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Abstract. For a simple linear algebraic group G, the chiral universal cen-
tralizer IG,k is a vertex algebra, which is the chiralization of the universal
centralizer ZG. The variety ZG is identified with the spectrum of the equi-
variant Borel-Moore homology of the affine Grassmannian of the Langlands

dual group of G. Beem and Nair conjectured that an open symplectic im-
mersion from KTG (the Kostant-Toda lattice associated to a simple group G,
cf. Definition 1.2.1) to ZG gives rises to a free field realization of the chiral

universal centralizer at the critical level. In this paper, we construct a free
field realization of IG,k at any level, which coincides with the one conjectured
by Beem and Nair at the critical level. We give an explicit description of this

construction in SL2(C)-case.

Introduction

Vertex algebra was defined in 1980’s ([B]) so as to describe the two-dimensional
conformal field theory (CFT) in physics in the algebraic framework. The study of
vertex algebras may provide new discoveries in physics, and conversely, the research
in physics can stimulate the development of new theories of vertex algebras. One of
the physical aspects in pure mathematics via vertex algebras is the Higgs Branch
Conjecture([A3, BR]), which implies that the Higgs branches (a certain geometrical
invariant in physics) are the associated varieties of vertex algebras (algebraic objects
in mathematics) corresponding to four-dimensional N = 2 SCFT via the 4d/2d
correspondence ([BLL+]). It is meaningful to find free field realization of vertex
algebras, because the free field realization of the vertex algebra arising from the
four-dimensional SCFT mirrors the effective field theory description of the SCFT
on the Higgs branch of its moduli space of vacua ([BMR]).

The universal centralizer ZG is a family of pairs (g, s), where s is an element in
the Slodowy slice and g ∈ G is in the stabilizer group of s. This is a subvariety of the
equivariant Slodowy slice with a symplectic structure([K3]), and identified with the
space associated to the sphere in the Moore-Tachikawa two-dimensional topological
quantum field theory that describes the Higgs branches for the class S theory([MT]).
We have an open immersion from a complexification of the phase space of the
Kostant-Toda lattice to ZG ([BN, C]). Also, ZG is identified with the spectrum
of the equivariant Borel-Moore homology of the affine Grassmannian ([BFM]) of
the Langlands dual group of G. According to [BPRvR], the chiral counterpart of
the universal centralizer ZG is the chiral universal centralizer IG defined in [A1].
That is, ZG is the associated variety of IG. For G = SL2(C) and a generic level,
the universal centralizer coincides with the modified regular representation of the
Virasoro algebra defined in [FS]. The representation of the universal centralizer is
studied in [MY] for G = SL2(C) and at level −1 and irrational levels, but for other
general case, it is yet to be studied.
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In [BN], the authors suggested how to construct a free field realization of a chiral
universal centralizer at the critical level for simple Lie groups G. They conjectured
that the immersion KTG → ZG gives rise to a vertex algebra homomorphism be-
tween the chiralization of KTG and the chiralization of ZG. In this paper, we will
construct a free field realization of the chiral universal centralizers at any level, using
an idea of [FS]. The universal centralizers are defined by performing the Kostant
reduction twice to the cotangent space T ∗G, and the chiral universal centralizers
are defined analogously: by performing the quantized Drinfeld-Sokolov reduction
of the chiral differential operator algebra Dch

G (G) on G twice ([AG, BD, MSV]).
We take the big cell U of the Bruhat decomposition of G, and get the free field
realization by performing the quantized Drinfeld-Sokolov reduction to restriction
map Dch

G (G)→ Dch
G (U) twice (Theorem 2.1.1).

Acknowledgements. Some of the results in this paper appear in the author’s master
thesis. The author is grateful to his advisor Professor Tomoyuki Arakawa and Ana
Kontrec for valuable discussions and useful comments. This research was supported
by JSPS KAKENHI Grant Numbers JP24KJ1395, JP21H04993.

0. Notations

In this paper, we let G be a simple affine algebraic Lie group unless otherwise
stated. Fix a Borel subgroup B ⊂ G and a splitting B = N ⋊ T , where N ⊂ G is a
maximal unipotent subgroup and T ⊂ G is a maximal torus. Set g := Lie(G), n :=
Lie(N), t := Lie(T ) and let Π denote the set of simple roots of g.

Choose a root basis {eα}α∈Π of g with α ∈ gα, where gα is the root space. We
fix a principal nilpotent element f0 :=

∑
α∈Π e−α ∈ n and let χ0 ∈ n∗ ⊂ g∗ be the

Killing dual element of f0. Note that χ0 is a character of n.
We regard complex numbers as invariant bilinear forms on g by considering the

bilinear form
k

2h∨ × (·, ·) for k ∈ C, where h∨ is the dual Coxeter number of g and

(·, ·) is the Killing form on g.

1. Chiral Universal Centralizer

1.1. Kostant reduction. Let X be an affine Poisson algebraic variety with a
Hamiltonian G-action with the moment map µX . Then we have a moment map
µN for N -action;

µN : X → g∗
restriction−−−−−−→ n∗.

By the Jacobson-Morozov theorem, f0 can be completed to an sl2-triple (e0, h0, f0).
Let ge0 be an ade0 -invariant subspace of g and Sf0 := f0 + ge0 ⊂ g be the Kostant-
Slodowy slice.

Theorem 1.1.1 ([K1]). Assume that χ0 is a regular value of µN and N -action on
µ−1
N (χ0) is free. Then

µ−1
N (χ0)/N ∼= X ×g∗ Sf0

as varieties.

We call µ−1
N (χ0)/N the Kostant reduction ofX with respect to µX and denote

X//χ0
N.
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1.2. (Classical) universal centralizer. We have two commuting actions ρL and
ρR of G on T ∗G ∼= G× g∗:

ρL(g)(h, ϕ) = (hg−1,Ad∗g(ϕ)),

ρR(g)(h, ϕ) = (gh, ϕ)

for g, h ∈ G and ϕ ∈ g∗, where Ad∗ means the coadjoint action of G on g∗. In
fact, ρL and ρR are Hamiltonian actions, which correspond to the following moment
maps:

µL(h, ϕ) = ϕ,

µR(h, ϕ) = Ad∗h(ϕ).

We perform the Kostant reduction to T ∗G with respect to µL and get

T ∗G//χ0N
∼= T ∗G×g∗ Sf0

∼= G× Sf0 .

Since ρL and ρR commute with each other, G×Sf0 inherits a Hamiltonian G-action
ρ′R, corresponding to a new moment map µ′

R.

ρ′R(g)(h, s) = (gh, s),

µ′
R(h, s) = Ad∗h(χs),

where χs is the Killing dual of s ∈ Sf0 . Therefore, we can take the Kostant reduction
of G× Sf0 with respect to µ′

R and we get

ZG := {(g, s) ∈ G× Sf0 | Adg(s) = s},
called the (classical) universal centralizer of G. That is,

(G× Sf0)//χ0
N ∼= (G× Sf0)×g∗ Sf0

∼= {(g, s) ∈ G× Sf0 | Adg(s) = s}
= ZG.

We will follow [BN] so as to obtain a “classical free field realization”. Define

KTg := χ0 + t∗ +
∑

α∈Π g∗α \ {0} ⊂ g∗.

Then KTg is a symplectic variety ([K2]) and it is not difficult to see that KTg
∼=

T ∗(C×)rkg as a symplectic variety. We denote the projection map pr : KTg →
(C×)rkg. Let ZG : T → (C×)rkg be the map

t 7→ (α(t))α∈Π,

where α(t) is defined by Adt(e
α) = α(t)eα for a simple root α ∈ Π.

Definition 1.2.1. We define the symplectic variety KTG to be the pullback of
pr : KTg → (C×)rkg and ZG : T → (C×)rkg.

KTG KTg

T (C×)rkg

-πG

?

πT

?

pr

-ZG
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Since ZG is étale, the same holds for πG. Hence, we can pullback the symplectic
form on KTg to a symplectic form on KTG.

We have the following proposition, which can be regarded as giving a “classical
free field realization” of O(ZG), because the chiral analog of O(ZG)→ O(KTG) in-
duced by φ provides a (chiral) free field realization of the chiral universal centralizer
(c.f. section 2.1).

Proposition 1.2.2 ([BN, C]). There exists an open immersion φ : KTG → ZG.
Moreover, φ is symplectic.

The image of φ is described by the open subset U , which is the big cell of the
Bruhat decomposition of G:

Im(φ) = (U × Sf0) ∩ ZG =: ZU .

Remark 1.2.3. The open subset ZU ⊂ ZG is obtained by using the same method
as in the ZG case. That is,

T ∗U ×g∗ Sf0
∼= U × Sf0 ,

(U × Sf0)×g∗ Sf0
∼= {(g, s) ∈ U × Sf0 | Adg(s) = s}
= (U × Sf0) ∩ ZG = ZU .

1.3. Universal centralizer of SL2(C). In this section, we let G = SL2(C). Since

f0 =

(
0 0
1 0

)
, h0 =

(
1 0
0 −1

)
and e0 =

(
0 1
0 0

)
,

we get

Sf0 =

{(
0 S
1 0

) ∣∣∣∣ S ∈ C
}
.

Therefore,

ZG =

{(
g,

(
0 S
1 0

))
∈ G× Sf0

∣∣∣∣ S ∈ C,
[
g,

(
0 S
1 0

)]
= 0

}
=

{(
Y SX
X Y

) ∣∣∣∣ X,Y, S ∈ C, det
(
Y SX
X Y

)
= 1

}
Hence, ZG is an affine variety in A3

C with the coordinate ring

OZG
(ZG) =

C[X,Y, S]

(SX2 − Y 2 + 1)
.

The nontrivial Poisson brackets among the generators of OZG
(ZG) are as follows:

{S,X} = Y, {S, Y } = SX, {X,Y } = −1

2
X2.

Since U = {X 6= 0} ⊂ SL2(C), ZU = {X 6= 0} ⊂ ZG. A Poisson algebra

OZG
(UX) = C[X±1, Y ] is isomorphic to OKTG

(KTG) = C[γ± 1
2 , b] via

X 7→ γ− 1
2 , Y 7→ −bγ− 1

2 .
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The restriction map
C[X,Y, S]

(SX2 − Y 2 + 1)
→ C[γ± 1

2 , b] is given by

X 7→ γ− 1
2 ,

Y 7→ −bγ− 1
2 ,

S 7→ b2 + γ .

1.4. The quantized Drinfeld-Sokolov reduction. Let χ : n[t±1] → C be a
functional on n[t±1] defined by the formula

χ(eαtn) =

{
1 (if α is a simple root and n = −1)
0 (otherwise).

Since χ([x, y]) = 0 for all x, y ∈ n[t±1], we get a one dimensional representation of
n[t±1], denoted by Cχ.

Definition 1.4.1 ([FBZ, FF1]). Let M be in the category O of ĝ of level k.
Define

H•
DS(M) := H

∞
2 +•(n[t±1],M ⊗ Cχ),

where H
∞
2 +•(n[t±1], N) means the semi-infinite n[t±1]-cohomology with coefficients

in an n[t±1]-module N ([F]).

The quantized Drinfeld-Sokolov reduction ofM is used to denoteH0
DS(M),

and this was generalized to more general characters in [KRW]. It follows from the
definition that if M is a vertex algebra, then so is H0

DS(M).

1.5. Chiral differential operators. The sheaf of chiral differential operators
Dch

X is the sheaf of conformal vertex algebras on a smooth algebraic variety X,
defined in [BD, MSV]. We will explicitly describe the structure of the global section
of Dch

G , where G is an affine algebraic Lie group following [AG].
We first define the arc space J∞X of a finite type scheme X. This is a (unique)

scheme defined by

HomScheme(Spec(A), J∞X) ∼= HomScheme(Spec(AJzK), X)

for any commutative C-algebra A. If X = Spec(R) is an affine scheme, J∞X =
Spec(J∞R), where for R = C[x1, x2, . . . , xn]/(f1, f2, . . . , fr), a differential algebra
(J∞R, ∂) is defined by

J∞R := C[∂mxi | m ≥ 0, 1 ≤ i ≤ n]/(∂lfj | l ≥ 0, 1 ≤ j ≤ r).

As a vertex algebra, Dch
G (G) ∼= U(ĝk)⊗U(g[t]⊕CK)O(J∞G), whereK is the central

element in ĝ and J∞G is the arc space of G. Here, g[t] ⊂ J∞g acts on O(J∞G)
as a left invariant vector field and K acts as identity. We have a following vertex
algebra structure on the right hand side:
we can take {x, f | x ∈ g, f ∈ O(G)} as a set of strong generators with fields

x(z) =
∑
n∈Z

(xtn)z−n−1, f(z) =
∑
n∈Z

f(n)z
−n−1,

where f(−n−1) =
∂nf

n!
if n ≥ 0 and 0 if n < 0. These are mutually local fields and

satisfy the OPEs

x(z)y(w) ∼ [x, y](w)

z − w
+

k · (x, y)
(z − w)2

,
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f(z)g(w) ∼ 0,

x(z)f(w) ∼ (xLf)(w)

z − w
,

for x, y ∈ g and f, g ∈ O(G), where xL is a left invariant vector field corresponding
to x ∈ g. Moreover, U(ĝk)⊗U(g[t]⊕CK) O(J∞G) is a Z≥0-graded vertex algebra by
setting deg(x) = 1, deg(f) = 0.

From this fact, the following proposition holds.

Proposition 1.5.1. There are injective vertex algebra homomorphisms

πL : V k(g)→ Dch
G (G) ; x 7→ x⊗ 1 ,

j : O(J∞(G))→ Dch
G (G) ; f 7→ 1⊗ f .

In addition, we have a vertex algebra homomorphism

πR : V k∗
(g)→ Dch

G (G)

for k∗ := −k − 2h∨. In order to describe this map, let us recall some facts about
derivations and differential forms on G.

Let Ω1(G) be the space of global differential forms on G and DerC(O(G)) be the
space of derivations on O(G). Then we have O(G)-module isomorphisms

Ω1(G)
∼−→ HomC(g,O(G)) ; df 7→ (x 7→ xLf)

O(G)⊗ g
∼−→ DerC(O(G)) ; 1⊗ x 7→ xL,

where d denotes the de Rham differential.
We define Ω to be the subspace of Dch

G (G) spanned by f∂g with f, g ∈ O(G).
Because of the following lemma, we can identify Ω with Ω1(G).

Lemma 1.5.2. There exists a linear isomorphism

Γ : Ω
∼−→ HomC(g,O(G)) ; f∂g 7→ (x 7→ f · (xLg)).

Let {xi}ni=1 be a basis of g and {ωi}ni=1 be the dual basis with respect to the
O(G)-bilinear pairing DerC(O(G)) × Ω1(G) → O(G). Since {xi

L}ni=1 forms a basis
of a free O(G)-module DerC(O(G)), there exists some invertible matrix (f i,j) over

O(G) such that xi
R =

n∑
j=1

f i,jxj
L for all i.

Now we can define πR.

Proposition 1.5.3 ([AG, GMS]). (i) For xi
(−1)|0〉 ∈ V k∗

(g), set

πR(x
i
(−1)|0〉) =

n∑
j=1

f i,jπL(x
j) +

n∑
j,l=1

k∗ · (xj , xl)f i,jωl.

Then πR gives rise to a vertex algebra embedding πR : V k∗
(g)→ Dch

G (G).
(ii) Im(πR) ⊂ Com(Im(πL),Dch

G (G))), where Com(W,V ) is the commutant of W
in V for a vertex algebra V and its vertex subalgebra W.

Remark 1.5.4. We have decreasing (resp. increasing) filtration F s (resp. F ′
s) of

Dch
G (G). Let {ai}i∈I be a set of strong generators of Dch

G (G). Then F s and F ′
s is

the space spanned by the vectors

(a1)(−n1−1) · · · (am)(−nm−1)|0〉, n1 + · · ·+ nm ≥ s,

(a1)(−n1−1) · · · (am)(−nm−1)|0〉, deg(a1) + · · ·+ deg(am) ≤ s,
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respectively.
We have grFDch

G (G) ∼= grF ′Dch
G (G) ([A2]). Let us denote

grDch
G (G) := grFDch

G (G) ∼= O(J∞T ∗G) ∼= O(J∞g∗)⊗O(J∞G).

The g[t±1]-action on grDch
G (G) is as follows:

xtn · (a⊗ f(m)) = a⊗ (xLf)(n+m),

xt−n−1 · (a⊗ f(m)) = (xt−n−1)a⊗ f(m),

where x ∈ g, n,m ≥ 0, a ∈ O(J∞g∗) ∼= Sym(t−1g[t−1]) and f ∈ O(G).

1.6. Chiral universal centralizer. The chiral universal centralizer is obtained
by performing the quantized Drinfeld-Sokolov reduction of Dch

G (G) twice.
There are two commuting actions of ĝk and ĝk∗ on Dch

G (G), corresponding to the
vertex algebra homomorphisms

πL : V k(g)→ Dch
G (G),

πR : V k∗
(g)→ Dch

G (G),

defined in the previous section.
Since Dch

G (G) satisfies the condition in Definition 1.4.1, we can perform the
quantized Drinfeld-Sokolov reduction of Dch

G (G) first with respect to the former
action, and then the latter action.

The first vertex algebra we obtain is said to be the equivariant affine W -
algebra and denoted by WG,k ([A1]). That is, WG,k := H0

DS(Dch
G (G)). By

Proposition 1.5.3 (ii), we know that πR descends to a vertex algebra homomorphism

π′
R : V k∗

(g) → WG,k, which gives rise to a ĝk∗ action on WG,k. Then we can

consider the quantized Drinfeld-Sokolov reduction of H0
DS(Dch

G (G)) with respect to
this action. Finally, we get a vertex algebra

IG,k := H0
DS(WG,k),

called the chiral universal centralizer associated with G. The level k in WG,k

and IG,k may be omitted if it is clear.
The chiral universal centralizer is a strict chiral quantization of the (classical)

universal centralizer ([A1]). That is, XIG
∼= ZG as Poisson varieties, X̃IG

∼= ZG as

schemes and the surjective Poisson vertex algebra homomorphism O(J∞X̃IG) →
grIG induced by the identity map on RIG is an isomorphism. Here, for a vertex
algebra V , RV = V/ spanC{a(−2)b | a, b ∈ V } denotes the Zhu’s C2 algebra of V

([ZhuY]), XV := Specm(RV ) is the associated variety of V and X̃V := Spec(RV )
is the associated scheme of V ([A1]).

The vertex algebra IG,k is conformal with central charge 2(rk(g) + 24〈ρ, ρ∨〉)
([A1]), where ρ (resp. ρ∨) is the half sum of positive root (resp. positive coroot).
Moreover, the following holds.

Proposition 1.6.1. IG,k is simple.

Proof. Recall that ZG is obtained by performing the Kostant reduction to G×Sf0 .
Hence, ZG is smooth and reduced as well as G × Sf0 . Because of [AM, Corollary
9.3], it follows that IG,k is simple.
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Note that we have the following vertex algebra homomorphisms:

πL ⊗ πR : V k(g)⊗ V k∗
(g)→ Dch

G (G),

H0
DS(πL)⊗ π′

R :Wk(g)⊗ V k∗
(g)→WG,k,

H0
DS(πL)⊗H0

DS(π
′
R) :Wk(g)⊗Wk∗

(g)→ IG.

These maps are conformal when k is non-critical level.
Let the level k /∈ Q. We have a decomposition of Dch

G,k(G) as a V k(g)⊗ V k∗
(g)-

module ([AG, ZhuM]):

Dch
G,k(G) ∼=

⊕
λ∈P+

V k
λ ⊗ V k∗

λ∗ .

Here, P+ is the set of dominant integral weights of g, V k
λ denotes the Weyl module

in level k and λ∗ = −w · λ, where w is the longest Weyl group element of g. It
follows that IG,k has a decomposition as a Wk(g) ⊗Wk∗

(g)-module for irrational
k:

IG,k
∼=

⊕
λ∈P+

T k
λ,0 ⊗ T k∗

λ∗,0,

where T k
λ,0 := H0

DS(V
k
λ ) is the irreducible Wk(g)-module studied in [AF]. For

G = SL2(C), this decomposition appeared in [FS] and they called it the modified
regular representation of the Virasoro algebra.

2. Main Results

2.1. Free field realization of IG. In this section, we construct a free field real-
ization of IG in a similar way to [FS], that is, using the Bruhat decomposition of G.
This idea originated from the construction of the Wakimoto realization ([FF2, W]).

We denote U the big cell of the Bruhat decomposition of G, corresponding to the
longest Weyl group element w. This subset U ⊂ G is open and we can concretely
write U = Nw̃TN . Here w̃ is the uplift of w to the normalizer of T in G and lies
in the connected component of the identity.

The vertex algebra Dch
G (U) is equipped with the commuting actions of ĝk and

ĝk∗ , induced by composing the restriction map with πL and πR:

V k(g)
πL−−→ Dch

G (G)
restriction−−−−−−→ Dch

G (U),

V k∗
(g)

πR−−→ Dch
G (G)

restriction−−−−−−→ Dch
G (U).

As in the previous section, we take the quantized Drinfeld-Sokolov reduction twice;
first with respect to the ĝk action, and then with respect to the ĝk∗ action.

By performing the first reduction, we obtain the following vertex algebra homo-
morphisms:

Wk(g)⊗ V k∗
(g)→WG,k → H0

DS(Dch
G (U)).

Then we perform the second reduction with respect to the homomorphisms

V k∗
(g)→WG,k → H0

DS(Dch
G (U)),

and get the following vertex algebra homomorphisms:

Wk(g)⊗Wk∗
(g)→ IG → H0

DS(H
0
DS(Dch

G (U))).

Now we state the following theorem, which is the main result of this paper.
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Theorem 2.1.1. There exists a vertex algebra embedding

ν : IG,k → Dch
T,k+h∨(T ).

Moreover, the corresponding map between associated varieties coincides with φ in
Prososition 1.2.2.

Remark 2.1.2 (Relevance to the Beem-Nair Conjecture). In [BN], the authors
proposed a free field realization of the chiral universal centralizer at the critical level
kc using the embedding φ they constructed in [BN, Section 3.3]. That is to say, they
conjectured that there is a free field realization of IG,kc

whose morphism between
the corresponding associated varieties coincides φ (the Beem-Nair Conjecture).
They explicitly constructed for the case G = SL2(C), but any other case was
unknown.

Theorem 2.1.1 settled the conjecture for any simple G and, in addition, estab-
lishes a more general result because it does not require the level k to be critical.

To prove Theorem 2.1.1, we need the following lemmas.

Lemma 2.1.3. (i) Let G be a unipotent algebraic Lie group.
The action of t−1g[t−1] on Dch

G (G) is free and the action of g[t] on Dch
G (G) is cofree.

Here, these actions come from the vertex algebra homomorphism V k(g)→ Dch
G (G).

(ii) H0
DS(Dch

N (N)) ∼= C.

Proof (Lemma 2.1.3). (i) LetM := Dch
G (G). It suffices to show thatHi(t

−1g[t−1],M) =
0 and Hi(g[t],M) = 0 if i 6= 0. Set H•(N1) := H•(t

−1g[t−1], N1) and H•(N2) :=
H•(g[t], N2) for a t−1g[t−1]-module N1 and a g[t]-module N2.

We have the J∞g∗-action and J∞g-action on O(J∞T ∗G) (cf. Remark 1.5.4).
The former action is free and the latter is cofree. Indeed, the freeness is clear.
Since G is unipotent, J∞G is so. Hence J∞g-action on O(J∞T ∗G) is cofree.

Therefore, Hi(grM) = 0 and Hi(grM) = 0 for i 6= 0, and H0(grM) ∼= O(J∞g∗)
and H0(grM) ∼= O(J∞G). We can get the homology (resp. cohomology) spectral
sequence Er (resp. Er) such that E1

•
∼= H•(grM) and E∞

• = grH•(M) (resp.
E•

1
∼= H•(grM) and E•

∞ = grH•(M)).
Since Hi(grM) = 0 if i 6= 0 and H0(grM) ∼= O(J∞g∗), we get E1 = E∞. There-

fore, grH•(M) ∼= H•(grM) and we get Hi(M) = 0 if i 6= 0. Similarly, Hi(M) = 0
if i 6= 0.
(ii) Let M := Dch

N (N). Let us consider C
∞
2 +•(n[t±1],M ⊗ Cχ), which is the com-

plex that provides H•
DS(M) = H

∞
2 +•(n[t±1],M ⊗ Cχ), as a double complex with

derivations coming from the n[t±1]-actions on M and Cχ. Then we find there exists

a convergent cohomology spectral sequence E′
r such that E′•

1 = H
∞
2 +•(n[t±1],M)

and E′•
∞ = H•

DS(M).
By Lemma 2.1.3 (i) and [V],

H
∞
2 +i(n[t±1],M) ∼=

{
Im(Mn[t] →M →M/t−1n[t−1]M) (if i = 0)

0 (if i 6= 0).

Therefore, E′
r collapses at r = 1 and E′

1 = E′
∞, so

H
∞
2 +•(n[t±1],M) ∼= H•

DS(M).

We will show that Im(Mn[t] →M →M/t−1n[t−1]M) = C|0〉. It suffices to verify

that Mn[t] = C|0〉 ⊕ (t−1n[t−1]M ∩Mn[t]).
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Clearly, Mn[t] ⊃ C|0〉 ⊕ (t−1n[t−1]M ∩ Mn[t]). Assume that Mn[t] ⊋ C|0〉 ⊕
(t−1n[t−1]M ∩Mn[t]). Then there exists a nonzero element a ∈Mn[t] such that

a = 1⊗
∑

(f1)(−n1−1) · · · (fm)(−nm−1)|0〉

for non-constant functions f1, . . . , fm ∈ O(N) and n1, . . . , nm ≥ 0. Since a is
nonzero, there is an element xtn ∈ n[t] such that xtn · a 6= 0. This contradicts

the assumption that a ∈Mn[t]. Therefore, Mn[t] = C|0〉 ⊕ (t−1n[t−1]M ∩Mn[t]).
Consequently, H0

DS(Dch
N (N)) ∼= C.

Proof (Theorem 2.1.1). We have Dch
G (U) ∼= Dch

N (N) ⊗ Dch
T,k+h∨(T ) ⊗ Dch

N (N) as a

vertex algebra. The action of n[t±1] which comes from πL concerns with only the
latter Dch

N (N). Therefore, we can show

H0
DS(Dch

G (U)) ∼= Dch
N (N)⊗Dch

T,k+h∨(T ),

in the same way as Lemma 2.1.3 (ii) since N is unipotent. Likewise, the action
corresponding to πR (and π′

R) concerns with only the former Dch
G (N), so

H0
DS(H

0
DS(Dch

G (U))) ∼= Dch
T,k+h∨(T ).

By composing with IG → H0
DS(H

0
DS(Dch

G (U))), we obtain the map

ν : IG → Dch
T,k+h∨(T ).

The injectivity of ν follows from the simplicity of IG (Proposition 1.6.1).
To complete the proof, we need to show that ν descends to φ. This follows from

the commutativity of the Kostant reduction and the quantized Drinfeld-Sokolov
reduction ([A1, Theorem 6.7 and Theorem 6.8]).

RecallWG,k = H0
DS(Dch

G (G)). Hence, the associated variety of WG,k is obtained

by performing the Kostant reduction to that of Dch
G (G). That is,

XWG,k
∼= XDch

G (G) ×g∗ Sf0 .

Since XDch
G (G)

∼= T ∗G, we obtain

XWG,k
∼= T ∗G×g∗ Sf0

∼= G× Sf0 .

In the same way,

XIG
∼= XWG,k

×g∗ Sf0

∼= (G× Sf0)×g∗ Sf0

∼= ZG.

Similarly, we have XDch
G (U)

∼= ZU (c.f. Remark 1.2.3).

The restriction map r : Dch
G (G) → Dch

G (U) descends to the restriction map
O(T ∗G) → O(T ∗U), because RDch

G (G) (resp. RDch
G (U)) is isomorphic to O(T ∗G)

(resp. O(T ∗U)). Therefore, r descends to the inclusion map i : T ∗U → T ∗G. By
performing the quantized Drinfeld-Sokolov reduction twice to r and the Kostant
reduction twice to i respectively, it follows that ν : IG → Dch

T,k+h∨(T ) descends to
φ : KTG

∼= ZU → ZG.
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2.2. An example : SL2(C)-case. In this section we describe the free field real-
ization ν concretely for G = SL2(C). In this case, the decomposition U = NwTN
is described as{(

1 x
0 1

)(
0 −1
1 0

)(
ξ 0
0 ξ−1

)(
1 y
0 1

) ∣∣∣∣ x, y ∈ C, ξ ∈ C×
}
.

Let e =

(
0 1
0 0

)
, h =

(
1 0
0 −1

)
, f =

(
0 0
1 0

)
be a basis of g. Take elements

a, b, c, d in O(G), whose values on g ∈ G are the (1, 1)-entry, the (1, 2)-entry, the
(2, 1)-entry and the (2, 2)-entry of g, respectively. Then

O(G) = C[a, b, c, d]/(ad− bc− 1).

We can find

eR = −d2eL − cdhL + c2fL,

hR = −2bdeL − (ad+ bc)hL + 2acfL,

fR = b2eL + abhL − a2fL,

ωe = d · (db)− b · (dd),

ωh =
1

2
(d · (da) + c · (db)− b · (dc)− a · (dd)),

ωf = −c · (da) + a · (dc).

Therefore, Dch
G (G) ∼= U(ĝk) ⊗U(g[t]⊕CK) O(J∞G) is strongly generated by e =

e(−1) ⊗ 1 |0〉, h = h(−1) ⊗ 1 |0〉, f = f(−1) ⊗ 1 |0〉 and a = 1⊗ a |0〉, b = 1⊗ b |0〉, c =
1 ⊗ c |0〉, d = 1 ⊗ d |0〉. More concretely, let V be the vertex algebra generated by
fields e(z), h(z), f(z), a(z), b(z), c(z), d(z) with the following nontrivial OPEs:

e(z)h(w) ∼ −2e(w)

z − w
, e(z)f(w) ∼ h(w)

z − w
+

k

(z − w)2
,

h(z)h(w) ∼ 2k

(z − w)2
, h(z)f(w) ∼ −2f(w)

z − w
,

e(z)b(w) ∼ a(w)

z − w
, e(z)d(w) ∼ c(w)

z − w
,

h(z)a(w) ∼ a(w)

z − w
, h(z)b(w) ∼ − b(w)

z − w
,

h(z)c(w) ∼ c(w)

z − w
, h(z)d(w) ∼ − d(w)

z − w
,

f(z)a(w) ∼ b(w)

z − w
, f(z)c(w) ∼ d(w)

z − w
.

Finally, we can obtain Dch
G (G) as the quotient of V by the submodule generated by

the field

: a(z)d(z) : − : b(z)c(z) : −1.

Next, we consider Dch
G (U) ∼= Dch

N (N)⊗Dch
T,k+h∨(T )⊗Dch

N (N).

It is easy to see that Dch
N (N) is isomorphic to the βγ system 〈β, γ〉, which is the

vertex algebra generated by two fields β(z) =
∑
n∈Z

β(n)z
−n−1, γ(z) =

∑
n∈Z

γ(n)z
−n
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and the only nontrivial OPE

β(z)γ(w) ∼ 1

z − w
.

As for Dch
T,k+h∨(T ), this is isomorphic to 〈η, λ±〉, the vertex algebra generated by

η(z), λ+(z) and λ−(z) with the following nontrivial OPE and relation:

η(z)η(w) ∼ 2(k + 2)

(z − w)2
, η(z)λ±(w) ∼

±λ±(w)

z − w
,

: λ+(z)λ−(z) : −1 = 0.

Hence, we can write Dch
G (U) ∼= 〈βx, γx〉⊗〈η, λ±〉⊗〈βy, γy〉, where 〈βx, γx〉, 〈βy, γy〉

are the βγ systems.
The restriction map r : Dch

G (G)→ Dch
G (U) is as follows:

a(z) 7→ : λ+(z)γx(z) : ,

b(z) 7→ : λ+(z)γx(z)γy(z) : −λ−(z) ,

c(z) 7→ λ+(z) ,

d(z) 7→ : λ+(z)γy(z) : ,

e(z) 7→ βy(z) ,

h(z) 7→ η(z)− 2 : γy(z)βy(z) : ,

f(z) 7→ − : λ2
−(z)βx(z) : − : γ2

y(z)βy(z) : + : γy(z)η(z) : +k∂γy(z) .

This is obtained by considering the classical restriction map C[T ∗G]→ C[T ∗U ].
If we compute the OPEs among the fields corresponding to elements in C[T ∗U ]
which a, b, . . . , fL ∈ C[T ∗G] are mapped to, then almost all of the fields satisfy the
desired OPEs except f(z). We can find the correction term k∂γy(z) by considering
the OPE with e(z).

We will take the quantized Drinfeld-Sokolov reduction with respect to the ĝk-

action. Then we get WG := H0
DS(Dch

G ) as the quotient of W̃G. W̃G is a vertex
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algebra with generating fields ã(z), b̃(z), c̃(z), d̃(z), f̃(z) and nontrivial OPEs

ã(z)̃b(w) ∼ : ã2(w) :

2(z − w)
, ã(z)d̃(w) ∼ : ã(w)c̃(w) :

2(z − w)
,

b̃(z)c̃(w) ∼ − : ã(w)c̃(w) :

2(z − w)
, c̃(z)d̃(w) ∼ : c̃2(w) :

2(z − w)
,

b̃(z)̃b(w) ∼ 2k + 3

4

{
: ã2(w) :

(z − w)2
+

: (∂ã)(w)ã(w) :

z − w

}
,

d̃(z)d̃(w) ∼ 2k + 3

4

{
: c̃2(w) :

(z − w)2
+

: (∂c̃)(w)c̃(w) :

z − w

}
,

b̃(z)d̃(w) ∼ 2k + 3

4
· : ã(w)c̃(w) :

(z − w)2
+

2(: ã(w)d̃(w) : − : b̃(w)c̃(w) :) + (2k + 1) : (∂ã)(w)c̃(w) :

4(z − w)
,

f̃(z)ã(w) ∼ (2k + 1)ã(w)

4(z − w)2
+

b̃(w)

z − w
, f̃(z)c̃(w) ∼ (2k + 1)c̃(w)

4(z − w)2
+

d̃(w)

z − w
,

f̃(z)̃b(w) ∼ − (k + 2)(2k + 1)ã(w)

2(z − w)3
− (2k + 7)̃b(w)

4(z − w)2
− : f̃(w)ã(w) :

z − w
,

f̃(z)d̃(w) ∼ − (k + 2)(2k + 1)c̃(w)

2(z − w)3
− (2k + 7)d̃(w)

4(z − w)2
− : f̃(w)c̃(w) :

z − w
,

f̃(z)f̃(w) ∼ − (k + 2)(2k + 1)(3k + 4)

2(z − w)4
− 2(k + 2)f̃(w)

(z − w)2
− (k + 2)(∂f̃)(w)

z − w
.

The equivariant affine W -algebra WG is the quotient of W̃G by the submodule
generated by the field

: ã(z)d̃(z) : − : b̃(z)c̃(z) : − : (∂ã)(z)c̃(z) : −1.

The homomorphism H0
DS(r) : WG → 〈βx, γx〉 ⊗ 〈η, λ±〉 is

ã(z) 7→ : λ+(z)γx(z) : ,

b̃(z) 7→ −1

2
: γx(z)η(z)λ+(z) : −λ−(z) ,

c̃(z) 7→ λ+(z) ,

d̃(z) 7→ −1

2
: η(z)λ+(z) : ,

f̃(z) 7→ −1

4
: η2(z) : − : βx(z)λ

2
−(z) : −

k + 1

2
(∂η)(z) .

We will take the quantized Drinfeld-Sokolov reduction with respect to the ĝk-action
coming from the vertex algebra homomorphism V k∗

(g)→ Dch
G (G)→WG.
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We get IG as the quotient of ĨG, where ĨG is the vertex algebra generated by
C(z), D(z), F (z) subjected to the following nontrivial OPEs:

C(z)D(w) ∼ : C2(w) :

2(z − w)
,

D(z)D(w) ∼ 2k + 3

4

{
: C2(w) :

(z − w)2
+

: (∂C)(w)C(w) :

z − w

}
,

F (z)C(w) ∼ (2k + 1)C(w)

4(z − w)2
+

D(w)

z − w
,

F (z)D(w) ∼ − (k + 2)(2k + 1)C(w)

(z − w)3
− (2k + 7)D(w)

4(z − w)2
− : F (w)C(w) :

z − w
,

F (z)F (w) ∼ − (k + 2)(2k + 1)(3k + 4)

2(z − w)4
− 2(k + 2)F (w)

(z − w)2
− (k + 2)(∂F )(w)

z − w
.

The chiral universal centralizer IG is the quotient of ĨG by the submodule generated
by the field

: F (z)C2(z) : + : D2(z) :− 2k + 7

2
(: C(z)(∂D)(z) : − : (∂C)(z)D(z) :)

+
2k + 7

4
: (∂C)2(z) : −2k + 3

8
: (∂2C)(z)C(z) : +1.

The homomorphism ν = H0
DS(H

0
DS(r)) : IG → 〈η, λ±〉 is as follows:

C(z) 7→ λ+(z),

D(z) 7→ −1

2
: η(z)λ+(z) :,

F (z) 7→ −1

4
: η2(z) : − : λ2

−(z) : −
k + 1

2
(∂η)(z).

When k = −2, this coincides with the free field reaization in [BN] by

C ←→ X, D ←→ −Y, F ←→ −S,

λ± ←→ γ∓ 1
2 , η ←→ −2b.

The conformal vector

: η(z)(∂λ+)(z)λ−(z) :+ : βx(z)(∂γx)(z) : + : βy(z)(∂γy)(z) :

+ (k + 1) : (∂λ+)(z)(∂λ−)(z) : − : (∂2λ+)(z)λ−(z) :

in Dch
G (U) descends to a conformal vector

: η(z)(∂λ+)(z)λ−(z) :− : (∂λ+)(z)(∂λ−)(z) :

− (k + 3) : (∂2λ+)(z)λ−(z) : +(∂η)(z)

in IG,k with central charge 26, by performing the quantized Drinfeld-Sokolov re-
duction twice.
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