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1 Introduction

In this note, we consider the nonlinear elliptic equation of the scalar-field type
on the whole sphere

(1.1) Au—du+ [ufflu =0 in S,

where A is the Laplace-Beltrami operator on the usual unit sphere S ¢ R*+!
(n > 2), p>1, A > 0 and seek a positive solution which is singular at both
the North pole N = (0,0,...,1) and the South Pole S = (0,0,...,—1). Such a
solution is called a positive singular-singular solution.

We introduce the polar coordinates to study (1.1). A point (21,2, ...,2Zn41) €
S™ in the polar coordinates is expressed as

(x1 = sin @y cos By,

k
Tp = (HsinHj) cosbrr1, k=2,.,n—2,
j=1

. n—1
{ ZTpoy = (H sinﬁj) cos @,
j=1

n—1
Ty = (H sinej) sin ¢,

=1

Tp+1 = cosbh,

\

where 6; € [0,7] 1 = 1,2,...,n) and ¢ € [0,27). As the first step, we study
(1.1) in the class of azimuthal solutions (depending only on the geodesic distance
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:= ¢ from the North pole) which are symmetric with respect to the equator.
Thus, we consider the following ordinary differential equation

(1.2) Sin™—1 9{(Sin""1 Oupte — du+ [ufTlu =0, 0<6<n/2,

ug(m/2) = 0.
We prolong the solution u of (1.2) to the interval 6 € (w/2, ] by defining

u(6), 0<6<n/2,
w(f) =
u(r—0), n/2<0<nm

so that # is a solution on S™.

Concerning nonlinear elliptic problems on the sphere, the existence or the
nonexistence of positive regular solutions are discussed by Bandle and Ben-
guria (3], Bandle and Peletier [4], Brezis and Peletier [5] and Kosaka [11]. In
contrast with regular solutions, singular solutions seem not to be investigated
intensively. The purpose of this note is to present sufficient conditions for the
existence of a positive singular solution.

Here we note that there are several results on the existence of positive singular
solutions to semilinear elliptic equations on the Euclidean space by Bae [1], Bae
and Chang [2], Chern, Chen, Chen and Tang [6] and references therein.

Although the main topic in [8] by Dancer, Guo and Wei was on non-radial
singular solutions to Au + u” = 0 in R", they used a symmetric singular solution
to (1.2) with a specific value of A under suitable assumption on p. We discuss
(1.2) for wider range of A rather than [8].

We remark here that from (1.2), we see that

n—1

sin s
ds

/2
-1
ug = /0 (—Au + |[ulP~ u) T Tg

for @ < 7/2. Thus, we cannot expect a positive singular solution if A < 0. Hence
our restriction on A is quite natural.

To find a singular solution to (1.2), we introduce two types of the Pohozaev
(type) identities. One is directly constructed from (1.2) in Section 2, the other
is constructed after transforming (1.2) to an ODE on the exterior of a ball in
the Euclidean space in Section 4. This technique is suitable for analyzing the
problem especially in the three dimensional case.

Before stating our main results, we enumerate symbols frequently used in this
note. Let

(1.3) Ay = [w()‘ _ 2;%)]1/@—1) if A> 2 2,
* 2 2 2
_ [+ 1){4r = n(n - 2)}]V/ED n(n — 2)

»= 20n-(pt D(n-2)} i A> ==,

(1.4) Ba



_n+2 _— 2
T n-2 T op—-1
To find a singular solution, we consider the initial value problem

A=m(n—1-m).

Ps

(sin® 1 @ - uglg +sin" 1. (~Mu+uP) =0, 6 (0,7/2),
(1.5)
u(w/2) = a >0, ug(nr/2) =0.

For any o > 0, (1.5) has a unique solution, which is denoted by u(0; ). Analyzing
(1.5), we have the following theorems concerning (1.2).

Theorem 1.1 Let n > 3. Then equation (1.2) possesses a continuum of posi-
tive singular-singular solutions symmetric with respect to 8 = w/2 if one of the
following conditions holds:

(1) 1<p<ps, (n=-2)2< A< (n-2)(p+1)/2(p-1);
(ii) p=ps, (n—2)/2 < A <n(n-2)/4.

Remark 1.1 The unique solution u(6;a) to (1.5) becomes positive and singular
in the following range of the initial value:

(i) 0O<a< Ay, if(n—2)/2<A<n(n-2)/4 and 1 < p < ps;
() Byp<a<Ayp,ifn(n—-2)/4< A< (n-2)(p+1)/(p—1) and 1 < p < ps;
(ili) 0 < a < Axp if p = ps.

If p < pg, there exists a continuum of singular solutions. On the other hand,
we prove the existence of a unique positive singular solution for the supercritical
exponent case (p > pg). This is one of the main differences in the structure of
solutions.

Theorem 1.2 Letn > 3, p > pg and A > —m. Then a positive singular solution
at § = 0 of (1.2) exists and it is unique.

When n = 3, we have more accurate results than Theorem 1.1.
Theorem 1.3 Let n = 3.

(i) If A € (0,1], then for each p € [2,5], (1.2) has a continuum of positive
singular-singular solutions.

(ii) IfA > 1, then for each p € [2,5), (1.2) has a continuum of positive singular-
singular solutions.

Theorem 1.4 Letn = 3.

(i) If X € (0,1], then for each p > 5, (1.2) has a continuum of crossing
solutions.
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(i) If A > 1, then for each p > 5, (1.2) has a continuum of crossing solutions.

Note that p = 5 is excluded for A € (0,1] in (i) of Theorem 1.4.

This paper is organized as follows: In Section 2, symmetric solutions are
treated and Theorem 1.1 is proved. Theorem 1.2 is proved in Section 3. Another
approach on the three dimensional case is employed in Section 4. Concluding
Remarks concerning asymmetric solutions are discussed in Section 5.

2 Positive Symmetric Singular Solutions for Subcrit-
ical and Critical Cases

In this section, we establish the existence of a continuum of positive singular-
singular solutions of (1.2). We first observe the following Pohozaev identity for
(1.2), which is verified by the direct calculations.

Lemma 2.1 [Pohozaev Identity] Let
P(6,u) := sin™ ! §-ug-(sin 6-ug+(n—2) cos §-u)-+sin™ 6-[(¥—A)u2+%up+l].

If u(8) is a positive solution of (1.2), then there holds

n(n—2)—4x , 2n
2 u+(p+1

(2.1) E—P(O,u) =sin" ' @cosf | — (n —2))uP].

de
To prove Theorem 1.1, we need one lemma. Let u(6;a) be the solution of
(1.5).
Lemma 2.2 If one of the conditions (i) or (iii) in Theorem 1.1 holds, then, for
any 0 < a < Ayp, there exists a singular solution to (1.5).
Proof. Let u = u(6;«) be the solution of (1.5). Then u satisfies one of the
following three cases:
(a) u(f;a) is a positive regular solution. Namely, u(f;a) > 0 forall 8 €
[0,7/2] and wg(0;c) = 0;
(b) u(#;a) is a sign-changing solution. There exists 6; € (0,7/2) such that
u(0; ) > 0 for all 6 € (0,,7/2] and u(6;;a) = 0;
(¢) u(f; ) is a positive singular solution. That is, u(6;a) > O0forall§ €
(0,%] and u(6;a) - 00 as 6§ — 0.

Let 0 < a < Ay p, where A, , is defined by (1.3). If one of the conditions (i) and
(iii) of Theorem 1.1 holds, then, by Lemma, 2.1, we obtain

2
P u) = (@1 — AP .0? <0 forall 0<a< Ay,
2 p+1 P ’
(2.2)
dP

%0 (6,u) > 0 whenever u(f;a) > 0.



If case (a) happens for some o € (0, Ay ), then by Lemma 2.1 and (2.2) we obtain
0>HgmzP@w:m

a contradiction. Hence case (a) cannot hold.
If case (b) happens for some a € (0, Ay ), then similarly by Lemma 2.1 and
(2.2) we obtain

0> P(%:u) > P(61,u) =sin™ 0, - u2(61;a) > 0.

We also get a contradiction, and hence case (b) cannot be true.
Therefore, for all 0 < a < Ay ,, u(8; ) have to satisfy case (c). O

Proof of Theorem 1.1. By the reflection with respect to 8 = 7 /2, the existence
of a continuum of positive singular-singular solutions immediately follows. By
Lemma 2.2, (i) and (iii) of Theorem 1.1 are proved.

On the other hand, it is easy to see that

(n—-2)(p+1)
2(p—-1)

n(n — 2)

>
- 4

if p < ps.

Moreover, there holds

p+1 n-—2
A —
2 ( 2

p-1(Ty 5 P+ 1A —n(n—2)) o
) > (2)“2(2n~(p+1)(n~2)) AP
equivalently, A < (n — 2)(p+ 1)/2(p — 1). Thus (ii) of Theorem 1.1 is proved.
This completes the proof of Theorem 1.1. a

Remark 2.1 The arguments in this section may be refined by using the method
developed by Yanagida [14] and/or Shioji and Watanabe [13].

3 Proof of Theorem 1.2

In this section, we prove Theorem 1.2 and show that the existence and uniqueness
of positive singular solutions at § = 0 for the supercritical case. To this end, we
need the following two lemmas.

Lemma 3.1 Let A > —m and u(6) be a positive singular solution at 8 = 0 of
(1.2). Then there exists 0y > 0 such that

mp— 1) ~1/(p-1)
<'sin™§ . —_— < 6,.
0<sin”6-u(f) < (2n(m+)\)) for 0 < 6 <6y
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Proof. Since limg_,ou(6) = oo, there exists o > 0 such that ug(8) < 0 and
uP~1(0) > m + X for 0 < 8 < 6p. From (sin® 18- ug)g = —sin™ ' 0 - (= Au + uP)
for 6 > 0, we have

0

sin" 16 . ug(8) = sin" 10 - ug(6) — / sin® "1 ¢ . (= Au+ uP) d¢
01
e
< —u”(@)/ sin®~ 1 ¢ (=dul"P 4+ 1) de
6
< = uP(0) /esin"“lf d¢
m+ A 6, ’

where 0 < 6; < 0 < 6y. For 8 € (0, 6] and letting 8; — 0, we get

0
san—1
o m [amic
uP(0) m+XA  sin®lg

For 6 € (0, 6], we also have

)
/sm” le de /sm” lecose de
0

sinH
n"— 10 - - 1 4] n
which implies
ug(§) ~ msind
uP () n(m+ )’
Hence, for 0 < 6, < 6 < 6y,
1 1-p 1— m
- §) — 1P (- :
1_p(u (8) — u'7P(6,)) < n(m+A)( cos 8 + cos 03),
which implies, letting 62 — 0,
1 m msin? 6
—ul? ———(1-cosf) < ~—n—— 0<6,.
1—pu (9) < n(m+)\)( cosf) < 2n(m + X) for 0. <6< bo

Therefore, we obtain
m(p — 1) -1/(p-1)
sin™ @ - u(8) < (Zn(m—i—)\)) for 0 <6< 6.
0

We also see that the limit (sin™ )u(f) as § — 0 exists although we do not
give a proof here.
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Lemma 3.2 Let p > ps. If u(9) is a positive singular solution at 8 = 0 of (1.2),
then there holds

lim sin™ 0 - w(0) = (m(n — 2 ~ m))l/p V=L

80

Proof of Theorem 1.2. Suppose (1.2) has two distinct positive singular solutions,
£(6) and ¢(6). Then, by Lemma 3.2, we have

;{%Sinmg -§(0) = ;grg)sinmﬁ () = (m(n—2 - m))l/(pwl) =L
Let v(0) = ¢(6)/£(6). Then v(0) satisfies
vgg + ((n —1)cot 8 + —z-gﬁ)vg + &P Y P —v) = 0.

Set s = —log(sin#) and w(s) = v(@) — 1. Then w(s) satisfies

d2
(3.1) d2+fw%~+gW)
where 1 2sin 6 - £4(6)
sinf - &
f(6)=~(n—1)+ cos?f  cosB-6(6)
and

if v(8) # 1,
9(0) =
(p—1)tan®0-£P71(6) if v(h) = 1.

By giﬂé (sin™*19 - ¢4(0)) = —mL, we obtain
..._)

sin fg(t?) N
620 cosf-£(6)

It follows that
lim f(6) = —(n—2-2m) <0 and limg(f) = (p—1)LP"' > 0.
6—0 6—0

Thus, f(6) and g(8) are Lipschitz continuous in [0, 00). Hence, (3.1) can be solved
uniquely for arbitrary given w and w’ at § = 0.

Note that
slirgow(s) = hm U(G) 1=0
and
) B Go C&o
slg:gow (s) = hn%( ta,mé?f + tan 652) 0.

This reduces w = 0 and we get a contradiction. The proof is complete. O
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4 Symmetric solutions for the case of n = 3

As we mentioned in Introduction, we give another method to show the existence of

positive singular-singular solutions. First, we use a regular solution to the linear

problem to erase the linear term. This process is called the Doob h-transform.
Let ¥(0) be a regular solution to ‘

(4.1) {(sin™? 0)Wy}e — A(sin™" 1 )T = 0.

In case of n = 3, let A = (1 p?) with g € (0,1]. Then ¥(6) is explicitly expressed
as

_ sin ub
v (6) = sin @

and p
w(6) = siné

for A =1 (u = 0). Similarly, if A = (v + 1) with v > 0, then

¥(9) = sinh v0

sin@
Now, we transform (1.2) into the form which has no zeroth order term. Letting

9(6) = (sin" ™1 6)¥(6)?,

= ! w(T _______u(@) T = wﬁj—-s—
= Tt Y T B -[ e
and
n/2 S
h(0) = g(6) (/0 3%) + 9) = 7g(0),

we see that (1.2) is transformed to

1 .

;—2—(72w¢)¢ + Q(r)wk =0, 7€ (p,00),
(4.2) w>0, 7€/(p00),

wr(@) =0,
with

p—1
Q(7) == Q(6) := (—-—}—l-(@—-——) (g(6))~P—5)/2,

sin(m~1)/2¢

We remark that Q is a function of 7 while @Q is a function of 6.
For (4.2), we can apply the results in [9] to obtain the corresponding results.
We introduce the functions P.(7;w), G(7) and H(7) as below:

Q(r)wht,

1 2
(4.3) P.(1;w) := 57 wr(Tw,; +w) + g
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1 p+1 [7

4.4 T S ;2

(4.4 o = o {7 - B [ Fewas),
(4.5) H(r):= ;—j—_——i {7‘2"3’ - p_—_;_l_/ s1PQ(s) ds} .

T

Then there holds

(4.6) %P*(T; w) = Gy (P!
and

G (r) = PPHH(r) = —r A

We note that P.(g,w) = 0*Q(0)w(0)?*!/(p+1) > 0. Thus, if G, is monotone
increasing, then P.(r;w) > 0 for any 7 > p. The locations of the smallest zero
of G(r) and the largest zero of H(7) are important. A kind of general results to
(4.2) is the following assertion based on Theorem 3.3 of Kabeya, Yanagida and
Yotsutani [9]. We define

p(P+3)/2

B(r) = R(B) =+ ®-9)20)(r) - MBS

Theorem A Suppose that Q € CY(p,)), @ > 0, 71Q € L([o,0 + 1]) and
17PQ(1) € L ([o + 1,00)).

() If R(1), >, #0 in (0,00), then (1.1) has only a sign-changing solution.

(i) If R(7), <, # 0 in (p,00) with o > 0 and if |[r®*V2R ()| & L ([o+1, 00)),
then there exists a continuum of positive slowly decaying solutions.

(iii) If there emists a number 7, > o such that R(7), >, # 0 in (0,7), that
R.(1) <, # 0 in (1, 00) and that [r®*D2R (1) & L ([0 + 1,00)), then
there exists a unique positive solution to (1.2) which decays at the rate 771
at T = 00 and a continuum of positive solutions to (1.2) which decay more
slowly than 77! at 7 = 0.

It is not easy to check the conditions in Theorem A. There hold weak versions of
(i) and (ii) of Theorem A, which are essentially due to Theorems 2 and 3 in [17].

Theorem B Suppose that Q € Cl((0,)), Q>0 7Q € L'([o,0 + 1]) and

17PQ(1) € L ([0 + 1,00)).

() If R.(7) >, # 0 near 7 = oo and if |r®tV/2R (7)| & L' ([0 + 1,00)), then
there exists a continuum of sign-changing solutions to (1.1).

(i) If R, (1) <, # 0 near 7 = oo and if |[rT®PtV/2R ()| & L*([o + 1,00)), then
there exists a continuum of positive slowly decaying solutions.
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In each case of Theorem B, we see that u(n/2) > 0 is always small due to
Theorems 2 or 3 in [17].

(i) If (4.2) has only a sign-changing solution for any w(g) > 0, we say that the
structure of positive solutions to (4.2) is of type C .

(if) If (iii) of Theorem A holds, then we say that the structure of positive solu-
tions is of type M.

Theorem C (i) If (i) of Theorem A or Theorem B holds, then (1.1) has a con-
tinuum of sign-changing solutions.

(it) If (ii) of Theorem A or Theorem B holds, then (1.1) has a continuum of
positive singular solutions.

(iii) If (iii) holds, (1.1) has a unique positive regular solution, which is indeed a
constant, and has a continuum of positive singular solutions.

In the following, we investigate the behavior of h(8)/sin and check whether one
of the statements in Theorems A and B is applicable or not. The important

point is the sign of
(4.7)

d ( (52 d o RO do  d ¢ P32 | do
- (r—5)/2 = = (p-5)/2 [ 2\7J b BELANRIRAI et
dr {T Q(T)} do {('rg) (sinﬂ) dr do { (sin §)P—1 }d'r
Hence, we need to check the sign of

(p+1)/2
i R(6) = h :
dé sin? @
Proof of Theorem 1.8 for X € (0,1). We need to check whether the statements
of Theorem A hold or not for the case of n = 3 and p > 1. First, we consider the

case A = 1 — u? with p € (0,1].
In this case, since ¥(#) = sin u8/sin 0, we have

1 2

 psin&lcos B T psinpm’

(4.8) {p;“?’hesmo— (p - 1)hcosa}.

P

Similarly, we have g(8) = sin? u#,

/2 ds /2 ds
7_/0 ﬁ“"/o sn?ps ' F

—[ lcotus]ﬂz-f-p— 1cotzil—l%—lcot,ue-!-p
Iz 0 Iz 2 p

and

(4.9) h(6) = (p— cotL&z’—') sin 2/,z9.

in? 1
) sin® p@ + 5



Concerning p — p~! cot um /2, we get

Thus, we see that

1 | sin 210
h(8) = utan 5 sin 10 + o
Therefore, we have
1 um, .
(4.10) h(0) =0, hy(8) = I—Z(tan ~—2——) sin 246 + cos2uf, hg(0) = 1.
Since
.C_iz — ___..}.__ <0
dd sin?pub

on (0,7/2), we have to check the sign of (4.8) by noting that 7®*t1/2 js of order
§~(+1)/2 a5 § — 0. To check the condition of (i) or (ii) of Theorem B, we also
note that

0 d A /2 d do dr
+1)/2) Z R — @+1)/2| 2 R(6)|— - —— 46
/,, P72 fr) dr /0 PO/ 2RO o d

/2
- / T#+D/2| R (6)| do.
0

If |[Ry(0)| is at most of order #7~1)/2, then we confirm the applicability of Theo-
rem B. Then we see that
3 - 4
(4.11) Pt sind— (p—1)hcosd = Lo+ 2 (tan LTy02 > 0
2 2 ) 2

if 1 <p <5 and @ >0 is sufficiently small. If 1 < p < 5, 7®*1)/2R(§) near § = 0
is of order §~(P+1)/2g—(p=1)/29 = g1-P_ If p = 5, then 73R(8) is of order 673.
Thus, if p € [2,5], thent®*V/2R(6) ¢ L' ([0 + 1,00)). Hence, (ii) of Theorem B

holds and Theorem 1.3 holds for A € (0,1). O
Proof of Theorem 1.3 for A = 1. In this case, ¥(6) is taken as
0
T(0) = vt

Then we have 9
g(a) = 92: p= “7;_"

and /2
T ds 1
T = —+p=—, h(0)=19(6) =0.
| =g no)=re®

117



118

Thus, we have

(4.12) p;3hgsin0—(p—1)hcosﬂz 5;p0+ 5P6-903>0

near 6 = 0if 1 < p < 5. We see that 7P+1/2R(9) is of order P if 1 < p < 5
and is of 672 if p = 5. Thus, Theorem 1.3 holds for A = 1. O

Proof of Theorem 1.3 for A > 1. 1In this case, we put A = 1 + »? with v > 0. In
this case, ¥(0) = sinh v6/sin 6 and :

_ 2
e= vsinh vw
/2 ds /2 ds
T = — 4 o= —_—
/0 g(s) ¢ /a: sinh? vs ¢
/2 1 1
= [-*-l—cothvs} +g:-—coth7r—y-+—~coth1/9+g,
v 6 v 2 v
1 97 1
e- ;COth_Z_ - _Vtanh%‘i’
and
(4.13)
T : v .
h(6) _ tanh % sinh? 1 + sinh2v§ _ tanh *F cosh ?V9 -1 N sinh 21/9.
v 2v 2v sin 6 2v
Thus, we have
5 —
(4.14) p—}?’-ho sinf — (p — 1)hcosé = -—2—20 — 4(vtanh 5271)02 >0

if p < 5. We see that 7®+1)/2R(8) is of order §'~P if 1 < p < 5. Thus, (i) of
Theorem B is applicable for p € [2,5]. Thus Theorem 1.3 is proved for A > 1. O

Proof of Theorem 1.4. The proof immediately follows from (4.11), (4.12) and
(4.14) with the order of 6 near 6 = 0. O

5 Concluding remarks

In this section, we make concluding remarks in two subsections.

5.1 Asymmetric solutions

In this subsection, we consider the following boundary value problem

(sin® 16 -ug)g +sin® 16 (mdu+uP)=0,0<0<m
(5.1)
u(w/2)=a>0, ug(r/2) =B €R



and investigate asymmetric singular solutions. Let u(6; @, 8) be the unique solu-
tion of (5.1), and let

1 —
(5.2) Axp = [?_i_()\ ~ u)]l/(p—l)
' 2 2
and define the set Sy, as

2 _ -
Sap = {(e6) | > 0 and 62+ @™~ A1) <0},

By the Pohozaev identity defined in (2.1), we see that if A > (n — 2)/2, then the
set S (5 0) satisfies:

(81) (,0) € Syp fO0<a< Ay

(S2) The set Sy, is open. That is, if (o, Bo) € Sxrp and (oo, fo) # (Axp,0),
then there exists 6 > 0 such that (o, 8) € S\, for any (a, 8) with |o— ag| +
1B — Bo| < 4.

This observation leads the following observation. Intuitively, we can say that
there exists an asymmetric positive singular-singular solution if the initial value
and the initial slope are sufficiently close to zero.

Theorem 5.1 If one of the conditions (i)-(ii) in Theorem 1.1 holds, then u(0; o, B)
is a positive singular-singular solution for all (¢, B) € Sy p.

Here, we also remark that as in Section 4, the existence of an asymmetric positive
singular-singular solution can be derived from the method developed in Yanagida
and Yotsutani [18], Yotsutani [19] and Kabeya, Yanagida and Yotsutani [10].

5.2 Applicability of the method of transformation

The transformation used in Section 4 can be applied to the case n > 4. In
general, the regular solution ¥() to (4.1) can be expressed by using the associated
Legendre functions and the exact form is

w(o) = B loost)
sin(n=2)/2¢

if n is even and 7
w(p) = & eos)
sin(n—2)/2 g

if n is odd, where P}’ and Q% are the associated Legendre functions, v is taken
as the positive root of
n(n — 2)

viv+1) =X+ 1

119
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Note that P""2/2(1) = 0 when n is even and Q" 2/2(1) = 0 when n is odd.
Moreover, P/(z) and QV(x) are independent solutions to

9 du u2 .
(1-2°)=— — 22 m+{v(u+1)— lﬁxz}u—o
for z € (-1,1).

In the odd dimensional case, they can be written by a finite number of com-
binations of elementary functions, however, in the even dimensional case, they
cannot be expressed by combinations of elementary functions.

In a general dimension, according to the value of A, we divide the parametriza-
tion into two cases:

2 2
S L R S ) S
The parametrization coincides with that in Section 4 when n = 3.

The asymptotic behavior of the associated Legendre functions is known but

very complicated. We do not consider it in this note.
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