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Abstract In this chapter, transport properties raised by antisymmetric spin-
orbit interactions in noncentrosymmetric systems are discussed. We consider
magnetoelectric effects, the anomalous Hall effect, the spin Hall effect, and
topological transport phenomena which are in analogy with the quantum spin
Hall effect realized in Z2 topological insulators. These topics are supposed to
be relevant to potential applications to spintronics.

1 Introduction

Spin-orbit (SO) interactions in electron systems generally induce the cou-
pling between charge degrees of freedom and spin degrees of freedom, giv-
ing rise to distinct transport phenomena involving both charge and spin of
electrons. A well-known example is the anomalous Hall effect for which a
charge Hall current is raised not by the Lorentz force, but by the coupling
between a momentum of an electron and a spin moment through the SO
interaction.[1, 2, 3, 4, 5] A closely related phenomenon also caused by the
SO interactions is the spin Hall effect: a spin Hall current is generated by an
applied longitudinal electric field in the absence of a magnetic field.[6, 7, 8, 9]
The spin Hall effect opens a possibility of manipulating electron spins coher-
ently, and may be utilized for potential applications to spintronics devices. In
systems with noncentrosymmetric crystal structures, in addition to spherical
SO interactions, there is an antisymmetric SO interaction,

HSO = α(k ×∇V ) · σ. (1)
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Here ∇V is an asymmetric potential gradient due to atoms, the locations
of which break inversion symmetry. The antisymmetric SO interaction (1)
introduces another nontrivial coupling between charge degrees of freedom
and spin degrees of freedom, which associates parity-violation in momentum
space with broken spin-rotational symmetry. This leads to unique transport
phenomena such as magnetoelectric effects. [10, 11, 12, 13, 14, 16, 17, 18,
19, 20, 21] For instance, a magnetic field coupled to electron spins controls
charge current dynamics of electrons, and conversely, a charge current flow in-
duces and affects magnetic moment of electron spins, which implies potential
applications to spintronics. In this chapter, we overview the present theoreti-
cal understanding on these phenomena associated with the SO interaction in
noncentrosymmetric systems. In the sections 2, 3, 4, our main concern are fo-
cused on bulk transport phenomena. Some of the above-mentioned effects are
related to paramagnetic effects, and hence, drastically influenced by electron
correlation effects. Furthermore, some noncentrosymmetric superconductors
(NCS) discovered so far are heavy fermion systems, which are regarded as
strongly correlated electron systems. Thus, we will present discussions about
electron correlation effects on these transport phenomena, examining feasi-
bility of experimental observations of them in heavy fermion NCS. In the
section 5, we will discuss a transport phenomenon analogous to the quantum
spin Hall effect: spin currents carried by edge excitations which appear on
open boundaries of systems. This phenomenon has been extensively studied
for a certain class of band insulators. We demonstrate that a similar effect
also occurs in NCS under a particular circumstance.

2 Model systems

In the following, our argument for the case of normal states is largely based
on the Hamiltonian,

H = H0 + HSO, (2)

H0 =
∑
k,σ

εkc†kck + U
∑

i

c†↑ic↑ic
†
↓ic↓i, (3)

HSO = α
∑

k

c†kL0(k) · σck, (4)

where c†k = (c†↑k, c†↓k) is the two-component spinor field for an electron with
spin ↑, ↓, and momentum k. σ = (σx, σy, σz) with σν , ν = x, y, z, the Pauli
matrices. HSO is an antisymmetric SO interaction with a coupling constant
α. L0(k) is given by an average of the operator (k × ∇V ) over Bloch wave
functions. For tetragonal lattice structures and small k, L0(k) = (ky,−kx, 0),
which is the Rashba interaction.[22] We also include an onsite Coulomb re-
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pulsion U in H0 to discuss electron correlation effects on transport properties,
which may be important for heavy fermion NCS. For the discussion on su-
perconducting states, which is presented in the section 3 and in the section
7, we add the BCS mean field pairing term

HBCS = −1
2

∑
k

[∆σσ′(k)c†σkc†σ′−k + h.c.] (5)

to the Hamiltonian (2). Here the gap function is [11]

∆(k) = ∆s(k)iσ2 + ∆t(k)L0(k) · σiσ2. (6)

The first (second) term of eq.(6) is the superconducting gap for a spin-singlet
(spin-triplet) component. The d-vector for the spin-triplet component of (6)
is chosen soo as to optimize the antisymmetric SO interaction.

3 Magnetoelectric effect

The existence of the antisymmetric SO interaction α(k × ∇V ) · σ yields
nontrivial coupling between charge and spin degrees of freedom, giving rise to
magnetoelectric effect. Magnetoelectric effects have been studied extensively
for multiferroic systems, i.e. insulators. However, our argument here is focused
on itinerant electron systems. This effect is possible in both the normal state
and the superconducting state. In particular, in the superconducting state,
the magnetoelectric effect involves dissipationless supercurrent, and, in fact, is
related to static and thermodynamic properties rather than non-equilibrium
transport.

3.1 Normal state

The magnetoelectric effect in the normal metal was originally discussed by
Levitov et al.[13, 14] We explain this effect in the case of cubic systems
without mirror symmetry. When an electric field is applied, the antisymmetric
SO interaction generates the magnetization,

M = Υ̂E. (7)

Here the magnetoelectric-effect coefficient Υ̂ is a tensor. For cubic symmetry,
Υ̂ is a pseudoscalar, (Υ̂ )µν = Υδµν with µ, ν = x, y, z. As an inverse effect,
an AC magnetic field gives rise to the charge current flow,
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J = −Υ
dB

dt
. (8)

Eqs.(7) and (8) have opposite signs because the entropy generations dS =
(J ·E−M ·Ḃ)dt/T under these equilibrium processes must be nonzero. Note
that the inverse effect (8) involves dissipation due to current flows, and thus
requires dynamical magnetic fields which supply the system with energy.

The physical origin of these effects are easily understood as follows. When
the charge current flows along the µ-axis (µ = x, y, z), the Fermi surface is
deformed into asymmetric shape, and because of the SO interaction which
couples momentum of electrons with spins, the deformation of the Fermi
surface yields imbalance of distributions of up-spins and down-spins, giving
rise to magnetization along the same axis. Conversely, an applied magnetic
field in the µ-direction changes the distribution of spins, which also deforms
the Fermi surface asymmetrically, leading to the charge current.

It should be noticed that eq.(8) does not include contributions from mag-
netization current JM = c∇ × M . The magnetization M = ΥE is re-
lated to the AC magnetic field via ∇ × E = −c−1∂B/∂t. Then, we obtain
JM = c∇× M = −ΥdB/dt. The total current induced by the AC magnetic
field is

Jtot = J + JM = −2Υ
dB

dt
. (9)

The charge current is doubled by the magnetization current.
The magnetoelectric effect is possible also for the case of tetragonal sys-

tems with the Rashba-type SO interaction. However, in this case, only the
off-diagonal components of the magnetoelectric-effect coefficient Υµν with
(µ, ν) = (x, y) or (y, x) are nonzero. Because of broken inversion symmetry
along the z-direction, the Onsager relation for Υµν is Υxy = −Υyx. Thus,
eqs.(7) and (8) are changed to

Mµ = −ΥµνEν , (10)

Jµ = −Υµν
dBν

dt
. (11)

For this definition of Υµν , the entropy generations dS is nonzero. Since the
sign of eq.(10) is negative in contrast to the positive sign in the case of cubic
systems (7), the magnetization current partially cancels the magnetoelectric-
effect current; i.e. J +JM = −cΥxy(∂xEz, ∂yEz,−∂xEx−∂yEy). Thus, when
these gradients of an electric field are zero, the current induced by the mag-
netoelectric effect vanishes.[23]

The magnetoelectric-effect coefficient in the normal state Υµν is calculated
by using the standard linear response theory based on the Kubo formula,

Υµν(ω) =
1
iω

KME
µν (iωn)|iωn→ω+i0, (12)
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KME
µν (iωn) =

∫ 1/T

0

dτ〈Tτ{Sµ(τ)Jν(0)}〉eiωnτ . (13)

Here Sµ and Jν are, respectively, the total spin and the total current defined
by

Sµ = µB

∑
k

c†kσµck, (14)

Jµ = e
∑

k

c†v̂kµck, (15)

with
v̂kµ = ∂kµ(εk + ασ · L0(k)). (16)

Here we put the g factor equal to 2. In the case that electron-electron inter-
action is negligible, and mean free path is determined by scattering due to
impurities, Υµν is easily calculated by using the Green function formalism;

KME
µν (iωn) = eµBT

∑
εm

∑
k

tr[σµĜ(k, εm + ωn)v̂kνĜ(k, εm)], (17)

where the single-electron Green function in the absence of the Coulomb re-
pulsion U is

Ĝ(k, εm) =
∑
τ=±

1 + τL̂0(k) · σ
2

Gτ (k, εm), (18)

Gτ (k, εm) =
1

iεm − εkτ + isgn(εm)γk
, (19)

with εkτ = εk + τα|L0(k)|, L̂0(k) = L0(k)/|L0(k)|, and γk the quasiparticle
damping. εn and ωn are, respectively, fermionic and bosonic Matsubara fre-
quencies. If we assume a spherical Fermi surface, Υµν is ∼ eµBmαℓ/vF where
ℓ is a mean free path of an electron.

By using more elaborated analysis based on the Fermi liquid theory, we can
take account of electron correlation effects on Υµν , which may be important
for heavy fermion NCS. According to this analysis, we obtain a simple relation
among Υµν , the specific heat coefficient γ, and the resistivity ρ:[19]

Υµν ∼ µB

ev∗F ρ
· αkF

EF
∝ γ

ρ
· αkF

EF
. (20)

In general, for heavy fermion systems, the resistivity is given by ρ ∼ ρ0+AT 2,
with ρ0 a residual resistivity and A a constant factor ∝ γ2. At sufficiently
low temperatures, for clean systems, Υµν can become large.

We now estimate the order of the magnitude of these effects. We assume
that the Fermi velocity is v∗

F ∼ 105 cm/s, which corresponds to the mass
enhancement of order ∼ 100, i.e. a typical value for heavy fermion systems,
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and that the SO splitting is sufficiently large, e.g. αkF /EF ∼ 0.1. To con-
sider the magnetization induced by an electric field, we assume that the
charge current density is J ∼ 1 A/cm2. Then, the induced magnetization
is estimated as, M = ΥE ≈ µB(αkF /EF )(J/ev∗F ) ∼ 1 Gauss, which is ex-
perimentally measurable. To evaluate the charge current induced by an AC
magnetic field we assume that an AC magnetic field B = B0 cos(ωt) with
B0 ∼ 100 Gauss, and ω ∼ 100 kHz is applied, and the normal resistivity
is ρ ∼ 10µΩ · cm. Then we obtain the charge current, J = −2Υ (dB/dt) ≈
µB(αkF /EF )(dB/dt)/(ev∗F ρ) ∼ 1 mA/cm2. This magnitude is also exper-
imentally accessible. However, in this case, it is required to discriminate
between the current due to the magnetoelectric effect and the usual eddy
current induced by the time-dependent magnetic field. For cubic systems,
the current induced by the magnetoelectric effect is parallel to the direction
of the applied magnetic field, and hence perpendicular to the eddy current.
These two currents are distinguished by this directional dependence.

3.2 Superconducting state

Magnetoelectric effects in the superconducting state we shall discuss involve
equilibrium dissipationless supercurrent in contrast to the non-equilibrium
transport in the normal state discussed in the previous section. We shall see
that there exist an extra contribution to the supercurrent induced by the
Zeeman magnetic field, and conversely, an extra bulk magnetization induced
by the supercurrent flow. These phenomena were originally predicted by Lev-
itov et al. and Edelstein.[10, 11, 12, 16, 17, 18, 19, 20, 21] This mentioned
supercurrent is an additional contribution to the ordinary one which is due to
finite phase gradients. Its physical origin is also the asymmetric deformation
of the Fermi surface due to an applied Zeeman magnetic field as in the case
of the normal state. However, in the present case of a static Zeeman field, no
net current can arise in the normal state because of the cancellation between
the contributions due to the changes in the occupation numbers versus the
quasiparticle dispersion. A net finite contribution arises only within the su-
perconducting state where this cancellation is no longer perfect. [11, 16] For
the realization of this supercurrent flow induced by Zeeman magnetic fields,
a system must allow a bulk current flow without dissipation. One example of
such a system may be realized by attaching leads made of superconductors
to the sample. Without leads to the outside, the current from phase gradient
and the magnetoelectric effect must sum to be zero in the ground state and
the system must develop instead a finite phase gradient and therefore be in
the ”helical state”.[24]

To explain the magnetoelectric effects, we first exploit the Ginzburg-
Landau (GL) theory, and later, we will present microscopic analysis. The
GL free energy for superconductors without inversion symmetry was derived
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by Edelstein, Samokhin, and Kaur et al.[15, 26, 24], which reads,

Fs − Fn = a|Ψ |2 +
β

2
|Ψ |4 +

1
2mµ

|DµΨ |2

+
Kµν

2ens
Bµ(Ψ(DνΨ)∗ + Ψ∗DνΨ)

+
B2

8π
−

χµµB2
µ

2
, (21)

where a = a0(T − Tc0), Dµ = −h̄∇µ − 2eAµ/c, Aµ is a vector potential,
B = ∇×A, M is a magnetization density, and ns is a superfluid density. The
forth term of eq.(21) with the coefficient Kµν stems from the antisymmetric
SO interaction, and is the origin of the magnetoelectric effects. Differentiating
the free energy with respect to A and B, we obtain the following relations
for the supercurrent density Js and the magnetization density M ,[17]

Js
µ = Jdia

µ + KνµBν , (22)

Mµ = −KµνΛJdia
ν + MZee

µ , (23)

where Jdia
µ is the usual diamagnetic supercurrent given by Jdia

µ = (h̄∇µφ −
2eAµ/c)/(2eΛ) with φ the phase of the order parameter Ψ , and Λ−1 =
4e2|Ψ |2/m. The last term of eq.(23), MZee

µ , is magnetization due to the usual
Zeeman effect. Also, we have put |Ψ |2 = ns. The second term of the right-
hand side of eq.(22) is the supercurrent due to the magnetoelectric effect,
and the first term of the right-hand side of (23) is the magnetization induced
by the supercurrent flow.

The structure of Kµν is constrained by the symmetry requirement as de-
scribed below:

1. Tetragonal systems with C4v symmetry— In this case, the systems are
invariant with respect to the reflection x → −x (or y → −y). Under this
reflection, the current Jx (Jy) changes its sign, while Bx (By) does not.
Thus, this symmetry and eq.(22) imply that −Kxx = Kxx = 0. (Also,
Kyy = 0.) Also, under the reflection x → −x, Jz is invariant, while Bz

changes its sign. This implies Kzz = 0. Furthermore, the systems are
invariant under the π/2-rotation around the z-axis, i.e. x → −y, y → x.
This leads to Kxy → −Kyx = Kxy, and Kxz → −Kyz = −Kxz = Kxz = 0.
Only Kxy = −Kyx is nonzero. This case is relevant to CePt3Si (space
group P4mm), and CeRhSi3, CeIrSi3 (I4mm).

2. Cubic systems without mirror symmetry— For cubic systems, if we take
µ and ν as the principal axes of the crystal structure, Kµ,ν = Kδµν holds;
i.e. the supercurrent induced by the magnetoelectric effect is

J = KB. (24)
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Since the left-hand side is a polar vector whereas the right-hand side is an
axial vector, K is a pseudoscalar. For cubic systems without mirror symme-
try (O symmetry), K is nonzero. This case is realized in Li2(Pd1−xPtx)3B
(space group P4332).

3. Cubic systems with mirror symmetry— An example of the crystal structure
for this case is that with Td symmetry. The SO interaction is the Dressel-
haus type.[25] Eq.(24) is still applicable to this case. However, since the
pseudoscalar should vanish in the presence of mirror symmetry, K = 0 and
thus the magnetoelectric effect is absent.

It is noted that the above lists are by no means exhaustive. The same sym-
metry constraint is also applicable to the magnetoelectric-effect coefficient in
the normal state Υµν discussed in the previous section.

In the case of the Rashba SO interaction, the paramagnetic supercurrent
induced by Zeeman fields is partially canceled with magnetization current
JM = c∇× M . This was first pointed out by Yip in the case of the Rashba
interaction. [17] To see this, using eqs.(22), (23), and the relation ∇×Jdia =
−B/cΛ, we write down the total current,

Js + JM = Jdia + c∇× MZee

+cKΛ(−∂xJdia
z ,−∂yJdia

z , ∂xJdia
x + ∂yJdia

y ). (25)

The last term of the right-hand side of (25) is the paramagnetic supercurrent.
In the complete Meissner state and in the thermodynamic limit, this term
vanishes, and thus there is no paramagnetic supercurrent. Yip pointed out
that because of this cancellation, the penetration depth is symmetric under
the transformation z → −z.[17] However, in finite systems, or in the mixed
state, the last term of (25) gives nonzero contributions to the magnetoelectric
effect.

In the case of cubic systems without mirror symmetry, the cancellation
between the paramagnetic supercurrent and the magnetization current does
not occur, and instead, these currents contribute additively for the mag-
netoelectric effect, as elucidated in [20, 21]. This is due to the fact that the
magnetoelectric-effect coefficient is a pseudo scalar Kµν = Kδµν , as explained
in the previous section for the case of the normal state.

The magnetoelectric effect coefficient Kµν can be calculated by using a
linear response theory as in the case of the normal state. Since the magne-
toelectric effect in the superconducting state is a static and thermodynamic
phenomenon, the coefficient Kµν is given by a static correlation function,

Kµν = KME
µν (0). (26)

Here the expression of KME
µν is the same as eq.(13), but is evaluated in the su-

perconducting state. For the case without electron-electron interaction, Kµν

is calculated from
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Kµν = −eµBT
∑
n,k

1
2
tr[ŜµĜ(k, εn)V̂kν Ĝ(k, εn)], (27)

where

Ŝµ =
(

σµ 0
0 −σt

µ

)
, (28)

V̂kν =
(

v̂kν 0
0 −v̂t

−kν

)
, (29)

with v̂ky defined by eq.(16), and Ĝ(k, εn) is the single-electron Green function
for the model (2) with the pairing term (5), defined by

Ĝ(k, εn) =
(

Ĝs(k, εn) F̂ (k, εn)
F̂ †(k, εn) −Ĝt

s(−k,−εn)

)
, (30)

with

Ĝs(k, εn) =
∑

τ=±1

1 + τL̂0(k) · σ
2

Gsτ (k, εn), (31)

F̂ (k, εn) =
∑

τ=±1

1 + τL̂0(k) · σ
2

iσyFτ (k, εn), (32)

Gsτ (k, εn) =
iε + εkτ

(iε + iγksgnε)2 − E2
kτ

, (33)

Fτ (k, εn) =
∆kτ

(iε + iγksgnε)2 − E2
kτ

, (34)

Here Ekτ =
√

ε2
kτ + ∆2

kτ , ∆kτ = ∆s(k) + τ |L0(k)|∆t(k), and ∆s(t)(k) is the
BCS gap for spin-singlet (spin-triplet) pairs.

Using the Fermi liquid theory, we can take account of electron correlation
effects in eq.(26). The most important electron correlation effect appears in
the response to a Zeeman magnetic field, i.e. the renormalization of g-factor
by effective mass enhancement. In the case with a spherical Fermi surface,
up to the first order in αkF /EF , the magnetoelectric coefficient is simplified
as,

Kµν =
eµBnsα

8π3zEF
, (35)
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where ns is the superfluid density. Kµν is amplified by the mass enhancement
factor 1/z. This feature is in contrast to the electron correlation effect on a
conventional diamagnetic supercurrent which is suppressed by the factor z.
As a result, the magnetoelectric effect in the superconducting state is much
more enhanced in heavy fermion systems with large effective mass than in
weakly correlated metals. In the derivation of eq.(35), we assumed that there
is no strong ferromagnetic spin fluctuations. If the system is in the vicinity of
ferromagnetic criticality, there is additional enhancement of Kµν due to spin
fluctuations. the magnetoelectric effect is enhanced by spin fluctuations.

We now discuss the feasibility of experimental observations of these ef-
fects. We use material parameters suitable for heavy fermion systems. Then,
assuming αkF /EF ∼ 0.1, the electron density n ∼ 1022 cm−3, the mass
enhancement factor 1/z ∼ 100, and vs/v∗

F ∼ ∆/EF ∼ 0.01, we estimate
the magnitude of the bulk magnetization induced by the supercurrent as
M ≈ µBn(αkF /EF )(vs/v∗

F )/(8π3z) ∼ 0.1 Gauss. The experimental detec-
tion of this internal field may be possible. For the above conditions, the
magnitude of the paramagnetic supercurrent is also accessible to usual ex-
perimental measurements. It should be emphasized again that to detect the
paramagnetic supercurrent, one needs to prepare a circuit in which the bulk
current flow without dissipation is possible.

4 Anomalous Hall effect

In this section and the next section, we mainly consider transport phenom-
ena in the normal state. The anomalous Hall effect is the Hall effect that is
not due to Lorentz force but caused by SO interactions combined with spin
polarization raised by an external magnetic field or a spontaneous magne-
tization in ferromagnets.[1] This effect has been explained in terms of two
different mechanisms; (1) intrinsic mechanism due to bulk SO interaction,
(2) extrinsic mechanism due to impurity SO scattering. Here, we are con-
cerned with the former effect due to antisymmetric SO interactions. In the
case of the Rashba SO interaction, this effect is intuitively understood as
follows. When an electric field applied along the y-axis induces the current
flow along this direction, deforming the Fermi surface into an asymmetric
shape, the distribution of spins, which is constrained to be perpendicular to
the Fermi momentum by the Rashba SO interaction, becomes anisotropic.
A magnetic field Hz applied along the z-axis gives rise to torque which ro-
tates spins around the z-axis. Because of the anisotropic distribution of spins
and the SO interaction, the rotation of spins accompanies the rotation of the
asymmetrically deformed Fermi surfaces on the xy-plane. As a consequence,
the net current along the x-axis occurs. The Hall current in this situation
is carried by electrons with anomalous velocity associated with the SO in-
teraction. The origin of the anomalous velocity is also understood in terms
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of Berry-phase effects due to the SO interaction [3]; i.e. the modulation of
the Bloch wave function |uk(r)〉 due to the SO coupling gives rise to the
Berry curvature defined by i

2ϵαβγ [〈 ∂u
∂kα

| ∂u
∂kβ

〉 − 〈 ∂u
∂kβ

| ∂u
∂kα

〉], which plays a role
similar to a magnetic field, i.e. a curvature of the gauge field, yielding the
transverse force on moving electrons. In the case of the Rashba interaction,
the anomalous velocity, vA = α(n × σ) with n = (0, 0, 1), is perpendicular
to the z-axis. Thus, the anomalous Hall effect is possible only for magnetic
fields along the z-axis.

The anomalous Hall conductivity σAHE
xy can be computed from the Kubo

formula for an anomalous-current correlation function. For general forms of
SO interactions, the expression for σAHE

xy is quite involved. However, in the
case that, for all k on the Fermi surfaces, the SO split of electron bands
α|L0(k)| is nonzero and sufficiently larger than the magnitude of quasiparticle
damping, the expression is much simplified. We also ignore the Coulomb
repulsion between electrons, U = 0, for simplicity. Then, the anomalous Hall
conductivity for the model (2) with the Rashba SO interaction and a magnetic
field Hz parallel to the z-axis is given by,[19]

Re σAHE
xy

Hz
= e2µB

∑
τ=±

∑
k

−τf(εkτ )
2α|L0(k)|3

(
∂L0x

∂kx

∂L0y

∂ky
− ∂L0y

∂kx

∂L0x

∂ky

)
. (36)

In this derivation, we have ignored orbital motions of electrons due to the
coupling with a vector potential, which are not important for the anomalous
Hall effect. In eq.(36), the quasiparticle damping γk does not appear, and
thus, the Hall current is dissipationless in the sense that it does not involve
any relaxation mechanisms. Eq.(36) is derived assuming α|L0(k)| ≫ γk. In
the case that for a certain k, the SO split vanishes, the factor α|L0(k)| in the
denominator of eq.(36) for this wave number k is replaced with quasiparticle
damping γk, regularizing possible divergences of (36). In this case, the Hall
effect is dissipative in the sense that momentum dissipation mechanisms play
an important role.

According to an analysis based on the Fermi liquid theory, in the case
with Coulomb repulsion U ̸= 0, σAHE

xy is enhanced by the mass renormaliza-
tion factor 1/z. This is because that the magnetic field Hz couples to the
anomalous velocity through the Zeeman effect, and the paramagnetic effect
is enhanced by the mass renormalization effect due to electron correlation.
More precisely, the enhancement of σAHE

xy due to electron correlation effects is
associated to the enhancement of the van-Vleck-like spin susceptibility which
is governed by transitions between the SO split bands.[19] For heavy fermion
systems, this factor is of the same order as the mass enhancement factor
1/z ≈ 100 ∼ 1000, and thus, the anomalous Hall conductivity can be signif-
icantly large. For instance, let us assume the resistivity ρ ∼ 10 µΩ · cm, the
mass enhancement factor 1/zkτ ∼ 100, the Fermi velocity v∗F ∼ 105 cm/s, and
the carrier density n ∼ 1022 cm−3. Then, the ratio of σAHE

xy ∼ e2µBB/(h2v∗
F z)
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to the normal Hall conductivity σNHE
xy is estimated as σAHE

xy /σNHE
xy ∼ 40. The

anomalous Hall effect overwhelms the normal Hall effect.
An analogous Hall effect for heat current is also possible. The anomalous

Hall conductivity for heat current is expressed as,[19]

κAHE
xy =

1
T

(L(2)
xy −

∑
µν

L(1)
xµL(0)−1

µν L(1)
νy ), (37)

where L
(0)
µν is equal to the conductivity tensor σµν , and, in the absence of

electron correlation, U = 0, for the Rashba model,

L
(m)AHE
xy

Hz
= e2−mµB

∑
τ=±

∑
k

−τ(εkτ )mf(εkτ )
2α|L0(k)|3

(
∂L0x

∂kx

∂L0y

∂ky
− ∂L0y

∂kx

∂L0x

∂ky

)
,(38)

with m = 1, 2. In the case with electron correlation effects, U ̸= 0, L
(m)AHE
xy

is enhanced by the mass renormalization factor 1/z.
It should be noted that in eqs.(36) and (38), electrons away from the Fermi

surface give dominant contributions to the anomalous Hall conductivity. This
feature is in accordance with the fact that the magnetic response against the
magnetic field along the z-axis is governed by the van-Vleck-like term. This
observation leads us to an interesting implication for the superconducting
state. In the superconducting state, the Hall effect for heat current is possible
at finite temperature, and when the superconducting gap is much smaller
than the size of the SO splitting, the thermal anomalous Hall conductivity
is not affected by the superconducting transition. Furthermore, even in the
limit of zero temperature, κAHE

xy /(THz) is nonzero, and behaves like in the
normal state, even though the quasiparticle density is vanishingly small. The
experimental detection of this effect is an intriguing future issue.

5 Spin Hall effect

The SO interaction gives rise to a transverse spin current under an applied
longitudinal electric field even in the absence of external magnetic fields. This
effect is called the spin Hall effect.[6, 7, 8, 9, 27, 28, 29, 30, 31] The origin
of the spin Hall effect is deeply related to the existence of the anomalous
Hall effect.[7] To explain this phenomenon, we consider the Rashba model
again. Suppose that a longitudinal electric field Ex along the x-direction
and a magnetic field Hz along the z-direction are applied to a system, and
there is a nonzero anomalous Hall current; i.e. JAHE/e = (n↑v↑ + n↓v↓) =
n↑+n↓

2 (v↑ + v↓) + n↑−n↓
2 (v↑ − v↓) ̸= 0 with n↑(↓) density of electrons with

up (down) spin and v↑(↓) velocity of electrons with up (down) spin. On the
other hand, in the absence of the magnetic field, JAHE must be zero, and
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also there is no spin magnetization, i.e. n↑ − n↓ = 0, which leads to v↑ +
v↓ = 0. As a result, for Hz = 0 and Ex ̸= 0, there is a nonzero spin Hall
current JSHE/µB = n↑v↑ − n↓v↓ = n↑+n↓

2 (v↑ − v↓) ̸= 0, while the charge
Hall current is zero, JAHE = 0. From a different point of view, the origin of
the spin Hall effect is understood in terms of spin torque raised by the SO
interaction.[9] The applied electric field Ex ̸= 0 changes the x-component
of momentum of electrons by ∆px = eEx∆t. This raises the change of the
SO interaction, ασ · (∆px ×∇V ). Since the SO interaction can be regarded
as an effective Zeeman effect which depends on the direction of momentum,
this change gives rise to torque of spins along ∆px × ∇V . For the Rashba
model, the x-component of electron spins for py > 0 is opposite to that for
py < 0, and thus the spin torque yields the positive (negative) z-component
of spins for py > 0 (py < 0), leading to the spin Hall current along the y-
direction. Recently, the existence of the spin Hall effect in the Rashba model
has been extensively investigated by several authors.[8, 9] For the Rashba
model with broken inversion symmetry along the z-axis, the in-plane spin
current with the magnetization in the z-direction is considered. Then, the
spin Hall conductivity is defined as,

σSHE
xy = lim

ω→0

1
iω

KSHE(iωn)|iωn→ω+i0, (39)

KSHE(iωn) =
∫ 1/T

0

dτ〈Tτ{Jsz
x (τ)Jy(0)}〉eiωnτ . (40)

Here the total spin current Jsz
x is,

Jsz
x =

gµB

4

∑
k

c†k(v̂kxσz + σz v̂kx)ck, (41)

with g the g-factor.
To obtain an explicit formula for the spin Hall conductivity, we assume

again that α|L0(k)| ≫ γk is satisfied for all k. Then, in the absence of electron
correlation, U = 0, a straightforward calculation yields,

σSHE
xy =

egµB

2

∑
k

∑
τ=±

τf(εkτ )
2α|L0(k)|3

vx

(
L0y(k)

∂L0x

∂ky
− L0x(k)

∂L0y

∂ky

)
, (42)

where vµ = ∂kµ
εk. As in the case of the anomalous Hall conductivity (36),

quasiparticle damping does not appear in the expression (42), which indicates
that the effect is dissipationless. In the case of a two-dimensional electron gas
model with the Rashba interaction L0 = (ky,−kx, 0) and εk = k2/2m, when
the Fermi level crosses both of two SO split bands, the spin Hall conductivity
calculated from (42) is

σSHE
xy =

egµB

8π
. (43)
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Remarkably, its value is universal, and independent of any parameters specific
to the system such as the SO coupling α and electron density.[9] However, this
by no means implies that σSHE ̸= 0 even for α → 0. It should be noted that
the above result is obtained under the assumption that the SO split is much
larger than the quasiparticle damping. As α → 0, the quasiparticle damping
which should appear in the denominator of (42) becomes important, leading
to σSHE → 0.[27] In more general cases where the SO interaction is not the
Rashba type and the Fermi surface is not spherical, the magnitude of σSHE

xy

depends on the detail of the electronic structure and is not universal.
When the quasiparticle damping is governed by impurity scattering, σSHE

xy

is partially cancelled with current vertex corrections due to impurity scat-
tering which are related to the single-electron selfenergy (the quasiparticle
damping) via the Ward-Takahashi identity. In particular, this cancellation is
perfect, σSHE

xy = 0, in the case of the Rashba model with L0(k) = (ky,−kx, 0)
even when the SO split is much larger than the scattering rate. However, this
complete cancellation is accidental, and does not hold for general forms of SO
interactions.[32] Thus, to calculate σSHE

xy correctly, one needs to take account
of both the detail band structure and scattering processes which govern the
quasiparticle damping.

According to a precise analysis based on the Fermi liquid theory, the spin
Hall conductivity σSHE

xy is not affected by electron correlation effects, but
determined solely by the band structure, in contrast to the anomalous Hall
conductivity discussed before. This is simply due to the absence of paramag-
netic effects (Zeeman fields) for the spin Hall effect.[19]

The experimental observations of the spin Hall effect were successfully
achieved for semiconductors.[30, 31] In these experiments, spin polarization
at the edges of samples due to spin currents under an applied electric field was
detected by optical measurements. Unfortunately, experiments for NCS have
not been achieved so far, partly because it is difficult, up to now, to synthesize
single crystals of NCS with a size large enough to make the detection of the
spin Hal effect feasible.

6 Quantum (spin) Hall effect in the superconducting
state: topological transport phenomena

The subject in this section is conceptually different from the bulk trans-
port phenomena considered in the previous sections. Here, we discuss trans-
port phenomena raised by nontrivial topological structures of the many-body
Hilbert space. As mentioned before, the anomalous Hall effect and the spin
Hall effect are also related to a topological property: nonzero Berry cur-
vature in momentum space. However, the topological transport phenomena
discussed here are distinct from these Hall effect in that transport currents
are carried not by bulk quasiparticles, but by edge excitations which exist
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on boundaries of systems. Such transport phenomena occur in the case that
there are both a bulk excitation energy gap and gapless edge excitations. The
studies on topological transport phenomena were initiated in the celebrated
paper by Thouless et al., in which the topological explanation for the quantum
Hall effect realized in two-dimensional electron gas in a strong magnetic field
was presented.[33] In the quantum Hall state, there is a bulk energy gap due
to the Landau quantization of the energy band, and Hall currents are mainly
carried by gapless edge states, which propagate along one direction only, and
are topologically protected from perturbations such as disorder.[34, 35] Here,
the topological protection means that the existence of edge states is closely
related to a nonzero topological number, i.e. the first Chern number nCh for
the U(1) bundle corresponding to the wave function. That is, the U(1) phase
of the wave function is not smooth in the entire (magnetic) Brillouin zone,
and there is a jump of the phase somewhere in the k-space, which leads to
the nonzero Berry curvature, and the nonzero Chern number. As a result, the
edge states are stable against any local perturbations which can not change
the topology of the Hilbert space. The modulus of the Chern number repre-
sents the total number of the edge modes. The Hall conductivity is expressed
in terms of the Chern number as σxy = (e2/h)nCh.[33]

It was pointed out by several authors that a similar phenomenon is possible
in chiral p + ip superconductors, in which there is a gapless edge mode,
which propagates along only one direction, reflecting broken time-reversal-
symmetry in chiral superconductors.[36, 37]

For a certain class of insulators with time-reversal symmetry, there ex-
ists another topological transport phenomenon, which is associated with spin
currents, and called the quantum spin Hall effect; i.e. in a certain class of
insulators with a bulk energy gap, a spin Hall current is induced by a longi-
tudinal electric field.[38, 39, 40, 41] In this state, the Chern number is zero,
because of time-reversal symmetry. However, instead, this state is character-
ized by another topological number called the Z2 topological invariant.[38]
These insulators are called the Z2 topological insulators.

As there is the close relation between the quantum Hall state and chiral
p+ ip superconductors mentioned above, there is also parallelism between Z2

insulators and s + p-wave NCS.[44, 45, 46, 47] Moreover, in the case with a
magnetic field, the s+p-wave NCS also exhibit a topological phase in analogy
with the quantum Hall state characterized by the nonzero Chern number. In
the following, we discuss these topological phenomena realized in NCS.

6.1 Z2 insulator and quantum spin Hall effect

Before considering NCS, we briefly summarize the fundamental properties of
the Z2 insulator relevant to the discussion on NCS. The Z2 insulator possesses
a bulk excitation energy gap which separates the ground state from excited
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states. In contrast to the quantum Hall state where the bulk gap is due to
the filled Landau level, the bulk gap of the Z2 insulator is a band gap, or
a gap generated by some symmetry-breaking of the system which preserves
time-reversal symmetry. The most important feature of the Z2 insulator is
the existence of two gapless edge modes which propagate in the opposite
directions, and carry, respectively, up-spin and down-spin. This leads to a
nonzero spin current flowing on the edge without net charge current flow. As
a result of it, the quantum spin Hall effect occurs; i.e. an applied electric field
parallel to the edges gives rise to spin Hall current traverse.

The Z2 insulator is regarded as a pair of two quantum Hall states in which
magnetic fields are applied in the opposite directions, and time-reversal sym-
metry is preserved in the whole system. For a while, we assume that the
total spin is conserved. Then, the two quantum Hall states are, respectively,
associated with spin up and spin down states. In such a system, each of
two quantum Hal states possesses nonzero Chern numbers with the same
magnitude but different signs. Thus, the total Chern number is zero. How-
ever, there are another topological numbers which characterize the topological
phase.[38, 42, 43, 48, 49] Let us consider the case that there are m gapless
edge modes (m > 1) for each spin state (i.e. the total number of edge modes is
2m), and that the spin-resolved Chern number (Chern number for each spin
state) is m. All of these gapless edge modes are not necessarily topologically
protected. For instance, two edge modes in the same spin state may propagate
in the opposite directions. In this situation, the two gapless edge modes are
backscattered by non-magnetic impurity, and become gapful. Thus, for the
case of even m, the system is not topologically-protected. When m is odd,
there is, at least, one gapless edge mode which is stable against disorder,
characterizing the topological phase. This implies that as long as the topo-
logical nature is concerned, there are only two states; i.e. topologically trivial
or non-trivial. These two states are classified by the parity of spin-resolved
Chern number m. Originally, the topological number which characterizes this
topological phase was introduced by Kane and Mele by using the Pfaffian of a
matrix Mmn(k) = 〈uk,m|Θ|uk,n〉 where |uk,n〉 is the Bloch state with a wave
vector k and a band index n (n = 1, 2, ..., N), and Θ is the time reversal
operator.[38] Note that each Bloch function |uk,n〉 is two component spinor
which consists of the Kramers doublet, and that Mmn(k) is a 2N × 2N
matrix. The total number ν of zeros of the Pfaffian Pf[M(k)] in half the
Brillouin zone which includes only one of k and −k discriminates between
the topological phase and trivial insulators. For the Z2 topological insulator,
ν = 1 (mod 2), and for trivial insulators, ν = 0 (mod 2). Later, it turned out
that the Z2 invariant is equivalent to the parity of the spin-resolved Chern
number.[50, 42]

In the above explanation, we consider the case that the spin projection
Sz is a good quantum number. However, the concept of the Z2 invariant
is more general and applicable also to the case without spin conservation,
as long as time-reversal symmetry is preserved and there is the Kramers
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degeneracy. Actually, in microscopic models for the Z2 insulator proposed
so far, SO interactions which violate spin conservation play important roles
to stabilize the topological phase.[38, 39, 40, 41] When the total spin is not
conserved but time reversal symmetry is still preserved, the above argument
is valid if we replace the spin-up and spin-down states with the Kramers
doublet. The stability of two gapless edge modes which form the Kramers
doublet is ensured by the nonzero Z2 invariant. More precise arguments on
the relation between the gapless edge modes and topological numbers, and
effects of electron-electron interaction are given in refs.[50, 51].

6.2 Z2 topological phase in noncentrosymmetric
superconductors

As mentioned before, there is parallelism between Z2 insulators and s + p-
wave NCS in the absence of magnetic fields.[44, 45, 46, 47] To explain this
point, we consider 2D NCS with the Rashba SO interaction defined on a
square lattice. We assume the d-vector of the p-wave pairing is compatible
with the Rashba interaction, i.e. d ∝ (sin ky,− sin kx, 0). We also allows for
the admixture of the s-wave pairing. In two dimension, the superconducting
gaps in the two SO split bands have no nodes provided that the p-wave
gap ∆p(k) is not equal to the s-wave gap ∆s(k) for any k on the Fermi
surfaces.. To clarify the topological nature of this system, we consider the
energy spectrum of edge states in the case that the geometry of the system is
a cylinder with open boundaries at x = 0 and x = L. [44]. According to the
numerical analysis for this system, when ∆p(k) > ∆s(k) is satisfied on the
Fermi surfaces, two gapless edge modes on each boundary emerge.[44, 46] The
two gapless edge modes on the same boundary are, respectively, associated
with the two SO split bands which constitute the Kramers doublet, and
propagate in the directions opposite to each other. This state is characterized
by the Z2 topological number, in analogy with the Z2 insulators.[44, 46] In
this phase, each of superconducting states realized in two SO split bands
is similar to a chiral p + ip superconducting state with different chirality.
Actually, the Hilbert space of this phase can be deformed into a topologically
equivalent one which is a product of the spaces of a chiral superconductor with
px+ipy gap symmetry and that with px−ipy gap symmetry. The deformation
into a topologically equivalent phase is possible when bulk excitation gaps are
not closed by this deformation. In the case that ∆p(k) > ∆s(k) is fulfilled on
the Fermi surfaces, we are able to change the magnitudes of ∆s(k) and the
SO coupling α continuously to zero without closing the bulk superconducting
gap. In this state, because of time-reversal symmetry, the Chern number is
zero, and there is no charge Hall current flowing on the edge. However, a spin
current carried by the edge states exists, which gives rise to the spin Hall
effect, in analogy with the Z2 insulator.
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6.3 Analogue of quantum Hall state in the case with
magnetic fields

We consider again the 2D Rashba superconductors with s + p-wave pairing
gaps satisfying the condition ∆p(k) > ∆s(k) on the Fermi surfaces. In the
case with a magnetic field, a topological state similar to the quantum Hall
state is realized for a particular electron density.[44] When the Fermi level
crosses the Γ point in the Brillouin zone, and a magnetic field is applied to
the system, a gap opens at the Γ point. If the magnetic field is smaller than
an upper critical field of the superconducting state, one gapless edge mode
associated with the band at the Γ point disappears, leaving only one gapless
edge mode. This chiral edge state is analogous to the quantum Hall effect
state. However, in contrast to the quantum Hall effect state, this gapless
edge state does not carry a charge current, because the quasiparticles in the
edge state are Majorana fermions; i.e. the antiparticles of them are equivalent
to themselves. The Majorana edge state may be probed by thermal transport
measurement.

The existence of the gapless edge mode is deeply related to the existence
of a zero energy mode in a vortex core which is also described by a Majorana
fermion, as clarified by analysing the Bogoliubov-de Gennes equations.[52, 44]
In fact, when the geometry of the system is a disk with a closed boundary,
and there is no vortex core in the system, i.e. the geometry of the system is
simply-connected, the edge mode has an excitation gap of order 1/L where
L is the perimeter of the closed system. In contrast, when there is a single
vortex with odd vorticity in the bulk system, the edge mode becomes gapless,
and simultaneously, a zero energy state in the vortex core appears. In this
sense, the gapless edge mode is a concomitant of the zero energy vortex core
state. A quasiparticle on the edge in the gapless case is also a Majorana
fermion. This implies that a Majorana fermion can not exist in isolation, but
should always accompany a Majorana partner, with which it forms a complex
fermion.

The chiral Majorana edge state is also realizable even in a purely s-wave
Rashba superconducor with ∆s ̸= 0 and ∆p = 0, provided that the Zeeman
energy due to a magnetic field H is larger than the s-wave gap ∆s, i.e. µBH >
∆s, and that the Fermi level is located within the energy gap around k ∼ 0
generated by the Zeeman effect.[53, 54] There are several proposals for the
realization of this system, which utilize, e.g., ultracold fermionic atoms, heavy
fermion superconductors, and semiconductor heterostructures.[53, 54, 55, 56]
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6.4 Accidentally protected spin Hall state without
time-reversal symmetry

In the case with a magnetic field, because of broken time reversal symmetry,
the topological characterization in terms of the Z2 number is not applicable.
However, even in such a situation, a pair of two gapless edge modes which
carry a spin current is stable for the 2D Rashba superconductors with the
condition ∆p > ∆s, provided that the magnetic field is perpendicular to
the direction along which the edge modes propagate.[44] In this phase, both
the Z2 number and the Chern number are zero. However, there is another
topological number which ensures the stability of this phase. This topological
number is a winding number defined for particular symmetry points in the
Brillouin zone inherent in the Rashba model.[44] In this sense, the stability of
this phase is accidental, and fragile when there is a magnetic field component
parallel to the propagating direction of the edge modes.

6.5 Topological transport phenomena

The transport phenomena associated with edge states can be experimentally
detected by using the measurements for a system with a Hall bar geometry as
considered before for the case of the quantum Hall effect in two-dimensional
semiconductors.[57] In superconducting systems, instead of charge currents in
semiconductors, the measurement of a heat current is useful for the detection
of quasiparticle contributions to transport phenomena. In the topological
phases mentioned above, heat currents are mainly carried by gapless edge
states, and hence the thermal conductivity exhibits power law behavior ∝ T
as a function of temperature, in contrast to the bulk contributions to the
thermal conductivity which should decay exponentially at low temperatures
∼ exp(−∆/T ) in the superconducting state with full gap ∆. A more dras-
tic effect characterizing the existence of edge states is a non-local transport
phenomenon. In a Hall-bar geometry in which two terminals (1 and 2) are
attached to one of two longer edges and another two terminals (3 and 4)
are attached to the other longer edge, the temperature gradient between the
terminals 1 and 3 gives rise to a heat current flowing between the terminals
2 and 4. This non-local transport can not be explained if one considers only
the contributions from bulk quasiparticles, when the distance between the
terminals 1, 3 and the terminals 2, 4 is sufficiently large. The detection of
this effect may be a direct evidence for the existence of edge states govern-
ing low-energy transport. The experimental verification of these phenomena
has not been achieved so far for NCS. The exploration for the topological
superconducting state in NCS is an interesting and important future issue.
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7 Conclusions

The antisymmetric SO interactions inherent in noncentrosymmetric systems
are sources of remarkable transport phenomena both in the superconducting
state and in the normal state, which are characterized by nontrivial coupling
between charge and spin degrees of freedom. Although experimental verifica-
tion of these phenomena in noncentrosymmetric superconductors is not yet
achieved, it is naturally expected that some of them related to the param-
agnetic effect such as the anomalous Hall effect and magnetoelectric effects
are enhanced in strongly correlated electron systems, and their experimental
detections may be feasible.

The antisymmetric SO interactions are also origins of topological order
and topological transport phenomena such as the quantum spin Hall effect.
In noncentrosymmetric superconductors under certain circumstances, topo-
logical phases akin to Z2 topological insulators can be realized.
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