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Abstract

Phase diagram of Quantum Chromodynamics (QCD) at finite temperature
and finite density would be related to heavy-ion collision experiments at zero
or low density and neutron stars at sufficiently high density. Then the QCD
phase diagram has attracted much attention from theoretical and experimen-
tal points of view. QCD exhibits two non-perturbative phase transitions: the
chiral phase transition and the confinement-deconfinement phase transition.
A first-principles method, lattice QCD, is an important tool to investigate
the non-perturbative dynamics and it achieves great successes at zero den-
sity. However, it is not easy to apply lattice QCD to the finite density region
due to the sign problem.

In this thesis, we investigate the QCD phase diagram and properties of
QCD matter at finite temperature and finite density by using the strong
coupling approach of lattice QCD. First, we show the QCD phase diagram
with field fluctuation effects in the strong coupling and chiral limits. We
utilize an effective action in the strong coupling limit derived from the lat-
tice QCD action with one species of unrooted staggered fermion. In order
to obtain the effective action, we take account of the leading order of the
large dimensional expansion and apply the extended Hubbard-Stratonovich
transformation to four Fermi interaction terms. We use the auxiliary field
Monte Carlo (AFMC) method based on the obtained effective action beyond
the mean field approximation. In fact, we include the field fluctuation effects
numerically in AFMC. When we evaluate observables, we introduce a new
method named as the chiral angle fixing (CAF) to obtain an appropriate
order parameter, the chiral condensate, on a fixed size lattice in the sym-
metry breaking phase. After applying CAF, the order parameters show the
phase transition behavior and we find that the obtained QCD phase diagram
is almost consistent with that in the monomer-dimer-polymer simulation.
We also study an origin of the sign problem in AFMC. We find that the
high-momentum auxiliary fields give rise to the sign problem.

Next, we investigate net-baryon number cumulants in the strong coupling
and chiral limits. Higher-order cumulants of the net-baryon number are con-
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sidered to be good observables to detect the QCD critical phenomena at finite
density. We find that the third and fourth-order cumulants show oscillatory
behaviors as functions of temperature in the chiral limit due to the finite
size effect. By comparison, the fourth-order cumulant positively diverges in
the thermodynamic limit according to the scaling function analysis at finite
density. We finally show the negative region of the fourth-order cumulant in
the chiral limit, which would provide clear signals of criticality for theoret-
ical or experimental studies. Our studies may be of help for constructing a
finite size scaling function in the chiral limit. Once we can investigate the
finite-size scaling function in the chiral limit, we obtain further insights into
the scaling function with regard to both the finite size and the mass effects.
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Chapter 1

Introduction

In this chapter, we review the basic properties of QCD based on Refs. [1, 2, 3]
and prepare for discussions in the following chapters. In Sect. 1.1, we review
natures of QCD: the asymptotic freedom, chiral symmetry breaking, and
quark confinement. Current understanding of the QCD phase diagram is
reviewed in Sect. 1.2.

1.1 Quantum Chromodynamics

Quantum chromodynamics (QCD) describes the strong interaction of quarks
and gluons. Nowadays, six flavors (Nf = 6) of quarks are found: up (u),
down (d), strangeness (s), charm (c), bottom (b), and top (t). Quarks and
gluons have color degrees of freedom [4] (Nc = 3) and are confined in hadrons
at low energy. The hadron is observed as a color singlet state: a baryon
(e.g. nucleon) is made of three quarks and a meson (e.g. pion) is made of a
quark and an antiquark in a simple quark-model picture [5, 6].

QCD is a non-Abelian gauge theory based on the Yang-Mills theory [7]
with color Nc = 3. The QCD lagrangian is given as

LQCD = ψ̄(i /D −m0)ψ − 1

2
Tr FµνF

µν , (1.1)

with the covariant derivative Dµ = ∂µ + igAµ and the field strength Fµν =
[Dµ, Dν ] /(ig) = ∂µAν−∂νAµ+ig [Aµ, Aν ]. Here we define /D = γµDµ, (µ, ν =
0, 1, 2, 3). The quark field ψ belongs to the fundamental representation of
SU(Nc) and the gluon (gauge) field Aµ = AaµTa (a = 1, · · · , N2

c − 1) belongs
to the adjoint representation of SU(Nc). The coupling constant in QCD and
the quark mass matrix are given as g and m0, respectively. The gamma ma-
trix γµ satisfies anti-commutation relation {γµ, γν} = 2gµν1. The traceless
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hermitian matrix T a is the generator of the Lie group, which satisfies the
relations, [

T a, T b
]
= ifabcT

c , Tr (T aT b) =
1

2
δab . (1.2)

Here, fabc is the structure constant of the Lie group. The QCD lagrangian is
invariant under the gauge transformation:

ψ(x) → g(x)ψ(x) , ψ̄(x) → ψ̄(x)g†(x) , (1.3)

Aµ(x) → g(x)Aµ(x)g
†(x) +

1

ig
g(x)∂µg

†(x) , (1.4)

where g(x) = exp(−iθa(x)T a) with θa(x) ∈ R.
The QCD lagrangian has the chiral symmetry in the case of massless

quarks. In order to find the chiral symmetry, we can define left- and right-
handed quarks,

ψL,R =
1∓ γ5

2
ψ , γ5ψL,R = ∓ψL,R . (1.5)

By using the right- and left-handed quarks, the QCD lagrangian is rewritten
as

LQCD = ψ̄Li /DψL + ψ̄Ri /DψR − (ψ̄LmψR + ψ̄RmψL)−
1

2
Tr FµνF

µν . (1.6)

When we consider the chiral transformation,

ψL → gLψL , ψR → gRψR , (1.7)

where gL = exp(iθaLTa) ∈ SU(Nf )L and gR = exp(iθaRTa) ∈ SU(Nf )R. The
QCD lagrangian in Eq. (1.6) is invariant in the chiral limit (massless case),
which is referred to as the chiral symmetry.

The above QCD lagrangian has U(1)B ×U(1)A × SU(Nf )L × SU(Nf )R ×
SU(Nc) symmetry for massless Nf flavors. U(1)B is related to the baryon
number conservation. Due to the axial anomaly (See [8, 9] for example),
U(1)A is explicitly broken to Z(2Nf ) [10, 11, 12]. We assume U(1)B×SU(Nc)
is not broken throughout this thesis while it can be broken in the color
superconducting phase at sufficiently high density [2, 13, 14].

1.1.1 Asymptotic freedom

One of the characteristic features of QCD is the asymptotic freedom [15, 16,
17]. The interaction becomes weak in the high energy region and then we
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can apply the perturbative calculation at high energy. In the high temper-
ature region, the hard thermal loop perturbation theory (See Ref. [18] for
example) is a useful tool. The color superconductivity can be realized at low
temperature and sufficiently high density (See Refs. [13, 14] for example).

In order to see the asymptotic freedom explicitly, we consider the beta
function obtained by the 1-loop diagrams as

β(g) = µR
dg(µR)

dµR
= −b0g3 − · · · , (1.8)

where b0 = (11Nc/3−2Nf/3)/(4π)
2 [15, 16] and µR denotes the renormaliza-

tion scale. The coupling constant reads g2(µR) = 1/{b0 ln(µ2
R/Λ

2
QCD)}, where

ΛQCD ≃ 200 MeV is the scale parameter in QCD. This relation between the
coupling constant and the renormalization scale tells us the asymptotic free-
dom, g → 0 at µR → ∞.

At low energy, the interaction becomes strong and non-perturbative fea-
tures appear: the spontaneous breaking of the chiral symmetry and the quark
confinement. In order to describe these features, non-perturbative frame-
works are required such as lattice QCD as reviewed in Sect. 2.1.

1.1.2 Vacuum structure

As introduced in Sect. 1.1.1, non-perturbative features appear at low tem-
perature and characterize the vacuum structure. In the following, we review
two non-perturbative aspects, the spontaneous chiral symmetry breaking and
the quark confinement based on Refs. [1, 2, 3].

Spontaneous breaking of chiral symmetry

In this subsection, we discuss the spontaneous chiral symmetry breaking
[19, 20, 21]. In the vacuum, the chiral symmetry is spontaneously broken as
SU(Nf )R × SU(Nf )L → SU(Nf )V, where ψ → exp(iθaVT

a)ψ, (θaV = θaL = θaR).
One of the order parameters of this chiral symmetry breaking is the chiral
condensate

⟨
ψ̄ψ
⟩
=
⟨
ψ̄LψR + ψ̄RψL

⟩
which mixes the left- and right-handed

quarks. Quarks obtain the effective mass with the finite chiral condensate and
form hadrons as constituent quarks. It should be noted that when the sym-
metry is broken spontaneously, the massless particles appear as the Nambu-
Goldstone (NG) modes [20, 21, 22, 23].

In the realistic cases, the chiral symmetry is approximately realized since
the current quark masses of u and d (mu ∼ 3 MeV, md ∼ 5 MeV [24])
are small enough compared with the typical scale ΛQCD ≃ 200 MeV; the
symmetry is governed by SU(2)L × SU(2)R. In addition to the u and d
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quarks, we often consider the strange quark contribution (ms ∼ 100 MeV
[24]) and the symmetry becomes SU(3)L × SU(3)R in this case. Because of
the spontaneous chiral symmetry breaking, the chiral condensate is realized
as
⟨
ψ̄ψ
⟩
∼ −(250MeV)3 and the constituent quark masses are found to be

Mu,d ∼ 350 MeV and Ms ∼ 550 MeV for u, d and s quarks, respectively [1].
One can identify approximate NG particles as pions, kaons, and eta in the 3
flavor case.

Quark confinement

We here review properties of the quark confinement based on Refs. [1, 2, 3].
In the low energy region, the typical degrees of freedom are hadrons and
we cannot directly observe quarks. This phenomenon is called the quark
confinement [25, 26, 27].

(1a)

(2a)

(1b)

(2b)

L

L

Coulomb

Coulomb linear

Figure 1.1: Schematic pictures of electric or color field lines of force in QED
and QCD. The top panels show the QED case and the bottom panels show
the QCD case. The electric line of force between e+ and e− is shown in
Fig. (1a) and the color line of force between a quark and an antiquark is
given in Fig. (2a). The right panels are the potential in QED in Fig. (1b)
and that in QCD in Fig. (2b).

In the quantum electrodynamics (QED), electric field lines start from a
positive electric charge radially and the potential between two charges is given
by the Coulomb potential as in Figs. 1.1 (1a) and (1b). The color field lines in
QCD are squeezed along the line between a quark and an antiquark in Fig. 1.1

8



(2a). The static-quark potential between heavy quarks is well described by
V (L) = −C/L + σstringL + const., with the distance between two quarks L,
the string tension σstring, and a constant value C, respectively [25, 26, 27].
The first term and the second term correspond to a Coulomb potential and a
linear potential, respectively, as shown in Fig. 1.1 (2b). The linear potential
at long distance tells us that one needs an infinite energy in order to put
a quark far from the other quark, and then quarks are confined in mesons.
Similarly, three quarks are confined in baryons [28, 29]. In the realistic case,
the quark masses are finite and the quark-antiquark pair creation occurs at
sufficiently large distance; and then quarks are confined in hadrons again.

1.2 QCD phase diagram

In this section, we review the conjectured QCD phase diagram at finite tem-
perature and density based on Refs. [1, 2, 3, 30, 31, 32, 33, 34].

1.2.1 Overview of QCD phase diagram

We show a schematic picture of the QCD phase diagram in Fig. 1.2. In
the low temperature and low chemical potential region, quarks and gluons
are confined in hadrons, and the chiral symmetry is spontaneously broken
(Nambu-Goldstone (NG) phase). At high temperature, the Quark-Gluon-
Plasma (QGP) is realized, and the chiral symmetry is restored (Wigner
phase) via crossover [39, 40]; the relevant degrees of freedom (DOF) become
quarks and gluons. At finite chemical potential, the crossover is expected to
turn to the first-order phase transition at a critical point (CP) [35]. In the low
temperature and large chemical potential region, the color superconducting
phase or other phases are expected (See [2, 3] for example).

In order to investigate the non-perturbative phenomena, the lattice QCD
approach is applied as a first-principles method at zero chemical potential
as reviewed in Sect. 2.1. Quantitative understanding such as the critical
temperature [41, 42, 43] and the order of the phase transition [39] is well
established at vanishing chemical potential by using lattice QCD. At finite
density, it is not easy to investigate the QCD phase diagram due to the
sign problem in lattice QCD especially for µ/T > 1 (See [37] for example)
and then effective models are applied (See [30] for example). In order to
find the CP location experimentally, the Beam Energy Scan (BES) program
has been recently performed at Relativistic Heavy Ion Collider (RHIC) and
higher-order cumulants1 of conserved charges and a proxy for the net-baryon

1We can find fluctuation properties through higher-order cumulants as reviewed in
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Z(2) CP

1st order

Crossover

µ

T

Color super?
Hadron

Quark gluon plasma

Severe sign problem

?

Experiments

O

Figure 1.2: A schematic QCD phase diagram with the temperature T and
the quark chemical potential µ axes. In the hadron phase, typical degrees of
freedom (DOF) are hadrons. The important DOF become quarks and gluons
in the quark-gluon plasma (QGP) phase. The crossover and first-order phase
transition are expected at low and high densities, respectively. A critical
point (CP) is located at the end point of the first-order phase transition line
[35, 36]. A first-principles method, lattice QCD, is not reliable for µ/T > 1
due to the sign problem [37]. The heavy-ion collision experiments are carried
out and higher-order cumulants of conserved charges are measured in order
to determine the CP location [38].

number are investigated [38, 44, 45].
We review the phase transition along the temperature axis in Sect. 1.2.2

and the phase transition at finite density in Sect. 1.2.3.

1.2.2 Phase transition along the temperature axis

In the early time of the QCD phase transition study, Hagedorn argued about
what is going on at high temperature. He implied that there should be a
transition at high temperature from the usual hadron phase [46]. Current
understanding of the phase transition may be summarized as follows [1, 2, 3,
30, 42]. At low temperature, the chiral symmetry is spontaneously broken,

Sect. 1.2.4.
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and quarks and gluons are confined in hadrons. They are released from
hadrons at high temperature via crossover [39] and the relevant DOF are
quarks and gluons. The chiral symmetry is restored in this QGP phase.
Above the phase transition temperature, the energy and pressure increase
rapidly since the number of DOF in QGP is larger than that in the hadron
phase [32, 42, 47].

At sufficiently high temperature, the dynamics of quarks and gluons can
be described approximately by free particles according to the asymptotic
freedom. We can expand pressure by g2. The leading order of the expansion
corresponds to the Stefan-Boltzmann (SB) limit, and one can obtain the
higher-order corrections as discussed in Refs. [1, 48, 49, 50, 51, 52, 53].

Confinment-deconfinement phase transition

We here review some natures of the confinment-deconfinement phase transi-
tion based on Refs.[1, 2, 3]. At finite temperature, one of the order param-
eters of the confinment-deconfinement phase transition with infinite quark
masses is the Polyakov loop which is related to the Z(Nc) symmetry [54, 55,
56];

P (x) =
1

Nc

Tr P exp

[
−ig

∫ β

0

dx4A4(x, x4)

]
, (1.9)

where P denotes the time ordered product, T is the temperature with β =
1/T , and the spacetime is defined in the Euclidean coordinate. The periodic
boundary condition is imposed on the gauge fields. The expectation value
of the Polyakov loop is related to the free energy Fq of a static quark [57,
58, 59] as ⟨P (x)⟩ ∼ exp(−Fq/T ). In the confined phase, the free energy is
infinite and the expectation value of the Polyakov loop vanishes, then the
Z(Nc) symmetry is realized. By comparison, the free energy is finite in the
deconfined phase and the expectation value of P (x) is finite, then the Z(Nc)
symmetry is spontaneously broken. The order of the phase transition is the
first for Nc = 3 [55, 60, 61, 62] and is the second for Nc = 2 [63, 64, 65].
When we consider the finite mass effect, the Polyakov loop is an approximate
order parameter due to the explicit breaking of the center symmetry [55, 56].

In order to include the confinement-deconfinement dynamics, we consider
the Polyakov loop effect in the effective models [66].

Chiral phase transition

Pisarski and Wilczek studied the order of the chiral phase transition by using
the Ginzburg-Landau theory with the renormalization group flow [11]. In the
massless case without axial anomaly, the phase transition is of
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• the second order for Nf = 1 due to O(2) symmetry ,

• the first order for Nf ≥ 2 ,

In the massless case with axial anomaly, the phase transition is

• crossover for Nf = 1 ,

• of the second order for Nf = 2 due to O(4) symmetry ,

• of the first order for Nf ≥ 3 ,

In the presence of an isospin symmetry for u and d quarks, mud ≡ mu =
md, we can obtain insights into the order of the phase transition from the
famous Columbia plot [67, 68, 69]. A schematic picture of the Columbia plot
is given in Fig. 1.3. The right-top corner in the Columbia plot corresponds to

1st

physical 
point ?

Crossover

ms

TCP

2nd

mu,d
O ∞

∞ ∞
1st

2ndphysical 
point ?

2nd

O(4)

Figure 1.3: Phase transition order at finite temperature in the (mud,ms)
plane (Columbia plot) [67, 68, 69]. TCP denotes tricritical point. Actual
location of the physical point is under debate [70, 71].

no-dynamical quark case (static quark limit) (mud,ms) = (∞,∞), and the
phase transition is of the first order for Nc = 3 [55, 60, 61, 62]; the theory
becomes the pure Yang-Mills theory and the Polyakov loop is the exact order
parameter of the Z(3) symmetry. In the lower mass region, there are a first
order region and a crossover region, separated by the second order boundary.
On the left-top corner, the dynamics is characterized by massless 2 flavors,
(mud,ms) = (0,∞), and the symmetry is SU(2)L × SU(2)R ≃ O(4), so the
phase transition is of the second order [11]. Along the ms axis, there is a
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tricritical point and the first-order phase-transition region is realized at lower
masses, including massless 3 flavor case on the left-bottom corner [11] in the
Columbia plot.

At the physical point, there is no sharp phase transition i.e. crossover,
which is confirmed by the lattice QCD simulation [39]. The phase transition
temperature is found to be about 172 MeV for Nf = 2 [41, 42, 43] and about
154 MeV for Nf = 3 [41, 42] from the lattice QCD calculations. The physical
point in the Columbia plot is not determined yet [70, 71].

Regarding the massless 2 flavor case without anomaly, numerical and
theoretical studies beyond the Pisarski and Wilczek’s argument have been
carried out motivated by the effective restoration of U(1)A symmetry (See,
for example Ref. [72] and references there in) and further studies are required
to determine the phase transition order.

1.2.3 Phase transition at finite density

We review the QCD phase diagram at finite density based on Refs. [1, 2, 3,
30, 38, 73], where we face the sign problem in lattice QCD.

Phase transition at zero temperature along the chemical potential
axis

We here discuss the phase structure at zero temperature T = 0 and finite
chemical potential µ > 0 based on Ref. [73]. The vacuum state is realized at
vanishing chemical potential in which the baryon density is zero. The first
order phase transition occurs when the value of the chemical potential takes
the critical value of the chemical potential µ0 ∼ 924 MeV: mN ∼ 939MeV
(the nucleon mass) − 16 MeV (the binding energy in the isospin-symmetric
nuclear matter) [73]. In QCD, the baryon density jumps to the saturation
density of nuclear matter, ρ0 ≃ 0.17 fm−3 at µ = µ0. Thus, the baryon
density is the order parameter and this phase transition is the liquid-gas
type phase transition [2] 2. One expects that the chiral phase transition
can be realized at higher µ than µ0 and the order is expected to be the
first according to effective model calculations [30, 35]. It should be noted
that the crossover phase transition can be realized due to the strong vector
interactions [75] and another mechanism [76, 77].

2This liquid-gas type phase transition ends at a second-order phase transition point at
finite T [74].
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Chiral phase transition in QCD phase diagram

We briefly introduce the current understanding of the QCD phase diagram
with regard to the chiral phase transition based on Refs. [1, 2, 3, 30, 37].
The QCD phase diagram has been investigated by using effective models,
lattice QCD with methods evading the sign problem, and so forth [30, 37].
A schematic QCD phase diagram is shown in Fig. 1.4.

Z(2) CP

1st order
Cross over

µ

T

m

TCP

2nd order 
O(4)

Figure 1.4: Schematic picture of QCD phase diagram with the quark mass
axis regarding the chiral phase transition [78]. A tricritical (critical point)
is expected to exist between the second-order (crossover) and the first-order
phase transition in the chiral limit (at finite mass). This figure is basically
taken from Ref. [78]

First, we introduce the conjectured QCD phase diagram in the chiral
limit (m0 → 0). As mentioned in previous subsections, the second-order
phase transition occurs at low chemical potential for Nf = 2, which belongs
to the O(4) universality class [11]. The second-order phase transition line
turns into the first-order phase transition line at the tricritical point (TCP)
in the finite chemical potential region [35]. Around TCP, the behavior of the
chiral phase transition is well described by the mean field theory [79].

At finite mass, the phase transition is crossover at zero and small chemical
potentials as confirmed by lattice QCD simulations [39, 40]. Since there is no
sharp phase transition for crossover, we call the boundary the pseudo-critical
line 3. From the lattice QCD calculations, the curvature of the pseudo-critical

3One often defines the phase boundary as a peak position of the chiral susceptibility,
which is the second-order derivative of logZQCD with respect to m0.
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line is obtained as Tc(µ)/Tc(0) = 1− κ(Ncµ/T )
2 +O((Ncµ/T )

4) with small
curvature κ [40, 80, 81, 82, 83]. TCP becomes the critical point (CP) at
finite density [35], where the transition is characterized by Z(2) universality.
In the large chemical potential region, the first-order phase transition starts
at Z(2) CP from effective model calculations [35, 79, 84, 85] (See, for example
[30] as a review).

At finite chemical potential, the effect of the baryon (quark) number
density is important [79, 86, 87, 88, 89]; the chiral condensate (an order pa-
rameter of the chiral phase transition) can be mixed with the baryon (quark)
number density [86, 87, 88]. The soft mode is the number density

⟨
ψ†ψ

⟩
rather than the chiral condensate at finite mass around the critical point
(CP) [86, 87, 88]. In Sect. 1.2.4, we will review the fluctuation properties of
the baryon (quark) number density.

The location of CP [35, 36] provides a key information to deduce the
phase boundary. Then the CP location has been suggested in/beyond the
mean field approximation by using the effective models (See, for example
[35, 66, 79, 84, 85, 90, 91, 92]). Because of the model dependence (See, for
example [30] as a review), we cannot determine the CP location in model
calculations, so the first-principles method, the lattice QCD, is demanded
while we face the sign problem at finite chemical potential. In lattice QCD
calculations, there are some attempts to investigate the location of CP. By
using the reweighting method in lattice QCD, the CP location is suggested
[93, 94, 95], but it is pointed out that the signal can be accidentally oberved
because of the sign problem [96]. Most of methods based on MC simulations
are currently not reliable for µq/T > 1 due to the sign problem (See, for
example [37] as a review); then we need further developments from theoretical
and experimental points of view.

Higher-order fluctuations (cumulants) of the conserved charges are ex-
pected to be a good signal to find the QCD critical phenomena and the
CP location [97, 98, 99, 100]. Once the singular behavior is smeared by
some effects (e.g. finite mass and volume effects), the divergent behavior of
the second-order cumulant (or the susceptibility) is not very useful to iden-
tify the critical behavior especially in experiments [98, 99, 100, 101, 102].
Higher-order cumulants than the third-order one are proposed to be better
observables to see the phase transition phenomena. Higher-order cumulants
are considered to remain sensitive to the correlation length [98]. In addition,
the sign changes of the third-order [97, 100] and the fourth-order cumulants
[99, 100] would be useful tools since the sign changes of cumulants can be de-
tected unambiguously. We will review aspects of the cumulants in Sect. 1.2.4.
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Experiments at heavy-ion collider

The heavy-ion collision experiments have been performed to investigate prop-
erties of QCD at RHIC in Brookhaven National Laboratory and at Large
Hadron collider (LHC) in CERN. Heavy-ions are accelerated and collided
with each other. QGP, which is a deconfined system of quarks and gluons,
may be created in the reaction region at RHIC and LHC.

One of the QGP evidences is the jet quenching [103, 104, 105]. This is
the phenomenon of the energy loss of jets. Jets created in the primary hard
scatterings would lose energy by the strong interaction with the medium. For
example, a jet with the back-to-back correlation loses its energy significantly
and thus disappears. Also, the nuclear modification factor provides a evi-
dence of QGP [105, 106, 107, 108]. This factor is the ratio of hadron yields
produced in QGP to those from superpositions of nucleon-nucleon collisions.
The nuclear modification factor shows the suppression behavior at high trans-
verse momentum, which is not observed in pA collisions. This phenomenon
may be related to the energy loss in the medium. Another evidence is the
quark number scaling [109, 110, 111, 112]. In order to see the scaling, we first
introduce the elliptic flow (v2). The elliptic flow is the second Fourier com-
ponent of the azimuthal distribution of particles and reflects the geometric
property of the medium. If particles in the medium are partons (quarks and
gluons), quarks may coalesce to form hadrons. The elliptic flow is expected
to scale with the number of constituent quarks as, vh2 (pT) = nqv

q
2(pT/nq)

with the elliptic flow for hadrons (quarks) vh2 (vq2), the transverse momentum
pT, and the number of constituent quarks nq. This phenomenon is called
the quark number scaling and is observed in heavy-ion collision experiments
[111, 112].

The creation of QGP has been confirmed at small chemical potential,
where the transition is crossover [39, 40]. The next grand step is to find
CP and the first-order phase transition, which are expected to exist at finite
chemical potential [30, 35]. Once we can fix the CP location by experiments,
we expect that one can deduce the phase boundary in the large chemical
potential region; and then BES has been carried out to investigate the phase
boundary and CP [38]. In BES, we explore the finite density region by
varying the colliding energy [113]. One of the promising observables for the
critical behavior at finite density are the event-by-event fluctuations such
as the higher-order cumulants: e.g. the net-proton number (as a proxy for
baryon number), charge, and strangeness cumulants (See, for example [38]).

In experiments, the whole system is finite and is characterized by the non-
equilibrium dynamics. It is not easy to find the divergent behavior of the
second-order cumulant or susceptibility due to the smeared singular behavior
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[98, 99, 100, 101, 102]. Alternatively, the sign changes of the higher-order
cumulants are considered to be more suitable to study critical phenomena
[97, 99, 100]. Furthermore, the higher-order cumulants are more sensitive to
the correlation length than the second-order cumulant [98]. Then, the higher-
order cumulants and their ratios have been measured by using the multiplicity
distribution [44, 45, 114, 115]. According to the arguments that the higher-
order cumulants of the net-baryon number can be negative from theoretical
view points [97, 99, 100], the net-proton number cumulants as a function
of the colliding energy have been obtained as a proxy for the net-baryon
number. Their ratios are found to behave non-monotonically, deviating from
the expected behavior of non-interacting hadrons [44, 45, 114]. Origins of
this deviation are under debate; one of the reasons might be a signal of the
phase transition phenomena as reviewed in Sect. 1.2.4. We can expect that
some features of the QCD phase diagram will be revealed by BES and its
second stage of BES in the future.

The cumulant ratios of the net-baryon number can be different from the
ratios obtained from the net-proton number. In Refs. [116, 117], the relations
between the net-baryon and net-proton number are discussed based on simple
models. More realistic cases are studied in Refs. [118, 119].

1.2.4 Theoretical studies of observables

From now on, we discuss the theoretical approaches to obtain observables:
the order parameters, the susceptibilities, and the cumulants.

The behaviors of the chiral condensate and its susceptibility are standard
observables to identify the chiral phase boundary in the static and infinite
volume case. In addition, it is proposed that fluctuation observables are im-
portant to observe the signatures of the phase transition and of the existence
of CP [31, 97, 98, 120, 121, 122, 123]. In this subsection, we review the phase
transition phenomena appearing in the cumulants by focusing on the chiral
phase transition based on Refs. [31, 33, 34, 124].

Order parameters and susceptibilities

We here consider a partition function as [31, 33, 124]

ZQCD = Tr

[
exp

{
−

(
ĤQCD(m0)−

∑
i

µiNi

)
/T

}]
, (1.10)

where ĤQCD, µi, and Qi are the QCD hamiltonian, the chemical potential,
and the conserved charge, respectively. i denotes the corresponding conserved
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quantity: for example, i = q, B,Q, and s are for the quark number, baryon
number, electric charge, and strangeness in QCD.

As mentioned in Sect. 1.2.3, an order parameter of the chiral phase tran-
sition is the chiral condensate σ,

σ = −
⟨
ψ̄ψ
⟩
=
T

V

∂ logZQCD

∂m0

. (1.11)

Around CP, the baryon (quark) number density is the soft mode of the phase
transition [86, 87, 88], which can be defined by

nB =
1

V

∂ logZQCD

∂(µB/T )

(
nq =

1

V

∂ logZQCD

∂(µq/T )

)
, (1.12)

for µB = Ncµq. The susceptibilities of the chiral condensate and the baryon
number density are the second-order derivative of the logZQCD:

χσ =
T

V

∂2 logZQCD

∂m2
0

, (1.13)

and

χB =
T

V

∂2 logZQCD

∂µ2
B

, (1.14)

respectively. These susceptibilities indicate the fluctuations of the corre-
sponding observables. From the combination of the different type of the
derivatives, one can obtain insights into the connection between order pa-
rameters. For example, the off diagonal part of the susceptibility of the chiral
condensate and baryon number (χµ,m ∝ ∂2 logZQCD/(∂m0∂µB)) shows the
correlation between the chiral condensate and baryon number [31].

Higher-order cumulants of conserved charges

The nth-order cumulants with respect to a chemical potential can be defined
as

c
(n)
i =

1

V T 3

∂n logZ

∂µ̂ni
, (1.15)

where µ̂i = µi/T and i = q, B,Q, and s denote the net-quark number,
net-baryon number, charge, and strangeness, respectively. The first-order
cumulant reads

c
(1)
i =

⟨Ni⟩
V T 3

=
ni
T 3

, (1.16)
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where

⟨Ni⟩ =
∂ logZ

∂µ̂i
, (1.17)

and ni denotes the corresponding number density. Higher-order cumulants
are given as

c
(2)
i =

1

V T 3

⟨
(δNi)

2
⟩
,

c
(3)
i =

1

V T 3

⟨
(δNi)

3
⟩
,

c
(4)
i =

1

V T 3

[⟨
(δNi)

4
⟩
− 3

⟨
(δNi)

2
⟩2]

, (1.18)

where δNi = Ni − ⟨Ni⟩ [124]. These higher-order cumulants indicate the
fluctuation properties of the corresponding order parameter.

In order to investigate critical phenomena around the phase transition, it
is useful to introduce cumulant ratios as

Ri
m,n =

c
(m)
i

c
(n)
i

, (1.19)

since we can omit the trivial volume and temperature dependence.

Higher-order cumulants of net-baryon number

At finite chemical potential, c
(1)
B ∝ nB is finite and increases rapidly around

the phase transition; the first-order cumulant of the net-baryon number plays
important roles to investigate the phase transition [79, 86, 87, 88, 89, 97, 100]
as shown in the left top panel of Fig. 1.5, and the second-order cumu-
lant or susceptibility exhibits a peak structure at large chemical potential
[36, 79, 90, 126, 127]. In addition, the sign flip of higher-order cumulants is a
useful tool to detect the phase transition as well as the divergent or growing
behavior of the second-order cumulant [97, 99, 100]. Then we review prop-
erties of the higher-order net-baryon number cumulants at finite density in
this subsection.

The behavior of the cumulants at high and low temperature can be de-
duced as follows. At T < Tc, the hadron resonance gas (HRG) model well
describes the pressure and energy density in lattice QCD [128, 129], and then
cumulants are also expected to be well described by the HRG model at low
temperature. In HRG [130, 131, 132], we include interaction effects by intro-
ducing all hadron and resonance contributions as non-interacting particles. It
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Figure 1.5: Expected behavior of cumulants for net-baryon number at finite
density [79, 97, 100, 124, 125]. The first, second, third, and fourth order
cumulants are shown in top left, top right, bottom left, and bottom right
panels, respectively. The second and fourth-order cumulants positively di-
verge and third one exhibits a positive and a negative divergences in the chiral
and thermodynamic limits (χ-TDL). At finite mass and/or in finite volume
(smeared singularity, S-S), the singular behavior is masked and a downward
convex region (or a negative valley) appears. The third-one changes its sign
and it is useful to investigate critical phenomena [97].

is argued that HRG well describes the pressure given by interacting particles
due to the cancellation between attractive and repulsive phase shifts of par-
ticles [132]. At T ≫ Tc, we expect that the asymptotic value of observables
becomes closer to the Stefan-Boltzmann (SB) value.

When the phase transition occurs, the higher-order cumulants show non-
monotonic behavior around the phase transition temperature. In the chiral
and thermodynamic limits, the second- and fourth-order cumulants are ex-
pected to positively diverge around TCP (and the phase transition for the
fourth-order one) as shown in Fig. 1.5 labeled as χ-TDL [79, 100, 125]. The
third-order one positively and negatively diverges below and above the phase
transition in χ-TDL, respectively [100].

Once the singular behavior is smeared by some effects such as the finite
mass effect and/or the finite volume effect, higher-order cumulants show
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different behavior [100, 133]. The divergent behavior of c
(2)
B is smeared and

it has a positive peak as shown in Fig. 1.5 labeled by S-S [133]. In addition,
the third- and fourth-order cumulants oscillate around the phase transition
[133]. The third one has a positive peak below Tc and has a negative valley

above Tc [97, 100, 133]. c
(3)
B oscillates also as a function of µ̂. Then c

(4)
B =

∂c
(3)
B /∂µ̂ should have a negative region around the phase transition. In fact,

it would have a negative valley between two positive peaks at small mass
[100, 133]. According to Z(2) universality, the fourth-order cumulant may
have the negative region around CP [99].

There are attempts to see the explicit critical behavior of the higher-order
cumulants at finite density by using models [90, 97, 100, 125, 134, 135, 136,
137, 138]. We find oscillatory behavior of higher-order cumulants and their
ratios around the phase transition as functions of µ and T . At sufficiently
large µ, the fourth-order cumulant can be negative. The sign changes of
cumulants might be good signals to investigate the QCD phase transition,
and need to be confirmed theoretically beyond the model calculations.

Higher-order cumulants have been investigated also in lattice QCD at fi-
nite density [139, 140, 141, 142, 143, 144, 145, 146], but it is not easy to find

the negative c
(4)
B region in lattice QCD. In the Taylor expansion method,

for example, we expand dimensionless free energy as f/T 4 = c
(0)
B |µ̂=0 +

c
(2)
B |µ̂=0µ̂

2/2! + c
(4)
B |µ̂=0µ̂

4/4! + c
(6)
B |µ̂=0µ̂

6/6! + · · · and the fourth-order cu-

mulant reads c
(4)
B (µ̂) = c

(4)
B |µ̂=0 + c

(6)
B |µ̂=0µ̂

2/2! + · · · at finite density. c
(4)
B |µ̂=0

should be positive [100], then we need c
(6)
B |µ̂=0 and higher-order cumulants

than sixth order, c
(6)
B |µ̂=0, which can take negative values, to describe nega-

tive c
(4)
B at finite µ. These higher-order cumulant contributions need statistics

and c
(6)
B |µ̂=0 has been obtained recently [140, 141, 146]. There is a possibility

that we observe the negative region in lattice QCD, but we have not yet
concluded the existence of the region because of large error bars, a small
number of data points, heavier masses than the physical one, and so on
[139, 142, 143, 144, 145].

In this thesis, we investigate the higher-order cumulants on various size
lattices systematically. Due to the sign problem, it is difficult to see the
oscillatory behavior of cumulants quantitatively in standard lattice QCD
simulations [139, 142, 143, 144, 145]. In addition, we need calculations at
sufficiently small quark mass to find the critical behavior from O(N) univer-
sality [100, 133]. Then we need another way of observing them systemati-
cally at finite density near the chiral limit on a lattice in order to investigate
whether the negative cumulant region exists or not based on the lattice QCD
formalism. We here apply the strong coupling approach to study the finite
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density region. We find the oscillatory behavior and negative region of cu-
mulants around the phase transition due to the finite size effect, which would
be consistent with O(N) spin-model analyses in a finite system [133].

Remarks on the relation to experimental data

In experiments, the QGP medium created by a heavy-ion collision is finite
volume. As mentioned in previous section, finite volume can affect the singu-
lar behavior of cumulants [133]. According to Ref. [147], the size of QGP cre-
ated in experiments may be evaluated by a dimensionless quantity LT ≃ 2.4 –
3.6 (1/(LT ) ≃ 0.28 – 0.42), where L is a box length. By comparison, the finite
mass effect may be characterized by a dimensionless quantity m0/T ≃ 0.03,
provided that m0 ≃ 5 MeV and T ≃ 160 MeV at a freeze-out tempera-
ture [147] 4. Then, the finite size effect plays important role to cumulants
and their ratios with regard to the chiral phase transition (See, for example
[133, 148, 149, 150, 151, 152, 153, 154, 155, 156]). It should be noted that
the finite size effect in lattice QCD and that in experiments may be different
from each other: e.g. boundary conditions, but we can expect that the finite
size effect is basically the same between each other.

In previous subsections, we focus on the fluctuations in terms of the grand
canonical ensembles while fluctuation effects in experiments are different.
There are arguments that fluctuations of conserved charges in the experi-
mental system are somewhat similar to the grand canonical ensembles in the
thermal system [31]. Supposing that we focus on the fluctuations of the con-
served charges, the conserved charges do not fluctuate when we consider the
whole phase space. The conserved charges will fluctuate if a subsystem is
measured since particles can move to other subsystems, which is the similar
to the grand canonical ensemble case [119]. The above interpretation may be
supported by the success of the statistical thermal model [157], but we need
careful treatments to compare experimental results with theoretical results.

1.3 Organization of this thesis

Critical behavior has key information on the QCD phase diagram. One of
the powerful first-principles methods, lattice QCD, gives insights into the
critical phenomena in QCD. However, it has a notorious sign problem in the
finite chemical potential region [37]. Thus, we need other approaches to in-
vestigate the phase diagram. One of the ways to attack such a region is the

4According to the scaling function analysis [100], the mass term appears as m0/T ,
which should be small enough to investigate QCD phase transition phenomena.
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strong coupling lattice QCD (SC-LQCD), where we assume that the coupling
constant is sufficiently large [158, 159, 160, 161]. There are several works for
the QCD phase diagram using SC-LQCD in the mean-field approximation
[162, 163, 164, 165, 166, 167, 168]. Nowadays, it becomes possible to eval-
uate observables beyond the mean field approximation and to include field
fluctuation effects in SC-LQCD [78, 169, 170, 171, 172]. This theoretical de-
velopment is a vital step since it is important to evaluate observables exactly
and critical phenomena are governed by critical exponents, which generally
requires studies beyond the mean-field approximation. We here perform the
Monte Carlo simulation and then we evaluate the field fluctuation effects in
the QCD phase diagram [172].

We can further consider the fluctuation observables: higher-order cu-
mulants of the net-baryon number [78]. These observables give significant
insights into the critical phenomena around the phase transition [31, 33, 34,
124]. Particularly, we can confirm the finite size effect on cumulants at finite
density, which may be useful to interpret heavy-ion collision data in view of
finite size effect [133, 147]. By investigating cumulants in the chiral limit on
a finite size lattice, we can omit the finite mass effect and investigate the
finite size effect on higher-order cumulants [133]. For example, the fourth-
order cumulant positively diverges around the phase transition in the chiral
and thermodynamic limits [100] while we find a negative region between two
positive peaks in the fourth-order cumulant on a finite size lattice at large
µ/T in the chiral limit; then the fourth-order cumulant shows oscillatory
behavior due to the finite size effect [78, 133]. Our simulations are carried
out at LT ≃ 3 – 9 [78], so the negative region or the oscillatory behavior of
higher-order cumulants can be observed in experiments where LT ≃ 2.4 –
3.6 [147], when the mass effect is small enough and the regular part of the
corresponding cumulant does not overcome the smeared singular part.

This thesis is organized as follows. In Chap. 2, we introduce the basic
concepts of lattice QCD, including the strong coupling approach. We develop
the strong coupling approach with the field fluctuations and give the QCD
phase diagram in Chap. 3 based on Ref. [172]. Next, we investigate fluctu-
ation observables of the net-baryon number in Chap. 4 based on Ref. [78].
We finally conclude this thesis in Chap. 5.
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Chapter 2

Lattice QCD approaches for
QCD phase diagram

Lattice QCD (LQCD) is a first-principles method and is one of the most
useful tools to investigate properties of QCD. In this chapter, we review the
lattice formulation of QCD in Sect. 2.1 and the strong coupling approach in
Sect. 2.2 based on Refs. [1, 173, 174].

2.1 Lattice QCD

In order to study the non-perturbative dynamics such as the chiral and
confinement-deconfinement phase transitions, one of the powerful tools is
LQCD. The LQCD approach achieves great successes at zero chemical poten-
tial such as the hadron masses [175, 176], the string tension [177, 178], the nu-
clear force [179, 180], phase transition temperature [41, 41, 42, 42, 43] and or-
der [39], and so on. Other achievements are found in Refs. [1, 42, 173], for ex-
ample. We investigate the QCD phase diagram based on the LQCD action in
this thesis. We here review the concept of LQCD based on Refs. [1, 173, 174].

Before introducing LQCD action, we consider the Euclidean partition
function and action as

∫
D[ψ, ψ̄, A] exp[iSQCD] →

∫
D[ψ, ψ̄, A] exp[−SEucl

QCD]
under the rotation to Euclidean variables as x0 → −ix4, A0 → iA4, γ0 → γ4,
and γi → −iγi (i = 1, 2, 3) which satisfies γ†µ = γµ (µ = 1, · · · , 4). In LQCD,
we interpret the Boltzmann weight factor, exp[−SEucl

QCD], as the probability
weight. At finite temperature, we impose the periodic boundary condition
for bosons and anti-periodic boundary condition for fermions in the temporal
direction.

In the lattice field theory, the Euclidean space-time is discretized on a
lattice with a lattice spacing a and then the lattice field theory is regularized
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by the ultraviolet cut-off 1/a. The continuum theory should be realized in
the continuum limit a → 0 and LQCD rigorously defines the field theory,
maintaining the gauge symmetry.

2.1.1 Lattice QCD action

The lattice action is constructed based on the gauge invariance and the cor-
respondence to the continuum action in the continuum limit [25]. Here, we
give a review based on Ref. [1, 173, 174]. First, we construct the gauge ac-
tion. In order to maintain the gauge invariance, we introduce the Wilson line
for convenience;

U(y, x) = P exp

[
ig

∫ y

x

dzµAµ

]
= P exp

[
ig

∫ 1

0

dsλµAµ

]
, (2.1)

where zµ(s = 1) = yµ, zµ(s = 0) = xµ, λµ = dzµ/ds, and P is the path order-
ing operator here. TheWilson line is transformed as U(y, x) → g(y)U(y, x)g†(x)
under the gauge transformation ψ(x) → g(x)ψ(x); ψ̄(y)U(y, x)ψ(x) is gauge
invariant. Then, we can define a link variable as

Ux,µ = U(x, x+ µ̂) , U †
x,µ = Ux+µ̂,−µ̂ , (2.2)

where x is the lattice coordinate and µ̂ is the direction. The link variables
are transformed as Ux,µ → gxUx,µg

†
x+µ̂, where gx ∈ SU(Nc) is the gauge

transformation matrix. Then the trace product Tr
∏

C U of the link variables
along a closed path C is gauge invariant. Now, we can define the plaquette
as Uµν(x) = Ux,µUx+µ,νU

†
x+ν,µU

†
x,ν , and write down the standard plaquette

action,

SG =
∑
x,µ<ν

β

[
1− 1

2Nc

Tr
(
Uµν(x) + Uµν(x)

†)] , (2.3)

where β = 2Nc/g
2. In the continuum limit, the continuum gauge action in

Eq. (1.1) is restored as

lim
a→0

SG =
∑
n,µ<ν

β

[
a4

g2

2Nc

Tr F 2
µν

]
+O(a6) , (2.4)

since Tr Uµν(x) = Tr
[
1− a4g2/2× F 2

µν + · · ·
]
where we utilize the Baker-

Campbell Hausdorff formula, expX expY = exp(X + Y + [X,Y ]/2 + · · · ).
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Second, we construct the fermion terms. We can discretize the fermion
action,

SF = a4
∑
x

ψ̄x

[
1

2a

∑
µ

γµ

(
Ux,µψx+µ̂ − U †

x−µ̂,µψx−µ̂

)
+mψx

]
, (2.5)

by preserving the gauge invariance [25, 173, 174]. This lattice fermion is
referred to as the naive fermion.

In this naive fermion term, there is a famous problem called the (fermion)
doubling problem [181, 182, 183, 184]. Suppose that the free field theory is
realized for U = 1, the action in the momentum space is given as

SF =

∫
d4p

(2π)4
ψ̄(pa)(iγµ sin(pµa) +ma)ψ(pa) , (2.6)

so the propagator is described as (−iγµ sin(pµa) +ma)/(sin2(pµa) + (ma)2).
From the pole contribution of the propagator, sin2(pµa) + (ma)2 = 0, one
finds two poles per one dimension in the chiral limit, pµ = 0 and π/a. In the
continuum limit, only one pole appears, pµ = 0 in the chiral limit. A mode
at π/a is referred to as a doubler and is an extra degree of freedom. When
we put a naive fermion on the lattice in four-dimension space-time (d = 4),
one finds 2d = 16 particles; then we have unexpected degrees of freedom of
fermions in the lattice field theory. This phenomenon is called the doubling
problem. The Nielsen-Ninomiya theorem gives some insights into the fermion
doubling problem [182, 183, 184]. One cannot remove doublers when all of
the following conditions are satisfied: the translation invariance, the (exact)
chiral symmetry, the hermiticity, the locality, and the fermion bilinear form.
Therefore, we need to abandon at least one of the above conditions to evade
the doubling problem.

There are several kinds of the fermion actions, where we can weaken
the doubling problem; the Wilson fermion [181, 185], the staggered fermion
[186, 187], the domain wall fermion [188], the overlap fermion [189], and so on.
In the Wilson fermion action, we put some mass to the doubler and evade the
unexpected zero poles, but there is no chiral symmetry due to the effective
mass term (See, for example [173, 174]). In the staggered fermion formalism,
we interpret doublers as the flavors of quarks. There is the remnant chiral
symmetry, but it corresponds to four flavors in the continuum limit in the
four space-time dimension after removing the four-fold degeneracy (See, for
example [173, 174]). The overlap fermion and domain wall fermion satisfy
the exact Ginsparg-Wilson relation [190], which ensures the chiral symmetry
up to the order of the lattice spacing a. However, these fermions require
relatively large computational costs.
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In this thesis, we utilize the staggered fermion. The staggered fermion has
a remnant chiral symmetry, then the chiral phase transition has been studied
from early times of the lattice field theory studies [173, 174]. In addition,
the numerical cost is low due to the reduced gamma matrix indices. We will
review the staggered fermion studies in the context of the strong coupling
approach in Sect. 2.2.

2.1.2 Monte Carlo simulation

In order to obtain observables by using computational calculations, we often
apply the Monte Carlo (MC) technique. We give a review on MC based on
Refs. [1, 173, 174].

We have large degrees of freedom in lattice QCD [173, 174]. We generate
configurations of the link variables in the standard lattice QCD, and the link
variables have the following degrees of freedom: the 4 space-time dimension,
the lattice size, and N2

c − 1 = 8 degrees of freedom for SU(3). The total
degrees of freedom of the link variables on a 124 lattice are roughly about
4 × 124 (lattice size) ×8 ∼ 660, 000, so we must evaluate about 660,000
multiple integrations. For large multiple integrals, it is common to utilize
the Monte Carlo (MC) technique.

The expectation values of the observables are given as

⟨O⟩ =
∫
DΦ O(Φ) exp [−S(Φ)]∫

DΦexp [−S(Φ)]
, (2.7)

where Φ and S(Φ) denote field variables and the action, respectively. In the
lattice formalism, the degrees of freedom are finite and we can evaluate path
integral numerically. In MC, we commonly apply the importance sampling,
where we generate MC configurations in accordance with the probability of
the Boltzmann weight factor, exp[−S(Φ)]. We evaluate the statistical average
by using these configurations and obtain an observable as

⟨O⟩ ≃ 1

Nconfig.

Nconfig.∑
i=1

O(Φi) , (2.8)

where Nconfig. is the number of configurations.
In the actual calculation, we update configurations Φ → Φ′ with a stochas-

tic process [1, 173, 174]: W ′[Φ′] =
∑

ΦW [Φ]P (Φ → Φ′). P (Φ → Φ′) is the
transition probability from the old configurations Φ to the new configura-
tions Φ′. W [Φ] is the probability density, which is expected to be propor-
tional to the Boltzmann weight factor in equilibrium. We often consider a
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Markov process to produce new configurations, which satisfies the following
all conditions:

∑
Φ P (Φ → Φ′) = 1, P (Φ → Φ′) > 0, and

∑
ΦW [Φ] = 1

[1, 173, 174]. We here assume that there exists the equilibrium probabil-
ity density Weq[Φ], which is realized after sufficiently long computational
time, Weq[Φ

′] =
∑

ΦW [Φ]eqP (Φ → Φ′). When we impose the detailed bal-
ance, Weq[Φ

′]P (Φ′ → Φ) = W [Φ]eqP (Φ → Φ′), we can obtain the equi-
librium distribution. One of the methods satisfying the detailed balance
is the Metropolis method [191]. In the Metropolis method, the transition
probability is given as P (Φ → Φ′) ∝ min(1, exp[−{S[Φ′] − S[Φ]}]). In
the case where S[Φ′] > S[Φ], we obtain P (Φ → Φ′) = P0(Φ → Φ′) and
P (Φ′ → Φ) = P0(Φ

′ → Φ) exp[−(S[Φ] − S[Φ′])], with the microreversible
probability P0(Φ → Φ′) = P0(Φ

′ → Φ). Then, the detailed balance and
the equilibrium distribution Weq[Φ] ∝ exp[−(S[Φ])] are satisfied. In the case
where S[Φ′] < S[Φ], we can confirm the realization of the detailed balance
and the equilibrium distribution as the previous condition, S[Φ′] > S[Φ]. In
this thesis, we use the Metropolis method to obtain configurations.

As previously introduced in Sect. 2.1.1, lattice QCD action contains the
fermion part and the gauge (boson) part as SLQCD = SF + SG. The fermion
action is given by the Wilson fermion, staggered fermion, or other fermions.
The gauge part corresponds to the action in Eq. (2.3) in the standard case.
The partition function of lattice QCD reads

ZLQCD =

∫
D
[
ψ̄, ψ, U

]
exp[−SQCD]

=

∫
D [U ] detD(U) exp[−SG(U)] , (2.9)

where D(U) = /D + m0 + µγ4. We integrate out Grassmann variables ψ
analytically in the last line. We often generate link-variable configurations
by using the weight, detD(U) exp[−SG(U)], in lattice QCD with the Monte
Carlo technique.

In the actual calculations, we have some statistical error bars in re-
sults. Configurations obtained by a Markov process have the auto corre-
lation, which indicates that the configuration set in each step is affected by
that in the previous step. The jackknife (JK) method is one of the com-
mon methods to reduce the effect of the auto correlation to estimate error
bars correctly [173, 174, 192]. When we have the configuration set {Φk, (k =

1, · · · , Nconfig.)}, we divide the set into each bin as Φ
(bin)
l = (Φ(l−1)n+1, · · · ,Φnl),

where l runs from 1 to Nbin for Nconfig. = nNbin and Nbin is the number of
bins, respectively. We here define a JK average for each bin by using con-
figurations except for a specified bin as ⟨O⟩b =

∑
k ̸∈Φ(bin)

b
Ok/(Nconfig. − n).
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Then, the average and the estimated error of the observable (F (O)) in JK
are given as

⟨F (O)⟩ =
Nbin∑
b=1

F (⟨O⟩b)/Nbin , (2.10)

δ ⟨F (O)⟩ =

√√√√Nbin − 1

Nbin

Nbin∑
b=1

[
F (⟨O⟩b)− ⟨F (O)⟩

]2
, (2.11)

respectively. We utilize this JK method to deduce error bars in this thesis.

2.1.3 Sign problem in QCD

In lattice QCD, we interpret the factor, detD(U) exp[−SG(U)], as the prob-
ability weight which should be real and positive definite. The weight factor
cannot be regarded as the probability weight at finite chemical potential
(µ ̸= 0) since the weight factor is complex and its real part can be nega-
tive. This is problematic in the MC simulations and we need large number
of configurations, which is proportional to exp(CV ), where V denotes the
volume and C is some factor [37]. This problem is called the sign problem
(See Refs. [37, 193, 194, 195, 196] for example). We review it based on
Refs. [37, 193, 194, 195, 196].

The fermion determinant has a property,

detD(µ) = det γ5D(µ)γ5

= [detD(−µ∗)]∗ , (2.12)

where D(µ) = γµDµ(µ = 0) + γ4µ +m. We here utilize {γ5, γµ} = 0, /D† =
− /D, and

γ5[γµDµ(µ = 0) + γ4µ]γ5 = −γµDµ(µ = 0)− γ4µ

= [γµDµ(µ = 0)− γ4µ
∗]† . (2.13)

At zero chemical potential, the fermion determinant is real while it becomes
complex at finite chemical potential.

We could confirm the sign problem from another point of view [196]. We
first consider the eigen value of the Dirac operator as

(γµDµ(µ = 0) +m)ψn = (iλn +m)ψn , (2.14)

where ψn and λn are the eigen function and the eigen value of the Dirac
operator, respectively. Here, the Dirac eigen values are pure imaginary at
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zero chemical potential (λn ∈ R) due to the anti-hermiticity of the Dirac
operator, /D† = − /D. By using the chiral symmetry { /D, γ5} = 0, the eigen
value of γ5ψn reads

(γµDµ(µ = 0) +m)γ5ψn = (−iλn +m)γ5ψn

= (iλn +m)∗γ5ψn , (2.15)

where γ5γµDµ(µ = 0)ψn = −γµDµ(µ = 0)γ5ψn = iλnγ5ψn. Therefore, the
fermion determinant at zero chemical potential becomes

det(γµDµ(µq = 0) +m) = mN0

∏
n

(iλn +m)(iλn +m)∗

= mN0

∏
n

|iλn +m|2 ≥ 0 , (2.16)

with the number of zero eigen modes N0, since non-zero eigen values appear
as the pair of ±iλn +m.

At finite chemical potential, the eigen value of γ5ψn reads

[γµDµ(µ = 0) + γ4µ]γ5ψn = −znγ5ψn , (2.17)

where {γµDµ(µ = 0) + µγ4, γ5} = 0 [197] and [γµDµ(µ = 0) + µγ4]ψn =
znψn, zn ∈ C due to the non-hermitian property of [γµDµ(µ = 0) + µγ4]. As
a result, the fermion determinant becomes complex and we cannot apply the
MC simulation. When we consider the pure imaginary chemical potential
[198], color SU(2) [199], or the isospin chemical potential [200, 201, 202]
cases, there is no sign problem.

Now, let us consider the effect of the sign problem on observables in
terms of the reweighting method [203, 204, 205]. The expectation value of
an observable O is expressed as

⟨O⟩ =
∫
DUO | detD|eiθe−SG∫
DU | detD|eiθe−SG

≡

⟨
Oeiθ

⟩
pq

⟨eiθ⟩pq
, (2.18)

where

⟨O⟩pq =
∫
DU | detD|Oe−SG∫
DU | detD|e−SG

, (2.19)

and ⟨· · ·⟩pq denotes the expectation value by using the phase quenched weight,

| detD|e−SG and θ is the complex phase. The denominator in Eq. (2.18) is
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the average phase factor, which indicates the statistical weight cancellation.
In the case where the average phase factor is unity, there is no sign problem.
By comparison, the severe weight cancellation arises when the average phase
factor is close to zero.

The average phase factor is related to the free energy density difference
[37], which is defined as the free energy density of the original theory minus
that of the phase quenched theory (∆f = forig − fpq), as⟨

eiθ
⟩
pq

=
Zorig

Zpq

= exp

[
−V
T
∆f

]
, (2.20)

where Zorig =
∫
DU detDe−SG and Zpq =

∫
DU | detD|e−SG . In Eq. (2.20),

we use a relation: Z = exp [−F/T ] = exp [−V/T × f ], where T is the tem-
perature, V is the volume, F is the free energy, and f is the free energy
density, respectively [37, 170]. According to Eq. (2.20), the average phase
factor becomes zero for the sufficiently large volume when the real part of
∆f is positive and finite.

There are many attempts to evade the sign problem: the reweighting
method [94, 95, 206, 207], the Taylor expansion method [139, 208, 209],
the analytic continuation from the imaginary chemical potential [198, 210],
the canonical approach [207, 211, 212, 213, 214, 215], the fugacity expan-
sion [216], the histogram method [217], the finite isospin chemical potential
[201, 202, 217], the density of state method [218, 219], the complex Langevin
method [220, 221], and so on. Nowadays, there are some breakthroughs re-
garding the sign problem: the complex Langevin method with gauge cooling
[222] and the Lefschetz thimble method [223, 224, 225]. However, most of
these methods are not yet reliable in the cold dense matter, where the first
order phase transition may exist, so we need theoretical developments to
investigate the finite chemical potential region.

2.2 Strong coupling lattice QCD

In this thesis, we utilize the strong coupling approach to investigate the QCD
phase diagram. The strong coupling approach is an approximation method
by using the lattice QCD action. We expand the partition function by 1/g2

in the plaquette terms, assuming that the coupling constant g in QCD is
sufficiently large. In this framework, we can describe two non-perturbative
features: the chiral symmetry breaking and the quark confinement. We
review the strong coupling approach in this section based on Refs. [1, 173,
174].
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L

T

Figure 2.1: A schematic figure of the Wilson loop [25]. A small square shows
a plaquette. The leading-order contribution to the Wilson loop is a planer-
like diagram as in this figure.

2.2.1 Quark confinement at strong coupling

The quark confinement at strong coupling is firstly shown by Wilson in
the pure Yang-Mills theory [25]. Now let us consider the following gauge-
invariant Wilson loop

W (C) = Tr

[∏
i∈C

Ui

]
, (2.21)

where C = L×T for space L and time T lengths. The Wilson loop at T → ∞
is given as

⟨W (C)⟩ =
∫
dU exp[−SG(U)]W (C)∫

dU exp[−SG(U)]
∝ exp[−V (L)T ] , (2.22)

where V (L) is the static quark potential between a quark and an anti-quark,
since the Wilson loop in this context can be interpreted as the following
scenario. The heavy quark and anti-quark are produced at a distance L, the
two heavy quarks propagate along the temporal axis, (staying at the same
spatial points) and finally vanish at time T . The leading term of the strong
coupling expansion contributing to the Wilson loop is given as the planar
diagram as shown in Fig. 2.1;

⟨W (C)⟩ = Nc exp
[
−TL log(g2Nc)

]
, (2.23)

and the static potential is expressed as V (L) = L log(g2Nc) by using SU(Nc)
group integral,

∫
dU1 = 1,

∫
dU Uab = 0,

∫
dU UabU

†
kl = δalδbk/Nc,

∫
dU Ua1,b1
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· · ·UaNc ,bNc
= ϵa1,··· ,aNc

ϵb1,··· ,bNc
/Nc! [226]. This linear potential implies the

quark confinement since the potential is proportional to the distance between
quarks1.

Higher-order corrections to the strong coupling expansion are investigated
[174, 227, 228, 229] and the convergence radius in the pure Yang-Mills theory
is finite, so the quark confinement is realized at strong coupling [230]. As long
as we apply the strong coupling expansion, the roughening phase transition
occurs and the Wilson loop in the strong coupling region does not retain
the confinement feature in the continuum limit (or scaling region) [174, 229].
By comparison, we consider that there is no phase transition by using MC
simulation [177, 178]. Then, the confinement feature is kept even in the
continuum limit in nature. With quark actions, one does not know whether
the roughening phase transition occurs or not even when we utilize the strong
coupling expansion method.

2.2.2 Chiral phase transition at strong coupling

When we consider lattice QCD with the fermions, we can describe the chiral
phase transition. We review the chiral phase transition in the strong coupling
lattice QCD based on Ref. [162]. Now let us consider one species of unrooted
staggered fermion on isotropic lattice since it has a remnant chiral symmetry
[186, 187]. We briefly introduce the description of the chiral phase transition
in the mean field (MF) analysis. In the following, we take the lattice spacing
as unity, a = 1.

In the strong coupling limit (SCL), the partition function and the action
are given as

ZSCL =

∫
D[χ, χ̄, U0, Uj]e

−SSCL ,

SSCL =
∑
x

1

2

[
eµχ̄xU0,xχx+0̂ − e−µχ̄x+0̂U

†
0,xχx

]
+

d∑
x,j=1

ηj,x
2

[
χ̄xUj,xχx+ĵ − χ̄x+ĵU

†
j,xχx

]
+
∑
x

m0χ̄xχx , (2.24)

where ηj,x = (−1)
∑j

i=1 xi−1 , χ is the staggered quark, µ is the quark chemical
potential, d is the spatial dimension, and m0 is the bare quark mass. The
temporal- and spatial-link variables are given as U0 and Uj, respectively.
The above staggered fermion has a remnant chiral symmetry in the chiral

1The expectation value of the Wilson loop in Eq. (2.23) is proportional to the expo-
nential form of the area L× T . This property is called the area law [1].
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limit. The chiral transformation of the staggered fermion is defined as χx →
χ′
x = eiεxυ/2χx and χ̄x → χ̄′

x = eiεxυ/2χ̄x, for an angle υ and a factor ϵx =
(−1)x0+···+xd [173, 174].

From Eq. (2.24), the effective potential in MF in the leading order of the
large dimensional expansion [231] is obtained as

Feff =
d

4Nc

σ2 − T log

[
sinh [(Nc + 1)E/T ]

sinh[E/T ]
+ 2 cosh(Ncµ/T )

]
, (2.25)

where E = arcsinh(meff),meff = m0+dσ/(2Nc), and T = 1/Nτ after we apply
the bosonization technique. The detailed derivation of the effective potential
in MF is given in Appendix A.1 under the isotropic condition, γ = 1 with
an anisotropy factor γ. It should be noted that the pseudo-scalar (π) mode
vanishes in MF.

According to Eq. (2.25), one finds that a quark can obtain the constituent
quark mass when the chiral condensate σ = −⟨χ̄χ⟩ is finite; we can inves-
tigate the chiral phase transition in the framework of the strong coupling
expansion with the quark action. In actual calculations, the equilibrium con-
figuration is obtained by the effective potential analysis where the stationary
condition is imposed ∂Feff/∂σ = 0.

2.2.3 QCD phase diagram at strong coupling

As we reviewed, the chiral phase transition and the confinement nature have
been studied in the framework of the strong coupling lattice QCD (SC-
LQCD). The history of the SC-LQCD are well summarized in Ref. [168]
and the following brief historical review is based on Refs. [164, 168]. We also
review properties of the QCD phase diagram in SC-LQCD here.

One can describe the confinement nature in the pure Yang-Mills theory
[25] and higher-order corrections are also investigated in Refs. [174, 227, 228,
229]. In addition, we find early works of the chiral symmetry breaking [158,
159, 231] at finite temperature [161, 232, 233] and at finite chemical potential
[160, 161]. Finite coupling effects are also considered in Refs. [233, 234, 235,
236, 237, 238, 239, 240]. The QCD phase diagram is obtained in the strong
coupling limit [162, 163], with the next-to-leading order (NLO) [164, 167] and
next-to-next-to-leading order (NNLO) effects [165]. Fluctuation effects are
recently included in monomer-dimer-polymer (MDP) simulations [169, 170,
171] based on Ref. [241] and an auxiliary field Monte Carlo (AFMC) method
[172]. We can also find the finite coupling effects with fluctuation effects in
MDP by using the reweighting method in Ref. [242]. In order to describe
both chiral and confinement-deconfinement phase transitions, the Polyakov
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loop effects are also investigated with a quark action [166, 168, 243, 244, 245]
based on Refs. [66, 245].
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 0.8

 1.2

 1.6
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Phase Diagram, SCL (MF)

Figure 2.2: QCD phase diagram in the strong coupling and chiral limits in
the mean field (MF) approximation [162, 163]. A dot is a tricritical point
derived in Ref. [162]. This figure is obtained by numerical data calculated
by A. Ohnishi based on Refs. [162, 163].

We review properties of the QCD phase diagram in SC-LQCD. In the
strong coupling limit, the order of the chiral phase transition is the second
(crossover) at low chemical potential and the first at high chemical potential
in the chiral limit (at finite mass) in the mean field (MF) approximation as
shown in Fig. 2.2 [162, 163]. We find that the critical temperature of the
phase transition is suppressed by finite coupling effects [164, 165, 167]. In
addition, the critical temperature is also reduced at small chemical potential
by the Polyakov loop effects [168]. The suppressed critical temperature in
the strong coupling limit is found in MDP [169, 171] and AFMC [172] meth-
ods compared with that in MF, when field fluctuation effects are taken into
account. Both finite coupling and fluctuation effects reduce the critical tem-
perature at low µ in MDP with the reweighting method [242] and in AFMC
[246]. We expect that critical temperature at zero µ becomes closer to that
in lattice QCD, when including the fluctuation, the finite coupling, and the
Polyakov loop effects; the reliability of SC-LQCD approach would increase
2.

2It should be noted that the QCD phase diagram in SC-LQCD without the Polyakov
loop effects describes the confined phase [166, 168].
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In Fig. 2.2, we find that dT/dµ > 0 at high chemical potential. In the first
order phase transition region, the Clausius-Clapeyron relation reads dT/dµ =
−∆ρ/∆s, where ∆ρ = ρW − ρNG and ∆s = sW − sNG [84]. The entropy
density and the quark number density are denoted as sW,NG and ρW,NG in the
Wigner and Nambu-Goldstone phases, respectively. In the strong coupling
limit, we find that ∆ρ > 0 and ∆s < 0, respectively [162] probably due to the
lattice artifact. This is the opposite tendency compared with effective model
calculations [35, 79, 84, 85]. When we include finite coupling effects, we find
that dµ/dT tends to be close to zero [164, 165], supposing that g → 0; then
finite coupling effects are consider to be important.

As we reviewed, the first-principles method LQCD faces the sign problem
at finite µ and cannot apply the high density region [37]; then SC-LQCD is
an approach to study the QCD phase diagram based on lattice QCD action.
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Chapter 3

QCD phase diagram in the
strong coupling limit with
fluctuations

Studying the QCD phase diagram is important to know features of QCD and
has been an interesting subject. In the low temperature and chemical poten-
tial region, we observe hadrons in which quarks and gluons are confined. We
can expect the quark-gluon plasma (QGP) at high temperature via crossover
transition at finite mass [39, 40], in the heavy-ion collision experiments at
Relativistic Heavy Ion collider (RHIC) [38] and Large Hadron collider (LHC)
[247]. We may expect that there exists a first-order phase transition from
hadron phase to quark matter at large µ and its phase transition line ends
at CP according to some model calculations [30, 35].

The location of CP is a kind of cornerstone to understand the QCD
phase structure, but the CP location has not been determined since the
predicted CP location depends on models [30]. Then, the first-principles
method, lattice QCD (LQCD), is required to pin down the CP location.
However, one faces the notorious sign problem at large chemical potential in
LQCD, so we have not yet obtained conclusive results [37].

The strong coupling lattice QCD (SC-LQCD) is one of the methods to
study the QCD phase diagram and has some merits. SC-LQCD can be one
of the methods to investigate the finite density region due to the milder sign
problem [170] while the strong coupling limit is the opposite of the continuum
limit. In SC-LQCD, we integrate link variables first. The integration for
fermion fields is the next step; then the effective action is given in terms
of the hadronic DOF. We could expect that the sign problem coming from
the link variables can be milder. In fact, we have no sign problem in the
mean field (MF) approximation [164, 165]. We could investigate the QCD
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phase transition beyond the MF approximation at least in the strong coupling
limit (SCL) by using the monomer-dimer-polymer (MDP) simulation [169,
170, 171] and the auxiliary field Monte Carlo (AFMC) method [172, 248, 249]
with milder sign problem.

From a theoretical point of view, it is important to integrate field variables
exactly. In SC-LQCD, the MDP simulation is one of the methods to include
the field fluctuation effects beyond the MF approximation [169, 170, 171,
242]. The AFMC method is an alternative way to evaluate field fluctuation
effects and is applied to various problems in physics [250, 251, 252]. The
AFMC method has another merit for finite coupling effects, since we have
the MF results [164, 165] and AFMC is a generalization of these mean-field
approach.

In this chapter, we first develop the AFMC method in the strong coupling
limit (SCL) in Sect. 3.1 and evaluate observables numerically in AFMC in
Sects. 3.1 and 3.2. Next, we introduce a new method to obtain the appro-
priate chiral condensate on a finite-size lattice in the NG phase. We discuss
the chiral transition and show the numerical data on the (T, µ) dependence
of observables in Sect. 3.3. In Sect. 3.4, we give the QCD phase diagram in
the chiral and strong coupling limits in AFMC. Finally, we discuss an origin
of the sign problem in AFMC in Sect. 3.5.

Throughout this thesis, the spatial lattice spacing, the number of color,
and the spacial dimension are taken to be a = 1, Nc = 3, and d = 3,
respectively. The numbers shown in figures are in the lattice unit. This
chapter is based on Ref. [172].

3.1 Strong coupling lattice QCD action

We first give the full lattice QCD action on an anisotropic lattice [173, 174].
We here use one species of unrooted staggered fermion [186, 187] since we
could study the chiral phase transition due to the remnant chiral symmetry.
The LQCD action is given as

ZLQCD =

∫
D [χ, χ̄, Uν ] e

−SLQCD , SLQCD = SF + SG , (3.1)

SF =
1

2

∑
x

[
V +
x − V −

x

]
+

1

2

∑
x

d∑
j=1

ηj,x
[
χ̄xUj,xχx+ĵ

−χ̄x+ĵU
†
j,xχx

]
+m0

∑
x

Mx , (3.2)
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SG =
2Ncξ

g2τ (g0, ξ)
Pτ +

2Nc

g2s (g0, ξ)ξ
Ps , (3.3)

Pi =
∑
Pi

[
1− 1

2Nc

Tr
(
UPi

+ U †
Pi

)]
(i = τ, s) , (3.4)

where

V +
x =γeµ/f(γ)χ̄xU0,xχx+0̂ , V

−
x = γe−µ/f(γ)χ̄x+0̂U

†
0,xχx , and Mx = χ̄xχx ,

(3.5)

are mesonic composites. The staggered quark, quark chemical potential, and
bare quark mass are denoted as χ, µ, and m0, respectively. The staggered

sign factor is defined as η0,x = 1 and ηj,x = (−1)
∑j−1

i=0 xi . We here adopt the
convention, x0 = τ as the temporal coordinate in the following chapters. gτ
and gs are temporal and spatial coupling constants, which depend on the
lattice spacing a. Anisotropy factors are denoted as γ and ξ. Pτ and Ps

represent temporal and spatial plaquette actions, respectively. Plaquette is
given by UPi

. The physical lattice spacing ratio of the spatial lattice spacing
to the temporal lattice spacing is expressed as f(γ) = aphyss /aphysτ , which
appears with µ [173, 174].

In this thesis, we assume f(γ) = γ2 in the strong coupling limit [170,
238, 239, 240]. The coupling constants become g2τ (g0, 1) = g2s (g0, 1) = g20
on an isotropic lattice: ξ → 1 [173, 174]. We could expect that f(γ) =
γ = ξ when we construct the lattice spacing ratio as aphyss /aphysτ = γ in
the continuum limit: a → 0 and g0 → 0. In the strong coupling region,
it may be more suitable to take f(γ) = γ2 due to the quantum corrections
[170, 238, 239, 240]. In the mean field approximation at µ = 0, the phase
transition temperature Tc = 1/(Nτa

phys
τ ) = f(γ)/(Nτa

phys
s ) in SU(Nc) leads

to the critical anisotropic parameter as γ2c = Nτd(Nc+1)(Nc+2)/{6(Nc+3)}
in the strong coupling limit [170, 238, 239, 240]. Here we note that the phase
transition temperature should not depend on the temporal lattice size Nτ .
Once one sets aphyss Tc = γ2c/Nτ , the transition temperature is independent
of the temporal lattice size, which indicates f(γ) = γ2. Furthermore, the
critical chemical potential µc in the zero temperature limit (Nτ → ∞) does
not depend on the anisotropic parameter γ for γ ≫ 1 [170, 238] if we set
f(γ) = γ2. These results indicate that we can take the parametrization
f(γ) = γ2 in the strong coupling limit. (In Ref. [242], the authors have
recently suggested an exponential type function.)

In the strong coupling limit (SCL), we can ignore plaquette terms. By
integrating over spatial link variables, we obtain the effective action in the
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leading order of the 1/d expansion as [231, 237, 253]

Seff =
1

2

∑
x

[
V +
x − V −

x

]
− 1

4Nc

∑
x,j

MxMx+ĵ +m0

∑
x

Mx . (3.6)

It should be noted that we have no spatial baryonic hopping terms in Eq. (3.6)
(see Appendix A.1).

3.2 Effective action with auxiliary field fluc-

tuations for mesonic fields

In this section, we introduce an effective action with fluctuations in SCL
based on Ref. [172].

We first apply the Fourier transformation to MxMx+ĵ terms in Eq. (3.6);

− 1

4Nc

∑
x,j

MxMx+ĵ = − L3

4Nc

∑
k,τ

f(k)M−k,τ Mk,τ

= − L3

4Nc

∑
k,τ,f(k)>0

f(k)(Mk,τM−k,τ −Mk̄,τM−k̄,τ ) , (3.7)

where Mx=(x,τ) =
∑

kMk,τ exp[ik · x], f(k) =
∑d

j=1 cos kj, and we utilize a

relation, f(k̄) = −f(k) (k̄ = k + (π, π, π)) in the last line. According to
Eq. (3.7), we have divided the four-Fermi terms into two parts with respect
to the sign of the coefficient: the positive mode f(k) > 0 and the negative
mode f(k) < 0. The zero mode f(k) = 0 does not contribute to the action.

We here introduce the extended Hubbard-Stratonovich (eHS) transfor-
mation [164, 165, 167] as

eCαAB =

∫
dφ dϕ e−Cα{[φ−(A+B)/2]2+[ϕ−i(A−B)/2]2}+CαAB

=

∫
dφ dϕe−Cα{φ2−(A+B)φ+ϕ2−i(A−B)ϕ}

=

∫
dψ dψ∗ e−Cα{ψ∗ψ−Aψ−ψ∗B} , (3.8)

and

e−CαAB =

∫
dψ dψ∗ e−Cα{ψ∗ψ−iAψ−iψ∗B} , (3.9)
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where ψ = φ + iϕ, Cα(> 0) is a coefficient. Field variables are expressed as
A and B.

For the positive mode, we can bosonize the four-Fermi terms as

exp

{ ∑
k,τ ,f(k)>0

Cαf(k)M−k,τMk,τ

}

=

∫
D[σ] exp

{
−

∑
k,τ ,f(k)>0

Cαf(k)×
[
|σk,τ |2 + σ∗

k,τMk,τ +M−k,τσk,τ
]}

=

∫
D[σ] exp

{
−

∑
k,τ ,f(k)>0

Cαf(k)|σk,τ |2 −
1

4Nc

∑
x,j

[
σx+ĵ + σx−ĵ

]
Mx

}
,

(3.10)

where Cα = L3/(4Nc), σx =
∑

k,f(k)>0 e
ik·xσk,τ , and D[σ] =

∏
k,τ ,f(k)>0 dσk,τ

dσ∗
k,τ . The field σk,τ is the auxiliary fields ofMk,τ and the lowest 4-momentum

mode σk=0,ω=0 corresponds to the scalar mode, where σk,ω is the sigma field
after temporal Fourier transformation of σk,τ . The sigma modes in the spatial
coordinate are real since they satisfy a relation σ−k,τ = σ∗

k,τ .
We also obtain an equation for the negative modes,

exp

−
∑

k,τ ,f(k)>0

Cαf(k)M−k̄,τMk̄,τ


=

∫
D[π] exp

{
−

∑
k,τ ,f(k)>0

Cαf(k)×
[
|πk,τ |2 − iπ∗

k,τMk̄,τ − iM−k̄,τπk,τ
]}

=

∫
D[π] exp

{
−

∑
k,τ ,f(k)>0

Cαf(k)|πk,τ |2 −
1

4Nc

∑
x,j

[
(iεπ)x+ĵ + (iεπ)x−ĵ

]
Mx

}
,

(3.11)

where πx =
∑

k,f(k)>0(−1)τeik·xπk,τ and D[π] =
∏

k,τ ,f(k)>0 dπk,τ dπ
∗
k,τ . A

pre-factor εx = (−1)x0+···+xd is related to γ5 in the continuum limit. The pi
fields, πk,τ , are introduced as the auxiliary fields of iM−k̄,τ . The πk,τ fields
contain the pseudoscalar mode and other higher 4-momentum modes. The
pi modes are also real in the spatial coordinate : π−k,τ = π∗

k,τ .
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After combining Eqs. (3.10) and (3.11), the effective action is written as

SEHS
eff =

1

2

∑
x

[
V +
x − V −

x

]
+
∑
x

mxMx +
L3

4Nc

∑
k,τ ,f(k)>0

f(k)
[
|σk,τ |2 + |πk,τ |2

]
,

(3.12)

mx =m0 +
1

4Nc

∑
j

[
(σ + iεπ)x+ĵ + (σ + iεπ)x−ĵ

]
. (3.13)

We obtain the effective action of auxiliary fields by integrating out Grass-
mann variables and temporal-link variables as

ZAF =

∫
D[σk,τ , πk,τ ] e

−SAF
eff , (3.14)

SAF
eff =

∑
k,τ ,f(k)>0

L3f(k)

4Nc

[
|σk,τ |2 + |πk,τ |2

]
−
∑
x

log
[
XNτ (x)

3 − 2XNτ (x) + 2 cosh(3Nτµ/γ
2)
]
, (3.15)

where D [σk,τ , πk,τ ] =
∏

k,τ ,f(k)>0 dσk,τdσ
∗
k,τdπk,τdπ

∗
k,τ and XNτ (x) is a given

function of σk,τ and πk,τ [233, 238, 240] (See also Appendix B.1).
It should be noted that the auxiliary fields are introduced, maintaining

O(2) symmetry, as will be shown in Eq. (3.18). Another comment on the
effective action is that there is the sign problem as discussed later in Sect. 3.5.

3.3 Order parameters and susceptibilities

From now on, we include mesonic fluctuation effects by using MC simulation
to integrate over auxiliary fields (σk,τ , πk,τ ). This is called the auxiliary field
Monte Carlo (AFMC) method [250, 251, 252].

In this section, we introduce a method to obtain an appropriate chiral
condensate on a fixed size lattice (chiral angle fixing method) and show results
of observables.

3.3.1 Chiral angle fixing method

On a finite lattice, the expectation value of the chiral condensate is zero in
the chiral limit, because of the chiral symmetry. In order to evaluate the
chiral condensate in the chiral limit, we put the mass which is an explicitly
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symmetry breaking term. Next, we take the thermodynamic limit, and finally
impose the chiral limit; for example,

⟨σ0⟩ = lim
m0→0

lim
V→0

⟨σ0⟩(m0,V ) . (3.16)

In order to follow the above steps, lots of statistics are required with re-
gard to various volume and mass parameters. In addition, we need many
more configurations to obtain appropriate observables, when the sign prob-
lem exists (See Sect. 2.1.3). Alternatively, we introduce the chiral angle fixing
(CAF) method at low simulation cost and obtain an appropriate chiral con-
densate on a fixed size lattice [172].

The lattice QCD action with one species of unrooted staggered fermion
has the remnant chiral symmetry in the chiral limit under the chiral trans-
formation:

χx → χ′
x = eiεxυ/2χx , χ̄x → χ̄′

x = eiεxυ/2χ̄x, (3.17)

for an angle υ [173, 174]. The effective action SAF
eff in Eq. (3.15) retains the

chiral symmetry, and is invariant under the transformation,(
σk
πk

)
→
(
σ′
k

π′
k

)
=

(
cos υ − sin υ
sin υ cos υ

)(
σk
πk

)
, (3.18)

where

σk=(k,ω) =
1

Nτ

∑
τ

e−iωτσk,τ , (3.19)

πk=(k,ω) =
1

Nτ

∑
τ

(−1)τe−iωτπk,τ =
1

NτL3

∑
x

e−ik·xπx . (3.20)

Because of the chiral symmetry, the expectation value of the chiral condensate
⟨σ0⟩ vanishes on a finite lattice as shown in Fig. 3.1 (1). On a finite size
lattice, the chiral condensate in the chiral limit is rewritten as

⟨σ0⟩ =
1

ZAF

∫
D [σ0, π0]

∏
(k,ω)̸=(0,0)

∫
D [σk,ω, πk,ω]

× σ0 exp

[
−S(σk,ω, πk,ω, ϕ =

√
σ2
0 + π2

0, υ)

]
=

1

ZAF

∫
D [ϕ, υ]ϕ cos υ

∏
(k,ω)̸=(0,0)

∫
D
[
σ′
k,ω, π

′
k,ω

]
× exp

[
−S(σ′

k,ω, π
′
k,ω, ϕ, 0)

]
= 0 , (3.21)
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where the chiral angle for the lowest four-momentum modes, σk=0 and πk=0,
is defined as υ = arctan(π0/σ0). It should be noted that σ0 and π0 are
the scalar mode and pseudo-scalar mode, respectively. We utilize the fol-
lowing relation to obtain the second line in Eq. (3.21): S(σk,ω, πk,ω, ϕ, υ)
= S(σ′

k,ω, π
′
k,ω, ϕ, 0) for configurations (σ

′
k,ω, π

′
k,ω) rotated by an angle (−υ).

This situation is similar to the magnetization [254]. In the magnetization
under Z(2) symmetry, the effective potential has two local minima in which
one of the magnetization shows M0 and the other of the magnetization is
−M0 at zero magnetic field; then the expectation value becomes zero.

σ0

π0

<σ0>=0

σ0

π0

<σ0>≠0

σ0

π0

≃

CAF

m0=0
Vol. finite

(1)

m0=0
Vol. finite

(2)

(3)

Figure 3.1: Schematic picture of chiral angle fixing (CAF) method in the
symmetry breaking phase [172]. Before applying CAF, ⟨σ0⟩ is zero due to
the chiral symmetry (1). In CAF, all configurations are rotated and then
⟨σ0⟩ ̸= 0 (2). The results in CAF are expected to mimic results (3) given by
Eq. (3.16). This figure is basically taken from Ref. [172].

In the calculation of the magnetization, we often use the absolute value
to obtain the expectation value of the magnetization as ⟨M0⟩ → ⟨|M0|⟩ (̸= 0
in the symmetry broken phase) [254]. CAF is a generalization of taking the
absolute value of magnetization ⟨|M0|⟩ [172]. In CAF, all configurations are
rotated by an angle (−υ) and the pseudo-scalar condensate is set to zero.
This procedure corresponds to taking |M0| in the magnetization. When we
calculate the expectation value in CAF, we utilize the chiral rotated configu-
rations corresponding to ⟨|M0|⟩ in the magnetization. After CAF, the chiral
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condensate becomes finite as

⟨σ0⟩ =
1

ZAF

∫
D [σ0]σ0

∏
(k,ω)̸=(0,0)

∫
D
[
σ′
k,ω, π

′
k,ω

]
exp

[
−S(σ′

k,ω, π
′
k,ω, ϕ = σ0, 0)

]
̸= 0 , (3.22)

in the NG phase as shown in Fig. 3.1 (2). When we obtain observables, we
use the rotated configurations.

Because of the non-vanishing chiral condensate, we could expect that
the chiral susceptibility has a peak around the phase transition. The chiral
susceptibility expressed as χσ = ⟨σ2

0⟩ − ⟨σ0⟩2 could be χσ = ⟨σ2
0⟩ before

CAF on a finite size lattice even in the NG phase. Therefore, the chiral
susceptibility increases with decreasing temperature T before applying CAF.
In CAF, the chiral susceptibility can have a peak due to the non-vanishing
contribution of ⟨σ0⟩ in the NG phase with the chiral rotated configurations.
It should be noted that the pseudo-scalar mode π0 is absorbed into the scalar
mode σ0, then the lowest mode is expected to be the πk,ω with the smallest
non-zero momentum, |k| = 2π/L after CAF.

3.3.2 Observables in AFMC in the strong and chiral
limits

Simulation details

We generate configuration sets of (σk,τ , πk,τ ) in AFMC [250, 251, 252] at
finite T and µ. In one Metropolis step, a new configuration candidate is
chosen for all spatial momenta k at each τ under the real field conditions:
σ−k,τ = σ∗

k,τ and π−k,τ = π∗
k,τ . As will be discussed in Sect. 3.5, we have the

sign problem in AFMC, so we apply the reweighting method [203, 204, 205],

⟨O⟩ = ⟨O exp(iθ)⟩pq
⟨exp(iθ)⟩pq

, (3.23)

where θ = −Im(SAF
eff ) and ⟨· · · ⟩pq is the phase quenched average. Error bars

are estimated by the jackknife method [1, 173, 174].
We generate auxiliary field configurations by using SAF

eff in Eq. (3.15) in
the Metropolis method. We start the Metropolis sampling from two ini-
tial conditions. Around the first order phase transition, configurations are
located in a local minimum and sometimes do not jump to another local
minimum since the potential barrier can be large compared with a MC step
and our simulation has limitation of sampling time. Thus, we utilize the
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MC simulation with two initial conditions: the Wigner phase initial condi-
tion (σ0,τ , π0,τ ) ∼ O(0.01, 0) and the Nambu-Goldstone (NG) phase initial
condition (σ0,τ , π0,τ ) ∼ O(1, 0) in the lattice unit.

Order parameters

The chiral condensate and the quark number density are given as

⟨σ0⟩ =
1

L3Nτ

∂ logZAF

∂m0

= −⟨χ̄χ⟩ = ϕ , (3.24)

ρq =
T

L3

∂ logZAF

∂µ
, (3.25)

after CAF. In actual calculations, we simulate ⟨σ0⟩ = ⟨
∑

τ σk=0,τ/Nτ ⟩. In
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Figure 3.2: Chiral condensate (Quark number density) as a function of T on
a 83 × 8 lattice in the left (right) panel [172]. Dotted lines show results with
two initial conditions and lines show expected values in the realized phase,
respectively. These figures are basically taken from Ref. [172].

Fig. 3.2, we show the chiral condensate and the quark number density as
functions of temperature T at several µ/T . As we can see, both chiral con-
densate and quark number density show the phase transition behavior. The
chiral condensate decreases and the quark number density increases with in-
creasing temperature. The behaviors of order parameters are moderate at
low µ/T and are prominent at high µ/T . At high µ/T , both order param-
eters show sudden jumps and the initial condition dependence appears as
hysteresis. Thin dotted lines in Fig. 3.2 show results of the Wigner start and
the NG start initial conditions. This is because MC configurations are local-
ized around a local minimum until MC configurations overcome a potential
barrier between two local minima, as expected for the first order phase tran-
sition. Then, we could expect the first-order phase transition at high µ/T . In
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this thesis, we call this phase transition would-be first order transition as in
Ref. [172]. At small µ/T , there seems to be no hysteresis behavior which in-
dicates crossover or second-order phase transition. According to the Pisarski
and Wilczek’s work [11], the phase transition would be of the second order
for the O(2) symmetry, then this phase transition is referred to as would-be
second order transition [172].

Finite size scaling analysis of chiral susceptibility

In order to deduce the phase transition order, we perform the finite size
scaling analysis [39] for the chiral susceptibility χσ = ∂2 logZAF/∂m

2
0/(L

3Nτ )
at would-be second order, for µ/T = 0.0 and 0.2. The chiral susceptibility
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Figure 3.3: Finite size scaling analysis of the chiral susceptibility as a func-
tion of T at µ/T = 0.0 (0.2) in the left (right) panel [172]. Solid, dotted,
and thin dashed lines show the fitting lines by using the second, first, and
crossover volume dependence, respectively. These figures are basically taken
from Ref. [172].

does not diverge for crossover while we find χσ ∝ V and χσ ∝ V (2−η)/3 at
the first-order and second-order phase transitions, respectively [39, 148, 255],
where V = L3 is the space volume and η ≃ 0.0380(4) is a critical exponent
of O(2) [256] 1. In Fig. 3.3, we show 1/χσ as a function of 1/V at µ/T = 0.0
and 0.2. We can rule out the first order phase transition, but we cannot

1According to Refs. [148, 255], we can obtain an equation as

fs
T 4

= L−β(1+δ)/νfL(ω = tL1/ν , ωh = hLβδ/ν), (3.26)

where fL is the scaling function and other notations are found in Appendix C. Then we
can find the volume scaling as

∂2(fs/T
4)

∂h2
= L2−η ∂

2fL
∂ω2

h

∝ V (2−η)/d , (3.27)
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conclude whether the phase transition order at small µ/T is of the second or
crossover with the current statistics; χ2/DOF (µ/T = 0) ≃ 0.477 and 0.480
for the second and crossover, respectively, and χ2/DOF (µ/T = 0.2) ≃ 0.331
and 0.187 for the second and crossover, respectively.

3.4 QCD phase diagram in the strong cou-

pling limit with mesonic fluctuations

In this section, we give results of the phase boundary and the QCD phase
diagram in SCL.

3.4.1 Chiral susceptibility and effective potential anal-
ysis

In order to determine the phase boundary, we utilize the peak position of the
chiral susceptibility: χσ = ∂2 logZAF/∂m

2
0/(L

3Nτ ) at would-be second order
phase transition. In the left panel of Fig. 3.4, we show the chiral susceptibility
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Figure 3.4: Logarithm of the chiral susceptibility (effective potential) as a
function of T on a 83×8 lattice in the left (right) panel [172]. Dotted lines in
the right panel show results with two initial conditions: the Wigner start and
NG start initial conditions. These figures are basically taken from Ref. [172].

as a function of T . As we can see, the chiral susceptibility grows around the
phase transition. In order to define the transition temperature, we fit the
chiral susceptibility by a quadratic function and error bars contain not only

for the second-order phase transition, using the scaling and the hyper-scaling relations
[257].
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statistical error bars but also systematic errors by varying the fitting range
[172].

We determine the first order phase boundary by using the effective poten-
tial. At the would-be first order phase transition, it is not easy to deduce the
phase boundary due to the hysteresis behavior; the order parameters depend
on the initial conditions ( Wigner phase and NG phase initial conditions), so
there are ambiguities in the critical temperature. We here adopt the effec-
tive potential Feff analysis, by assuming that effective potential is given as
Feff = ⟨Seff⟩ /(NτL

3). In the right panel of Fig. 3.4, we show the results of
the effective potential as a function of temperature at µ/T ≥ 1.0. Around
the phase transition, we find the initial condition dependence of the effective
potential as in the order parameters; then we determine the phase boundary
at the would-be first order phase transition as a point where the two values
of Feff with two initial conditions match.

3.4.2 QCD phase diagram in the strong coupling and
chiral limits with fluctuations
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Figure 3.5: QCD phase diagram in SCL [172]. The dotted, dash-dotted,
and solid lines with symbols are MF [162], MDP [169, 170, 171], and AFMC
results on various size lattices [172], respectively. A line in MDP at smaller
(larger) µ denotes results on a Nτ = 4 lattice (with Nτ → ∞) [169, 170, 171].
The shaded area indicates Nτ → ∞ extrapolation in AFMC. This figure is
basically taken from Ref. [172].
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In Fig. 3.5, we show the QCD phase diagram. The phase boundary is
determined by the chiral susceptibility analysis in the would-be second order
phase transition region and the effective potential analysis in the would-be
first order phase transition region.

In the low chemical potential region, the critical temperature is sup-
pressed compared with the mean field results due to the fluctuation effects.
There seems to be almost no lattice size dependence in AFMC around the
would-be second order phase transition. In the would-be first order phase
transition region, the phase boundary in AFMC is broaden to higher chem-
ical potential direction than that in MF. One sees that the phase boundary
depends on the temporal lattice size in the would-be first order phase tran-
sition region. One also finds that the phase boundary in AFMC agrees well
with that in MDP [169, 170, 171].

The phase boundary shows dµ/dT > 0 in the high chemical potential
region except for infinitely large temporal lattice size in MDP [169, 171].
The Clausius Clapeyron relation on the first-order phase-transition line tells
as dµ/dT = −(sS − sB)/(ρS − ρB), where sS,B and ρS,B indicate the entropy
density and number density in the symmetric (S) and broken (B) phases,
respectively [84]. The entropy density in the broken (NG) phase should
be larger than in the symmetric (Wigner) phase sS − sB < 0, since ρS −
ρB > 0 as shown in Fig. 3.2. This is the similar situation in the mean-field
approximation [162, 163]. Then finite coupling effects might be important
[164, 165, 167] to reduce the lattice artifact toward dµ/dT ≥ 0.

Here are some comments on effective model calculations. Fluctuation
effects are also studied in the framework of the functional renormalization
group (FRG) method [91, 258] in chiral effective models. The phase bound-
ary and the CP (or TCP) location can be shifted due to the fluctuation effects
[90, 92, 259] as studied in SC-LQCD. Next, the contribution of the baryon
number density plays key role at finite density [86, 87, 88], and the baryon
number susceptibility is an important observable around CP or TCP [79];
thus properties of the baryon number are investigated in FRG [260]. It is
also desirable explicitly to consider the fluctuation effects on baryon number
in SC-LQCD. DOF of the quark (baryon) number density are given by aux-
iliary fields of the temporal next-to-leading order (NLO) terms in the strong
coupling expansion and the critical temperature is found to be reduced with
NLO auxiliary fields in MF [164]. We can expect that the fluctuations of the
baryon number density can be explicitly investigated by improving AFMC
method to NLO corrections of the strong coupling expansion [246, 261]. In
fact, we find that the reduced critical temperature with NLO terms [246] as
studied in MF [164]. Finally, the size dependence of the phase boundary can
be an interesting topic to obtain deep insights into the QCD phase diagram
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by comparing with other studies as in Refs. [152, 153], for example.

3.5 Sign problem in AFMC

In AFMC, there is a sign problem due to complex phases with π fields. We
first show results on the average phase factor, ⟨exp[iθ]⟩pq, as a function of
T on several µ/T lines. The average phase factor indicates the severity of
the statistical weight cancellation. When ⟨exp[iθ]⟩pq ∼ 0, the average phase
factor shows the severe statistical weight cancellation. Especially, we cannot
simulate observables by using the reweighting method for ⟨exp[iθ]⟩pq = 0.
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Figure 3.6: Average phase factor as a function of T on a 43 × 4 (83 × 8)
lattice in the left (right) panel [172]. Dotted lines show results with two
initial conditions: the Wigner start and the NG start. These figures are
basically taken from Ref. [172].

As indicated in Fig. 3.6, the average phase factor at small µ/T for a given
T is smaller than that at large µ/T . This trend is opposite compared with the
standard lattice QCD. The complex phase comes from Xτ (x) in Eq. (3.15)
in the strong coupling limit, and does not come from the chemical potential
term, 2 cosh(3µ/T ). The effect of the complex phase becomes subordinate
when the chemical potential term, 2 cosh(3µ/T ), is dominant. Then, the
average phase factor at high µ/T for a given T is larger than that at low
µ/T .

The average phase factor is small when the temperature is low and shows
sudden decrease around the phase transition temperature, ⟨exp[iθ]⟩pq ≳ 0.85

on the 43×4 lattice and ⟨exp[iθ]⟩pq ≳ 0.1 on the 83×8 lattice. The statistical

weight cancellation is not severe on the 43 × 4 lattice but is severer on the
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83 × 8 lattice. Therefore, we need more configurations on the 83 × 8 lattice
than those on the 43 × 4 lattice.

0.0e+00

4.0e-04

8.0e-04

1.2e-03

1.6e-03

 0.3  0.6  0.9  1.2  1.5  1.8  2.1
T

∆f, SCL, AFMC
µ/T=0.0  43X4

63X4
63X6
83X8

µ/T=0.8
µ/T=1.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.65  0.7  0.75  0.8  0.85  0.9  0.95  1  1.05  1.1
ex

p[
iθ

]
T

average phase factor, µ/T=0.8, SCL(AFMC), 84 lattice

full
Λ=2.50
Λ=2.00
Λ=1.50
Λ=1.00
Λ=0.50
Λ=0.00

Figure 3.7: The free energy density as a function of T on 43 × 4 (square),
63 × 4 (triangle), 63 × 6 (circle), and 83 × 8 (pentagon) lattices in the left
panel [172]. The cut-off parameter dependence of the average phase factor
as a function of T on a 83 × 8 lattice in the right panel with the cut-off
parameters: Λ = 3 (square), 2.5 (big circle), 2 (triangle), 1.5 (upside-down
triangle), 1 (diamond), 0.5 (pentagon), and 0 (small circle), respectively [172].
These figures are basically taken from Ref. [172].

In order to quantify the severity of the sign problem, we show the free
energy density difference between the original theory and the phase quenched
theory, ∆f = forig − fpq as a function of T in the left panel of Fig. 3.7. One
finds that ∆f shows almost the same values on large lattices so we can expect
that ∆f does not change drastically even on larger lattices. Compared with
MDP results at similar T and µ [170], the value of ∆f in AFMC is about
twice larger than that in MDP, which means that the sign problem in AFMC
is severer than that in MDP. This fact indicates that we may need further
developments to evade the sign problem in AFMC when, for example, we
include finite coupling effects.

We anticipate that the high-momentum modes of auxiliary fields con-
tribute to the sign problem in AFMC. In the mean field analyses [162, 163,
164, 165, 167], there is no sign problem. In our calculation, we have the
sign problem from the bosonization procedure. We need to decompose the
composite products of the different mesonic fields in the eHS transformation
to integrate out Grassmann variables [164, 165, 167]. An imaginary number
is introduced in the eHS transformation and appears with the π fields with
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the sign factor, ϵx = (−1)x1+···+xd . Provided that π fields are constant, a π
field on one site (i.e. πc) has an opposite contribution to the nearest neighbor
π fields (i.e. −πc). We could expect that a complex phase on one site is tend
to be eliminated from the nearest neighbor contributions.

In order to examine the above consideration, we apply the momentum
cut-off method. We first introduce the cut-off parameter Λ and remove con-
tributions of modes that satisfies

∑
j sin

2 kj > Λ. When we set the value
of the cut-off parameter Λ = 3(= d), all configurations are included. For
Λ = 0, only the lowest modes of auxiliary fields are considered. In the right
panel of Fig. 3.7, we show the momentum cut-off dependence of the average
phase factor as a function of T . The average phase factor becomes larger and
finally takes unity, which indicates the effects of statistical weight cancella-
tion become weaker. In conclusion, the high auxiliary momentum modes do
contribute to the sign problem in AFMC.

3.6 Short summary

We have derived the auxiliary field action in the leading order of the strong
coupling and large dimensional expansions. When we evaluate partition func-
tion, we apply the auxiliary field Monte Carlo (AFMC) method. In AFMC,
we can include mesonic field fluctuation effects by using the Monte Carol
(MC) technique.

We introduce the chiral angle fixing (CAF) method in this chapter. Be-
cause of the chiral symmetry, the expectation value of the chiral condensate
is zero in finite volume. In CAF, all configurations are rotated by the minus
chiral angle (−υ) and we obtain an appropriate order parameter by using
the chiral rotated new configurations even in the NG phase.

We show the order parameters as functions of temperature: the chiral
condensate and quark number density. At low density, the order parame-
ters evolve moderately around the phase transition, where we call the phase
transition order the would-be second. The behaviors of the order parameters
at high density depend on the initial conditions and show hysteresis, which
implies that the phase transition is of the first order. We call it the would-be
first.

In order to deduce the phase boundary, we use two observables; the chiral
susceptibility and the effective potential. The critical temperature is deter-
mined by the peak position of the chiral susceptibility at would-be second
order phase transition. We apply the effective potential analysis at would-be
first order phase transition. We determine the phase boundary as an in-
tersection point of the effective potentials with two initial conditions in the
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would-be first order phase transition region.
Obtained QCD phase diagram in AFMC is consistent with that in monomer-

dimer-polymer (MDP) simulation [169, 170, 171]. At small µ, the critical
temperature is lower than that in the mean field analysis and the phase
boundary has weak lattice size dependence. The hadron phase is extended
to high chemical potential direction at large µ. The phase boundary has
strong temporal lattice size dependence.

In AFMC, we have the sign problem from the fermion determinant, but
the appearance of the sign problem is not in the same way as that in the stan-
dard lattice QCD simulations at a given T ; the average phase factor is larger
with larger µ/T . By using the momentum cut-off method, we investigate
the mechanism of the sign problem in AFMC. We find that high momentum
modes lead to the statistical weight cancellation.

With higher-order corrections in the strong coupling expansion, we expect
that the sign problem may become severer. The bosonized action contains
large number of auxiliary fields coupled with an imaginary number in the
eHS transformation. We may need to develop some methods to reduce the
sign problem. In fact, we find the severe sign problem when we naively
introduce auxiliary fields for the next-to-leading order (NLO) contributions
in the strong coupling approach [261]. In the would-be second-order phase-
transition region, we can investigate the QCD phase diagram with auxiliary
fields for the NLO effects by shifting the integration path [246].
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Chapter 4

Cumulant ratios in the strong
coupling limit at finite density
with/without mesonic field
fluctuations

The location of the QCD critical point (CP) [35] provides important in-
formation to deduce the QCD phase structure. For massless two flavors,
the second-order phase transition [11] may be connected with the first-order
phase transition at the tricritical point (TCP) [35]. At finite mass, the
second-order phase transition in the chiral limit turns into crossover [39, 40]
and its pseudo-critical phase boundary is expected to be connected with the
first-order phase boundary at Z(2) CP [35]. One can infer the QCD phase
structure once we identify the CP location. The CP location, however, has
not been determined because of large model dependences [30] and the sign
problem in lattice QCD [37].

In order to pin down the position of CP, the Beam Energy Scan (BES)
program has been performed at relativistic heavy-ion collider (RHIC) where
higher-order cumulants are investigated as promising observables [38]: the
higher-order cumulants of the net-proton number as a proxy for the net-
baryon number [44, 45, 114], for example. They are expected to remain
sensitive to the critical phenomena when the system passes around CP while
the expected divergent behavior of the higher-order cumulants can be milder
due to the finite volume realized at RHIC experiments [98]. The sign flips of
the higher-order cumulants around the phase transition are also useful tools
to deduce the CP location or critical phenomena [97, 99, 100].

Once the singular behavior around the phase transition is masked by finite
volume and/or finite mass effects [100, 133], the contribution of the singu-
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lar part governed by criticality is masked by the regular part contribution,
and then we need explicit calculations to see how much critical behavior is
realized in more realistic cases. In addition, the higher-order cumulants are
fluctuation observables and the critical phenomena are characterized by the
critical exponents, so it is desirable to include the field fluctuation effects in
the calculations beyond the mean field analysis.

The first-principles method, lattice QCD (LQCD), is a suitable method
to investigate higher-order cumulants with field fluctuations mainly at zero
µ (See, for example [262, 263, 264, 265]). There are some attempts to study
them at finite density in LQCD, but cumulants in LQCD currently have large
errors due to the sign problem [142, 143, 144, 145]; then we need other ways
to investigate cumulants at finite density, including field fluctuation effects.

In the strong coupling lattice QCD (SC-LQCD), we can investigate field
fluctuation effects based on the lattice QCD action at finite density even in
the large µ/T region around CP or TCP [170, 171, 172]. To the best of our
knowledge, the study in this chapter would be a first systematic attempt
to investigate the higher-order cumulants of the net-baryon number at suf-
ficiently small mass on various size lattices based on a lattice QCD action,
including the large chemical potential region: i.e. around TCP.

We can also find the finite volume effect in SC-LQCD. The finite size
effect is expected to be given as the order of 1/(LT ) with a finite system
length, L. In BES, the system size is evaluated as LT ≃ 2.4 – 3.6 through
kinematic cuts of the phase space [147], and we anticipate that higher-order
cumulants’ behavior would be affected by the finite size effect as reviewed
in Sect. 1.2.4 [133, 147, 154, 156]. We here focus on the finite volume effect
by performing AFMC simulations in the chiral limit. In the chiral limit, we
can ignore the finite mass effect and the divergent behavior of cumulants is
smeared only by the finite size effect. In fact, we find the oscillatory behavior
of third- and fourth-order cumulants around the phase transition and their
negative region at LT ≃ 3 – 9. These results indicate that the negative region
or the oscillatory behavior of higher-order cumulants could be found in BES
program at RHIC [133] while the boundary condition might be different from
each other.

Once we investigate higher-order cumulants, our study might be of great
help for constructing the scaling function of the net-baryon number cumu-
lants with regard to the finite size in the strong coupling limit. In addition,
we can see explicitly the region where the underlying universality emerges in
the QCD phase diagram by using our calculations.

In this chapter, we show results on cumulant ratios in the strong coupling
limit (SCL) based on Ref. [78]. We first show the mean field (MF) results at
finite mass in Sect. 4.1 and the AFMC results in the chiral limit in Sect. 4.2.
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We here concentrate on the region µ/T < (µ/T )TCP, where the second-order
phase transition is expected.

4.1 Net-baryon number cumulants in the mean

field approximation

First, we show results of cumulant ratios in the mean field (MF) approxima-
tion in the strong coupling limit. Formulae to calculate cumulant ratios of
the net-baryon number are given in Appendix A. It should be noted that we
can set π = 0 in the MF approximation.

In this subsection, we show the following cumulant ratios in MF as

RB
3,2 = c

(3)
B /c

(2)
B , RB

4,2 = c
(4)
B /c

(2)
B , (4.1)

where c
(n)
B = ∂n(−F/T 4)/∂µ̂n and F is the effective free energy density in

MF as given in Appendix A.3. In the chiral limit, singular parts of the third-
and fourth-order cumulants diverge around the phase transition. When we
put finite mass, the divergent behavior is smeared and milder peaks emerge.
We here analyze the smearing effect of the finite mass in MF.
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Figure 4.1: Cumulant ratio of third to second at m0 = 0.1 and µ/T = 0.0 –
0.6 (left panel) or µ/T = 0.8 – 1.2 (right panel). At µ/T = 1.0, the value of
RB

3,2 is divided by a factor 25.

In Fig. 4.1, we show RB
3,2 at m = 0.1 as a function of T . At zero chemical

potential, odd-order cumulants vanish, so RB
3,2 = 0. At small µ/T , RB

3,2 takes
finite positive values and there is a broad peak. Above the phase transition,
it decreases toward some small value. When µ/T increases and it becomes
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close to CP, µ/T ∼ 1.0, one finds that a negative valley appears. Magnitudes
of a negative valley and a positive peak are enhanced. The peak and valley
widths have tendencies to decrease with increasing µ/T .

In Fig. 4.2, we show RB
4,2 at m = 0.1 as a function of T . One can

-4

-3

-2

-1

 0

 1

 2

 3

 0.5  1  1.5  2  2.5  3  3.5  4

R
B

4,
2

T

RB
4,2 (MF), mass=0.1

µ/T=0.0
0.2
0.4

R4,2/1.5,µ/T=0.6
-4

-3

-2

-1

 0

 1

 2

 3

 0.5  1  1.5  2  2.5  3

R
B

4,
2

T

RB
4,2 (MF), mass=0.1

R4,2/6, µ/T=0.8
R4,2/20000, µ/T=1.0

R4,2/25, µ/T=1.2
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0.6 (left panel) or µ/T = 0.8 – 1.2 (right panel). The value of RB

4,2 is divided
by a factor 1.5, 6, 20’000, and 25 at µ/T = 0.6, 0.8, 1.0 and 1.2, respectively.

confirm that RB
4,2 becomes unity at low temperature and zero µ/T , which

indicates that the baryon number is carried by baryons rather than quarks
[90, 124, 266, 267, 268]. RB

4,2 has a broad positive peak as RB
3,2 at small µ/T .

At large µ/T , it has a negative valley and two positive peaks. These peak
and valley widths are shrinking when µ/T is close to (µ/T )CP as in RB

3,2. The
cumulant ratio of fourth to second RB

4,2 becomes small at high temperature,
depending on µ/T .

In short, we find the oscillatory behavior of RB
3,2 and RB

4,2 in MF due to
the finite mass effect. These behaviors can be understood as reviewed in
Sect. 1.2.4 due to the smeared singular part of the corresponding cumulants
by the mass effect [100]. The finite volume effect is also expected to mask the
singular behavior of cumulants; then we investigate the finite volume effect
in Sect. 4.2.

It should be noted that the high temperature behavior of RB
4,2 and RB

3,2

does not correspond to the ideal gas limit, where RB
4,2 → 2/(µ̂2 + 3π2) and

RB
3,2 → 2µ̂/(µ̂2+3π2) (See, for example [140, 269]). This is probably because

all quarks are confined [166, 168] and there is no spatial baryonic hopping
terms [162] (See also Appendix A.1) in the current treatment. Then, we
focus on cumulant ratios around the phase transition in the next section.
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We also show RB
3,2 and RB

4,2 in the QCD phase diagram in the MF ap-
proximation in Sect. A.3 as references.

4.2 Net-baryon number cumulants with mesonic

field fluctuations

In this section, we show results of cumulant ratios RB
4,2 and RB

3,2 of the net-
baryon number with mesonic fluctuations in the chiral limit, m0 → 0. These
ratios are defined as

RB
3,2 = c

(3)
B /c

(2)
B , RB

4,2 = c
(4)
B /c

(2)
B , (4.2)

where

c
(n)
B =

1

V T 3

∂n logZAF

∂µ̂n
. (4.3)

c
(n)
B is the n-th order cumulant of the net-baryon number, µ̂ = Ncµ/T , and
ZAF is the partition function of the auxiliary fields given in Eq. (3.14). The
formulae of the third- and fourth-order cumulants are given in Appendix B.2.

We here mainly focus on the finite size effect on cumulants. As reviewed
in Sect. 1.2.4, we anticipate that both finite mass and finite size effects mask
the singular behavior of cumulants; then there is a possibility that we can
observe the negative region or significant decrease of higher-order cumulants
around the phase transition due to the finite size effect [133]. In the chiral
limit, we investigate the finite size effect on cumulants. In addition, the
smeared singular part of higher-order cumulants in the chiral limit would be
larger than that at finite mass on the same lattice size; then our results may
show the upper limits of the oscillatory behavior because of the finite size
effect.

4.2.1 Simulation details

We calculate cumulant ratios in the strong coupling limit (SCL) on 43 × 4,
63 × 4, and 63 × 6 lattices at µ/T ≤ 0.8, in the second-order phase transition
region [172]. Results on a 83 × 8 lattice are found in Ref. [270]. We utilize
configurations used in Chap. 3, and we add new configurations to reduce
statistical error bars. It should be noted that there is no hysteresis behavior
in the second-order phase transition region, so we do not have to distinguish
results with the Wigner phase start from those with the NG phase start; then
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we apply an initial condition between the NG phase start and the Wigner
phase start in new configurations, (σk,τ , πk,τ ) ∼ O(0.01, 0) – O(1, 0).

We find the finite size effect on cumulants and this analysis can imply its
effect on higher-order cumulants realized in experiments [133]. Our simula-
tions are carried out on a lattice: 43 × 4 – 63 × 6. Thus LT ≃ 3 – 9 in the
second-order phase transition region and this condition could provide insights
into experimental data: LT ≃ 2.4 – 3.6 [147]. We note that the boundary
condition might not be the same in experiments and lattice calculations, but
we could expect that qualitative feature is not different.

As we mentioned in previous sections, error bars tend to be large due to
the sign problem and the error propagation. In order to estimate error bars
more appropriately, we apply a jackknife (JK) method [174]. For example,

let us consider error estimations for c
(4)
B , where c

(4)
B is obtained as a combi-

nation of various averages, c
(4)
B ≡ ⟨A⟩ = ⟨a⟩+ ⟨b⟩ ⟨c⟩+ · · · ; explicit forms of

a, b, · · · , are found in Appendix B.2. If we evaluate error propagation from
the averages (⟨a⟩ , ⟨b⟩ , · · · ), the total error (i.e. the error of ⟨A⟩) becomes too
large. In the JK method [174, 271], first, we evaluate JK averages for each
observable (i.e. ⟨a⟩bin , ⟨b⟩bin , ⟨c⟩bin , · · · ). Next, we obtain the JK average

for ⟨A⟩bin. Finally, we guess the error bar of ⟨A⟩ = c
(4)
B by using ⟨A⟩bin. We

apply the same technique to RB
4,2 and RB

3,2 since they are given by cumulant
ratios.

In AFMC, we have the sign problem, then observables have an imaginary
part even if the observables are real in principle. Therefore, we take a real
part of expectation values. We also check the magnitude of the imaginary
part. For instance, the real part of a maximum amplitude of RB

4,2 is about 720
on a 63 × 6 lattice for µ/T = 0.8, while the imaginary part of a maximum
amplitude of RB

4,2 is about 70 for the same condition and is small enough
compared with the real part around the phase transition. We are interested
in the critical phenomena around phase transition, so we can study higher-
order cumulant ratios even when we face the sign problem in AFMC.

4.2.2 (T, µ) dependence of RB
3,2 and RB

4,2

First, we show T, µ dependence of RB
3,2 and R

B
4,2 on a 63×6 lattice as functions

of T/Tc in the chiral limit in Fig. 4.3, where Tc is the critical temperature
at µ/T = 0 on a 63 × 6 lattice. It should be noted that the tricritical point
would exist between µ/T = 0.8 and µ/T = 1.0, so the results shown here are
in the would-be second order transition region.

We find the similar tendency of RB
4,2 and RB

3,2 as in MF analysis at finite
mass in Sect. 4.1. Both RB

4,2 and RB
3,2 exhibit a positive and broad peak at
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Figure 4.3: RB
3,2 (left panel) and RB

4,2 (right panel) along fixed µ/T lines on
a 63 × 6 lattice [78]. We rescale RB

3,2 by factors 3 and 5 for µ/T = 0.6 and
0.8, respectively. We also rescale RB

4,2 by factors 5 and 35 for µ/T = 0.6 and
0.8, respectively. These figures are basically taken from Ref. [78].

small µ/T around the phase boundary. A negative valley appears at large
µ/T ; there are a(two) positive peak(s) and a negative valley for RB

3,2(R
B
4,2). In

addition, (a) peak heights (height) and a valley depth of RB
4,2 (RB

3,2) become
large toward TCP. Therefore, we conclude that both effects, i.e. the finite
volume and the finite mass effects, mask the singular part of the free energy
density; then we can find oscillatory behavior at large µ/T around the phase
transition as reviewed in Sect. 1.2.4 [100, 133]. The detailed discussion will
be given in Sect. 4.2.4.

4.2.3 Lattice size dependence of RB
3,2 and RB

4,2

Next, we show the lattice size dependence of RB
3,2 and RB

4,2 in Figs. 4.4 and
4.5 as functions of the reduced temperature (T − Tc)/Tc, where Tc is defined
as the critical temperature with the corresponding conditions: the lattice size
and µ/T . At small µ/T , cumulant ratios on each lattice have a moderate
peak and their heights are somewhat larger compared with results of smaller
lattices. At large µ/T , magnitudes of peak heights and a valley depth are
much larger and their widths are smaller on larger lattices. The detailed
discussion will be given in Sect. 4.2.4.

In Appendix B.3, we show numerical results on cumulants for complete-
ness.
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4.2.4 Discussion of cumulants in AMFC

The O(N) scaling function analysis is of great help to understand the be-
havior of cumulants in the current study. We discuss the relation between
cumulant ratios obtained here and O(N) (N=2,4) scaling function of the
net-baryon number around the second-order phase transition [100]. As given
in Appendix C, the free energy density can be divided into two parts: the
singular (divergent) part and the regular part. Higher-order cumulants also
have the corresponding two parts: derivatives of the singular part and the
regular part, respectively. The leading contribution of the divergent term in
the chiral and thermodynamic limits is governed by the critical exponents as

c
(n)
B ∼

{
−(2κq)

n/2|t|(2−α−n/2)f (n/2)
± (z) for µ̂q = 0 , even n

−(2κq)
nµ̂nq |t|(2−α−n)f

(n)
± (z) for µ̂q > 0 ,

(4.4)

where

f
(n)
± (z) = lim

z→±∞
|z|−(2−α−n)f

(n)
f (z) ,

fs(T, µq, h)

T 4
= Ah1+1/δff (z) , (4.5)

z = t/h1/(βδ), t is a reduced temperature, h is a dimensionless external field,
A is a normalization parameter, and fs is the singular part of the free energy
density. α, β, and δ are critical exponents of the specific heat, the order
parameter, and the order parameter with the external field as C ∼ |t|−α,
σ ∼ |t|β(T < Tc), and σ ∼ |h|1/δ(T = Tc), respectively. We find a brief
review of O(N) scaling function in Appendix C.

We can anticipate that the qualitative behaviors of cumulants are the
same in the O(4) universality class and the O(2) universality class. For
instance, if the critical exponent α is negative, the first divergent cumulant
of the net-baryon number is c

(6)
B at zero chemical potential; this is the case

for O(2) and O(4) symmetries, whose critical exponents are α ≃ −0.0147
[256] and α ≃ −0.21 [257], respectively. Then we expect that the qualitative
behavior is the same in O(2) and O(4). It should be noted that the critical
exponent α is positive for Z(2) symmetry [125]; the first divergence is realized

in c
(4)
B [100, 125]. We also note that the effective action in AFMC (Eq. (3.18)

) belongs to O(2).

The oscillatory behavior of c
(3)
B and c

(4)
B is considered to be the finite size

effect as reviewed in Sect. 1.2.4 [133]. In the thermodynamic and chiral limits,
both cumulants diverge according to O(N) scaling function [100] while we
find the oscillatory behavior in the chiral limit on a lattice [133]. Then the
reason for the oscillatory behavior is the smeared singular part due to the
finite size effect; we can expect that we observe the divergent behavior of
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these cumulants when we apply the finite size scaling analysis [100, 148, 150,
155, 255]. One of the evidences is the increasing tendency of the peak height
and valley depth. Especially at µ/T = 0.2, we observe no negative valley
of RB

4,2 on a 43 × 4 lattice. By comparison with the smallest lattice data,
we find the negative region on 63 × 4 and 63 × 6 lattices. This is probably
because the smeared singular part becomes larger on larger lattices and it
overcomes the regular part contribution; then the negative valley emerges on
larger lattices. We can expect that the singular part becomes much larger
toward the thermodynamic limit and finally the singular behavior would be
observed. Second one is the decreasing tendency of the width. We can
anticipate that a negative valley of RB

4,2 will vanish in the thermodynamic
limit as expected in the scaling function analysis [100, 148, 255]. Hence, we
can conclude that the appearance of the negative valley of RB

4,2 in the chiral
limit is a evidence of the smearing effect by finite size effect [133].

The singular part of higher-order cumulants at small µ/T is tend to
be more suppressed than that at large µ/T . This is because the most
singular part at finite chemical potential are proportional to −(2κqµ̂)

n in
Eq. (4.4). Above discussions agree with the present results on cumulant ra-
tios in AFMC. At small µ/T , the smeared singular part is subordinated to
the regular part, and we do not observe the oscillatory behavior. Around the
expected TCP (µ/T ∼ 0.8 – 1.0), the singular part grows and overtakes the
regular part; then we can observe the oscillatory behavior at large µ/T . In
conclusion, µ/T dependence of RB

3,2 and RB
4,2 is consistent with the scaling

function analysis [100].
Higher-order cumulants and their ratios at sufficiently large chemical

potential with field fluctuation effects are also studied in effective models
[90, 100, 272] and lattice QCD calculations [142, 143, 144, 145]. As for
the lattice QCD approach [142, 143, 144, 145], we find some negative val-

ues of c
(4)
B [142, 144, 145], but it is difficult to conclude the existence of

the negative c
(4)
B region at physical mass due to large errors and a small

number of data points. According to the effective model analyses with field
fluctuations [90, 100, 272], we find the oscillatory behavior of higher-order
cumulants at large µ/T around the phase transition as we studied in this
chapter in Figs. 4.3, 4.4, and 4.5. We note that these studies [90, 100]
are carried out in the thermodynamic limit; then the oscillatory behav-
ior of c

(3)
B and c

(4)
B should originate from the finite mass effect [100]. The

finite size effect on higher-order cumulants is also investigated by using
the scaling function, specific models, and cutting off the momentum scale
[133, 147, 148, 150, 151, 152, 154, 155, 156, 272]. As we anticipated, the
behavior of cumulants are affected by the finite size effect as previous studies
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[133, 147, 148, 150, 151, 152, 154, 155, 156, 272]. In fact, we observe the

oscillatory behavior with a negative valley of c
(3)
B and c

(4)
B in the chiral limit

because of the finite size effect as in Ref. [133] in comparison with O(N)
scaling function analysis [100].

The present study may be of help for constructing the scaling function
with the system size, fs(T, µq,mq, L); the SC-LQCD analysis in this thesis
is a concrete example of the scaling behavior. In addition, both finite mass
and volume effects mask the singular contribution to cumulants, but the
quantitative behavior should be different from each other. Then theoretical
studies of the scaling function for the finite volume effects are demanded to
understand each contribution to cumulants [133, 148].

According to our analysis, we expect that we can confirm the regions
characterized by critical exponents from the underlying universality: critical
exponents in O(2) universality due to the staggered fermion at small chemical
potential and mean field critical exponents around TCP in the chiral limit,
for example. As a result, we can think that we explicitly find the critical
region when field fluctuations are taken into account.

Calculations in this chapter are performed under a condition, LT ≃ 3 –
9 around the phase transition. In experiments, the finite system is charac-
terized by LT ≃ 2.4 – 3.6 [147]; thus the negative c

(4)
B region can emerge at

RHIC experiments because of the finite size effect, provided that the finite
mass effect is not so large that the regular part is minor contribution.

The results obtained here may show the upper limits of their negative
valley depths on a fixed size lattice since the simulations are carried out in
the chiral limit. The negative region of cumulants would remain at finite mass
even in the thermodynamic limit, supposing that the finite mass effect does
not suppress the singular part significantly. The finite mass effect should be
included to see the explicit behavior of higher-order cumulants toward more
realistic case in the thermodynamic limit or in a finite volume.

4.2.5 RB
4,2 in the QCD phase diagram in the strong cou-

pling limit

We here show the negative region of RB
4,2 with AFMC in the QCD phase

diagram in both strong coupling and chiral limits in Fig. 4.6. The phase
boundary is determined in the same way as the previous chapter. We here
define the negative region where RB

4,2 is smaller than both zero and the high
temperature value of MF1. We do not consider error bars to define the neg-

1The high temperature behavior should be an artifact of the large dimensional expan-
sion [78].
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Figure 4.6: RB
4,2 in the QCD phase diagram in the chiral and strong coupling

limits [78]. The vertical and horizontal lines are the temperature and chem-
ical potential divided by the critical temperature at µ/T = 0 on a 63 × 6
lattice, respectively. The shaded area shows the negative RB

4,2 region, where
RB

4,2 is also smaller than the asymptotic value at high T in MF. Black dots
are the boundary points and the shaded area is obtained by connecting the
black dots. This figure is basically taken from Ref. [78].

ative region. Black points denote the phase boundary of the negative RB
4,2

region and the shaded area is given by lines connecting the black points.
The negative region of RB

4,2 can be a signal of the critical phenomena.
We find that the negative region appears from about µ/T ∼ 0.2. Probably
due to the suppression factor, (κqµ̂)

n in Eq. (4.4), the singular part gets to
overtake the regular part at sufficiently large µ̂. One finds the largest region
at µ/T = 0.3, and the negative region shrinks toward TCP above µ/T ∼ 0.3.
The location of the phase boundary is consistent with the negative region.

As discussed in Sects. 4.2.3 and 4.2.4, the negative region will shrink
on larger lattices, and will vanish in the thermodynamic and chiral limits
according to the O(N) scaling function analysis [100]. There is the possibility
that the negative region exists in hot matter formed in heavy-ion collisions
due to the finite mass and size effect [100, 133].
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4.3 Short summary

We have investigated the net-baryon number cumulant ratios in the strong
coupling limit. In MF, the higher-order cumulants’ behavior becomes moder-
ate at finite mass. We find the oscillatory behavior of them at large µ/T due
to the finite mass effect [100]. In the auxiliary field Monte Carlo (AFMC)
method, mesonic fluctuation effects are taken into account. RB

3,2 and R
B
4,2 also

exhibit moderate behavior on a finite size lattice in AFMC and the higher-
order cumulants oscillate around the phase transition at large µ/T in the
chiral limit because of the finite size effect [133].

We find that RB
3,2 and R

B
4,2 in AFMC has a small peak at small µ/T while

they have a negative region near the phase boundary for large µ/T . RB
3,2

(RB
4,2) has a (two) positive peak(s) and a negative valley at large µ/T and

their widths become narrower on large lattices. The scaling function analysis
indicates that RB

4,2 positively diverges in the thermodynamic and chiral limits
[100] then a negative valley of RB

4,2 between two positive peaks appears due to
the finite size effect [133]. The shrinking behavior of the cumulants’ widths
on larger lattices are consistent with the scaling function analysis [100].

We also show the negative RB
4,2 region in the QCD phase diagram. The

negative RB
4,2 region clearly signals the phase transition even in finite volume

[133]. The region is the largest at µ/T ∼ 0.3 and shrinks toward TCP. This
result may be suggestive for the finite volume effect in both theoretical and
experimental works while the meaning of the finite volume effect in our study
might not be the same as that in experiments: e.g. boundary condition [133].
This is because our simulations are carried out where LT ≃ 3 – 9 while the
realized system in heavy-ion collisions is consider to be LT ≃ 2.4 – 3.6 [147].

It would be interesting to investigate critical exponents in AFMC. Critical
exponents can be well described by MF value around TCP [79] while critical
exponents would be well characterized by O(2) universality at second order
phase transition in the chiral limit [100]. The finite size scaling analysis is
also important to find the behavior of the singular part of the net-baryon
number cumulants in the chiral limit with the finite size scaling; our analysis
would suggest the properties of the scaling function [148, 150]. The finite-
mass effect is another important subject. We expect that the negative region
remains even in the thermodynamic limit due to the finite mass effect when
the regular part does not overcome the singular part [100]. Both finite mass
and volume effects contribute to the behavior of cumulants in experiments;
then we need to perform simulations with finite mass [100, 133]. In addition,
it is desirable to include higher-order corrections of the large dimensional
expansion to take account of spatial baryonic hopping terms.
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Chapter 5

Summary and outlook

In this thesis, we have discussed the role of fluctuations in two ways; auxil-
iary (mesonic) field fluctuations to obtain observables beyond the mean-field
approximation and net-baryon number fluctuations to detect the criticality.

We review common concepts of the QCD and its phase diagram in Chap. 1.
We also review the theoretical approaches of lattice QCD and the strong cou-
pling lattice QCD in Chap. 2. We give our studies of the QCD phase diagram
with fluctuation effects in the strong coupling limit (SCL) in Chap. 3 and of
the net-baryon number cumulants in SCL in Chap. 4.

First, we have investigated the QCD phase diagram in SCL and chiral
limit (m0 → 0) with the auxiliary field Monte Carlo (AFMC) method. In
order to obtain the effective action, we start from the lattice QCD action
with one species of unrooted staggered fermion [173, 174, 186, 187] to in-
vestigate the chiral phase transition. We apply the large dimensional (1/d)
expansion method [231, 237, 253] and integrate out spatial-link variables
analytically. We bosonize four-Fermi like terms to integrate over staggered
quark fields, applying the extended Hubbard-Stratonovich (eHS) transfor-
mation [164, 165, 167] and temporal-link variables are integrated out analyt-
ically [233, 238, 240]. The obtained effective action is given as a function of
auxiliary fields (σk,τ , πk,τ ), which include the scalar mode in σk,τ , the pseudo-
scalar mode in πk,τ , and higher momentum modes. In order to take mesonic
field fluctuation effects into account, we apply the AFMC method by using
Monte Carlo (MC) technique and obtain configurations of σk,τ and πk,τ .

When we derive observables, we introduce the chiral angle fixing (CAF)
method since the expectation value of the chiral condensate is canceled to
be zero in finite volume due to the chiral symmetry. In CAF where we can
investigate the spontaneous symmetry breaking on a fixed size lattice, all
configurations are rotated by the negative chiral angle to set the chiral angle
and pseudo-scalar mode zero. Thus we have finite value of the chiral conden-
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sate in the symmetry breaking phase. This procedure is inspired by the Z(2)
magnetization M0 where we often take the expectation value of |M0| [254].
By using rotated configurations, we observe order parameters: the chiral
condensate and quark number density, which indicate the phase transition.
As for the chiral condensate, the chiral symmetry is spontaneously broken
and the chiral condensate is finite at low temperature while the condensate
is almost absent at high temperature where the chiral symmetry is restored.
The quark number density is consistent with zero at low temperature and
takes a finite value at high temperature. Both order parameters at small
µ/T show moderate changes from the Wigner phase to Nambu-Goldstone
(NG) phase with decreasing T , which show the second order or crossover
phase transition named as the would-be second order phase transition. In the
large µ/T region, we find discontinuous jumps of the order parameters and
the initial condition dependences (hysteresis) of the MC simulation: Wigner
initial condition (σ0,τ , π0,τ ) ∼ O(0.01, 0), (σk̸=0,τ , πk ̸=0,τ ) = (0, 0) and NG ini-
tial condition (σ0,τ , π0,τ ) ∼ O(1, 0), (σk̸=0,τ , πk ̸=0,τ ) = (0, 0). This hysteresis
indicates the first order phase transition since the MC configurations cannot
overcome the potential barrier between two local minima related to the NG
and Wigner phase. We named this phase transition as the would-be first
order phase transition. We here deduce that the tricritical point (TCP) in
SCL would exist between µ/T = 0.8 and 1.0.

The chiral phase boundary is determined by the peak point of the chiral
susceptibility at would be second order phase transition and by the effective
potential analysis at would be first order phase transition. We find that
the pseudo-critical temperature Tc is lower than the mean-field result on an
isotropic lattice at small chemical potential, and the NG phase is broaden
to higher chemical potential direction at large µ. We also confirm that Tc
is not sensitive to the spatial lattice size as in the monomer-dimer-polymer
simulations (MDP) [169, 170, 171]. The phase boundary at would-be first
order phase transition strongly depends on the temporal lattice size, which
is also consistent with MDP [171].

We apply the finite size scaling analysis for the chiral susceptibility to
determine the phase transition order at the would-be second phase transition.
We can exclude the possibility of the first-order phase transition, but we
cannot identify the phase transition order due to the few statistics, so we
need more statistics to determine the phase transition order at the would-be
second order phase transition.

In AFMC, we have the sign problem since we must introduce imaginary
numbers in the eHS transformation [164, 165, 167]. These imaginary numbers
are coupled with πk,τ modes, which appear in the fermion determinant; the
fermion determinant has an imaginary part and the sign problem appears.

69



In order to find the origin of the sign problem in the current treatment, we
apply the momentum cut-off method to the configurations of auxiliary fields.
Supposing that the high-momentum modes of auxiliary fields are cut off, the
average phase factor tends to take a larger value; then the severe statistical
weight cancellation is found to originate from the high-momentum modes of
auxiliary fields. This can be understood as follows. Because of the staggered
sign factor ϵx coupled with πk,τ , the complex phase on a site and that on
the nearest neighbor sites contribute oppositely and they cancel each other,
provided that the low-momentum modes dominate. When we only consider
the lowest modes of the auxiliary fields, the average phase factor is about
unity and the weight cancellation is almost absent, where we have no sign
problem. We also analyze the severity of the sign problem in AFMC and find
that the problem is severer than that in MDP [170], but the statistical weight
cancellation is manageable in the current analyses as shown in Sect. 3.3.

Next, we have investigated the higher-order cumulant ratios with regard
to the net-baryon number in the strong coupling and chiral limits. We show
the cumulant ratios in the mean field approximation at finite mass. We find
a moderate peak for both RB

3,2 and RB
4,2 at small µ/T and the oscillatory

behavior at large µ/T .
We have discussed results of RB

3,2 and RB
4,2 in AFMC in the chiral limit.

We find that the cumulant ratios have a broad positive peak at small µ/T
and show oscillatory behavior around the phase transition as the µ/T value
approaches that at expected TCP (µ/T ∼ 0.8); RB

3,2 (RB
4,2) has a (two) posi-

tive peak(s) and a negative valley at large µ/T . This is probably because the

smeared singular part overcomes the regular part of c
(n)
B at large µ/T [100].

The peak heights and the valley depth increase and their widths shrink on
larger lattices. In the thermodynamic limit, one positive and one negative
divergences are anticipated for RB

3,2 while the negative valley would disappear
and two positive peaks merge into one positive divergence for RB

4,2 [100]; then
the lattice size dependence of the higher-order cumulant ratios does not con-
tradict the O(N) scaling function analysis [100]. We can conclude that the
oscillatory behavior and the negative region of RB

3,2 and R
B
4,2 emerges because

of the finite size effect [100, 133]. In addition, there is a possibility that such
a negative region can be found in heavy-ion experiments where LT ≃ 2.4 –
3.6 [147] since our analysis is carried out under a condition LT ≃ 3 – 9.

There are several directions of study as extensions of this work. The fi-
nite coupling effects of the strong coupling approach are important to know
criticality in QCD phase transition. By using the AFMC method, we can
take account of finite coupling effects [164, 165, 167] and generate AFMC
configurations at finite µ and T [246, 261]. Applying the naive eHS transfor-
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mation, the sign problem is so severe that the average phase factor collapses
with next-to-leading order (NLO) effects even on a small lattice [261] while
we could investigate the QCD phase diagram by shifting the integration path
[273, 274] at would-be second order phase transition [246]. At would-be first
order phase transition [246], it is not easy to determine the shifted path
due to the existence of two local minima in the effective potential. Possible
methods to evade the above problem are the configuration-dependent shifted
path by using a method given in Refs. [273, 274] and the complex Langevin
method [220, 221, 222], for example. It is also important to take account of
higher-order contributions of the large dimensional (1/d) expansion [241]. In
the leading order in the 1/d expansion method, there is no baryon hopping
terms. Thus, we need to include higher-order effects of the 1/d expansion,
which may affect the phase boundary at large µ and cumulants of the net-
baryon number as discussed in Chap. 4.

As for cumulants, the finite mass effect is one of the important ingredients
for the next study. Another important ingredient is to find the critical region
and the finite size scaling function with finite size effect in the QCD phase
diagram [79]. In the chiral limit, critical behavior is expected to be governed
by the critical exponents of O(2) (or O(4) in two massless flavor case) at
low chemical potential [100] and by those of MF around TCP [79]. At finite
mass, the chiral phase transition may be characterized by the remnant effect
of O(2) (O(4)) at small µ̂ [100] and Z(2) symmetry around CP [99]. Then,
one of the interesting studies is to see a region between O(2)-type phase
transition and MF- (Z(2)-) type phase transition in the chiral limit (with
finite mass). If we could construct the scaling function with respect to the
finite size effect [100, 148] in the chiral limit, we have deeper understanding
about the scaling behavior with mass and volume scalings.
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Appendix A

Mean field formulae at strong
coupling

A.1 Effective action in the mean field analy-

sis

Following derivations are mainly based on Ref. [162]. The one species of
unrooted staggered fermion action in the strong coupling limit is give as

SSCL = a2saτm0as
∑
x

χ̄xχx

+ a2saτ
as
aτ

1

2

∑
x

η0(x)
[
χ̄xe

µaτU0,xχx+0̂ − χ̄x+0̂e
−µaτU †

0,xχx

]
+ a2saτ

1

2

∑
x,j

ηj(x)
[
χ̄xUj,xχx+ĵ − χ̄x+ĵU

†
j,xχx

]
= a2saτ (m0as)

∑
x

χ̄xχx

+ a2saτγ
1

2

∑
x

η0(x)
[
χ̄xe

µaτU0,xχx+0̂ − χ̄x+0̂e
−µaτU †

0,xχx

]
+ a2saτ

1

2

∑
x,j

ηj(x)
[
χ̄xUj,xχx+ĵ − χ̄x+ĵU

†
j,xχx

]
≡ a2saτ (m0as)

∑
x

χ̄xχx + S0 + Sj , (A.1)

where aτ and as are lattice spacing for temporal and spatial directions, respec-
tively. S0 and Sj denote temporal and spatial action, respectively. First, we
apply the large dimensional (1/d) expansion [231] and bosonization technique
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(Hubbard-Stratonovich transformation) [231, 237, 253], exp [CoM
2] =

∫
Dσ

exp [−(Coσ
2 +2CoσM)], as follows∫

DUje−Sj = 1 + (a2saτ )
2 1

8Nc

∑
χ̄xχxχ̄x+ĵχx+ĵ + · · ·

=

∫
Dσe−(a2saτ )

2 1
2
bσ

∑
x,y [σ(x)Vx,yσ(y)+2σ(x)Vx,yMy ] , (A.2)

where Mx = χ̄xχx, Vx,y =
∑

j(δx+ĵ,y + δx−ĵ,y)/2d, and bσ = d/2Nc [162, 164,
167]. In Eq. (A.2), we only consider the leading order of the 1/d expansion
[231].

Now let us consider the order counting of the 1/d expansion 1. In the
leading term of the large dimensional expansion, we only consider the 2-body
mesonic interactions for Nc > 2. The sum

∑
j,x is the order of the spatial

dimension d: O(d). Supposing that
∑

jMxMx+ĵ ∼ O(1) in large d, χ and χ̄

become the order ofO(1/d1/4). The order of the other mesonic hopping terms
and the baryonic hopping terms for Nc ≥ 3 are as follows:

∑
j(MxMx+ĵ)

2 ∼
O(1/d),

∑
j(MxMx+ĵ)

3 ∼ O(1/d2), and
∑

j B̄xBx+ĵ ∼ O(1/dNc/2−1), so the
above hopping terms are suppressed with large d. This expansion is one of
the schematic methods to include many-body interactions. In the leading
order of the 1/d expansion for Nc ≥ 3, we have no spatial baryonic hopping
terms. By comparison, one can take account of temporal baryonic hopping
terms; we exactly integrate over the temporal-link variables [161, 162, 232].
It should be noted that the spatial-baryonic hopping terms are the same
order as the 2-body mesonic interactions for Nc = 2 [162, 277, 278].

In the following analysis, we can assign the scalar and pseudo-scalar
modes as σ(x) = σ + iϵxπ for ϵx = (−1)x0+···xd [158, 162, 231, 237, 253].

S = (a2saτ )
21

2
bσ
∑
x

(σ2 + π2) + a2saτ
∑
x

{(m0as) + bσ(σ − iϵxπ)}Mx

+ (a2saτ )
2γ

1

2

∑
x

η0(x)
[
χ̄xe

µaτU0,xχx+0̂ − χ̄x+0̂e
−µaτU †

0,xχx

]
.

We here apply the Polyakov gauge U0(τ,x) = diag[eiϕ1(x)/Nτ , · · · , eiϕ1(x)/Nτ ]
with a condition

∑Nc

a ϕa(x) = 0 [161, 232]. In order to respect anti-periodic
boundary conditions to include the temperature effect, we first apply the
following Fourier transformation to staggered quarks χ(τ,x) =

∑Nτ

n=1 e
iknτaτ

1We can integrate out spatial-link variables analytically in the strong coupling limit.
Higher-order corrections in the 1/d expansion are found in Refs. [174, 241, 275, 276], for
example.
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χ(n,x)/
√
Nτ for kn = 2π(n−1/2)/(aτNτ ) [162]. After integrating out Grass-

mann variables, a fermion determinant is given by

∏
x

Nc∏
a=1

Nτ/2∏
n=1

[
γ2 sin2 k̄naτ +M2 + (a2saτbσπ)

2
]
,

≡
∏
x

Nc∏
a=1

Nτ/2∏
n=1

[
γ2 sin2 k̄naτ + λ2

]
(A.3)

where M = m0as + a2saτbσσ, k̄naτ = 2π(n − 1/2)/Nτ + ϕ/Nτ − iµaτ and
λ2 =M2+(a2saτbσπ)

2. In Eq. (A.3), we assume that the lattice spacing ratio
is given as f(γ) = γ2 [170, 238, 239, 240]. Here, we also take account of
Matsubara frequency as in Sect. A.2. Then, we can perform U0 integration
in the Polyakov gauge as∫

DU0

∏
x

Nc∏
a=1

{2 cosh[NτEaτ ] + 2 cos[ϕa(x)−Nτµaτ ]}

=
∏
x

[
2 cosh(NcaτµNτ ) +

sinh[(Nc + 1)EaτNτ ]

sinh[EaτNτ ]

]
≡
∏
x

R , (A.4)

where E = arcsinh[λ/γ]. Therefore, the effective free energy is given as

F = − logZ/(
∑
x

) = − logZ/(N3
sNτa

3
saτ )

=

{
a2saτ

∑
x

[
1

2
bσ(σ

2 + π2)a2saτ

]
−
∑
x

log[R]

}
/(N3

sNτa
3
saτ )

=
1

2
(σ2 + π2)︸ ︷︷ ︸
[(a2saτ )

2]−1

asaτ

︸ ︷︷ ︸
[a3saτ ]

−1

− 1

Nτaτ
log[R]

1

a3s︸ ︷︷ ︸
[a3saτ ]

−1

. (A.5)

As a result, a3saτF is a dimensionless quantity.

A.2 Matsubara frequency

We here consider the effect of Matsubara frequency [162], assuming that
the lattice spacing ratio is given as f(γ) = γ2 [170, 238, 239, 240]. In the
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lattice formulation, a formula for the Matsubara frequency is slightly different
compared with continuum theory. Now, let us define I as

I ≡
Nτ/2∏
a=1

[
γ2 sin2 k̄naτ + λ2

]
=

Nτ∏
a=1

[
γ2 sin2 k̄naτ + λ2

]1/2
, (A.6)

where λ2 = M2 + (a2saτbσπ)
2, k̄naτ = 2π(n − 1/2)/Nτ + ϕ/Nτ − iµaτ and

M = m0as + a2saτbσσ. Next, we differentiate Eq. (A.6) with respect to λ as

∂

∂λ
log I =

1

Ω

[∮
dz

2πi

λ

γ2 sin2(z + ϕ/Nτ − iµaτ )

−iNτaτ
1 + e1Nτ z∑

z

λ

γ22 sin(z̄ + ϕ/Nτ − iµaτ ) cos(z̄ + ϕ/Nτ − iµaτ )

−iNτaτ
1 + e1Nτ z

]
,

(A.7)

where Ω is a degeneracy factor. In (A.7), the first term vanishes and z̄
satisfies

γ2 sin2(z̄ + ϕ/Nτ − iµaτ ) + λ2 = 0 , (A.8)

which leads

z̄ + ϕ/Nτ − iµaτ =

{
±iEaτ + 2πn

±iEaτ + 2πn+ π
, (A.9)

with Eaτ = arcsinh[λ/γ]. In order to obtain the expression for I, we calculate
the above equation further more as

∂

∂λ
log I =

1

Ω

∞∑
n=−∞

1

γ coshEaτ

[
Nτaτ

1 + e−NτaτE−iϕ−Nτµaτ
− Nτaτ

1 + eNτaτE−iϕ−Nτµaτ

]
=
∂E

∂λ

[
Nτaτ

1 + e−NτaτE−iϕ−Nτµaτ
− Nτaτ

1 + eNτaτE−iϕ−Nτµaτ

]
=

∂

∂λ

[
log{eNτEaτ + e−iϕ−Nτµaτ + log{e−NτEaτ + e−iϕ−Nτµaτ

]
=

∂

∂λ
(−iϕ−Nτµaτ + log{2 cosh[NτEaτ ] + 2 cos[ϕ− iNτµaτ ]}).

(A.10)

After λ integration, we obtain I as

I = 2 cosh[NτEaτ ] + 2 cos[ϕ− iNτµaτ ] , (A.11)

for Eaτ = arcsinh[λ/γ].
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A.3 Some formulae for cumulants in MF anal-

ysis

We show the expression for higher derivatives of µ̂ = Ncµ/T , for the quark
chemical potential µ. In the following, we consider isotropic lattice γ = 1.
We here summarize the effective potential as

F =
1

2
bσσ

2 − T logR[σ, µ̂] ,

R[σ, µ̂] = Xn[σ]
3 − 2Xn[σ] + 2 cosh[µ̂] ,

Xn[σ] = 2 cosh[E[σ]/T ] ,

E[σ] = arcsinh[m0 + bσσ] , (A.12)

for bσ = d/2Nc [162]. In order to obtain higher derivatives of µ̂, we should

note a realign, d
dµ̂

= ∂
∂µ̂

+ ∂σ(T,µ̂)
∂µ̂

∂
∂σ
, due to the µ dependence of σ field.

Applying the stationary condition, ∂F/∂σ = 0, the derivatives of σ read

dσ

dµ̂
= −(

∂2F

∂σ∂µ̂
/
∂2F

∂σ2
) , (A.13)

d2σ

dµ̂2
=

[
− ∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+ 2
∂2F

∂σ∂µ̂

∂2F

∂σ2

∂3F

∂σ2∂µ̂
−
(
∂2F

∂σ∂µ̂

)2
∂3F

∂σ3

]
/(∂2F

∂σ2

)3

, (A.14)

d3σ

dµ̂3
=

[
− ∂4F

∂σ∂µ̂3

(
∂2F

∂σ2

)3

+

[
3

(
∂2F

∂σ2

∂3F

∂σ2∂µ̂
− ∂2F

∂σ∂µ̂

∂3F

∂σ3

)
{

∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}]/∂2F
∂σ2

+
∂2F

∂σ∂µ̂

{
3

(
∂2F

∂σ2

)2
∂4F

∂σ2∂µ̂2
− 3

∂2F

∂σ∂µ̂

∂2F

∂σ2

∂4F

∂σ3∂µ̂
+

(
∂2F

∂σ∂µ̂

)2
∂4F

∂σ4

}]
/(∂2F

∂σ2

)4

, (A.15)
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d4σ

dµ̂4
=−

⟨[
∂5F

∂σ∂µ̂4
−
(
4
∂2F

∂σ∂µ̂

∂5F

∂σ2∂µ̂3

)/∂2F
∂σ2

−

[
6

∂4F

∂σ2∂µ̂2

{
∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}]
/(∂2F

∂σ2

)3

+

3∂3F
∂σ3

{
∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}2


/(∂2F
∂σ2

)6

+

[
12

∂2F

∂σ∂µ̂

{
∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}
∂4F

∂σ3∂µ̂

]
/(∂2F

∂σ2

)4

+

{
6

(
∂2F

∂σ∂µ̂

)2
∂5F

∂σ3∂µ̂2

}/(∂2F
∂σ2

)2

−

[
6

(
∂2F

∂σ∂µ̂

)2
{

∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}
∂4F

∂σ4

]/(∂2F
∂σ2

)5
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+

{{
4
∂3F

∂σ2∂µ̂
−
(
4
∂2F

∂σ∂µ̂

∂3F

∂σ3

)/∂2F
∂σ2

}(
− ∂4F

∂σ∂µ̂3

(
∂2F

∂σ2

)3

+

[
3

(
∂2F

∂σ2

∂3F

∂σ2∂µ̂
− ∂2F

∂σ∂µ̂

∂3F

∂σ3

)
{

∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}]/∂2F
∂σ2

+
∂2F

∂σ∂µ̂

{
3

(
∂2F

∂σ2

)2
∂4F

∂σ2∂µ̂2
− 3

∂2F

∂σ∂µ̂

∂2F

∂σ2

∂4F

∂σ3∂µ̂
+

(
∂2F

∂σ∂µ̂

)2
∂4F

∂σ4

})}
/(∂2F

∂σ2

)4

− 4

(
∂2F

∂σ∂µ̂

)3
∂5F

∂σ4∂µ̂

/(∂2F
∂σ2

)3

+

(
∂2F

∂σ∂µ̂

)4
∂5F

∂σ5

/(∂2F
∂σ2

)4
]/∂2F

∂σ2

⟩
.

(A.16)

We can find cumulant ratios as

−c(1)B T 4 ≡ dF

dµ̂
=
∂F

∂µ̂
, (A.17)

−c(2)B T 4 =
∂2F

∂µ̂2
−
(
∂2F

∂σ∂µ̂

)2/∂2F
∂σ2

, (A.18)

−c(3)B T 4 =
∂3F

∂µ̂3

−

[
∂2F

∂σ∂µ̂

{
3
∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2

+
∂2F

∂σ∂µ̂

(
−3

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)}]/(∂2F
∂σ2

)3

(A.19)

79



−c(4)B T 4 =

[
−3

(
∂3F

∂σ∂µ̂2

)2(
∂2F

∂σ2

)4

− 4
∂2F

∂σ∂µ̂

∂4F

∂σ∂µ̂3

(
∂2F

∂σ2

)4

+
∂4F

∂µ̂4

(
∂2F

∂σ2

)5

+ 6

(
∂2F

∂σ∂µ̂

)2(
∂2F

∂σ2

)2
{
−2

(
∂3F

∂σ2∂µ̂

)2

+
∂2F

∂σ2

∂4F

∂σ2∂µ̂2

}

− 6
∂2F

∂σ∂µ̂

∂3F

∂σ∂µ̂2

(
∂2F

∂σ2

)2(
−2

∂2F

∂σ2

∂3F

∂σ2∂µ̂
+

∂2F

∂σ∂µ̂

∂3F

∂σ3

)
− 4

(
∂2F

∂σ∂µ̂

)3
∂2F

∂σ2

{
−3

∂3F

∂σ2∂µ̂

∂3F

∂σ3
+
∂2F

∂σ2

∂4F

∂σ3∂µ̂

}
+

(
∂2F

∂σ∂µ̂

)4
{
−3

(
∂3F

∂σ3

)2

+
∂2F

∂σ2

∂4F

∂σ4

}]/(∂2F
∂σ2

)5

(A.20)

The derivatives of the free energy are obtained as

∂F

∂σ
= bσσ −

(
T
∂R

∂σ

)/
R (A.21)

∂F

∂µ̂
= −T ∂R

∂µ̂

/
R (A.22)

∂2F

∂σ∂µ̂
= T

∂R

∂µ̂

∂R

∂σ

/
R2 − T

∂2R

∂σ∂µ̂

/
R (A.23)

∂2F

∂σ2
= bσ − T

[
−
(
∂R

∂σ

2/
R2

)
+
∂2R

∂σ2

/
R

]
(A.24)

∂2F

∂µ̂2
= −

[
T

(
−∂R
∂µ̂

2/
R2 +

∂2R

∂µ̂2

/
R

)]
, (A.25)
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∂3F

∂σ3
= −T

{
2
∂R

∂σ

3/
R3 −

(
3
∂R

∂σ

∂2R

∂σ2

)/
R2 +

∂3R

∂σ3

/
R

}
, (A.26)

∂3F

∂σ2∂µ̂
= −T

{
2
∂R

∂µ̂

(
∂R

∂σ

)2/
R3 − 2

∂R

∂σ

∂2R

∂σ∂µ̂

/
R2

−∂R
∂µ̂

∂2R

∂σ2

/
R2 +

∂3R

∂σ2∂µ̂

/
R

}
(A.27)

∂3F

∂σ∂µ̂2
= −T

[{
2

(
∂R

∂µ̂

)2/
R3 − ∂2R

∂µ̂2

/
R2

}
∂R

∂σ

−2
∂R

∂µ̂

∂2R

∂σ∂µ̂

/
R2 +

∂3R

∂σ∂µ̂2

/
R

]
, (A.28)

∂3F

∂µ̂3
= −T

{
2

(
∂R

∂µ̂

)3/
R3 − 3

∂R

∂µ̂

∂2R

∂µ̂2

/
R2 +

∂3R

∂µ̂3

/
R

}
, (A.29)

∂4F

∂σ4
= −T

{
−6

(
∂R

∂σ

)4/
R4 + 12

(
∂R

∂σ

)2
∂2R

∂σ2

/
R3

−3

(
∂2R

∂σ2

)2/
R2 − 4

∂R

∂σ

∂3R

∂σ3

/
R2 +

∂4R

∂σ4

/
R

}
, (A.30)

∂4F

∂σ3∂µ̂
= −T

{
−6

∂R

∂µ̂

(
∂R

∂σ

)3/
R4 + 6

(
∂R

∂σ

)2
∂2R

∂σ∂µ̂

/
R3

+6
∂R

∂µ̂

∂R

∂σ

∂2R

∂σ2

/
R3 − 3

∂2R

∂σ∂µ̂

∂2R

∂σ2

/
R2

−3
∂R

∂σ

∂3R

∂σ2∂µ̂

/
R2 − ∂R

∂µ̂

∂3R

∂σ3

/
R2 +

∂4R

∂σ3∂µ̂

/
R

}
, (A.31)

∂4F

∂σ2∂µ̂2
= −T

[{
−6

(
∂R

∂µ̂

)2/
R4 + 2

∂2R

∂µ̂2

/
R3

}(
∂R

∂σ

)2

+ 8
∂R

∂µ̂

∂R

∂σ

∂2R

∂σ∂µ̂

/
R3 −

(
2
∂2R

∂σ∂µ̂

2

+ 2
∂R

∂σ

∂3R

∂σ∂µ̂2

)/
R2

+

{(
2
∂R

∂µ̂

)2/
R3 − ∂2R

∂µ̂2

/
R2

}
∂2R

∂σ2

−2
∂R

∂µ̂

∂3R

∂σ2∂µ̂

/
R2 +

∂4R

∂σ2∂µ̂2

/
R

]
, (A.32)
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∂4F

∂σ∂µ̂3
= −T

[{
−6

(
∂R

∂µ̂

)3/
R4 + 6

∂R

∂µ̂

∂2R

∂µ̂2

/
R3 − ∂3R

∂µ̂3

/
R2

}
∂R

∂σ

+ 3

{
2

(
∂R

∂µ̂

)2/
R3 − ∂2R

∂µ̂2

/
R2

}
∂2R

∂σ∂µ̂

−3
∂R

∂µ̂

∂3R

∂σ∂µ̂2

/
R2 +

∂4R

∂σ∂µ̂3

/
R

]
, (A.33)

∂4F

∂µ̂4
= −T

[
−6

(
∂R

∂µ̂

)4

/R4 + 12

(
∂R

∂µ̂

)2
∂2R

∂µ̂2

/
R3 − 3

(
∂2R

∂µ̂2

)2/
R2

−4
∂R

∂µ̂

∂3R

∂µ̂3

/
R2 +

∂4R

∂µ̂4

/
R

]
(A.34)

The derivatives of R are obtained as

∂R

∂µ̂
= 2 sinh[µ̂] , (A.35)

∂R

∂σ
= −2

∂Xn[σ]

∂σ
+ 3Xn[σ]

2∂Xn[σ]

∂σ
, (A.36)

∂2R

∂µ̂2
= 2 cosh[µ̂] , (A.37)

∂2R

∂σ2
= 6Xn[σ]

(
∂Xn[σ]

∂σ

)2

− 2
∂2Xn[σ]

∂σ2
+ 3Xn[σ]

2∂
2Xn[σ]

∂σ2
(A.38)

∂3R

∂µ̂3
= 2 sinh[µ̂] (A.39)

∂3R

∂σ3
= 6

(
∂Xn[σ]

∂σ

)3

+ 18Xn[σ]
∂Xn[σ]

∂σ

∂2Xn[σ]

∂σ2

− 2
∂3Xn[σ]

∂σ3
+ 3Xn[σ]

2∂
3Xn[σ]

∂σ3
(A.40)

∂4R

∂µ̂4
= 2 cosh[µ̂] (A.41)

∂4R

∂σ4
= 36

(
∂Xn[σ]

∂σ

)2
∂2Xn[σ]

∂σ2
+ 18Xn[σ]

(
∂2Xn[σ]

∂σ2

)2

+ 24Xn[σ]
∂Xn[σ]

∂σ

∂3Xn[σ]

∂σ3
− 2

∂4Xn[σ]

∂σ4
+ 3Xn[σ]

2∂
4Xn[σ]

∂σ4
, (A.42)
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and other derivatives are equal to zero in the current analyses. Derivatives
of a matrix for Xn are given as

∂Xn

∂σ
=

(
2 sinh[E[σ]/T ]

∂E

∂σ

)
/T , (A.43)

∂2Xn

∂σ2
= 2

[
cosh[E[σ]/T ]

(
∂E

∂σ

)2/
T 2 + sinh[E[σ]/T ]

∂2E

∂σ2

/
T

]
, (A.44)

∂3Xn

∂σ3
= 2

[
sinh[E[σ]/T ]

(
∂E

∂σ

)3/
T 3 + 3 cosh[E[σ]/T ]

∂E

∂σ

∂2E

∂σ2

/
T 2

+sinh[E[σ]/T ]
∂3E

∂σ3

/
T

]
, (A.45)

∂4Xn

∂σ4
= 2

(
cosh[E[σ]/T ]

(
∂E

∂σ

)4

/T 4 + 6 sinh[E[σ]/T ]

(
∂E

∂σ

)2
∂2E

∂σ2

/
T 3

+ 3 cosh[E[σ]/T ]

(
∂2E

∂σ2

)2/
T 2 + 4 cosh[E[σ]/T ]

∂E

∂σ

∂3E

∂σ3

/
T 2

+sinh[E[σ]/T ]
∂4E

∂σ4

/
T

)
, (A.46)

and derivatives for E are obtained as

∂E

∂σ
= bσ/

√
1 + (m0 + bσσ)2 , (A.47)

∂2E

∂σ2
= −b2σ(m0 + bσσ)/(1 + (m0 + bσσ)

2)3/2 , (A.48)

∂3E

∂σ3
= (3b3σ(m0 + bσσ)

2)/(1 + (m0 + bσσ)
2)5/2 − b3σ/(1 + (m0 + bσσ)

2)3/2 ,

(A.49)

∂4E

∂σ4
= (−15b4σ(m0 + bσσ)

3)/(1 + (m0 + bσσ)
2)7/2

+ (9b4σ(m0 + bσσ))/(1 + (m0 + bσσ)
2)5/2 . (A.50)

If we consider the anisotropic lattice case, the energy readsE[σ] = arcsinh[(m0+

bσσ)/γ] = log
[
(m0 + bσσ)/γ +

√
1 + (m0 + bσσ)2/γ2

]
; then higher deriva-
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tives of E are given by

∂E

∂σ
=
bσ
γ

1√
1 + (m0 + bσσ)2/γ2

, (A.51)

∂2E

∂σ2
= − b

2
σ

γ2
(m0 + bσσ)/γ

(1 + (m0 + bσσ)2/γ2)3/2
, (A.52)

∂3E

∂σ3
=
b3σ
γ3

(m0 + bσσ)
2/γ2

(1 + (m0 + bσσ)2/γ2)5/2
− b3σ
γ3

1

(1 + (m0 + bσσ)2/γ2)3/2
, (A.53)

∂4E

∂σ4
= − b

4
σ

γ4
15(m0 + bσσ)

3/γ3

(1 + (m0 + bσσ)2/γ2)7/2
+
b4σ
γ4

9(m0 + bσσ)/γ

(1 + (m0 + bσσ)2/γ2)5/2
.

We evaluate cumulant ratios as

RB
3,2 =

c
(3)
B

c
(2)
B

, RB
4,2 =

c
(4)
B

c
(2)
B

, (A.54)

in Sect. 4.1.
We now show the cumulant rations in the QCD phase diagram in MF with

various mass parameter in Figs. A.1, A.2, and A.3. The phase boundary is
determined by the peak position of the chiral susceptibility. At small µ/T ,
the phase transition is considered to be crossover and its pseudo-critical line
is connected with the first-order phase-transition line at a critical point (CP)
since the bare quark mass is finite [35, 162]. We here determine the CP
position as a location at which the peak height of the chiral susceptibility is
the largest on the phase transition line.

Figure A.1: RB
3,2 and RB

4,2 in the QCD phase diagram at m0 = 0.001. A
dash line (solid line) represents the crossover (first-order) phase transition.
A circle shows the CP location.
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Figure A.2: RB
3,2 and R

B
4,2 in the QCD phase diagram at m0 ≃ 0.019 by using

parameters, a−1 = 497 MeV and m0 = 9.5 MeV in Ref. [279]. A dash line
(solid line) represents the crossover (first-order) phase transition. A circle
shows the CP location.

In Fig. A.2, we use a bare-quark mass value as m0a ≃ 0.019 since we
find that a−1 = 497 MeV and m0 = 9.5 MeV when we fit hadron masses in
the strong coupling limit [279]. As you can see in Figs. A.1, A.2, and A.3,

Figure A.3: RB
3,2 and RB

4,2 in the QCD phase diagram at m0 = 0.1. A dash
line (solid line) represents the crossover (first-order) phase transition. A circle
shows the CP location.

the negative region of cumulant ratios are almost consistent with the phase
boundary.
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Appendix B

Formulae with fluctuation
effects

We review some formulae in AFMC based on Refs. [78, 172]

B.1 Fermion determinant with fluctuations

Here, we introduce recursion formulae to evaluate XNτ in the fermion deter-
minant and its derivatives based on Refs. [172, 233, 238, 240].

B.1.1 Fermion determinant and recursion formulae

When we obtain the analytic expression for the fermion determinant, we
introduce a matrix BNτ as [233, 238, 240]

BNτ (I1, · · · , INτ ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

I1 eµ/f(γ) 0 · · · 0

−e−µ/f(γ) I2 eµ/f(γ)
...

0 −e−µ/f(γ) I3
. . .

...
... 0

. . . . . . 0
...

. . . . . . INτ−1 eµ/f(γ)

0 · · · 0 −e−µ/f(γ) INτ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(B.1)

where Ik = 2mx,k/γ is related to the effective mass terms and f(γ) = γ2. Bk

is obtained by a recursion formula [233, 238, 240] as

Bk (I1, · · · , Ik) = IkBk−1 (I1, · · · , Ik−1) +Bk−2 (I1, · · · , Ik−2) , (B.2)
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for B1 = I1, B2 = I1I2 + 1. As for a matrix XNτ in Eq. (3.15), we utilize a
following recursion formula as

Xk (I1, · · · , Ik) = Bk (I1, · · · , Ik) +Bk−2 (I2, · · · , Ik−1) ; (B.3)

then we evaluate the fermion determinant from the above recursion formulae.
It should be noted that the mean-field calculations are realized, supposing

that Ik = const. for any k. Ik takes a different value at each space-time when
fluctuation effects are included; Ik ̸= Il for k ̸= l.

B.1.2 Order parameters and Susceptibilities

We introduce formulae for order parameters and their susceptibilities [172,
233]. First, we show the chiral condensate ⟨σ0⟩ and the chiral susceptibility
χσ as

⟨σ0⟩ =− 1

L3Nτ

∂ lnZAF

∂m0

= − 1

L3Nτ

1

ZAF

∫
D [σ, π]

(
−∂S

AF
eff

∂m0

)
e−S

AF
eff ,

=
1

L3Nτ

⟨
∂SAF

eff

∂m0

⟩
, (B.4)

χσ =
1

L3Nτ

∂2 lnZAF

∂m2
0

=
1

L3Nτ

[⟨(
∂SAF

eff

∂m0

)2
⟩

−
⟨
∂SAF

eff

∂m0

⟩2

−
⟨
∂2SAF

eff

∂m2
0

⟩]

=
1

L3Nτ

[⟨(
∂SAF

eff

∂m0

−
⟨
∂SAF

eff

∂m0

⟩)2
⟩

−
⟨
∂2SAF

eff

∂m2
0

⟩]
, (B.5)

where ZAF =
∫
D [σ, π] exp

(
−SAF

eff

)
. Derivatives of the effective action with

respect to quark mass m0 in Eqs. (B.4) and (B.5) are obtained as

∂SAF
eff

∂m0

=−
∑
x

∂ lnR(x)

∂m0

= −
∑
x

1

R(x)

∂Ix
∂m0

∂XNτ (x)

∂Ix

∂R(x)

∂XNτ (x)

=−
∑
x

1

R(x)

2

γ

∑
t

BNτ−1 (It+1, · · · , INτ , I1, · · · , It−1)
(
3XNτ (x)

2 − 2
)
,

(B.6)
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∂2SAF
eff

∂m2
0

=
∑
x

 1

R(x)2

(
2

γ

∑
t

BNτ−1 (It+1, · · · , INτ , I1, · · · , It−1)
(
3XNτ (x)

2 − 2
))2

− 1

R(x)

(
2

γ

)2∑
t,t′

×{∑
t>t′

BN−t+t′−1(It+1, · · · , IN , I1, · · · , It′−1)Bt−t′−1(It′+1, · · · , It−1)

+
∑
t<t′

Bt′−t−1(It+1, · · · , It′−1)BN−t′+t−1(It′+1, · · · , IN , I1, · · · , It−1)

}
(
3XNτ (x)

2 − 2
)

− 1

R(x)

24

γ2
XNτ (x)

(∑
t

BNτ−1 (It+1, · · · , INτ , I1, · · · , It−1)

)2
 ,

(B.7)

where R(x) = XNτ (x)
3− 2XNτ (x)+2 cosh(3Nτµ/γ

2). Next, the quark num-
ber density ρq and quark number susceptibility χµ,µ are evaluated as

ρq =− T

L3

∂ lnZ

∂µ
=

T

L3

⟨
∂SAF

eff

∂µ

⟩
, (B.8)

χµ,µ =
1

L3Nτ

∂2 lnZ

∂µ2
=

1

L3Nτ

[⟨(
∂SAF

eff

∂µ
−
⟨
∂SAF

eff

∂µ

⟩)2
⟩

−
⟨
∂2SAF

eff

∂µ2

⟩]
,

(B.9)

where

∂SAF
eff

∂µ
=−

∑
x

∂ lnR(x)

∂µ
= −

∑
x

1

R(x)

2 · 3Nτ

γ2
sinh

(
3Nτµ

γ2

)
, (B.10)

∂2SAF
eff

∂µ2
=
∑
x

[
1

R(x)2

(
2 · 3Nτ

γ2
sinh

(
3Nτµ

γ2

))2

− 2

R(x)

(
3Nτ

γ2

)2

cosh

(
3Nτµ

γ2

)]
. (B.11)
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We can also obtain the mixed susceptibility χm0,µ as

χm0,µ =
1

L3Nτ

∂2 lnZ

∂µ∂m0

=
1

L3Nτ

[⟨
∂SAF

eff

∂m0

· ∂S
AF
eff

∂µ

⟩
−
⟨
∂SAF

eff

∂m0

⟩⟨
∂SAF

eff

∂µ

⟩
−
⟨
∂2SAF

eff

∂m0∂µ

⟩]
,

(B.12)

where

∂2SAF
eff

∂m0∂µ
=
∑
x

1

R(x)2
2 · 3Nτ

γ2
sinh

(
3Nτµ

γ2

)(
2

γ

)
×
∑
t

BNτ−1 (It+1, · · · , INτ , I1, · · · , It−1)
(
3XNτ (x)

2 − 2
)
.

(B.13)

B.2 Higher order derivatives of the baryon

chemical potential in the auxiliary field

Monte Carlo method

Higher-order derivatives with respect to dimensionless chemical potential µ̂(=
Ncµ/T ) are given in this appendix based on Ref. [78]. Fields Φ, Z and S
denote all auxiliary fields, the partition function, and the action in AFMC in
the strong coupling limit, respectively. Cumulants up to 4th order are given
as

c
(1)
B =

1

V T 3

∂(logZ)

∂µ̂
=

1

V T 3

[
1

Z

∫
DΦ

(
−∂S
∂µ̂

)
e−S
]
=

1

V T 3

⟨
−∂S
∂µ̂

⟩
,

(B.14)

c
(2)
B =

1

V T 3

∂2(logZ)

∂µ̂2
=

1

V T 3

[⟨(
∂S

∂µ̂
−
⟨
∂S

∂µ̂

⟩)2
⟩

−
⟨
∂2S

∂µ̂2

⟩]
, (B.15)

c
(3)
B =

1

V T 3

∂3(logZ)

∂µ̂3

=
1

V T 3

[
−

⟨(
∂S

∂µ̂
−
⟨
∂S

∂µ̂

⟩)3
⟩

−
⟨
∂3S

∂µ̂3

⟩
+3

⟨(
∂S

∂µ̂
−
⟨
∂S

∂µ̂

⟩)(
∂2S

∂µ̂2
−
⟨
∂2S

∂µ̂2

⟩)⟩]
, (B.16)
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c
(4)
B =

1

V T 3

∂4(logZ)

∂µ̂4

=
1

V T 3

⟨(∂S
∂µ̂

−
⟨
∂S

∂µ̂

⟩)4
⟩

− 3

⟨(
∂S

∂µ̂
−
⟨
∂S

∂µ̂

⟩)2
⟩2

+3

⟨(
∂2S

∂µ̂2
−
⟨
∂2S

∂µ̂2

⟩)2
⟩

−6

⟨{(
∂S
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)2

−

⟨(
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⟩}(
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⟩)⟩

+4

⟨(
∂S

∂µ̂
−
⟨
∂S
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⟩)(
∂3S
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⟩)⟩
+12
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∂S
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⟩)(
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−
⟨
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⟨
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⟩]
,

(B.17)

where S =
∑

k,τ,f>0
L3

4Nc
f(k) [|σk,τ |2 + |πk,τ |2] −

∑
x logR(x) and R(x) =

X3
N(x) − 2XN(x) + 2 cosh µ̂. The above expressions contain the derivatives

of the action and they read

∂S

∂µ̂
= −

∑
x

1

R(x)
2 sinh µ̂ , (B.18)

∂2S

∂µ̂2
=
∑
x

[
1

R(x)2
(2 sinh µ̂)2 − 1

R(x)
2 cosh µ̂

]
, (B.19)

∂3S

∂µ̂3
=
∑
x

[
− 2

R(x)3
(2 sinh µ̂)3 +

3

R(x)2
(2 sinh µ̂)(2 cosh µ̂)− 1

R(x)
2 sinh µ̂

]
,

(B.20)

∂4S

∂µ̂4
=
∑
x

[
6

R(x)4
(2 sinh µ̂)4 − 12

R(x)3
(2 sinh µ̂)22 cosh µ̂

+
3

R(x)2
(2 cosh µ̂)2 +

4

R(x)2
(2 sinh µ̂)2 − 1

R(x)
2 cosh µ̂

]
.

(B.21)

When we simulate higher-order cumulants, we use these formulae in Sect. 4.
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B.3 Cumulants in AMFC

We here show cumulants at µ/T = 0.2 and 0.8 for completeness. First,
we show cumulants at µ/T = 0.2 as a function of the reduced temperature
(T − Tc)/Tc in Figs. B.1 and B.2. Tc is defined as the critical temperature
with the corresponding conditions: the lattice size and µ/T .
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Figure B.1: The first (left panel) and second (right panel) order cumulants
at µ/T = 0.2 on 43 × 4, 63 × 4, and 63 × 6 lattices.
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Figure B.2: The third (left panel) and fourth (right panel) order cumulants
at µ/T = 0.2 on 43 × 4, 63 × 4, and 63 × 6 lattices.

Next, we show cumulants at µ/T = 0.8 as a function of the reduced
temperature (T − Tc)/Tc in Figs. B.3 and B.4.
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Figure B.3: The first (left panel) and second (right panel) order cumulants
at µ/T = 0.8 on 43 × 4, 63 × 4, and 63 × 6 lattices.
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Figure B.4: The third (left panel) and fourth (right panel) order cumulants
at µ/T = 0.8 on 43×4, 63×4, and 63×6 lattices. The third order cumulants
on 63 × 4 and 63 × 6 lattices are divided by 2 and 3, respectively. The fourth
order cumulants on 63 × 4 and 63 × 6 lattices are divided by 10 and 20,
respectively.
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Appendix C

Review of O(N) (N=2,4)
scaling function

We review O(4) scaling functions with respect to the net-baryon number
fluctuations based on Ref. [100]. The order of the phase transition is the
second order in the two flavor massless case due to the O(4) criticality and
the remnant effect of the O(4) criticality may affect the critical phenomena
at finite mass. In the following, α, β and δ are critical exponents.

The free energy density can be divided into two parts: the singular part
fs and the regular part fr as f(T, µq,mq) = fs(T, µq,mq) + fr(T, µq,mq)
where these free energy densities depend on the temperature (T ), the quark
chemical potential (µq), and the quark mass (mq). Around the chiral phase
transition, the singular part dominates when there are no smeared effects
such as finite mass or volume effects. The singular part fs may read [100]

fs(T, µq, h)

T 4
= Ah1+1/δff (z) , (C.1)

where

z = t/h1/∆ ,

t =
1

t0

(
T − Tc
Tc

+ κq(µq/T )
2

)
,

h =
1

h0

mq

Tc
, (C.2)

for ∆ = βδ. It should be noted that the reduced temperature t is expanded by
the quark chemical potential with the phase transition curvature κq around
the (pseudo-)critical temperature Tc [100]. The parameters t0 and h0 are
non-universal scales and A in Eq. (C.1) is the amplitude.
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The net-baryon number cumulants read

c
(n)
B = −∂

nf/T 4

∂(3µ̂q)n
, (C.3)

for µ̂q = µq/T . According to the reduced temperature in Eq. (C.2), the
derivatives of the singular part of the free energy density with respect to µ̂q
is

∂

∂µ̂q
=

∂t

∂µ̂q

∂

∂t
∼ 2κqµ̂q

∂

∂t
, (C.4)

so the odd number order derivatives of the net-baryon number at µq = 0 will
vanish. When the order of the derivatives is an even number, the n-th order
derivative reads

∂n

∂µ̂nq
∼ (2κq)

n/2 ∂
(n/2)

∂t(n/2)
, (C.5)

at µq = 0. By comparison, the highest order of the derivative of the free
energy density at finite chemical potential is expressed as

∂n

∂µ̂nq
∼ (2κq)

n ∂
n

∂tn
. (C.6)

As a result, the net-baryon number cumulants with the explicit symmetry
breaking term are given as

c
(n)
B ∼ − ∂n

∂µ̂nq

[
h1+1/δff (z)

]
=

{
−(2κq)

n/2h(2−α−n/2)/∆f
(n/2)
f (z) , for µ̂q = 0 , even n

−(2κq)
nµ̂nqh

(2−α−n)/∆f
(n)
f (z) , for µ̂q > 0 ,

(C.7)

with 2 − α = ∆(1 + 1/δ) and ∆ = βδ. In the chiral limit, the net-baryon
number cumulants are obtained as

c
(n)
B ∼

{
−(2κq)

n/2|t|(2−α−n/2)f (n/2)
± (z) , for µ̂q = 0 , even n

−(2κq)
nµ̂nq |t|(2−α−n)f

(n)
± (z) , for µ̂q > 0 ,

(C.8)

where

f
(n)
± (z) = lim

z→±∞
|z|−(2−α−n)f

(n)
f (z) . (C.9)
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In the cases where the critical exponent α is negative such as O(2) and
O(4) universality cases [256, 257], the first divergent cumulant is the same.
By comparison, it is different in the Z(2) universality case since the critical
exponent α is positive [125]. For example, the first divergent cumulant is

c
(6)
B at vanishing chemical potential for O(2) and O(4) while it is c

(4)
B for Z(2)

according to the scaling function [100, 125]. At finite chemical potential, the

first divergent cumulant is c
(3)
B for O(2) and O(4) [100].
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Phys. 80, 1455 (2008), arXiv:0709.4635.

[15] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30, 1343 (1973).

96



[16] H. D. Politzer, Phys. Rev. Lett. 30, 1346 (1973).

[17] G. ’t Hooft, Nucl. Phys. B254, 11 (1985).

[18] J. I. Kapusta and C. Gale, Finite-Temperature Field Theory (Cam-
bridge University Press, Cambridge, 2006).

[19] Y. Nambu, Phys. Rev. Lett. 4, 380 (1960).

[20] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).

[21] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124, 246 (1961).

[22] J. Goldstone, Nuovo Cim. 19, 154 (1961).

[23] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962).

[24] Particle Data Group, J. Beringer et al., Phys. Rev.D86, 010001 (2012).

[25] K. G. Wilson, Phys. Rev. D10, 2445 (1974).

[26] E. Eichten et al., Phys. Rev. Lett. 34, 369 (1975).

[27] G. S. Bali, Phys. Rept. 343, 1 (2001), arXiv:hep-ph/0001312.

[28] T. T. Takahashi, H. Matsufuru, Y. Nemoto, and H. Suganuma, Phys.
Rev. Lett. 86, 18 (2001), arXiv:hep-lat/0006005.

[29] T. T. Takahashi, H. Suganuma, Y. Nemoto, and H. Matsufuru, Phys.
Rev. D65, 114509 (2002), arXiv:hep-lat/0204011.

[30] M. A. Stephanov, PoS LAT2006, 024 (2006), arXiv:hep-lat/0701002,
references therein.

[31] V. Koch, Hadronic Fluctuations and Correlations, in Chapter of the
book ”Relativistic Heavy Ion Physics”, R. Stock (Ed.), Springer, Hei-
delberg, 2010, p. 626-652. (Landolt-Boernstein New Series I, v. 23).
(ISBN: 978-3-642-01538-0, 978-3-642-01539-7 (eBook)), pp. 626–652,
2010, arXiv:0810.2520.

[32] F. Karsch and E. Laermann, (2003), arXiv:hep-lat/0305025.

[33] S. Jeon and V. Koch, (2003), arXiv:hep-ph/0304012.

[34] P. Braun-Munzinger, K. Redlich, and J. Stachel, Quark-gluon plasma.
Vol. 3 (River Edge, USA: World Scientific (2004) 777 p, 2004).

97



[35] M. Asakawa and K. Yazaki, Nucl. Phys. A504, 668 (1989).

[36] K. Fukushima, Phys. Rev. D77, 114028 (2008), arXiv:0803.3318, [Er-
ratum: Phys. Rev.D78,039902(2008)].

[37] P. de Forcrand, PoS LAT2009, 010 (2009), arXiv:1005.0539.

[38] STAR Collaboration, STAR Notes SN0598 ,
https://drupal.star.bnl.gov/STAR/starnotes/public/sn0598 (2014),
references therein.
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