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Selberg Trace Formula for odd weight and 's-1

Shigeki Akiyama

80 Introduction

The main purpose of this note is to devélop the Selberg Trace
Formula for odd weight and I'P-1. It is well known that there is a
slightvdifferénce befween the contributioﬁ of regular cusps and the
one of irregular cusps even in the case of the dimension formula of
the space of cusp forms of the abdve type . Anyone who wants to
know this phenomenon closely, will find the lack of the Trace Formula
of the above type.

The second purpose of this note is as follows. At the symposiuﬁ
"Automorphic Forms and Related Topics" in Research Institute, Kyoto
Univ. Jan. 1987‘, Tanigawa, Hiramatsu and the auther made a report
about the Trace Formula for Hecké Operatersrin the case of weight one.
In the special éase of the.report, we wrote the dimension of the
space of cuSp forms of weight oﬁe, using,fhe residue of the Selberg
type_zeta function. [5] The result is the extension of [2]1[61(7].
But the formula is unsatisfactofy_because the "zeta" has no
functional equation. In‘this‘ndte, we write the diﬁension formula
of weight one by more natural "zeta" functidn which has functional
equation.

§1 Notation
Let H be the complex‘upper‘half plane énd T¥Z /(210 . We set

H= H x T, G=SL(2,R), G= G x T . Then & acts transitively on Ml in



the following way;

(g, a)+(z, ¢)=( gz , ¢+ arg j(g,z)-a) (g, a)eG , (z, ¢)eH

ab az +b
[ cd cz +d €H

With the involution £(z,¢)=(- z ,- ¢) , (G,H,&) is the Weakly

where g= ]eG s grzZ= , J(g,z)= cz +d

Symmetric Riemannian Space. The ring of G ihvariant differential

operaters on this space is generated by A and <& where ,

o 9
Let T be the discrete subgroup of G not containing -1.

We identify G with G x {0} , and F with I' x {0}.

Take a unitary representation x of T' pf degfee vV (K= ) Let

L TELSTRARAEY be the complete representatives of I' inequivalent cusps

of MH. And we write Fi the stabilizer of Ki» and F? =Fin ker x . We

will consider the cusp form of MH , so take x under the condition
r,,r9 1 ¢ = for i=1,2,-+*-,a.
Take o€ G such that o,« =k, , satisfying the following condition;

i i
If x; is regular then T = a}lrioi is generated by [ é } ]

i 1

We consider € valued, square integrable functions on 3| satisfying

If ¥, is irregular then I'_ o{lrioi is generated by [—é -1 ]
fly-(z,¢))= x(y)f((z,4)) for any ve€l , and denote the space
consists of these funtions as Litr,ﬂ) .

Selberg Eigenspace is a subspace of Li(f,ﬂ) with two additive

conditions of the followingz‘
]

I. 3¢ I -im f
2. Af = xf
Ve write this space £,(m).  Then A is numbered as follows;
Lml(iml - ) ' Ceeeee
5 "5 1 2‘11’2‘;2 e

i = - 2 —1 = - | =——l i
For the convenience, we set ln (rn + 4 ) sn(sn 1), sn > +1rn.



171

To describe the continuous spectrum, we define the Eisenstein series

which attach to Ki (i=1,----,0) .
E;(z, $ is)= 3 _Im o le 2y
{o}e I \I 1

5 exp ( -mi,o}lo é ) x o P,

S

= > ‘“‘“lL_ig exp (—mi ( ¢ + arg (cz +d))) x_l(oio) P,
|cz +d]“> ,
In the last summation o¢ runs over all representatives of r.\ a}lr,
and o = [ 2 3 ] . Pi is defined as follows;
If Ky is regular then Pi= —%— > x(g)

i ger.iro¢

i
2r.

S (-nixah)
) i=1
where r =0 T';: r? 1 ,n € ri is choosed so that n mod (F‘i))2 should be

‘ o = 1
If Ky is irregular then P,;= 2r

a generater of l‘i/(l'“i")2 .

This Eisenstein series is meromorphically continued to the whole
s-plane and satisfy some functional equation .(cf [21[61) We write |
@m(s) the constant term matrix of these series. When x is an
identity and m is an odd number, ¢m(s) is a vxy alternative matrix.
We can also find that-mm(—%—) is unitary if we restrict our attention

to the regular cusps. Combining these facts, we know that the number

of M'-inequivalent regular cusps is even .

§2 Selberg Trace Formula for odd weight

First of‘ail we write down Selbefg Trace Formula in 6ur case..
Theorem 1 (Selberg Trace Formula for odd weight )
Let N.be a non negative integer and m=2 N+1. We assume that h(r) is
an analytic function in the complex region [Im(r) < max(N,1/2)+5 |
satisfying following two conditions; |

(1) h(r)=h(-r)
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(2) There exists a sufficiently large number M such as’

-2-5
h(r)< M %|1+Re(r)|

where 8 is some positive real number.

Put g(u)= E%—f hir) e 1™ 4y , then the following formula holds;

oo ) N
S h(r_)= YLXVOL(I\H) [ f rh(r)coth(er) dr + 2 3 Xk h(ik) ]
< n 4 -
n=1 -0 k=0
+ Tr(x(T); sgn(T) 1n NfTol g(1n NCT})
{T)eHyperbolic  yiry2~ - My~ 72
| Tr (x(R)) e sinh (x-2@)r
* {R}eEl§iptic T ST | I_E‘r’ sinh nr dr
N 2ike
i h0) +213 e h(ik) ]
k=0
omiot. . | .. 1 (N h(0)
- g 3 in |1-e ij|+ 3 (fg- - aij)( > heix) - 202 )
aiJ¢0 aij¢0 k=0
regular regular
onia, - N h(0)
- g(0) 3 iIn |1+e idgl- 2 “ij( S h(ik) - = )
) <0 ) 70 k=0
irreqular irregular

' ! _ h(o) 1
+ —— h(0)- 45 Tr(mm( 5 ))

1 [ T T 1 -1 )
+ T h(r)Tr(@ m( 5 +ir) Qm( > +ir) k)dr t 9g(0)In 2

-0

O | m 1 .. _m . 1, _ ;
v gt f_g(r)[¢( s—+irs ) ek (—+ir- —5-)-20(——+ir)-26(1+ir)] dr

We regard "~" as the conjugation in SL(2,R) and { } as its

conjugacy class . In the above formula we denote that
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T ~ [ A . ] , where |x|>1 , I'(T) means the centralizer of
T inT, *I(T) is the order of this group. Ty is a generator of

F(T). N{T}= 12  sgn T= sgn A
R ~ [ cos @8 -sin @ ]
sin 8 cos 6
T. is a generater of Fi, the stabilizer group of cusp Ky

i
exp(2n1ail)

x(Ti) ~ [

exp(2niaiv)]

To choose aij , we determine;

If Ki is regular then “ij e L0, 1)
o ' 1 1
If Ki is irregular then aii € [ 5~ 0 75 )
1

Ti can be taken in two ways, as we can replace by T; . So we choose

Ti by the clockwise orientation of the normal polygon_of H .
t=A+B where A means the number of pairs (i,J) such that a«; ;=0
» where i moves in the range that k; is regular and J =1, 00,V
And B means the number of pairs fi,j) such thét L —%—’, where i
moves in the range that Ky is irregular and j =1, *°-+-,v .

¥(s)= ——(s) is the digamma function.

'§3 Selberg Zeta Function for Odd Weight

% - ‘ [oo3
r(s,x)— m E

g n

, v . =5-n
Put Z det ( Ev sgn(Pa) X(Pa) N{Pa} )

0
where the first ﬁvruns over all primitive hyperboric conjugacy class
{Pa} of T , and Ev~is the vxy unit matrix. Using the formula of §2
under the weaker condition fhan (2), we can induce the functional

equation of Z;(s,x). And in the process we get the proof of the

formula under the condition (2) .

Now we can write down the functional equation.
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Put Er(s,x)= a% log Zn(s5,%)
K K 1
©  Tr(x(PX)) sgn (P%) 1n N{(P_} -(s— ——)K
_ o o o 2
=2 2 i — N{P >
o k=1 L _ 1
N(P,) 2 N{P >~ T2

Theorem 2 (Functional Equation ) We have

* * - o1 1
Ers,x)+80(1-5,x) = -v vol(IM\H) (s > ) cot (n(s > )
i 0)(5- ——)
5 Tr(x(R)) sin (rn-20)(s >
- b19 % r 0
{R} F(R) sin @ sin (g(s- —%— )
+2, 5 Inll- R N S In 1+ e2mic; 5
ij=0 ij=0 ‘
-regqular irregular

L9y Lt ;
p (s) 5 (&m(s)+ ﬁm(l s)) + 2 ¢t ln 2

_m_
2

1

m —_
2

5)-2 ¥(s) -2 ¥(s+

where &m(s)=¢(s+ Y+ (s- ),

@(s)= det mm(s)

Especially in the case when I' contains no elliptic elements and has
compact fundamental region, Z?(s,x) has a simillar functional
equation with the classical Selberg Zeta function.

‘Cor 2.1 |

Suppose F is strictly hyperbolic then

Z*(s,x)=Z?(l—s,x)*exp(—v*vol(F\M) f z cot (;x z) dz )

.
s- —5—
r 0
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§4 Duality of Riemann-Roch type and the dimension of the space of

cusp forms of weight one.

First we consider the space ¥ u(rex) consists of v row vector valued

holomorphic functions satisfying 1. and 2.
1. FI[T]m = x(T) F for T €T

tF(z) ym dz < «

2. f F(z)
™\H

where FI[T]m= F(T-z) J(T,z?m . The connextion of this space 9m(r,x)

and Selberg Eigenspace is given by the following lemma.
Lemma 1.

m+2
m m _ 2 s
Zx(m+2,—§—(l + —5—))— y exp( 1(m+2)¢) 9m+2(r,x)
_m .
m m _ 2 s -
zx(m,—if(1 t )) —/y. exp(,1m1¢) g _pTx)
Lemma 2.

m m . ' S
Suppose A& > (1+ > ) then dim Zx(m,A) = dinm 2x(m+2,k) .

Using these two lemmas, we can caluculate the difference of the

dimension of 9m(r}x) between that ot ¢, _(Ix) .
Theorem 3
dim 9m(r,x) -dim 92_m(r,x)
Jv ol oL 5 _TrxRyi el MDO
4n - 2 *T(R) sin 0
{R} SR
ol (g - 2 g
iJj=0 a ij=0
regular irregular
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S
] ml 1
- 5 sgn(m-1) - 5 Tr(@m(—ﬁ—))

where sgn(0)=0 and 5ij is the Kronecker symbol.

If m > 1 then the space ym(r,x) coincides with Sm(r,x), the space of
classical cusp forms ( of v row vector valued ). And m<0 then ym(r,x)
is empty. Although S5,(I',x) is empty , 945(Tsx) is the space of
constant functions of dimension one. Seeing these facts, we can
derive the dimension formula of Sm(r,x) for m:odd and I's-1.

Cor 3.1

For m 2 3 , m=2N +1

d = d1m_Sm(F,x)

m
_ v Vol 5 _Trox(R) o2N8
- 27 2 ¥T(R) sin @
{R}
. {1 < ]
+ > (——— - a..) - 2 o, . - ——
oF jep \ 2 13 o jmg 1 2
regular irregular

In the case of weight one, we can only catch the difference between

Sm(F,x) and Sm(F,x) .

Cor 3.2
dim S, (I,x) - dim sltr,i)
- is Ir(x(R)?
(R} 2 F(R) sin 8
1 ' 1 1
R T = S IO S T iy PRI By
aij#O » 2 “1Jd “ijxo iJ 2 1" 2
regular irregular



§5 The other expression of d
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Now we treat the Trace Formula of §2 as a one parameter family.

We consider that h(r) is not only a function of r but7a150\of s

, where s runs over all complex plane and h(r)=h(r,s) is a meromorphic

function of r and s. We assume that the Trace_Formula converges in

some region of s , then we may use the Trace Formula for the larger

region if the Trace Formula is analytically continued.

As dm=dim Sm(r,x) is the multiplicity of h(

i) in the left hand

1-m,

side of the Trace Formula, we can catch the value dm if h(=—i,s)

has a pole at some s=s

n

{ and h(r,s) is holomorphic at s=s

2

1 for another

r. According to this criterion, we can again induce Cor 3.1. In

this case the hyperbolic term corresponds to the holomorphic point of

g;(s,x), so the contribution to the dimension formula vanishes.

Using the criterion for dl’ we can induce Theorem 4 . We nbtice

that this is somewhat different form from Cor 3.2.

Theorem 4 We have
1 % . Tr(x(R))
d;= = gfdl Zp(55X) + l{g} ZFT(R) sin 0
=5

1

1 B
L ) (2‘“13)‘ 7w, %

& =0 ®5 j=0
regular irregular

where "ord" means the order of zeros.

Comparing with Cor 3.2 we get
Theorem 4’

ord Z*

1

2

dim S, (T, x)+ dimlsl(r,f)'

r(-s,x)
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Cor 4.1

For real representation x , d1= —%— ord Z?(s,x)
1

S=—5—

2

This result is the good explanation of [21[61L[7].

Comparing Trace Formulas of different odd weight, we easily get the

following.
Theorem 5
d,=dim £_(2N +1——1—)+—1—Tr¢(—-1-—) for N = 1
1 X ’ 4 2 1\ 2 ‘
From Lemma 2 we Kknow that dim Zx(zN +1,— —%—) is independent of N.

This result can be written in the fornm

. 1 . 1 _ 1 1
dim ﬂx(l,— —Z—) - dim ﬂx(S,— —Z—) = —E—Tr ¢1(7?J

If x is an identity then ¢1 is alternative so that .the right hand side

is zero.

Cor 5.1

Let x be an identity , d1=dim £X(2N +1,- —%—) for N> 0

The auther would like to express his heartly thanks to Professor

Hiramatsu and Professor Tanigaua for the fruitful discussions
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