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Abstract

Competition in quantity dates back to |Cournot| (1838) for traditional markets and
Katz and Shapiro (1985) for markets with direct network effects. In this paper, we
consider Cournot platform competition in two-sided markets with indirect network ef-
fects while allowing for single-, multi-, and mixed-homing allocations. We find that the
markup and markdown terms that are typically found in monopoly two-sided pricing
are distorted toward zero when platform competition intensifies. We also generalize the
monopoly platform Lerner indices from |Armstrong| (2006 and Weyl| (2010)) to include
competition and mixed-homing allocations. Lastly, we show that welfare decreases in
the number of platforms for the most commonly considered homing allocations, high-
lighting how the welfare loss from breaking up a network across smaller platforms can
outweigh the welfare benefits from lower aggregate prices in a setting where platforms
are homogenous.
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1 Introduction

The study of competition in output was first pioneered by (Cournot| (1838)) for traditional
markets and then by Katz and Shapiro| (1985) for markets with direct network effects. This
paper aims to contribute to the literature by considering output competition in two-sided
markets with ndirect network effects. In practice, there are a number of platform industries
where capacity constraints exist on both sides of the market. For example, both video game
and smartphone industries may face capacity constraints on hardware (the consumer side)
and platforms in both industries have imposed quality standards on the developer side.
Similarly, newspapers are constrained in the number of papers they print and the number of
advertisements within an issue. Thus, the consideration for how the choice of output impacts
platform competition is worth further investigation.

To do so, we propose a model of Cournot platform competition with mixed-homing allo-
cations where single- and multi-homing agents are simultaneously present on each side of the
market. This approach allows us to consider a variety of homing allocations that are found in
the two-sided market literature and observed in industry. To allow for these general homing
structures, we develop market clearing conditions under symmetric competition amongst N
platforms (much like the previous literature on Cournot competition in traditional markets
and for markets with direct network effects).

In terms of platform pricing, we find that platform competition reduces the markup to
consumers as well as the markdown to sellers under the competitive bottleneck allocation
(the commonly analyzed allocation where all consumers single-home and all sellers multi-
home). In the limit, this implies that greater platform competition results in the classic
cross-subsidization pricing strategy where consumers (sellers) are subsidized (face markups)
since the markup (markdown) term goes to zeroE] This logic, that price distortions depend

on homing decisions and platform competition, generalizes to any feasible homing allocation.

'This pricing result coincides with optimal pricing in competitive bottleneck models where the single-
homing side of the market faces a more competitive price than the multi-homing side (see |Armstrong (2006)
and [Belleflamme and Peitz (2019) for details).



With mixed-homing on both sides of the market, greater platform competition results in both
platform prices converging to their respective marginal costs—a result that is consistent with
the traditional Cournot model. Comparing the mixed-homing and competitive bottleneck
results we see that the assumption of an entire side multi-homing generates a discontinuity
in the optimal prices which suggests that caution should be taken when considering such an
assumption.

In terms of welfare, the tradeoff from platform entry is clear: As shown by [Tan and
Zhou (2021), more platforms reduce prices but also break up network effects and this can
reduce welfare. We find that welfare under Cournot platform competition is decreasing in the
number of platforms under the competitive bottleneck. While this result is consistent across
a variety of homing specifications (unlike Tan and Zhou| (2021) who assume all agents single-
home), it is important to note that we assume homogenous platform competition. With
platform differentiation, welfare can increase with platform entry as in (Teh et al.| (2023)).

While two-sided markets have received considerable attention (Rochet and Tirole| (2003)),
Caillaud and Jullien| (2003), Armstrong| (2006)), [Hagiu| (2006) and |Weyl (2010))), only a few
have elements from Cournot competition or allow for flexible homing allocations. First,
considering the platform literature on homing, note that several recent papers have tried to
generalize away from the assumption that all agents on the same side of the market either
single-home or multi-home (a common assumption in models of platform competition).

Earlier studies of platform competition with more general homing allocations include
Armstrong and Wright| (2007). They endogenously determine when the competitive bottle-
neck occurs in equilibrium where consumers single-home and pay a fee below marginal cost
while sellers multi-home and pay a markup. We generalize this result by considering the
effects that homing have on the markup and markdown terms found in two-sided market
pricing. In contrast, a more recent study by Teh et al.| (2023) considers a model where
platforms compete in transaction fees rather than membership fees. Our study differs from

theirs in the pricing (membership versus transaction), degree of platform differentiation, and



the homing structures. Importantly, they allow for mixed-homing by consumers who view
platforms as differentiated, but all sellers multi-home in equilibrium.

Others have considered mixed-homing explicitly. For example, |Jeitschko and Tremblay
(2020) show how straddle pricing, which avoids marginal cost pricing by homogenous plat-
forms, can support mixed-homing allocations. Another paper that allows for mixed-homing
on both sides is Bakos and Halaburda (2020]) who study platform competition a la Hotelling
(1929) (see, e.g., Doganoglu and Wright| (2006), Bryan and Gans| (2019), and Belleflamme
and Peitz (2019) for additional studies on mixed-homing by one side of the market). They
show that the effects of cross-subsidization diminish when multi-homing takes place on both
sides of the market. Lastly, Ivaldi and Zhang| (2021) highlight how the existence of multi-
homing impacts platform mergers by simulating hypothetical media platform mergers when
multi-homing by advertising is or is not allowed. These papers highlight the importance of
a more general homing structure when considering platform competition.

Turning to the literature on two-sided markets with elements from Cournot competition,
the earliest work is by |Schiffl (2003]) who shows that a Cournot duopoly with compatibility
(multi-homing agents) generates more welfare than a monopoly platform which generates
more welfare than a Cournot duopoly without compatibility (single-homing by all). This
is one of the earliest works to demonstrate how a monopoly platform can generate greater
welfare than a more competitive environment. Since then, only a few other studies, (Gab-
szewicz and Wauthy (2014) and |Correia-da Silva et al. (2019), consider Cournot platform
competition and those papers are the closest to ours in several respectsE]

We overlap with |Gabszewicz and Wauthy, (2014) in that both models have heterogeneous
network effects (some consumers benefit from video games more than others while some video

game developers are more profitable than others), platforms are ex-ante homogeneous, and

ZReisinger et al.| (2009), Alexandrov et al.| (2011)),|Anderson et al.[(2012)) and /Anderson et al.| (2019) con-
sider N platforms using a Salop circle approach. However, these models consider media or search platforms
where indirect network externalities do not exist between the two sides of the market. In contrast, Baranes
et al.| (2019)) consider how four platforms on the |Salop| (1979)) circle compete, or merge, when network ex-
ternalities are present on both sides; however, they assume that all agents single-home on both sides of the
market.



platforms compete a la Cournot. However, they assume that agents single-home and that
only one of the two platforms can have the most participation on both sides of the market.ﬂ
This results in asymmetric platforms ex-post with the larger platform charging higher prices.
Instead, our approach specifies an alternative criteria that allows for mixed-homing on each
side of the market and generates symmetric platforms ex-post.

Taking a different approach, Correia-da Silva et al.| (2019)) assume that network benefits
are homogeneous on each side of the market and that the Cournot competing platforms
have different marginal costs (we assume that marginal costs are the same across platforms).
The authors take advantage of their ability to consider asymmetric marginal costs and con-
struct an average-marginal-cost-preserving merger analysis. They find that if the pre-merger
externality-adjusted prices are above average marginal costs on both sides of the market, then
the merger harms agents on both sides[| Our equilibrium criteria is similar to |Correia-daj
Silva et al.| (2019) in that we both have a marginal agent on each side of the market that is
indifferent between all platforms present in the market; however, the homogeneous nature of
agents on each side of the market in (Correia-da Silva et al.| (2019)) prevents the consideration
of multi- or mixed-homing.

Combined, |Gabszewicz and Wauthy| (2014), Correia-da Silva et al. (2019), and our work
highlight the difficulty in modeling Cournot platform competition with all the elements one
would desire (endogenous homing, asymmetric costs for merger analysis, and (a)symmetric
equilibria). Our contribution is to allow for mixed-homing allocations in Cournot platform
competition and this allows us to generalize the monopoly platform Lerner index and make

direct comparisons to the previous work by |Cournot| (1838) and Katz and Shapiro| (1985)).

3Belleflamme et al.| (2020) also consider competition between two asymmetric platforms with all agents
single-homing.

4In a different vein, Sato| (2021)) uses an aggregative-games approach to study a merger of multi-product
firms in the presence of direct and indirect network externalities but he also assumes that all agents single-
home.



2 A Refresher on Traditional Markets

Consider Cournot competition in a traditional market. Suppose that there are N competing
firms, denoted by X = 1,2,...., N, that sell homogeneous goods. Each firm chooses their
output ¢* for X =1,2,..., N. Inverse demand for the product is given by: p = p(Q), where
p is the price, Q@ = >_ ¢ is the total quantity, p(Q) is the downward sloping inverse demand

function, and € = % . % < 0 is the price elasticity of demand. Each firm has profit given

by 7% = [p(Q) — ¢] - ¢, where ¢ denotes the marginal cost. Maximizing profit with respect

to firm X'’s output yields a first-order condition given by gg—i =p(Q)- ¢ + [p(Q) — ] = 0.

Symmetry implies that ¢% = ¢ = % for all X =1,2,..., N, and so we have

p—c 1 1 1 p
P N —e¢ N —e

where L denotes the Lerner index.

3 A Two-Sided Market

In a two-sided market, two groups of agents (consumers and sellers)ﬂ benefit from indirect
network externalities that exist across the two groups. Let the consumer side be denoted as
side 1 and the seller side as side 2, and suppose that there are N (symmetric) competing

platforms [

3.1 Consumers and Sellers

First consider the consumer side of the market. Consumers benefit from interaction with

the seller side of the market, and some consumers benefit more from sellers than others.

5Depending on the industry, a seller can be a content provider, game developer, book publisher, etc.

6Unlike the traditional Cournot model which remains tractable under cost asymmetries, allowing for
cost asymmetries in the Cournot two-sided model that we consider requires restrictive assumptions on agent
homing. |Adachi et al| (2023)) consider a different approach that focuses on necessary cost synergies for
platform mergers to improve consumer surplus and they find that all sellers multi-home and consumers
single- or multi-home depending on their preferences.



For example, some consumers benefit more from apps (teens) than others (parents).ﬂ Let
consumer types be denoted by 7, € [0,7;] and be distributed uniformly, and suppose that
consumers with lower 7 types have greater network benefits than consumers with higher
71 types. Specifically, the utility from joining platform X, X = 1,2,..., N, exclusively for a

consumer of type 7y is given by:

uy (n) = ai(n) g3 — i (2)
where g5 denotes the number of sellers on platform X, p denotes the consumer price of
platform X, and ay(-) is a decreasing function that denotes the network externality received
by consumers [

Now consider the seller side of the market. Sellers benefit from greater consumer par-
ticipation on a platform. Like consumers, sellers are heterogeneous in their network gains.
That is, we allow some sellers to be more successful than others (e.g., game developers differ
in terms of sales and profitability). Let seller types be denoted by 7 € [0, T2] and let sellers
be distributed uniformly. The utility from joining platform X, X = 1,2,..., N, exclusively

for a seller of type 7 is given by:

uy (12) = aa(m) - 41 —py s (3)
where ¢;* denotes the number of consumers on platform X, p5 denotes the seller price of
platform X, and as(-) is a decreasing function that denotes the network externality received
by sellers[]

Consumers and sellers might have the option to multi-home (join more than one plat-

"Similar arguments can be made for consumer heterogeneity in game content for the gaming industry,
in video content for the video streaming industry, etc.

8Furthermore, suppose that aq(-) is twice continuously differentiable. Capturing heterogenous network
effects through the «a;(-) and as(-) functions is isomorphic to having each consumer (seller) draw their oy
(ar2) from some distribution. This is done by |Gabszewicz and Wauthy| (2014]) who use a uniform distribution
which corresponds to the case of a;(r;) =1 — 7; in our framework.

9Furthermore, suppose that as(+) is twice continuously differentiable.



form). There are several issues that arise when modeling multi-homing. The most important,
and most difficult, is how to deal with duplicated interactions between the same buyer and
the same seller across multiple platformsm For example, if a video game is available on the
Xbox, then a multi-homing gamer might not benefit if that game is also available on the
Playstation but the gamer may benefit if the same game is on the Nintendo Switch because
the Switch is portable. Similarly, some advertisers might benefit from the same consumer
seeing their ad on Facebook and Instagram while other advertisers may not. To allow for
the coexistence of single-homing and multi-homing agents, we assume that multi-homing
agents do not benefit from duplication so that an agent on side ¢ that multi-homes on a set

of platforms, X C {1,2,..., N}, earns utility

ul (1) = () - 75 — Z X,

XeX

where 7 denotes the unique number of agents on side j that participate across the X

J
platforms[T]

In addition to this multi-homing utility specification, we detail further structure on agent
homing and equilibrium selection in Subsections and [3.4. Notably, we assume that
homing on each side of the market is exogenously given by two parameters that capture the
amount of single-homing on each side of the market. This allows us to consider all mixed

homing allocations in isolation, but it also implies that homing allocations are determined

independent of other primitives such as N B We also assume that, for simplicity, a multi-

10Bakos and Halaburdal (2020) arguably do the best job of investigating this issue.

UThis is known as “no double counting” in [Bakos and Halaburda (2020) and is the most common
assumption in the limited literature on this issue.

12 Tn many ways, the limitations of our approach stem from this issue of how to deal with duplicated
interactions between consumers and sellers that multi-home across platforms. From a micro-founded per-
spective, the most desirable approach would be to develop a model with duplication parameters on each side
of the market that endogenously determine the single-homing parameters that we exogenously define. With
such an approach one would expect that larger (smaller) benefits from duplication would make multi-homing
more (less) attractive. In this case a duplication parameter on side ¢ that is close to one would correspond
to a ¢; close to one. Unfortunately existing studies by |Bakos and Halaburdal (2020) and |Jeitschko and
Tremblay| (2020) highlight how such an approach will produce multiple equilibrium allocations since the
homing decisions on one side of the market still impact the desirability of multi-homing for the other side.



homing agent on side 7 joins all platforms whenever possible (i.e., as long as the lowest ¢;*

is not filled up): this simplifies the rationing rule provided in Subsection F_EI

3.2 The Platforms

Each platform X, X =1,2,..., N, faces a marginal cost for an additional side i agent that is

given by ¢; > 0, and so platform profits are expressed as:

¥ =pf —a] ¢ +[pX — o] a5 (4)

3.3 Platform Strategies and Market Clearing Conditions

Much like in traditional Cournot competition, we assume that each platform commits to
output choices for both sides of the market, taking the output choices of their competitors
as given. More specifically, the game proceeds as follows: First, each platform X chooses
¢ and ¢ to maximize profits, taking the ¢f’ and ¢) for Y # X as given. These output
choices act as binding capacity constraints that are observed by all agents on both sides.
Second, each agent on side i forms expectations on the prices, pX, and chooses their homing
pattern in a way that is described below. Lastly, the market clearing prices p;* are realized
in a manner that is consistent with agents’ expectations (as well as their homing decisions)
and the output decisions by each platform.

For this to occur, we impose the following conditions:

1. Given the quantity selections by all platforms, the side 1 and side 2 prices for each
platform are such that the marginal participating agent on each side of the market

earns zero utility from every platform[]

For this reason, we move forward under these assumptions and with the development of agent homing and
equilibrium selection in Subsections and

13 Alternatively, we can replace this assumption with the following rationing rule: the agents who chose
to multi-homing on a strict subset of platforms are never allocated to platforms.

14This condition largely drives ex-post symmetry across platforms. An alternative approach, as considered
in |Gabszewicz and Wauthy| (2014), is to allow beliefs to drive an asymmetric outcome where the larger



2. Given the quantity selections and market clearing prices, each unit of output on each
side of the market is distributed to single-homing and multi-homing agents based on
the following rationing rule: (i) given that the lowest output on side i is denoted by
gl = min{q}, ..., ¢}, an amount of (1 — ¢;)q” is allocated to multi-homing agents for
all the platforms, where ¢; € [0,1] denotes the extent of single-homing activity, and

(ii) the remaining output is allocated randomly to single-homing agentsﬁ

It is helpful to breakdown each of these conditions. For Condition [I, note that the
marginal participating agent will always be an agent that single-homes. That is, from equa-
tions ([2) and (3) and since u¥ < >y u for X € {1,2,..., N} and for i = 1,2, we see that
for every 7/ such that u;*(7/) > 0 we have that u;*(77) > 0 for some X € X. This implies the
marginal participating agents will be given by setting equations and equal to zerom
More specifically, let 7; be the marginal participating agent on side ¢, where 7;* is given by

UZX(TZ*) =0or P%X = ay(7]) - C]JXa (5)

for all X = 1,..., N. In this case, the 7; € [0,7/] are interested in participating in the
market and the 7 agent earns zero utility from every platform available. Lastly, Condition
requires that the entire market output on side ¢, denoted by @Q; = Zgzl ¢:*, be sold to the
7; € [0, 77] participating agents. Naturally, homing allocations will play an important role

in establishing the relationship between 7 and @; (e.g., if all agents on side i single-home,

platform has higher prices. For example, if there are two platforms and all agents single-home, then ¢4 > ¢
would generate side 1 prices so that oy (7{') - ¢5' = pi > pP = a1 (1) -¢% and the consumers with 7; € [0, 71']
(11 € (r{*, 7)) would join platform A (platform B); from here, the critical 7{* and 7{ capture participation
on side 1 and generate the corresponding qf‘ and qlB that are consistent with the original q§4 > qQB . However,
the ¢{* and ¢P corresponding with the ¢5' > ¢& may not align with the ¢{* and ¢ chosen by the platform
and so such a market clearing approach does not allow for arbitrary output choices. |(Gabszewicz and Wauthy
(2014) avoid this issue by assuming that only one of the platforms can be larger than the other, instead
of that the marginal agent is indifferent between all platforms, and this results in an asymmetric platform
equilibrium.

15 Maintaining Condition [I, but instead using a Pareto allocation where the low 7;5 get the platform
with the largest ¢; (which maximizes agent surplus) is another output distribution specification that clears
the market. In addition, such a Pareto allocation of outputs would eliminate a black market that might be
brought on by randomization.

16We assume that agents outside option from not joining a platform is valued at zero.



then 7 = @);), and we derive this relationship explicitly in the next subsection.

Given the market clearing prices given by equation , Condition [2[implies that outputs
are first distributed to some fraction of multi-homing agents and then distributed randomly
to single-homing agents. An assumption on output allocation, not uniform randomization
specifically, is necessary since some platforms might be more desirable than others. For
example, if there are two platforms (A and B) and Platform A has lots of games relative
to Platform B (g0 > ¢2), then market clearing prices will imply that pf! = ay(77)¢d >
a1 (77)qF = pB; in this case, the marginal consumer earns zero utility from either platform but
all other participating consumers, the 7, € [0, 77), prefer Platform A over Platform B. Thus,
Condition [2] offers one of many possible output distribution mechanisms that ensures that the
output clears.lﬂ Our formulation is motivated by the fact that many desirable platforms face
output distributional problems in practice. For example, the Nintendo Switch, Playstation
5, and Xbox Series X have had output shortages due to high demand (corresponding to
Platform A in the discussion above), and this has resulted in an inefficient allocation of
products that is often solved through a black marketm

Conditions [1] and [2] highlight the many ways in which the homogeneous Cournot model
for platform markets is much more complicated than for traditional ones. In particular, the
two-sided nature of platform competition can create differentiation between platforms (e.g.,
platforms that differ in size also differ in attractiveness to agents). As a result, we employ
these market clearing conditions to consider platform competition that captures the spirit
of traditional homogeneous Cournot competition.

Finally note that we assume that the homing distribution (¢1, ¢) is known to the plat-
forms prior to choosing their output. While this assumption may appear strong, there are
many industries where platforms might know the distribution of agent homing prior to pro-
duction. For example, when gaming platforms like Microsoft, Nintendo, and Sony produce

a new video game console, they likely have an idea of the homing distribution based on the

ITFor example, a Pareto allocation as discussed in footnote
18Similarly, iPhone shortages have left some consumers with inferior cell phones in the past.

10



homing distribution for the previous console generationﬂ

3.4 Agent Homing

A common feature in the literature on platform competition is to exogenously assume par-
ticular homing allocations between the two sides of the market’] To better understand
how different homing allocations impact our main results, we consider the scenario where
the amount of single-homing on each side of the market is defined by a parameter, ¢;, for
1 = 1,2. This allows for extreme allocations such as the competitive bottleneck allocation,
where ¢; = 1 and ¢ = 0, as well as the more general allocations of mixed-homing that
remain feasible. Not surprisingly, not all allocations are feasible; for example, if nearly all
sellers multi-home (¢, close to zero), then very few consumers will multi-home (¢, close to
1). In fact, we expect the amount of multi-homing to be inversely related across the two
sides and this is indeed what we find when we investigate which allocations are feasible.
Specifically, suppose that there exist critical values 7; € [0, 7;%) for side @ = 1,2 such that
only the agents with type 7; < 7; are willing to multi-home. As motivation for the direction
of the 7; < 7; inequality, note that if a multi-homing agent on side ¢ joins all the platforms,

then they obtain the utility
N
UM () = ai(m)m; = D0 = culmi)7) — oa(7])Q;. (6)
X=1
Similarly, if the agent single-homes, then the expected utility is given by
UP (1) = ai(mi)gs — pf = cu(m)gs — (), (7)

where p{ is the expected price on side 7, and q; € miny_—y qf,maxX:LwN q]X] is the

19Similarly, smartphone platforms and video streaming platforms likely know the amount of consumer
and content multi-homing.

20Gee Belleflamme and Peitz| (2019), Bakos and Halaburda, (2020) and Jeitschko and Tremblay| (2020)) for
exceptions.

11



expected number of side j agents a single-homing side 7 agent interacts with, which depends
on the rationing rule draw. Altogether, this implies that there exists a unique value 7; such
that side 7 agents with 7; < 7; are willing to multi-home.

To ensure that our homing allocations follow those described by Condition [2, we assume
that the rationing rule that assigns multi-homing agents to platforms is Pareto efficient so
that the agents with the lowest type 7; are assigned as the multi-homing agents (this is the
Pareto efficient rationing rule since agents with the lowest type earn the largest network
benefits). In this case, the 7; € [0, 7] multi-home, where M = (1 — ¢;)¢F with ¢ =
min{q},...,¢"}, and this approach generates an equilibrium so long as the allocation (¢
and ¢») results in 7; > (1 — ¢;)gF; otherwise, the outcome is inconsistent and we say that
the homing allocation is infeasible. While this approach is far from ideal, it still generalizes
from the common approach of specifying a particular homing allocation for the entirety of
an analysis (e.g., the competitive bottleneck allocation) and it allows for some comparative
statics on homing allocations. As we discuss in the next section (see Eq. below), not
all homing allocations will be feasible in equilibrium under Cournot platform competition
which is not surprising; as mentioned above, why would there be large amounts of consumer
multi-homing when there is sizable seller multi—homingﬂ

At this point, even though allocations with sizable multi-homing on both sides are infea-
sible, we allow for general allocations in what follows so that we can make direct comparisons
to various findings in the literature@ Thus, ¢; € [0,1] continues to denote the fraction of
output that are sold to single-homing agents on side i, as defined by the platform with the
lowest output on side i (¢F = min{¢},...,¢"}), so that a (1 — ¢;)¢* amount of output for
each platform is allocated to agents that choose to join all the platforms and the remaining

¢ — (1 —¢;)qF portion is allocated to single-homing agents. This implies that the number of

21Tn many ways, the limitations of our approach stem from the issue that we previously discuss in Sub-
section [3.1} How to deal with duplicated interactions between consumers and sellers that multi-home across
platforms? See footnote [12] for more information on this issue.

22We provide several examples of infeasible allocations in Figure|l| (in Section , where the black regions
denote homing allocations that are infeasible.

12



unique agents who multi-home is given by (1 — ¢;)q’, and that the number of unique agents

on side ¢ that join at least one platform is given by

= (1-¢)gk +> lgf $i)q)]- (8)

Multi-homing Agents ()(:1

-

Single-homing Agents

Note that if outputs are equal across platforms, then a ¢; portion of each platform’s output

goes toward side i single-homers and the (1 — ¢;) portion goes toward side ¢ multi-homers.

4 The Two-Sided Market Cournot Equilibrium

4.1 Equilibrium Pricing

Combined, equations and (8] effectively capture the aggregate inverse demands for sides 1
and 2 that the platforms use to maximize profit. Given the extent of single-homing, (¢1, ¢2),

the Cournot platform equilibrium prices are given by:

Proposition 1. Suppose that N platforms compete in output and that a symmetric equilib-

rium exists. Then equilibrium prices in the symmetric equilibrium are given by:

PR S . ©)
g 1+ (N—=1)¢; —€¢ 1+ (N-1)p; ’

where the superscript G (i.e., the p& and T]G) denotes the equilibrium across general homing

G
= %QG QiG < 0 s the elasticity of demand on side 1.

allocations (¢1, o) and €5

Much like with monopoly platform pricing, we see that the Cournot platform price on

side 7 is given by the sum of three terms: marginal cost (MC; = ¢;), a markup term

(mo; =

G

m _p—éc), and a markdown term that incorporates the network benefit to

the other side (M D; = W a;(T G)TjG). In terms of comparative statics, naturally

any changes in N, ¢y, or ¢ will impact all equilibrium terms denoted by superscript G.

13



However by holding these terms fixed, we see that greater N reduces the markup term, as
with traditional Cournot pricing (Section , and the markdown term. Similarly, greater
single-homing on side i (¢;) appears to reduce the markup term on side i while greater
single-homing on side j (¢;) appears to reduce the markdown term on side i¢. Given the
across the platform nature of the markdown term, these results effectively coincide so that
greater single-homing reduces markups and markdowns (assuming all else constant).lﬂ As
we will show in Section [5| where we impose greater structure, this logic follows even when
we allow equilibrium outcomes to change with N, ¢1, and ¢,.

To this point, we have assumed that a symmetric equilibrium exists. However, existence
is not straightforward in two-sided markets since there are output choices for the two sides

of the market. To ensure existence, we make the following assumptions:

Assumption 1. We assume that the network benefit functions are uniformly bounded, have
uniformly bounded derivatives, and are not too convex, and that platform marginal costs are
—o/(ri)i

zero. Specifically, sup, |a;(z)| < oo, sup, |a}(z)] < oo, 2,(—7) < % forall, i=1,2, and

Cl = Cy = 0.

It is important to note that while the assumption of ¢; = ¢, = 0 simplifies some of our
analysis, such an assumption plays a meaningful role only for the results in this section where
N — oo (Proposition . Hence, we leave the ¢; and ¢y terms included whenever possible.
Furthermore, these assumptions allow us to establish the symmetric outcome characterized

by Proposition [I] as an equilibrium:

Proposition 2. Under Assumption[l], there exists a symmetric equilibrium characterized by

the first-order condition given by equation @

23 Another interpretation is that greater multi-homing (a reduction in the ¢) increases markup and mark-
down terms which may suggest greater platform market power. However, it is important to note that this
is driven by our assumption that multi-homing agents join all platforms, which we make to simplify the
analysis, interacts with the capacity constraints brought on by Cournot competition. In this case, more
multi-homing can tighten the capacity constraints, since multi-homing agents join all platforms, resulting in
more emphasis on the markups and markdowns.
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4.2 The Two-Sided Market Lerner Index

By comparing traditional and two-sided approaches (equations and @) we see that both
platform competition and agent homing impact platform pricing. Notably, the normalization
that is traditionally brought on by competition, the %, now depends on both competition and

homing: m In addition, this normalization impacts both the markup and markdown

terms. In many ways, this highlights (i) the similarities between traditional and two-sided
market pricing and (ii) the consistency of the monopoly platform pricing strategy in gener-
alizing to oligopoly platforms.

Strengthening the comparison between traditional and two-sided markets, Armstrong
(2006) and Weyl (2010)) derive a modified version of the Lerner index for two-sided markets

with a monopoly platform. In the context of our model, they show that a monopoly platform

W — pi—cito;(m)T

sets prices so that LA Py

}6 for 1,7 = 1,2 and 7 # j. This mirrors

1

the traditional monopoly Lerner relationship where L = =< = —. However, adapting to
p €

traditional Cournot competition results in L = ’% = % . }E; hence, it would be useful to

have an adaptation to LA that accounts for platform competition. Fortunately, our pricing
results from Proposition (1| generalize the Lerner indices proposed by |Armstrong| (2006]) and

Weyl (2010)) to include Cournot platform competition under mixed-homing so that

pasa PTG g T 1 1 (10
' - pi 1+ (N—-1)¢i —e

As with prices, we see that the traditional % normalization becomes m with two-

sided markets so that Equation bears resemblance to both the traditional Lerner index

formula, L = I% = % . }6, and the two-sided market Lerner index formula for a monopoly

platform derived by |Armstrong (2006) and Weyl (2010): LAWY = ’%’m =-L. In
addition, the two-sided market Lerner definition includes the across network markdown

term as in |Armstrong| (2006) and Weyl (2010), but with the inclusion of the normalization

in the markdown term. Thus, we generalize the existing Lerner indices to consider two-sided
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markets with platform competition, and this reveals that the two-sided market Lerner index

formula depends on both platform competition and agent homing.

4.3 Comparative Statics

In what follows Proposition [I| we discuss the difficulties associated with directly considering
comparative statics on N, ¢y, and ¢o. However, there are several comparative statics worth
considering before we impose additional structure on the network benefit formulas. By con-
sidering equilibrium pricing, we see that greater platform competition reduces both markup
and markdown terms so that in the limit, and just like with traditional firms competing a la
Cournot, the platform pricing strategy approaches marginal cost pricing so long as at least
some agents single-home on both sides of the market: ¢1,¢, > 0. Formally, we have the

following:

Proposition 3. If at least some agents single-home on both sides (¢1,¢p2 > 0), then prices

approach marginal costs as the number of platforms increase: N — oo implies that p& — 0.

An important caveat to the results above (and all of our results that follow) is that the
equilibrium prices (p{,pS) and participation on the two sides (77, 75) should satisfy the
condition that all the multi-homing agents have an incentive to do so. That is, whenever

¢; < 1, equalities @ and must be such that

UM =i)af”) = ail(1 = ¢)a )75 = Ny’ > eil(1=di)a’)af —pf = UP (1= i)gr’), (11)

where 7 = (1 — ¢;)q" represents that last agent type to multi-home. Note that if there
exists a ¢, € (0,1) such that equation holds with equality, then the inequality fails for
all ¢; € [0, ¢f]. This implies that it is possible that allocations with substantial multi-homing

(with both ¢; and ¢ close to zero) will not exist Y] Thus, our micro-foundations on homing

24GQuch allocations should not be feasible: If many side 1 users multi-home (¢; close to zero), then side 2
users have little incentive to do so. Hence, as in |[Bakos and Halaburda| (2020) and |Jeitschko and Tremblay
(2020), mixed-homing allocations with substantial multi-homing on both sides of the market do not occur.
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imply that not all mixed-homing allocations are feasible in a symmetric Cournot platform
equilibrium; in particular, those with greater multi-homing on both sides of the market@
Another important takeaway from Proposition [3|is that pricing behavior is discontinuous
at the point where an entire side multi-homes. This is particularly important for models that
assume that an entire side multi-homes (as is commonly done in the competitive bottleneck
model). Given that an entire side always includes at least some single-homers in practice
(e.g., even in the smartphone market where nearly all app developers are on both iOS and
Android, some only develop for one of the two platforms), our findings suggest that caution
should be taken when modeling such allocations. To see this discontinuity explicitly, consider
the competitive bottleneck allocation, where all consumers single-home (¢; = 1) and all
sellers multi-home (¢2 = 0), and note that NV has no impact on the consumer markdown and

the seller markup terms:

Corollary 1 (The Competitive Bottleneck). The Cournot platform prices under the com-

petitive bottleneck allocation are given by:

CB 1 p?B CB\,.CB
pi- =+ N B o1y 7))y 7, (12)
€]
CB PgB 1 CB\_CB
Dy =C+ —fp — N o (y77)m ", (13)

where superscript CB denotes the competitive bottleneck equilibrium.

In this case we see that the asymmetric homing decisions distort prices across the two
sides. On the single-homing side (side 1), platform competition N normalizes the markup
term but not the markdown term. In contrast, on the multi-homing side (side 2), platform
competition N normalizes the markdown term but not the markup term. Thus, as compe-

tition increases, prices diverge so that the consumer price includes no markup and the seller

25To see equation impacting equilibrium existence in practice, note that in Figure|l|and in the Proof
of Proposition [8| we show that there are linear «;(-) such that some allocations do not occur as Cournot
platform equilibrium. These allocations are captured by the black areas in Figure E
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price includes no markdown. Such pricing distortions across homing decisions in the com-
petitive bottleneck equilibrium is consistent with intuition found in the previous literature:
platforms compete for single-homers and have market power over the multi-homers (e.g.,
Rochet and Tirole (2003), Armstrong (2006) and Hagiu| (2006)). Lastly, note that Corollary
reveals that the competitive bottleneck allocation under Cournot platform competition
can result in a straddle pricing equilibrium, where p; > 0 and py < 0, which |Jeitschko and
Tremblay| (2020)) show to be the only pricing strategy where platforms that compete in price
a la Bertrand can earn profit. Thus, even in the limit, N Cournot competing platforms

might earn profit under the competitive bottleneck allocation.

5 Additional Insights on Pricing and Welfare

By imposing additional structure on the network benefits, we are able to consider welfare
and additional comparative statics on prices. Thus, we assume that network externalities
are linear in agent type (so that a;(7;) = a; —b;7;, 7; € [0, a;/b;], for i = 1,2) and we continue
to assume that marginal costs are zero (¢c; = ¢co = 0) as in Assumption . These simplifying
assumptions are not uncommon in the literature (as in for example, the base models of Katz
and Shapiro| (1985), Cabral (2011), |Jullien| (2011)), Gabszewicz and Wauthy| (2014])), /Adachi
and Tremblay] (2020), Bakos and Halaburdal (2020)), and [Halaburda et al| (2020))) Y

It has been well established that a welfare tradeoff occurs with greater platform com-
petition: more platforms result in (i) lowers prices which improves welfare and (ii) reduces
an individual platform’s size which decreases the accumulation of network effects and harms
welfare. In addition, many have discussed how single- vs multi-homing impacts two-sided
market pricing: the side that single-homes gets a better price than the side that multi-homes

as platforms compete intensely for the single-homing side. Based on our results so far, it

26Furthermore, we focus on the parameterization under which all the participating agents enjoy positive
network effects in the equilibrium, that is, a;(7;) > 0 for ¢ = 1,2. This restriction should be reasonable
because we consider the situation where agents enjoy positive network effects, and we will make it clear
whenever this restriction plays a role (Footnotes 27 and [30)).
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is natural to think that agent homing allocations will impact pricing and welfare. As a re-
sult, we start by considering the simple case of platform competition under the competitive

bottleneck allocation and then we turn to the case of general homing allocations.

5.1 The Competitive Bottleneck Allocation
For the competitive bottleneck allocation, we have the following result:

Proposition 4. In the competitive bottleneck equilibrium (where ¢1 = 1 and ¢ = 0),
linear network externalities (oy(1;) = a; — byr; for i = 1,2) result in competitive bottleneck

participation levels given by

qop_(ata)N op_ Mt
! bi(N +2) ba(N +2)

In addition, equilibrium consumer partz’cz’patz’on increases and seller participation decreases

87’2

as the number of platforms increases, a > 0 and < 0, and the price to consumers

decreases while the price to sellers increases with a greater number of platforms: apl <0

and 222~ > OI

Our pricing results from Corollary [1| show that platforms have an incentive to price
more competitively to consumers while extracting rents from sellers under the competitive
bottleneck allocation. Proposition [4|reveals that this carries through to increases in platform
competition: greater platform competition decreases the consumer price and increases the
seller price. Furthermore, we see that participation levels coincide with the pricing effects
so that more consumers and fewer sellers participate when platform competition increases.

Given that the changes in participation are negatively correlated across the two sides, we
must investigate welfare explicitly to determine how greater platform competition impacts
total welfare in two-sided markets under the competitive bottleneck allocation. In the com-

petitive bottleneck, note that every participating consumer interacts with every participating

27 The comparative statics of 2 ) requires a;(7}) > 0 for i = 1, 2.
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seller and vice versa. Thus, total welfare is given by:
CB CB
weB :/ oy (1)758 dmy +/ o (1)1 dry. (14)
0 0
Differentiating welfare with respect to the number of platforms generates the following:
Proposition 5. Under the competitive bottleneck allocation, welfare is decreasing in the

number of platforms: 8%[/;]3 <0 for all N > 2.

While platform mergers under the competitive bottleneck allocation are uncommon in
practice, we have observed several industries where the number of platforms has changed
due to entry and exit@ For example, Google entered the smartphone market (and Microsoft
followed suit) that was originally developed by Apple; however, Microsoft began to exit the
market in 2016 Our findings from Proposition [5] suggest that these entries would actually
harm welfare given that these industries adhere to the competitive bottleneck allocation.
The smartphone market is the most likely to fit the competitive bottleneck bill as most
consumers own a single smartphone while app providers make their apps available across
platforms. This suggests that Microsoft’s exit from the smartphone market has improved

welfare in the smartphone industry.

5.2 General Homing Allocations

The competitive bottleneck allocation offers an excellent starting point for our welfare anal-
ysis as it offers unambiguous comparative statics. However, it is important to consider other
feasible homing allocations and determine how robust those results, and their corresponding
policy recommendations, actually are. By considering general homing allocations, we also
determine the extent for which single- and multi-homing distributions impact our findings;

something that is often overlooked in the literature.

280ne potential example of a merge to monopoly is Facebook’s acquisition of Instagram in 2012 since
Snapchat was in its infancy at the time. However, Instagram was not selling ads at the time and so it is
difficult to argue that this was indeed a two-sided platform.

29See Microsoft’s Exit From Smartphone Business Moves Into High Gear; Bloomberg 2016.
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Recall that in the general homing setup, ¢; captures the extent of single-homing on
side @ so that ¢; closer to one (zero) corresponds to the case where the majority of side i
agents single-homing (multi-home). In terms of prices and participation, we expect that the

comparative statics might hinge on agent homing decisions. Indeed this is the case:

Proposition 6. For general homing allocations characterized by ¢y, ¢ € [0,1], equilibrium
consumer (seller) participation increases in the number of platforms if and only if 2¢1 > ¢
(202 > ¢1): ?—5 > 0 if and only if 2¢; > ¢;. Furthermore, individual output is decreasing in

the number of platforms across all allocations with at least some single-homing: ?335 <0 for

1=1,2 so long as ¢1 > 0 or ¢ > 0.
In terms of pricing, we have that if mized-homing occurs so that ¢; € (0,1) fori=1,2,

then the markup and markdown terms are decreasing in N and their respective single-homing

1

terms: If the side © markup term is given by MU; = T8

G
% and the side j markdown

term is given by MD; = TG)TjG s0 that p; = ¢; + MU; — M D, then dMU; ()

1
T+(N—1)¢; -y ( J de;
dMD; <0, MU 0, gnd % < O.

o,

dN

First investigating total participation, if the extent of single-homing on side i is at least
half the extent of single-homing on side j (¢; > 0.5¢;), then greater platform competi-
tion results in greater equilibrium participation on side ¢. However, if there is too little
single-homing (relative to the other side), then participation decreases with greater platform
competition. These results echo our results from the competitive bottleneck allocation where
greater platform competition increases participation on the single-homing side but decreases
participation on the multi-homing side.

One important conclusion from our findings in Proposition [6]is that there is a large mass
of homing allocations where participation on both sides increases, a result that is not possible
when focusing on the competitive bottleneck allocation. This occurs when the ¢1, ¢ € [0, 1]
are such that 2¢; > ¢, > 0.5¢;. However, even though the total number of participating

agents can increase on both sides of the market, we see that individual platforms get smaller

39The comparative statics of 81{;[]\1[)7' < 0 requires o;(77) > 0 for i = 1,2.
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as the number of platforms increases, and this may reduce the amount of network surplus
generated in the market which has important implications for welfare.

Turning to the pricing results from Proposition [6] recall that we discuss how homing
might impact the markup and markdown terms in the two-sided market pricing formula when
mixed-homing occurs following the general homing pricing results presented in Proposition
[ There we mention that if we crudely hold all of the equilibrium terms fixed, then the
markup and markdown terms are decreasing in /N and their single-homing terms. However,
we were unable to say more without specifying the network externality functions. Now we
see that these comparative statics on the markup and markdown terms indeed hold under a
linear specification which sheds light on how homing allocations impact the two-sided market
pricing formula.

The results from Proposition [6| do not immediately reveal the welfare effects from greater
platform competition under general homing allocations. Hence, we investigate welfare ex-

plicitly. Total welfare in the general homing case is given by

2 G

o (1—i)g¢ o i o
W = Z /0 ;i(73) 75 dT; + /( i(Ti)qi dri | - (15)
1

= 1*¢i)in

The first integral is all surplus captured by multi-homers and the second term captures the
surplus from single-homers.

As an extension of the competitive bottleneck welfare result in Proposition [B], we first
consider the case where multi-homing inverses across the two sides so that ¢; = ¢ € [0, 1]
and ¢ = 1 — ¢. In this case, the competitive bottleneck is given by ¢ = 1 so that ¢; = 1
(all consumers single-home) and ¢, = 0 (all sellers multi-home). There are many reasons
why the inverse homing allocation is worth investigating. First, greater multi-homing on
one side generates an incentive to single-home on the other side (and vice a versa). Second,
many industries appear to have this inverse relationship (e.g., both the consumer and game

developer sides of the video game industry experience single- and multi-homers, but the game
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developer side has considerably more multi-homing than on the consumer side). Third, as
we show in Figure , the inverse homing allocations are often feasible (note that the black
areas in Figure (1| denote the infeasible allocations and that the inverse homing allocations
are captured by the line between the top left corner to the bottom right corner). As we
show in the following proposition, our results from Proposition [5| generalize to the case of

the inverse allocation:

Proposition 7. If homing inverses across sides so that ¢y = 1—¢o, then welfare is decreasing

in the number of platforms: % <0 for all N > 2.

To the extent that a platform industry has multi-homers concentrated on one side of the
market (making single-homers concentrated on the other side of the market), this result
implies that platform mergers would increase welfare.

Moving to the general homing case, it appears that fewer platforms is welfare improving
even if ¢; and ¢, are not restricted to the case of inverse homing decisions. To see this
explicitly, note that Figure [1| depicts the regions of (¢1,¢2) € [0,1] x [0,1] for when a
reduction in the number of platforms improves social welfare. Importantly, note that the
black regions in Figure || are where at least one of these four inequalities in fail (four
inequalities, since there are two sides for each of the two Ns in each graph). Note that the
45 degree line from (0,1) to (1,0) remains outside the black area in Figure 1| so that inverse
homing allocations are feasible. Without the black regions in Figure |1| from inequality
there are allocations close to the origin where n platforms generate more surplus than n — 1
platforms for all four subgraphs. Hence, the feasibility conditions are an important feature
in determining welfare results. More formally, we have the following result:ﬂ

owe

oy < 0

Proposition 8. If the a;(-) are linear and symmetric so that a;(7) = ao(T), then

for all N > 2 under the (¢1, ¢2) that are feasible in the Cournot platform equz’libm’umﬁ

31Figure |1 considers the symmetric case where a;(7;) = 1 — ;. It is important to note that, as we show
explicitly in Proposition [8] the qualitative results behind the welfare ranks remain for symmetric network
benefit functions that are linear.

32We find similar findings by focusing exclusively on the surplus generated by non-platform agents (con-
sumers and firms).
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While our results on welfare suggest that platform competition is harmful, there are sev-
eral caveats to our analysis that should be considered when evaluating platform mergers.
First, we assume symmetric network benefits across the two sides for analytical purposes;
with significant asymmetries, the welfare effects become ambiguousf?| Second, platforms are
often differentiated in practice; naturally this increases surplus and makes a platform merger
more detrimental than in our setting of homogeneous platforms. Finally, we abstract away
from any standalone value generated by the platform (e.g., a smartphone generates consid-
erable value outside of apps). How these standalone values change across homing decisions
complicates the analysis considerably (see Jeitschko and Tremblay| (2020) for details), but

they may also impact the welfare effects from different levels of competition.

6 Conclusion

The study of platform competition often presents researchers with difficulties that do not
arise in the study of competition amongst traditional firms. As a result, there is limited
variety in the models that consider platform competition (especially for the case of more than
two platforms). In particular, and, to the best of our knowledge, we are the first to expand
Cournot platform competition with homing allocations to Lerner formulas. By allowing for
general homing allocations on both sides of the market, we find that with mixed-homing
on both sides of the market, greater platform competition results in both platform prices
converging to their respective marginal cost—a result that is consistent with a traditional
Cournot market. We also show that welfare is decreasing in the number of platforms across
a variety of homing allocations and this highlights how the welfare losses from splitting up
a network across more platforms can dominate the welfare benefits associated with greater

competition.

33However, note that symmetric network benefits was not assumed in Proposition
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Appendix of Proofs

Proof of Proposition : Equation (j5) provides consumer and seller inverse demands for
each platform for the general homing case. Substituting into the platform X’s profit function
yields:

I = [ (m]) - @ —al-af + o) 4 — ] - 5

Using the output functions for 7 given by equation we see that there are two possible
first-order conditions for each output variable ¢¥ (one for ¢ > ¢f := miny_{q)} and

another for ¢ < ¢F). These first-order conditions are

aHX ! X X X X
0= e ai(r) - - ¢ +laa(m) - ¢ —al + o) - g5
for ¥ > €, and

0= X i - aj(Ti) - QJX g + [ai(m) - QJX — ¢ + (7)) 'qJX,

for ¢X < ¢F. Focusing on the symmetric equilibrium, we have that ¢¥ = ¢; for all X =
1,..., N and so the first-order condition with ¢* > ¢~ provides the equilibrium.

Furthermore, symmetry and equation imply that the unique number of side ¢ agents

G

is given by TZ»G = [1 -+ (N — 1)¢1]q1 so that q; = m

G

Substituting ¢\ and ¢;* for

X

G =q = m into the first-order condition above implicitly

X _ _ 7j
and 4" = 4; = w19,

defines the solutions for (77, 75).
Also note that the total output on side ¢ can be written as Q; = N - ¢; = % A

a result, we can write the classic markup term given by =2, where the elasticity of demand

€;

on side 7 is given by ¢; = %%Z . % < 0, as the following:
pi Opi 1+ (N —1)¢, N .78
- = Qi = |ai( iG) “dj - Lt )9 : = O‘Q(TiG) : QjTiG

& 0Qi
= a(r) ;- [1+ (N = 1)i]g:

N 14 (N —1)¢4]
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Substituting into the first-order condition reduces to

S E e T
= S S — ¢ + a1 .
Rearranging terms implies that
1 o 1
p; = ¢+ & — Oé](TjG)TjG.

(16)

O

Proof of Proposition : For the equilibrium characterization @ to be sufficient, the

optimality condition must satisfy the second-order condition. In our setting, the second-order

condition is satisfied when the Hessian of I is negative semi-definite whenever OI1* /9gX =

0 for ¢ = 1,2. Because we have

82HX X X X

14 /
agX e (T3) - a5 - ai° + 20i(m) - 5

!
/ b's af (1) x
= o (1)q¥ |2 x|
a;(7i)q; { + ag(mql}

82HX X X

/ /
Hox X = ilmi) ¢ +aim) + (1) - ¢ + ay(7)
4; q;

i) [a + 28] g [ + 2]

The Hessian of II¥ is negative semi-definite when

01X

g =

and

O2IIX 921X 211X \ 2
Vo) <aqu;f ) =0

)
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Which can be written as

2
/ x, i(7) / x . YT
— () |q (5) ¢ > 0.
{Oél(T) {ql + a;(n)} + a’j(7) [qj + Oé;»(Tj):|}
Suppose that ¢; = ¢; = 0. In this case, OI1% /9g* = 0 if

aj (1) g + ai(m) + a;(r;) = 0.

This implies that at the point where the first-order condition is satisfied, there exists a

corresponding value 8 > 0 such that
ai(1;) + a;(1j) = —al(m)g* = —a;’(Tj)q]X = A.

At that point, the Hessian of I is positive definite when

8 [2 " ag(ﬂ')q;x] {2 N /(1)

a;(7;) '-

Xl —p2>0.
am)qﬂ} 7=

Let oy(7;) :== —a/(7;)7;/(7;), which is positive when o (7;) > 0. Because N7; > Q; > ¢;¥,

we have, when o/ (7;) > 0,
—o (i) x

Therefore, the second-order condition is satisfied when
i\Ti) < %7
oi(r) < ~
holds for all 7 and 7;, and

[2— No;(1;)][2— Noj(r;)] =1 >0
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for all (7;,7;). As a special case, 0;(7;) < 2/N always holds if «; is globally concave or linear.

O

Proof of Proposition [3} We first show that if ¢,y > 0, then a;(78) + ag(7) — 0 as

N — o00. To see this, note that the equilibrium condition is given by

U =g, ) + () = 0,

fori,j =1,2, j # i.

Now suppose to the contrary that a;(77) + aa(75) — @ # 0. This implies that

e

10 G 7 _
T e

as N — co. Because inf, o,(z) > —oco and sup, o}(r) < 0, we must have limy_,, o (7¢) —
a € (—00,0). This implies that & > 0, which in turn implies that a;(7) > 0 and 7¢ < oo
holds for at least one i = 1,2. Then, we must have 7¢/[1 + (N —1)¢;] — 0 as N — oo when
¢; > 0, which implies that a;(7F) + (7)) = 0 must hold at the limit, a contradiction.

Finally, we show that pf = oy (77)¢" — 0. The fact that oy (1) +a;(7%) = 0as N — oo

implies that
G

T (N—1)g

as N — oco. Therefore, by the assumption that sup, |o;(z)| < oo, we have

G
G_ ¢ — (€ Ti —

O

)

Proof of Proposition H: We know from the proof of Proposition (1| that Ig = —al(tFB) -

CB,.CB

¢P7EB, pPB = ai(rFB) -

q] ,and ¢; = 1+(]\;—i—1)¢>1' Thus, equation @ with ¢1 =1, ¢ =0
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and ¢; = 0 becomes

1
T = 0= % al (P — aalrf P)ef”,
CB T1CB 1 (_CB CBTICB 1 CB\._CB
042(72 )_N :0_042(72 )72 N _N‘al(ﬁ )1

With cancelations and by rearranging terms we have that

0=+ h(FFP)rE% + an(7E2) + n(5),

1
N

0= o/z(TQCB)TQCB + 042(7'203) + 041(7'103).

Totally differentiating each equation when the o (-) = 0 implies that

1 CB
0 == <]- + N) O/I(QICB)aQICB + O/Q( QCB)aQQCB - O{II(QICB) ' 65\172 aNa
0 = 205(Q5")IQE" + a/ (Q7”)0QT”.
Af lgeb have that 200 = 207 5 g ang 227 — 47 AP
ter some algebra, we have that - = Nngo - Vand 5 = — oL (+F) N(N 1) <

In terms of prices, we know that p{? = a1(77F) - 7¢F and p§P = au(7SP)

equation . Differentiating with respect to N implies that

0.

71

CB
v by

api’? — o CB)TCBaTICB Ta (703)372013
oN U ogN TR TN
aps'® = al( CB)Tch ors'? +a2(703)l87103 _ (TCB>7'1CB
ON 2?7 N ON > 'N ON 2 N
The first equation is less than zero since o/ (+), 85% < 0 and 8g1]CVB > 0. The second equation

is ambiguous at first glance. Here, however, the consideration for interior solutions might

play a role. To see this, note that the linear structure of «o;(7;) = a; — b;7; for i = 1,2 implies
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that the first-order conditions for consumers and sellers that reduce to:

1
Ozal—(1+N)b1'7'10B+a2—b2'7'2CB,

0:a2—2b2-7'203+a1—b1-7'f3.
As a result, we have that

TCB _ (CL1 + CLQ)N
! by (N +2)

CB
This implies that p§? = as(75?) I~ becomes

PO — (N + 1Das —a1] - (a1 + ag)‘

biby(N + 2)?
CB
Differentiating implies that agﬁv > ( if and only if 2a; > Nay. In the end, an interior
solution requires that 7% < 7, := % Given the 7% and 75'% above, we require that

2a; > Nay and (N + 1)a; > as for an interior solution to occur (which is satisfied to by the

former). Thus, aggNB > 0. O

Proof of Proposition [5; As discussed in the Proof of Proposition [ a linear structure so

that a;(7;) = a; — by7; for i = 1,2 implies that

+ as
_ & 6B — a1
T (N2 T

Cby(N+2)

An interior solution occurs whenever 775 < % (so that a;(-) > 0 for all 7;). This restriction

implies that we require % ag < a; < (N+1)ag so that the network effect magnitudes cannot

differ too drastically. Differentiating implies that

87103 - 2(a1+a2) 87’203 _ ai; + as
ON — b(N+22 " ON  by(N+2)%
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Applying the Leibniz integral rule to equation implies that

CB CB T¢B CB
ow cBy_cB T oty

N = ay(m77) 15 5N + aq (7 )8N dry+ay(tEP) B 8N /

CB 87’

Substituting for the 777, =5, and a4(+), and after some algebra, we have that

8WCB . (a1 + CL2>3
ON  2biby(N + 2)4

-(=N? —2N +6).

Thus, % > 0if and only if —N? — 2N + 6 > 0 which never holds for N > 2. U

Proof of Proposition @: We know from the proof of Proposition [1| that f—c = —al(r’) -

G
¢§E pf = ai(tF) - ¢f , and ¢F = Jr(J\T/—l) Thus, equation (9) with ¢; = 0 becomes

G i 0l 1 RN U G 1 L (G\.G
ai(Ti )1+(N]_1)¢j =0 1+(N_1)¢z ai(Ti ) 1+<NJ 1)¢TZ 1+<N—1)¢] aJ(Tj )Tju

which reduces to

fori,7 =1,2 and 7 # j.

To determine an explicit expression for the 2 note that a;(7;) = a; — by; implies that:

8N7

O:ai—biT-G— L‘{‘GQ—IETS
’ 14+ (N —1)¢; ’

for i,57 = 1,2 and i # j. Solving the system of equations for 7¥ and 75 we have that

G (a1 + a2)[1 + (N —1)¢;]
CbBH (N =1)¢r + (N = 1))

which implies that




for i = 1,2. An interior solution occurs whenever 7 < B (so that «;(+) > 0 for all 7;). This

1+(N-1)¢1 .
2+(N—1)¢2 a S

2+(N—-1)¢1
1+(N—-1)¢2

IN

restriction implies that we require - ao so that the network

effect magnitudes cannot differ too drastically. Differentiating implies that

87’G . (a1 —+ 0@)

]

ON — b[3+ (N —1)¢1 + (N — 1)¢o)?

[Ps[3+(N 1)1 +(N —1)d2] — (p1+¢2) [1+(N —1) 4],

for © = 1,2. This implies that 8;'\(,; > 0 if and only if 2¢; > ¢; for i,7 = 1,2 and 7 # j.

Similarly,

Lastly, our work above implies that

MU - 1 . ‘szv o (a/l + a2)2
COLE (N =D)d —ef b3+ (N = 1)(d1 + o))
and
1 (a1 4+ az) - {2+ (N — D)¢ila; — [1 + (N — 1)¢;la;}
MD; = C QG 7-.G T.G = J J )
= Tr v -1 YT B+ (N = Dior + )P
Differentiating we have that ‘”‘iUZ <0, dMD’ < 0, dMUl < 0, and % <0. U

Proof of Proposition : Under a linear structure, so that «;(7;) = a; — by for i = 1,2,

equation simplifies to

(Cll —+ CLQ) 3
261023 + (N — 1)(¢1 + ¢2)?
X [4+5(N = 1)(¢1 + ¢2) + (N — 1)(4N — 6)d102

+ (N = 1)%(¢F + ¢3) — (N — 1)(2N — 1)¢1¢a(h1 + ¢2)] -

we =
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Differentiating with respect to N implies that

owWe (ay + ag)?

ON 201023 + (N — 1)(¢1 + ¢2)]*
X [3(¢1 + ¢2) + 22N — 5) 1o — 4(N — 1)(¢7 + ¢3)

— N(5N = 2)¢1¢2(p1 + ¢2) — (N — 1)%(¢} + ¢3)
+AN(N = 1)¢7¢5 + 2N (N — 1)$162(67 + 63)] -

Finally, by imposing ¢ = ¢ and ¢9 = 1 — ¢, this reduces to

(9WG _ ((Il -+ CLQ)Z
ON  2b1by(2+ N)*
<0

X [{N +[1=3(1=¢)g]}* — {7 —21(1 — ¢)¢ — 9(1 — ¢)*¢”}] ,

where 1—-3(1—¢)¢ > 0 for ¢ € [0,1]. Thus, the positive solution for {N + [1 — 3(1 — ¢)¢]}*—
{7—21(1 — ¢)p — 9(1 — ¢)2¢*} = 0is N* = —1+3p(1—p)++/7 — 21¢ + 3092 — 18643 + 9¢1.
It is verified that this N* € (1,2) for any ¢ € [0, 1]. Therefore

76N C<O0forall N>2. O

Proof of Proposition [8 As shown in the proof of Proposition [7] we have that

owe (ay + ag)?

ON 201b[34+ (N — 1)(61 + o))
X [3(¢1 + d2) + 22N = 5)¢1¢p — 4(N — 1)(¢} + ¢3)

— N(5N = 2)¢16a(¢1 + ¢2) — (N — 1)*(¢] + ¢3)
+HAN(N = 1)¢i¢; + 2N (N — 1) do(7 + 63)] -

Imposing the constraints from , letting a1 = ao = a, and letting b; = by = b we have that

agjfv < 0 for N > 2 across the homing allocations that exist as Cournot platform equilibria.

O
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