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G-VECTOR BUNDLES OVER G-EANIEOLDS
OSAKA CITY UNIVERSITY HIROMICHI MATSUNAGA
At first I want to talk about some of my works,which I have stated
in other seminar,but it is my starting point,so let me dglthatg
Definition. Let G be a compact Lie group. A real or cogplex vector
bundle E —3 X is a G-vector bundle if and only if
(1) Boand X are G-spaces,
(2) the projection p is ;n equivariant map,
(3) for each x¢ X and g€G,the ac,tionv__._g: B, — ng is linear.
Let M be a compact G-manifold with orbit type ((H),(K)),vhere H,K
are closed subgroups of G with BCK. |
Definition (K.Jénich). A G-manifold M is special if and only if,
denoting by Vx the normal space to the or¥bit through x for each x¢ N,

the slice represenggtion Gx -— Aut (Vx) admits a decomposition

V. = F ©V_such that G |F_ = the identity of F_and G |S(N ) (the

unit sphere in Wx} is transitive.

We use some notations. ﬁ(K) ¢ the union of all singular orbits,
which is a closed submanifold of K. El = Erﬂ(ﬂ(x)) ¢ the closure of an
invariant tublar neighborhood of H(K)‘ Vect, : the family of all K-.

"vector bundles.
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The projection p : SN(M(K)) _— M(K) induces a diffeomorphism
p' ¢ 87[(1@1) ——-)’TC(M(K)), where [ is the projection ¥ ~—3 M/G. For a
. v, 77'? ~ o [~ E
pair (F,E) € Vect,( (M(K))XVectR(‘ﬂ: (Ml)),letv g ! PAC*F — E fS’IT(Ml)
be an isomorphism of H-vector bundles,where we denote by r* the

‘ PN S
restriction VectK -— VectH.

Definition 1. Two triples (P,E, 0(3) and (F,E, O-(H) is equivalent if .

and only if there exists a commutative diagram

pl*r* dH
F &35 p'¥r*P ——5 JOECE

!
l 7% l $a,x ,aﬁ’nfﬁ
- p'*r* - dH - -
F 2—— p'#r*F ——3 2ECE,
where fK( ‘j’E) is an isomorphism of K(H)-vector bundles,and ‘fH,K, afy

are restrictions of them.

Theorem. Under the condition

(C) x(#) = B x[(8), T(8) = 8(8)/H, NK) = Kx[(K), [(K) =
h(k)/ K, [(K)CT(H)CG, we have an isomorphism of semi-groups
Teety (M) = {(8,7, o) | / (~),
where we mean by /(N) the classification due to Definition 1.
By the theorem and an analogy of the Atiyah-Bott's proof of Bot.t
periodicity,and using H.Minami's result about R(0(n)), I have o;t;t‘sk»gined
Ko(n)(wzn"l(d)) = R(0(n-1)). These results are to bbe appeared in Usaka

Journal of Mathematics. ((1]})



In the determination of the KG-group, I have essentially used the
splitting of the normalizer H(Irx 0(n-r)) = O(r)x O(n-r), r = 1,2. The
condition (C ) is too restrictive for applications,so I want to improve
it.

By a technical reason I take right actions. Let M be a compact right
G-manifold with just one orbit type (E). Denote by [ the factor group

H \N(H), then we have a differentiable principal bundle

1) T - —u/r ,

where MH = { xeM 3 Gx = H} and the G-manifold M is the total space of
the associated fiber bundle,that is M gmﬂxr(s\s) as a G-manifold. By
€.Segal

Vect (M) = VectN(H)(MB).
(Under the condition ( C), VectK(H)(MH) ~ Vec,tB(HH[ I" ).) Since My
is a compact differentiable manifold,there exists an open covering ‘(Bi}
of ME/}“ such that Ui is deformable to a point x; of Ui apnd a -
equivalence ¢ : Ux [ —» IE'Ui for each i. For any W(H)-vector
bundle E —y MH’ there are N-vector bundles Ei o 4 Bi with Soi*Ei
Y B l y’i(Uix )y, (N = N(H)). Further we nhave an isomorphism of N-vector
bundles Ei *E— Uix (E[xix I ), because Uix I’ is N-deformable to xi,x[' ’

where N-action over [ is given by the projection q : K — [ = E\N(H).

. . ¥ A
Un the other hand,by G.Segal Ei,xix [ = V;XgN,where V. = Ei[xix(e)'
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whicn is an H-module. Phus we have an isomorphism of N-vector -bundles,

Py
U XV, X H — s B g0, xT)

e

Uxl —zZ— Y(@UxT)
, -1 :
Denote the E-equivalence tkj ‘Ei : ‘(Uinaj )XViXBR — (Binﬁj )XVJ.XHN by

Q-l ¢.(x,[v,n]) = (x,6,.(x)[v,n]), then with respect to the éo—topology
j ~i Ji

of Ison(VixBB, vaHN)' Gjils a continuous map for each i,j. By the usual

verification {Part 1.[3 ]), we get the next propositions.

Proposition 1. PFor any N-vector bundle E — mﬁ s
B2 (U0, x ¥, X gN] /(Gﬁi)'
Proposition 2. Two N-vector bundles {E,G%i) and (E',Gik) are
equivalent if and only if there exist continuous maps éki H Uénﬂi —_—
IsoN(ViXHE . VQXBN) with the property

hd § [ = v (]
G on UanjqUi, leij §1j on U1nUiNT,

ijsji = 3

Now to proceed much more, we consider the case which satigfies the
condition
(4) ¥(B) = B. s semi-direct product.

For example, take S50{(n) as & and Ifxso(n-r) as H, then E(IfoO(n-r)) =

80(n-r).0(r). In fact the section O(r) —> H(Ifxso(n-r)) is given by
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o(x)>a — (4 0 ..0 e ¥.

0 det LV

o 0o 1,

o o 1

The same property can be verified for ¢ = SU(n) and H = I#Sﬁ(n-r),
these cases happen actually (Chap. 4, [2]).
Define an H-action over ¥, x[" by (v, 7)b = (v.n¥, 1), where
v -1 . 4 !
B?Y = YnY ", then under the condition (4 ), we have
VX Y wx
Vix ' = VXgH. .
Then we can represent Gji as follows :
-1
QJ Qi(x,vo f) = (x9 gji(x)(')’ rji(x) T))
where 33 1 ie the transition function of the principal dbundle (3 )‘;I We
can prove that 855 ! Uinﬁj — Iso(V,, Vj) is ¢ontinuous and
* - in(x) 8
(*) g5 (x)(vn) = [g5(x)(v) ]n ‘

Thus in the semi-direct product case, Proposition 2 can be stated as

Proposition 2. .4. (B, 8540 rji) is ¥-equivalent to (B', g, yik;}_
if and only if there exist continuous msps Eki s ﬂifﬁ!i — I'eo(’fi, V)’t)

with the property

- - ¥ . (x)
ski(x)(ﬂl) = [ski(;x)(v)]h*&i x .

& y(X)ey;(x) = & (x) 4 &' (x)g4(x) = &y 4(x),

where ‘i-rki is the equivalence between )S g and o,
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By Proposition 2.4, we define an equivalence relation of coordinate

vector bundles fk/UixVi] //(gji, Ksi) over EH/T' with the property (*),

- - - - - - - -

the semi-group of equivalence classes. Then we have

Theorem. Let M be a G-manifold with just one orbit type (H), then
under the condition (A ),
~
Vecto(M) 5 Vecty py(My) = Vectyy (Mg /T ).

Examples.

Consider the standard m-sphere s® = DTL!D? (the union of the upper

m

]

of a principal bundle || — P — s™. For any local H-vector bundle B,

and lower hemi-spheres. Let .. : D?{\D ~—3> T be transition functions

Ji

D?Xvi = EID?, where Vi is an H-module for i = },2. We fix a point X, in

m-1

m
S = Dl{l(\D

5* By an appropriate choice of (W'ki’gki)’ we can get allocal

B-vector bundle ( 731, géi, D?xvi) which is equivalent to B = ( 551, gji

m ' _ 3 3 =
N DixVi), and ng(xO) = the identity of Vl = V2 as a vector space and
yig(xo) = the unite of ['. This is a wusual normal form of a vector

bundie over S™ (Part II, [31). Por each vevl,,

11 o(xn)
\OLE gi2(xo)(volh) = [gig(xo)(v) ].2h 12707 Ve h,

where we denote by ih the action in Vi. Thus we have Vl = V2 as an H-

module. Now we investigate the case G = SO(n), H = Ifgso(n-r).
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(1) Case m 2 2.

Since sl iq connected, then giz(sm-l) C s0(x) < 0O(r) and
s0(n-r).80(r) = SO(n-r)xS0(r) direct product, further So(r))(ln_r-action
on IrxSO(n—r) by the conjugacy is trivial. Thus we have

Vectyy (s®) & VectH(Sm),‘

(II) Case m = 1.

We can prove the next lemma by the normal form technigue.

Lemma Vectgg(sl)x %9’ the semi-group of isomorphism classes of
b’-invariant complex H-modules.

Suppose to be '{12(1-1) = [ 41 . Set n-r = 28 or 2s+l.
1l )

We need a well known formuls for the complex representation rings. Let

? be the standard maximal torus of 80(m-r), then R(T) = 2[9(1,0(;1,.»..,

O(S o(;l] » where o, is tne representationm
B ’) '

cos 8, -sin 91 cos g -sin g omig

Diag ve o w3 8
sin 01 cos 01/ gin 6, ¢o8 6,

fOI‘ k = 1,2, cco,sc Then we have R(SO(QB)) = Z[zl, oo ,}: '] AE] )
with a relation (A: PO ST ST (S A%2 4+ o) = (2% 428-3

4+ ceo )2 , where ?\k = c-k[o(l,e(il, ,o(s,o(;1] k-th elementary

symmetric function and 7\48. = lz'i s s1 € 0‘51 O(E”
+ 1 .os 8 i e e

gi...gsgi,ls 1 s
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By the relation

-1 1 V-1 j

1 1

(et 0 . | 0 T

i . - i 3 k L4

T, 1

1 i { =1
O <. O i(aia)p 0 l .

\ °1 * i

\ | ! :
o o)

TR T
“821
0 .
\ ! -anl
ie have (-1
-1) '
3/12(-1) -1 (o()a/lz’ = of K = 2,3, aee,8"
(dl) = 0(1 k k o
; Y2(-1) 700

(A5 2T A E ka2, e 5 (A 1 a0,

and so

K(Vectpy (s1) = 2 (2%, ... , 2°] $R(S0(n-1)).

When we treat the manifold Wzn-lkd) as an 50(n)-manifold,

-1 1 .
w2n (d)so(n-l) = 5 = { (zo,zl) 3 zg + z§ = 0, [zo{ = ,zll = 1} .

If 4 is odd, then tne double covering S1 — Sl//O(l) is non trivial,
and so 112 : SO — 0(1) is surjective. Hence if n,d odd together,then
2n-1 ~ 1 S <
Kgom(¥  (8)(go(n-1))) = 2 [A% -ee s A% ] FR(S0(n-1)).
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