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The rank of Hasse-Witt matrix

and a periodic solution of some congruences

Saga Univ. Fac. Sci. Engrg. Toru Nakahara

+ B K

§1. Introduction

Let f and p be odd primes and relatively prime. First we

consider the next simultaneous congruences:

pjk = jk . mod f (1)
where {jk}k mod < {1, ..., (£ - n/2}, r = Indgp.
When there exists such a solution {jk} of 'positive' absolutely
least residues modulo f, we say that the congruences (1)P have

a periodic solution and r is the length of the period{

In §2 we can solve the congruences (1)P for r = 3 and odd

numbers r 2 3.
Our aim is'to give some.algebraic function fields whose
Hasse-Witt matrices do hot have the full rank but have-a positive
rank. In §3 we can characterize the fields by applying a periodic
solution of (1)

r*

§2. A periodic solution

‘We denote by R* the group of the reduced residue classes

modulo f and identify the class and its representative, Let w
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: X .
be a primitive root modulo f. For any-a, b € R™ there exist a, B

@ wB mod f. By setting that

such that a zw , b

I

4

* a and b are eguivalent

= f"1
o = B mod =

we can define an equivalence relation in R". Then

R” = u C (disjoint) (2)
a € R x a ' r
where C_ = {a, P2, oo, pl ~ 1a}.

a

When the length r of (1), is even, we have no solution.

Hence r is o¢dd.

Proposition 1 When the length r of the period in (1)p is

equal to 3, we can get a periodic solution of (1), for all primes

3
£ = 1 mod 6 up’to f = 7.

(f - 1)/3 2(f - 1)/3

Proof Let p be a prime congruent to W or w
modulo f. Then there exist uniquely a, b ¢ [1, gj, g = (f - 1)/2
2

such that 1 +a +b =1+ p+ p~ =0 mod f. It is enough for us
to consider the case of p = a, p2 = - b mod £, namely
c, = {1, a, - bland 1 +a -b = 0. (3)
2

1]

Because in the case of p - a, p~ = b mod f, we may consider

replacing p by p2. For a class Cj = {j, pJ, ij} in the partition

(2)5 and an integer c, ch means the class {c, cpj, cpzj}

2

and Ci + Cj the class {i,+ i, p(i + §), pS(i + N}.

Now we select a class Ca + C,_ = Ca“+-(- C

b b)
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fa+b, =b-1,1- atl.

i) For a + b > g, b < g, we have a solution _W(Ca + Cb)
___{_(a+b),b+,1,—1'+a}:{f‘-(a+b),b+1,—1+a}o‘f‘(1)3.
ii) For a + b > g, b = g, it holds a = g - 1. Since - b = a2,
2 ' _ 2 _ 2
0 =8 - 38 mod f holds. Then 0 = 4(g”~ - 3g) = (28 + 1)° - 16g = 1
= 7 mod f. This implies f =‘7, which is the exceptional case,.
iii) a + b < g. In this case we choose the smallest integer
d such that d(a + b) > f/2, then we obtain a solution - d(Ca + Cb)

[f - d(a + b), d(b + 1), d(- 1 + a)}. The condition d(b + 1) < £/2
is valid for b 2 5. In fact 2d(b + 1) € 2(d - 1)(a + b) holds
if and only if 2 + (3/(b - 2)) s d does. For b 2 5 the value
d = 3 satisfies the final inequality. On.the other hand the situation

(3) implies b # 1, 2. For the case of d = 3 and b = 3, - b = a2,

hence -3 = 4 mod f, namély f = 7, which is impdséible because of

the same reason és ii). For the case of d = 3 and b = 4, we get

f = 13. In the case of d = 2 if d(b + 1) > f/2, it holds that

4b + 4 > £ > 4b - 2., The last‘inequality follows from the definition
of d. For the case of f = 4b + 3, 4b + 1 and 4b - 1, it follows

that f = 19, 23 and 5 or 7 respectively. Finally we can see

a solution of (1)3 for f = 13 or 19 as follows:

f = 13 C

1
i

{2, 6, 5} p =3, -4 mod 13

2

f = 19 C

4

{4, 9, 6} p =7, -8mod 19.
By i), ii) and iii) we have finished a proof of Proposition 1.

-1

Proposition 2 Let f = 1 + a + ... + al be a prime for

a > 2, Then the length r > 1 of period in (1 is odd, we can

)I"

- 3 -
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get a periodic solution of (1)P.

Procf[2] Let p be a prime congruent to a. C1 denotes

r -1
an equivalence class {1, a, a2 ..., a b oof (2),.

i) a is an odd number. In this case a g 1C1 gives a solution
a+ 1 a=+ 1, a+ 1.r -2 a+ 1_.r -1 a + i
{ = =2, ...,-——é—-‘a ,'—2"“3 - 5 f}Of (1)1,,

with the length r of the period.
ii) a is an even number. In the case we can find a solution

3a + 2_ 3a + 2.r -3 3a+2r -2

’ ) ? ,"'7—7-—6' a""""‘é"""a - f,

322w -1 _ 3 2261 or (1)

3a + 2
==
r.

§3. The rank of Hasse-Witt matrix

Let K be a finite field of characteristic p > 2 and Af = K(x, y)

an algebraic function field over K defined by y2 = xf +a (a € K,

a # 0), where (p, f) = 1and f = 28 + 1 is a prime,

Let w, = dx/y, wy, = xdX/y, ..., w, = x8 =1

g dx/y be a basis

f the K-module of holomorphic differentials in Af. Then
he Hasse.Witt matrix of Af is defined by the representation matrix

ver K of the Cartier operator C with respect to a basis {wj}

1 j5¢g
(11, [51, [6]:
t C C t
( (w1), ceny (wg)) = M (w1, oy wg)
: : _ (.P . D P P - 1 |
For any differential w = (ao +ay k... ap _ X ydx (ai € Af),
the operator C is defined by
C{w):a dx.



39

Then we have

) .
w. = x3 " laxsy = ) [ﬁ]a“ - Ked H Tk - TayyP bz o2 4 1
J k = 0 '
and
x((i + fk)/p) - de, i+ fk £ 0 mod p
crxt * K - Taxy -

0 , Otherwise
Recently T. Kodama and T. Washic obtained the next three

lemmas[6].

Lemma 1 (i) The Hasse-Witt matrix M. has at most one non-zero

element in each row and in each column

#{(i, k) | 1+ fk = O mod £, (1, k) « [1, g] x [0, &1}.
#{(i, 5 | 1

(ii) rank M

Hi

(iii) rank M

pj mod £, (i, j) e [1, g1 x [1, gl}.

Lemma 2 The rank of M is equal to g if and only if p 1 mod f.

ll

In this case

where

= [&]a(z - k)/p and k = (p - 1)j/f.

a..
JJ
In this case it is called that the algebraic function field Af"

is normal., When Af is not normal, we say that A, is singular,

f

Lemma 3 The rank of M is zero if and only if p = - 1 mod f.

It is known that the algebraic function field with M of rank

zero is supersingular([3], [4], [71].



40

We shall construct some type of algebraic function fields
which are singular but not supersingular. Finding a periodic

solution {jk}k mod p? 1 S J. S8, 3; jk mod f (i Z k mod r)

of the congruences

pjk = jk + 1 mod f, ' (1)

W€ can pursue our purpose,

Proposition 3 If the simultaneous congruences

j2, pjz =

PJ4 Jysee+y PJp = j, mod f

1

IA

jk £ g (k mod r)

have a periodic solution {j } where r = Ind then
; k‘k

mod r’? £Py
the rank of arbitrary power of the Hasse-Witt matrix M is not
smaller than the length r of the périod.

Proof By Lemma 1 and the assumption, in any jk_th row of M

only the (jk, 1)-component has non-zero element; Then

I -

because of a solution Cj = {jk} we obtain the diagonal matrix M"
1

whose rank is at least r.

Remark 1 From the above proof the rank of M" is a multiple

of r. On the other hand when we have no solution of (1)r’

the rank of M' is equal to 0.

Theorem 1 There exist infinitely many algebraic function

fields Af whose Hasse-Witt matrices are singular but have the rank

at least 3 for all primes f = 1 mod 6 up to f = 7.

-6 -
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Proof From Propositions 1, 3 and Lemma 2 Theorem 1 follows.

Remark 2 In the exceptional case we have ho solution of (1)3

for g = 3. Thus the algebraic function field A7 is supersingular
from Remark 1[71].

Combining Propositions 2, 3 and Lemma 2 we obtain the next
theorem.

Theorem 2 Let f = 1 + a + ... + a’ "1 be a prime number
for an integer a > 2 and an odd number r > 1., Then there exists

an algebraic function field Af whose Hasse-Witt matrix is singular

but has the rank at least r.

Remark 3 From Theorems 1, 2 and Proposition 3 it is shown
that there exist infinitely many algebraic function fields which
are singular but not supersingular.

Problem 1 Are there infinitely many such fields A, with

f
rank M 2 5 ?

Problem 2 Find a dencity relation between the length r and

primes f.

Remark 4 Recently Prof. H. Niederreiter told to the author
that if r and f satisfy Prop. 2, then necessarily r = O(/flogf)

holds.
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