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On the deformation of Fuchsian groups by quasiconformal mappings
with partially vanishing Beltrami coefficients

by

Hiromi Ohtake

Introduction

Let I be a discrete subgroup of the real Mobius group PSL(2;R),
and O be a closed subset of the extended real line R = RUY{x} which is
invariant under I and contains the set {0,1,®}. We denote by D the
connected component of € - ¢ containing the upper half-plane U, that is,
D=U or € -0 according as 0 = ﬁ or not. Let M(T) be the Banach
space of those bounded measurable functions Y on D which satisfy

u(yz)Y'(2)/Y'(z) = u(z) for all Yy €T and a. e. z € D,

and furthermore

u(z) = u(z) for a. e. z €D

provided that ¢ # R. We set
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M (D) = { ne M) ;5 [[u]| = ess sup [u(2)| <1}
z €D

For Y in Ml(T). WU denotes the unique quasiconformal self-mapping of U
which satisfies the Beltrami equation wo = uwz on U and leaves the points
0, 1, © fixed. We set

MO(F,G) ={ pue Ml(T) ; WU(X) =x for all x € 0 }.
Two elements Y and Vv in Ml(T) are equivalent and writtem u ~v if
there exists T € MO(F,G) for which wuowT =w, - The Teichmiiller space
T(I',0) is defined by

T(T,0) =M (I)/M (T,0) =M ([)/~,
and the equivalence class of MO(F,O) is called the origin of T(I',0).
Note that T(F;ﬁ) is the Teichmuller space T(I') in the usual sense, and
T(T,A(I')) is the reduced Teichmuller space T#(P) if the limit set A(T)
of T contains more than two points. We assume that T(I',0) is not reduced

to a single point. The excluded case occurs only when DF/P is ( conformally

equivalent to ) € - {0, 1}, where Dp is the domain deleted from D the

fixed points of all elliptic elements in T The Teichmuller space T(I,0)



carries the Teichmuller metric dT ( for the pricise definition see Section 2).
The canonical projection: Ml(F) -> Ml(F)/MO(F,o) = T(I',0) 1is open as well as
continuous with respect to dT'
Let V be a subset of D which is invariant under I and has positive
measure, and let E = D-V. When 0o #fﬁ, we assume that V = {z; z€ V },
that is, V and E are symmetric with respect to R. We set
M(V,T) = { peMT) ; ulge =01,
M, (V,T) = M(V,T) N\ M (D),
and
My (V,T,0) = M (T,0) N M(V,T)
In this paper we investigate the following two problems;
(A): Under what conditions for V is the set { | € Ml(V,F) : Hu” < 68},
§ > 0, projected to a neighborhood of the origin of T(I,0)?
(B): Under what conditions for V is the origin not an interior point
of the image of Ml(V,T) by the canonical projection: Ml(F) - T(T,0)?

When E is a null set, the restriction of the projection to Ml(V,F) is



obviously open and surjective. We remark that the projection does not
generally map Ml(V,T) onto T(I',0) ( Savin [27] ), moreover the image of
Ml(V,F) is not necessarily open in T(I',0) ( Oikawa [23] ), and that if
dimT(T',0) < <, then, for every V with positive measure and every positive
§, {ue Ml(V,F) ; ||u]] < 8§ } is projected to an open neighborhood of the
origin of T(I',0) ( Gardiner [7] )

Our answers to problem (A) are Theorem 1 and Corollaries 1 and 2 in
Section 1, and those to problem (B) are Theorems 2, 3 and 3' in Section 4.
We shall prove Theorem 1 and its corollaries in Section 3, after some
preliminary facts provided in Section 2. Theorems 2, 3 and 3' will be proved
in Section 5. In Section 6 we shall give examples.

The author would like to express his sincere gratitude to Professor Y.
Kusunoki for his encouragement and advice, and to Doctors M. Taniguchi and

K. Sakan for their comments and suggestiomns.



§1. Statements of the answers to problem (A)
N
Let § be a domain in the extended complex plane € which is invariant
under a discrete subgroup I' of PSL(2;R) and satisfies ¢ Q and #(99)
> 3. We denote by A(z)|dz]| = AQ(z)|dz[ the hyperbolic metric on § with
2
constant curvature -4, and by dAQ(Z) = AQ(Z) dxdy the hyperbolic area
element. A measurable automorphic form on @ of weight -4 for T 1is a
measurable function Y on & which satisfies
u(yz)y'(z)2 = u(z) for all y el and a. e. z € Q.
Such an automorphic form U is called integrable ( resp. bounded ) if
-2
Iull; = [ 2@ ul@) [dag(z) < =
Q/T
-2
( resp. ”Ld|m = ess sup AQ(z) |p(z)| < )
z € Q
We denote by Ll(Q,F) ( resp. Lw(Q,T) ) the complex Banach space of all
integrable ( resp. bounded ) automorphic forms on  of weight -4 for T
The closed subspace consisting of all holomorphic elements in LP(Q,F), p =

1 or ©, 1is denoted by AP(Q,T). Furthermore, if @ is symmetric with

respect to R, then we define the real Banach spaces of symmetric elements

in 1LP(Q,T) and AP(Q,T) by



LP(Q,T)Sym {uet?@n ; u@ =0(z) for a.e. z € Q },

and

AP, 0= AP @DNIP@D
respectively.
Let D, V and E be the sets as in introduction. For simplicity,
we sometimes write LY ( resp. AP ) instead of LP(U,F) ( resp. AP(U,F) )
when D = U, and LP(D,I')Sym ( resp. Ap(D,I')Sym ) when D # U. We define
tPvy ={net?;pule=01}
and
APV = { x(N)o ; ¢ € AP},
where x(X) stands for the characteristic function of a measurable set X.
Our assumption that T(I',0) does not consist of a single point is
equivalent to A~ # {0}
Let X and Y be complex ( resp. real ) Banach spaces, and O be an
open set in X. A mapping £:0 > Y is called complex ( resp. real )

analytic if for each a € O there exist a positive r and continuous C-

( resp. R-) multilinear mappings Am:Xm > Y, me€ N, such that f has the



power series expansion
(e o]
£(x) = £(a) + | A ((x-a)")
m
m=1
converging absolutely and uniformly on the ball {Hx-—a|] < r}, where
m . . m . .
(x-a) is the element in X each entry of which is x-a. Standard
arguments show that an analytic mapping is of class Cl, that is, it is
( Fréchet ) differentiable and the derivative is continuous as a mapping of
0 into the Banach space consisting of all bounded linear operators of X
into Y. When X and Y are complex Banach spaces, f 1is analytic if and
only if it is holomorphic, i.e., £ 1is differentiable at each point in O
( Mujica [20, Theorem 13.16]). On the other hand, when X and Y are real
Banach spaces, f 1is analytic if and only if there exist an open set O0O' in
C
XC, the complexification of X, and a holomorphic mapping F:0' - Y such
that 0 =0'"X and f = F|O.
The following facts are known; the former is dimplicitly shown in Bers
[1] and Earle [3,4]. For a proof of the latter, see Section 2 ( also cf.

Kra [13]).

Theorem A. In case of D =U ( resp. D # U ), there exists an open



complex ( resp. real ) analytic mapping @D : Ml(F) - Aw(L,F) ( resp.
Aw(D,P)Sym ) such that @D induces a homeomorphism called the Bers embedding

of T(I',0) = Ml(r)/MO(T,O) onto a bounded domain in Am(L,F) ( resp.

o
A (D,T)Sym ), where L is the lower half-plane.

From now on we identify T(I',0) with the bounded domain, namely, the

image of T(I',0) by @D.

Theorem B. There exists a unique function F = FD r oo DXD with
b

the following properties:

F(z,z) = F(z,2),

F(ﬂZ,ﬂC)ﬂ'(Z)ZﬁT(C)Z = F(z,0) for every conformal
. . -1
self-mapping n of D with nIn = =T,
1 o]
F(-,0) € A7(D, )N A (D,I) for each ¢ € D,

2
IECLo ) £33 @7,

and

b2 = [ A @06 @ for e a®DUAD,D.
D/T

We define a density function w on D/T by



w(2) = A7 sup A @ L(2,0].
ceD

We can now state our answers to problem (A) in introduction; these are

generalizations of facts shown and used in Krushkal’ [14, p.66], Gardiner

[7, 8], Sakan [25, 26], Fehlmann [6] and others.

Theorem 1. Let [ be a discrete subgroup of PSL(2;R), and 0o, D, V,

E be the sets as in introduction. Suppose that

(1.1 f max(w(z)z,l)dAD(z) < o
E/T

Then there exists 60 > 0 such that @D({ u e M(V,I) ; l]pll <8§}b, 0<3¢

< 60 » 1s a neighborhood of the origin of T(I',0) and the restriction of

@D to { x(V)Agzﬁ s U o€ Am, ”uﬂ]w < 60 } is an analytic homeomorphism onto

an open subset of T(T,0) Furthermore, to each U € Ml(V,F) satisfying

[/ uédxdy = 0  for all ¢ e AL,

D/T

there exists an analytic curve:(—do,éo) > te u(t) € MO(V,F,O) such that
2
u(0) =0 and tu = u(t) + 0o(t%),

where the remainder term is uniform with respect to u, in particular,

du(t) -
dt t=0
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Corollary 1. If Area(E/T) = f dAD(z) < ® and the condition
E/T
(1.2): either a Fuchsian model G of T contains no hyperbolic elements or

inf { |trace g| ; g is hyperbolic and in G } > 2,

is fulfilled, then the conclusion of Theorem 1 holds.

In general, the hypothesis of Corollary 1 is not quasiconformally invariant;
namely, there exist I, 0, E and a curve { p(t) € MO(V,F,G) ; £>0}
such that [ and w )(E) satisfy the hypothesis for t > 0 but do not

u(t

for t = 0. We shall show this in Section 6.

Corollary 2. If E/T is relatively compact in the Riemann surface
obtained by adding the punctures of D/ to it, then the conclusion of

Theorem 1 holds.

The Riemann surface R obtained from D/I' by adding the punctures may have
punctures, e. g., when D/T = C - Z, R =C. The hypothesis of Corollary 2
is quasiconformally invariant, hence, in this case, ®D|M1(V,T) is an open

mapping, in particular, @D(Ml(V,F)) is open in T(T,0)
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§2. Preliminaries

. 1 . ©
For 4 in L and VvV in L the Petersson scalar product is defined

by
_ 4 ()5
v = [ A (@) () U(2)da (2)
D/T
Obviously
(2.1) [ | < [l vl -

Note that, when D 1is symmetric with respect to R, we have

(v = 2Re [ A*@u@V(2)da (=) € R.
u/T

oo
This scalar product establishes isometric isomorphisms; (Ll)'QE'L and

Ll(V)'éz L°(V). where (Ll)' and Ll(V)' are the dual spaces of Ll and

Ll(V), respectively. We set

1.t 1

[ee]
(A7) ={VveL ; (6,v) =0 for all ¢ in A" }.
Let p be a universal covering map: U > D and H the covering group
of p. For z and 7 in U we set

(2.2) Ky(z,0) = 3/{n(z - D},

and define a function KD on DXD by



Ky (02,00)0" (07 (0)% = ] K, (hz,00n' (2)
he€H
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2

This function is well-defined and independent of the choice of p ( cf. Kra

[13, p.106]), in addition, it has the properties in Theorem B for the case

where T = {id.}, the trivial group ( cf. [13, p.89])

to see that the function FD r of Theorem B is given by
' 2
Foop(2,0) = ] K (yz,07'(2)
D,T D
yerl

( cf. [13, p.101] and [22])

For Y in LllJ Lw, define an operator R = B by

D

-4
[ 2@ Fy p(z,0u()dA (D)

D/T

(2.3) B, [11(2)

I @ e numao,

It is not difficult

z € D.

, 1 & 1
This operator is a bounded linear projection of L” ( resp. L ) onto A

( resp. AOo ) of norm < 3 ( cf. [13, p.90, p.101], [22]),

(2.4) (Blul.v) = (u,8[v]) for pel’, vel

and

(2.5) L°M kerg = (AH)* .

and satisfies

[eo]

bl
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To prove Theorem 1 we need an explicit representation of the derivative

of @D at @ = 0, which turns out to have a close connection with BD.

The case 0 = ﬁ.: For M in Ml(T), let wh be the unique quasicon-

formal self-mapping of 6 which is conformal in the lower half-plane 1L,

satisfies w- = bw_ in U, and leaves the points 0, i, » fixed. Let (WM}

= (WU)"'/(WH)' - 3{(wu)"/(wu)'}2/2, the Schwarzian derivative of wh in L.

The mapping ®,: M (I) - A”(L,I) 1is defined by o,() = ('}, For a proot

that @U is a mapping in Theorem A, see Bers [1] or Lehto [17] Here we
only check that the ( Fréchet ) derivative of @U at uy =0 1is given by

the formula (2.6) below.

For u in Ml(F), v in M(I') and t din € with |t| small, let

-1

f = WU+tvo(wU) . Then ft is a quasiconformal mapping leaving 0, i, «

t

fixed, whose Beltrami coefficient Tt vanishes on WU(L) and satisfies

Tt = tT + O(ltlz), where

2
v )

U ) z
Tew = 2

1= Juf® oM

|
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From the variational formula

.t 2(z- )10 2 s,
el =2 “HWM(U) CC-D (- zy dbdn +odle]D, o= &+

where the remainder term is uniform for =z in each compact subset of €
( cf., for example, Krushkal’ [14, p.59]). it follows that

6t T(C) 2
{f Y(z) = -—=[f ——=7__dgdn + o(|t])
€ TEHW -0t

since (T} = {£0w') = (£ Jewt) (M D 4 7,
we have

1 6, u 2 T(g)d&dn
lim == (& (u+tv) (2z) =& (W(z)) = -——w )" () ff
o0 € (% S ) m FO) (C-wPEn”

Thus the mapping: t H-QU(u+-tV)(z) is holomorphic in {t € C; Hu-%tv” <1}
for each fixed 2z in L. It follows from the Cauchy integral formula that
t @U(u4-tv) is an Aw(L,T)—Valued holomorphic mapping, in other words,

@U: Ml(T) -> Aw(L,F) is GAteaux differentiable. Since @U is continuous

which is seen from the boundedness of @U by using Schwarz’s lemma, @U
turns out to be ( Fréchet ) differentiable in Ml(T) ( Hille [11, Theorem

4.8.1] or Mujica [20, Theorem 8.7]). The derivative at p = 0, d@U(O)

M(T) -~ Aw(L,F), is given by
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6 v(z)
(2.6) dd® (0)[Vi(z) = -— [] —=>24 _4&dn .
U ™ U (C—Z)4

~ -— -
The case 0 # R: Let j(z) =z and J(z) = -z, that is, j ( resp. J )
is the reflection in the real ( resp. imaginary ) axis. Take a universal

covering map P = p_:U > D so that peJ = jep on U. Set p

U = jopoj on

L
L. Since J commutes with j, pL is a universal covering map: L-+D with
pﬁ»J = jopL Let G be the Fuchsian model of I induced by p. Note
that G is also that of T induced by P For y in M(I) and Vv in
[v]
L (D,T), we set
PSS - 2 _
(2.7) p¥(u) = (Hep)p'/p" and px(V) = (Vepy) (py) X =1U, L.
Standard arguments show that p*:M() > { v & M(G) ; veJ = v} and
p§: Am(D,T) -> Aw(X,G) are linear isometric isomorphisms, and that
o] [ee] -_—

*(A (D.T = € A (X,G) ; YeoJ = }-

o5 (87,1 ) = (Y e A0 5 bod = 7
Th ing & is defined b ¢ = (p*)_l°® op*, Note that
o ({ 1€M@ ;5 uel = IHDC{yea(@L,6) ; voJ =T }. The derivative

at U =0 1s given by

-1 .
do (0) [u} = (pf) "o o, (0) [p*(W .
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We define a mapping WD: {vel” s vl <1}~ A by
YoV = (@ (A%0))e].
D DD
a A
When o =R, VY is complex analytic. On the other hand, when o # R,

D

WD is only real analytic, however, it is canonically extensible to a
complex analytic mapping of the open unit ball in the complex Banach space
[oe] x
L (D,I') to the complex Banach space A (D,I'). We have
—_— -2- . [e:}
dWD(O)[V] = d@D(O)[XD v]ej for v € L .
Hence, in the case D = U, by (2.6), (2.2) and (2.3), we see that
(2.8) d¥,(0) [v] = -28,[V] for v in L (U,T).
Next, let us consider the case D # U. It follows from (2.7) that
ox(A2%%) = ATZox (V) for v in LO(D,T).
D U U ’
Furthermore, it is not difficult to see that
-_— - (oo}
D‘f(\Wj) = (p‘ﬁ(lﬁ))ﬂ) for lP in A (D,F),
-1 ,- .\ . -1 . *®
((pf) (9e3)) o = (pF) "(¢) for ¢ in A (U,6),
and

* = * <
on BD BUo pU on L (D,I)
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( cf. Kra [13, p.108]). Thus, also in this case, we see

0

-1 22— - -
(2.9) a¥ () [V1(2) = ((p%)7"(d0(0) N PE(W 1) (2))

]

((o0) ™ @F(0) [P (W) To3) ()

~28, [V1(2).

Remark. 1) The Teichmiller distance dT([uo],[VO]) between two points

[po] and [v.] of T(I,0) = Ml(T)/MO(F,O) ( Mo vO € Ml(F) ) is defined

0

by

a;(lugls vy =3 inf{ log K(wuo<wv)‘1) S U~ M, VA~ )

0
1+ | (u=-v)/@-vw||
-l u=w/@-v |

1
5 inf{ log s WA~ My, Vv

O,
here K(') denotes the maximal dilatation of a quasiconformal mapping.

Since a family of quasiconformal self-mappings of U with uniformly hounded

maximal dilatation is normal, there exist | and Vv attaining the infimum of th

U .. This shows that the

above definition, and they can be taken so that U 0

canonical projection: Ml(T) - Ml(F)/MO(T,O) is open as well as continuous.
2) Since both @D and the canonical projection are open and continuous,

Y
by verifying that P ~ v if and only if {wu} ={w'} for u, v E€ Ml(F),
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we see that @D induces an embedding of T(I',0). It is well-known that
e
these two conditions are equivalent when ¢ = R or A(l'). Suppose that

A
AT) & o & R. Then Cl(o-A(T)) DA(T). Hence it suffices to verify that

Ve

wl‘l =w, on o - A(T) if and only if wp*(u) = wp*(v) on R. This can

however be seen by the same argument as used in showing that the Teichmuller
space of a Riemann surface is canonically isomorphic to that of a Fuchsian

group uniformizing the surface ( cf. Lehto [17, Theorem V.1.4]).
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§3. Proofs of Theorem 1 and its corollaries
. . I3 3 m ©
Recalling the definitions of L , L (V) and other abbreviations, we see

. -2= -
that the mapping: v » AD V ( resp. Y » Yoj ) is an isometric isomorphism of

[eo] [ee]
L onto M(I'), and of Lw(V) onto M(V,T) ( resp. of Am(L,F) onto A (U,T).

and of AOO(D,I‘)Sym onto Aw(D,I‘)sym ). Hence, by using TD defined in the
preceding section, we can restate Theorem 1 as follows:

Theorem 1'. Under the hypothesis of Theorem 1, there exists a positive
60 for which WD({ = Lm(V) ; ”\4[m< §}), 0<6«< 60 , 1s an open
neighborhood of the origin of Aw, and the restriction of WD to
{ve Ale ; H\)H°° < 60 } is an analytic homeomorphism onto an open
neighborhood of the origin of Am. Furthermore, there exists an analytic

mapping T: { v € L (V) N aht Vil < 89 3 = L (V) such that T(0) = O,

¥ (1(») =0 and dt(0) = id on 2w N @bt .

We use the following facts to prove Theorem 1'.

Theorem C. Let N be an open set in a Banach space X and 0 € N.
Let f be a Cl-mapping of N into a Banach space Y with £(0) = 0.
Suppose that the derivative df(0) : X >~ Y is surjective and ker df (0) splits

in X, that is, there is a closed subspace X1 of X such that X1 +



20
ker df(0) = X and Xl{\ ker df(0) = {0}. Then there exist open sets N',

N, and N, with 0O€ N'C N, 0 é N

1 2 C kerdf(0) , and

- Xl and 0 €N

1 2

there exist Cl—homeomorphisms h of N1><N2 onto N' with h(0,0) = 0,

and g of Nl onto an open subset of Y with g(0) = 0 such that the

restriction of h to N1><{0} is a Cl—homeomorphism onto N'(\Xl s

dh(0,0)[(xl,xz)] = x. + X for (Xl’x2) € X

1 9 x ker df (0)

1
and

f°h(xl,x2) = g(xl) for (xl’XZ) € Nl><N2 .
In particular, the restriction of £ to N'N Xl is a Cl—homeomorphism
onto g(Nl). If f 4is analytic, then h and g can be taken so that

they are anmalytic.

For a proof of this theorem, see, for example, Lang [15, Chapter I].

Theorem D. ( Bers [2] ) The Petersson scalar product induces a

1 1
linear isomorphism between Aoo and (A7)', the dual space of A

(o]
Lemma 1 Under the hypothesis of Theorem 1, the mapping BD : L (V) »
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(o0} o]
A is surjective, and A ]V is a closed subspace of Lw(V) such that

AT+ o aht) =W ana A7lvA @bt = 1o

Proof. It has been shown in [22, Theorems 1 and 3] that under the
hypothesis of Theorem 1 the second conclusion and
(3.1) sup {||¢||1/||X(V)¢[|1 ; b€ Al } < o
hold. Hence it suffices to show that (3.1) yields the surjectivity of BD
above. Let Y be an arbitrary element in A~ By (3.1) and (2.1). the
linear functional :Al]V 3 x(MY¢ » (¢,¥) 1is bounded. Thus, by the Hahn-Banach
extension theorem and the F Riesz representation theorem, there is Vv € Lm(V)
such that (x(V¢,v) = (¢,¥) for all ¢ in Al. By using (2.3), Theorem B
and (2.4). we see that (x(V)¢,v) = (¢,v) = (BD[¢},V) = (¢,BD[v]) for all
¢ in Al. Theorem D yields ¢ = BD[v], therefore, BD: Lm(V) > A" is

surjective, q.e.d.

(e}
Proof of Theorem 1'. We apply Theorem C as follows; let X =1L (V),
oo
N = the open unit ball in Lw(V), f = WDIN and Y = A . Then we have

dE(0) = -28,|L7(V) and kerdf(0) = L7(V) ) ahHt by (2.8), (2.9) and
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(2.5) Lemma 1 implies that the hypothesis of Theorem C is satisfied. It
is easily seen that the conclusion of Theorem C yields that of Theorem 1'.

We may take h(0,v) as T(Vv), q.e.d.

The function ® is bounded under the condition (1.2) ( cf. [22, Propo-

sition 2]) Hence Corollary 1 immediately follows from Theorem 1.

Proof of Corollary 2. Let 7 be the natural projection:D - D/T It
is shown in the proof of Lehner [16] that there are mutually disjoint

punctured disks A; with finite area in D/I' and a constant C such that

|

the Riemann surface D/T L)n(A;LJBA;) has no punctures and
. 1
Ixaéll, = cllell, for all ¢ in A (D,D),
where N = ﬂ—l(LJnAé). Hence, by Theorem B, for all (z,7) € NxD we have

-2 -2 -2
Ap(2) "AL (0 |FD,P(Z";)| [l X2, (@) FD,F(”C)HOO

A

< cIIAD(O'ZFD NENS IIl < 3¢,
or

w(z) < 3C for z € N.
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If E/T 4is relatively compact in the Riemann surface obtained by adding
the punctures of D/T to it, then so is E/T - L)nA; in D/T and

E/TN A; # § only for finitely many n. In particular, Area(E/T) is
finite. Furthermore, since w is locally bounded in D ([22,Proposition
1]), w is bounded on E - N. Consequently w is bounded on E. The

condition (1.1) in Theorem 1, therefore, holds. This completes the proof.
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84. Statements of the answers to problem (B)
In the following sections we study problem (B). If dimT(T,0) < o,
then , as stated in introduction and seen in the sections 2 and 3, @D(Ml(V,F))
is open in T(I',0) for every V with positive measure, hence we deal only
with the case where dimT(l',0) =, i.e., dimAl = o,
Let x € M(I'). A sequence {¢n}:=l in Al is called a Hamilton

sequence for «k if

||¢n[]l =1 for all n and 1lim ff K¢n dxdy = IIKH.
n>© D/T

Such a sequence is said to be degenerate if it converges to zero locally
uniformly in D. A Beltrami coefficient «k in Ml(F) ( or a quasiconformal
mapping v ) dis said to be extremal if ]]v” i:||KH for all v in Ml(T)
with v ~«k, that is, LA has the smallest maximal dilatation in its
equivalence class. Hamilton, Reich, Strebel and others have shown that Kk is
extremal if and only if it has a Hamilton sequence.

Remark. 1) If dimAl < o,  then no Hamilton sequences are degenerate.

2) Let {¢n}:=l be a Hamilton sequence for an extremal «k, and lhn¢n = ¢.
n—>
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1f [[¢[l; >0, then k= [[«[|§/]¢] Moreover, if 0 < [[$]], <1, then

K has a degenerate Hamilton sequence {(¢n-¢)/H¢n-¢I|l} ( Harrington-

[ee]
n=1

Ortel [10]).

3) Suppose that Fl be a normal subgroup of I such that the quotient
group T/Fl is finitely generated and abelian. If «k € Ml(F) is extremal
with respect to MO(T,O), then «, as an element in Ml(Fl), is also

extremal with respect to MO(Fl,G) ([21]). In particular, there exists an

extremal Beltrami coefficient for which all Hamilton sequences are degenerate.

Let (A’dA) be the unit disk A equipped with the hyperbolic distance

I =ANR and d, = dAII. For k in M(I) with |/k|| =1, Ilet

A’ I

Ak) = {zxk 3z €A} and I(k) = {tc; t €I} The following theorem

is one of our answers to problem (B).

Theorem 2. Let I, D and V be as in introduction. Suppose that

(4.1) ] w(z)dA (z) < .
v/T

Then for every k in M(T), IIKH = 1, with a degenerate Hamilton sequence
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we have

@D(Ml(V,F))(\ @D(A(K)) {0} when D = U,

and

@D(Ml(v,r))r\ (DD(I(K)) {0} when D # U.

The other answer of ours is Theorem 3 below. For simplicity we restrict
ourselves to the case where I contains no elliptic elements. To make state-
ments clear, we set R = U/T', R* = D/T, and simply denote by V both subsets
(VNU)/T and V/T of R and R*. respectively. Similar abbreviation is
also used for E. We, in addition, define

M(R) = { (-1,1)-differentials Vv on R ; ||v|| < o}
and, when D # U,
M(R*) = { (-1,1)-differentials Vv on R* ; [|v|| <=, vel =79 },
where ||V|| = ess sup|V| and J 1is the anti-conformal involution of R¥
= D/T induced by that of D:z > z. We identify these two spaces with M(T),
and use the same letters to represent elements in them. The notations Ml(R).

Ml(V,R) etc. are self-explanatory.
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Let Ar={|z]<r}, A;={O<|z|<r}, A=d, and A" = 4.
Let { be a Riemann surface satisfying the following condition:
(4.2) there exist an analytic mapping p of § into A' and a
sequence {an}:=lc: A" with limn a = 0 such that
i) (2,p) 4is a covering surface of A',
ii) every point in p_l(an) is a branch point for each n,
i) (Q-—p—l({an; n € N}),p) is a regular ( i.e., smooth and complete )
covering surface of A'-—{an; n €N}, and
iv) the number of sheets of the covering is finite.
Theorem 3. (a) Suppose that R contains ! above, and the relative
boundary 02 in R consists of finitely many Jordan curves none of which
are homotopic to zero in R. Let K be the canonical extension to R of
the 1ift to § of the Beltrami differential z/z on A', that is, k & M(R)
is given by

dw z
K|R-Q = 0 and K(W)TE; = E;

N

d

TR for 2z = p(w), w € Q.

If a measurable subset V of R satisfies
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dxdy

(4.3) .
p(NV) - A |z ]

= o(log—%ﬂ as r > 0,
then we have

o, (L (V,R)) M 0 (A(K)) = {o}
and the mapping: Z v @D(QK) is an isometry of (A’dA) into (T(T,0),d.)

(b) Let V be a measurable subset of R* which is invariant under
the anti-conformal involution J of R*. Suppose that R* contains £,
and 0f) consists of finitely many Jordan curves none of which are homotopic
to zero in R*. If (4.3) and the following condition:
(4.4) A - {a.n ;né€N} is symmetric with respect to R, J(R) = and
JIQ is projected by p to the involution of A'- {an ;nelN iz = E,

hold, then we have

o, (M (V,R%)) M) @, (1)) = {0}

and the mapping: t + @D(tK) is an isometry of (I,d.) into (T(F,O),dT).

The condition (4.3) does not necessarily imply the hypothesis (4.1) of

Theorem 2. We shall show this in Section 6.

Theorem 3 is generalized as follows:
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Theorem 3'. Let Qj, Qé (j=1,..., N, k=1,..., N, 1<N+N'
<o, and N' =0 if R*¥ = R ) be mutually disjoint N + N' subdomains of R*
satisfying (4.2). Suppose that, for each j and k, QG<: R, QL satisfies
(4.4), and BQj, 89& consist of finitely many Jordan curves none of which are
homotopic to zero in R*. Let V be a measurable subset of R* satisfying

(4.3) for each Qj, Qi, and furthermore J(V) =V if R* # R. Then we have

N
(4.5) op (1 (VR N (L ]

CjKj ; Cj € A}) = {0} when R = R*.
j=1

and
N N'

CDD(Ml(V,R*))ﬂ@D({.Z (CjKj+chj°J)+kthkKk ; cjeA, £, € i})

j=1

= {0} when R # R¥*,

where K. and Ki are the Beltrami differentials as in Theorem 3 for Qj
]

and Qé, respectively. Moreover, AN 3 (Qj)'+ @D(ET Cin) € T(I',o) and

N_ _N' N ==, N'
XT3 (T (g)) %Ql(%%”j% N+). K

1 k) € T(I',0) are isometries,

N
where the distance between (Cj) and (@3) in A" ( resp. ((Cj),(tk)) and
1

((gj).(ti)) in ANX IN ) is defined by studA(Cj’C%) ( resp.

maX{StudA(cj’Cé)’ supkdI(tk,ti)} ).
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§5. Proofs of Theorems 2, 3 and 3'
Let S be a Riemann surface whose universal covering surface is U,
and K be the covering transformation group. We denote by b(S) the
border (ﬁi— A(K))/K of S =1U/K; b(S) may be empty. Every quasiconformal
mapping of S onto another Riemann surface S' extends to a homeomorphism
between the bordered Riemann surfaces SUDB(S) and S'UDb(S'").

Let XOCZ X C SUB(S) and Y C S'Ub(S") Two continuous mappings £

and g of X dinto Y are said to be homotopic relative to XO if there is

a homotopy h: XX [0,1] Y from f to g such that

n

h(x,t) f(x) = g(x) for all (x,t) € X_x [0,1]

0

We then write f ~g:X>Y rel X, or f = g rel X, for short, and if

0 0

X, = @ then we often omit " rel XO ",
Let T, o be as in introduction. For W € Ml(F) let fU be the quasi-
conformal mapping of the Riemann surface DF/T induced by the quasiconformal

mapping WU of D, where wp is regarded to be extended to L by symmetry

when D is symmetric with respect to R. Then, for U and Vv in Ml(F),
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M and VvV are equivalent with respect to MO(T,O) if and only if fU and fv

are homotopic relative to (0-A(T))/T (cf. Lehto [17, p.180] and Marden [19])

Theorem E. ( A short form of the main inequality of Reich and Strebel )
Let f and g be quasiconformal mappings of a Riemann surface S which
are homotopic relative to a closed subset & of b(S). Let Kk and vl be

the Beltrami coefficients of f and g_l, respectively. Then for every

integrable holomorphic quadratic differential ¢ on S which is real

on b(S) - §, we have

1-xo/ ]| 1> 1+ [vpog]
7

dxdy

Jlelaxay < [ |¢]
S S

1- |k 1-|vpeg]
Note that an integrable holomorphic quadratic differential on S is real
on b(S) - 8§ if and only if it can be lifted to ( the restriction to U
. L~ %
of ) an element in A (C-—G,K)s .

ym

For a proof of the above theorem, see Strebel [28].

Lemma 2. ([22, Lemma 3]) Under the hypothesis of Theorem 2, for a

. 1 . _ : -
sequence {¢n}:=1 in A" with “¢n”l =1 and lim ¢ = 0, we have
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vin_[lx(Wo_|I, = 0

As a by-product of Lemma 2 we immediately obtain the following, which is
well-known for the case where V/I 1is relatively compact in D/T
Proposition 1 Let T, D, V be as in Theorem 2. If K & Ml(F) has a
degenerate Hamilton sequence, then every V € Ml(r) satisfying
D=V = k|[D=v and |[v|v]| < |I«]]

is extremal.

Proof of Theorem 2. Suppose that there exist K € A(K) and V€ Ml(V,F)
such that @D(QK) = @D(v) # 0. Let {¢n} be a degenerate Hamilton sequence
for Kk, then so is {E¢n/|C|} for ¢x. Applying Theorem E to W, W, and

Z¢n/lgl, we have

g e telel wlyll,
1< —=—— L-—5 7| &4y + 1 - X ;
We note that VoW, = 0 on E. Lemma 2 implies

2
1= Jel® <) |¢nl‘1- ICIK%/I%I’ dxdy + o(1)
D/T

<1+ [c[2 - 2[g|Re [[ k¢ dxdy + o(D)
o D/T
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= (1- || )2+ o(1),

a contradiction to ¢ # 0, q.e.d.

Lemma 3. Let ¢(z,a) = 1/{z(z-2a)} (0« Ialzi 1), and let V,

(2,p) be as in Theorem 3. Then we have

(5.1) [/ Z ¢(z,a)dxdy = 27|log|al|,
Az

(5.2) ”¢(9,a)l|l = 2ﬂllogla], + 0(1) as a > 0,

and

(5.3) ff I¢(z,a)!dxdy = o(]log|a||) as a - 0.
p(VAQ)

Proof. The left-hand side of (5.1) is equal to

1 1 dr dz ! dr
i)t Z-a ST o
0 | 2] =x |2]

This yields the equality (5.1). Next, since |¢(z,a)-—z_2| 2];1||z[—3 on

A

A={z; 2|a] <|z|] <1}, we have
(5.4) [[ |leCz,a)] - Iz[_2 dxdy < 2.
A

The estimate (5.2) follows from

ff Izl_zdxdy = 2ﬂ]log(2|a|)|,
A
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and

(5.5) [/ | #(z,a) |dxdy = const.
A-A

The last estimate (5.3) follows from (5.4), (5.5) and (4.3) similarly, q.e.d.

Lemma 4. Let S be a Riemann surface, and b = kjjgl bj be a union of
components of b(S) such that each bj is a closed curve. Let f and g
be continuous mappings of S Ub into another Riemann surface §' Then
f=~g:SUb=->8" if and only if £|S = g|S:S > S"'.

Proof. For each j, let Aj be an annular half-neighborhood of bj’
i.e., Aj is an annular subdomain of S such that one component of b(Aj)
is bj' We can assume that Al’ ces An are mutually disjoint. Let zj:
A.\Ub, > {1/2 < |z] <2} be a homeomorphism. We define a continuous

J ] =
mapping r :SUb > S by
1 |
z, (z,(p)/|z,(p)|) forpelY 2z, ({1< |z] <21),
] ] J 3=1 J
r(p) =
P otherwise.

Obviously, r = idSLJb' Hence, if fIS > g|S, then f = (flS)or = (ng)or

~ g, The converse is trivial, q.e.d.
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Let C be an analytic Jordan curve in a Riemann surface S which does
not bound a disk nor a one-punctured disk. Take a closed parametric annular
neighborhood (N,z) of C such that N = {p; 1/a<|z(p)[<a} and C = {p;
]z(p)| =1 }. For a non-negative smooth function 6 on (1/a,a) with
compact support and f(l/a,a) 6(r)dr = 27, we define a quasiconformal

self-mapping To of S by

| 2]
T IN:z+m zexp (if Bdr) and

S-N = id
C
1/a

T .
C S-N
This mapping To is called a Dehn twist about C. The homotopy class of

T does not depend on the assignment of an orientation of C nor the choice

of (N,z).

Lemma 5. Let S be a Riemann surface whose universal covering surface

is U, and C s Cn be mutually disjoint analytic Jordan curves in S

10

such that no components of S-L)?=l Cj are disks nor ome-punctured disks.

Let f and g be quasiconformal mappings of S onto another Riemann surface
n
' - ~ .
S'. Suppose that, for each component SO of S "j=l C., f]SO g[SO. SO

J

> S Then f = go12(1)°"'°T2(n) :S > S§' for some (m(1l),...,m(n)) € z"
1 n
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Proof. Without loss of generality we may assume that g = idS. Let Y
be a directed arc in S- LJ?—Z Cj intersecting C = Cl with one point, say

q, and whose initial and terminal points, say Py and P, respectively,
lie outside the annular neighborhood N of C. Let Yy ( resp. Y, ) Dbe the

subarc of Yy with the initial point Py ( resp. q ) and the terminal point

q ( resp. P, ). Let Sk (k=1, 2 ) be the component of S- LJ?=1 Cj in

which Py lies. We first treat the case where S1 # SZ’ that is, C 1is a

dividing curve of SlLJCkJSZ. By Lemma 4 there is a homotopy hk: (SkL)C)X

[0,1] > S from 1dskuc to f]SkL}C. Set a, = { hk(pk’t) ; 0<t<1}

and Bk = { hk(q,t) ; 0<t<1 }. Then there is an integer m = m(1l) for
. -1 -1 m

which [az f(Y)al] = [YZB2 Blyl] = [TC(Y)], where square brackets denote an

equivalence class with respect to homotopies fixing the initial and terminal

points. It is not difficult to see that [ailf(a)all = [Tz(a)] for such m

and every closed curve o in = SlL)CUS2 whose initial and terminal

5

-1

point is Pys that is to say. (*): o~ Tz(a) and o = oy

f(a)al define the

) of S with

same injective homomorphism of the fundamental group ﬂl(S 0

0°P1

base-point Py into Wl(S,pl). A slight modification of the above argument
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shows that (*) is valid also for the case where S1 = Sz, i.e., C is a

non-dividing curve of SO = SlL/C.

Let m:U > S be a universal covering map, and X be the covering

transformation group of m. Take a component S of ﬂ_l(SO), and let K

0 0

4 ~t ~ A~
={nekK; NSy =5, }, the stabilizer of Sy- Fix a point € S, over

Py> and let T be the 1lift of Tg such that ?(g) = 7. Let 7' be the

~
terminal point of that 1lift of «a. whose initial point is g, and £ be

1

the 1lift of f such that %(;) = ¢'. Then one can see that KO s n+e f%nog—l

and KO 2 n H-%;n°¥_l define the same isomorphism 6 of KO onto a subgroup

K' of K. Hence there is a homotopy s Ux[0,1] > U from T to £ such
that h(nz,t) = 8n) (B(z,t)) for n €Ky, z €U and t €[0,1] ( cf. Lehto
[17. Theorem IV 3.5] or Marden [19] ) This homotopy can be projected to a
homotopy h: (U/KO) x[0,1] » U/K'. Let 7' be the canonical projection:

U/K' - U/K = S, and consider a continuous mapping : (§6/KO)X [0,1] 5 (p,t) »

m

m'(h(p,t)) € S. This is a homotopy : SOX [0,1] » S from TC|S to fISO.

0

By repeating this argument n times, we obtain the conclusion, q.e.d.
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Lemma 6. Let S be a Riemann surface which is different from a disk
and a one-punctured disk, and whose border b(S) consists of finitely many

closed curves bl,.. 5 bn, and let Al" , An be mutually disjoint annular

half-neighborhoods of b bn. Let f and g be quasiconformal mappings

1700

of S onto another Riemann surface S' such that £ *g:S > S' and f = ¢

on b(S). Then there is a quasiconformal mapping g' of S onto S' such

that g' = g on S-—&j?=l Aj and g' = £:S50Ub(S) » S'\UDb(S") rel b(S).

Proof. We may assume g = idS again. Let p be a point in S-—L)? Aj’

and set o = { h(p,t) ; O <t <11}, where h is a homotopy from idS to

f ( not necessarily fixing the points in b(S) ). For each j, take a point

Xj in bj’ and choose an analytic Jordan curve Cj and an annular neigh-

borhood Nj of Cj so that Nj C:Aj and Cj is freely homotopic to bj.

Then there is an integer m(j) such that [Tg(J)(Y)] = [f(y)a]l for every
]
arc Y connecting p and Xj' This yields that [T2(1)°"’°T2(n)(Y)] =
1 n

[f(y)a] for all arcs Y connecting p and points in b(S). Furthermore,

it is obvious that, for all closed curves 7Y with initial and terminal point
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-1
p, [o "f(y)al = [y] = [Tg(l)o-"DTg(n)(Y)]. Hence similar argument as in

1 n
the proof of Lemma 5 shows that T2(1)°'°’°Tm(n) is the required mapping g',
1 n
q.e.d.
Lemma 7. Let S be a Riemann surface whose universal covering surface

is U, and W be a subdomain of S such that the relative boundary oW in
S consists of finitely many Jordan curves, none of which are homotopic to
zero in S. Suppose that f and g are continuous mappings of another

Riemann surface S0 into W such that f = g: S0 - S and the image of the

homomorphism f_ : ﬂl(SO,p) - ﬂl(w,f(p)), derived from f, 1is not cyclic.

Then f = g: S0 - W.

Proof. Let m:U > S be a universal covering map, and K be the

-1
covering transformation group of . Let WO be a component of T ~ (W),

~ s
and K, be the stabilizer of Wy. Set g = U/Ky, W= Wy/K,, and let T:
§ > S be the canonical projection. Then § is a regular covering surface

of S, %|W is a conformal homeomorphism of W onto W, oW consists of

finitely many Jordan curves, and each component of §1-(ﬁtlaﬁ) is an annulas.



Let h: SO><[O,1] -+ S be a homotopy from f
F-Fmt
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to
af:so+$5c's” of f:8

g. Since there is a lift
0 - W CS, the homotopy h can be lifted
to a homotopy o SOX [0,1] ~ S from f to a lift g of g

. Suppose that
§(SO) é;!ﬁ. Since g(SO) Cc W, g(SO) is contained in a component of
S- (WUsW).

Then g;(ﬂl(So,p))

is a
and the facts E:
=

cyclic subgroup of ﬂl(gzglp)). This
frr T () 2w (W) > m (W)

imply that f*(ﬂl(So,P)) is
a cyclic subgroup of ﬂl(w,f(p)), which contradicts to the hypothesis.

~~

Consequently. g(so) CW. Let r:Sx [0,1] = S be a homotopy from

a continuous mapping : S - W

idy

3 to
as in the proof of Lemma 4. For p € SO’ define
[ FaE®,3t), 0<t<1/3,
h'(p,t) = { m(x®(p,3t-1),1)), 1/3 <t < 2/3,
L T(r(g(p),3-31)), 2/3<t<1
Then this is the required homotopy : S X [0,1] > W from f to g, q.e.d.
Proposition 2. Let R, V. £ and K be as in Theorem 3 (a). Let f be
a quasiconformal mapping of R whose Beltrami coefficient is equal to IK
on §) for some ¢ ¢ A.

Then, for every quasiconformal mapping g

of R
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onto f(R) with g = f:R > f(R), its Beltrami coefficient satisfies
g

I IRVl 2 Izl

Proof. The proof is divided into three steps.

1) Take r, € (O,l)-—{[an,; n € N} so that Cl(g(p—l(A; ))) C £(Q),
1

where Cl1(-) denotes the closure. Set Ql = p_l(A' ) and let R, be an
r 1

1

arbitrary component of Q-—Cl(Ql). Then Rl is topologically finite, and

the border b(Rl) is divided into two parts b = b(Rl)/\ b(R) and bl =

-1
b(Rl)/\ p ~({]z] =r, }). We first claim that there is a quasiconformal

mapping 8, of Rl onto a component Ri of f(Q)-—Cl(g(Ql)) such that

gy = f,Rl: R, > £(Q), g = f on b and 8, on b.,. In fact, since

I
oQ
—

1

Rl and Ri are of the same type, there is a quasiconformal mapping gl of

Rl onto Ri with 8, = f|Rl (cf. Fehlmann [5]). Furthermore, by Lehto-
Virtanen [18, p.96] or Kelingos [12, Theorem 1], such g, can be deformed
in an annular half-neighborhood of each component of b(Rl) so that g, =

f on b and g, =& on bl'

2) The above gl’s for all the components of Q-—Cl(Ql) and
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gICl(Ql) define a quasiconformal mapping g, of @ onto £(Q) such that

g2|Ql = ngl = f]Ql, g2[R1 = gllRl = f|R1 for each component Rl of

Q—-Cl(Ql) and g, = f on b(R). Note that, by Lemma 7, as a homotopy from
lel to g[Ql, we can take one whose range is in £(Q). By Lemmas 5 and 6

we obtain a quasiconformal mapping 83 of Q onto f(Q) such that gy = f:

0<r,<r

Q> £() rel b(R) and g3 =g on QZ = p_l(A; ) for some 2 1

r b
9 2

3) Let v, vl be the Beltrami coefficients of g3, g;l, respectively,
and set k = HV]QZ-VH. We have k = ”uglﬂz-V” < ”uglR-—VH, and k =
”vlog3,92-V[] Let {¢;}:=1 be a sequence of quadratic differentials on
2 obtained by lifting {¢(‘,an)}:=l, where {an} is the sequence in the
definition (4.2) of § and ¢(-,*) 1is the integrable holomorphic quadratic
differential on A'- {an; n € N} defined in Lemma 3. Then, since all points
of p_l(an) are branch points ( or punctures ) and m = the number of sheets
of the covering p is finite, every ¢g is holomorphic and integrable, in

face, l|¢§||l = nﬂ|¢(:,an)||l = 2mﬂ|log|an]| + 0(1), by Lemma 3. To show

Proposition 2, we may assume g # 0, for otherwise the assertion is trivial.



Set ¢ = (|C|/C)¢]’;/”¢§Hl Obviously ¢  converges to zero uniformly on

Q - Qz, and by Lemma 3, we have

[ 1o laxay < loC,a ) [|7HS [6(z,a ) | dxdy
vaq O = N 72 1)) n
= o(1l)
and
_ 4 z
NQ Ckg_dxdy = 5Ca) lffA = 0(z,2) dxdy
= |z] + o(1)

Hence {(bn} is a Hamilton sequence for CK|Q. We have by Theorem E

1 o (2

1+k n
1< /] lq’lIl-CKﬁ dxdy
1-k 1-[g]® QZ—V " d)n
1
+ itt, itllgi |¢n|dxdy.
Q- QZ)U @nv)
where k' = ”\)lH We see by the same way as in the proof of Theorem 2 that

the first integral is equal to (1- ]C[ )2 + o(l) and the second o(l).

Thus we obtain

s or k;|§|.

This completes the proof.

Proof of Theorem 3. (a): Suppose that VvV ~ Kk for some V € Ml(V,R)

43
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and some ¢ € A. Then by Proposition 2 above we have [CI:i [v|r-v]|| = o,
thus @(Ml(V,R))f\ ®(A(k)) = {0}. Proposition 2 also yields that Kk is
extremal in the class { v € Ml(R) ; V~ZK }- Hence dA(O,C) = dT(O,Q(lK))
( = 4 (101, [zxD) ).

For 7 € A we denote by fg a quasiconformal mapping of R whose

Beltrami coefficient is K. The quasiconformal mapping fC is conformal in
R-C1(R) and fCIQ is projected to a quasiconformal mapping FC of A’

whose Beltrami coefficient is {z/z. We may assume that FC is a self-mapping

of A' with FC(l) = 1. Then the explicit form of FC is

w = FC(Z) = z exp [?régirlog]zl],

in particular, 2w = w/(l-7). Let ¢ and ¢' be in A, then the

,OF;l at w = Fg(z) is

Beltrami coefficient of F

g

]
[
!
Y

, ' - ¢

Z w
2 W

WE l—g l—(;C

-1 .
Consequently, by the same argument as above, we see that fC'OfC is

extremal and dA(C,C') = dT(Q(CK),Q(C'K)). Thus we have (a)

The proof of (b) is now easy. Noting that ¢tK € Ml(R*) for tel



45

and that T(I',0) 1is isometrically embedded in T(G,ﬁ), where G 1is a Fuchsian

model of I ( cf. Earle [3] ), we obtain (b) by (a), q.e.d.

Proof of Theorem 3' First, let us consider the case where R = R%,
N
Let (z.) € A" and veM(R. If k=).C.K, Vv, then sup.|C.| <
j 1 Ly &5y ~ s pyleyl
“le—VI| by Proposition 2, in particular, K 1is extremal. If furthermore
Vv e Ml(V,R). then all Ej are zeros, hence we have (4.5). The proof for
the case where R # R* 1is the same. The second conclusion follows from the

same argument as in the proof of Theorem 3, q.e.d.
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§6. Examples

We first give an example showing that the hypothesis of Corollary 1 is
not quasiconformally invariant in the following sense:

Proposition 3 Let (I',0) be an arbitrary pair of a Fuchsian group T
and a boundary condition o0 for which Area(D/T) = ©® and w is bounded.
Then there is a measurable subset E, invariant under [, of D with
Area(E/T) = o, and for each K > 1 there is a K~quasiconformal self-mapping
f of @ such that the Beltrami coefficient of £ belongs to MO(D—E,F,O)
and Area(f(E)/T) < =,

Proof. In case of O # ﬁ.( resp. O =fﬁ ). let P be a Dirichlet
fundamental region whose center is in ii— 0 ( resp. in U and fixed by no
elements in I ). Since Area(P) = o, there is a sequence {An}:=l of
mutually disjoint hyperbolic disks with ( hyperbolic ) radii r and centers
c such that AnC PNU,

co [es] 2

(6.1) sup r_ < % and Area(U A ) = 7 z sinh'r = = .

n n n
n n=1 n=1

For each n, let m be a universal covering map:A = { |z| <1} > D
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with m (0) =c , and A' = { Izl < a_} be the component of w—l
n n n n n

@)
containing the origin. Then there is a sequence {bn}: 1 with 0<b <1
= n -

2
suth that zn (anbn) = © and En (anbi)2 <= for all K > 1. 1In fact,

from a = tanhr and (6.1)it follows that a = sup_a_ < ® and
n n n n

znéﬁl = © , hence there is a sequence {n(j)};:l of natural numbers such
that n(l) = 1 and a2 S_EnEJ+%)—laz < 2a2 Let b_ = j_l/z for §>1
= tn=n(j) n n =

and n(j) < n < n(j+l), then {bn} is the required sequence.

Set E =7 ({|z] <ab }) and E-= Uyel" v(U (E Ufzed;zeE 1),

K-1

- i ! i = <
Let 8, be a self-mapping of An defined by gn(z) bn z for Iz[ anb

n

1-K K-1
12)%7L,

= < < t is K- -
and g (2) = a_ for ab < |z| a , then g is K-quasi

conformal. These mappings gn’s and the covering maps ﬂn’s canonically

induce a K-quasiconformal self-mapping f of LJn An . Extend f to

CL(P(U) so that f fixes all points in CI1(P[}U) =~ tJn An , and after,
~N A .

to P symmetrically ( when o # R ), finally, to € so that f is

compatible with [ The extended mapping f 1is well-defined and a K-quasi-

A
conformal self-mapping of €  whose complex dilatation belongs to
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MO(D-E,F,O) by definition. 1In additionm,

Area(E/T) ;=2n Area( { 'zl < anbn} )

2
En(anbn) =%

Iv

on the other hand,

ZZn Area(gn({ |z] < a b )

A

Area(f(E)/T)

ZZn Area( { [z[ < anbi} )

< const.zn(anbi)z < o,

Thus we have our assertion.

Our second example is concerned with Theorems 2 and 3.

Proposition 4. There exist a Riemann surface R which contains

satisfying (4.2), and a measurable subset V for which the condition (4.3)

in Theorem 3 holds but the hypothesis (4.1) of Theorem 2 does not.

I' is the trivial group {id} and o =

Proof. Consider the case
{2%;nez }U{0, ®}. Let R=(/E\—O(=D)and Q=1{z2R;|z|<v2}. ( One may

I' is a Fuchsian group of the first kind such that

consider the case where

In such a case-it is not necessary that V

U/T=¢ - ({2%;nez}VU{0}).
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is assumed to be symmetric with respect to R.) Fixa 6, 0 < 8§ <7, and
ib .
set S={z=re €R; §<06<2r-38}. We then claim that
. 2 2

(6.2) m = inf{ |z| )\R(Z) w(z) ; zes }>o0.
Let T be the conformal self-mapping of R:z #» 2z, and X = SN{1/2 < |zl

. 2 2 .. .
<1}. Since w(z) as well as |z| AR(Z) is invariant under <T> by Theorem

e . 2 2

B and the definition of w(z), we have m = inf { |z] )\R(z) w(z) ;z € X }.
The set X 1is compact in R, the function w 1is lower semi-continuous and
, 2 . . . . .
1nfX >\R >0, hence 1if m = 0 then there is a point zy in X at which w
vanishes. This implies that F(zO,C) =0 for all ¢ in R. It follows
from the reproducing property of F in Theorem B that all functions in

Al(R,{id}) vanish at =z but this is absurd because 1/{z(z-1)(z-2)}

O,
belongs to Al(R,{id}) Thus we see (6.2).

Let © :[O,/f] + [0,m7-38] be a continuous function such that ©0(0) =0

o , Let V be a measurable subset of SN such

and f(o’m(e(t)/t)dt

that V 1is symmetric with respect to R and f |=r} dé = 26(r).

vn{|z

These R and V are what we seek, in fact, we have



/
P(VNQ) A /oy

where p(z) = z/JE, and

f wda > mff [z[_zdxdy = o,
v \Y

This completes the proof.

-2 V2 -1 _
lzl dxdy = 2 t “0(t)dt = o(llogr|) »

Department of Mathematics,

Kyoto University

50



[1]

(2]

[3]

[4]

[5]

[6]

[7]

[8]

51

References

L. Bers, Automorphic forms and general Teichmuller spaces, in Proc.

Conf. Compl. Anal., Minneapolis, 1964, Springer-Verlag, 1965, 109-113.

L. Bers, Automorphic forms and Poincaré series for infinitely generated

Fuchsian groups, Amer. J. Math. 87 (1965). 196-214.

C. J. Earle, Teichmuller spaces of groups of the second kind, Acta

Math. 112 (1964), 91-97

C. J. Earle, Reduced Teichmuller spaces, Trans. Amer. Math. Soc. 126

(1967), 54-63.

R. Fehlmann, On absolutely extremal quasiconformal mappings, University

of Minnesota - Mathematics Report 81-146.

R. Fehlmann, On a fundamental variational lemma for extremal quasiconformal

mappings, Comment. Math. Helvetici 61 (1986), 565-580.

F. P. Gardiner, The existence of Jenkins-Strebel differentials from

Teichmiller theory, Amer. J. Math. 99 (1977), 1097-1104.

F. P. Gardiner, On partially Teichmuller Beltrami differentials, Michigan

Math. J. 29 (1982), 237-242.



52

[9] R. S. Hamilton, Extremal quasiconformal mappings with prescribed
boundary values, Trans. Amer. Math. Soc. 138 (1969), 399-406.

[10] A. Harrington and M. Ortel, The dilatation of an extremal quasi-
conformal mapping , Duke Math. J. 43 (1976). 533-544.

[11] E. Hille, Functional Analysis and Semi-groups, American Mathematical
Society Colloquoquium Publications vol. 31, American Mathematical
Society, Providence, R.I. 1948.

[12] J. A. Kelingos, On the maximal dilatation of quasiconformal extensions,
Ann. Acad. Sci. Fenn. Ser. A. I 478 (1971), 3-8.

[13] I. Kra, Automorphic Forms and Kleinian Groups, Benjamin, Reading,
Mass., 1972.

[14] S. L. Krushkal’, Quasiconformal Mappings and Riemann Surfaces,
Winston , Washington, D. C., 1979.

[15] S. Lang, Differential Manifolds, Springer-Verlag, 1985.

[16] J. Lehner, On the boundedness of integrable automorphic forms,

Illinois J. Math. 18 (1974), 575-584.



53

[17] O. Lehto, Univalent Functions and Teichmuller Spaces, GTM 109,

Springer-Verlag, 1986.

(18] 0. Lehto and K. I. Virtanen, Quasiconformal Mappings in the Plane,

Springer-Verlag, 1973.

(19] A. Marden, On homotopic mappings of Riemann surfaces, Ann. of Math.

90 (1969), 1-8.

[20] J. Mujica, Complex Analysis in Banach Spaces, North-Holland Mathematics

Studies 120, North-Holland, 1986.

[21] H. Ohtake, Lifts of extremal quasiconformal mappings of arbitrary

Riemann surfaces, J. Math. Kyoto Univ. 22 (1982), 191-200.

[22] H. Ohtake, A canonical decomposition of automorphic forms which vanish

on an invariant measurable subset, TOhoku Math. J. 39 (1987), 299-311.

[23] K. Oikawa, A problem on the deformation and extension of Riemann

surfaces, Hokkaido Math. J. 10 (1981) Special issue, 546-554.

[24] E. Reich, On the relation between local and global properties of

boundary values for extremal quasiconformal mappings, in Discontinuous



54

Groups and Riemann Surfaces, Univ. of Maryland, 1973 (ed. by L. Greenberg),

Ann. of Math. Studies 79, Princeton University Press, 1974, 391-407.

[25] K. Sakan, On extremal quasiconformal mappings compatible with a

Fuchsian group with a dilatation bound, T&hoku Math J. 37 (1985), 79-93.

[26] K. Sakan, A fundamental variational lemma for extremal quasiconformal

mappings compatible with a Fuchsian group, TOhoku Math. J. 39 (1987),

105-114.

[27] V.V. Savin, On moduli of Riemann surfaces, Dokl. Akad. Nauk. SSSR 196

(1971), 783-785. ( English translation; Soviet Math. Dokl. 12 (1971).

267-270.)

[28] K. Strebel, On quasiconformal mappings of open Riemann surfaces,

Comment. Math. Helvetici 53 (1978), 301-321.



	R267_0
	R267a

