern/, F* N
(Kern’);) and (X/Kern/, F*/F* N (Kern?),) are (¢,n)-stable by Lemma 5.14! They are
not isomorphic since they have different oo-components. However n/: X/ Kern/ — Ker n?
is a nonzero homomorphism, and we have a contradiction by Lemma 5.4. 0

5.6. Enhanced master space. We continue to fix ¢, m € Z>o, { € N. As we mentioned
above, M™ is constructed as a GIT quotient of a common space @ independent of m.
Then the moduli schemes M M™0 and M™! will be also constructed as GIT quotients of
Q = @ x Flag(V4, N) by the action of the group G with respect to a common polarization,
but with different lifts of the action. Here V] is a vector space of dimension N, on which
G acts naturally. And Flag(V;, N) be the variety of full ﬂags in Vj. Let us denote by
L_ and L, the corresponding equivariant line bundles over Q to define M™° and M™*
respectively. Their descents will be denoted by the same notations.

We consider the projective bundle P(L_ @ L,) — @ with the canonical polarization
Op(1). Here P(L_ & L) is the space of 1-dimensional quotients of L_ & L. We have the
natural lifts of the G-action to P(L_ & L) and Op(1). Let

(5.17) M= M(c)= M™(c) :=P(L_ & L,)*/G

be the quotient stack of Op(1)-semistable objects of P(L_ & L, ) divided by G, where
P(L_ & L,)* denotes the semistable locus. This is called the enhanced master space.
This space was introduced in [27] to study the change of GIT quotients under the change
of linearizations. We have an inclusion M, :=P(L,)*/G — M for a = £.
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The tautological flag of vector bundles over Flag(V;, N) descends to M. We denote it
by F*=(0=F"c F' Cc---c FNt c F¥N =V;). We also have the universal sheaf £
over P? x M.

We have a natural C*-action on P(L_ & Ly ) given by t - [z : 21| = [tz_ : zy] where
[z : z4] is the homogeneous coordinates system of P(L_ & L) along fibers. It descends
to a C*-action on M. We have a natural C*-equivariant structure on the universal family

g, F.

The following summarizes properties of M.

Theorem 5.18. (1) M is a smooth Deligne-Mumford stack. There is a projective mor-
phism M — Moy(p.(c)).
(2) The fized point set of the C*-action decomposes as

ME =Moum_ou || M),
JeD™:{(c)
and we have isomorphisms M = Mm"’(c), M_ = Mm’o(c). The universal family (€, F*)
on M is restricted to ones on M = M™(c) and M_ = M™% (c) (which were denoted by

the same notation (€, F*)). And the restriction of the C*-equivariant structure are trivial.
(3) There is a diagram

(5.19) S(9)

F/ ~¢
M(C* (j) Mm,min(lﬁ)—l(cb) X Mm’+(6ﬁ),
where S(J) is a smooth Deligne-Mumford stack and both F', G are étale and finite of degree
1/pD. There is a line bundle Ls over S(J) with LEP" = G*(L(E,)*) and the restriction
of the universal family (€, F*) over M and the universal families (&,, Fy;), (&, F;) over
Mmomin()=1(g, ]T/[/m*(cﬁ) are related by

F*€=G*(&) ® G (&) @ Ls, FF* = GY(F) e G (F)® Ls.

Moreover the restriction of the C*-equivariant structure on the universal family (€, F) is
trivial on the factor (&, F,) and of weight 1/pD on (&, F;) under the above identification.

We need to explain some notations:
e D™¥(c) is the set of decomposition types:

(5.20) Dt = {3 =,y o P bl 70,
' TV T L = plm+ 1) for p € Zog,min(L) < £
For 3 € D™*(c), we set ¢; = pey,, ¢, = c— ¢y € H*(P2).
e integers (mg, m1) appeared in the definition of an orientation of a (m,+)-stable
object (see Definition [5.8]) will be determined by the choice of L.

The isomorphism F*F* = G*(F}) © G*(F}) ® Ls of universal flags in (3) means as
follows: From the first statement & = G*(&,) © G*(&) @ Ls we have a decomposition
F*(Vi(€)) = G*(Vi(&)) © G*(V1(&4)) ® Ls. Then we have F*(F') = G*(F}) @ G*(F;) ® Ls
where F7, F7 are flags indexed by N. If we forget irrelevant factors Fi with F = ]:;'71
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and ]—"ﬁj with Fg = Fﬁj_l, we get the universal flags over Mm’mi“(lﬁ)*l(cb), Mm’+(cﬁ). The
above sets I,, I; consist of indexes of relevant factors. In particular, (' C V;) appearing
in Proposition[5.9/is identified with (7" () - F ) F}¥). Let us denote F,¥ by 1%
hereafter.

The fixed point substack M®" is defined as the zero locus of the fundamental vector field
generated by the C*-action. Note that this does not imply that the action of C* is trivial
on M®", but becomes trivial on the finite cover C: = SpecC|[s, s71] — C*;s +— sPP =¢.
Therefore the restriction of a C*-equivariant sheaf to the fixed point locus is a sheaf
tensored by a Cf-module. In the statements (2),(3), we wrote the weights of C:-modules

divided by pD, considered formally as weights of rational C*-modules.
The proofs of (1),(2),(3) will be given in §5.7) §5.8, §5.9 respectively.

Remark 5.21. We can define the master space connecting ]\/Zm(c) and M\mﬂ(c) in the
same way. However it will be not necessarily a Deligne-Mumford stack as a semistable
point possibly has a stabilizer of large dimension. This is the reason why we, following
Mochizuki, consider pairs of framed sheaves and flags in cohomology groups.

5.7. Smoothness of the Enhanced Master Space. Let us write the enhanced master
space in the quiver description. We first take ¢~ sufficiently close to ¢°. For i =1,..., N,
we choose (¢, n) satisfying (5.5/5.13)). We take ¢ so that |¢ —¢°, |n| are sufficiently smaller
than [( — (7|. We take a large number k so that k£((~,n) and k((,n) are integral. Let
L_ (resp. Ly ) be the G-equivariant line bundle over 1 ~1(0) x Flag(V;, N) corresponding
to the stability condition k((~,n) (resp. k((,n)). We consider the projective bundle
P(L_ @ L,) with the canonical polarization Op(1). We have the natural lifts of the
G-action to P(L_ & L, ) and Op(1). Let

M=M(c)=P(L-® Ly)*/G

be the quotient stack of the semistable locus P(L_ & L, )* divided by G.
The following was shown in e.g., [27, §53.4].

Lemma 5.22. A point x of P(L_® L)\ (P(L_) UP(L,)) is semistable if and only if the
corresponding (X, F*) is semistable with respect to a Q-line bundle Ly = s L% for
some t € [0,1] N Q.

Proposition 5.23. M is a smooth Deligne-Mumford stack.

Proof. Let x be a semistable point in P(L_ @ L, ). Then the corresponding point (X, F'*)
in 1~1(0) x Flag(Vi, N) is (¢/,n)-stable for some ¢’ on the segment connecting ¢ and (~
(Lemma [5.22). We can apply Lemma as (' satisfies (m + 1)(p + (m + 2)(; < 0,
(m — 1)¢o + m¢; > 0, and n satisfies (5.13). Therefore either the stabilizer of (X, F'*®)
is trivial or (X, F'*) decomposes as (X, F}") © (Xy, F}). Since (Xy)oo = 0, Xy = CFP for
some p € Z-~q as explained in Definition 4.6/ In this case the stabilizer is C*, coming from
the automorphisms of (Xy, ). Its action on the fiber is given by ¢ -u = tpR(mm+1)-(C=CT)y
for t € C*. Therefore x only has a finite stabilizer. It is also reduced as the base field is
of characteristic 0. Therefore M is Deligne-Mumford. Since P(L_ & L) is smooth, M is
also smooth. OJ
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We set (mg, mq) := k(¢ — () (and hence D = k(m,m+ 1) - (( — (7)) which was used
in Theorem [5.18. From our choices of {, (T, we have D > 0.

5.8. C*-action. We have a natural C*-action on P(L_ & L) given by t-[2_ : z,| = [tz_ :
2] where [z_ : z;] is the homogeneous coordinates system of P(L_ & L) along fibers. It
descends to a C*-action on M, as it commutes with the G-action. Letting C* act trivially
on Vp, Vi and the universal flag over Flag(V;, N), we have the C*-equivariant structure
on the universal family &, F* = (0=F'Cc F' Cc--- c FN" ' c FN =V,).

The fixed point substack M®" is defined as the zero locus of the fundamental vector
field generated by the C*-action. Note that this does not imply that the action of C* is
trivial on M®". The action becomes trivial after a finite cover C* — C*.

We have an inclusion M, :=P(L,)*/G — M for a = £. Then M, is a component of
the fixed point set M®". From the construction M, is the moduli stack of objects (X, F'*),

which are stable with respect to L,. From our choice of (¢,n), we have M, = M™* by
Lemmal5.6 Since n is sufficiently smaller than |¢ — (|, (X, F'*) is stable with respect to

—

L_ if and only if X is (~-stable. Thus we have M_ = M™0,

Next consider a fixed point in M other than M, LI M_. Suppose that a point
x=(X,F*),[z—:zy])in P(L_® L)\ (P(L_)UP(L,)) is mapped to a fixed point in the
quotient M. It means that the tangent vector generated by the C*-action at z is contained
in the subspace generated by the G-action. In view of Lemma[5.16 this is possible only
if (X, F) has a nontrivial stabilizer, and hence decompose as (X, F}’) & (X, F) to the
direct sum of two ({’,n)-stable objects with the equal ji¢ 5 for some ¢’ on the segment
connecting ¢ and (~. (See Lemma and Lemma [5.16l) We number the summand so
that (X,)e = C. Therefore (X3)oo = 0 and hence Xy = C2P for some p € Z~o. The data
u =z, /z_ corresponds to an isomorphism L(X) = C.

Conversely suppose we have such a decomposition (X, F'*) = (X, F}’) © (Xy, F}?). Let
V = V> @ V! be the corresponding decomposition of V. We lift the C*-action on M to
P(L_ & L,)® by
(5.24) (X, F*), [2_ : 24]) — (idys @YPPidys) - (X, F®), [tz = 24]),
which is well-defined on the covering C* — C*;s +— sPP = ¢, and fixes ((X, F*),[z_ :
zy]) = (X, FY) @ (Xy, F), [2— : 24]). Since this C*-action is equal to the original one up
to the G-action, it is the same on the quotient M. Therefore the point = = ((X, F'*), [z :

z4]) is mapped to a fixed point in M.
Let

I, :={i e N|dim(F,/F"™") =1}
for o = b, . Then we have the decomposition N = I, LI I;. The datum (1, I;) is called the
decomposition type of the fixed point. Since dim(X}); = p(m+1), we have |I;] = p(m+1).

Lemma 5.25 ([14, 4.4.3]). min(l;) < ¢.

Proof. Suppose min(y) > ¢. Then implies ficn(Xy) < pen(X). (See the proof of
Lemma [5.6.) On the other hand we have fi- n(Xy) < fi¢- n(X) since n is sufficiently
smaller than |¢ — (7|. Therefore we cannot have pe n(Xy) = pern(X) for any ¢’ on the
segment connecting ( and (~. This contradicts with the assumption. 0
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Conversely suppose an object (X, F*) = (X,, F}’) © (X, F}?) with the decomposition
type (1, Iy) with min(Zy) < ¢ is given. We also suppose X; = C2P. We take a point z
of P(L_ @ Ly) \ (P(L_) UP(Ly)) from the fiber over (X, F*). Since we have pi¢n(X;) >
fen(X) and pe- n(Xy) < pie- n(X) by the same argument as above, we can find ¢’ with
pen(Xy) = pern(X). Then z is semistable if and only if both (X, F,) and (Xy, Fy) are
(¢’,n)-stable.

Lemma 5.26 ([14, 4.4.4]). (1) (X,, F}) is (¢',n)-stable if and only if (m, min(ly) — 1)-
stable.
(2) (Xy, Fy) is (¢',n)-stable if and only if (m,+)-stable, i.e., Xy = CEP, and we have

m

SN Fumin(jﬁ) =0 for any proper submodule S C Xy of a form S = CZ9.

Note that dim Fﬁmin(l") =1, dim }fjbmin(l")f1 = min(ly) — 1. So the definitions in §5.1

apply though Fj, I} are flags which possibly have repetitions.
Proof. (1) Let S C X, be a submodule. We need to study the stability inequalities when

¢"-dim S = 0. We first suppose S, = 0. Then the inequality i(crn)(S) < fi(erny(Xp) =
fcr ) (Xy) is equivalent to

i dim(Si 0 F) 3 dim By
rank S rank X

since ¢ - dim S/rank S = ¢’ - dim X/ rank X; = (2m + 1)~' (m¢) + (m + 1){7). Since n;

(¢ > min(ly)) is much smaller than nuyinz,)-1 by (5.5b), we must have S; N Fbmin(l’i)f1 =0

if the inequality holds. Conversely suppose S1 N Fbmm(]’i)_1 = 0. Then S1 N Fbmm(lﬁ) = 0.
Thus the inequality holds again by (5.5b).
Next suppose Soo = C. Then the inequality pic/n)(S) < pern)(Xs) = ferm)(X;) is
equivalent to
rank(X,/S) rank Xy
min(Iy)—

This is equivalent to F} ! ¢ S1 by the same argument as above. Thus (X, F}) is
(¢',n)-stable if and only if (m, min(Jy) — 1)-stable.

(2) First note that X; must be (°-semistable as ¢’ is close to (Y and n is small. Then
Xy = C2P, as explained in Definition|4.6. To prove the remaining part, the same argument
as above works. OJ

If we rephrase what we have observed in terms of sheaves, we get

Proposition 5.27 ([14, 4.5.2]). M (3) is the moduli stack of objects (((E,, ®), Fy), (Es, FY), p)
where

o (B, ®), F;) is (m, min(ly) — 1)-stable,
o (Ey, FY) is (m, +)-stable,
e p is an isomorphism L(E, ® Ej) =N
Moreover the restriction of the universal family (€, F*) on M decomposes as
g:Mgb@Mgm f.:be.@Mfﬁ.7
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where MFy, MFs are flags (0 = MF) ... c MEN =W (M§,)), (0=MF c--- C
MFY =ni(Mg)).

The restriction of the C*-equivariant structure on the universal family (€, F) is trivial
on the factor (M&,,MF,) and of weight 1/pD on (ME&;,MF,) under the above identifica-
tion.

The last assertion follows from the description of the C*-action at (5.24).

5.9. Decomposition into product of two moduli stacks. Let M be the moduli stack
of objects ((E,, @), F?, p,) where

o ((B,,®), F?) is (m,min(ly) — 1)-stable,

e p, is an isomorphism L(FE}) =C.
We have a natural projection M — M™min(U0=1 foroetting p,. It is a principal C*-bundle.
On the other hand, let M™* be the moduli stack of oriented (m, +)-stable sheaves with

flags as in §5.3. In order to distinguish from p, we denote the orientation by p;. Then we
have
M (3) & (M x M™) /T,
where C* acts by p, — tpy, py — t 'ps. Let us take a covering C: — C* s — sPP = ¢.
Then we have an étale and finite morphism F: (M x M™+)/C* — M (3) of degree
1/pD.
The action of C; on the second factor M™+ s trivial, since it can be absorbed in the

isomorphism s~ 'id: F} =R Ey as

£, L(Ey) = det H'(E,)*™ @ det H'((E,)(C)*™ “—C
(5-28) ls_lid lspD id id
Ey L(Ey) = det H'(E;)®™ @ det H'((Ey)(C))®™ —— C.

Pt
Therefore we have o B .
(M x M™*)/Ct = M/Ct x M™™.
Furthermore we have an étale and finite morphism G: M /C: — M /C* of degree 1/pD.
But the latter is nothing but M™™Us)-1 Hence we have the diagram in Theorem
with S(J) = (M x M™*)/C.

From (5.28) the universal sheaf & over M™+ is twisted by the line bundle over M /C*
associated with the representation of C* with weight 1. It is a line bundle Ls such that
LEPP = G*L(E,)*. Therefore we have F* (M&) = G*(&) @ Ls. On the other hand, we
have F™ (Mgb) = G*(gb)

5.10. Normal bundle. Let us describe the normal bundles 91(M.) of M and M(ME (7))
of M®(3) in M in this subsection. We need to prepare several notations.

Recall first that the covering C: — C*; s + sPP = t acts trivially on M® (J) (while the
original C* does not). Hence the tangent space at a fixed point has a natural C}-module
structure. We formally consider it as a module structure of the original C* dividing
weights by pD.
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Recall also that the restriction of the universal sheaf & decomposes as ME, & ME,
over M®'(J) (see Proposition [5.27). Let Ext}, denotes the higher derived functor of the
composite functor ¢, 0 Hom. Let

2
(5.29) NME, ME) = =Y (-1)"Exts, (ME,, ME,),

a=0
where this is a class in the equivariant K-group of M% (J). We use similar notation
N(ME;,ME,) exchanging the first and second factors. Later we will also use (e, o)
replacing M&;, M&, by similar universal sheaves. We have already used this notation in
Theorem [1.5.

Let

Flag(V, 1) := {a flag F? of V%, indexed by N, F''/F:™' = 0 if and only if i ¢ I,,}
for & = b, §. We have an embedding Flag(V}, I,) x Flag(Vlu,[ﬁ) — Flag(V1, N) given by
(B, FY?) — F} @ FY. Let Ny denote its normal bundle. It has a natural C*-equivariant
structure as Flag(Vy, I,) x Flag(V{, I) is a component of C*-fixed points in Flag(V;, N)
with respect to the C*-action induced by C* > ¢ + idy, &t'/PP idy: € GL(V4). More
precisely, when we write

No = P Hom(F /K~ F} /F/™") @ @ Hom(F} /F; ", F} JF/ ™),
i>] 1>]
the first term has weight 1/pD and the second term has weight —1/pD. We have an
associated vector bundle, denoted also by Ny, over M® (J), induced from the flag bundle
structure Q /G — @Q/G between quotient stacks.

Theorem 5.30. (1) The normal bundle M(Mx) of My is LL ® Ly with the C*-action
of weight £1.
(2) The normal bundle (M (3)) of MT (3) is equivariant K -theoretically given by

No +9(ME,ME) @ Lypp + NMELME) @ Ly,
where I,, denotes the trivial line bundle over M (3) with the C*-action of weight n.

Proof. First consider the case of My = P(L4)*/G. The normal bundle is the descent of
the normal bundle P(Ly) C P(L_@® Ly ). Then it is L* ® L. with the C*-action of weight
+1.

In the remaining of the proof we consider the case of M® (J). The normal bundle is
the sum of nonzero weight subspaces in the restriction of the tangent bundle of M to
ME(3).

Take a point ((X,F*),[z— : z4]) € P(L_ & L;)* which descends to a fixed point
in M®(3). We have a decomposition (X, F*) = (X,, ) ¢ (Xy, FY) as above. Let
V = V" @ V* be the corresponding decomposition of V.

We lift the C*-action on M to P(L_ @ L, )* as in (5.24).

The tangent space at the point corresponding to ((X, F*®),[z_ : zy]) is the quotient
vector space

Ker dlu S TF' Flag(‘/laﬂ) @ T‘[z_:z_,_}Pl/ Hom(vo, ‘/0) D Hom(‘/l; ‘/1)7



PERVERSE COHERENT SHEAVES ON BLOW-UP. III 55

where dp and Hom(Vp, V) @ Hom(V3,V;) — Kerdp are as in (4.4), and Hom(Vp, Vp) @
Hom(V3,Vy) — Tpe Flag(Vy, N) @ T[LZMIP)1 is the differential of the G-action. This quo-
tient space has the C*-module structure induced from the above lift of the C*-action.

In the equivariant K-group, we can replace this space by Kerdu — (Hom(Vp, V) @
Hom(V1, V1)) + Tre Flag(Vi, N) + T, _.. .| P*

The expression Ker dy — (Hom(Vp, Vp) @ Hom(V7, V1)) is equal to the alternating sum of
cohomology groups of the tangent complex (4.4)) in the K-group. Moreover, the complex
(4.4) decomposes into four parts, the tangent complex for X, the sum of p-copies of the
complex (4.8) for X, the sum of p-copies of the complex (4.10) for X, and the sum of
p?-copies of the tangent complex for C,,. Since C* acts on V* with weight 0 and V* with
weight 1/pD, the first and fourth parts do not contribute to the normal bundle. The
second and third terms give

(— Extg(Mgb, Mgﬁ) + EXt;(Mgb, Mgﬁ)) &® ]1/pD
+ (— Eth(Mgﬁ, Mgb) + Ethl,(Mgﬁ, Mgb)) &® I—l/pD
= m(Mgb’ Mgﬁ) ® Il/PD + m(Mgti7 Mgb) ® Ifl/pD-

The contribution from Tge Flag(Vy, N) is given by Ny. Thus we have Theorem 5.30.
We have no contribution from T}, ., +}IP’I. O

5.11. Relative tangent bundles of flag bundles. Let O, be the bundles~over various
moduli stacks induced from the relative tangent bundle of the flag bundle Q/G — Q/G
as in §6.2

On the other hand, we have vector bundles 6”,, 6% over M™minUD=1(g,) x M™++(c,)

rel» r

coming from the tangent bundles of Flag(V},],) and Flag(V}, I;). Recall the normal
bundle Ny of Flag(V}, I,) x Flag(V#, I) in Flag(V;, N) is considered as a vector bundle

over ]f\\/[/m’min(lﬁ)*l(cb) X Mm*(cﬁ) (see §5.10), so we have an exact sequence

(5.31) 0= G (O & 6F,)) = F*Ora| pye () — G*(Np) — 0

rel rel

of C*-equivariant vector bundles, where ©°, ® @fel has weight 0 and N, has the C*-
equivariant structure as describe in §5.10.

Recall also that the second factor M ™t (¢y) is the flag bundle Flag(V! /an o), I\
{min(;)}) over the quotient stack (det Q®)* /C* (see Proposition [5.9). Let O, be the

rel
relative tangent bundle of the fiber. Then we have an exact sequence of vector bundles

(532) 0— @/ - 9ﬁel - Hom(vlﬁ/f.j;nin(lﬂ)7Fﬁmin(]ﬂ)) — 0

rel

coming from the fibration Flag(Vlﬁ/ffinUﬁ)) — Flag(V?) — P(VY).

6. WALL-CROSSING FORMULA
We now turn to Mochizuki method (Mb). (See [14, §7.2].) We will apply the fixed

point formula to the equivariant homology groups HX*® (M/(c)) of the enhanced moduli
space M (c), which is a module over H¢.(pt) = C[h]. For the definition of the homology
group of a Deligne-Mumford stack, see [28].
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6.1. Equivariant Euler class. In the fixed point formula we put an equivariant Euler
class in the denominator and we later consider an equivariant Euler class of a class in the
K-group. Let us explain how we treat them in this subsection.

Let Y be a variety (or a Deligne-Mumford stack) with a trivial C*-action. The Grothen-
dieck group of C*-equivariant vector bundles decomposes as Kc«(Y) = K(Y) ®z R(C*)
where R(C*) is the representation ring of C*. Let I, denote the 1-dimensional represen-
tation of C* with weight n. For a class o € K(Y), we set

ela® 1) =Y c(a)(nh) ™ € H*(Y)[h" h] := H*(Y) ®c C[h™", h],
>0
where ¢;(a) is the i*® Chern class of a and 7(a) = chg(a) is the (virtual) rank of a. If
n # 0, this element is invertible. In general, if « € K¢«(Y') is a sum of o, ® I, with n # 0,
its equivariant Euler class e(«) is defined in H*(Y)[h™!, A).

We also consider the case when another group 7" acts on Y. Then e(a ® I,,) can be
still defined as an element in lim H*(Y xz E,)[h ', A], where E, — E,/T is a finite
dimensional approximation of the classifying space ET — BT for T. Note ci(a) # 0 for
possibly infinite 7’s.

6.2. Wall-crossing formula (I). The projective morphism 7: M(c) — My(p.(c)) in-
duce a homomorphism 7,: HI*® (M(c)) — HI*® (My(p.(c))). Since C* acts trivially
on My(p.(c)), we have HI* (My(p.(c))) = HI(My(p.(c))) ® C[h]. For a cohomology
class @ on M(c), we denote the pushforward 7, (e N [M(c)]) by [ M) ® s In §1. We also
use similar push-forward homomorphisms from homology groups of various moduli stacks
and denote them in similar ways, e.g., fMi(C), e (5)> €te.

Let e(F) denote the equivariant Euler class of the equivariant vector bundle F, that is
the top Chern class ciop(F). See for its generalization to a K-theory class F in our
situation. N

Let ®(&) be as in §1.4. We denote also by ®(&) the class on M™*(c) given by the same
formula. On the enhanced master space M(c), we can consider the class defined by the
same formula as ®(&), which is regarded as a C*-equivariant class.

Let O, be the relative tangent bundle of the flag bundle @ /G — Q/G. Then we have

the induced bundle over M’ m’e(c) by the restriction. We denote it also by @, for brevity.
We also have the pullback to the enhanced master space M(c), which is again denoted by

Orel. It has a natural C*-equivariant structure. We introduce ®(€) := —=®(€) U e(O,a1)

v1(c)!
ﬂ B(E) = /A ().
Mm™:0(c) M™(c)

Here v;(c) = dim V;(F) for a sheaf E with ch(F) =
Then the fixed point formula in the equivariant homology group gives us

[ R SR CED VI ©) - M@3 &)

JeDpm: "

so that we have

where ‘Res;—o” means taking the coefficient of h_l.
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By Proposition [5.9 and Theorem 5.18| together with computations of normal bundles
§5.10, we can rewrite the right hand side to get

Theorem 6.1.

Z / A7 memin(ly)— 1 Res |:~(5b EB (Cm IE Q ® I_l))q)/(gb) )

h_
3eD™ (e

where ®(&,8(C,,RO®1_1)) is defined exactly as B(E) by replacing & by & (C, RORI_,)
everywhere, and ®'(&,) is another cohomology class given by

(6.2)
ey = = Dule) | e (K(Cw) © Q/O)) |
vi(c)! Gr(m+1p) €(OUE, COm) © Q@ [1) e(N(C,, &) @ Q* @ 1)
Here I,, denotes the trivial line bundle with the C*-action of weight n, and (e, e) is the

equivariant K -theory class given by the negative of the alternating sum of Ext-groups (see
(5.29) ). (Note that @' depends on J.)

The proof will be given in the next subsection.

6.3. Fixed point formula on the enhanced master space. Let (4, t5 be the in-
clusions of M*(c), M® (J) into M(c). Let ¢, ¢ be the pullback homomorphisms,
which are defined as M(c) is smooth. They will be omitted from formulas eventually.
Let e(M( M (c))), e(M(ME (T))) be the equivariant Euler class of the normal bundles
MM (c)), (ME (T)). The localization theorem in the equivariant cohomology groups
says the following diagram is commutative:

lim HZ (M(c) x5 B,) ®@cip ClA' B —— lim H (M(c)" x5 E,)[h7, 1]
fM(aJ fM+<c) a2 e gy

lim, H.(Mo(p.(c) x5 E)[A 6] —— i Ho(Mo(p.(c) x5 E) [0, 1],

where the upper horizontal arrow is given by

ML) AOM @) 2 e ME ()]

and E, — E,/ T is a finite dimensional approximation of ET — BT as above.
Let 7 (1) be the trivial line bundle with the C*-action of weight 1. We have

5 (7(1)
3(e) / e 0
/M(c) azj:[ 361;( MCE* (3 MC (9)))
holds in lim H, (Mo (p«(c) X7 E,))[h~t, A]. Since 7(1) is a trivial line bundle if we forget
the C*-action, the left hand side is restricted to 0 at h = 0: fM(C) @cl(T(l))‘ =0. On
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the other hand, ¢1(7(1))[ () = h and c1(7(1))]pe(5) = h. Moreover we have

ey~ =1 ()

for a = %, where w = ¢;(L* ® L_). Combining with Theorem [5.18(2) we get

S o o ®(E)
(6.3) /ﬁm,%)q’“) /Am(f(‘” Z = /M ) COUME (3)))

JeDm-t(

We now use the diagram to rewrite the integral in the right hand side of (6.3):

B(&) B F*®(€)
/Mc* (2 (MM (T))) _pD/sm Fre(MME(T)))

From Theorem [5.18(3) we have
F*(®(&)) = 2(G"(&) @ G (&) ® Ls ® I jpp).
Since LEPY = G*(L(&,)*), we have

1
CI(LS) = _EG*01<£<gb>)
Since Ls appears as ci(Lg) in ®(G*(&) ® Ls ® I1/pp), we can formally write

@(G*(gb) () G*(gﬁ) QR Ls® Il/pD) = G*@(Eb D E,’ﬁ X E(gb)_l/pD & Il/pD)a

meaning that we replace ¢;(L£(&,)"PP) by —ei(L(E,))/pD.
Similarly from Theorem [5.30/ and Theorem 5.18(3) we have

Fre(M(M®(3)))
= F* (e(‘ﬂ(Mé’b, Mgﬁ) X [1/pD)6(m(Mgﬁ, Mgb) X [,1/pD)€(N0))
= G (e(N(&, &) @ L&) @ Lpp)e(N(EL &) @ L(E)PP @ I1/pp)e(No)) -
From (5.31,5.32) we have
F*(e(0r)) = G* (e(O)e(OF,)e(No) )
= G ((O)e(Ol)e (Hom(Vi/F™ ) 7 W) ) (1))

Therefore we get

. / F*®
P2 [ Fre(MME (3)))
PEDEDLE) VP @ 1,p)

~ (o) /M'm’mi““ﬁ)l(cb)xﬁm*(cu)e(m(t‘fb,(‘fu) ® L(&)VPP @ Lpp)
(E3)e(@))e (Hom(Vi/ 7% o))
6(%(5}1, gb) & ,C(Eb)l/PD X I—l/pD)

X
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We use the claim that Mm’+(0ﬁ) is a flag bundle over (det Q®P)* /C* (Proposition 5.9(1))
to rewrite this further as

(va(ep) = 1! / D(E D E® L(E)P” ® Ljyp) e(E2)
vi(@)! it -1 qet 0oy e €N &) ® L(E) VPP @ Liypp)
e (Hom(Vf/fgnin(Iu),f;nm(ln)))

e(M(&, &) @ LIE)PP @ 1 1/p)

We set ®(e) := mQ(o)e(@Eel), use Proposition 5.9(2) to replace (det Q®P)*/C* by
Gr(m + 1,p), and then plug into (6.3) to get

(155_/ P(€) = / Res O(E,0EQL(E) VPP oI (&),
/Mm,ﬁ(c) ( ) Am(c) ( ) Z Mm’tl‘in(1ﬁ>7l(cb) h=0 ( b § ( b) 1/pD) ( b)

JeDmt(c)
where
_ 1) l
wig) - A= SMEl [ o
U1 (C)pD Gr(m+1,p)
O _ 1
eM(&, Crn) @ Q@ det Q1P @ L(E,)"VPP @ I, )
" e(Vi(Cr) ® Q/0)7)
e(M(Crn, &) ® Q* @ det QVP @ L(E)YVPP @ I_y)pp)
Here

° fGr(m-i—Lp) means the pushforward with respect to the projection Mm’min(lﬁ)*l(cb) X

Gr(m + 1,p) — Mmmin()=1 (),
e det Q/7 is understood as before: we replace c¢;(det Q~'/?) by —c;(det Q)/p.
Let us slightly simplify the formula. First note that I.,/,,p appears with det QF/Pr
L(E)FYPP Let w = —(c1(L(&)) + ¢1(Q))/pD. Thus ®'(&,) is written as

Z A](h - w)j

j=—o0

By a direct calculation we have

) 1 ifj=—
Res(h — w)’ = tJ _
h=0 0 otherwise.
Therefore we have
) = j
];{:eg‘ZAh w) ResZAh
j=—00 j=—o00
This means that we can erase det QF/?® L(&,)F/PP from @'(&,). (The last simplification
appeared in [14, Proof of Theorem 7.2.4])
Next note that nontrivial contributions of the C*-action appear as Ii1/,p. If we take
the covering C: — C*;s +— t = s7PD, Ii1)pp is of weight F1 as a Cj-module by our
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convention. Since that we have a natural isomorphism H¢. (pt) = C[hs] = Hg.(pt) = C[A]
by hs = —h/pD, we can replace h by ks noticing Resp—g f(h) = —pD X Resp,—o f(hspD).
We use this replacement and then replace back hy by h again. Therefore we get the
formula (6.2). We have completed the proof of Theorem [6.1.

6.4. Proof of Theorem [1.5| The right hand side of the formula in Theorem 6.1 can
be expressed by an integral over M™(c,) by using the formula again. We continue this
procedure recursively, we will get a wall-crossing formula comparing |- (o) and fﬁm (o)
We then get Theorem The proof has combinatorial nature and is the same as one in
[14, §7.6]. We reproduce it here for reader’s convenience.

In fact, it is enough to consider the case m = 0, as a general case follows from m = 0
since we have an isomorphism ]\/Zm(c) = ]\/Zo(ce*m[c]); (E,®) — (E(—mC),®). Then the
formula in Theorem 6.1 is simplified as we can assume p = 1 as Gr(m + 1, p) = Gr(1,p) is
empty otherwise. Theorem [1.5/is obtained in this way, but we give a proof for general m.

For j € Z~ let

J
ST (c) = {E’: (coyp1,. - p5) € HY(P?) x ZLy | (0, [lo]) = 0, ¢ + Zpiem = c} .
i=1
We denote the universal family for M’ "(c,) by & as above. Let S™(c) = |2, S}*(c).

For o= (p1,...,p;) € 7., we consider the product of Grassmannian varieties ngl Gr(m+
1,p:). Let Q@ be the universal quotient of the i*" factor. We consider the j-dimensional
torus (C*)? acting trivially on []/_, Gr(m + 1,p;). We denote the 1-dimensional weight
n representation of the i*® factor by e™. (Denoted by I, previously.) The equivariant
cohomology H{c..,;(pt) of the point is identified with Clhy, ..., hy].

Theorem 6.4.

J
/A B(E)— /A 2= 3 / Res - Res &(&6(D) C.BQ0ge ™ )UW(E,),
Mm+1(c) 1=

Mm(c) desm(c) Y Mm(ey) "=0 -1

where WP(e) is another cohomology class given by

(6.5) TP (o) := ! 11 ! /]. Q,

(m + 1)j i1 Zlgkgz‘pk 7—1 Gr(m+1,p;)

o_ li[ e (Vi(Cm) ® QV/0))
A eN(e,C) @ Q) @ e71) e(M(C,p, 0) @ QU ® M)

X H B(Q(“) ® Q(w)* ® e_hi1+hi2)'

1<ir#i2<j

=1

(Note that WP depends on = (p1,...,p;), but not on c,.)

Let us prepare notation before starting the proof.
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We defined a cohomology class W?(&,) by the formula , and it is an element in
Hx(P?x M x[[;_, Gr(m+ L, p®) AT, ..., B] for some moduli stack M with the universal
family £. '

Let Dec(¢) be the set of pairs JU) = (Ib(j), I_g(])) as follows:

. Iﬁ( s a tuple ([ﬁ(J), [éj_l), . ,Iﬁ( ) of subsets of v;1(c) such that \Iﬁ(i)| =pi(m+1)

for some p; € Z+g (1 <1 < 7).
o min(Z{") > min(Z*) > -+ > min(Z}").
. ]b(j) is also a subset of v(c) and we have v;(c) = ]b(j) - ]éi).
For 3U) € Dec(c) set
(7)) := max{i € I i < mm([éj))},

where we understand this to be 0 if there exists no 7 € Ib( 2
put

with i < mm(I )). We also

J
4= pien (1 1<), ) i=e Y pien

(J+1)

We have a map 7;: Dec(j+1)(c) — Dec(j)(c); (Ib(jﬂ), fu ) = (Ib(j), fﬂ(j)) given by

G) . 7G+D G+ 70 G) (1)
LY =17 un L= (L, L),

f
Let - - A .
M@EDY =M™ (), M@EY) = M (),
where in the first equality we take the unique order preserving bijection Ib(j ) vl(céj )) =

#Ib(j) and take ¢ € vl(céj)) Corresponding to £(J0)).
For the universal family 5 for M (3 ( D)) or M (3 ( ) let

J) J
\Ifj<j)(5b(j)) = \Ifﬁ(gb(j )Ul( )! szll(gll(cﬁ )—1)! m+ 1) H Dk,

where p'= (p1,...,Dpj).
Lemma 6.6 ([14, 7.6.5]). For each j, we have the formula

(6.7) /M wc)cp(g)— /A ()

Res -Res d(&Y &> C, K o) @ e~ g3 g®
Jr R0 el

1<z<] k=1

3G )EDec(l)

i
+ Z /~ Res- - Res b7 & ) 0 R QW @ e )u? (69),
3G eDec)(c) M(39) e k=1
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Proof. We prove the assertion by an induction on j. If j = 1, this is nothing but Theo-
rem 6.1 applied to £ = vy (c).
Suppose that the formula is true for j. We apply Theorem to get

/~ Res - - Res o 5(] ® GB Cn @ OW & _hk)‘ljj(j)(gb(j))
M (3())
_/ Res - Res &(&,” @@C X QW @ =)W (£7)
M3y =

k=1
= E / Res - - Res
(3G+1) =0

=0
3G+ €Decli+D) (¢) hi1=
(3(J+1)) 5()

Jj+1

S & P B AW e (5]
k=1

where

(D,(gb(jﬂ)) v (Cém))-(”lgéé’“)) —1)! / o
o (cb]))! Gr(m+1,pj41)
B \1,3<j)(5(j+1) o C,, K QU+ g e~ hi+1)e ((V1(Cm) ®Q Q(j+1)/(r))*)
eMEVT, C) © QUD @ e )e(M(Crm, E0TY) @ QUAD @ ehin)|
We have @’ (5b(j+1)) — g (Sb(ﬁl)) thanks to the multiplicative property of the Euler
class and M(C,,, C,) = —Hom(C,,, C,,) = —Cidg,, . Hence the formula holds for j +
1. U

If j is sufficiently large, Dec)(c) = (). Hence we have

We have a map p;: Dec(c) — S;(c) given by

/ Res - - - Res ®( ’)@@C X QW @ e M)W (V).
]/\2(3(7)) ﬁj:() h1=0
j(J)GDec(J)(c)

o 15 157
(3V)) = copy) = (Y
p]( ) (Cbuplu 7p]) (Cb 7m+17 7m+1

).

Therefore the right hand side is equal to

1(pi(m 1) —1)!
ZZ#P ()L U(ié)!JF) m+ 1)’ HZpk

Jj=1 ¢ceS;(c) i=1 k=1

X / Res - ResCD & @ @C’ X QW @ e~M)WP(E,).
M™(cy)

Ri=0  hy=

Thus Theorem 6.4/ follows from the following lemma.
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Lemma 6.8 ([14, 7.6.7]).

v I (pam+ 1) =18 1 ! 1
v (c)! (m+1)i 1157 ime

#p;(0)

Proof. The set p; () is

J
vi(e) = 17 U] I 11) = vi(e), 11| = pilm + 1),
=1

G) 70) (1)
(I, 17, 1Y)

min([él)) > min([ﬂ@)) > > min(Iﬁ(j))

Put N :=wv(c), Ny :=v1(), N;:i=pi(m+1) (1 <i<y).
We first choose ]b(J ) c N. We have ( ]]\X) ) possibilities. Next we choose ]u(J ) N \ Ib(] ),
From the second condition, we must have min([éj )) = min(N \Ib(j )). Let x be this number.

Then the remaining choice is Iﬁ(j) \{z} C (M\Ib(j)) \ {z}. We have (N];]N_Ol_l) possibilities.

Next we choose ]ﬁ(j_l) C N\ (]b(j) U ]ﬁ(j)). We have (ij\]xozﬁfl) possibilities. We continue
/.

until we choose [ﬁ(l). Therefore we have

w35

i=1
N! J 1
— - «[[=—
No! Hi:l(Ni - 1)! i=1 Zlgkgi Ny

Moreover
li[ 1 1
Py > 1<n<i N i1 > 1<ne<i Pr(m + 1)
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