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0. Introduction

- One motivation for the study of tensor algebras comes from
quantum field theory because every Garding-Wightman field (/6/)
describes a Wightman functional (i.e. a positive, Poincare
invariant, continuous linear functional on the tensor algebra
over the Schwartz space 5%34), /22/), and vice versa every
Wightman functional gives a Garding-Wightman field by /3/,/23/.

This paper is organized as follows. The definition of
tensor algebras and some algebraic properties of them are
given in Section 1. In Section 2 we introduce locally convex

(1.c.) topologies on tensor algebras %@ over a l.c. space
E[t] , discuss the order relations between these topologies
and their connection with the topological structure of E [t]
(Theorem 2.1), and list some properties of these topologies
for the case that E[t]is a Frechet space (Theorem 2.3).

The third point of this paper is aimed at the structure of

the cone of positive elements E+, (3.1, 3.2), and at its

®
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topological closure, (3.3). Finally in Sect.4 the results are
illustrated by some examples.

For the definitions and concepts from the theory of topological
vector spaces and ordered vector spaces used in the following
we refer to /19/.

1. Definition and basic properties of tensor algebras

1.1
Let E be a vector space over € (the complex plane) with an
involution *, i.e. antilinear mapping f—f* with f*¥*=f for
all f€E. Then let us put

E®:=EO ®E o E2 ® ..., E =€, E:=E® ... ® E (the n-fold
algebraic tensor product).

Thus the elements f &E_, are terminating sequences

®
f:(fo’fl""’fN’O’O"")’ fieEi, i=0,1,2,...
Let us define componentwise the following algebraic operations
on E_ :
®

(f+g) = £+ g

(fg)rl = fogn + flagn_l +...+fn_1 a>g1 + fngo ,
- _ — (im) (inme1) (iq)
(£*) =(£)*= 2. & . e *Q e ® ... € *
i,...1 1 n
1 n
finite
for f = 2 % 5 e“‘)@ .o.@e(i"'), e(lf)eE, j=1,...,n,
i, ...1 1" "n
1 n
di :ie(g K denotes the conjugate complex value of « ,
REEE ™
with f,g€E®, n=0,1,2,,..
Thus %& becomes a *-algebra with unity 4=(1,0,0,...).
For f=(O,...,O,fL,...,fN,O,O,...)e %&’ fL# 0, fN¢ 0 let us put
N if f# 6=(0,0,...) Lif £ £ ©
Grad(f) = , gr\ad(f) = .
- 00 if f= @ oo if f =9

Then one sees readily _
Grad(fg)=Grad(f)+Grad(g), grad(fg)=grad(f)+grad(g),
Grad(f+g)< max{Grad(f),Grad(g)f,

(1)
grad(f+g)?nﬁn{grad(f),grad(gy,



Grad(f*)=Grad(f), grad(f*)=grad(f),

for f,gel%g If f#g then the "="-sign occurs in (1).
Let be M
+ (i) (1) (i)
E_= a * a ; a €EE_, MEN
o fifzil 5 {
the cone of positive elements in E@. h(E®):={f€E®; f:f*} is
the hermitean part of %&. h(gg) is a vector space.over R, (the

real numbers). Then one gets the decomposition
E_= h(E + i h(E_), i denotes the imaginary unit,
® (®) (®) g y

1

2

by f=£(1)41 £(2) it (1) %(f+f*)eh(E®), £(2)_ (£%-£)€h(Eg) .

Some properties concerning the algebraic structure of E_ are

®
listed in the following
Statement 1.1:
i) E._ is a commutative *-algebra iff dim(E)=1, (dim(E)

®
denotes the dimension of E).

ii) It is

%@ if dim(E)=1
Z(E }:{feE ;fg=gf for all g€§$}=
® ® C otherwise
for the centre of %&.
iii) %@ has no divisors of zero.

iv) The ohly invertible elements of %3 are the elements
from € \{0}.

v) ®, 1 are the only idempotent elements in E_.

®

vi) %@ has no minimal ideals.

vii) g® is semisimple.

These properties were proved for E= f(R4) by Borchers and Wyss,
/4/,/25/. The proof of Statement 1.1 is in analogy to that of

E= P(RY).

2. Topologies on E

®

2.1

Let E[t] be a l.c. vector space, i.e. there is a system of
seminorms ?(t)=§p‘;«xeA}, A is a directed set of indexes,
describing the topology t.

Following Schatten, Grothendick, Pietsch, (/20/,/8/,/17/),
there are the following three important topologies on En’
n=2,3,...:
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i) The injective topology gn given by the system of
seminorms

fﬁ—4>5¢Q“_¢H(fn)=supﬂ.ZZ

i ...i
1 n

| e Cfepg oy o Cleng (0 f
f = z e L ® g(l"*)e E , % €A.
i,...1
finite"

T(l)(g(i‘))...T(n)(g(i"))];

ii)The projective topology T given by
A ) (i) (im)y.
fr'{—_’p¢1..- °()‘(:f‘n.)z inf ;i Z i px"(h 4 )0 . -pdh(h » )s
1°"""n . ' .
f- 2 nllg .. @ h(l‘“)f

n . .
1,...1

finite"
TTn is also the strongest 1l.c. topology on En such that its
topological dual is topological isomorphic to the jointly
continuous multilinear forms B(En) on E_;
(E Lm.1) ;fp‘?(En) .
iii) The inductive topology in is defined as the strongest

; (g
l.c. topology on E_, such that (En[1n]) t;pBS(En)’
where BS(En) denotes the separately continuous multilinear

forms on Eﬁ.

Let T < 7/ denote f(n't') c y(’t" ), that means the 1l.c.
topology ' is stronger (finer) than the l.c. topology T
respectively ? is weaker (coarser) than ¢'.

Then an-< 17'n4 (.n’ n=2,3,..., follows immediately.

Now let us define 1l.c. topologies on %&

We denote by §$ the topology of the direct sum of the spaces

connected with Entenl.

Enten] and by £P the restriction of the topology of the

direct product 5 En[é‘nJ to its subspace E@.
n=o

Then ﬁb (resp. {Pj) is the strongest (resp. weakest) 1l.c.

topology on E® with Egle =t, &g I;Eh =€ , (resp. E_P[E.:t,

E, N = = C s

‘,,/‘5_.’1 £n) n=2,3,..., and ’L’I“S. denotes #he restriction of the
topology T to a subspace G. ’

A further important topology is £, defined as the strongest
l.c. topology on E

Q@
f,g v——=fg is jointly continuous as mapping

such that the multiplication
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Egléel * E®E£oo'3-——-> E®E£°°J.

The topology &, was introduced by Lassner /13/.
Let NV denote the set of all sequences (¥ )% of

n’n=o
natural numbers including O, AToAx ... XA (m times),
v o = RN i, oo
m=1,2,..., A°={1f, ® A the set of all sequences (¥ )n=o’
n,,n n,eo n,
STen”, and Agp=f(VT =(¥,v,...v) _ € gOA ; veAf.

Then the above introduced topologies can be given by the
following systems of seminorms:

v & v ©9
Bleg) =T, ) (vn) (£0= 2 B omy ()3 (Fpen, (9% ® a°f,

n=o0o

B (Eoa) {28 () (ymy (= Z V0B () (£) (e, vea,l,

P(gp)=§t—8 o (£); n=0,1,..., &™) e,

£=(£,f 1500, fy,0,0,...) € B, Pye)(£)=12] -
We get readily €p < 50046@
Analogously we define the topologies ﬁ},ﬂ;,ﬁé,tp,t 1

2.2
It is obvious that the following order relations between
the topologies defined in 2.1 are valid:

& £ €& < &

N A% A?

N A A

A connection between the coincidence of some of these
topologies and the topological structure of E[t] is given by the

Theorem 2.1:

a) Elt] is normable iff one of the following equivalent
conditions & = E_‘@,'n;o: 77‘@,1 =1® is satisfied.

b) If E[t] is nuclear then Ep=Tp » £op “Tpy > g@ =1r®,
Conversely, if there 1is a system of Hilbertian seminorms’

describing the topology t then & =Tp or €,,=Th, or

=m
- BT
c) Every separately continuous multilinear form on En’

implies.the nuclearity of E[t].

n=2,3,..., is jointly continuous iff i},:wy or Ay =T,
or 1 _=T_,
®
The proof of this theorem is contained in /12/.
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Let us make the following

Remarks to Theorem 2.1:

i) Pisier (/18/) constructed an example of an infinite
dimensional Banach space B with the property £2=TT2.
Because B is not nuclear that example indicates the need of a
further assumption forwp(t) to prove the second statement of
Theorem 2.1 b). ;
ii) The assertions of Theorem 2.1 can be illustrated by the

following figure.

2“
‘@
Fig.1
m
8
> X

Every point of the wedge €, , e s 1p é.@, 7r®, 1 ® »
illustrates a l.c. topology on E, and the semiordering "&£ "

®

between these topologies is given by the cone

{(x,y,z); x20, y20, z2 O}.

If the assertion a) (b) resp. c¢)) is valid then we have to
carry out the orthogonal projection into the yz-plane
(xz-plane resp. xy-plane) in Fig.l.

That means that this wedge of topologies collapses to the
smaller wedge with the corners €&p, o , t & ‘?o.oz'a@"'roo ='IT@,
@ 7T®, -1@, 1.P‘1n'the Xz-
plane resp. to the rectangle E:P, é‘@ ,77‘@= z®,T§,=1_P in the

1',,0:1'@ (to the rectangle & =Mp , &£

X,y-plane) iff the assumptions of Theorem 2.1 a) ( b) resp.

c)) are valid.

An easy consequence of Theorem 2.1 is the
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Corollary 2.2:
i) If Eft] is finite dimensional then

ii) If E[t] is a Frechet space or an LB-space (i.e. strict
inductive 1limit of Banach spaces) then 7$:={P,
Mg =1e s T =17 .

iii) If E[t] is a nuclear Frechet space then & =T7p =1p,
EOO =1Tc° =(o° N £®=TT@= f@,

Proof; i) If E[t] is finite dimensional then the assumptions
of Theorem 2.1 a), b), ¢) are satisfied and thus assertion i)
follows.

ii) follows by /19; III.5.1/ and the definition of in’
n=2,3,... '

iii) is a consequence of Theorem 2.1 b) and Corollary 2.2 ii).

2.3
-

In the following let M denote the closure of a set M with
respect to the 1l.c. topology = .
Let Eg (En, n=2,3,..., resp. £) denote the completion of
.E®[7r®7 (En [rrnJ resp. E[t] ). Then

Ep=CofoE, 0k 0 ...
follows by /19; II1.6.2/. Further a set M C’%@ is called
graded if {Q(m)f; f€ M{ € M for all m=0,1,2,..., where

(m) - :

Q (fo,fl,...,fm,...,fN,O,O,...)—(fo,fl,...,fm,O,O,...)

If E[t] is a Frechet space then the following topological

properties of E@ are valid.

Theorem 2.3:

a) Let E[t] be a Frechet space and T a l.c. topology on
’ E@ with 7p £ T<Mg . Then ‘ ‘
i) W™ =M° =N"® holds for every graded set M& Eg;
ii) E@ is barrelled iff T= 7T®.
b) Let E[t] be a Frechet space containig a continuous norm
and % a l.c. topology on Eé with Mg, < 7<7TQ . Then
i) if there is a base of neighborhoods describing 4

and containing graded sets only then %gLYq is complete.



ii) q§£7] and Eélhb] have the same bounded sets.
iii) §§F7J is bornological iff Y =7n&.

The proof of this theorem is contained in /12/. Let us make

some

Remarks:

i) If E[t] is a Frechet space which has no continuous norm

then Eé[‘"‘m]  is not complete, /12/.

ii) In /12/ there is also an example of a l.c. topology 1*,
n5‘<7*<7na having nongraded neighborhoods in every base with

the property that Eéfq*] is not complete.

i),ii) show that one connot spare the additional assumption of

Theorem 2.3 b).

3. On the cone of positive elements

3.1
We show some basic facts on the cone of positive elements q;
in this section. Let us remark that all considerations are

R +
also valid if we replace E@ and EQ by %ﬁ and

M . . .
+ (1) (1), _({)g o
q§=€5§1a a ; a '€ %3, Me WZ.

A linear functional T on %3 is called positive if T(g)2 O

for all ge‘%; . Further a linear functional S on a complex
vector space F with an involution * is called hermitean if
s(f*) = S(£),
and—§T?3 denotes the conjugate complex value of S(f).
Then every positive linear functional is hermitean and
satisfies the Cauchy-Schwarz inequality
IT(£%g) 1% ¢ T(£*f) T(g*g),  (/16/).
Further there is an isomorphism between the set of linear

hermitean functionals L*(E_,C) on E_ and the set of real

Q@
linear functionals L(h(EQ),B) on the real vector space
h(EQ) given by X L*(EQ,C) ———>L(h(E®) ,R) with
T=T, TEL*(E _,C),
y.4 (@ )
1

x'L) (0)=L(e ) 4in(2(?)), Lerin(ey ®),

£(1)_ Z(g+g), 202 L(exop).
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Because of the duality of the direct sum and the direct product
of 1l.c. spaces (/19; IV.4/) every linear functional T onE<8 can
be written as T=(TO,T1,T2,...), and Tj is a linear functional
on E;, j=0,1,2,...
The following lemma is important for the proof of the theorem
of this section.
Lemma 3.1:
Let be 0# keE;. Then
i) grad(k) and Grad(k) are even numbers;
ii) if grad(k)=2n, Grad(k)=2N then (Tn @)Tn)(kzn)Z»O,
(TN ® TN)(kZN); O hold for every hermitean linear
functional Tn on En and TN on EN;
iii) there are hermitean linear functionals Tg on En and

"m0 . (o] o] (o] (e}
,TN on E with (Trl ® Tn)(k2n)> 0, (TN ® TN)(ng)>O.

Proof: We are giving the proof for the highest nonvanishing
component, i.e. we regard Grad(k). The corresponding proofs for
grad(k) are analogously.

i) Let be k=2 a(i)*a(i)e B’ a(i)eAE , N:=maforad(a(l)),..

iz1 ® ®
1 1 t
...,Grad(a(M))}, aél),...,a§M ) £ 0, a&M +l)=a§M +2)=...=a§M)=Q,
M'eN, 1M M, and §ait), ... a2l )f linear independent.
M . .
Now let us assume Kk =:Z: a(l)*a<l) =0.
2N iz1 N N
t
The linear independence of {a&l);...,aéM )f implies the linear
1
independence of fa(l)*,...,aN(M )*f and thus k2N=O yields
, (= y &
a(l)z...=a(M )=a”) *=...=a“”9 *¥*=0. Thus we have
N N N N
k =§ (a(i)* ® a(i) +a(i)*® a(i)) = 0 which proves that
oN-17 & AN N-1 *@N-1 N /= P

Grad(k) is even.
ii) It is

(i), o (i), & (i), (1)
(T ® Tpy) (kpy)=(Ty @ TN><§l a 't @ ay))= 51 T(ayt ) T(ayt)

iii) Let be a&l)%o. Then a&l)*+a§1)¢0 or a&l)*—aél)#o, and thus

there is a real linear functional LS on h(E.)= {f, €E.; f* =f f

with Lo(a(l)*+a(l))%0 or Lo(i(a(l)*Ta(l)))#g Theg . . :
N''N N N N N ‘
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O(a(l)*+al(\]1))+ (1) 1&11)1“2

(10 & T (k) 2 1192l 12 = 13 1101 (al

>0 holds for Th= %~ 1y L

some basic facts on %; are stated in

Theorem 3.2:

a) E% is a proper cone, i.e. k,-ké€ E; imply k=0.

b) %E 1s(%§nerit1ng for h(E ), i.e. h(E )= {k(l)—k(z) k(l),
€ Eg §

c) E® has no topologlcal interior points with respect to

every l.c. topology T with €p< < '!@

+ . . .
E t latt h(E .
d) ® is not a lattice cone in (®)

Proof: a) is an immediate consequence of Lemma 3.1 ii), iii).

b) Because of (1+f)*(A+f)-(A-£)*(1-f)=2(Ff+F*), fé?Ew, and

h(Eg)={f+f*; fe€ ga assertion b) is valid.

c) To every ke:qz there is a T -neighborhood U of zero and an

u €U with Grad(u)=2s+1 > Grad(k), seN. Then Grad(k+u)=2s+1

and thus k+uéE' because of Lemma 3.1 i).

d) Let be [x,y]:={fen(Ey);x € £€ yP:={ren(Ey); f- xeq®,y fe§®§
grerME ), the orderlntervall generated by the cone E.

®
Let be r, sé{N, r<<s, 04 g.€E_, 04 g € ES,

a=(O,...,O,gr,o,...,O,—gS,O,O,...), b=(O,...,O,gr,o,...,o,gs,o..)
and u=(0,...,0,2g *® g.,0,...), v=(0,...,0,2g% ® g_,0,...)€E,.
Then a*a+b*b=(0,...,0,2g; ol gr,O,...,O,2g§ Lo:4] gS,O,O,...) and
a*a€ [@,a*a+b*b]=[@,u+v] ‘ (1)
follow. But on the other side f=(f_,...,f,0,...)€[0,u] resp.
h=(ho,.. hN" )6[6 v] implies f =0 for 1¢2r resp. hJ =0

for j#2s. This ylelds a*a€[p,u]+ {@ v] and thus because of (1)
the Riesz decomposition property is not valid. Then d) follows
by /19;Vl.1/.

The assertions of Theorem 3.2 a),b),c) were proved for E=3¥B4)

~at first by Borchers and Wyss (/4/,/25/).

3.2

Now let us regard a net k(F)=(kéP), gg) 0,0,...)€ Ei,
B€eB, B is a directed set of indexes, and k(ﬁ)-qvo with
respect to T, Then k(ﬁ) ——> 0 follows because of

2N° ON-1 gy
Lemma 3.1 i).

This indicates that the components ki of an element

/0
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+ .
k-(ko,kl,...,k2N,O,...)e %@ are not independent of each other.
The aim of this section is to give a quantitative estimation
of this dependency.

Let us write fn for (O,...,O,fn,O,..r), f €E, n=0,1,
Then we say a mapping £: Ei——»z_ has the property (A) if the

following three conditions are fulfilled:

(A)) |£(f+g) | € [£(F)|+|£(g)| for all f,g eEg; £(9)=0;
(A, ) 18053833 5 6 ror a11 3 Pe E_, Men;
ii & n n 7 n ®’ ’

M . . M. ) M. oy
(A...) |£(ii§1 5121)*5511) ) | 25 £(i§15511)*5_rg1))£( Z 5}511)*5_121))

iii
i=1

~(i) =~(1)
forvall a ", ap é §®, n,meN.

Further let us put

O A i Zz £ (R, ) |
i=

for k=(k_, ... Ky,0,0, ... Za(l)*a(l), Lek_.
i=1 ®

If there is no possibility of confusion then let us write ﬂkﬂ,
L, instead of ﬂkﬂi, L (k).
Some relations between £, Ly and [. B are proved in the technical
Lemma 3.3:
Let £ have thenproperty (A), keq;, neN. Then
1) ek )] ¢ é Ly_j Ly
'n

- < i .
ii) L 252; Loy ilnogy S le(k, )15

iii) Z (L, 25 [x]

Proof: i) is a consequence of

M . . (A.) ’ .
(2 Z aff)*aé”n T e Zabaal))
i 1 r+s=n r+s=n i=1
(A5 L= (1) 4 (i) ~(i),.1/2
< r%i éﬁ(fil ar )£(leas 2 as ) : i} PE;=nLF LS
ii) follows from M (1) (A.) M (1) (1)
" ~(1),=(d) i ~(1),=(d
'£(k2n)'='£(r+§ ZE P ez A )
(A...) M . .
- Z |£(—Za(1)*a(l))l 21117 e (X a(1)ag(1),
r+322n i=1 ' i=1 * n
Ir£s
2 (£(%a(i)*é(i))f‘.(%é(i)*N(l)))l/g—(L) S ..
r+s=2n  i=1 © r i=1 S jo1 nHdTn=g

. ris
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iii) Because of oo

IxlE- Ze £ (k, Z )2 ngJ Lo y)

60
we have to show the matrix 1nequa11ty A.?I with I= (5;3 i Hdz0’
A=(a, ). 43 0
ij'i,j=o’ 1 for i=j 2 for i=]j
8. = , a. .= . P
i3 [o for 143 ij 0 s for i+j is odd s
- 2% for i+j=2s, s=1,2,
i.e. 2 a..l.1.2 8 .1.1. for every terminating sequence
. < ijvitg 7. . ij7i7 ]
1l,J=0 i, J=o0 :
(1 , 1,...,lN,O O,...), lie C.
By repeated application of
E: _ ni% - : 5 ?E% -
a,.l.1.= a,. 1.1, + a__|1_|° + 2RE( a_.1.1.)

i, 30 ij7i7 3 i, j=0 i37i73 nn' n j=0 nj n J

n-1 n-1

- 2 2 -1 2

> ¥ a. 1.1, +a_ |1 |“=c |1 |“=c 7|2 a_ .1.]
/i,j=o ijtivj nn' n n'n n j=o nj-Jj

n-1 - n-1 5 >
p aijlilj—xn(glljl )+(a —c )11 1%,

i, Jj=o
n—
with ¢ >0, x =c_1221|a .|2, RE(.) denotes the real part of (.),
n n"n £ 00ng

we get

N
2 2
. Zoa13 1152 (agyey) Iyl "+ Cay ;) yog=xy=Cyn_g ) 11y 17+ (2)
’ +(a -X..—X ~C Y11 |2+ +(a,,—X, ~X - -X.-C,)
N-2,N-2 "N “"N-1 “N-2 N-2 o 22 "N "N-1 EC
2 2 e
|12[ +(a11—XN_xN-‘1— —X2)( ‘lll +ll2| )
n ny 4" tinet
Let be[§J=s for n=2s or n=2s+1, s€N, and Cn=[§]2 .
Then all coefficients of |10|2,...,|1N|2 in (2) are greater

than 1. Thus A I is satisfied. A similar proof is in /15/.

Let us give two

Examples of mappings with property (A):

i) Let T=(TO,T1,...) be a positive linear functional on %@'
Then T fulfills (A). (A ) is a consequence of the linearity of
T, (A ) of the p031t1v1ty and (A ) of the Cauchy-Schwarz
inequallty.

ii) Let us regard the seminorm f—sp(f)= fg (f ) with

B0t )=sup fIZ 11 (glia)y () () y T (1 ep(,. .,
1™ ) (s )f,

£ = Y g3 g . .©g!™) and a rixed seminorm p e P(t) with

1112"'1n
finite

/2
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p(f*) p(f ) for all f‘ €E. Then f——=B(f) has the property

(a) because (Ai)’ (A ) are fulfilled by definition and (A 1)
follows by

<p<Z 5 1) (i)>)25<5n+m<g lDez(i)y)2
=supfir't) @ <x>T(“’“m>>(Zk_4 alt)xg alt))%;108) ()ep(L), f
s=1,2,...,n+m
5sup§§1|(tr(l)® 1 ™)l 12 1 (e, 1,2,
1

supf 2 10 P...e1™) ()12 110 ()£ p(.), uet,...,m]
i=1
o M . . v M . .
= Bonl Z 2 7an) Bon( 2 gt rapth)
i=1 i=1

Let be {nf=s for n=2s or n=2s-1, s=1,2,... and B= (ﬁ%(c)" 9=1
an infinite dimensional matrix of elements Ff>0 depending on
a constant ¢ > 0 and given by

Bi=0 for p=1,2,...,0i-1,
,3*,,;=m1ni(c/(\7+1)) 1} /eml—(ﬁn/(zm)) n=pf+1,97+2,

Theorem 3.4:

M

Let be Z )6E® £ a mapping with property (A)

and L (k) < n=0,1,... . Then:

a) If there is a ¢ >0 and an odd index “ with [£(ky)[|=c>0
then there is an other index 21 » ~ with |£(ﬁ21)|:>% P;:

b) If there is an even index “=2s _and a constant 2 >0

. > ' £ 2 £ £
with [£(k )¥|=c >0, (Lg(k))" € §J-=1LS+J’(k) Lg_ (%)

- ) . ~ 1 pVYroc!
then there is an other index 21>V with |£(kup|>-§ ﬁl@?:§)

“(Ze! 2¢’ i
( ﬁjézf)means tha? we have to put gz for c in the
definition of g, . v
c) If there is an index Vv with Ly 2 c''>0 then there
exists an other index 1 »-r with |£(k21)] > 5 F1(0)+l)c").

Proof:

a) Because of L <1, n 0,1,2,

) ~
c=|£(kv)|=|£(s§ . le éJ)*a(J ) | 15 Z L, L ¢@+)L
m=0 1

follows for an index m, > ~/2. Thus
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v o\1/2 v \1/2
Lm23%=([3;¢;) ?(ﬁml)

1
follows. Now let us regard I£(E2m })|. Then there are two
e m e 1
possibilities:
2Ry M > 5 B,
1 1
~ 1 N
£ =
,£(k2ml)I =2 Pn&

The assertion is proved for (Il). The following inequalities

follow 1if (IIl) is fulfilled.

39

(3)

(1)

(11,)

L 3, 5 )
2 Fm - L —3tm, +j < '§(Lm ) —zz Lo, —3%m +5 €
1 j=1 M~Jd My+J 1 j=1 M~d M
(11,)
<liog <1’ 1 pg¥
1 1
which implies
1 oV 5
= £ L L em, L (5)
4 ﬁml j=1 ml—v m, +v 1 m, +m,
for an index m, with 1 $m2$ m; and
-1 v v 1/2
L z (4m,) 2z ( ) (6)
m1+m2’ 1 ﬁml le+m2
Next let us regard k2(m +m )" There are again two possibilities
172
for |£(k )| 7
2(m1+m2) .
~ 1 v
l£(k > 3 ﬁ (1,)
2(m1+m2) 2 m, +m,, | , 2
~ 1 v
| £(k ) | 5 (1I1,)
2(ml+m2) 2 Pnh+m2 2

(12) proves the assertion. In case of (112) we get an index m

1€m_ €m with L

¢4 .
3 5 ) by analogou§ .

2 (BT
ml+m2+m3 ﬁml+m2+m3

consideration. Thus the above defined algorithm goes on.
However, because of Ln=O for n>-% Grad(k) the possibility
(Il) must occur after 1 steps. This proves a).

((*) follows by Lemma 3.3 ii).)

b) It is ox
~ , S ,
c'=e(k, )| < (L )2+2Z L L. £ +2 1, L
25 S j=1 S=J s+J $+2) ;Zﬁ 5= s+]
4 (e+2)sL

s+j1

for an index 1 € j, €£€s. Then

1

r K

3’



Ly 2 O /(ev2)s =(B25 (025D /(gr2)s )) /2 >

my

> ( ﬁ2s (QC/(9+2)))1/2 > ( F2S {20/(3 2)))1/2

follows for m1=s+jl. This is the corresponding inequality
to (3) and the further proof is in analogy to that of a).
((**) is a consequence of Lemma 3.3 1i),)
c) We take Ly 2 c'' 2 ( p:;’((~r+1)c"))1/2
proof is analogously to that of a).

for (3). The further

3.3
In this section let us regard the topologlcal closure of %E
resp. E@

One motivation for the study of this closure is the following
statement by Wyss and Yngvason.
Statement 3.5:

Let E= $(R?). Then every linear functional T on Eg with

T(f)2 0 for all fEEéEa is

i) ég-continuous, (/25/),

ii) W -continuous, where N is a l.c. topology defined

on Eg with Eo#MN%Eg, (/26/).

. =-FT
Beside E let us regard the sets

®
+,fr . . o), 00 o)+ . n
E_ ={geq®, there is a sequence (g%)nzl’ gweﬁx with g( ) g}
g S% {EZ a *a i); a(i)é %&, 2. is Qf—convergent}
for a 1l.c. topology £ LT4L1 @ on E®. Then it is
—_T
¥ +,fT +,57
E E_’ E’
e ~ ' 2 Fo
n+ ! - n+ fo! +,s 7/
E® E® > E®

for T/ 4 T . The aim of this section is to show that these
sets coincide for a large class of topological vector spaces

E[t] and l.c. topologies ', 7T.

. n, _ . _
Let us use the notations E ._f(fo,fl,...,fN,O,...)éqa, fm—O
if m>n3,
. 1 -1
6én(e).—(ﬁrl(e)) , nelN. Then one can prove the

/ §
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Lemma 3.6:
Let T be a l.c. topology on E®, s.i’.rthere is a system
of seminorms P (%) describing T with the properties:

i) every p e (%) satisfies (A,..);

iii
ii) to every pe P(T) there are seminorms p, on E_, n=0,1,...,
o0
= = o o [ .
such that p(f) néo P (£,) for all £=(£,f;,...,,0,..)€Ey;

iii) to every c>»0, pef('l') there is a T -continuous

seminorm f~—»§(f)=2' p (f), D
n=o

such that B(£) > p(£), 1P s 5(£), &, (clp,, (£,) €5, (£,)
for all n€lN, fe E®. ’
T 57 T

are seminorms on E_,
n n

Then E = E

® , n=0,1,2,..., follows.

—_—T —_—s= T
Proof: Let be E; nE2n°§ E;nEzno for an neN, i.e. there
is an element > >
_ ¥ 2Nne + 2n
g—(go,---,ggno,o,o,...)e(E® NET°)\(Ey NE ).

Thus there are a seminorm pe P(T), a T -continuous seminorm p
given by assumption iii) and a constant C depending on p,g
with

1/2 2¢C >0 , (7)
M (1),.(1) (1) o o mDe
p(g-2 £ 7/*f*"/)y> C for all f € E,NE °  MeN,
i=1
lglP=1/2 and
p(g-h) sp(g-h) €C/2 €1/4 (8)
for some h= %'b(i)*b(i)e}z+ b (p(d) b{ilo,.. . )eEtnE™
—i=1 ®, = o 900 0y n ’ 9 0 0 o ® )

i
M',niEIN. Then there is an index lo, no< lO $2no, with

(8) (7) M! . , .
c/2 € c-p(g-h) < plg- 2 (@Pe)p(Ihe(qine)p(i)y) p(g_ql2nely)

i=1
M' . . M 2n,
ep( 3 (@P)p1)yx(qralpy(1)y o(2relpy (5 & >
i=1 i=1 r=no+1 ftv=r
R . . . % 2n * %
r /1 r=n_+1 p+=r [
© 2t

/6
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2n .
& p < _ p
ZZ (r- n ) Lo(h)€2n (1 -n_) LY (h). (9)
:n (@]
(9) and Theorem 3.4 iii) imply the existence of an index 1,
1.>1 , such that
1 o

~ 1 Lo 1 4 1 1
p(thl)? 5 F{4 (e(lo+1)) 2 —2'ﬁ11(0/4lo)>r 5 Fll(C) (10)

2
for e—C/(2(2nO)(lO—no))Z-C/(4lo). Then
N B (*xx) (iii)
b(g-h) 2B, ((g-h)yy ) = B(Ry ) 2 &, (Cpyy (hy )y
1 1 1 1 1 1
(10)
z 68, [(© g1 (c)
1
is a contradiction to (8).
((*) follows by (A;;;) and the definition of LP.
(**) is a consequence of Lemma 3.3 iii) and

Z (LP(n))® < [nf® ¢ [elP+ (g-n[° X8 172 + Blg-h) €
n=o

(8) (7)
€1/2 +c/2 < 1

(***) is valid because of Grad(g)'52no <211.)

This completes the proof of Lemma 3.6.

Remarks:

i) The assumptions of Lemma 3.6 are satisfied for &, and £®

But there are also l.c. topologies T, T £ oy, satisfying

these assumptions.

ii) In /9/ there are examples of sets MC:(f(R )) with

MOE" ¢ # M M% N ED for some neN. That shows that the structure

of %3 is important for the proof of Lemma 3.6.

Let us give two corollaries of Lemma 3.6.

'Corollary 3.7:

Let Tl be a 1l.c. topology on E® satisfying the assumptions

of Lemma 3.6, and let be Té a further l.c. topology on qm
with ¢, > T, T g = T, [pm,n=0,1,

- T, T
Then %; N =.£; 2 follows.
Proof oo
_— —_— T —_—h — T
% =0 =% on 7.7 on 1 + 2n " F “2
Er *cE. "= NeE"=(Jel NE =U e NE" "k
® @ po @ n=o & n=o @ ®

implies the assertion.
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Corollary 3.8:

Let 7% satisfy the assumptions of Lemma 3.6, and let
further be E[t], t=%[., an LF-space (i.e. strict
inductive limes of Frechet spaces).

3v +,fT
Then E =E_~’
(%Y

follows.
® WS

Proof; Let be E[t]= lim '(n)E[t(nzl, (n)g &‘n) Frechet spaces,

N —-» b
go... oM gsMe s t(n+1)in e N R
If kG;E; then there is a net (k(X))xeA} A is a directed
set of indexes, k(“) eE; and k(“)—-—i,—rk.
However, 1(63%5 implies further that there are indexes n',N
1
with ke((n )E)® n EN. Then there is a cofinal subset A'cC A

with k(d) € ((n')E)®nEN, L EA', by Lemma 3.6. Because

?& g ) {\EN is metrizable there is a sequence (g

(n) o o+ N - (n)
g €E®nE with g B

(n))°°
n=1"
k with respect to T .

This proves the Corollary.

There is the following lemma proved by Borchers.
Lemmd 3.9 (/5/):

+ fé'@ =

If E[t] is a nuclear LF-space then %& g’ 5% follows.

®

Combining Lemma 3.6, Corollaries 3.7, 3.8 and Lemma 3.9
one gets the
Theorem 3.10:

Let E[t] be a nuclear LF-space and T a l.c.topology on

23 satisfying the assumption of Lemma 3.6 and Q“E‘N=q@hﬁﬂ'
+,sv %
The E.’ = .
"o re Lo
Remarks:

+,SEp o7 ‘®
E_*’T%e=F .
o]

All assertions of Theorem 3.10 remain valid if one replaces

i) Theorem 3.10 holds especially for 2 =§&,,, i.e.

+ +
E .
© and E® by %5 and Ré A
ii) This theorem was firstly proved for E= ¥ (R’) by Borchers
and the author (/5/,/9/,/10/). Later there are also proofs
in /1/,/21/.

iii) One can prove an analogous theorem for cones of "positive

/9



type", i.e. cones satisfying Theorem 3.4 or a similar version
of it. Further one can prove an analogous theorem for the
union of some cones of positive type.

This will be treated in a subsequent paper.

One can easily extend the proofs of Theorem 3.2 to %;’Sea’.

Thus the following Corollary 3.11 is an important consequence
of Theorem 3.10.
Corollary 3.11:

—+ €@ —x ¢
All assertions of Theorem 3.2 are valid for E® and %@

4, Examples

Let us discuss our results for some examples.

4.1

Let be E=C. Then %& is *-isomorphic with the algebra of
polynomials P in one real variable t. This *-isomorphism
is given by

o0
- n
£=(f ;... ,6:0,0,.0.) <> f(t)=nZ_o £ t", £ €c, teR.

Let the algebraic operations in P given by F(t)+g(t),f(t)g(t),
P (t)=F(%).
Readily one sees

fig-1t+8, F5=-15 Pt 2,5eP.

We have further

q:; - {f(t)eP ; T(t)2 0 for all teR] . (1)
Proof:
(“:éc {f follows immediately.

Otherwise one has g
2 2« 2dy, 2 2\fa 2 . 2.P+
< =(t- 1 -
0<f(t)=(t al) coa(t an) (t +b1) A +br) ,di,Fie(N,
al,...,age:{R, al<a2<..‘.<an, bl,...,breﬁ,
because f(t) is real for all t the conjugate complex value

of every root must be a root too, and because f(t)20 the

exponents of the factors (t—aj), j=1,2,...,n , have to be
even. ghus
N o « 2 .2 &k 2 . 2% k
f(t)= ((t-a,) " ...(t-a_) " (t%+b= ) ™. .. (t%+p°) b. . tKy2
k;vo 1 n s+1 r Leoodgy €
Iy<ennsi o ‘ c 6;
ise{l,...,sf ®

/7



for /3j=2‘/’j+1, j=1,...,s, s€r, [31=2£l, l=s+1,...,r.

This proves (1). (Further properties of Cé are proved in /14/.)
Because of Corollary 2.2 one has &=Tp=1p £ £=1T =1, = - %"
= —z'@ . The topologies fpand £® can be described by the following

systems of seminorms:

&p t {f——alfnl; n=0,1,...?

é-@: {f'_’p(x;’)(f)=ni::o\tnlfnl; (Y.n)n O NN?:
f=(fo,f1,...,fN,O,O,...)SCQ. Further one has the
Statement 4.1:

i) E;e" -c;, i) ¢f gc .

Proof: i) The image 59 on P of the topology £® is stronger

than the topology of the pointwise convergence on P because
oo . . n

for (X’n(s))nzoe lNN, s=1,2,..., with Tn(s)—s we have

2 N
<
|f(to)l :\|f0|+|f1||tol+...+|fN| [t]" < p(,‘. (S))(f) for s>|tol.

Thus f‘ez;% ~implies f(t)2 O for all te€éR ,and f‘eo%
follows by (1). This proves 1i).

ii) Let us regard the sequence (}' o’ f € R, defined by
¥ ,=-F=1, 1+§ m} } =0, m=2,3, . Then (fn)n o is not
terminating, i.e.to every n €& N there is an nel, nan with fnyéo.
Let us regard{""z(}o,}‘l,...,_{ ,0,0,...)GC@. Then we have
(n) (n) 2 +
£ et o(1,-1,0,.000, 21 . PRI 75 FPRPR ST-FAS L1
; i+Jj=n+1 i+j=n+2
izl i,j%2
(n) 4 p(n) _ .
f f +w—= (1,-1,0,0,...) with respect to Ep.
Because of (1,—1,0>,O,...)¢C; ii) is proved.
Remarks:
i) Because of E CE; )5 fe C:E; Tée C-E;Eafor any l.c. space E

Statement 4.1 1) and £w €® gives the assertion of Theorem 3.10
with T =€,

ii) Statement 4.1 ii) is valid for arbitrary tensoralgebras.
4,2

Let us regard E=‘f(le), the Schwartz space of test function

over le, delN.
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Y(Rd) is a non normable, nuclear Frechet space having
continuous norms, /7/, /22/. Thus Theorem 2.1 implies

£To= toy & Ep-Tp = 1.

The corresponding assertions of Theorem 2.3 and Theorem 3.10
are proved for E= f(Rd) in /9/,/11/,/4/ and /5/,/10/.

4.3 '

Let J(Rd) denote the Schwartz space of the complex valued
smooth functions on Rd, delN, with compact support. Further
let us regard strongest l.c. topology t on.‘U(Rd) which
induces the topology given by

= %4 <y . P e
{f.*-,.pn(f)_max{lpl cooDg £lxpseex )l ®p s el g énfin=0,1,
D = 5%—, i=1,2, .,d, on every subspace
'D ffeﬂ(ﬁ ) SUPp(f)Cflx +|x ?ﬁa? a>o0,

Then 0(R ) is a nonmetrizable, nuclear LF-space, /7/,/22/.

Theorem 2.1 implies

N

<
®
%
.M. £ & _T
fn=loe ® Co=Tg

Let (J' Ll ) denote the set of the ? -continuous linear
functlonals on (3(8 )) . Then (J® Ltcg)' (b‘ [ ])' was
proved by Alcantara, /2/.
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