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Abstract

This thesis proposes structural optimization methods considering electrostatic and

structural coupling effects and geometric nonlinearity aiming at designing high per-

formance actuators and mechanisms. Based on the proposed methods, the design

optimization methods for electrostatic actuators, mechanical resonators, and compli-

ant mechanisms are constructed.

First, a level set-based structural optimization for electrostatic actuators is pre-

sented. Designing electrostatic actuators requires consideration for the electrostatic-

structural coupling effects. A rigorous evaluation of electrostatic force is particularly

important since electrostatic forces, surface forces, occur on the structural bound-

aries that change during optimizations. In this thesis, a mesh adaptation scheme for

electrostatic actuator design problems is built so that the finite element mesh nodes

closest to the structural boundaries snap to the structural boundaries to enable the

accurate calculation of electrostatic forces. Several numerical examples are provided

to demonstrate the effectiveness of the proposed method. The method is also ap-

plied to the driving-force-profile defining problem. In this problem, a multi-objective

functional is formulated in order to obtain an optimal configuration that achieves

prescribed driving forces at multiple electrode positions.

Next, a level set-based topology optimization for mechanical resonators is pre-

sented. Conventional topology optimizations, such as homogenization methods and

density methods, encounters grayscales, which have intermediate material properties

between solid and void, in the design optimization problems of flexible structures. The

proposed level set-based topology optimization can avoid such problem and provides

clear structural boundaries. Kinetic energy is used as the objective functional and is

maximized to achieve the desired performance and obtain structural flexibility. A de-

sired stiffness is assigned by the placement of a spring. Three-dimensional numerical

examples are provided and the effectiveness of the proposed method is verified.
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Last, a level set-based topology optimization for compliant mechanisms is pre-

sented. Compliant mechanisms are structures that utilize their flexibility to achieve

designed functions and they undergo large deformations in certain areas because

functions similar to those of joints and springs in rigid-link structures are enabled by

deformations alone. Here, a Moving Particle Semi-Implicit (MPS) Method, a particle

method, is used to consider geometric nonlinearity. Numerical examples are presented

to demonstrate the effectiveness of the proposed method.
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Chapter 1

Introduction

1.1 Motivation

During the past several decades, structural optimizations have been widely used in a

number of design problems, such as stiffness maximization problems [1, 2], eigenfre-

quency problems [3], thermal problems [4–6], fluid problems [7–9], and so on. Struc-

tural optimization methods are the methods that provide optimum design candidates

for given problems based on mathematical and physical grounds and can achieve de-

sired performances of the devices at higher levels than those of the devices designed

by trial and error methods, and therefore are expected to be used in design problems

at a wider range of real-world design problems. There are, however, design problems

in which structural optimizations yet have numerical problems in their optimiza-

tion processes. Design problems of electrostatic actuators are one of the important

design problems that require further development of optimization methods. Elec-

trostatic actuator design problems requires considerations of electrostatic-structural

coupling effects and rigorous evaluation of electrostatic forces, surface forces, that

occur on the structural boundaries that move during the optimization. Electrostatic

actuators are essential and indispensable devices in a wide range of applications and

there is a need for the development of structural optimization methods that can con-
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sider electrostatic-structural coupling effects. Another design problem that has long

been expected to have usable structural optimization method is the design problem

of mechanisms that utilize its own flexibility. Mechanical resonators and compliant

mechanisms are the good examples. Conventional topology optimization methods,

such as homogenization methods and density methods, encounter a numerical prob-

lem called grayscales, which have fictitious intermediate material properties between

solid and void, when expressing flexible structures. A new structural optimization

method for flexible structures need to be able to provide clear structural bound-

aries so that engineers can understand the structural designs. Furthermore, it re-

quires nonlinear analysis of deformations since flexible structures often undergo large

deformations. My motivation is to develop structural optimizations that consider

electrostatic-structural coupling effects and nonlinear analysis of deformations to de-

sign high-performance actuators and mechanisms. In this thesis, the structural op-

timizations that consider electrostatic-structural coupling effects and geometric non-

linearity to enable the design optimization of electrostatic actuators and mechanisms

that utilize their own flexibility are developed, and based on the proposed optimiza-

tion methods, the design optimization methods of electrostatic actuators, mechanical

resonators, and compliant mechanisms are constructed.

1.2 Background

A number of researches have been taken place to deal with the electrostatic-structure

coupling effects and structural flexibilities. Prior research pertaining to the structural

optimization considering electrostatic-structural coupling effects and structural flex-

ibilities and the main features of electrostatic actuators, mechanical resonators, and

compliant mechanisms are discussed below.

Electrostatic actuators are a major class of micro-electro-mechanical devices and

utilize electrostatic forces as driving forces. The principle of their operation has been
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known for centuries but widespread use of such devices is a recent phenomenon be-

cause the voltage requirements are unrealistically high for relatively large devices. At

the Micro-electro-mechanical systems (MEMS) scale, however, the voltage require-

ments are reasonably small and the simplicity of electrostatic actuator structures

allows them to be manufactured using well-established microfabrication technologies

developed in semiconductor industries.

There are different types of electrostatic actuators, including comb-drive [10–13],

cantilever [14, 15], and parallel plate [16, 17], used in many different micro-devices

such as switches, sensors, and electronic filters. The shapes of the constituent parts

of electrostatic actuators are simple and are typically obtained by trial and error

design methods, but the results do not necessarily provide high performances.

Several previous studies have explored the use of structural optimization meth-

ods for electrostatic actuator design problems. Shape optimization of comb-drive

electrostatic actuators was carried out by Ye et al [11, 12], in which a polynomial

function-based shape optimization was used and optimal structures that successfully

minimized the objective functionals were obtained. However, in their research, shapes

deformations during the optimization could only occur within the range defined by

the polynomial function, so significant changes in shape were impossible.

Topology optimization [1], on the other hand, allows large structural changes dur-

ing the optimization process. Topology optimization of electrostatic actuators has

been studied by Raulli et al. [18], Alwan et al. [19, 20], and Yoon et al. [21], who

collectively dealt with cantilever and inverter electrostatic actuator types. In their

methods, which adopted the density method [22–24], high-performance structures

were obtained by incorporating a rigorous analysis of the strong coupling between

the electrostatic and elastic deformation fields. However, because the material in-

terpolation in the above optimizations used the density method, numerical problems

were encountered, such as non-clear boundaries, grayscales. Prior research [25–29] has

attempted to eliminate grayscales and obtain optimal structures that are useful in an
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engineering sense, but no study has yet solved all of these problems at a fundamental

level.

One approach to solve these problems is the use of level set-based structural

optimization methods [30–32], proposed as a structural optimization method that al-

lows large structural changes and provides optimal configurations that are free from

grayscales. Level set methods express structural boundaries using an iso-surface of

the level set function. During the optimization procedure, changes in the structural

boundaries are expressed by changes in the iso-surface of the level set function. This

method fundamentally disallows grayscales. Wang et al. [31] and Allaire et al. [32] in-

dependently proposed structural optimization methods in which the Hamilton-Jacobi

equation is used for updating the level set function, to move the structural bound-

aries. Yamada et al. [33,34] proposed a different type of method in which a reaction-

diffusion equation is used for updating the level set function, a scheme that can allow

topological changes in the target structures. These methods have been applied to

many different problems, such as stiffness maximization problems [31,32] and thermal

conduction maximization problems [35, 36]. A level set-based topology optimization

method may be especially useful for solving electrostatic actuator optimization de-

sign problems because its clear boundary expressions are crucial to obtaining accurate

driving forces, i.e., the electrostatic forces that occur on the structural boundaries.

To accurately calculate driving forces in level set-based optimization methods, a

new approach is required because the structural boundaries, on which the driving

forces occur, move during the calculation and therefore seldom precisely match the

positions of the finite element mesh (FEM) nodes. This mismatch prevents accurate

calculation of the electrostatic forces on the boundaries.

Several methods have been proposed to make the positions of the finite element

mesh nodes congruent with the moving structural boundaries. One of the most pop-

ular methods is the Arbitrary Lagrangian Eulerian (ALE) method [37, 38] that is

frequently used in fluid dynamics. The ALE method precisely describes the mov-
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ing boundaries and interfaces using an arbitrary movement of a reference frame. The

computation, however, is not very robust with this method when the boundary move-

ment is complex. Another important method that tracks changing boundaries is the

Extended Finite Element Method (X-FEM) [39–41], widely used for tracking cracks

in structures. The X-FEM does not require that new or moving internal boundaries

be meshed, but an additional function, called the enrichment function, is required to

model new or moving internal boundaries during calculation. The X-FEM, however,

is developed for tracking cracks and is out of our scope of tracking gradually-moving

structural boundaries during optimization.

To track the movement of structural boundaries, Yamasaki et al. [42] proposed

a scheme in which the finite element mesh nodes close to the structural boundaries

are moved to positions precisely on the structural boundaries. This method does

not require any additional functions, and can accurately track structural boundaries

that undergo large changes. A level set-based optimization method incorporating

this mesh adaptation scheme may be a practically usable optimization method for

electrostatic actuators and will be discussed in detail in Chapter 2 and 3.

When designing large-scale mechanical structures, resonance phenomena must

usually be suppressed, since they may cause instability. Popular design techniques for

avoiding resonance phenomena are eigenfrequency maximization [3, 43] and dynamic

mean compliance minimization [44, 45]. On the other hand, proactive utilization of

structural instabilities in small-size devices can create useful dynamic functions. Me-

chanical resonators are one popular type of device that has flexible structure and

whose performance is based on utilization of structural instability. Mechanical res-

onators can be used as sensors to measure physical quantities such as acceleration [46]

or yaw angle [47] by vibrating the structures at certain frequencies. In particular, me-

chanical resonators are of vital importance now, for example in optical instruments

such as digital cameras, where they act as sensors in systems that reduce image

blurring due to undesirable physical movement.
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When optimizing resonators, the periodic loading that provides vibration at cer-

tain frequencies needs to be considered. There is significant literature concerning the

optimization of mechanical structures under vibration. Ma et al. [44] and Min et

al. [45] explored frequency response problems for vibrating structures. Their topol-

ogy optimization methods employed the homogenization method and minimized the

mean dynamic compliance to increase the stiffness of elastic structures. Jog [48] also

proposed a topology optimization method for mechanical structures to minimize vi-

bration under periodic loading, using the Solid Isotropic Material with Penalization

(SIMP) method. The above research aimed at stabilizing the vibration of target

structures.

Nishiwaki et al. [49] and Tcherniak [50], on the other hand, developed topology

optimization methods for flexible mechanical structures under periodic loading. The

optimal configurations in this research amplified displacements, and resonators that

provided higher performance than conventional structures were obtained. Maeda et

al. [51] succeeded in developing an optimization method for the design of structures

that have desired eigenfrequencies and eigenmodes. However, the optimal designs

in all of the above research included grayscale areas because the homogenization

method [49,51] or the SIMP method [50] was used in the optimization. These methods

typically encounter grayscale problems when dealing with flexible structures because

the optimization represents flexible structures using intermediate material densities

that have lower stiffness than that of the solid material.

Level set-based topology optimization methods [31, 32] can overcome the above

grayscale issue in problems that deal with flexible structures. Using a level set-based

structural optimization method, Shu et al. [52] proposed a design method for reducing

the vibration of mechanical structures subjected to periodic loading by minimizing the

frequency response at certain areas of the structure at a given excitation frequency.

Since their method uses the Hamilton-Jacobi equation for updating the level set func-

tion, it is a shape optimization method that allows the disappearance and integration
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of holes, and the cleaving of a material domain, but does not allow the creation of

holes. On the other hand, Yamada et al. [53] proposed a level set-based topology

optimization method for mechanical structures under periodic loading that allows

topological changes in addition to shape changes, by using the topological derivative

to update the level set function. Displacement was minimized at a certain output

point in this method. Both of these level set-based structural optimization meth-

ods were successful in reducing the frequency response of structures, and provided

structural configurations with clear boundaries that were valid from a manufacturing

point of view. However, no research has been presented so far in the level set-based

structural optimization research field where the aim is to amplify the displacements of

mechanical structures. For the optimal design of resonators, an optimization method

for mechanical structures that aims to amplify displacements and can provide clear

structural boundaries must be developed and will be discussed in detail in Chapter

4.

A number of devices including mechanical resonators and compliant mechanisms

undergo large deformations during operation. To analyze deformations that include

large deformations [54–60], nonlinear analysis is preferable. In nonlinear optimiza-

tion problems, however, the tangent stiffness matrices may not always be positive in

low density elements when the governing equations are discretized using the FEM,

and convergence in such problems is often poor. The problem of negative tangent

stiffness matrices is most likely caused by grayscales or large deformations of the el-

ement mesh structure. Bruns et al. [61] circumvented this problem by eliminating

node connections between low-density elements. Yoon et al. [62, 63] circumvented

this problem by expressing solid and void elements using a rigid link structure for

solid elements and a non-rigid link structure for void elements. The convergence per-

formance was improved in both of these methods but the mesh distortion problem

cannot be fundamentally solved in their method.

Particle methods, mesh-free methods [64–70], express continuum structures us-
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ing particles and inherently avoid element-distortion problems. Smoothed Particle

Hydrodynamics (SPH) method [67,71–74] and Moving Particle Semi-implicit (MPS)

methods [68, 75–77] are the major particle methods. SPH method represent spacial

distribution of variables by taking the superpositions of variables multiplied by kernel

functions at each particle. This method is originally developed for compressible flow

problems, and applied to a number of fluid problems [78, 79]. In elastic problems,

however, SPH often encounter numerical instability when tensile force applied. This

problem is called tensile instability [80,81], in which particles many gather in a certain

local area, creating other particle-free areas. On the other hand, MPS method uses

particle interaction models to discretize the governing equations and tensile instabil-

ity problem does not occur. A topology optimization method using MPS method for

its nonlinear analysis may be an effective method for optimizing the design of devices

that undergo large deformations and will be discussed in Chapter 5.

1.3 Thesis structure

This thesis summarizes my doctoral research during the past few years. It deals

with optimization methods considering electrostatic-structural coupling effects and

geometric nonlinearity, and proposes the design optimization methods for electrostatic

actuators, mechanical resonators, and compliant mechanisms. The outline of each

chapter is as follows.

In Chapter 2, an optimization method for electrostatic actuators is developed.

The analysis of the electrostatic and structural coupled fields is discussed. A method

for accurately calculating the driving forces that occur on the structural boundaries

that change during the optimization is presented, and the basis of the optimization

method for electrostatic actuators is explained.

Chapter 3 discusses an optimization method for electrostatic actuators consid-

ering driving force profiles, to accommodate real-world requirements encountered in
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electrostatic actuator design problems. A multi-objective functional is formulated to

obtain optimal configurations that achieve a prescribed driving force profile.

In Chapter 4, an topology optimization method for mechanical resonators is pro-

posed. The optimum design problem is formulated to obtain an optimal configuration

that proactively utilizes the dynamic instability of the structure. A objective func-

tional is formulated based on the concept of kinetic energy maximization.

Chapter 5 discusses a topology optimization method for compliant mechanisms,

mechanisms that undergo large deformations, and the use of MPS method that en-

ables geometrically nonlinear analysis is discussed. An optimization method that

incorporates the MPS method is presented and numerical examples are provided to

verify the effectiveness of the proposed method.

Last, the conclusions of this thesis are provided in Chapter 6.
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Chapter 2

Structural optimization of

electrostatic actuators

2.1 Introduction

This chapter proposes a novel structural optimization method for the design of elec-

trostatic actuators. The main difficulty when applying structural optimization in

electrostatic actuator design problems lies in the calculation of the electrostatic forces.

These calculations require clear structural boundaries because the electrostatic driv-

ing forces only occur on the structural boundaries, but these boundaries are poorly

defined in grayscale areas. Here, a level set-based structural optimization is used for

the design optimization of electrostatic actuators because it allows large changes in

structural shapes and also provides clear structural boundaries, since the boundaries

are expressed as an iso-surface of the level set function. In level set-based structural

optimization methods, however, the expressed structural boundaries that move during

the optimization seldom match the finite element mesh nodes, and this causes inac-

curacies when the electrostatic forces are calculated. Therefore, to enable accurate

analysis of the electrostatic forces, some kind of interpolation method or boundary

expression method is required. A mesh adaptation scheme is developed here so that
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the finite element mesh nodes closest to the structural boundaries snap to the bound-

aries after each update of the level set function.

The following describes the shape representation of the level set method and the

formulations of the considered electrostatic actuator design problems. The electro-

static and elastic deformation fields are coupled. The sensitivity is derived using the

adjoint variable method, and Maxwell’s stress tensor is used when calculating the

actuation forces. The proposed mesh adaptation scheme is explained and verified

through numerical examples in which the results of electrostatic force calculations

using this scheme are compared with those obtained by analysis, and those obtained

by a method using a conventional ersatz material approach. Two numerical examples

are presented to demonstrate the effectiveness of the proposed method.

2.2 Formulations

2.2.1 Structural optimization based on the level set method

Structural optimization based on the level set method is now explained. A domain

filled with material, called the material domain Ω, is defined in a fixed design domain,

D. The level set function ϕ(x) is defined as a signed distance function representing

the least distance from a point x to the structural boundary, with the material domain

Ω and the structural boundary, ∂Ω, expressed by the level set function. That is, the

shape of the structure is expressed by the level set function, which is positive in the

material domain, negative in the void domain, and zero on the structural boundaries,

as follows. 
ϕ (x) > 0 for ∀x ∈ Ω \ ∂Ω

ϕ (x) = 0 for ∀x ∈ ∂Ω

ϕ (x) < 0 for ∀x ∈ D \ Ω ,

(2.1)

where x is a point in the fixed design domain.
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During the optimization, changes in the shape of the material domain are ex-

pressed by changes in the value of the level set function. A fictitious time, t, is intro-

duced and a Hamilton-Jacobi equation represents the advection of the iso-surface of

the level set function, expressed as the derivative of the level set function ϕ(x(t), t)

with respect to time t, as follows [31,32]:

∂ϕ (x, t)

∂t
+

dx

dt
· ∇ϕ (x, t) = 0 in D, (2.2)

where dx
dt

is the advection of the iso-surface of the level set function defined at x in

fixed design domain D. With the velocities of structural boundary movement in the

normal direction denoted by VN (x, t) and the normal direction vector denoted by n,

the following relation is obtained:

dx

dt
= VN (x, t)n . (2.3)

n is now defined as follows.

n =
∇ϕ

| ∇ϕ |
(2.4)

Using equations (2.3) and (2.4), the Hamilton-Jacobi equation (2.2) is now rewritten

as

∂ϕ (x, t)

∂t
+VN (x, t)n·∇ϕ (x, t) =

∂ϕ (x, t)

∂t
+VN (x, t) | ∇ϕ (x, t) |= 0 in D. (2.5)

In a level set-based structural optimization method, the derivative of the design vari-

able of the objective functional represents the advection velocity of the zero iso-surface

of the level set function VN (x, t) |ϕ=0.

The level set function is initialized so that it has a signed distance function charac-

teristic and the function is updated using Eq.(2.5). However, the signed distance char-

acteristic is lost after the update, so re-initialization [82, 83] of the level set function

is usually required after several updates. On the other hand, Yamasaki et al. [42,84]
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proposed a method in which a geometric re-initialization of the level set function

is performed after each update so that the signed distance function characteristic is

strictly maintained. When the signed distance function characteristic is maintained,

the updating of the level set function is facilitated because | ∇ϕ (x, t) |= 1, and

Eq.(2.5) can then be simplified as shown in Eq.(2.6) below.

∂ϕ (x, t)

∂t
+ VN (x, t) = 0 in D. (2.6)

In this research, the updating of the level set function is carried out in this manner.

Note that the smoothness of a solution is not necessarily guaranteed when the solution

is obtained using the Hamilton-Jacobi equation, so some kind of regularization is

required during the optimization. The regularization method used in the presented

method is explained in Section 2.3.2.

2.2.2 Equilibrium equations

When an electrostatic field is applied to the dielectric void domain, an electrostatic

actuator operates in response to electrostatic forces acting on the actuator structure,

which is a conductor. Since the structure deforms in response to electrostatic forces,

the electrostatic and elastic fields need to be analyzed in order to evaluate the actuator

performances.

Here, the material domain, Ω, and two boundaries, Γ1 and Γ2, at which voltages

are applied, are defined in design domain D (Fig.2.1). Boundary Γ1 is a fixed bound-

ary and its electric potential is set to zero. Boundary Γ2 is set at an appropriate

location not connected to the material domain and its electric potential is set as Vin.

Boundary Γ3 is the boundary of the material domain. The electric potential V in the

void domain and the dielectric tensor De are set, and the equilibrium equation for
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Figure 2.1: Design domain and boundary conditions of the electrostatic actuator
design problem

the electrostatic field in the void domain is the following:

∫
D\Ω

∇V̂ · (De∇V ) dΩ = 0 , (2.7)

where V̂ is a test function and ‘ · ’ represents the inner product of the vectors.

A rigorous evaluation of the elastic deformation caused by electrostatic forces

requires nonlinear analyses that consider large deformations. However, in this chapter,

linear analyses are used to determine deformations because only small deformations

of the actuator are considered, and the objective functional pertains to a quantitative

performance such as maximization of the deformation in a certain direction.

A traction, t, arises from the electrostatic forces and acts on boundary Γ3, causing

the structure to deform elastically. It is assumed that the body force is sufficiently

small so that it can be ignored. The equilibrium equation for the elastic deformation

14



field in the material domain is

∫
Ω

ϵ (û) : Ds : ϵ (u)dΩ =

∫
Γ3

û · tdΓ, (2.8)

where Ds is the elastic tensor, u the deformation vector, and ϵ the strain tensor.

The symbol ‘ : ’ represents the inner product of second-rank tensors. Traction t per

unit area in Eq.(2.8) is defined in the following equation, considering only the terms

related to the electrostatic field represented in the Maxwell’s stress tensor.

t =


tx

ty

tz

 = −ϵ0


E2

x −
∥E∥2

2
ExEy ExEz

EyEx E2
y −

∥E∥2

2
EyEz

EzEx EzEy E2
z −

∥E∥2

2

 ·


nx

ny

nz

 , (2.9)

where ϵ0 is the electric permittivity of the vacuum, E is the electric field vector, Ex,

Ey, and Ez are the respective x, y, and z components of the electric field vector, and

nx, ny, and nz are the respective x, y, and z components of the normal vector on the

material boundaries. The electric field vector E is given by taking the gradient of

the electric potential V , as follows.

E = −∇V (2.10)

The equilibrium equations (2.7) and (2.8) are rewritten as an equilibrium equation

defined in fixed design domain D, using the Heaviside function H (ϕ) as below [85].

∫
D

∇V̂ · (De∇V ) (1−H (ϕ))dΩ = 0 (2.11)

∫
D

ϵ (û) : Ds : ϵ (u)H (ϕ)dΩ =

∫
Γ3

û · t dΓ (2.12)

The physics problem expressed in the above two equations is the so-called strong cou-

pling problem between the electrostatic field and the elastic deformation field. The
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elastic deformation field changes when the electrostatic field changes and the electro-

static field changes in response to changes in the elastic deformation field. To solve

this problem, the electrostatic field represented as Eq.(2.11) and the elastic defor-

mation field represented as Eq.(2.12) are sequentially solved in an iterated manner.

After each iterative calculation, a convergence test is carried out and the electrostatic

and elastic deformation fields at the equilibrium state are thereby obtained.

2.2.3 Formulations of optimization problem

When considering electrostatic actuators, the function whereby a certain boundary

deforms a certain amount in a certain direction is one of the most basic functions,

although various other functions are also required. When designing electrostatic

actuators, setting an appropriate displacement of the electrodes is important because

a pull-in effect, in which two electrodes that contact each other then remain stuck

together, may occur if the distance between the two electrodes becomes too small. A

structural optimization problem to find structures that satisfy the above performance

requirements is discussed below.

The aim is to design an actuator whose displacement at output port Γout in ma-

terial domain Ω is as close as possible to a designated displacement, u*, with the

displacement vector defined as u, the potential of boundary Γ1 set as zero, and the

potential of boundary Γ2 as Vin.

inf
Ω

F =

∫
Γout

∥∥u− u*
∥∥2
dΓ (2.13)

subject to

∫
D

∇V̂ · (De∇V ) (1−H (ϕ))dΩ = 0 (2.14)∫
D

ϵ (û) : Ds : ϵ (u)H (ϕ)dΩ =

∫
Γ3

û · t dΓ. (2.15)

Note that the designated displacement u* that is used in the objective functional

must be set to a very small value, because linear analyses are used for the elastic de-
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formation field; large deformations are not considered. If the designated displacement

is set to a relatively large value, the displacement at output boundary Γout must be

verified to be sufficiently small.

2.3 Numerical implementation

The flowchart of the optimization algorithm for the proposed method is shown in

Fig.2.2. The initial value of the level set function is given at the first step. The

mesh adaptation procedure is then carried out to create a finite element mesh in

which the nodes close to the structural boundary move to positions on the actual

boundaries. The details of this mesh adaptation scheme are explained in Section 2.3.1.

After the mesh adaptation, the equilibrium equations for the electrostatic and elastic

deformations are solved using the FEM. First, the electrostatic field is solved and the

electrostatic forces on the boundaries of the material domain are analyzed. Next, the

elastic deformation field is solved using the electrostatic forces as the traction forces.

As described above, the electrostatic and the elastic deformation fields are strongly

coupled and the two fields are iteratively and sequentially solved. The convergence

of the electrostatic and the elastic deformation fields is judged by determining if the

difference between the displacements in the present and previous iterations is below

a certain threshold. If convergence has not occurred, the process returns to the

third step, in which the electrostatic field is solved, and this process is repeated until

the coupled equations converge. After the convergence of the equilibrium equations,

the objective functional is calculated, and if the objective functional is converged,

the algorithmic process terminates. If the objective functional is not converged, the

sensitivity of the objective functional is found by solving the adjoint problem for the

electrostatic and elastic deformation fields. The level set function is then updated

using this sensitivity via the following equation, which is the spatially discretized form
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Figure 2.2: Flowchart of the optimization procedure for the electrostatic actuator
design problem
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of Eq.(2.6).

Φt+∆t = Φt −∆t V t
N (2.16)

Φt is a vector that represents the level set function values at each node at time t,

V t
N is a vector that represents the normal direction velocity values at each node at

time t, and ∆t is the time increment. The level set function is reinitialized after it is

updated. A geometric reinitialization method [84] is applied for the reinitialization

as explained in Section 2.2.1. After the reinitialization, the procedure returns to the

mesh adaptation step to recreate the mesh and ensure that nodes close to the bound-

aries are precisely aligned along the boundaries. Note that the desired performances

may be achieved by a number of design candidates. In this research, a local opti-

mum that achieves the desired performances is searched for by setting an appropriate

initial structure and then moving the structural boundaries. Therefore, the optimal

structure obtained by the proposed method that achieves the desired performances

resembles the initial structure.

2.3.1 Mesh adaptation scheme

The forces driving an electrostatic actuator are the electrostatic forces that occur on

the structural boundaries. To obtain an appropriate design, these electrostatic forces

must be precisely calculated during the optimization process. Such calculations, how-

ever, are not straightforward in level set-based shape optimization methods because

the FEM nodes seldom lie on the structural boundaries. To accurately calculate the

forces on the structural boundaries, the position of the finite elements nodes and the

structural boundaries need to be congruent.

In this study, the mesh adaptation scheme originally proposed by Yamasaki et

al. [42] is further developed, extending it to electrostatic actuator optimization prob-

lems. The nodes in the void domain that are close to the structural boundaries are

moved so that they lie precisely on the structural boundaries. When only the nodes
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close to the boundaries are moved, certain element shapes become distorted, which

lowers mesh quality and therefore degrades the accuracy of the analysis. To mitigate

this problem, a Laplacian smoothing method is used.

The formulation of the mesh adaptation scheme is as follows. The movement

vectors of the nodes, i.e., the displacements from original node positions to new

positions, are represented as dx, dy, and dz. The mesh adaptation is executed by

updating the node coordinates according to these movement vectors, as in Eq.(2.17).


X= X0 + dx

Y = Y0 + dy

Z = Z0 + dz ,

(2.17)

where X, Y , and Z are the coordinates of all nodes after the mesh adaptation, and

X0, Y0, and Z0 are the coordinates of all nodes before the mesh adaptation. The

derivation of the movement vectors dx, dy, and dz for each node is explained below.

Figure 2.3(a) shows the mesh structure before the mesh adaptation. Two-dimen-

sional triangular elements are used in all the illustrations of Fig.2.3 and for the expla-

nation of the mesh adaptation scheme, although this is a general scheme that is also

valid for three-dimensional mesh structures. The gray areas represent the material

domain Ω and the white areas represent the void domain. First, the elements that

consist of both material and void are selected, and measurement points, indicated by

the black dots in Fig.2.3(b), are populated at even intervals on the structural bound-

aries ∂Ω within each element. Nodes that exist in the void domain portion of the

selected elements are denoted Ni, as shown in Fig.2.3(c). As shown in Fig.2.3(d), the

Ni nodes are moved to the closest measurement point on the structural boundary.

The components of the movement vectors dxi
, dyi , and dzi are calculated.

Next, the components of movement vectors for other nodes are calculated using

the Laplacian smoothing method [86, 87]. The movement vectors dx, dy, and dz are

20



2014/1/31

1

(a) Initial mesh (b) Measurement 

points

(c) Nodes Ni (d) Movement 

vectors dxi, dyi

(e) Adapted mesh 

Material 

domain Ω

Void domain D Ω

Ni
dxi, dyi

Figure 2.3: Mesh adaptation scheme
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obtained by solving the following equations, using the FEM.

K dx = 0 with dxi
= dxi

(2.18)

K dy = 0 with dyi = dyi (2.19)

K dz = 0 with dzi = dzi (2.20)

K :=
ne∪
e=1

∫
Ae

∇TN ∇N dΩ , (2.21)

where dxi
, dyi , and dzi are the components of the movement vectors of the nodes that

have been moved to the structural boundaries, calculated according to the procedure

explained above. The total number of elements in design domain D is represented as

ne,
∫
Ae
∗ dΩ is the domain integral of the e-th element, and N is the shape function.

Using the above procedure, the movement vectors dx, dy, and dz for all the nodes

are calculated, and mesh adaptation is completed as shown in Fig.2.3(e).

When the curvature of a structural boundary is very large, the boundary arcs

as a circle with a central focus on a node, and this node then has multiple closest

points at different locations on the boundary. In the proposed method, to avoid this

kind of situation, the structural boundaries are smoothed using a sensitivity filter, as

discussed in Section 2.3.2. On the other hand, there are cases when multiple nodes

share the same closest point on a boundary. In such cases, these nodes are excluded

from the set of nodes that are forcibly displaced.

The mesh quality is examined using the following formula.

q =
4
√
3g

h2
1 + h2

2 + h2
3

, (2.22)

where q is the mesh quality index, g is the area, and h1, h2, and h3 are the side lengths

of the triangular elements [88, 89]. The value of q ranges between 0 and 1 and an

equilateral triangle has a q value of 1. The quality of solutions is unaffected when q is

larger than 0.3. The value of q is computed for all elements at every iteration. In this

22



manner, the mesh adaptation scheme enables accurate calculation of the electrostatic

forces. Note that the calculation cost of this scheme increases for three-dimensional

problems, although it is not especially high in two-dimension problems.

To calculate the electrostatic forces at the nodes on the structural boundaries,

only the nodes that are on the boundaries need to be selected. Any element with a

side that contacts a structural boundary has two nodes for which the values of the

level set function are zero. These ϕ = 0 nodes are selected and the Maxwell’s stress

tensors at these selected nodes are then calculated. Maxwell’s stress tensors for nodes

not on the structural boundaries are set equal to zero.

2.3.2 Sensitivity analysis

As discussed above, the updating of the level set function using Eq.(2.6) requires

the design sensitivity VN . The design sensitivity is obtained by the adjoint variable

method in this research.

For the constraint problem, Eq.(2.13)∼(2.15), the Lagrangian is formulated by

replacing the test functions V̂ and û with the adjoint variables Ṽ and ũ.

F̄ =

∫
Γout

∥∥u− u*
∥∥2
dΓ +

∫
D

∇Ṽ · (De∇V ) (1−H (ϕ))dΩ

+

[∫
D

ϵ (ũ) : Ds : ϵ (u)H (ϕ)dΩ−
∫
Γ3

ũ · T dΓ

]
(2.23)

Next, the sensitivity of Lagrangian F̄ is obtained using the Fréchet derivative of
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Lagrangian F̄ with respect to the design variable ϕ, as shown below.

⟨
dF̄

dϕ
, δϕ

⟩

=

⟨
∂
[∫

D
∇Ṽ · (De∇V ) (1−H (ϕ))dΩ

]
∂ϕ

+
∂
[∫

D
ϵ (ũ) : Ds : ϵ (u)H (ϕ)dΩ

]
∂ϕ

, δϕ

⟩

+

⟨
∂
[∫

D
∇Ṽ · (De∇V ) (1−H (ϕ))dΩ

]
∂V

−
∂
[∫

Γ3
ũ · T dΓ

]
∂V

, δV

⟩⟨
∂V

∂ϕ
, δϕ

⟩

+

⟨
∂
[∫

D
ϵ (ũ) : Ds : ϵ (u)H (ϕ)dΩ

]
∂u

+
∂
[∫

Γout

∥∥u− u*
∥∥2
dΓ

]
∂u

, δu

⟩⟨
∂u

∂ϕ
, δϕ

⟩
(2.24)

Setting adjoint fields that satisfy Eq.(2.25) and (2.26), and eliminating the second

and third terms in the right side of Eq.(2.24), the sensitivity is obtained as shown in

Eq.(2.27).

∫
D

∇Ṽ · (Deδ (∇V )) (1−H (ϕ))dΩ =

∫
Γ3

ũ · δT dΓ (2.25)∫
D

ϵ (ũ) : Ds : ϵ (δu)H (ϕ)dΩ = −
∫
Γout

2
(
u− u*

)
δudΓ (2.26)

⟨
dF̄

dϕ
, δϕ

⟩
=

⟨
∂
{∫

D

[
∇Ṽ · (De∇V ) (1−H (ϕ)) + ϵ (ũ) : Ds : ϵ (u)H (ϕ)

]
dΩ

}
dϕ

, δϕ

⟩
(2.27)

Now, the right side of Eq.(2.25) is converted to a domain integral in D and moved

to the left side of the equation. A Dirac delta function, δ (x), is used to convert the

boundary integral to the domain integral. The Dirac delta function is defined using

the Heaviside function H (ϕ) and the normal vector of the Heaviside function, nH ,
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as follows [85].

δ (x) = ∇H (ϕ) · nH

=
dH (ϕ)

dϕ
∇ϕ · ∇ϕ

| ∇ϕ |

=
dH (ϕ)

dϕ
| ∇ϕ | (2.28)

Eq.(2.25) is now rewritten as follows, using Eq.(2.28).

∫
D

[
∇Ṽ · (Deδ (∇V )) (1−H (ϕ))− ũ · δT dH (ϕ)

dϕ
|∇ϕ|

]
dΩ = 0 (2.29)

The following function, Ha (ϕ), is used for the Heaviside function H (ϕ) of dH(ϕ)
dϕ

in

Eq.(2.27) and (2.29), since the Heaviside function is a step function.

Ha (ϕ) =



0 (ϕ < −w)

1

2
+

15

16

(
ϕ

w

)
− 5

8

(
ϕ

w

)3

+
3

16

(
ϕ

w

)5

(−w 6 ϕ 6 w) ,

1 (w < ϕ)

(2.30)

where w is the transition width of the boundaries.

The sensitivity
⟨

dF̄
dϕ
, δϕ

⟩
obtained by Eq.(2.27) may not be sufficiently smooth,

as explained in Section 2.2.1, so a Helmholtz type of filter [42] is used for the regular-

ization in this research. That is, the regularization is carried out using the following

equation, with the regularized sensitivity defined as
⟨

dF̄
dϕ
, δϕ

⟩∗
.

⟨
dF̄

dϕ
, δϕ

⟩∗

+R2 ∇2

⟨
dF̄

dϕ
, δϕ

⟩∗

=

⟨
dF̄

dϕ
, δϕ

⟩
, (2.31)

where R is a parameter that affects the smoothness of the solution.
⟨

dF̄
dϕ
, δϕ

⟩∗
=⟨

dF̄
dϕ
, δϕ

⟩
when R = 0 and Eq.(2.31) becomes equivalent to Poisson’s equation as

R → ∞.
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This regularized sensitivity
⟨

dF̄
dϕ
, ϕ

⟩∗
is used for the value of VN in Eq.(2.6) to

update the level set function. To have VN assume the velocity values of structural

boundary movement in the normal direction, VN values at nodes that are not on the

structural boundaries are replaced with the VN values of the closest nodes that lie on

the structural boundaries.

2.4 Numerical examples

First, the operation of the proposed mesh adaptation scheme for calculating the

electrostatic force is verified. The effectiveness of the proposed optimization method

for the design of electrostatic actuators is then examined in two numerical examples

in which a plane stress condition is assumed.

2.4.1 Verification of mesh adaptation scheme suitability

In this section, the suitability of the mesh adaptation scheme proposed in Section

2.3.1 is verified. The electrostatic force for an infinite parallel plate type of electrode

can be solved analytically, but it cannot be solved through the FEM. Therefore, a

sufficiently large parallel plate type of electrode is used, with electrodes that are 1µm

thick, 42µm wide, and spaced 8µm apart. A voltage of 25V is applied between the

two electrodes. An evaluation region 20µm wide and 8µm high is set at the center of

electrodes (Fig.2.4). The analysis domain has a depth of 1m. The material properties

used in this problem are the permittivity of the void and material domains. The

vacuum permittivity of the void domain is 8.85 × 10−12Fm−1, and that of material

domain is defined as being 103 times larger, which is a sufficient degree of difference.

The absolute value of the electrostatic forces occurring on the electrode surfaces

within the evaluation region is solved using an adapted mesh structure realized by

the proposed method. For comparison, these forces are also solved analytically and by
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Figure 2.4: Parallel plate model

using a non-adapted mesh structure obtained by an ersatz material approach [32,34],

a conventional approach that avoids re-meshing when using a level set method. In

this approach, the left side of Eq.(2.12) is approximated as follows.

∫
Γ3

û · t dΓ ≃
∫
D

û · tdHa(ϕ)

dϕ
∥∇ϕ∥ dΩ (2.32)

The electrostatic forces in Cases 1, 2, and 3 are respectively solved analytically, by

using the adapted mesh obtained via the proposed mesh adaptation scheme, and by

using the non-adapted mesh obtained via the ersatz material approach (Table 2.1).

The analytical (Case 1) and adapted mesh (Case 2) solutions are nearly equal, but

Table 2.1: Comparison of electrostatic forces for parallel plate type electrode [N]

Case 1 Case 2 Case 3
8.65× 10−4 8.72× 10−4 4.74× 10−6

the electrostatic force provided by the non-adapted mesh structure (Case 3) was much

less than that of the other solutions. The electrostatic force is undervalued in Case 3

due to underevaluation of the electric field vector E, because the material properties
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have intermediate values between those of the material and void domains around the

structural boundaries on which the electrostatic forces occur. Based on the above

results, it is confirmed that the electrostatic force is appropriately obtained using the

proposed mesh adaptation scheme. Furthermore, the ersatz material approach, in

which the mesh is not adapted to the boundaries, does not provide accurate analysis

of the electrostatic forces, and thus is not ideal for solving electrostatic actuator

optimization problems.

2.4.2 Electrostatic actuator design 1

The model for the first electrostatic actuator design (Example 1) is shown in Fig.2.5.

The size of the fixed design domain D is 100µm× 50µm and a solid beam structure

100µm	
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µm
	


D	


Initial shape	
 Ω	


Γ1	


Γ2	


Γ3	


25V	


Non-design domain	


Output	


x	


y	
 z	


Figure 2.5: Design domain, boundary conditions, and initial configurations of
Example 1

whose size is 90µm× 15µm is set as the initial electrode structure. The depth in the

z direction is 10µm. A small square non-design domain is defined near the tip of the

electrode Ω as the output port, and the displacement of the boundary Γout of this

non-design domain is evaluated as the displacement of the electrode. A voltage of 0V

is applied at boundary Γ1, 100V is applied at boundary Γ2, and the aim is to find an
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optimal structure that deforms a set distance of 2µm in the −y direction. Domain Ω

has Young’s modulus set as 153GPa and a Poisson’s ratio of 0.23, assuming that the

electrode material is silicon. The electric permittivity of the void domain D \ Ω is

set equal to the vacuum permittivity of 8.85× 10−12F/m. The optimal configuration

obtained by the optimization is shown in Figs.2.6(a) and (b), and the history of

objective functional values is shown in Fig.2.7(a).

2014/4/11

1

(c) Undeformed (Model 1B) (d) Deformed (Model 1B)

(a) Undeformed (Model 1A) (b) Deformed (Model 1A)

(e) Undeformed (Model 1C) (f) Deformed (Model 1C) 

Figure 2.6: Optimal configurations and deformed shapes of Example 1

Figure 2.6(a) shows the shape of the electrode Ω after the optimization and
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Figure 2.7: History of objective functional of Example 1
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Fig.2.6(b) shows the shape of the electrode Ω after deformation, when a voltage

of 25V is applied to the electrode shown in Fig.2.6(a). The shape of the optimal

configuration for Model 1A tapers toward the root of the electrode, which facilitates

bending in the −y direction. The bottom edge at the electrode tip is lengthened and

rounded, which increases the electrostatic force that occurs on the electrode surface

∂Ω at that location. The optimal configuration achieves the performance objective of

a 2µm displacement in the −y direction when a voltage of 25V is applied, as shown

in Fig.2.6(b). The objective functional decreases monotonically and converges after

approximately 8 iterations.

Next, two additional optimizations are performed using the original model but

with the initial position of the upper electrode moved 5µm or 10µm in +y direction

(Model 1B and Model 1C, respectively). The optimal configurations of Model 1B

and Model 1C are shown in Figs.2.6(c)–(f). The area of attachment at the extreme

left is shown to decrease as the initial electrode shape is placed farther from the

lower fixed electrode. In addition, the slightly bulbous lower corner of the tip of the

upper electrode increases in size as the initial electrode shape is placed farther from

the lower fixed electrode. These changes in the shape of the electrode Ω make the

electrode easier to bend and more responsive to the application of electrostatic forces

when the position of the electrode is higher, since the electrostatic forces between the

electrodes is considerably reduced, being inversely proportional to the square of the

separation distance. Furthermore, the changes in the shape of the electrode increase

its surface area and this proportionally increases the electrostatic force operating

between the electrodes. The displacements for both Model 1B and Model 1C are

2µm in the −y direction when a voltage of 25V is applied to the electrodes, indicating

that both optimal configurations achieve the movement objective. The histories of

the objective functionals are shown in Figs.2.7(b) and (c). The objective functionals

of Models 1B and 1C decrease monotonically and converge after approximately 13

and 11 iterations, respectively. The obtained configurations that achieved the desired
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performances may, however, not be globally optimal.

2.4.3 Electrostatic actuator design 2

The details for the second electrostatic actuator design (Example 2) are shown in

Fig.2.8. The lower left and lower right boundaries, Γ1, of the design domain D are

x	
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11
0µ

m
	


120µm	


Non-design  
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 Γ1	
Γ2	


Non-design  
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 Ω	

4µ

m
	


80µm	


z	


Figure 2.8: Design domain, boundary conditions, and initial configurations of
Example 2

fixed and the applied voltage is set to zero. A voltage of 18V is applied at boundary

Γ2 that is centered between the fixed boundaries. A small, square non-design domain,

which is an output area, is defined in the upper area of the design domain D and the

objective is to obtain a displacement of its boundary, Γout, of 1µm in the +y direction.

The material domain Ω has a Young’s modulus of 153GPa, Poisson’s ratio is 0.23,

and the electric permittivity is the vacuum permittivity, 8.85× 10−12F/m, assuming
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that the material is silicon, the same as for Example 1. The depth of the model in

the z direction is 1µm. A second non-design domain is defined above boundary Γ2,

whose size is 80µm× 4µm, to prevent the two electrodes from contacting each other

during the optimization process. The optimal configurations are shown in Fig.2.9. For

clarity, the deformation of the electrode when a voltage of 18V is applied is shown

magnified by a factor of 3× in Fig.2.9(b). The optimal structure has a diamond-

shaped hole at the center and thin shapes appear at the left, right, top, and bottom

faces of the structure. The obtained shape achieves the desired deformation in the

+y direction of 1µm at the output area. The history of objective functional is shown

2014/2/18

1

(a) Undeformed (b) Deformed (×3) 

Figure 2.9: Optimal configurations and deformed shapes of Example 2

in Fig.2.10. The objective functional converged after approximately 19 iterations and

an optimal configuration that achieves the desired performance was obtained.

The two examples explained above demonstrate that the proposed method is useful

for the design of electrostatic actuators, since the objective functionals converged and

the obtained structures achieved the movement objectives.
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2.5 Conclusions

A structural optimization design method for electrostatic actuators using a level set-

based optimization method was developed. This research obtained the following

results.

(1) The basic design requirements for electrostatic actuators that utilize elastic

deformation caused by electrostatic forces were clarified, and an optimization

problem was formulated by defining an objective functional that facilitates the

derivation of the adjoint equation. The design sensitivity was derived based on

this formulation and the adjoint variable method.

(2) A mesh adaptation scheme based on the level set method and Laplacian smooth-

ing was developed so that the mesh precisely adapts to shape changes, which

enables accurate calculation of the Maxwell’s stress tensors on the structural

boundaries.

(3) Based on the formulations of the optimization problem and the mesh adaptation
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scheme, an optimization algorithm was constructed that uses the FEM for both

the coupled analysis of the electrostatic and elastic deformation, and updating

of the level set function.

(4) The effectiveness of the proposed method was verified using two models and four

numerical examples. It was confirmed that the proposed method successfully

obtains optimal electrostatic actuator configurations that have clear boundaries

and that satisfy the design requirements.

35



Chapter 3

Structural optimization of

electrostatic actuators considering

driving force profiles

3.1 Introduction

In design problems for electrostatic actuators, the driving force profile is one of the

primary engineering importance. In this chapter, an optimization method is devel-

oped that can handle real-world design problems in which a defined driving force

profile must be obtained. Comb-drive electrostatic actuators, one of the most popu-

lar types of electrostatic actuators, due to their relatively large range of displacement,

are used as numerical models.

Driving force profiles are determined by the shapes of the two electrodes. Using

trial and error methods to obtain appropriate electrode shapes for comb-drive elec-

trostatic actuators that provide a specific driving force profile is especially difficult

because simultaneous consideration of multiple governing equations must be applied

to the electrodes at various relative positions. Here, a multi-objective structural op-

timization method can play an important role in finding optimal electrode shapes for
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such electrostatic actuators.

Based on the mesh adaptation scheme mentioned in Chapter 2, a level set-based

shape optimization method for comb-drive electrostatic actuators is developed. This

method allows large structural changes and maintains clear boundaries during the

optimization. A multi-objective functional is formulated in order to obtain an op-

timal configuration that achieves a prescribed driving force profile. The sensitivity

is obtained using the adjoint variable method. The electrostatic forces that occur

on the structural boundaries are calculated using Maxwell’s stress tensors, following

the procedure described in Chapter 2. In the numerical examples, four comb-drive

electrostatic actuator design examples are optimized and optimal configurations that

achieve prescribed driving force profiles are presented.

3.2 Formulations

A comb-drive electrostatic actuator consists of two comb-shaped electrodes, as shown

in Fig.3.1. One electrode is grounded; the other electrode has an electrical voltage

applied. The grounded electrode moves toward the other electrode when a voltage is

applied and the distance between the two electrodes is reduced. This movement is

the basis for the use of comb-drive electrostatic devices as actuators.

One advantage of comb-drive electrostatic actuators is that their displacement

range can be relatively large, given an appropriate design and length of the teeth

of the two electrodes. The primary concern of engineers when designing comb-drive

actuators is to define the driving force as a function of displacement, for example,

to obtain a device that has a linear driving force profile. In the following, the op-

timization problem for comb-drive electrostatic actuators is formulated to achieve

pre-defined driving force profiles.
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Figure 3.1: Comb-drive electrostatic actuator model

3.2.1 Governing equations

To optimize the design of comb-drive electrostatic actuators, the electrostatic field

must be solved. Here, we note that the elastic field is not solved in this design

problem, different from Chapter 2, since the driving force occur in the x-direction

shown in Fig.3.1 and the deformations of the electrodes in this direction are very

small.

A design domain, D, is set as shown in Fig.3.2. The fixed electrode, a material

domain, is denoted ΩD, and the movable electrode, also a material domain, is denoted

ΩM . Subscript D is used when denoting the fixed electrode ΩD because the shape of

the fixed electrode is the design target in the optimization problem that is discussed

below. Both electrodes are made from a conductive material. The void domain, which

is air, is denoted D \ (ΩD ∪ ΩM).

Comb-drive electrostatic actuators used in real-world applications have multiple

pairs of teeth in order to create larger driving forces, as depicted in Fig.3.1. In this
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Figure 3.2: Design domain and boundary conditions of driving-force-profile-defined
electrostatic actuator design problem

study, to simplify the optimization model, the design is confined to one set of teeth,

as shown in Fig.3.2. The driving force of a design consisting of numerous sets of teeth

can be obtained simply by multiplying the driving force of a single set by the number

of sets.

It is assumed that there is no external electric charge or magnetic field. Extracting

the relevant terms from Maxwell’s equations, the governing equation is defined in the

void domain as follows, using the vacuum permittivity, ϵ0, and the electric potential,

V .

∇ · (ϵ0∇V ) = 0 in D \ (ΩD ∪ ΩM) (3.1)

This governing equation is extended to the entire fixed design domain, D, by intro-

ducing a sufficiently large fictitious permittivity to the material domain. That is, the

governing equation is approximately solved in domain D, which is analogous to the

ersatz material approach [32,34]. Hence, the governing equation is redefined as below.

∇ · (ϵ(ϕ)∇V ) = 0 in D, (3.2)

where ϵ(ϕ) is the extended permittivity, defined in the entire design domain D.
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The Γ1 boundary that is in contact with the fixed electrode is charged at electric

potential Vin and the Γ2 boundary in contact with the movable electrode is grounded,

as shown in Fig.3.2. The boundary conditions are the following.


V = V on ΓV

q = −(ϵ(ϕ)∇V ) · nD = 0 on Γq

(3.3)

where V is the prescribed electric potential V on boundary ΓV = Γ1∪Γ2 , Γq = ∂D\ΓV

has a Neumann boundary condition imposed, and nD is the normal unit vector on

boundary ∂D. The governing equation (3.2) is now rewritten in the weak form using

the principle of virtual work.

∫
D

∇V̂ · (ϵ(ϕ)∇V ) dΩ = 0, (3.4)

where V̂ is the test function.

Equation (3.4) is now rewritten using the electric field vector E = −∇V , as

follows. ∫
D

Ê · (ϵ(ϕ)E) dΩ = 0 (3.5)

3.2.2 Formulations for shape optimization

The aim is to develop an optimization method for comb-drive electrostatic actuators

so that the optimal structure realizes a prescribed driving force profile. The shape of

the fixed electrode is optimized in this chapter.

A target driving force, T j∗, is defined at discrete positions of the movable elec-

trode, defined as j = 1, · · · ,m, as shown in Fig.3.3, with m arbitrarily defined. The

actual driving force at position j is calculated by taking the boundary integral of

electrostatic force tj on the boundary of the fixed electrode, denoted s. Electrostatic

force tj is calculated using Maxwell’s stress tensors, following the procedure described
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Figure 3.3: Movable electrode positions in comb-drive electrostatic actuator

in Section 2.2.2.

To achieve the target driving force at position j, the objective functional F j is

defined as the square of the differences between the target driving force T j∗ and

the actual driving force T j, as shown below, and this objective functional is to be

minimized.

inf
ϕ

F j = {T (∇V j, ϕ)− T j∗}2 (3.6)

=

(∫
s

t(∇V j) · ns(ϕ) dΓ− T j∗
)2

, (3.7)

where s is the boundary of an electrode in a comb drive electrostatic actuator and

ns is a unit normal vector on boundary s. Note that the definition of the objective

functional that satisfies the design requirement is not unique.

To obtain a configuration that achieves a prescribed driving force profile, the

optimization problem is formulated as a multi-objective optimization problem. A
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multi-objective functional, F , is formulated using F j, whose aim is to simultaneously

minimize the differences between target driving forces and actual driving forces at j

multiple positions. To obtain good convergence performance during the optimization

process, the logarithm of the summation of the exponential of F j is used for this

objective functional. The optimization problem is now formulated as follows.

inf
ϕ(x)

F [∇V, ϕ] = ln

{
m∑
j=1

exp
(
wj F j

)}
(3.8)

subject to ∇ · (ϵ(ϕ)∇V j) = 0 in D (3.9)

V j = V on ΓV (3.10)

qj = −(ϵ(ϕ)∇V j) · nD = 0 on Γq (3.11)

where wj is a weighting function. This objective functional increases the influence of

the sensitivity of the j-th position that has the largest difference between the target

driving force and the actual driving force. The range of wj must be appropriately

defined, since values of wj that are too large may cause memory overflow. The

derivation of the sensitivity is explained in Section 3.3.1.

Note that a volume constraint is relatively unimportant in electrostatic actuator

optimization problems, because these are MEMS scale devices and there is generally

little need to reduce their volume. A volume constraint is therefore not employed.

Additionally, to avoid situations where the two electrodes may stick together, a thin

non-design domain that surrounds the fixed electrode is defined. By appropriately

defining design and non-design domains, boundary limits are provided implicitly. This

is one advantage of the proposed method, which uses an Eulerian coordinate system,

compared to general shape optimization methods that use a Lagrangian coordinate

system, hence cannot define non-design domains.
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3.3 Numerical implementations

The flow of the optimization is shown in Fig.3.4. First, the initial value of the level

2014/1/31

1

Initialize level set function

Adapt mesh

Solve electrostatic field

Calculate Maxwell’s stress tensor

Calculate objective functional

Convergence? End
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Update level set function

Yes

No

Re-initialize level set function

Figure 3.4: Flowchart of optimization procedure for the driving-force-profile-defined
electrostatic actuator design problem

set function is set. The mesh adaptation is then carried out following the same

procedure described in Section 2.3.1. In the third step, the electrostatic field is solved

via the FEM. In the fourth step, the electrostatic forces acting on the nodes on the

structural boundaries are determined by calculating Maxwell’s stress tensors. The

objective functional is then calculated and if it is converged, the optimization ends.

If the optimization is not converged, the sensitivities are calculated and the level set
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function is updated according to the sensitivities using Eq.(2.16). At the end of the

optimization procedure, the level set function is re-initialized using the geometry-

based re-initialization scheme discussed in Section 2.2.1, and the procedure returns

to the second step. The value of the objective functional is thereby minimized and

an optimal configuration is derived.

3.3.1 Sensitivity analysis

In this section, the design sensitivities are derived using the adjoint variable method.

First, the boundary integral representing the driving force is replaced by the following

domain integral by using level set function ϕ:

T (∇V j, ϕ) =

∫
D

t(∇V j)δ̄(ϕ) dD, (3.12)

where δ̄(ϕ) is defined using an approximated Heaviside function Ha(ϕ), as follows:

δ̄(ϕ) :=
∇ϕ

|∇ϕ|
dHa(ϕ)

d ϕ
. (3.13)

The Heaviside function is approximated as shown in (2.30).

Next, the Lagrangian F is defined as follows:

F = ln

[
m∑
j=1

exp

{
wj

(∫
D

t(∇V j)δ̄(ϕ) dD − T j∗
)2

}]

+
m∑
j=1

[∫
D

V̂ j ∇ · (ϵ(ϕ)∇V j) dD

]
, (3.14)

where V̂ j represents the Lagrange multipliers. Furthermore, the adjoint system is
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defined as follows:

∇V̂ j = −2
ϵ0
ϵ(ϕ)

[{
(∇V j)⊗ δ̄(ϕ)

}T
aj
T

]
+

ϵ0
ϵ(ϕ)

[
aj
T ·

{
Iδ̄(ϕ)

}
(∇V j)

]
in D

V̂ j = 0 on ΓV

where coefficient vector aj
T is defined in the following equation.

aj
T :=

2wj(T j − T j∗) exp
{
wj (T j − T j∗)

2
}

m∑
j=1

exp
{
wj

(
T j − T j∗)2} (3.15)

Thus, the following design sensitivity is obtained as follows:

δF =
m∑
j=1

∫
D

{(
2wjW j(T j − T j∗)∑

W j

)
·
(
t(∇V j)

∂δ̄(ϕ)

∂ϕ

)

− (∇V̂ j) ·
(
∂ϵ(ϕ)

∂ϕ
∇V j

)}
δϕ dD. (3.16)

Details concerning the derivation of the sensitivity are provided in the Appendix.

Note that the first and second terms respectively represent the effects of geometrical

changes and the effects of changes in Maxwell’s stress tensor. Therefore, the first

term can be neglected when changes in the shape are insignificant. Also note that

the adjoint problem does not have to be solved, although the optimization problem

is not a self-adjoint problem. That is, the design sensitivity is represented by the

gradient of the Lagrange multiplier ∇V̂ , and the adjoint system is constructed using

the gradient of the Lagrange multiplier ∇V̂ , since the objective functional is defined

by using the domain integral of a function of a gradient of the state variable V .
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3.4 Numerical examples

The suitability of the proposed optimization method is verified using a comb-drive

electrostatic actuator model. The model considers a single set of teeth, as shown in

Fig.3.5, although the fixed and movable electrodes in actual devices have numerous

sets of teeth deployed in a line.

2014/4/7
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x

y

Fixed electrode

Movable electrode

Figure 3.5: Comb-drive electrostatic actuator model used in the numerical examples

Only the shape of the fixed electrode is optimized in the following examples,

because it was determined that this approach is reasonable from the standpoint of

calculation cost and the manufacturability of the obtained comb-drive designs, and

structures that achieve prescribed driving forces were obtained. The driving force is

calculated by taking the boundary integral of the electrostatic forces on the surface

of the fixed electrode along the length shown enclosed by the dotted line in Fig.3.5.

The size of the design domain is set as 650 × 400µm, with a thickness of 10µm.

The initial configuration of the electrodes is shown in Fig.3.6. An external voltage,

Vin = 100V, is applied to the fixed electrode and the movable electrode is grounded.

Concerning the weighting function wj in Eq.(3.8), a value of 1 is assigned to all

wj (j = 1, · · · ,m) so that identical weighting is applied to F j.
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Figure 3.6: Initial configuration and electrode positions in driving-force-profile-
defined electrostatic actuator design problem

3.4.1 Electrostatic actuator designs with linear driving force

profile

A driving force profile with a linear response rate is often a desirable performance

goal for electrostatic actuators. In the first and second examples that follow, actuator

designs that provide a linear relationship between driving force and electrode position

are to be obtained. The x positions of the movable electrode in the first example are

x1 = 400µm, x2 = 333µm, x3 = 267µm, and x4 = 200µm, with respect to leftmost

edge of the fixed electrode, as shown in Fig.3.6.

Plots of the target driving force, initial driving force, and driving force for the

optimal configuration are shown in Fig.3.7(a). It is confirmed that the driving force

profile of the optimal configuration is accurately aligned with the target driving force

profile. The optimal configuration is shown in Fig.3.8(a), and clear boundaries were

obtained. The dotted lines in Fig.3.8(a) illustrate the four different x positions of the
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Figure 3.7: Driving force profiles of Examples 1 and 2
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Figure 3.8: Optimal configurations of Examples 1 and 2
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movable electrode. Figure 3.9(a) shows the optimization history.

The second example also targets a linear driving force profile but uses five different

movable-electrode positions in the model. The electrode positions in this example

are x1 = 400µm, x2 = 350µm, x3 = 300µm, x4 = 250µm, x5 = 200µm, relative

to the leftmost edge of the fixed electrode. The driving force profiles and optimal

configuration are shown in Fig.3.7(b) and Fig.3.8(b), respectively. The driving forces

obtained by the optimal configuration are congruent with the target driving force

profile. Figure 3.9(b) shows the optimization history.

3.4.2 Electrostatic actuator designs with sharp initial rise

driving force profile

Most actuators used in engineering applications have a driving force profile that

provides a weak initial rise. Since driving force profiles that include a sharp initial

rise are advantageous in industrial applications, the proposed optimization method is

applied to the design of an actuator with this type of force profile.

In the third example, a target driving force profile that includes a sharp initial

rise is set. As shown in Fig.3.10(a), the rate of increase in driving force is greatest

when the electrodes are furthest apart, and this rate decreases as the electrodes

approach. The model in this example uses three positions for the movable electrode:

x1 = 390µm, x2 = 300µm, and x3 = 200µm. The driving force profile of the optimal

configuration is shown in Fig.3.10(a). It is confirmed that the optimal configuration

obtains a driving force profile that matches the target driving force profile. The

optimal configuration is shown in Fig.3.11(a), and Fig.3.12(a) shows the optimization

history.

The fourth example also targets a sharp initial rise driving force profile but

uses a model with four different x positions of the movable electrode: x1 = 390µm,

x2 = 333µm, x3 = 267µm, and x4 = 200µm. It is confirmed that the driving force

profile provided by the optimal configuration again matches the target driving force
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Figure 3.12: History of objective functional of Examples 3 and 4
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profile, as shown in Fig.3.10(b). The optimal configuration is shown in Fig.3.11(b),

and Fig.3.12(b) shows the optimization history.

3.5 Conclusion

A level set-based shape optimization method for comb-drive electrostatic actuators

was proposed. The proposed method enables actuator designs that achieve prescribed

driving force profiles, which is highly beneficial in an engineering sense. This research

obtained the following results:

(1) Design requirements for comb-drive electrostatic actuators were clarified and an

optimization problem using a multi-objective functional was formulated for the

design of an electrostatic comb-drive type of actuator that achieves a prescribed

driving force profile.

(2) The sensitivities were derived using the adjoint variable method and the objec-

tive functional did not require solving the adjoint fields during the optimization.

(3) Based on the formulation of the optimization problem and the developed mesh

adaptation scheme, an optimization algorithm for solving the electrostatic field

and calculating the sensitivities was constructed.

(4) The suitability of the proposed method was demonstrated in four numerical ex-

amples. Each optimal configuration achieved the target driving force profile, and

all had clear structural boundaries. It was confirmed that the proposed method

enables the design of electrostatic actuators that incorporate desirable driving

force profiles and obtains optimal configurations that are free from grayscale

areas.
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Chapter 4

Structural optimization of

mechanical resonators

4.1 Introduction

Mechanical resonators are designed to be flexible to achieve a specified motion as

a sensor. In this chapter, an optimization method for mechanical resonators is de-

veloped using a level set-based topology optimization method. The topology opti-

mization problem is formulated to obtain an optimal configuration that is valid in an

engineering sense and that proactively utilizes the dynamic instability of the struc-

ture. First, the level set-based topology optimization method is explained, the design

requirements for mechanical resonators are clarified, the objective functional that

satisfies the design requirements is defined, and the topology optimization problem

is formulated based on the objective functional. Next, a topology optimization al-

gorithm is developed using the FEM for the analysis of the structural and adjoint

problems and for updating the level set function. Finally, three-dimensional numerical

examples are provided and the effectiveness of the proposed method is verified.
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4.2 Formulations

4.2.1 Topology optimization based on a level set method

The area occupied by material is termed the material domain, Ω, and the structural

optimization of Ω is considered. An objective functional, F , is defined as the summa-

tion of an area integral in the material domain and a boundary integral at boundary

Γ. The structural optimization problem is formulated as

inf
Ω

F =

∫
Ω

f1(x) dΩ +

∫
Γ

f2(x) dΓ, (4.1)

where f1(x) and f2(x) are the distribution functions inside material domains and

at boundaries, respectively, that define the objective functional. In topology opti-

mization, a fixed design domain D that allows the existence of material domain Ω is

introduced, and the shape of the material domain inside the fixed design domain is

expressed using the following characteristic function.

χ(x) =


1 if ∀x ∈ Ω

0 if ∀x ∈ D \ Ω
(4.2)

The structural optimization problem (4.1) is formulated as a topology optimization

problem using the characteristic function χ(x) and the fixed design domain D as

below.

inf
χ(x)

F =

∫
D

f1(x)χ(x) dΩ +

∫
Γ

f2(x) dΓ (4.3)

Next, a level set function, ϕ(x) is introduced. ϕ(x) is positive inside the material

domain Ω, negative in the void domain D \ Ω, and zero on boundary Γ between

the material and void domains. This level set function, however, does not have the

characteristic of a signed distance function, which was maintained for the level set

57



function used in Chapter 2. The boundary expression that incorporates this level set

function ensures that optimal structures are free of grayscales and have boundaries

that are expressed as a continuous function [1].

The topology optimization problem (4.3) is now replaced with the following for-

mula that incorporates the level set function ϕ(x).

inf
ϕ(x)

F =

∫
D

f1(x)χϕ(ϕ) dΩ +

∫
Γ(ϕ)

f2(x) dΓ, (4.4)

where χϕ(x) is a characteristic function defined using the level set function, as follows.

χϕ(x) =


1 if ϕ (x) ≥ 0

0 if ϕ (x) < 0

(4.5)

Next, the regularization of the optimization problem is discussed. The characteristic

function defined above allows the existence of discontinuities with infinitesimal inter-

vals everywhere in the fixed design domain because it is a function for which only

integrability is guaranteed. As a result, topology optimization problems are usually

ill-posed problems [90], and the design space therefore must be relaxed in some way.

In the homogenization design method, it is assumed that there is a certain microstruc-

ture inside the fixed design domain and the shape parameter of this microstructure

is used as the design variable in the optimization. The material density distribution

of the macrostructure is then obtained using the homogenization method.

In the density method, on the other hand, the optimization is performed using a

characteristic function whose definition is made less strict by using a material density

function that allows intermediate values. Neither of these methods obtains optimal

structures that have clear boundaries; the optimal configurations contain grayscales

that represent regions of intermediate density between those of the material and void

domains. Obtaining optimal structures that are useful in an engineering sense is

therefore difficult with these methods. Furthermore, in structural design problems
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that proactively use structural instabilities to obtain desired performance, grayscales

cannot be removed when using the above methods because such intermediate density

areas are most often included in the optimal structures in order to amplify vibrations.

On the other hand, when using a level set method to represent structural shapes,

neither of the design-space regularization methods mentioned above can be applied,

since the design variables are different. To circumvent this problem, a method has

been proposed that introduces a new term regularization term to the objective func-

tional [33]. In this method, a regularization term, R, that represents the gradient

of the level set function, is added to objective functional F , and a new objective

functional, FR, is then formulated, as follows.

inf
ϕ(x)

FR = F +R (4.6)

R :=
1

2
τ

∫
D

−sign(ϕ(x))ϕ,ii dΩ (4.7)

subject to − 1 ≤ ϕ(x) ≤ 1, (4.8)

where τ > 0 is a regularization coefficient. The double subscript i complies with

summation conventions and represents a partial differential by the coordinate com-

ponent. A constraint is introduced and applied to the upper and lower limits of the

level set function. Thus, R only has non-zero values near the structural boundaries

and regularization in this neighborhood is maintained at a certain level.

As a result, the geometric complexity of the optimal structure can be adjusted by

changing the value of the regularization coefficient, τ . Optimal structures in which

structurally complex portions are suppressed can be obtained when τ is relatively

large, and optimal structures that include relatively complex partial structures can

be obtained when τ is relatively small. Note that the level set function can accept

such a constraint because it represents the boundaries of material domains via the

zero iso-surface and it has an arbitrary property, namely that the profile of the level

set function is underspecified for any specific structure.
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4.2.2 Topology optimization method

The necessary optimality conditions (KKT, Karush-Kuhn-Tucker conditions) of the

solution of the optimization problem formulated in (4.6) are as follows.

F ′
R = 0 , (4.9)

where F ′
R is the limit of the ratio of the variation of objective functional FR to the

volume of a spherical void when a spherical void of radius ϵ appears. The definition

of F ′
R, the topological derivative [91, 92], is shown below.

FR + δFR = FR + VϵF
′
R + o (Vϵ) as ϵ → 0 , (4.10)

where Vϵ is the volume of infinitesimal spherical voids that are removed. Directly

finding a level set function that satisfies the KKT conditions is very difficult, so the

optimization problem is replaced by a problem of solving a time evolution equation.

An appropriate initial structure is given and a fictitious time, t, is introduced, as-

suming that changes in the level set function are proportional to the gradient of the

objective functional. The time evolution equation, including a proportional constant,

K, is expressed as

∂ϕ(x, t)

∂t
= −KF ′

R . (4.11)

The boundary conditions applied to the level set function are ϕ(x, t) = 1 on boundary

∂Dmat for the material domain, ϕ(x, t) = −1 on boundary ∂Dvoid for the void domain,

and ∂ϕ(x,t)
∂n

= 0 on boundary ∂Dn, which permits a material or void domain outside

the fixed design domain, for example, on a boundary where a displacement constraint

is applied. The system of time evolution equations applied to the level set function
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is as follows. 

∂ϕ(x,t)
∂t

= −K(F ′ − τϕ,ii) in D

ϕ(x, t) = 1 on ∂Dmat

ϕ(x, t) = −1 on ∂Dvoid

∂ϕ(x,t)
∂n

= 0 on ∂Dn

(4.12)

Equation (4.12) is discretized using the difference method in the time direction, and

using the FEM for space and the level set function values, so that solution candidates

for the optimization are obtained by updating the level set function.

4.2.3 Formulation of optimization problem

First, the design requirements for mechanical resonators are clarified and an objec-

tive functional is formulated to obtain an optimal structure that satisfies the design

requirements. A mechanical resonator can detect displacement in a certain direction

by measuring displacements at a detection point as geometrical deformations of its

structure occur in response to inertia forces caused by acceleration in a certain direc-

tion (Fig.4.1). The most important performance metric for mechanical resonators is
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acceleration

material domain Ω

deformed shape

out put

Figure 4.1: Concept of mechanical resonator

displacement in a certain direction at the detection location when a certain accelera-
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tion is applied to the device, and this displacement must be maximized to maximize

detection sensitivity. An additional requirement is to ensure sufficient structural stiff-

ness so that the resonator maintains its shape when reaction forces act upon it, e.g.,

from the detection device in which the resonator is mounted.

A model is used to formulate an objective functional used to find an optimal

structure that satisfies both of the above requirements (Fig.4.2). It is assumed that
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1

acceleration

material domain Ω

output port

spring

Figure 4.2: Model of mechanical resonator

a harmonic acceleration with angular frequency ω is applied to the material domain

Ω, which is filled with a homogeneous isotropic linearly elastic solid, and that the

material domain Ω vibrates harmonically in response to inertial forces and a steady

state is achieved. The acceleration detection function of a mechanical resonator can be

regarded as a function that transforms an externally applied acceleration to kinetic

energy in the detection direction at the detection location. Therefore, the kinetic

energy in the detection direction at the detection location should be maximized in

order to maximize the performance of the resonator.

To formulate the stiffness, a method [27,93] in which a desired stiffness is assigned

by the placement of a spring is used. The reaction force of this spring at the detection

location occurs in the direction opposite that of the external motion, and stiffness

against the reaction force of the spring is thereby obtained. The magnitude of this

stiffness can be changed by changing the strength of the spring. The structural
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optimization problem is now formulated as below, based on the formulation of the

objective functional.

inf
Ω

F = −1

2

∫
Ωout

ρω2(eiui(x, ω))
2 dΩ (4.13)

s.t. Cijkluk,lj(x, ω) + ρω2ui(x, ω) = −ρai in Ω (4.14)

ui(x, ω) = ui on Γu (4.15)

ti(x, ω) = ti on Γt (4.16)

ti(x, ω) = kijuj(x, ω) on Γk, (4.17)

where ei is the unit vector in the detection direction, ui is the complex amplitude of

displacement, ti is the complex amplitude of the traction, Cijkl is the constant elas-

ticity tensor, kij is the constant spring tensor, ρ is the mass density, ai is the complex

amplitude of the acceleration given, and ui and ti are the known functions.

Here, the maximization problem is replaced with a minimization problem by us-

ing a new objective functional in which the kinetic energy term in the detection area

Ωout is preceded by a minus sign. An infinitesimal strain is assumed in these for-

mulations, but the structural deformation of a mechanical resonator obtained by the

optimization might be associated with large deformations. Considerations of large

deformations during the design process increases the difficulty of the design problem

and the calculation cost. Furthermore, desired performances in optimal structures

were achieved in past research, to a qualitative degree, by optimizations considering

the flexibility of the structures and assuming infinitesimal deformations [93]. For

the above reasons, the optimization discussed in this chapter is executed under an

assumption of infinitesimal deformations. An optimization method for dealing with

large deformations will be discussed in Chapter 5.
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4.3 Numerical implementations

4.3.1 Topology optimization algorithm

The structural optimization algorithm (Fig.4.3) for mechanical resonators is con-

structed here based on the topology optimization method proposed by Yamada et

al [33]. The analysis domain, fixed design domain, and boundary conditions for a
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Solve adjoint equation using the FEM

Modify level set function to satisfy upper and lower limit constraint

Start

Figure 4.3: Flowchart of optimization procedure for mechanical resonator design
problem

mechanical resonator are defined and the level set function that gives an appropriate

initial structure is set. The level set function is then modified to satisfy the upper and

lower limit constraints. The structure does not change when the level set function is

modified unless the sign of the level set function is changed, because the structural

boundary is represented by the zero iso-surface. Next, the static elastic field is solved

using the FEM and the objective functional is computed. If the objective functional is
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converged, the optimization is terminated and an optimal structure is obtained. If the

objective functional is not converged, the adjoint field is solved using the FEM. The

topological derivative is then calculated and the level set function is updated using a

reaction-diffusion equation. The procedure then returns to the second step in which

the level set function is modified. Optimal solutions are obtained in this manner.

Note that the topological derivative used in this research is strictly derived [91, 92]

and that in previous research, the approximation formula ignored the effect of the

boundary condition for holes [33].

4.3.2 Sensitivity analysis

The sensitivity is analyzed using the adjoint variable method. The adjoint field vi is

assumed to be the solution of the following boundary value problem.

Cijklvk,lj(x, ω) + ρω2vi(x, ω) =

 −ρω2uiei in Ωout

0 in Ω \ Ωout

(4.18)

vi(x, ω) = 0 on Γu (4.19)

qi(x, ω) = 0 on Γt (4.20)

qi(x, ω) = kijvj(x, ω) on Γk (4.21)

Here, δF is expressed as follows.

δF =
4

3
πϵ3

{
3(1− ν)

2(1 + ν)(7− 5ν)

[
−(1− 14ν + 15ν2)E

(1− 2ν)2
δijδkl

+ 5E(δikδjl + δilδjk)

]
v0i,ju

0
k,l − ρω2v0i u

0
i

}
+o(ϵ3) , (4.22)

where E is the Young’s modulus, ν is the Poisson’s ratio, δij is Kronecker delta, and

u0
i , v0i , u0

k,l, and v0i,j are respectively the values of ui, vi, uk,l, and vi,j at the

center of the sphere before removing the infinitesimal spheres. From Eq.(4.10), the
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topological derivative is defined as follows.

F ′ = lim
ϵ→0

δF
4
3
πϵ3

= v0i,jAijklu
0
k,l − ρω2v0i u

0
i , (4.23)

where Aijkl is given as

Aijkl =
3(1− ν)

2(1 + ν)(7− 5ν)

[
− (1− 14ν + 15ν2)E

(1− 2ν)2
δijδkl

+ 5E(δikδjl + δilδjk)

]
. (4.24)

The topological derivative F ′ includes the displacement and the displacement gradient

of the static elastic problem, and the displacement and the displacement gradient of

the adjoint problem, and is analyzed using the FEM.

4.4 Numerical examples of mechanical resonator

designs

The effectiveness of the proposed method is now verified through numerical examples.

The analysis domain and the boundary conditions for the mechanical resonator design

problems are shown in Fig.4.4. The analysis domain is a rectangular volume 200µm×

400µm×40µm and the output port and the outer frame are set as non-design domains.

The fixed design domain is represented by the non-colored space in Fig.4.4. The outer

circumference of the outer frame is fixed. The angular frequency of the acceleration

given from outside is 100 rad/s. The direction of the acceleration is denoted x1 and

the output direction ei is denoted x3.

A design problem for a mechanical resonator is considered as the transformation

of acceleration in the in-plane direction to movement in the out-of-plane direction.

Isoparametric hexahedral primary elements with eight vertices are used for the anal-

ysis of the static elastic and adjoint fields and for updating the level set function.
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Figure 4.4: Analysis model of mechanical resonator design problem

The element size is set as 5µm. The isotropic linearly elastic solid material of the

structure is silicon nitride film, with Young’s modulus 320GPa, Poisson’s ratio 0.263,

and mass density 3270kg/m3. The material property of the void domain is approxi-

mated using the ersatz material approach [32]. The ratio of the Young’s modulus of

the void domain to that of the material domain, and the ratio of the mass density of

void domain to that of the material domain, are both 1×10−3. The reaction-diffusion

equation (4.12) is normalized using a characteristic length of 200µm.

The optimized structure is shown in Figs.4.5 and 4.6. The value of the regular-

ization coefficient τ is 5× 10−3 in Case 1, 1× 10−4 in Case 2, and 1× 10−5 in Case 3.

All obtained structures have clear boundaries. As demonstrated in Figs.4.5 and 4.6,

the structural complexity can be modified by using different values of τ . In particular,

the proposed method can provide optimal structures that have a general degree of

structural complexity that is specified by design engineers, which is especially useful
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(a) Case 1

(b) Case 2

(c) Case 3

Figure 4.5: Bird’s-eye views of optimal configurations of mechanical resonator design
problem
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(a) Case 1

(b) Case 2

(c) Case 3

Figure 4.6: Bottom views of optimal configurations of mechanical resonator design
problem
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from the point of view of manufacturability.

The deformation modes are shown in Fig.4.7. The optimal structure mainly de-

forms torsionally in the detection direction, using the asymmetrical nature of the

structure with respect to the x3 direction. It is concluded that the proposed method

is effective since the obtained structures satisfy the required performances. Note that

optimizations that use the homogenization method or the density method usually

encounter the problem of grayscales [49]. In contrast, the proposed method that uses

a level set method can provide structures that satisfy the desired performances and

are free of grayscales.

4.5 Conclusion

A topology optimization method based on a level set method was developed for

mechanical resonators. The research achieved the following:

(1) Design requirements for mechanical resonators were clarified and an objective

functional was derived based on the concept of kinetic energy maximization.

The optimization problem was formulated using the derived objective functional

and the stiffness of the structure was represented with a spring.

(2) A topology optimization algorithm for mechanical resonator design problems

was developed. The FEM was used for analyses of the static elastic and adjoint

fields and for updating the level set function, based on the formulation of the

optimization problem.

(3) The effectiveness of the proposed method was verified through numerical ex-

amples. The proposed method provided optimal mechanical resonator struc-

tures that satisfy the required performances and the boundaries were clear and

smooth. Furthermore, the structural complexity of the optimal structures of the

mechanical resonators was controlled by appropriately setting a regularization
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(a) Case 1
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(c) Case 3

Figure 4.7: Deformed configurations of mechanical resonator design problem
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coefficient.
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Chapter 5

Structural optimization of

compliant mechanisms using

geometrically nonlinear analysis

5.1 Introduction

In this chapter, a topology optimization method that can consider large deforma-

tions is developed. Compliant mechanisms [27,30–33,94–99] are used as examples to

examine the effectiveness of the proposed optimization method.

Compliant mechanisms are structures that utilize their flexibility to achieve de-

signed functions and they undergo large deformations in certain areas because func-

tions similar to those of joints and springs in rigid-link structures are enabled by

deformations alone. Compliant mechanisms have fewer mechanical parts than con-

ventional mechanisms, do not need lubrication, are nearly silent in operation, and can

often be miniaturized. Compliant mechanisms are therefore widely used in a variety

of products.

Large deformations require nonlinear analysis during design optimization. The

FEM usually includes an assumption that displacements are small, and it cannot

73



easily carry out nonlinear analysis. A Moving Particle Semi-implicit (MPS) method

[68, 75, 76], a particle method that discretizes the governing equations, is therefore

used for the nonlinear analysis in this study. Such methods can avoid the problem of

mesh distortion, often encountered in the FEM analyses when dealing with large de-

formations, and they allow geometrically nonlinear analyses to be effectively carried

out. Another difficulty when dealing with large deformations in topology optimiza-

tion is the problem of grayscales. Large deformations require flexible structures and

the expression of such structures in conventional topology optimization methods usu-

ally requires the material to have intermediate material properties that appear as

grayscales. In this study, a level set-based topology optimization method is adopted

for the optimization so that clear boundaries can be obtained in the optimized con-

figurations. Numerical examples are presented to demonstrate the effectiveness of the

proposed method and the results are compared with those obtained from an optimiza-

tion method that uses the FEM-based analysis. Toward the end of this chapter, the

differences between the optimized configurations provided by the proposed method

and those of the FEM-based method are discussed, to highlight the importance of con-

sidering geometric nonlinearity when optimizing compliant mechanisms that undergo

large deformations.

5.2 Formulations

5.2.1 Compliant mechanism problems considering geometric

nonlinearity

The formulations for compliant mechanisms considering geometric nonlinearity are

now discussed. Compliant mechanisms have the following features: (1) flexibility to

achieve designed motions without joints, (2) sufficient stiffness to maintain structural

shape, and (3) sufficient stiffness against reactive forces from a workpiece.
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An example of a model for a complaint mechanism design problem is shown in

Fig.5.1. The displacement is maximized at boundary Γout where a dummy vector,
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Figure 5.1: Model of compliant mechanism design problem

tout, is set, as surface force tin is applied at boundary Γin. Ω represents the material

domain. Here, the displacement maximization problem is replaced with a flexibil-

ity maximization problem using the mutual mean compliance, l1, as the objective

functional, as follows.

l1 (uin) =

∫
Γout

tout · uindΓ (5.1)

In this research, consideration of both flexibility and stiffness of a design structure is

enabled by an approach proposed by Sigmund [27], the same approach as that used

in Chapter 4.

A compliant mechanism must have a sufficient degree of stiffness against defor-

mation in the direction of tout (Fig.5.1). To model the stiffness of the structure in

response to traction force tout, a spring, kin, is set at boundary Γin, as shown in

Fig.5.2(a), Case A. In addition, the compliant mechanism needs sufficient stiffness

to maintain structural integrity when a traction force is applied at Γin, as shown in

Fig.5.2(b), Case B. A spring kout is set at Γout to model this stiffness. The optimiza-
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Figure 5.2: Boundary conditions of compliant mechanism design problem

tion problem is now formulated as follows.

inf
Ω

F = −l1 (uin) (5.2)

subject to I (uin,v) = l2 (v)− a (uin,v) = 0 (5.3)

for ∀v ∈ U uin ∈ U

G =

∫
Ω

dΩ− Vmax ≤ 0, (5.4)

where G is the volume constraint. The expressions used in the above formula are

defined as follows.

l2 (v) =

∫
Γin

tin · vdΓ (5.5)

a (uin,v) =

∫
Ω

ϵ (uin) : E : ϵ (v) dΩ +

∫
Γout

(koutuin) · vdΓ (5.6)

Here, ϵ represents the strain tensors, E is the elastic tensor, u represents the state

variables, v is an arbitrary function, and U is the displacement function space, for-

mulated as follows, with D representing the fixed design domain.

U = {v = viei : vi ∈ H1 (D) with v = 0 on Γfixed} (5.7)
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In Eq.(5.3), the residual of l2 (v) − a (uin,v) = 0 is used, since, in nonlinear prob-

lems, an iteration method using tangent stiffness matrices is adopted to solve the

equilibrium equations.

5.2.2 Level set-based topology optimization and sensitivity

analysis

A level set-based topology optimization method can provide clear optimal configu-

rations because the structural boundaries are represented by an iso-surface of the

level set function. Using the level set function ϕ and characteristic function χϕ, as

described in Section 4.2.1, the objective functional and constraints are redefined in

the following formulation.

inf
χϕ

F (uin) = −l1 (uin) (5.8)

subject to I (uin,v, χϕ (ϕ)) =

∫
Γin

tin · vdΓ−
∫
D

ϵ (uin) : E : ϵ (v)χϕ (ϕ) dΩ

−
∫
Γout

(koutuin) · vdΓ

= 0 (5.9)

G (χϕ (ϕ)) =

∫
Ω

χϕ (ϕ) dΩ− Vmax ≤ 0 (5.10)

Next, as discussed in Section 4.2.1, a regularization term, R, is introduced to the

objective functional to regularize the optimization problem. The objective functional

is now re-written using this regularization term.

FR (uin, ϕ) = −l1 (uin) +R (ϕ) , (5.11)

where R (ϕ) is formulated as

R (ϕ) =

∫
D

1

2
τ | ∇ϕ |2 dΩ . (5.12)
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The regularization used here is the so-called Tikhonov regularization method, and

by changing the value of parameter τ , the relative weight of the objective functional

and the regularization term can be adjusted. Furthermore, the geometric complexity

of optimized structures can be adjusted by setting appropriate values for τ . The

Lagrangian is formulated using a Lagrange multiplier, as follows.

F̄R = −l1 (uin) + I (uin,v, χϕ (ϕ)) + λG(χϕ (ϕ)) +R (ϕ) (5.13)

The KKT conditions are obtained as below.

⟨
dF̄R

dϕ
, δϕ

⟩
= 0, I (uin,v, χϕ (ϕ)) = 0, λG(χϕ (ϕ)) = 0, λ ≥ 0, G(χϕ (ϕ)) ≤ 0,

(5.14)

where
⟨

dF̄R

dϕ
, δϕ

⟩
is the Fréchet derivative of the Lagrangian F̄R.

Now, the sensitivity of Lagrangian F̄R with respect to the design variable ϕ is obtained

as follows.

⟨
dF̄R

dϕ
, δϕ

⟩
= −

⟨
∂l1 (uin)

∂uin

, δuin

⟩⟨
∂uin

∂ϕ
, δϕ

⟩
+

⟨
∂I (uin,v, χϕ (ϕ))

∂uin

, δuin

⟩⟨
∂uin

∂ϕ
, δϕ

⟩
+

⟨
∂I (uin,v, χϕ (ϕ))

∂ϕ
, δϕ

⟩
+ λ

⟨
∂G(χϕ (ϕ))

∂ϕ
, δϕ

⟩
+

⟨
∂R (ϕ)

∂ϕ
, δϕ

⟩
(5.15)

From the above formula, the adjoint problem is defined as

⟨
∂l1 (uin)

∂uin

, δuin

⟩
=

⟨
∂I (uin,v, χϕ (ϕ))

∂uin

, δuin

⟩
, (5.16)
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and the sensitivity is obtained as

⟨
dF̄R

dϕ
, δϕ

⟩
=

⟨
∂ [I (uin,v, χϕ (ϕ)) + λG(χϕ (ϕ)) +R (ϕ)]

∂ϕ
, δϕ

⟩
. (5.17)

5.2.3 Time evolution equation

The level set function ϕ that satisfies the KKT-conditions (5.14) is nearly impossible

to obtain directly, so an initial value for the level set function is set and a fictitious

time, t, is introduced for updating the level set function to obtain a candidate solu-

tion of the optimization. The optimization problem is replaced by a time evolution

problem of the level set function, as in Section 4.2.2, as follows.

∂ϕ

∂t
= −K (ϕ)

dF̄R

dϕ
(5.18)

The level set function is updated in proportion to the gradient of the regularized

Lagrangian, and K(ϕ) > 0 is a constant of proportionality. Substituting Eq.(5.13)

into Eq.(5.18), the following is obtained.



∂ϕ

∂t
= −K (ϕ)

dF̄R

dϕ
= −K (ϕ)

{
d [I (uin,v, χϕ (ϕ)) + λG(χϕ (ϕ))]

dϕ
− τ∇2ϕ

}
∂ϕ

∂n
= 0 on ∂D \ ∂DN

ϕ = 1 on ∂DN

(5.19)

A Dirichlet boundary condition is imposed at non-design boundaries ∂DN and a

Neumann boundary condition is imposed at the design boundaries. The first term

of Eq.(5.19) is in the form of a reaction-diffusion equation. The reaction term dF̄
dϕ

=

d[I(uin,v,χϕ(ϕ))+λG(χϕ(ϕ))]
dϕ

is equivalent to the topological derivative [99–102] defined as

dtF̄ = −∂F̄ (χϕ)

∂χϕ

= lim
ϵ→0

F̄ (Ωϵ,x)− F̄ (Ω)

| Bϵ,x ∩ Ω |
, (5.20)
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where Bϵ,x is a sphere with radius ϵ and center x, and Ωϵ,x is a material domain that

includes Bϵ,x. Equation (5.19) is now rewritten as below.



∂ϕ

∂t
= −K (ϕ) (−ϵ (uin) : Eχϕ : ϵ (v)− λ− τ∇2ϕ)

∂ϕ

∂n
= 0 on ∂D \ ∂DN

ϕ = 1 on ∂DN

(5.21)

An optimized configuration is obtained by solving Eq.(5.21).

5.3 Numerical implementations

The flowchart of the proposed optimization method is shown in Fig.5.3. First, the

level set function ϕ (x) is initialized, the material domain is defined using ϕ (x), and

particles are populated. In the second step, the state and adjoint equations are solved

using the MPS method. Next, the objective functional is calculated and the proce-

dure terminates if the objective functional is converged. If the objective functional is

not converged, the sensitivities are calculated with respect to the objective functional

in the fourth step. In the fifth step, the level set function is updated using the sensi-

tivities and the procedure returns to the second step. An optimized configuration is

obtained by iterating the above procedure until the objective functional is converged.

The details of the MPS method used to solve state and adjoint state equations are

explained in the next section.

5.3.1 Moving particle semi-implicit method

The details of the MPS method [68, 75, 76] are briefly explained below. The particle

at the center, illustrated in Fig.5.4, interacts with other particles existing within the

interaction radius, re, and a weighting function, w, is defined as shown in Eq.(5.22).
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Initialize level set function

Solve state and adjoint state equations using the MPS

Compute objective functional

Convergence? End

Compute sensitivities w/ respect to objective functional

Update level set function using the FEM
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No

)(xφ

)(xφ

Figure 5.3: Flowchart of optimization procedure for compliant mechanism design
problem
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1

re

Figure 5.4: Interaction radius in MPS method
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w (r) =


re
r
− 1 (0 ≤ r < re)

0 (re ≤ r)

(5.22)

Next, the relative coordinates, r, of the two particles, i, j, are defined.

rij = rj − ri (5.23)

The initial coordinates, r0
ij, shown in Fig.5.5(a), are now defined.

r0
ij = r0

j − r0
i (5.24)

The relative displacement, uij, shown in Fig.5.5(b), is defined using Eq.(5.23) and

(5.24). R is the rotation matrix and is defined in Eq.(5.26).

uij = rij −Rr0
ij (5.25)

R =

cosθij −sinθij

sinθij cosθij

 (5.26)

Stress σ is defined as shown in Eq.(5.27) and (5.28).

2014/2/4

1

ji rij
0

rij
0

rij

j

i

uij
Rrij

0

θij

(a) Initial configuration (b) New configuration

Figure 5.5: Relative Coordinates r0
ij and rij and relative displacement uij in MPS

method
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σn
ij = 2µϵnij = 2µ

un
ij

| r0
ij |

(5.27)

σs
ij = 2µϵsij = 2µ

us
ij

| r0
ij |

, (5.28)

where µ is the Lamé constant, and superscripts s and n represent the components in

the rij direction and normal to it, respectively.

The acceleration of particles consists of the normal stress term (subscript n), shear

stress term (subscript s), and pressure term (subscript p).

(
∂vi

∂t

)
=

(
∂vi

∂t

)
n

+

(
∂vi

∂t

)
s

+

(
∂vi

∂t

)
p

(5.29)

Each term is derived using the following equations that incorporate the divergence

model of the MPS method.

ρi

(
∂vi

∂t

)
n

=
d

n0

∑
j ̸=i

2σn
ij

| r0
ij |

w
(
| r0

ij |
)

(5.30)

ρi

(
∂vi

∂t

)
s

=
d

n0

∑
j̸=i

2σs
ij

| r0
ij |

w
(
| r0

ij |
)

(5.31)

ρi

(
∂vi

∂t

)
p

=
d

n00

∑
j ̸=i

2pijrij

| r0
ij || rij |

w
(
| r0

ij |
)
, (5.32)

where ρ is the density, d is the number of spatial dimensions, n0 is the particle number

density, and p is the pressure.
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5.4 Numerical examples

5.4.1 Compliant mechanism design 1

The effectiveness of the proposed method for the optimization of compliant mech-

anisms is verified with two numerical examples, using the proposed level set-based

topology optimization method that includes the MPS method. The design domain

for the first numerical example (Example 1) is a rectangle 1.70m × 0.35m, with two

fixed segments located on the bottom boundary (Fig.5.6). The problem considered

2014/2/4

1

Fixed

tin

1.70

0.35

tout

0.05

Unit: m

Fixed

0.05 0.050.35

1.00 0.10

Γin

Γout

x

y

Figure 5.6: Design domain and boundary conditions of Example 1

is to maximize the displacement in the direction of tout (in the +y direction) when

traction tin is given. To ensure the stiffness of the structure against the action and

reaction forces, springs kin and kout are set at the positions where tin and tout are

applied, respectively, following the method explained in Section 5.2.1. A Dirichlet

boundary condition is applied to the fixed boundary segments and to the boundaries

where tractions occur, and the other boundaries have a Neumann boundary condition

imposed. The material is assumed to be a soft silicone rubber with a Young’s modu-
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Table 5.1: Analysis methods, traction forces, spring constants, and regularization
coefficients of Example 1

Example 1A Example 1B Example 1C
Analysis method MPS method FEM MPS method

tin [N] 1.0× 104 1.0× 104 1.0× 100

tout [N] 1.0× 104 1.0× 104 1.0× 100

kin [N] 2.0× 107 2.0× 107 2.0× 107

kout [N] 2.0× 107 2.0× 107 2.0× 107

τ 1.0× 10−4 1.0× 10−4 1.0× 10−4

lus of 1 × 106Pa and Poisson’s ratio equal to 0.33. The design domain is discretized

into 4-node isoparametric bilinear square elements 1.0 × 10−2m in size for the level

set function field, and the displacement field is replaced with 170× 35 particles, with

the particle distance set to 1.0× 10−2m, which is the same as the FEM element size.

A volume constraint of 40% is used.

A load of 1.0 × 104N is applied at tin to generate the large deformation (Exam-

ple 1A). For comparison, the same model is optimized using a topology optimization

combined with linear FEM analysis for the analysis of the displacement field (Exam-

ple 1B). In addition, an optimization problem with a small applied load is provided

(Example 1C), since it is believed that nonlinear analysis using the MPS method

yields the same solutions as linear analysis when the displacement is very small. The

τ parameter, the value of which affects the degree of geometric complexity, is set to

1.0× 10−4 for all examples. The conditions mentioned above are listed in Table 5.1.

The optimization results are shown in Fig.5.7. The optimal configurations of

Example 1A, solved using the MPS method that considers geometric nonlinearity,

and Example 1B that used linear FEM analysis, are noticeably different. The opti-

mal configuration of Example 1C, solved using the MPS method under small loading,

is almost the same as that of Example 1B. These results are consistent with the

assumption of small deformations in the FEM linear analysis.

The deformations that occur for different loading applied at tin for Examples 1A

and 1B are shown in Figs.5.8 and 5.9. In Example 1A, the deformation of the output
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Figure 5.7: Optimal configurations of Example 1
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Figure 5.8: Deformations of Example 1A
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Figure 5.9: Deformations of Example 1B
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port in the +y direction is achieved as the main curved portion of the structure un-

dergoes large deformation. On the other hand, in Example 1B, the output port (Γout)

moves in the +y direction as the entire structure rotates around the left fixed point.

That is, given the small deformation assumption, the +y direction displacement of

the output port is achieved by deformation in a small area around the center of ro-

tation, but this assumption inhibits large deformations of the entire structure, even

when loading is increased, causing deformation near the rotation center to increase.

Figure 5.10 shows plots of input in the −y direction versus output displacement in

the +y direction for Examples 1A and 1B. The displacement achieved by the optimal

configuration of Example 1A, obtained using the MPS method, is larger than that of

Example 1B, which used the FEM.
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Figure 5.10: Input and output displacement plots of Example 1

5.4.2 Compliant mechanism design 2

The design domain of numerical Example 2 is a 1.00m× 1.00m square. The top right

and bottom left segments of the design domain are fixed (Fig.5.11) and the aim is
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to maximize the displacement of the output port in the direction of tout as shown

when a traction tin is imposed. In the same manner as for Example 1, springs kin and

2014/2/4
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0.05
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0.05
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Γout

x

y

0.05

0.05

45°

Figure 5.11: Design domain and boundary conditions of Example 2

kout are set at the locations where tin and tout are applied, respectively, to ensure the

stiffness of the structure against the action and reaction forces. A Dirichlet boundary

condition is imposed at the fixed boundaries and at the boundaries where tractions

are imposed, and the other boundaries have a Neumann boundary condition imposed.

The material is assumed to be a soft silicone rubber and the material properties are

same as those for Example 1. The element size of the FEM mesh and the particle

size for the MPS method are 1.0 × 10−2m, the same as for Example 1. A volume

constraint of 40% is used.

A load of 1.0 × 104N is applied at tin (Example 2A). For comparison, the same

model is optimized using linear FEM analysis (Example 2B) and an optimization
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Table 5.2: Analysis methods, traction forces, spring constants, and regularization
coefficients of Example 2

Example 2A Example 2B Example 2C
Analysis method MPS method FEM MPS method

tin [N] 1.0× 104 1.0× 104 1.0× 100

tout [N] 1.0× 104 1.0× 104 1.0× 100

kin [N] 2.0× 107 2.0× 107 2.0× 107

kout [N] 2.0× 107 2.0× 107 2.0× 107

τ 1.0× 10−4 1.0× 10−4 1.0× 10−4

problem in which the applied load is small is also carried out (Example 2C). The

regularization parameter τ , which affects the degree of geometric complexity, is set

to 1.0× 10−4 in all examples. The above conditions are listed in Table 5.2.

The optimization results are shown in Fig.5.12. The optimal configurations ob-
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Figure 5.12: Optimal configurations of Example 2

tained by the geometrically nonlinear MPS analysis method (Example 2A) and the

linear FEM analysis (Example 2B) are markedly different. In Example 2B, the in-

put port (Γin) and the top right fixed boundary are connected by a structure that is

not present in Example 2A. The optimal configuration obtained by the MPS method

under small loading (Example 2C) has a strut similar to that in Example 2B, which

connects the input port at the lower right corner and the fixed boundary at the upper

right corner. The deformations of the optimal configurations for Examples 2A and

2B are shown in Figs.5.13 and 5.14, respectively. The displacement at the output
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Figure 5.13: Deformations of Example 2A
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Figure 5.14: Deformations of Example 2B
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port (Γout) in Example 2A is much larger than that in Example 2B, given the same

input port loading. The connecting strut in the optimal configuration between the

input port and the fixed boundary is beneficial for the desired performance when

the deformation is small, but it restricts displacement at the output port when the

deformation is large (Fig.5.14). On the other hand, in Example 2A, displacements

at the output port are achieved as the entire structure deforms, whereas in Example

2B, the presence of the connecting strut constrains this deformation. Figure 5.15

shows plots of input versus output displacement for Examples 2A and 2B. The dis-

placements achieved by the optimal configuration in Example 2A, obtained using the

MPS method, are larger than those in Example 2B, for which the FEM was used,

but displacements in Example 2B are larger than those in Example 2A for small

deformations.
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Figure 5.15: Input and output displacement plots of Example 2

The results of Examples 1 and 2 demonstrate that the proposed method, which

incorporates geometrically nonlinear analysis, is suitable for the optimization of com-

pliant mechanisms that undergo large deformations.
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5.5 Conclusion

A topology optimization method for structures that undergo large deformations was

developed and the following results were obtained:

(1) A level set-based optimization method for compliant mechanisms that undergo

large deformations was developed by analyzing the state and adjoint state equa-

tions using an MPS method that enables geometrically nonlinear analysis.

(2) The utility of the proposed method was verified through numerical examples of

compliant mechanisms. The optimal configurations obtained by the proposed

topology optimization method using the MPS method were compared with those

obtained by a topology optimization method using linear FEM-based analysis.

These two methods obtained dramatically different optimal configurations of

the compliant mechanisms.

It is concluded that the proposed level set-based topology optimization method that

uses an MPS method to enable geometrically nonlinear analysis to solve the equilib-

rium equations is useful for optimization problems of structures that undergo large

deformations.
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Chapter 6

Thesis Conclusions

This thesis proposed level set-based structural optimization methods that consider

electrostatic-structural coupling effects and geometric nonlinearity. Based on the

proposed method, design optimization methods for electrostatic actuators, mechanical

resonators, and compliant mechanisms are constructed.

In Chapter 2, a level set-based structural optimization method was proposed for

dealing with the electrostatic and structural coupling effects. The design requirements

for electrostatic actuators in which elastic deformations are caused by electrostatic

forces were clarified. An optimization problem was formulated and the sensitivity was

derived using the adjoint variable method. Accurate calculation of the electrostatic

forces that occur on structural boundaries was realized by making the FEM nodes

close to the structural boundaries congruent with those of the structural boundaries

expressed by the level set function, using a mesh adaptation scheme based on the

level set method and Laplacian smoothing. The electrostatic forces were obtained by

calculating Maxwell’s stress tensors on these matched boundaries. The optimization

results in the presented numerical examples satisfied the design requirements and had

clear boundaries, demonstrating that the proposed method is useful at an engineering

level.

In Chapter 3, a level set-based structural optimization method was proposed for
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electrostatic actuator designs that achieve a prescribed driving force profile. The

multi-objective functional was formulated so that target driving forces could be de-

fined for several positions of the movable electrode. The same mesh adaptation scheme

as that presented in Chapter 2 was used to ensure accurate calculation of electro-

static forces on the structural boundaries. The results of the numerical examples

demonstrated that the proposed method provides optimal structures that achieve a

prescribed driving force profile, and the obtained designs had clear structural bound-

aries.

In Chapter 4, a level set-based topology optimization method was presented for

design problems of mechanical resonators that proactively utilize the dynamic in-

stability of the structure. The design requirements for these mechanical resonators

were clarified and an objective functional was derived based on the concept of kinetic

energy maximization. An optimization problem was formulated and the sensitivity

was derived using the adjoint variable method. The proposed method provided op-

timal structures for mechanical resonators that satisfy the design requirements and

have clear boundaries. The proposed topology optimization method can therefore

effectively deal with structural design problems for mechanical resonators.

In Chapter 5, a level set-based topology optimization method was developed for

structures that undergo large deformations. The MPS method, a particle method,

enabled consideration of large deformations through geometrically nonlinear analy-

sis. The proposed method achieved optimized designs of compliant mechanisms that

undergo large deformations, and the obtained optimal structures were shown to be

different from those obtained with an optimization method using FEM-based linear

analysis. The results obtained by the proposed method demonstrated its utility for

considering large deformations in its optimization.

The optimization methods discussed in this thesis focused on structural optimiza-

tions considering the electrostatic-structural coupling effects and geometric nonlinear-

ity. I hope that the results of this doctoral research will facilitate the implementation

of structural optimizations based on mathematical and physical grounds, and lead to
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improved designs of devices that solve real-world problems.
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Appendix

Sensitivity analysis for structural optimization of

electrostatic actuators considering driving force pro-

files

The details of the derivation of sensitivity for structural optimization of electro-static actuators

considering driving force profiles are now provided. The optimization problem is formulated as

follows.

min
ϕ(x)

J [∇V, ϕ] = ln


m∑
j=1

exp
(
wj F [∇V j , ϕ]

)
subject to ∇ · (ϵ(ϕ)∇V j) = 0 in D

V j = V on ΓV

qj = −(ϵ(ϕ)∇V j) · nD = 0 on Γq

j = 1, ...,m

where F [∇V j ] represents the square of the difference between the j-th actual driving force T (∇V j , ϕ)

and the j-th target driving force T j∗, as follows:

F [∇V j , ϕ] =
{
T (∇V j , ϕ)− T j∗}2

.

The actual driving force T (∇V j) is represented based on Maxwell’s stress tensor:

T (∇V j , ϕ) =

∫
s

t(∇V j) · ns(ϕ) dΓ,
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where s is the boundary of an electrode in a comb drive electrostatic actuator, ns is a unit normal

vector on boundary s, and

t(∇V j) = t(Ej)

:= −ϵ0

{
Ej ⊗Ej − 1

2
(Ej ·Ej)I

}
.

Furthermore, boundary s and unit normal vector ns are dependent on the level set function ϕ,

and the boundary integral can be represented as a domain integral by using level set function ϕ as

follows:

T (∇V j , ϕ) =

∫
D

t(∇V j)δ̄(ϕ) dD,

where δ̄(ϕ) is defined using an approximated Heaviside function Ha(ϕ) as follows:

δ̄(ϕ) :=
∇ϕ

|∇ϕ|
dHa(ϕ)

d ϕ
.

Now, let us consider the Lagrangian J as follows:

J [∇V, ϕ] = ln

 m∑
j=1

exp

{
wj

(∫
D

t(∇V j)δ̄(ϕ) dD − T j∗
)2

}+
m∑
j=1

[∫
D

V̂ j ∇ · (ϵ(ϕ)∇V j) dD

]

= ln

 m∑
j=1

exp

{
wj

(∫
D

t(∇V j)δ̄(ϕ) dD − T j∗
)2

}
+

m∑
j=1

[
−
∫
D

(∇V̂ j) · {ϵ(ϕ)∇V j} dD +

∫
D

∇ · {V̂ jϵ(ϕ)∇V j} dD

]

= ln

 m∑
j=1

exp

{
wj

(∫
D

t(∇V j)δ̄(ϕ) dD − T j∗
)2

}
+

m∑
j=1

[
−
∫
D

(∇V̂ j) · {ϵ(ϕ)∇V j} dD +

∫
Γ

V̂ jqj dΓ

]

Lagrangian J changes when the design variable ϕ slightly changes, so we have

J + δJ = ln

 m∑
j=1

exp

{
wj

(∫
D

(
t(∇V j) +

∂t(∇V j)

∂(∇V j)
δ(∇V j)

)(
δ̄(ϕ) +

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD − T j∗

)2
}

+

m∑
j=1

[
−
∫
D

(∇V̂ j) ·
{(

ϵ(ϕ) +
∂ϵ(ϕ)

∂ϕ
δϕ

)(
∇V j + δ(∇V j)

)}
dD +

∫
Γ

V̂ j(qj + δqj) dΓ

]
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Therefore, we have

δJ = ln

 m∑
j=1

exp

{
wj

(∫
D

(
t(∇V j) +

∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD +

∫
D

(
t(∇V j)

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD − T j∗

)2
}

− ln

 m∑
j=1

exp

{
wj

(∫
D

t(∇V j)δ̄(ϕ) dD − T j∗
)2

}
+

m∑
j=1

[
−

∫
D
(∇V̂ j) ·

{
ϵ(ϕ)δ(∇V j) +

∂ϵ(ϕ)

∂ϕ
δϕ∇V j

}
dD +

∫
Γ
V̂ jδqj dΓ

]
,

where the second order variations are neglected in the third term.

Now, the first and second term are evaluated. That is, we consider the variation of the objective

functional δJ . First, the notations are defined as follows:

T j :=

∫
D

t(∇V j) · δ̄(ϕ) dD

δT j :=

∫
D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD +

∫
D

(
t(∇V j)

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD.

Then, δJ is written as

δJ = ln

 m∑
j=1

exp
{
wj

(
T j + δT j − T j∗)2}− ln

 m∑
j=1

exp
{
wj

(
T j − T j∗)2}

= ln


m∑
j=1

exp
{
wj

(
T j + δT j − T j∗)2}

m∑
j=1

exp
{
wj

(
T j − T j∗)2}



= ln


m∑
j=1

exp
{
wj

(
T j2 + 2T j · δT j − 2T j · T j∗ − 2T j∗ · δT j + T j∗2

)}
m∑
j=1

exp
{
wj

(
T j − T j∗)2}

 ,

where second order variations are neglected. Rewriting the above, we have

δJ = ln


m∑

j=1

{
exp(wjT j2) exp(2wjT j · δT j) exp(−2wjT j · T j∗) exp(−2wjT j∗ · δT j) exp(wjT j∗2)

}
m∑

j=1

exp
{
wj

(
T j − T j∗)2}

 .

Here, let us recall the Maclaurin expansion with respect to exp(x):

exp(x) =
∞∑

n=0

xn

n!
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Therefore, we have

δJ = ln


m∑

j=1

{
exp(wjT j2) (1 + 2wjT j · δT j) exp(−2wjT j · T j∗) (1− 2wjT j∗ · δT j) exp(wjT j∗2)

}
m∑

j=1

exp
{
wj

(
T j − T j∗)2}



= ln


m∑

j=1

{
exp(wjT j2) exp(−2wjT j · T j∗) exp(wjT j∗2)(1 + 2wjT j · δT j − 2wjT j∗ · δT j)

}
m∑

j=1

exp
{
wj

(
T j − T j∗)2}

 ,

where second order variations are neglected. Rewriting the above, we have

δJ = ln


m∑
j=1

{
exp

(
wj

(
T j − T j∗)2) (1 + 2wjT j · δT j − 2wjT j∗ · δT j)

}
m∑
j=1

exp
{
wj

(
T j − T j∗)2}



= ln

1 +
m∑
j=1

2wj
{
exp

(
wj

(
T j − T j∗)2) (T j − T j∗) · δT j

}
m∑
j=1

exp
{
wj

(
T j − T j∗)2}

 .

Now, the following notation, W j , is introduced.

W j := exp
(
wj

(
T j − T j∗)2) .

Then, we have

δJ = ln

1 +

2
m∑

j=1

wjW j(T j − T j∗) · δT j

m∑
j=1

W j



=


2

m∑
j=1

wjW j(T j − T j∗) · δT j

m∑
j=1

W j

 ln

1 +

2

m∑
j=1

wjW j(T j − T j∗) · δT j

m∑
j=1

W j





m∑
j=1

W j

2
m∑

j=1

wjW j(T j − T j∗) · δT j


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Now, let us recall the definition of Napier’s number e and its relationship, as follows:

e : = lim
x→∞

(
1 +

1

x

)x

= lim
x→−∞

(
1 +

1

x

)x

= lim
x→0

(1 + x)
1
x .

Therefore, we have

δJ =

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) · δT j

=

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) ·
[∫

D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD +

∫
D

(
t(∇V j)

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD

]

Based on the above derivation for δJ , we re-consider the variation of Lagrangian δJ , as follows:

δJ =

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) ·
[∫

D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD +

∫
D

(
t(∇V j)

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD

]

+
m∑
j=1

[
−
∫
D

(∇V̂ j) ·
{
ϵ(ϕ)δ(∇V j) +

∂ϵ(ϕ)

∂ϕ
δϕ∇V j

}
dD +

∫
Γ

V̂ jδqj dΓ

]
.

Given the boundary condition on Γq, we have the following relationship:

δqj = 0 on Γq.

Thus, we have

δJ =

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) ·
[∫

D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD +

∫
D

(
t(∇V j)

∂δ̄(ϕ)

∂ϕ
δϕ

)
dD

]

+
m∑
j=1

[
−
∫
D

(∇V̂ j) ·
{
ϵ(ϕ)δ(∇V j) +

∂ϵ(ϕ)

∂ϕ
δϕ∇V j

}
dD +

∫
ΓV

V̂ jδqj dΓ

]
.

103



Now, the term of the variation with respect to Maxwell’s stress tensor is evaluated as follows:

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) ·
∫
D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD

=
m∑
j=1

aj
T ·

∫
D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD

=
m∑
j=1

aj
T ·

∫
D

{
t(∇V j + δ(∇V j))− t(∇V j)

}
δ̄(ϕ) dD,

where coefficient vector aT is defined as

aj
T :=

(
2∑
W j

)
wjW j(T j − T j∗) ,

and the derivation of the variation with respect to Maxwell’s stress tensor, t, is evaluated as below.

t(∇V j + δ(∇V j))− t(∇V j)

= −ϵ0

[
(∇V j + δ(∇V j))⊗ (∇V j + δ(∇V j))− 1

2

{
(∇V j + δ(∇V j)) · (∇V j + δ(∇V j))

}
I

]
+ ϵ0

{
(∇V j)⊗ (∇V j)− 1

2
(∇V j · ∇V j)I

}
= −2ϵ0

[
(∇V )⊗ (δ(∇V j))− 1

2
(∇V j) · (δ(∇V j))I

]
,

where second order variations are neglected. Therefore, we have

(
2∑
W j

) m∑
j=1

wjW j(T j − T j∗) ·
∫
D

(
∂t(∇V j)

∂(∇V j)
δ(∇V j)

)
δ̄(ϕ) dD

=

m∑
j=1

aj
T ·

∫
D

[
−2ϵ0

{
(∇V j)⊗ δ(∇V j)−

1

2
(∇V j) · (δ(∇V j))I

}]
δ̄(ϕ) dD

= −2ϵ0

m∑
j=1

aj
T ·

[∫
D

{
(∇V j)⊗ δ(∇V j)

}
δ̄(ϕ) dD

]
+ ϵ0

m∑
j=1

aj
T ·

[∫
D

[{
(∇V j) · δ(∇V j)

}
I
]
δ̄(ϕ) dD

]

= −2ϵ0

m∑
j=1

aj
T ·

[∫
D

{
(∇V j)⊗ δ̄(ϕ)

}
δ(∇V j) dD

]
+ ϵ0

m∑
j=1

aj
T ·

[∫
D

{
Iδ̄(ϕ)

}{
(∇V j) · δ(∇V j)

}
dD

]

= −2ϵ0

m∑
j=1

∫
D

[{
(∇V j)⊗ δ̄(ϕ)

}T
aj
T

]
· δ(∇V j) dD + ϵ0

m∑
j=1

∫
D

[
aj
T ·

{
Iδ̄(ϕ)

}
(∇V j)

]
· δ(∇V j) dD

= ϵ0

m∑
j=1

∫
D

(
−2

[{
(∇V j)⊗ δ̄(ϕ)

}T
aj
T

]
+

[
aj
T ·

{
Iδ̄(ϕ)

}
(∇V j)

])
· δ(∇V j) dD.
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Based on the above evaluation, we have

δJ =
m∑

j=1

[∫
D

[
−2ϵ0

{{
(∇V j)⊗ δ̄(ϕ)

}T
aj
T

}
+ ϵ0

{
aj
T ·

{
Iδ̄(ϕ)

}
(∇V j)

}
− ϵ(ϕ)∇V̂ j

]
· δ(∇V j) dD

]

+
m∑

j=1

[∫
D

{(
2wjW j(T j − T j∗)∑

W j

)
·
(
t(∇V j)

∂δ̄(ϕ)

∂ϕ

)
− (∇V̂ j) ·

(
∂ϵ(ϕ)

∂ϕ
∇V j

)}
δϕ dD

]

+

m∑
j=1

[∫
ΓV

V̂ jδqj dΓ

]
.

To make the terms pertaining to δ(∇V j) and δqj equivalent to zero, we define the adjoint system

as follows:

∇V̂ j = −2
ϵ0
ϵ(ϕ)

[{
(∇V j)⊗ δ̄(ϕ)

}T
aj
T

]
+

ϵ0
ϵ(ϕ)

[
aj
T ·

{
Iδ̄(ϕ)

}
(∇V j)

]
in D

V̂ j = 0 on ΓV

Then, δJ can be expressed as

δJ =

m∑
j=1

[∫
D

{(
2wjW j(T j − T j∗)∑

W j

)
·
(
t(∇V j)

∂δ̄(ϕ)

∂ϕ

)
− (∇V̂ j) ·

(
∂ϵ(ϕ)

∂ϕ
∇V j

)}
δϕ dD

]
.

We note that the first and second terms respectively represent the effects of geometrical changes and

the effects of changes in Maxwell’s stress tensor. Therefore, the first term can be neglected when

changes in the shape are insignificant.
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