ADELIC DIVISORS ON ARITHMETIC VARIETIES

ATSUSHI MORIWAKI

ABSTRACT. In this article, we generalize several fundamental results for arithmetic
divisors, such as the continuity of the volume function, the generalized Hodge index
theorem, Fujita’s approximation theorem for arithmetic divisors, Zariski decomposi-
tions for arithmetic divisors on arithmetic surfaces and a special case of Dirichlet’s
unit theorem on arithmetic varieties, to the case of the adelic arithmetic divisors.
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INTRODUCTION

The theory of birational Arakelov geometry has advanced tremendously over the
last decade, such as the continuity of the volume function, the generalized Hodge
index theorem, Fujita’s approximation theorem for arithmetic divisors, Zariski de-
compositions for arithmetic divisors on arithmetic surfaces and so on. Besides them,
non-Archimedean Arakelov geometry is also well-developed using Berkovich analytic
spaces. In this article, we would like to generalize the fundamental results for arith-
metic divisors to the case of adelic arithmetic divisors.

0.1. Birational Arakelovgeometry. Let 2 bea(d+1)-dimensional, generically smooth,
normal and projective arithmetic variety, that is, 2" is a projective and flat scheme
over Z such that 2 is integral and normal, 2" is smooth over Q and the Krull dimen-
sion of Z is d +1. A pair 7 = (2,g.,) is called an arithmetic R-Cartier divisor of
C-type on & if the following conditions are satisfied:
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(i) The first 2 is an R-Cartier divisor on 2, thatis, 9 = a,%, +---+a, %, for some
Cartier divisors %,,...,%, on Z and a,,...,a, €R.

(ii) The second g, is a real valued continuous function on (" \ Supp(2))(C) such
that, for each x € Z'(C), geo +Z;:1 a;log|f;|* extends to a continuous function
around x, where fi,..., f, arelocal equations of %, ..., 7, at x, respectively. In
addition, g, is invariant under the complex conjugation map.

Let Rat(%') be the rational function field of 2. We define H°(%', 2) to be
H 2, 9):={¢ €Rat(2)* | 2 +(¢) > 0} U{0}.

Note that H(%', %) is a finitely generated Z-module. For ¢p € H'(Z', %), we can see
that |¢ | exp(—goo/2) extends to a continuous function ¥ on 2'(C), so that

sup {(x)| x e Z'(C)}
is denoted by ||¢||g. . The volume \70\1(5) of 2, by definition, is given by

— ) log#1¢ € HY (X', n2)||P|l1q., <1
vol(2) :=11msc.>1ip { A+ 1) & }

It is known that the volume function vol has the following fundamental properties
(for details, see [30]):
(1) (Finiteness) vol(Z) < oo ([26], [27)).
— log#1p € H (2, n9 ne <1
(2) (Limit theorem) vol(2) :,Zh_’rgo g {(P An£+l/(d—|_)|1|)|!¢|| Beo } (71, 127D.
(3) (Positive homogeneity) vol(a%) = a?*'vol(2) for a € Ry, ([26], [27]).
4) E]ontin_uitylfhe V@me function volis continuous in the following sense: Let
Dy Dy, A ,...,.d ; be arithmetic R-Cartier divisors of C°-type on 2. Fora

compact subset B in R” and a positive number ¢, there are positive numbers
0 and 6’ such that

;0\1(2 a;J; +zs:5jﬂj +(0, ¢)) —‘70\1(2 aigi)
=1

<e€
i=1 i=1

for all a,,...,a,,6,,...,0, € R and ¢ € C°(X) with (ay,...,a,) € B, |6,|+---+
1051 <6 and ||@[lsp < 67 ([26], [27]).
Here we would like to introduce several kinds of the positivity of an arithmetic R-
Cartier divisor 2 of C°-type on X
e Big: vol(%)> 0.
e Relatively nef: the first Chern current c,(2) is positive and ¥ is relatively nef
withrespectto & — Spec(Z), thatis, deg( Z|.) > 0 for all vertical 1-dimensional
closed integral subschemes C of Z'.
e Nef: 7 isrelatively nefand &E@ c) = 0forallhorizontal 1-dimensional closed
integral subschemes C of Z'.
e Pseudo-effective: 7 + ./ is big for any big arithmetic R-Cartier divisor .</ of
C’-typeon Z.

In addition, 7 is said to be integrableif % =% — 9 for some relatively nef arithmetic
R-Cartier divisors 7 and 7 of C O-type. For integrable arithmetic R-Cartier divi-
sors 9,,...,%4,, of C°-type, the arithmetic intersection number deg(@l---gdﬂ) is
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well-defined (cf. [30, Subsection 6.4], [31, Subsection 2.1]). The following fundamen-
tal results were obtained by several authors such as Faltings, Gillet-Soulé, S. Zhang,
Moriwaki, H. Chen, X. Yuan and so on:

(5) (Generalized Hodge index theorem) If  is relatively nef, then
deg(@"™) < vol(@).

Moreover, if 7 is nef, then deg(%" ') = vol(%) ([10], [11], [37], [26], [30]).

(6) (Fujita’s approximation theorem for arithmetic divisors) If 7 is big, then, for
any positive number ¢, there are a birational morphism u : % — % of generi-
cally smooth, normal and projective arithmetic varieties and a nef arithmetic
R-Cartier divisor 2 of C°-type on % such that

2 <u*(?) and vol(2)—e <vol(Z?) < vol(2)

([7], [35], [28)).

(7) (Zariski decompositions for arithmetic divisors on arithmetic surfaces) We as-
sume that d = 1 and & is regular. Let Y(2) be the set of all nef arithmetic R-
Cartier divisors £ of C°-type on 2 with £ < 9. If Y(2) # 0, then there is the
greatest element & of Y(2), that is, Z? € Y(%) and £ < 2 for all Z € Y(2)
([30], [32)]).

(8) (Special case of Dirichlet’s unit theorem on arithmetic varieties) If 7 is numer-
ically trivial on the generic fiber of 2 — Spec(Z) and Z is pseudo-effective,
then there is ¢ € Rat(2')* ® R such that 7 + (/@ >0 ([31)).

The purpose of this article is to generalize the above results to adelic arithmetic divi-
SOTS.

0.2. Green functions on analytic spaces over acompete discrete valuation field. Let
k be a field and v a non-trivial complete discrete absolute value of k. Let X be a
projective and geometrically integral variety over k. Let X®" be the analytification
of X in the sense of Berkovich [2]. Note that X?" is a connected compact Hausdorff
space. Let Rat(X) be the rational function field of X. Let D be an R-Cartier divisor on
X, thatis, D = a, D, +---+a, D, for some Cartier divisors D, ..., D,on X and a,,...,a, €
R. Let X = Uﬁvzl U; be an affine open covering of X such that each D; is given by
fjl- €Rat(X)*on U, for j =1,...,r. We say that a continuous function

g: X"\ U;=1 Supp(D;)™ — R

isa D -Green function of C°-type on X™" ifg+z;:1 a;log|f;;|* extends to a continuous
function on U?" foreach i =1,...,N.

Let 2 be a model of X over Spec(k®), that is, Z is a projective and flat integral
scheme over Spec(k°) such that the generic fiber of & — Spec(k°) is X, where

i={fek|v(f)<1}.

We assume that there are Cartier divisors %,...,%, on & such that ;N X = D, for
j=1...,r.WesetZ:=a,%,+---+a,?,. The pair (¥, %) is called a model of (X, D).
For x € X"“\U;=1 Supp(D;)™, let fi,..., f; belocal equations of Z,..., %, at & = ry(x),
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respectively, where r, : X®* — %, is the reduction map and %, is the central fiber of
X — Spec(k°). We define g, 4)(x) to be

8, 9)(x) == _a;log|f;(x)P.
j=1

It is easy to see that g, 4 is a D-Green function of C°-type on X*". We call it the
D -Green function induced by the model (X', ).
We say that a D-Green function g is of (C° N PSH)-type if D is nef and there is a
sequence {(%},, Z,)}:2, of models of (X, D) with the following properties:
(i) Foreach n>1, 2, is relatively nef with respect to Z,, — Spec(k°).
(ll) If we set ¢n = g(%m@n)—g, then hmn—>oo ”(pn”sup =0.

0.3. Adelic arithmetic divisors. Let K be a number field and Oy the ring of integers
in K. We denote the set of all maximal ideals of Ox by M. For p € My, the absolute
value v, of K at p is given by

v, (f) = #(Ox /p) V).

Let K, be the completion of K with respect to v,. Let X be a d-dimensional, projective,
normal and geometrically integral variety over K and let X, := X Xg,eqx) Spec(K,),
which is also a projective, normal and geometrically integral variety over K,,. Let X(C)
be the set of all C-valued points of X, that is,

X(C):={x:Spec(C)— X | x is a morphism of schemes}.

Let F,, : X(C) — X(C) be the complex conjugation map, that is, for x € X(C), F,(x) is
given by the composition of morphisms Spec(C) - Spec(C) and Spec(C) 5 X, where
Spec(C) = Spec(C) is the morphism induced by the complex conjugation. The space
of F,,-invariant real valued continuous functions on X (C) with respect to the analytic
topology is denoted by CIE?OO(X (C)), that s,

Cp (X(©)):={p e CAX(C) | o Foo = p}.
A pair D = (D, g) of an R-Cartier divisor D on X and a collection of Green functions

8=1{8},enr, U {800}

is called an adelic arithmetic R-Cartier divisor of C°-type on X if the following condi-
tions are satisfied:

(1) For each p € My, g, is a D-Green function of CO-type on X;*“. In addition,

there are a non-empty open set U of Spec(Og ), a normal model 2, of X over
U and an R-Cartier divisor %, on 2y, such that 2, "X = D and g, is a D-
Green function induced by the model (Zy;, ;) forallp € U N M.

(2) The function g, is an F.,-invariant D-Green function of C°-type on X(C).
For simplicity, a collection of Green functions g = {g,},em, U{g0} is often expressed
by the following symbol:

g= > &lpl+golool.
peMy
Let ﬁ/zo(X )r denote the space of all adelic arithmetic R-Cartier divisors of C°-type
on X.
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Let D =(D, g) be an adelic arithmetic R-Cartier divisor of C°-type on X. We define
H°(X,D)to be
H°(X,D):={¢ eRat(X)* | D +(¢)> 0} U{0}.

For ¢ € H(X,D)and p € MyU{oo}, || exp(—g,/2) extends to a continuous function,
so that its supremum is denoted by [|@ [l . The set H’(X, D) of small sections of D and

the volume vol(D) of D are defined by
AX,D):={¢ € H(X,D)|[|¢ll,, <1forall p € My U{oo}},

—— log#H°(X,nD)
vol(D) := lllr}l_ilip na A1
respectively. Similarly as given for arithmetic divisors, we can also introduce several
kinds of the positivity of D as follows:
e Big: vol(D)> 0.
e Relatively nef: g, is of (C° NPSH)-type for all p € My U{oo}.
e Nef: D is relatively nef and deg(D|,) > 0 for all closed points x of X (for the
definition of (Tag(ﬁlx), see Subsection 4.2).
e Pseudo-effective: D + A is big for any big adelic arithmetic R-Cartier divisor A
of C°-type on X.

Further, D is said to be integrableif D =D —D" for some relatively nef adelic arith-
metic R-Cartier divisors D' and D of C %-type on X. For integrable adelic arithmetic
R-Cartier divisors D,,..., D 4., of C°-type on X, the arithmetic intersection number

deg(D, - Dyyy)
can be defined (cf. Subsection 4.5).

0.4. Main results. Let X be a d-dimensional, projective, normal and geometrically
integral variety over a number field K. The following theorems are the main results
of this article. Theorem 0.4.1, Theorem 0.4.2, Theorem 0.4.3, Theorem 0.4.4 and The-
orem 0.4.6 are generalizations of (4), (5), (6), (7) and (8), respectively. Properties (1),
(2) and (3) also hold for adelic arithmetic divisors (cf. Theorem 5.1.1). Several similar
results on arithmetic toric varieties are known. For details, see [3] and [4]. The adelic
version of Fujita’s approximation theorem has been already established by Boucksom
and Chen [5]. In this article, we give another proof of it and generalize it to R-divisors.
Further, Theorem 0.4.5 is a generalization of the result proved in [32]. Note that the
numbering of the main results in the introduction differs from one of the correspond-
ing results in the subsequent chapters, which can be found at the end of each theo-
rem.

Theorem 0.4.1 (Contlnulty of the volume function for adelic arithmetic divisors). The
volume functzonvol D1V o(X)r — R is continuous in the following sense: LetD,, ..., D,

A,,..., A, beadelic arzthmetzc R-Cartier divisors of C°-type on X. Let {p, ..., ps} be a
finite subset of M. For a compact subset B in R" and a positive number €, there are
positive numbers 6 and &’ such that

\70\1(21: a;D; +Z(5jzj + (O,ZZIZ%I[pIH npoo[oo]))—;o\l(zl:aiﬁi) <e
1= ]J= = 1=
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holdsforalla,,...,a,,6,,...,6,, €R, ¢, € CO(X;“),...,gops € CO(X;XH) and p . € CFOOO(X(C))
with(a,,...,a,)€ B, Z;;l 16;1<6 andd’;_ 119, llsupt1@oollsup < 6’ (cf: Theorem 5.2.1).

Theorem 0.4.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let
D be a relatively nef adelic arithmetic R-Cartier divisor of C°-type on X. Then

deg(D""") <vol(D).
Moreover, if D is nef, then deg(D""")=vol(D) (cf. Theorem 5.3.2).

Theorem 0.4.3 (Fujita’s approximation theorem for adelic arithmetic divisors). Let D
be a big adelic arithmetic R-Cartier divisor of C°-type on X. Then, for any positive
number €, there are a birational morphism u : Y — X of normal, projective and geo-
metrically integral varieties over K and a nef adelic arithmetic R-Cartier divisor P of
C-typeon Y such that P < u*(D) andvol(D)—e < vol(P) < vol(D) (cf. Theorem 5.1.6).

Theorem 0.4.4 (Zariski decompositions for adelic arithmetic divisors on curves). We
assume d = 1. Let D be an adelic arithmetic R-Cartier divisor of C°-type on X. Let
Y(D) be the set of all nef adelic arithmetic R-Cartier divisors L of C°-type on X with
L < D. IfY(D)#4, then there is the greatest element P of (D), that is, P € Y(D) and
L <P forall L e Y(D). Moreover, the natural map H°(X,aP)— H°(X,aD) is bijective
for a €R.y. In particular, vol(P) =vol(D) (cf. Corollary 6.2.7).

Theorem 0.4.5 (Numerigal characterization of nefadelic arithmetic divisors on curves).
We assume d = 1. Let D be an integrable adelic arithmetic R-Cartier divisor on X.

Then D is nef if and only if D is pseudo-effective and deg(D") = vol(D) (¢f. Theo-
rem 7.4.1).

Theorem 0.4.6 (Special case of Dirichlet’s unit theorem for adelic arithmetic divisors).
Let D be an adelic arithmetic R-Cartier divisor of C°-type on X. If D is numerically
trivial and D is pseudo-effective, then there is ¢ € Rat(X)* ®R such that D + @ >0 (cf.
Theorem 8.1.2).

Finally I would like to thank the referees for several valuable comments.
0.5. Conventions and terminology.

0.5.1. For a topological space M, let C°(M) denote the set of all real valued continu-
ous functions on M. Note that C°(M) forms an R-algebra.

0.5.2. Let k be a field and v a non-Archimedean absolute value of k. We define k°
and k°° to be

k°={xek|v(x)<1} and k*:={xek]|v(x)<l1}.

Note that k° is a valuation ring and k°° is its maximal ideal. If v is either “complete”
or “discrete and char(k)=0", then k° is excellent.
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0.5.3. Let M be a finitely generated Z-module and let || - || be a norm of My := M ®;R.
We define h°(M, ||-]|) and 7 (M, ||-||) to be

hO(M, || 1) :=log#{x € M | || x| < 1},
vol(B(M, |- 1))
vol(Mg /(M /M, ,,

where B(M, || -||) is the unit ball with respect to || -|| (i.e. B(M,||-||):={x € Mg ||| x| <
1}), M,,, is the torsion subgroup of M and vol(My/(M/M,,,)) is the volume of the
fundamental domain of My /(M /M,,,).

4 ) =1 1 tor)h
20111 og( )))+og#(M )

0.5.4. Let S be a noetherian integral scheme. An integral scheme X over S is called a
variety over S if X is flat, separated and of finite type over S. If S is given by Spec(Ox)
(i.e. K is a number field and Oy is the ring of integers in K), then a variety over S is
often called an arithmetic variety.

0.5.5. Let S be a noetherian integral scheme and k the rational function field of S.
Let X be a projective variety over k. A projective variety 2 over S is called a model of
X over S if the generic fiber of ' — S is X. Moreover, if Z is normal (resp. regular),
then & is called a normal model of X over S (resp. regular model of X over S). Note
that if & is normal (resp. regular), then X is also normal (resp. regular). We assume
that S is an excellent Dedekind scheme, dim X = 1 and X is smooth over k. By [21],
for any model 2 of X over S, there is a regular model 2 of X over S together with a
birational morphism " — Z'.

0.5.6. Let f : & — S be a proper morphism of noetherian schemes. Let C be a curve
on %, thatis, a 1-dimensional reduced and irreducible closed subscheme on %". The
curve C is said to be vertical with respect to f : Z — S if f(C) is a closed point of
S. For ¢ € Pic(¥') ® R, we say that £ is relatively nef with respect to f : & — S if
deg(Z|c) = 0 for all vertical curves C on Z'. Let 9 be an R-Cartier divisor on &,
thatis, ¥ =a,%, +---+a, 9, for some Cartier divisors %,,...,%, on & and a,,...,a, €
R. The R-Cartier divisor  is said to be relatively nef with respect to f : Z — S if
Oy (D)1 ®---® 0y(2,)*% € Pic(Z') @ R is relatively nef with respect to f : 2 — S.

0.5.7. Let (A, m) be a 1-dimensional noetherian local domain. For x € A\ {0}, we
define ord,(x) to be ord,(x) :=length,(A/x A). It is easy to see that

ord,(x y)=ord,(x)+ord,(y)

for x, y € A\{0}, so that it extends to F* as a homomorphism, where F is the quotient
field of A. Further, if we set F;* := F*®; R, then ord, also extends to F;* as an R-linear
form. Let X be anoetherian integral scheme and y a point of X such thatdim 0y, = 1.
Then ordﬁx‘y is often denoted by ord, or ordr, where I is the closure of {y}.

0.5.8. Let X be aregular scheme and let Div(X) be the group of Cartier divisors on X.
We set Div(X )i := Div(X) ®,; R, whose element is called an R-Cartier divisor. As X is
regular, an R-Cartier divisor D has a unique expression

D= Zarr,
r
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where ar € R and I runs over all prime divisors on X. For D,,..., D, € Div(X)g, we set

D, = Zal,rf, o0y D, = Za,yrl".
T

T
We define max{D,,...,D,} and min{D,,...,D,} to be

max{D,,...,D,} ::Zmax{al,r, oo, a,ril,
T

min{D,,...,D,}:= Zmin{al,r, oo a,rl.
T

0.5.9. Let M be a finitely generated free Z-module and let V' be a subset of M. Let
(V) be the Z-submoudle generated by V. The convex lattice hull of V is defined to
be

{xe(V),|ImeZy 3xy,..., X, €V mx=x,+-+Xx,,}.

1. PRELIMINARIES

The goal of this section is to prepare several kinds of materials for the later sec-
tions. Subsection 1.1 is devoted to the proofs of several lemmas. In Subsection 1.2,
we consider the support of an R-Cartier divisor. In Subsection 1.3, we quickly review
the analytification of an algebraic scheme in the sense of Berkovich [2]. Finally, in
Subsection 1.4, we discuss general facts of Green functions on complex varieties.

1.1. Lemmas. In this subsection, we prove nine lemmas, which are non-trivial and
indispensable for other subsections.

Lemma 1.1.1. Let V be a vector space over Q and W a subspace of V over Q. Let
Xy,...,Xx, € Vanda,,...,a, € R such that a,, ..., a, are linearly independent over Q.
Ifa,x,+--+a,x, € W&gR, then x,,...,x, € W.

Proof. We set H = {¢ € Homg(V,Q) | ¢|W :0} = Homg(V/W,Q). For ¢ € H, the
natural extension to Homg(V ®¢ R, R) is denoted by ¢r. As a; x, +---+a, x, € W ®gR,
we have

0=¢rla;x;+-+a,x)=a,p(x;)+---+a,p(x,)
forall p € H. Thus ¢(x;)=---= ¢(x,)=0for all ¢ € H because a,,...,a, are linearly
independent over Q and ¢(x,),..., ¢(x,) € Q. Therefore, x,,...,x, € W. O

Lemma 1.1.2. Let V be a vector space over R and P a convex cone in V. We assume
that PN'W is open in W for any finite dimensional subspace W of V. Let x,,...,X, €
V,a,...,a, € R,y and x := a;x, +---+ a,x,. If x € P, then there are x,...,x, €
(QuoX1 +--+Qyox,)NP anday,...,a. €R,, such that x = ajx] +---+a,x/.

Proof. Let us begin with the following claim:

Claim 1.1.2.1. Let xy,...,x, €V, a,,...,a, € R,y and x be the same as above. We as-
sumethat x € P. Fixan integer s with1 < s <r. Thentherearec,,...,C;_;,Cs41,-..,C, €
Q- such that such that a;— c;a, >0 foralli # s and

xS+ZC,-x,- eP

i#s
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Proof. As P is cone, we have x; + Z#S(a,-/as)xi € P, so that, by using the openness of
P,wecanfind ¢,...,¢;,_;,Ce41,---, ¢, € Qs such that

X, +Zcixl- eP and c;<a;/s (Vi#s),
i#s
as required. U
We set I ={i | x; ¢ P}. We prove the lemma by induction on #(I). In the case where

#(I) =0, the assertion is obvious, so that we may assume that I # (). We choose s € I.
Renumbering x,, ..., x,, we may assume that

{i| x;eP}={0<i<s} and I={s<i<r}.

By the previous claim, there are c, ..., ¢;_y, Cs41,---, C; € Q5o such that such that a; —

c;a,>0forall i # s and
xS+Zcix,- eP

i#s
Note that

X :Z(ai —C;a,)x; +a (xs +Z cixl-) +Z(aj —cjag)x;.
i<s i#s j>s

Therefore, by hypothesis of induction, there are

Xpyeenr X, € QuoXy 4+ +QuoXe; + Qs (xs +Zcixi)+Q>0xs+l+"'+Q>Oxr
i#s
and ay,...,a, € R,, such that x =ajx/+---+a)x’ and x; € P forall i = 1,...,r, and
hence the lemma follows because

QuoXy -+ QX1 + Qs (xs +Z Cixi> +Quo X541+ + Qs X,
i#s
CQsoX+-+Q0x,.
O

Lemma 1.1.3. Let M be a finitely generated Z-module and let|| - || and || - || be norms
of Mg .= M ®; R. Let M’ be a submodule of M such that M /M’ is a torsion group, so
that Mg = My (:= M’ ®; R). If||- || <[|-]I', then

(1.1.3.1) M-I < 2(M - 1D

Moreover, for A € R, the following formulae hold:

(1.1.3.2) h°(M, exp(—A)|| - 1)) < A°(M, || - )+ Atk M +1og(3)rk M,
(1.1.3.3) F(M,exp(=A)ll- )= 7(M, |- 1)+ ArkM,

(1.1.3.4) oM |- 1) < RO(M, |- 1) + log #(M /M) + log(6) tk M,
(1.1.3.5) ZM - 1D = 2(M', || ) +log#(M /M").

(For the definition o h° and 7, see Conventions and terminology 0.5.3.)
X gy
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Proof. (1.1.3.1) is obvious. (1.1.3.2) follows from [28, Lemma 1.2.2]. (1.1.3.3) is also
obvious because B(M, exp(—A)|| - ||) =exp(A)B(M, || - ||).

Let us consider (1.1.3.4). Let 7 : M — M /M’ be the canonical homomorphism. Let
us choose x,..., xy € M with the following properties:

(i) ||x||<1foralli—1 L N.
(i) 7(x;)# m(x;) for i # j.
(iii) For any x E M with || x|| £ 1, there is x; with t(x) = 7t(x;).

Then we can see that
{xeM||x]|<1}S{x;+x"| x’ € M and ||x'|| < 2},
and hence,
RO (M, ||- 1) < RO(MY, (1/2)|| - 1) + log#(M / M),

Therefore, (1.1.3.4) follows from (1.1.3.2).
For (1.1.3.5), let us consider the following commutative diagram:

o—s M — M — M/M’ —— 0

l l J

0 —— M//Mmr - M/Mtor - (M/Mtor)/(M /M

tor) - 0’

which shows that we may assume that M is torsion free. Let w,,...,w, be a free basis
of M such that a,w,,...,a,w, form a free basis of M’ for some a,,...,a, € Z.,. Then

vol(Mg/M')=a, ---a,vol(Mg/M).
Thus (1.1.3.5) follows because # M /M')=a,---a,. Il

Lemma 1.1.4. Let A and M be Z-modules and let f : M" — A be a multi-linear map,
that is,

Fx X=X, %)= f(Xg,0 0 X, X)) = f(X0,000 X, o, X)

foralli=1,...,n and xy,...,X;, x,..., X, € M. Then, for x,,..., Xy, X{,..., X, €M,

f(x{)---)x:l) xl) )+Zf 1) ! i— 1)51)x1+1) 7-xn)7

where 0; = x;— x;.

Proof. We prove it by induction on n. In the case where n = 1, the above means that
f(x])= f(x)+ f(x{—x;), which is obvious. In general, using the induction hypothesis,
we have

Flx,ox)=fx),.x L x)+ (X)X _,6,)
and

Fxl,ox) L x)=f(X0,. 00, X1, Xy)
n—1
+Zf(xl’,...,xl.’_l,5l~,x,-+1,...,xn_l,xn).
=1

Thus we have the assertion. O
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Lemma 1.1.5. Let V be a vector space over R and W a subspace of V overR. Let
(V:WxVII SR
be a multi-linear map over R. We assume that () is symmetric, that is,
(X1, Xp, -0y X1) = (X2, X, 0, )
forall x,,x, € W and x3,...,x, € V and
(Xtsees Xineo s Xjooo s X1) =Xy ety Xjyey Xy ey Xp)

forallx,e W, x,,...,x, € V and2 <i < j <. For simplicity, (x,,..., x;) is denoted by
Lo Xg) 0r<]_[l.xl->. Then

Z l_[(ai+bi)' n X;

g£IC(L,...1} \ i€l jellnIN
- s {1 1 s )e 5 (Ta TT e
BAICAL,..., iel Jje{1,. NI BAICAL,..., iel je{l,. NI

holds for a,,...,a;, by,...,be W and x,,...,x;, € V.
Proof. If we set

A= Z l_[(ai+b,-)- l_l X;

B£IC{L,..,1} \ iel jefl,. N

- 31 ([T [T =)

B£IC(L,...1} \ icl je(l, N

then
a= >0 2 e [ Toe ]
0#£1C{1,...,1} LST \ i€l irel\L je{l,.,INI
-2 ALl T
P£IC{], ..., iel jell,.., INT
= > > ﬂarﬂbw- [l x
DAIC{1,..,I}0£LCT \ i€l i’el\L Je{l,..., INI
- (e [T T )
PALC{1,...,1} MIM/={1,...,I\L \ i€L meM m'eM’
= 2 AL T o).
0ALc{1,...,1 iel jef1,. INL
as desired. O

Lemma 1.1.6. LetS be a connected Dedekind scheme and k the rational function field
of S. Let X be a projective variety over k. Then we have the following:
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(1) There exists a model of X over S (cf. Conventions and terminology 0.5.5).

(2) Let ] be an invertible fractional ideal sheaf on X. Then there are a model ' of
X over S and an invertible fractional ideal sheaf ¢ on 2 such that $NX=].

(3) Let D be an R-Cartier divisor on X. Then there are a model Z of X over S and
anR-Cartier divisor 9 on Z such that 9N X =D.

Proof. (1) As X is projective over k, there is a closed embedding¢: X — PY. Let 2 be
the closure of ((X) in P{'. Then 2 is integral, projective and flat over S because S is a
connected Dedekind scheme.

(2) Let Z’ be a model of X over S. Then we can find a non-empty open set U of
S and an invertible fractional ideal sheaf ¢/ on &, such that ¢/ nX = J. There-
fore, as 2 is noetherian, by using the extension theorem of coherent sheaves (cf. [13,
Théorem 6.9.7]), we have a fractional ideal sheaf ¢’ on 2 such that #'nZ}, = #/.
Let 7w : 2 =Proj (EB?ZO B4 ’m) — 2 be the blowing-up by the fractional ideal sheaf ¢’.
Then, as ¢ :=_¢’0, is invertible, the assertion of (2) follows.

(3) is a consequence of (2). U

Lemma 1.1.7. Letk bea field and v an absolute value of k. Let k, be the completion of
k with respect to v. By abuse of notation, the unique extension of v to k, is also denoted
by v. Then we have the following:
(1) We assume that v is discrete. Let X be a projective and geometrically integral
variety over k and let X be a model of X over Spec(k°®). We set

Xv =X XSpeC(k) Spec(k,,) and %V = XSpeC(k") SpeC(k;)
Lett: 2, — % be the projection, and let (%), and Z, be the central fibers of
%, —Spec(k)) and % — Spec(k®),

respectively (cf. Conventions and terminology 0.5.2). If we choose &, € (%),
and £ € X, with (£ ) = &, then we have the following:
(1.1) &, is a model of X,, over Spec(k?).
(1.2) Oy is regular if and only if Oy, - is regular.
(1.3) Weassume that k° is excellent. Then Oy - is normal if and only if Oy - is

normal.
(2) LetAbeak-algebraand A, :=AQ®; k,. Let x =|-|, and x' =|-|,, be seminorms
ofA,. Ifla® 1|, =|a®1l1|, forallac A, then x = x’.

Proof. (1) We need to see that %), is integral. As 2, — Spec(k;) is flat and the generic
fiber of ', — Spec(k?) is integral, (1.1) follows from [24, Lemma 4.2].

Before starting the proofs of (1.2) and (1.3), let us see mz = m:0y - . Let k(&) be
the residue field at £. Here we consider the exact sequence

K(E) 8k ky® —— K(E)® k) —— k(&) & (ky/ky?) —— 0
inducedby0— k’* — k° — k/k:>* — 0. Note that @ = 0 because a(a®wb)=a®wb =
w@wa®b=0foraeck(l)and b € k;. Therefore,
k(&) ®ye k, > k() ®e (k[ k") 2 K(E) B (K°/ k™) ~ K (E).

On the other hand, applying ®,, .0y, ¢, to the exact sequence 0 — mz — Oy ; —
k(&) — 0, we obtain

0 - mé’ﬁ%wgu - ﬁ%uﬂi - K(g) ®@%',5 03{w€u - 0'

v
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As 7 induces the isomorphism (2,), — Z., 7 (£) = {£,}, so that Oy, z, = Oy :®rk;.
Therefore,

K(€)®ﬁwﬁz gv—K(g)@’ﬁw(ﬁ}, £ ®po k) k(&) ®e Ky ~K(E),

which shows that m: 0,  isthe maximalideal of 0, - ,andhence m:0,  =m; .
; S - 1)151} ; LvrSv ;V

Since 0(1 £ C Oy, 8y C Oy ¢ and m:0y, - = mg , by [22, Chapter 1, Theorem 3.16],
we have 0’1 g, & ~ Oy - Thus (1.2) follows from [1 Proposition 11.24]. Further, (1.3)
follows from [12 VI, 7.8.3, (V)].

(2)Forae A,,weseta=a,®A,+---+a ®)l,,wherea1, ,a,€AandA,,..., A, €k,.
Then we can find sequences {4, ,,}°2 ,...,{4,,}°2,ink such thatl =lim,_, . A; , for
i=1,...,r. Here we set

n=1""

A=, @A, +-+a, A, ,=(A ,a;+-+ A, ,a,)01.
Then,
ol —lall <la,— |a1 Ay n— /11)+---+a,®(/1,,n—)tr)|x
<|a1 Al,, M|+ H|a, @A, — A,

=|@®1)-(18A,,—1,)|,++|@ oD -1eA,,—21,)
= |a1 ® 1|xU(Al,n _)Ll)+"'+ |a1 ® llxv(kr,n_kr)r

X

and hence lim,,_,, |, |, = |a|,. In the same way, lim,,_,, |@,|. = |a|,,. On the other
hand, by our assumption,

|an|x = |(A1,na1 +e +)Lr,nar)® llx = |(Al,na1 +oee +Ar,nar)® 1|x’ = |an|x’
for all n > 1. Therefore, |a|, =|a|,,, and hence x = x’. O

Lemma 1.1.8. Let M be a d -dimensional compact Kéihler manifold. Let D,, ..., D, be
R-Cartier divisorson M . Foreachi=1,...,1, letg; be a D;-Green function of C*° -type.
Let U be an open set of M such that U is not empty on each connected component of
M. Then there are constants C,, ..., C; > 1 such that C; depends onlyon g; and U, and
that

Sup{ls|t+m1g1+-~~+m1gl(x)} S C]ml toe CIMZ Sup{|3|t+m1g1+~~~+m1gl(x)}-
XeM xeu

forallm,...,m; €Rs,, s € H'(M, m, D, +---+ m,; D;) and any locally constant function
t on M. Here we use the same notation as in[31, Lemma 1.3.1].

Proof. This is a slight generalization of [31, Lemma 1.3.1]. Let M = M, U---UM, be
the decomposition into connected components andlet U;:=UNM; (j=1,...,r). By
[31, Lemma 1.3.1], there are constants Ci1y...,Cjp 21 such that C;; depends only on
g;and Uj, and that

SUP {I8 ], gy -ty (X} S CY' oo+ CFY sup{|5|m1g1+ g (X))
xeMj xeU i

for all my,...,m; €Rsyand s € H'(M, m; D, +---+ m; D;), and hence

Sup{|S|t+m1g1+~~-+m1gl(x)} S C]n]h ot C Sup{lslt+m1g1+ +m1gl(x)}
XeM; xeU;
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for any locally constant function t on M. We set C; = max{C,;, ..., C,;}. We choose
Xo € M such that sup ¢y {11 i+m, g, +-tmg (XD} = Sl t5m, g, 4ty g,(X0)- If Xo € M, then

SUP{[S| 1y gy+tmg, ()} = SUP{IS |14 gy 4oty g, ()}
xeM XeM;

m
< er;ll =+ Gy SUDIS |, gysoeimy gy (X}
XGU]'

< Clm1 o Cln” Sulfj){lS|t+m1g1+--~+m1gl(x)}’
xe

as required. U

Lemma 1.1.9. Let X be a normal scheme of finite type over a perfect field k. If k' is an
extension field of k, then X' := X xge(r) Spec(k’) is also a normal scheme of finite type
over k'’

Proof. Let A be a finitely generated k-algebra and A" :== A®; k’. Then we have the
following:
(1) dimA=dimA’.
(2) If fi,..., f, are regular sequence of A, then f;®1,..., f, ® 1 are also regular se-
quence of A’.
(3) If Aisregular, then A’ is regular.

Indeed, (1) is obvious. (2) is also obvious because k’ is flat over k. For (3), as k is
perfect, A is smooth over k, so that A’ is also smooth over k’, and hence A’ is regular.

The normality of X’ follows from (1), (2) and (3) together with Serre’s criterion of
normality. O

1.2. R-Cartier divisors on a noetherian integral scheme. Let A be a noetherian in-
tegral domain and F the quotient field of A. Let K be either Z or Q or R. We set

F]KX = (FX,X)®ZK and (A;)]K ::(A;)X)®ZK

for p € Spec(A). As K is flat over Z, we have (A;)K C E/. For f € E, we define Vg(f)
to be
Vi(f):={p € Spec(A) | f # (A%}

Let us begin with the following proposition:

Proposition 1.2.1. (M) R(f)=Volf) forf € F(;.
() If f € F*, then V(f) = ﬂ;’il Vz(f"). Moreover, if A is normal, then Vo(f) =
Va(f).
(3) For f € E, the set Vi(f) is closed in Spec(A).
Proof. (1) ByLemma 1.1.1 in Subsection 1.1, (A;)Q = FQT ﬂ(A;)R, and hence (1) follows.
(2) As FQT/(A;)Q = (FX/A;) ®,Q, f=1in FQX/(A;)Q ifand only if f” =1 in FX/A:7
for some n € Z.,. Thus the first assertion follows. The second assertion is obvious
because V;(f)= V;(f")if A is normal.
(3) First we prove that V;(f) is closed for f € F*. We set
I={acAlafe€A} and J=If.

Clearly I and J areideals of A. Note that [, ={a € A, |af € A,} by[1, Corollary 3.15]).
Thus,
feAl < I,=A,and ], =4,



ADELIC DIVISORS ON ARITHMETIC VARIETIES 15

so that V;(f) = Supp(Spec(A/I))USupp(Spec(A/J)), which is closed.

Next let us see that V(f)q is closed for f € K. Clearly we may assume that f € F*
because, for n € Z.,, f € AX)Q if and only if f” AX)Q Thus, by (2), V5(f) is closed.

Finally we consider the case K = R. We can ﬁnd fir--s [y € F*and ay,...,a, €
R such that f = f{*"--- f% and q,...,a, are linearly independent over Q. Then, by
Lemma1.1.1,

fEM < fifre@l

and hence V(f) = U;=1 Vo(f;), which is closed by the previous observation. 0

Definition 1.2.2. Let X be a noetherian integral scheme and let Rat(X) be the rational
function field of X. Let Div(X) be the group of Cartier divisors on X, that is,

Div(X):= H°(X,Rat(X)*/0y).

We set
Div(X)g :=Div(X)®;K and Rat(X); :=Rat(X)* ®;K.

An element of Div(X)g (resp. Rat(X)y) is called a K-Cartier divisor on X (resp. K-
rational function on X). A K-rational function f € Rat(X); naturally gives rise to
a K-Cartier divisor, which is called the K-principal divisor of f and is denoted by
(f)k. Occasionally, (f)k is denoted by (f) for simplicity. For D € Div(X)x (i.e., D =
a,D, +---+a,D, for some D,,...,D, € Div(X) and a,,...,a, € K), there is an affine
open covering X = Ui\il Spec(A;) of X such that D is given by some f; € Rat(X); on U;
and f;/f; € (ﬁ;,p)K(:z ﬁ;,p ®z K) for all p € U; N Uj, so that V(f;) = Vk(f;) on U;NU;,
where U; = Spec(4;) for i =1,..., N. Therefore, we have a unique closed set Z on X
such that Z|;,;, = V(f;) forall i =1,...,N. Itis called the K-support of D and is de-
noted by Suppg/(D). By Proposition 1.2.1, Suppg (D) = Suppq(D) for D € Div(X)q and
Suppg(D) = (N2, Supp,(nD) for D € Div(X).

From now on, we assume that X is normal. Then Suppg(D) = Supp,(D) for D €
Div(X). For a K-Cartier divisor D on X, the associated K-Weil divisor Dy, of D is de-
fined by

Dy, = Z ordr(fr)T
T : prime divisor
where f; is a local equation of D atI'. The support of D as a Weil-divisor is denoted
by Supp,, (D), that s,

Suppy, (D U I.
ordr(fr)#0

Proposition 1.2.3. We assume that X is normal. Let D be a K-Cartier divisor on X.
Then Supp,, (D) € Suppk(D). Further, if X is regular, then Supp,, (D) = Suppg(D).

Proof We use the same notation as in Definition 1.2.2. Let p € U; \ Suppg(D). Then
fi € % p Jx- In particular, ord(f;) = 0 for all prime divisors I' with p € T, and hence
p ¢ SuppW (D), as desired.

We assume that X is regular. Let p € U; N\ Suppg(D). As Oy, is a UFD, there are
distinct prime elements h;,. ..,h, € Ox,, modulo ﬁx , U € (0’>< )K and a,,...,a, €R
such that f; = uh{"---h%. Ifa, =---=a, =0, then ﬁ p)K, which contracts to
peUn SuppK(D) so that we may assume that a,,...,a, € Ry. Since h,,..., h, are
distinct modulo O »h = Spec(Ox ,/h),...,I, = Spec(0x ,/h,) give rise to distinct
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prime divisors. In addition, ordy,(f;) = a; for j =1,...,r. Therefore, p € Supp,, (D).
d

Finally let us consider Hartogs’ lemma for R-rational functions.

Lemma 1.2.4 (Hartogs’ lemma for R-rational functions). Let A be a normal and noe-
therian domain and F the quotient field of A. For x € F', if ordy(x) > 0 for all prime
divisorsT of A, then thereare x,, ..., x, € A\{0} and a,, ..., a, € Ry, with x = x," S A

Proof. Let X be the set of all prime divisors of A. Clearly we can find y,...,y, € F*
and cy,...,c, €R,gsuchthat x = y," --- yrand cy,..., ¢, are linearly independent over
Q. We set X' ={T' € X | ord(x) > 0}. Let us see the following:

Claim 1.2.4.1. Y is a finite set and ordy(y;) =0 forallT e X\ > andi=1,...,r.

Proof. If T € Supp,((x)g), then ord(x) = 0, so that ¥’ is a finite set. Moreover, if ' €
¥\ Y, then

0=ordr(x)= ¢, ordp(y;)+ -+ ¢, ordr(y,),
and hence ord(y;) = --- = ordy(y,) = 0 by the linear independency of c,,..., c, over

Q. O

Ifweset P ={z € F; | ordy(z) > 0 for all ' € X'}, then P is a convex cone and PNW is
open for any finite dimensional subspace W of E, so that, by virtue of Lemma 1.1.2
in Subsection 1.1, there are ¢;; € Q,, (i, j = 1,...,7) and a,,...,a, € R,, such that, if
we set x; = y, "' ---y% fori=1,...,r,then x = x"---x% and x; e P for i = 1,...,r.
Replacing e;; by ee;; and a; by a;/e for some e € Z., we may assume that e;; € Z for
all i, j. In particular, x; € F* fori =1,...,r. Note that, forTe X\ ¥,

ordr(x;) = e;; ordr(y;) +---+ ;. ordr(y,) =0,

and hence ordy(x;) >0 forallT e ¥ and i = 1,..., r. Therefore, by algebraic Hartogs’
lemma (cf. [23, Theorem 11.5]), x; € A\ {0} fori =1,...,r, asrequired. OJ

1.3. Analytification of algebraic schemes over a complete valuation field. Through-
out this subsection, k is a field and v is a complete absolute value of k. Here we
quickly review the analytification of algebraic schemes over k in the sense of Berkovich
[2].
Let A be a k-algebra. We say thatamap |-|: A — R is a multiplicative semi-norm

over k if the following conditions are satisfied:

(1) la+b|<|a|+|b|forall a, b € A.

(2) lab|=|al|b|forall a, b € A.

3) lal=v(a)foralla ek.
Let x =|-|, be a multiplicative semi-norm over k. We set p, :={a € A||a|, =0}, which
is a prime ideal of A. We call p, the associated prime of x. The residue field at p, is
denoted by k(x). Clearly x descends to an absolute value v, of k(x) such that v,(a) =
v(a)forall a € k. The field k(x) and the absolute value v, are called the residue field of
x and the associated absolute value of x, respectively. Conversely, let v’ be an absolute
value of the residue field k(p) at p € Spec(A) such that v’(a) = v(a) forall a € k. If we
set |a| := v'(a mod p) for a € A, then |- | yields a multiplicative semi-norm over k
whose residue field and associated absolute value are k(p) and v’, respectively. In
particular, this observation shows that if v is non-Archimedean, then |- | is also non-
Archimedean, that is, |a + b| < max{|a|,|b|} for all a, b € A.
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Let Spec;(A) denote the set of all multiplicative semi-norms over k. For x =|-|, €
Spec*(A), Ialx is often denoted by |a(x)|. We equip the weakest topology to Spec;"(A)
such that the map Spec;’(A) — R, given by x — |a(x)| is continuous for every a € A,
that is, the collection

{{x € Spec}’(A) | la(x) € U}}a . (where a € A and U is an open set in R.)

forms a subbasis of the topology. The map Spec;’(A) — Spec(A) given by x — p, is
denoted by p. It is easy to see that p : Spec;”(A) — Spec(A) is continuous.
Let f : A— B be a homomorphism of k- algebras We define a map

" :Spec}’(B) — Spec;'(A)

to be |a|fum(y) = |f(a)l, for y =|-|, € Speci’(B) and a € A. We can easily check that
[ : Speci’(B) — Speci’(A) is continuous. Let s be a non-nilpotent element of A.
Lett: A — A, be the canonlcal homomorphism. Then we can see that (*" yields a
homeomorphism

(1.3.1) Specy(A;) hoimgo {x € Spec;"(A) | s(x)| # 0}.

Let X be an algebraic scheme over k, that is, a scheme separated and of finite type
over k. If X = Spec(A) is an affine scheme over k, then X*" := Spec?"(A). In general,

if X = Uﬁvzl U; is an affine open covering of X, then X" is defined by gluing together
U?" as a topological space (cf. (1.3.1)). For each i, we can define p : U?" — U;, which
can be extended to a continuous map p : X** — X. Let f : X — Y be a morphism
of algebraic schemes over k. We can see that f induces a natural continuous map
fan : Xan — Yﬂn.

From now on, we assume that v is non-Archimedean and X is proper over k. Let &
be a proper and flat scheme over Spec(k°) such that the generic fiber of ' — Spec(k°)
is X. Let , be the central fiber of 2" — Spec(k®), that is, Z, = X" Xgyec(ke) SPEC(k®/k*°)
(for the definitions of k° and k°°, see Conventions and terminology 0.5.2). Let

Ty : XM >,

be the reduction mapinduced by " — Spec(k°), which can be defined in the following
way: For x € X", let k(x) be the residue field of x. Then, by using the valuation crite-
rion of properness, there is a morphism ¢ : Spec(k(x)°) — Z such that the following
diagram is commutative:

Spec(k(x))7> Sf
Spec(k(x)°) — Spec(k®)

Then r,(x) is given by #(Spec(k(x)°°)). The morphism ¢ : Spec(k(x)°) — & yields a
homomorphism 0y ,, ) — k(x)°. In particular,

(1.3.2) |f|x <1 forall f (S 0%,@{'()6)

It is well-known that r, : X** — &, is anti-continuous, that is, for any open set U of
x., r;(U ) is closed (cf. [2, Section 2.4]). Let Y be another proper algebraic scheme
over k and u : Y — X a morphism over k. Let % — Spec(k®) be a proper and flat
scheme over Spec(k°) such that the generic fiber of % — Spec(k®) is Y and there is
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a morphism i : % — Z over Spec(k°®) as an extension of u. It is easy to see that the
following diagram is commutative:

Ty

(1.3.3) ya ——

ol o

Ty

X2, g

1.4. Green functions on complex varieties. In this subsection, we consider general
facts of Green functions on complex varieties. Let X be a complex variety (i.e. a vari-
ety over C). A continuous function ¢ on X is called a continuous plurisubharmonic
function if there is a desingularization u : Y — X such that ¢ o u is a continuous
plurisubharmonic function on Y.

Proposition 1.4.1. For a continuous function ¢ on X, the following are equivalent:

(1) ¢ isacontinuous plurisubharmonic function on X.
(2) For any desingularization v:Z — X, ¢ o v is a continuous plurisubharmonic
functionon Z.

Proof. 1t is sufficient to show that (1) = (2). By our assumption, there is a desingu-
larization u : Y — X such that g oy is a continuous plurisubharmonic functionon Y.
We can find a non-singular complex variety W together with proper birational mor-
phisms y': W — Z and v : W — Y such that the following diagram is commutative:

WL)Y

AR

zZ - X
Then, as ¢ o vou’ = @ oo v and ¢ o u is plurisubharmonic, by [19, Corollary 2.9.5],
we can see that ¢ o vo u’ is plurisubharmonic on W. Let Z, be a non-empty Zariski
open set of Z such that u’ is an isomorphism over Z;,. Then ¢ o v is plurisubharmonic

on Z,, so that, by [19, Theorem 2.9.22], ¢ o v is plurisubharmonic on Z because ¢ o v
is continuous on Z. O

Let K be either Q or R. Let D be a K-Cartier divisor on X, that is,
D :a1D1+"'+arDr

for some Cartier divisors D,,...,D, on X and a,,...,a, € K. For details of K-Cartier
divisors, see Subsection 1.2. Let X = UL Spec(A4;) be an affine open covering of X
and let f; € Rat(X); be a local equation of D on Spec(A;) foreachi=1,...,N. Let g
be a continuous function on X \ Suppy (D). We say that g is a D -Green function of C°-
type (resp. D -Green function of(C°NPSH)-type) if g +log|f;|* extends to a continuous
function (resp. a continuous plurisubharmonic function) on Spec(A4;) for each i =
1,...,N. Note that if g and g’ are D-Green function of C°-type on X, then g — g’
extends to a continuous function on X.

Proposition 1.4.2. We assume thatK =R and X is normal. Let g be a D -Green func-
tion of C°-type on X and ¢ € Rat(X)s. If D +(¢) > 0, then |¢p|exp(—g/2) extends to a
continuous function on X.
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Proof. This is a local question, so that we may assume that X = Spec(A) and D = (f)
for some f € A;. Then ordr(f¢) = 0 for all prime divisors I' on X, and hence, by
Lemma 1.2.4, there are x,,...,x, € A\ {0} and a,,...,a, € R,y with f¢ = x" X
Thus | f ¢| is a continuos function on X. On the other hand,

|| exp(—g/2)=|f ¢|exp(—(g +1og|f[*)/2).

Therefore, the assertion follows. O

Let ¢ : Spec(C) — Spec(C) be the morphism given by the complex conjugation map
z — z. Let X denote the fiber product X xg ., Spec(C) in terms of ¢ and let F :
X°¢ — X be the projection morphism. For x € X¢(C), the composition

Spec(C) - Spec(C) Sxe Dx
yields a C-valued point of X, so that we define F, : X¢(C) — X(C) to be
Fo(x)=Foxoc.

Proposition 1.4.3. Let g be a D -Green function of C°-type on X. If we set D¢ = F*(D)
and g¢ = F* (g), then g¢ is a D¢ -Green function of C°-type on X°. Moreover, if g is of
(C°NPSH)-type, then g° is also of (C° N PSH)-type.

Proof. First of all, note that

FX(y)(x) = x*(F* () = c*(c"(x*(F () = (Foo (x))(¥) = Y (Foo (%))

for x € X°(C) and v € Rat(X)*. Let f be alocal equation of D. Then g +log|f|* is a
continuous function, so that F* (g +log|f|*) = g¢ + Fz (log|f]*) is also a continuous
function. Moreover, by the previous observation, for x € X¢(C),

E} (log|f*)(x) =log| f (Foo (x))I* =log | F*(f)(x)I".

Therefore, g¢ is an D°-Green function of C°-type because F*(f) is alocal equation of
Dc.

For the last assertion, it is sufficient to show that if u is a continuous plurisubhar-
monic function on X, then F (u) is also a continuous plurisubharmonic function on
X¢. First of all, we may assume that X is non-singular by Proposition 1.4.1. As the
assertion is a local question, we may further assume that

X =Spec(C[xy,..., xx1/(fir--r 1))

forsome f;,..., f €Clxy,..., xy]. For f =3 a,, . ey X1 Xy €Clzy, ..., x,], we define
f tobe

F=> 0 oyxl e x
Then

X =Spec(Clxy,..., xy1/(fi,---, f1))-
Moreover, F : X¢ — X is the morphism arising from the homomorphism f — f and
F : X°(C)— X(C)is given by (a,,...,ay)— (ay,...,ay). We need to show that F (u)
is plurisubharmonic around any point x of X ¢(C). Clearly we may assume that x =0.
Changing the order of x,,..., x5, we may further assume that x,..., x,, (n < N) form
alocal parameter of X at 0, and hence x;,..., x,, also form a local parameter of X° at
0. Here let us consider the projections 7 : X(C) — C" and 7¢ : X¢(C) — C”" given by
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(ay,...,an)—(ay,...,a,). Then m and ¢ is étale at 0. Moreover, the following diagram
is commutative:

X¢(C) 4= X(C)

| |

Ccn Foo Cn’
where F,, : C" — C" is given by (a,,...,a,) — (a,,...,a,). We choose a neighborhood
U of O such that 7 is anisomorphism on U. Then n° is also an isomorphism on F_'(U)
at0. Therefore, we can reduced the problem to a neighborhood of C" at the origin and

hence the assertion follows from the same argument as in [30, Lemma 5.1.1]. O

Definition 1.4.4. Let 2" be a normal and projective arithmetic variety. Note that 2 is
not necessarily generically smooth. A pair 2 = (2, g) of an R-Cartier divisor 2 on &
and an F,,-invariant 2-Green function g of C°-type on 2'(C) is called an arithmetic
R-Cartier divisor of C°-type on % . Moreover, if 9 is relatively nef and g is of (C°N
PSH)-type, then 7 is said to be relatively nef.

2. ADELIC R-CARTIER DIVISORS OVER A DISCRETE VALUATION FIELD

In this section, we introduce an adelic R-Cartier divisor on a projective variety over
adiscrete valuation field and study their basic properties. Roughly speaking, an adelic
R-Cartier divisor is a pair of an R-Cartier divisor and a Green function on the analyti-
fication of the given variety, which is an analogue of Arakelov divisors (i.e. arithmetic
divisors) on an arithmetic variety.

Throughout this section, let k be a field and v a discrete absolute value. We set

k°={ack|v(a)<1} and k*:={ack|v(a)<l1}.

Let @ be a uniformizing parameter of v, that is, k°° = @ k°. Note that v might be triv-
ial, so that we do not exclude the case where @ = 0. Let us begin with Green functions
on analytic spaces over a complete discrete valuation field.

2.1. Green functions on analytic spaces over a discrete valuation field. We assume
that v is complete. Let X be a projective and geometrically integral variety over k.
Let Rat(X) be the rational function field of X. Let U = Spec(A) be an affine open set
of X. Let p e U and x = ||, € U* such that p, C p, where p, is the associated
prime of x (cf. Subsection 1.3). Then we have the natural extension |- |, : A, — Ry,
of |-], on A given by |a/s|, =|al./|s|, fora € Aand s € A\ p, which yields the group
homomorphism ||, : A; — R,,. Thus we obtain a canonical extension (A;)R — Ry,
whichis also denoted by |-, by abuse of notation. Let f € Rat(X); and x € U*™\ Vg(f)*"
(see Subsection 1.2 for the definitions of Rat(X); and Vg(f)). As p, € V(f), we get
fe (A;X )z, and hence |f(x)| € R.,. Therefore, we have the map U*" \ V¢(f)*™ — R

given by x — log|f(x)]>. We denote it by log|f|>. Clearly log|f|* is continuous on
Uan \ VR(f)an.

Definition 2.1.1. Let D be an R-Cartier divisor on X, thatis, D € Div(X )i (:= Div(X)®,
R). Let X = Ui\il U; be an affine open covering of X such that D is given by f; € Rat(X )
on U;. A continuous function g : X" \ Suppg(D)™™ — R is called a D -Green function

of C°-type on X" if g +log|f;|* extends to a continuous function on U for each
i=1,...,N.



ADELIC DIVISORS ON ARITHMETIC VARIETIES 21

For example, for f € Rat(X)%, —log| f|* is an (f)g-Green function of C°-type on X",
where (f)g is the R-principal divisor of f (cf. Subsection 1.2). We set
CT;)(Xa“) = lim col(u™).
U': Zariski open set of X
The space of all Green functions forms a subspace of CT(]’(X an) gver R. More precisely,
we have the following proposition:

Proposition 2.1.2. Let D and D’ be R-Cartier divisors on X. Let g be a D -Green func-
tion of C°-type on X™ and g’ a D’-Green function of C°-type on X*. Then we have
the following:

(1) Fora,beR,ag+bg’ isan(aD + bD’)-Green function of C°-type.

(2) If D =D’, then max{g, g’} and min{g, g’} are D -Green functions of C°-type.

Proof. (1) LetX = UiV:l U; be an affine open covering of X such that D and D’ are given
by f; and f; on U;, respectively. By our assumption, there are continuous functions ¢
and ¢’ on U such that g =—log| f;|* + ¢ and g’ =—log| f/|*+ ¢’. Thus

ag+bg =—loglff/"F+ap+by'.

Note that f* fl.’b is a local equation of aD + b D’ on U;. Thus (1) follows.
(2) Note that

max{g, g’} =—log|f;|* + max{y, p’} and min{g,g’}=—log|f;|*+min{y,y’}

on U \ Suppg(D)*. Moreover, max{y, ¢’} and min{yp, ¢’} are continuous on U™,
as required. U

Next let us consider a norm arising from a Green function.

Proposition 2.1.3. We assume that X is normal. We set
H(X,D):={¢ eRat(X)*|(¢)+D >0} U{0}.

Let g be a D -Green function of C°-type on X*™. Then we have the following:

(1) For¢ € H(X, D), |¢|exp(—g/2) extends to a continuous function® on X*". We
denote ||0||sup Dy || P|lg-
(2) The following formulae hold:
2.1) llaglly =v(a)ll¢ll, foralla €k and ¢ € H'(X, D).

22) ll¢1 + @2lly <max{ligillg, 92l } forall ¢y, ¢, € H(X, D).

Proof. (1) Clearly we may assume that ¢ #0. Let X = UL Spec(A;) be an affine open
covering of X such that D is given by h; € Rat(X); on Spec(4;). Since D +(¢) is effec-
tive as a Weil divisor, ord(¢ h;) > 0 for any prime divisor I on Spec(4;). Thus, by virtue
of Hartogs’ lemma for R-rational functions (cf. Lemma 1.2.4), there are u,,...,u, €
A;\{0}and a,,...,a, €R.y with ¢ h; = u;" - ulr. In particular, |@ h;| = |1 | -+ [u, |*r
is continuous on Spec;*(4;). On the other hand, there is a continuous function ¢; on
Speci(A;) such that g =—log|h;|* + ¢; on Speci’(4;). Therefore,

|¢lexp(—g/2)=|¢ h;|exp(—¢;/2)
is continuous on Spec;*(4;).

(2.1) is obvious. (2.2) is also obvious because |¢, + ¢,| < max{|¢,|,|¢,|} on some
dense open set. O
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A pair (%, 2) is called a model of (X, D) if Z is a model of X over Spec(k°®) (cf. Con-
ventions and terminology 0.5.5) and Z is an R-Cartier divisor on & with 2N X = D.
The R-Cartier divisor Z is often called a model of D on Z . For x € X*"\ Suppg(D)®",
let f be alocal equation of Z at & = r,-(x), where r, is the reduction map X" — %,
(cf. Subsection 1.3). As p, € Spec(0y ) and [ € (@gmx)R, we have |f(x)| # 0, so that
we can define gy 4)(x) to be

8 (X)) = —lOng(x)|2

Let f"be another local equation of 7 at £. Then there is u € (0, .)g such that f'= fu,
and hence | f(x)|=|f’(x)| because |u(x)|=1 (cf. (1.3.2)). Therefore, 8« #)(x) does not
depend on the choice of f. Let us see the following proposition:

Proposition 2.1.4. (1) Thefunctiong - 4 isaD -Green function of C°-typeon X*".

(2) Let Y be another projective and geometrically integral variety over k and let

v:Y — X be a morphism over k. Let % be a model of Y such that there is

a morphism v : % — Z over Spec(k®) as an extension of v. Then gy ) =
80 V™ on (¥") (X \ Suppg(D)™).

(3) Letfi: ' — X be the normalization of 2. Let X’ the generic fiber of X’ —
Spec(k®)andu : X’ — X theinduced morphism (note that X’ is normal). We as-
sume that the associated R -Weil divisor of u*(D) is effective. Then the associated
R-Weil divisor of i*(2) is effective if and only if g4, 4) > 0 on X* \ Suppg (D)™

Proof. (1) Let X = Ui\il Spec(.</;) be an affine open covering of 2" such that we have
a local equation f; € Rat(X); of 2 on %; := Spec(.</;), where .</; is a k°-algebra for
eachi=1,...,N. Weset C; = rggl(@/i NZ,). Then C, is closed (cf. [2, Section 2.4]) and
Y, G =X

Firstletus see that g, ) : X*"\Suppg(D)*" — Ris continuous. By our construction,
8u.o(x) = —log|fi(x)]* for x € C; \ Suppg(D)*. Thus g4 is continuous on C; \
Suppg(D)*. Let Z be a closed subset in R,. As

-1
(g(e%",@) | Cl-\SuppR(D)aﬂ) (Z) = g(_%},@)(z) N (Cl \ SuppR(D)an))
—; @)(Z )N(C; \ Suppg(D)*")is closed in C; \ Suppg(D)*"*, and hence
g(x 2 (Z)N(C;\ SUPPR(D)an)
is closed in X"\ Suppg(D)*". Note that

LNJ( Z)N(C; \ Supp(D)™))

i=1
| N any __ -1
= 840 Z)0_J(C; \ Suppg(D)™) = g3}, (2).
i=1

Thus g(_%l, 9)(Z ) is closed in X" \ Suppg(D)*", so that g 4 is continuous on X" \
Suppg(D)*

Since f; is a local equation of D on U; = %; N X, in order to see that g, ) is a D-
Green function of C°-type, it is sufficient to see that { = g, 4, +1og| f;|* extends to a
continuous function on U*", which is obvious because ¢y =0 on U".
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(2) First note that Suppg(v*(D)) € v '(Suppg(D)), so that
(Van)—l(Xan \ SUppR(D)aH) g Yan \ SuppR( ,V*(D ))an.

We set C/ = 1,'(V 1 (%)N%.). Let y € C/\ (v*")"'(Suppg(D)™), &' = rp(y) and & =
r9-(¥(y)). Note that & = W(&') € %; N Z, by (1.3.2). Then, as ¥*(f;) is a local equation
of ¥(9) at &/,

2

8w, wa)(y)=—log| V(fz)ﬁ, =—l10glfil ) = 82, (V" (¥)),
as required.

(3) By virtue of (2), g2, (2 = 8o, 2 © U™ on (X)2™\ (u*)~ (Suppg (D)™"). Moreover,
pu : (X')*™ — X is surjective by [2, Proposition 3.4.6], and hence g, j.(4) = 0 on
(X')2™\ Suppg(u*(D))*. Thus we may assume that 2 is normal.

First we assume that Z is effective as a Weil divisor. Then, ordy(f;) > 0 for any prime
divisor I' on %;. Thus, by Hartogs’ lemma for R-rational functions (cf. Lemma 1.2.4),
thereare h,,..., h, € ./;\{0}and a,,...,a, €R,,with f; = h" ---her. Notethat|h;|, <1
for j=1,...,r and x € C; \ Suppg(D)*", and hence |f;|, <1, as required.

Next we assume that g, ) > 0 on X*"\ Suppg(D)*". Let us see that ¥ is effective as
a Weil divisor. If v is trivial, then & = D is effective, so that we may assume that v is
non-trivial. It is sufficient to show that the coefficient of &}, with respect to a vertical
prime divisor I is non-negative. Let us consider the multiplicative seminorm x; = ||,
given by

|f|Jcr = U(w)ordr(f)/ordr(w)

for f € Rat(X), where @ is a uniformizing parameter of k°. As x € X"\ Suppg(D)*",
if xp € C;, then
ordr(f;)
ordr(@)’
and hence ord(f;) > 0, as desired. O

0 < g, (%) =—logl fil’, =—2log v(w)

Here we discuss a more sophisticated maximum problem of Green functions on a
smooth projective curve than (2) in Proposition 2.1.2.

Proposition 2.1.5. Weassume that X is a smooth projective curve over k. Let D, ..., D,
be R-Cartier divisors on X and let D := max{D,,...,D,} (Conventions and terminol-
0gy 0.5.8). Foreachi =1,...,r, let g; be a D;-Green function of C°-type on X*. We
set
g =max{g,..., &}

on X\ (Suppg(D,)* U---USuppg(D,)*"). Then g extends to a continuous function on
X2\ Suppg(D)*, and g yields a D -Green function of C°-type on X*, which is also
denoted by

max{g,..., &}
by abuse of notation.

Proof. Let x,,..., xy be closed points of X such that, foreachi=1,...,r,
D;=a;x;+--+a;yxy

for some a;; €R. Ifwesetaj:max{alj,...,a,j} for j=1,...,N, then
D=a,x;+ -+ayxy.

Let X; be a unique point of X*" such that {¥;} = {x;}*.
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Claim 2.1.5.1. If D =0, then g is continuous on X*".

Proof. Clearly g is continuous on X*"\ {X,,..., Xy}, so that we need to show that g is
continuous at each X;. Let us choose an affine open set U of X such that

{x1,..., xp}NU ={x;}.

As a;; <0, we can see that g; is upper-semicontinuous on U®". Moreover, g; is con-

tinuous on U*" if a;; =0. We set
I'={i=1,...,r|a;;=0} and [I':={i=1,...,r|a;;<0}.
Note that I # () because max{alj, . a,j} =a;=0,s0 that we choose i, € I. Here we
set
Vi={xeU™|g,(x)> g, (%;)—1and g;(x) < g;(X;,)—1forall i’ e r'}.
Then V is an open set and X; € V. Further

max{g;(x)|ieI}>g;(x)>g;(%;)—1>max{g,(x)|i' eI’}

on V' \ {X;}, and hence g(x) = max{g;(x) | i € I} on V \ {X;}. Therefore, the claim
follows because g; is continuous on U?" for i € I. O

Let g’ be a D-Green function of C°-type on X2, It is sufficient to see that g—g’ ex-
tends to a continuous function on X?". Clearly g—g’is continuous on X*"\{%,,..., Xy}
and

g§—g =max{gi—g’,....8,— &'}
on X*\ {X,,..., Xy}. Note that g; — g’ is a (D; — D)-Green function of C°-type on X"

and max{D, —D,...,D,— D} =0, so that the assertion follows from the above claim.
0

Finally let us consider a Green function of (C° " PSH)-type, which is a counterpart
of a semipositive metric.

Definition 2.1.6. Let g be a D-Green function of C°-type on X, We say that g is of
(C°NPSH)-typeif D is nef and there is a sequence {(Z},, Z,,)}°2, of models of (X, D)
with the following properties:
(1) Foreach n > 1, 9, is relatively nef with respect to Z,, — Spec(k°) (cf Conven-
tions and terminology 0.5.6).
(2) If we set ¢n = g(%’,,,@,,)_g! then hmn—»oo ||¢n||sup =0.

As an application of results in Appendix (cf. Corollary A.3.2), we have the following
characterization of relatively nef divisors.

Proposition 2.1.7. Let % be a normal model of X and let 9 be an R-Cartier divisor on
X . Then gy o is of (C° NPSH)-type if and only if 7 is relatively nef.

In addition, we have the following propositions.

Proposition 2.1.8. We assume that v is non-trivial. Let D be a nef R-Cartier divi-
soron X. Let g be a D-Green function of (C° N PSH)-type. Then there are sequences
(X, 2,)}52, and {(%,, 2,)}:2, of models of (X, D) with the following properties:

(1) Foralln>1, 9, and %, are relatively nef with respect to Z,, — Spec(k®).

2) 8@, 2,) <g< g(%n,%)for alln>1.



ADELIC DIVISORS ON ARITHMETIC VARIETIES 25

Q) Ifweset ¢, =g, 4,)— 8 and ¢, = g, 4, — &, then
. 1 ’ —
nan;; ||¢n||sup - nh_{l;) ||¢n||sup =0.

Proof. By its definition, there is a sequence {(2,, Z,)}°2, of models of (X, D) with the
following properties:

(i) Foralln>1, @;l’ is relatively nef with respect to Z,, — Spec(k°).
(i) If we set ¢! =gy, 97— &, thenlim,_, o, |9 |lsup = 0.

Here we set
19, 1lsu 19, 1lsu
D=9 ——L"L (), and 9, =9 +——""— ().,

" n —2log v(w)( ) 8 n - —2logv(w) 2
where (%), is the central fiber of Z,, — Spec(k°). Then

g(%',,,@n):g(%ﬁ,@;f)_ll¢gllsup and g(%'n,%,):g(f%’n,%{)'i_“(pgllsup’
and hence

g(%n,Qn)_gZQb;:_H(p:;”supSO and g(%,,,@;)_g:¢Z+||¢::||sup20,

as required. U

2.2. Definition of adelic R-Cartier divisors. We assume that k° is excellent. Let X be
a d-dimensional, normal, projective and geometrically integral variety over k. Let k,
be the completion of k with respect to v. By abuse of notation, the unique extension
of v to k, is also denoted by v. We set

XV =X ><Spec(k) Spec(kv)’
which is also a projective and geometrically integral variety over k,. Note that X, is
normal. Indeed, let 2 be a normal model of X over Spec(k®). If we set

%U =% XSpeC(k") SpeC(k;),

then &, is normal at every point of the central fiber (%,), by Lemma 1.1.7. The set of
normal points of 2, is open because k; is excellent. Thus %), is normal, and hence
X, is normal.

A pair D = (D, g) is called an adelic R-Cartier divisor of C°-type on X if D is an R-
Cartier divisor on X and g is a D-Green function of C°-type on X?". If D is nef and

g is of (PSHNCY)-type, then D is said to be relatively nef. Moreover, we say that D is
integrableif there are relatively nef adelic R-Cartier divisors D'andD” of C %-type on
X such that D =D —D". We say that a continuous function ¢ on X2 is integrable
if (0, ¢) is integrable as an adelic R-Cartier divisor. Let D' = (D, g’) be another adelic
R-Cartier divisor of C°-type on X. For a,a’ €R, we define aD +a’D’ to be

aD+a'D :=(aD+a'D’,ag+a'g).
The space of all adelic R-Cartier divisors of C°-type is denoted by Div%.,(X)g, which
forms a vector space over I&by the above formula. For D, = (D, g,),D, = (D, 8,) €
Divi,,(X)g, we define D, < D, to be

- def

D, <D, PN D, <D,and g, £ &.

Let 2 be a normal model of X over Spec(k°) and let ¥ be an R-Cartier divisor on
X. Let X, := X Xgpecrre) SPeC(ky) and 7 : X, — X the projection. As we checked
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before, &, is normal. We denote 7*(%) by &,. The pair (¥, Z) gives rise to an adelic
R-Cartier divisor of C°-type on X, thatis, the pair (2NX, g, 5,)) of ZNX and g, 4,)-
We denote it by 22 and it is called the associated adelic R-Cartier divisor with . By
abuse of notation, we often use the notations 2 < D, and D, < Z instead of 2 < D,
and D, < 2, respectively

Proposition 2.2.1. Let ' be a normal model of X over Spec(k°®) and let Div(ZX )r be
the group of R-Cartier divisors on %'. Lett : Div(Z')g — Dive,(X)g be the map given by
9 — 9°. Then we have the following:

(1) The map  : Div(Z)g — Div,(X)g is an injective homomorphism of R-vector
spaces.
() D <D, <= 97 <93.

Proof. Clearly ¢ is a homomorphism of R-vector spaces. The injectivity of ¢ follows
from (2). Let us consider (2). It is sufficient to see that

92>0 < 9*>(0,0)

for ¥ € Div(Z')z. The implication = is obvious. Conversely we assume that 2? >
(0,0), thatis, #NX > 0and g4, 4,) = 0. By Proposition 2.1.4, ¥, = n%(%) > 0, so that we
can easily see that ¥ > 0 by using the valuations along the central fiber Z, =(%Z,),. U

2.3. Local degree. We assume that k° is excellent and k is perfect. We use the same
notation as in Subsection 2.2. Let x be a closed point of X with x & Suppg(D). Let k(x)
be theresidue field at x. As k(x) is separable over k, we have k(x)®; k, = k;®---®k; for
some finite separable extensions k;,....k; over k,. Note that each k; has the unique
extension v; of v. The local degree of D along x over v is defined by

— — Clkick]
- 8

degv(D|x)::Z 2 (vi)'

i=1

Here we assume that k is a number field and v(f) = #(O,/p)~ %), where O is
the ring of integers in k and p is a maximal ideal of O,. Let & be a normal model of
X over Spec((Oy),). Let = a1 %, +---+ a,;%, be an R-Cartier divisor on & such that
9NX=D,a,,...,a,€cRand %,,...,9, are effective Cartier divisors on 2&'. We assume
that g = g4 4) and x € Supp,(%,)U---USupp,(Z,). Let O, be the ring of integers in
k(x). Then it is easy to see that

(2.3.1) deg,(D1,)= Y a;log#((Ou(2,)/ Oxv), ).
j=1

2.4. Local intersection number. We assume that k° is excellent and v is non-trivial.
We use the same notation as in Subsection 2.2. Let ¢ be a continuous function on
X3, Let 2 be a normal model of X and let %), ..., £, be R-Cartier divisors on 2.
Note that d =dim X. LetI},...,I, be the irreducible components of the central fiber
X, of ' — Spec(k®). Let v; be the discrete absolute value arising from I'; such that
Uf|k = v. By Lemma 1.1.7, there is a unique 7; € X3" such that the restriction of 7;
to Rat(X) is v;. For each i and j, we can choose a unique real number A;; such that
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I; € Suppy, (Z; + A;;Z.) (for Supp,,, see Definition 1.2.2). Then the number given by
- ¢(’7j)0rdrj(w) )
r]

Zmdegko/koo((zl'i_ﬂqj
* p(5;)ord; ()
deg;. o/ koo ( La- Z 2log (@) I

j=1
j=

(gd‘i'ad]

is denoted by (/1e\gv(.§fl -+ ZL4; @), where deg;. .. is the degree over k°/k*. Obviously,
cTé\gy(,%l -+ %4 @) is multi-linear with respect to %), ..., .%,;. In addition,

deg, (L1 La;ap +a'¢)) = adeg, (L1 Ly; 9)+a'deg (L Lui ')
for a,a’ € R and ¢, ¢’ € C°(X?"). Let & be a vertical R-Cartier divisor on 2 and let
&=a,l;+---+a,l, be the irreducible decomposition of & as a Weil divisor. Let ¢, be
the continuous function arising from &, that is, ¢ = g4 ¢). Then

degv( Ly Pes) Z“ degy. e ((ffl‘F%] ) )
—degko/koo (.:?1 (g))

If degy. je.(L1 - £, - T;) = 0 for all j (for example, &), ..., %, are relatively nef) and
¢ <¢’, then

2.4.1) deg, (&, Lo ) < deg (L1 La; 9').

If 2 is another normal model of X and u : 27 — &' is a birational morphism, then,
by the projection formula,

deg, (1'(L)-+ W' (La); ) = deg, (L1 Lu; )
Let us begin with the following lemma:

Lemma2.4.2. Let %),..., %L .,% ). .2[; 2 be relatively nefR-Cartier divisors on X .

We assume that there are a,, ..., a,, adH € R, with the following properties:
(1) Foralli=1,...,d, %;,NnX = .Z’HX and—a; X, < L —%; < a; %,

2) Ly NnX= .,Sfd+2 NXand <, ,NX=%, ,NX. Moreover,

(‘gd_l_)td] )

d
—20441 8, 2,) < l/) — Y <2041 8, 2.)

wherey = 8, Lyo—Laa) and )’ := =8«

d+1 ‘2214—2)
Then we have the following inequality:
deg, (4, L) —deg, (L] L))
d+1
< Zza deg “Liy-Lipy- Ld-&-l)’

whereL;:=%;,NX fori=1,...,d+1.

Proof. As %|,..., %) are relatively nef and —2a,,18 2.) < Y’ — Y < 2a4,18,2.) by
using (2.4.1), we have

deg, (£, - L) —deg, (£, ---z;;w)] <2a4, deg(L;--- Ly),
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and hence,

deg, (&, Ly ) —deg, (L] L))
< |deg, (L Lus ) —deg, (L] -+ Lo )| +2a4., deg(Ly -+ Ly).

On the other hand, by Lemma 1.1.4,
deg, (& L5 y)=deg, (L Lu 1/J)
+Zc@y(z{---z,-’_l - Ly Laih)
where §; = £/ —%;. Let ¢; be the continuous function arising from &;. Then, as

(Te\gu(_gl’...ocgi’_l.gi.chl_ﬂ..._gd;w)
=deg, (L] L], (Lan—La) LivrLas P)

and —a; g, 2) < ¢ < A; 82, 2,) Dy using (2.4.1), we can see that
deg, (L] L]\ 61 Lo+ L)
< ’degy(gf"'-gi/_l Lan '$i+1"'$d;¢i)’

+|deg (L L] Lao Lo L 00)
<2a;deg(Ly--Liy-Liy1 "Ly Las1),
as desired. O

The next proposition guarantees the intersection pairing of integrable adelic R-
Cartier divisors along an integrable continuous function.

Proposition-Definition 2.4.3. LetL, = (L,,g,),..., L, = (L4, g,) be relatively nef adelic
R-Cartier divisors on X, and let ¢ be an integrable continuous function on X:". Then
there are sequences

{(%l,n’gl,n)}:i {(%d n’v(fd ”)}n 1’
{(%d+1 n’$d+l n)} {(%mz n!$d+2 n)}

n=1
with the following properties:
(1) X, isanormal model of X overSpec(k®) and %; ,, is a relatively nef R-Cartier
divisoron Z; , fori=1,...,d+2 andn > 1.
@2 & .nX=L;fori=1,...,d andn>1.
(3) ThereisanR-Cartier divisor L, on X suchthatLy., =%, ,NX =%y,2,NX
foralln>1.

4) Ifweset¢;, =g; — 82 L1n)’ thenlim,_,o, ||Q; pllsup =0 fori=1,...,d.
(5) Ifwesety = 8oy, ari) ™ 8Pasam Lasan) thEN

nh—>I£10 ”l/)n_gb”sup =0.



ADELIC DIVISORS ON ARITHMETIC VARIETIES 29

For sequences

{(%l,nigl,n)}:il yeo -){(%d,n’gd,n)}

{(%d+l,nr gd-&—l,n)}:il ’ {(%d-t-Z,n! -gd+2,n)}n:1

satisfying the above properties, let %, be a normal model of X over Spec(k°®) together
with birational morphisms

oo

n=1’

Aui,n : @n - %i,n
fori=1,...,d. Then the following limits

lim,, oo deg, (17 (L) % (Lan)i D),

hmn—»oo (Te\gy (.u?n(-zl,n) o '.uzyn(zd,n); l/)n)
exist and
lim deg, (4} ,(L1n)+ 5 ,(Lan) @)
= lim deg, (i} ,(L1,0): 18, (Lan)i ).

Moreover, the above limits do not depend on the choice of the sequences

(o]

{(%l,n» -gl,n)}nzl yee {(%d,n) zdn)}
{(%d-i—l,n’ zd-i—l,n)}:il ’ {(%d+2,nr$d+2,n)}:il ’
so that this limit is denoted by deg, (L, --- L; ¢).

oo

n=1’

Proof. The existence of sequences are obvious by the relative nefness of fl, e ,Zd and
the integrability of ¢.
We set .
{An =deg, (1% (L1n) 1 (Lan)i D),
Bn = d/\egu (M?n(gl,n) o "u;,n(gd,n); wn) .
For a positive number ¢, there is N such that
1Y, — @llsup < 26(—logv(w)) and |[|@; ,llsup < €(—log v(D))
foralln>Nandi=1,...,d. Then, forn,m> N,

S |8i —8(2im Lin)

‘g(e%},”,ffi,y,) - g('%.i,mvv(fi,m)

+ )gi — 81 Lim) <2¢e(—logv(@))

fori =1,...,d. Let us choose a normal model %, ,, of X together with birational
morphisms 7, : %, ,, = %, and 7, : Z,, ,, — %,,. Then the above inequality implies

8% Zn)e) S 8( % T (L T (Lo ) S EE s (i )o
so that, by Proposition 2.2.1,
—€(Znm)o < T, (U7, (L5 ) — 7, (W, (L)) S €(Z5,m)o
fori=1,...,d. On the other hand,
190 =Y mllsup SN0 — P llsup + 119 1 — Pllsup < 4€(—log v()).
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Therefore, by using Lemma 2.4.2, we have

d+1
B, =Byl <2 > deg(Li Ly Liyy - Lan)

i=1
for n,m > N, which shows that the sequence {B,}°2, is a Cauchy sequence, so that
its limit exists. Further, as 0 < |¢p — ¢ ,,| < 2e(—log v(@)), by (2.4.1), we have
|An _Bn| < edeg(Ll toe Ld)’

so thatlim,,_,., A, exists and lim,,_,, A,, =1lim,,_,, B,,.

Let{ Lo, )}:il yees {( g Laio, n)} be other sequences satisfying the above
properties (1), (2), (3), (4) and (5). For the above sequences, L, in property (3), ¢; ,,
in property (4) and ¢, in property (5) are denoted by L, |, ¢; , and ), respectively.
Replacing %, by a suitable model of X, we may assume that there are birational mor-

phisms u; %, -] (i=1,...,d). For a positive number ¢, there is N such that

{Illpn Pllsup < 26(=logv(@)), [[@;,nllsup < €(=logv(@)),
197, = @ llsup < 26(=logv(@)), 19}, llsup < €(=log V(@)

foralln>Nandi=1,...,d. Then,

‘g(%,u’;,n(x,-,nn — 8@}, (L,)

S'gi—g(vn,u:n(zi,nn +18i =8, 2,0)| S 26(—log v(@))

forn>Nandi=1,...,d. Therefore, in the similar way as before,
—€(H)o S U (Lin) =17, (Z1,) < €( P
Moreover,

[¥n =l sup S 118n = Dllsup + 118, = D llup < 4e(~log v(@)

for n > N, and hence the uniqueness of the limit follows from Lemma 2.4.2. O

Let ¢ and ¢’ be integrable continuous functions on X3". Let Ly,...,L;, f;., ...,Lybe
relatively nef adelic R-Cartier divisors of C°-type on X. If ¢ > 0, then, by Proposition-
Definition 2.4.3,

(2.4.4) deg,(L,---Ly;¢)>0.

Moreover, it is easy to see that

(2.4.5)

r(Té\gy(zl'”(azi + a/z;)"'fd; })
=adeg,(L,-L;-~Lgip)+a'deg, (L~ L, L) (a,a €Ry),

cT-chU(fl---fd;a¢+a’¢’)
\ =adeg,(L,--Ly;¢)+a'deg,(L,--Ly;¢") (a,a’ €R)

and that
(2.4.6) deg, (L, L;-L;La¢)=deg,(L,-L;L;Laio).
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Let L,,..., L, be integrable adelic R-Cartier divisors of (f—type on X. For each i,
we choose relatively nef adelic R-Cartier divisors L; ,; and L, _; of C°-type such that
L;=L; . —L;_,. Byusing (2.4.5), it is not difficult to see that the quantity

€r-€qdeg,(Lic - Lae,; )
does not depend on the choice of L, ,1,Ly_1,..., Ly +1, Lq—1, S0 that it is denoted by
deg(L,---L; ¢). Further, (2.4.5) and (2.4.6) extend to the following formula:

f(Te\gy(fl...(afl. +aff’l_)...fd;¢)
= adeg,(L; Ly Lyi¢)+a'deg, (L, L+ Lai @),

(2.4.7) &
deg, (L, Ld,a(p +a’'¢’)
—adegv( Ld;¢)+a/ae\gy(zl”'zd;¢/)
and
0a®)  EoR (LT L) =80 Loy Ty L)

for a,a’ € R and integrable adelic R-Cartier divisors L;, ...,f,-,f;.,...,fd of C°-type
on X. Here let us consider a consequence of Proposition-Definition 2.4.3.

Proposition 2.4.9. Let L, =(L,,&,),..., Ly = (L4, g4) be integrable adelic R-Cartier di-
visors of C°-typeon X, and let ¢ be an integrable continuous function on X*". IfL; =0,
then

deg, (L, L;+Ly;¢)=deg,(Lr-(0,9)La;g)
Proof. For j=1,...,d, let
Liy=(Lj1,84) and L; ;=(L; ,8;1)
be relatively nef adelic R-Cartier divisors of C°-type on X such that L i= L im—L
Moreover, we choose relative nef adelic R-Cartier divisors
Zd+1,+1 =(Lat1,41,8a+1,+41) and zd+1,—1 =(Las1,-1,8a+1,-1)
of C-type on X such that L, 1 — Ly, =(0, ). Then there are sequences

oo

{(%1,+1,n! -gl,+l,n)}:il ) {(%1,—111"%1,—111)}”:1 e
{(%‘d+1,+l,n’ $d+1,+1,n)}:il ’ {(%d+1,—l,n’ $d+1,—1,n)}:o=1

satisfying the following conditions:

(@) & nisanormal model of X over Spec(k®)for j=1,...,d+1,e=+landn>1.

(b) %, is a nef R-Cartier divisor on & ., such that ;. ,NX =L, for j =

,d+1l,e=xland n>1.

(©) Ifwesetg; ., = 8™ 8(X e Zyem
and € = 1.

Here we set

) thenlim,, oo (|90} ¢ nllsup =0for j=1,...,d+1

{ l/J n= g(%}/l+l,+l,nv$d+1,+1,n) - g(e%d+1,—1,nv‘5«”d+l,—l,n)’
0’7 =8 @i Lisin) " 8 Xin Lir )
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Then, by Proposition-Definition 2.4.3,
nh—)ngo degy(zl,el,n o '-Zi,ei,n e '-Zd,ed,n; w ) degv(Ll e’ Ll € 'zd,ed; ¢)

and

lim degy(-’(fl eLn’ -Zd+1,ed+1,n"'gd,ed,n;an)

n—oo
=deg,(Lie, " Laties, " Laes 8i)-
Therefore, ifweset %, , =% \1,—%; 1, fori=1,...,d +1, then

M, oo deg, (L1 Lin - Lan;Wn)=deg, (L L;--La; d),

limn—»oo (Te\gy(zl,n o '$d+1,n zd n» ;0 ) degy (O ¢ Ld’ gz
On the other hand, note that
a-e\gy(-gl,n o 'gi,n U zd,n; lpn) = (T-e\gy(-’(gl,n T '-gd+1,n T 'gd,n; Hn)
Thus the assertion of the proposition follows. O

The results of this subsection leads to the following definition:

Definition2.4.10. Let L, =(L,,&,),..., Ly+1 = (Ly.1,84.1) be integrable adelic R-Cartier

divisors of C°-type on X. By Proposition 2.4.9 and (2.4.8), if L; =0 for some i, then
degy(zl ~++Lgy1)

is well-defined, that is,

deg,(L;-- L) := degy(Ll Lioi Ly L3 81).
Moreover, it is symmetric and multi-linear.
Proposition 2.4.11. Let L,,..., L, be integrable adelic R-Cartier divisors of C°-type

on X, and let ¢ and ¢’ be integrable continuous functions on X2". Then we have the
following:

(1) For f €Rat(X);, deg, (((f),—loglf2)-L,---Ly;¢)=0.
) IfL,,...,L, arerelatively nefand ¢’ < ¢ on X™, then

(Te\gy(zl “'fd; ¢/) < (Te\gv(zl "'zd; ¢)
(3) Let

Zl,l = (Ll,lrgl,l)»zl,—l =(L1,-1,81-1) -+
Lyy=(La1,8a1) La1=La-184-1)
be relatively nef adelic R-Cartier divisors of C°-type on X such that L;=L;, —
L;_ fori=1,...,d. Then

19 llsup

deg, (L, La;9)| < < logo(@),

deg(Ll,el e Ld,ed)-

..... eqe{x1}

(4) Ifu: X’ — X is a birational morphism of normal, projective and geometrically
integral varieties over k, then

deg, (U (L) p*(La) (u™)(¢)) = deg, (L, La; )-
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Proof. Let Z be anormal model of X over Spec(k°) and let ¥, %,, ..., £, be R-Cartier
divisors on . - _

(1) By the definition of deg,, we have deg, ((f)y - %> %,; ¢)=0. Thus (1) follows.

) If £4,..., %, are relatively nef, then (Te\gu(.,%l---.ffd;qb’) < (Te\gv(,%l---zd;q)) (cf.
(2.4.1)), so that we have (2).

(3) First of all, note that

CTé\g,,(fl---fd;qb): Z 61"‘651(Té\g,,(z1,e1"‘Zd,ed?‘p)-

€1,..,€q€{£1}

Therefore, by using (2),

deg, T Tap)<s Y |Tog, @ Tasio)
< Z aé\gv(fLEl . 'zd,ed; ”(p”sup)

19 llsup

= deg(L,, ---L,. ),
—2log v(@) . Z eg(Lye, deg)

as required.

(4) Let & and 2’ be normal models of X and X’, respectively. We assume there
is a birational morphism fi : 2/ — 2 such that f | «=f. Let&,..., £, be R-Cartier
divisors on . Then, by using the projection formula, we can see that

deg, (L*(L) - W (L) (W) (9)) = deg, (L -+~ La; §),

so that, by our definition of deg, (u*(L,)--- u*(Ly); (u™)(¢)) and deg, (L, - Ly; ¢) (cf.
Proposition-Definition 2.4.3), the assertion follows. 0

3. LOCAL AND GLOBAL DENSITY THEOREMS

The density theorem in terms of global model functions was established by Gubler
[14, Theorem 7.12] and X. Yuan [34, Lemma 3.5]. Recently an elementary proof was
found by Boucksom, Favre and Jonsson [6], in which they work over a valuation field
whose residue field is of characteristic zero. Fortunately their proofis valid even if the
characteristic of the residue field is positive. In this section, for reader’s convenience,
we will give a proof of the density theorem according to the ideas in [6].

Let k be a field and v a non-trivial discrete absolute value of k. Note that v is mul-
tiplicative. Let @ be a uniformizing parameter of k°, that is, k*° = @ k® (for the def-
inition of k° and k°°, see Conventions and terminology 0.5.2). Let X be a projective
and geometrically integral variety over k and let Rat(X) be the rational function field
of X.

3.1. Vertical fractional ideal sheaves and birational system of models. Let 2 be a
model of X over Spec(k®) (cf. Conventions and terminology 0.5.5). The central fiber
of ' — Spec(k°) is denoted by Z,, that is, X, := Z Xgpecr-) Spec(k®/k*°). A non-zero
coherentsubsheaf ¢ of Rat(X)on % is called a fractional ideal sheafon % . Itis said to
be verticalif there is m € Z, such that @™ ¢ is an ideal sheaf and Supp(0,- /@™ _#)C
Z,. Let 7 be a vertical Cartier divisor on &, that is, Supp,(2) C %, (for the definition
of Supp,, see Subsection 1.2). Note that 0,-(2) is a vertical fractional sheaf. Indeed,
let £ € Z, and f alocal equation of 7 at £. Then f is a unit element of (0 :)s), for all
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p € Spec((0y ¢)s), where S is the multiplicative set given by {1, @, @?,...}, and hence
f € (0y )s. Thus we can find m; € Z;, such that @™ f € 0, . This observation
shows that @™ 0, (%) C 0, for some m € Z,, as required.

A set U of models of X is called a birational system of models of X if the following
conditions are satisfied:

(1) For any & €V and any vertical fractional ideal sheaf ¢ on 2, thereis 2’ e ¥
together with a birational morphism v: 2’ — 2 such that _¢ 0, is invertible.

(2) For any &, %, € ¥, there is Z; € U together with birational morphisms v, :
X — X and v, : X5 — .

Remark 3.1.1. The set of all models of X is a birational system of models of X. In
addition, fixing a model % of X, the set of all models 2 over % (that is, there is a
birational morphism & — %) forms a birational system of models of X.

3.2. Model functions. We assume that v is complete. Let & — Spec(k°) be a model
of X. Let _¢ be a vertical fractional ideal sheaf on &'. According to [6, Subsection 2.3],
we define a function log| ¢ | on X*" to be

log| #(x) :=logmax{|h(x)| | h ej,%_(x)},

where ry, : X — %, is the reduction map induced by the model &'. For example,
log|w 0y | = logv(w). Note that log| ¢| = log| ¢ 0,-| for a birational morphism v :
X' — % of models of X and a vertical fractional ideal sheaf ¢ on Z'. Moreover, if ¢
is invertible, then log| #| = g4, 4)/2 (cf. Subsection 2.1). Let us fix a birational system
U of models of X. A function ¢ on X" is called a model function with respect to W if
there are 2 € ¥ and a vertical fractional ideal sheaf ¢ on 2 such that ¢ =log| #|.
The set of all model functions with respect to ¥ is denoted by M(X?";¥). Then we
have the following generalization of [6, Proposition 2.2].

Proposition 3.2.1. (1) For ¢ € M(X®;W), there are Z € WV and a vertical Cartier
divisor 9 on X such that ¢ =log|0,(2)|. In particular, M(X®*"; V) forms an
abelian group and M(X ;&) C C°(X®") (cf. Proposition2.1.4).

(2) For gy, p, e M(X*™; W), max{p;, p,} € M(X*"; D).
(3) Forx,y € X*™ with x # y, there is ¢ € M(X*;W) such that ¢(x)# ¢(y)

Proof. The assertions of the proposition can be proved by the ideas of [6, Proposi-
tion 2.2].

(1) We choose & € ¥ and a vertical fractional ideal sheaf ¢ on & such that ¢ =
log| #|. By our assumption, there is 2’ € ¥ together with a birational morphism »:
X' — Z such that ¢ 0y, is invertible, that is, there is a vertical Cartier divisor 2’ on
X" such that ¢ 0, = 0,,(2'). Clearly log| ¢ | =1og|0,.(2’)|, as desired.

(2) By (1) and the property of ¥, we can find 2" € ¥ and vertical Cartier divisors
2, and 7, on Z such that ¢, = log|0,(2,)| and g, = log|0,(%,)|. If we set ¢ =
Oy (21)+0,(9,)in Rat(X), then ¢ isavertical fractional ideal sheaf of 2" and log| ¢ | =

max{y;, Y,}.

(3) Fix 2 € W. First we assume that r,-(x) # ry-(y). Let m be the maximal ideal at
r9-(x). Then log|m|(x) < 0 and log|m|(y) > 0, as desired. Next we assume that £ =
ry(x) = ry(y). Let % = Spec(.</) be an affine open neighborhood of . We can find
f € .o/ such that |f|, # |f],. Since & is noetherian, there is an ideal sheaf .# on 2’
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such that .%; = f 0, . For each m € Z.,, we set ¢,, = .¢ + @™ 0,. Note that ¢,, isa
vertical ideal sheaf on 2. Moreover,

{loglfml(x) = max{log|f|,, mlogv(a)},
log|.#,|(y) = max{log|f]|,, mlog v(w)},
where log(0)=—00. As |f|, #|f|, and v(@) < 1, if m is sufficiently large, then

log|.7n|(x) #log|.2,ul(y),

as required. O

3.3. Density theorems. Let k, be the completion of k with respect to v. By abuse of
notation, the unique extension of v to k, is also denoted by v. We set X, = X Xgyec(k)
Spec(k,), which is also a projective and geometrically integral variety over k,. For a
model & — Spec(k®) of X, X, ;= Z Xgpeqk-) SpeC(k?) is also a model of X, by (1.1) in
Lemma 1.1.7. The projection &, — % is denoted by 7,-. Let ¥ be a system of models
of X.

Proposition 3.3.1. U, :={%, | & €V} forms a system of models of X,,.
Proof. The assertion follows from (2) in the following lemma. U

Lemma 3.3.2. (1) Let_ ¢, beavertical ideal sheafon %,. Then thereisn € Z, such
thatw" Oy C #,.
(2) Let ¢, be a vertical fractional ideal sheaf on %,. Then there is a vertical frac-
tional ideal sheaf ¢ on X such that ¢ Oy, = ¢,.

Proof. (1) For & € (X)), (O, :/(#,):)s = 0 because Supp(0y, / #,) € (Z,)., where S is
the multiplicative set given by {1, @, @?,...}. Therefore,

@ (O, :/(F,):)=0
for some m; € Z,, and hence @™ 0, - C(_¥#,):. Thus the assertion follows.

(2) Clearly we may assume that ¢, is an ideal sheaf. Then, by (1), there is n € Z,
such that @”" 0, C ¢,. As

fu/w"@{v < ﬁ%y/wnﬁ%y ‘ﬂ+ Oy |@" Oy,

we can find an ideal sheaf ¢ on 2" such that@w”"0, C ¢ and ¢,/@w" 0y, ~ ¢ [w" Oy,
so that we can easily see that ¢ 0, = _¢,. U

Theorem 3.3.3 (Local density theorem). M(X?%;W¥,)®, Q is dense in C 0(X;‘“) with re-
spect to the supremum norm || - ||syp-

Proof. We set T = X" and ¥ = M(X";¥,) ®; Q. It is well known that T is a compact
Hausdorff space (cf. [2, Theorem 3.4.8]). Thus, if we can check conditions (1) - (4) in
Lemma 3.3.4, we have the assertion.

(1) follows from (3) in Proposition 3.2.1.

(2) Note that log v(w@) € M(X %W, ) C X.

(3) is obvious.

(4) Let us check that max{y),,y,} € X for ¢y, ¢, € . We choose n € Z, such that
nY;,ny, € M(Xj“;lIJ,,). Then, by (2) in Proposition 3.2.1,

nmax{y,,y,} =max{ny,, ny,} €,
and hence max{y,,y,} €. O
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Lemma 3.3.4. Let T be a compact Hausdorffspace. LetY. be a subset of C°(T) with the
following properties:

(1) Forany x,y € T with x # y, thereis f € X such that f(x)# f(y).

2) R* NI #40.

(3) X forms a Q-vector space.

(4) For f,g X, max{f,g}eX.
Then . is dense in C°(T) with respect to the supremum norm || - ||sp-

Proof. Let X be the closure of . with respect to || - llsup- Then it is easy to see that > has
the following properties:

(1)’ Forany x,y € T with x # y, there is f € X such that f(x)# f(y).

2) 1€

(3)’ X forms an R-vector space.

(4)’ For f,g €%, max{f,g} €.

Thus, by [17, Theorem 7.29], ¥ is dense in C°(T). Note that X = Y. Therefore the
assertion follows. O

Definition 3.3.5. A function ¢ on X3" is called a global model function with respect
to W if there are 2° € ¥ and a vertical fractional ideal sheaf ¢ on 2 such that ¢ =
log| # 0y, |. The set of all global model functions with respect to ¥ is denoted by
M(X; ).

By using (2) in Lemma 3.3.2, we can see
M(X; W) =M(XT%W,),

Thus the local density theorem (cf. Theorem 3.3.3) implies the following main result
of this section.

Theorem 3.3.6 (Global density theorem). M(X; ¥)®;Q is dense in C°(X ") with respect
to the supremum norm || - |sp.

The following theorem is an application of the global density theorem.

Theorem 3.3.7 (Approximation theorem of adelic R-divisors). We assume that k° is
excellent and X is normal. Let D = (D, g) be an adelic R-Cartier divisor of C°-type on
X. For any positive number € > 0, there exist a normal model X of X over Spec(k®),
and R-Cartier divisors 9, and 9, on Z such that

D—(0,6)<2,<D <%, <D+(0,¢€).
Proof. Let us begin with the following claim:

Claim 3.3.7.1. Fora positive number €, there exist anormal model X of X overSpec(k®)
and an R-Cartier divisor 9 on Z such that 9N X =D and

||g(%,9) _g”sup < 6/2

Proof. First let us choose a model %, of X over Spec(k°) and an R-Cartier divisor %,
on 2, such that D = 2,nX. Let g, be the D-Green function of C°-type on X" arising
from the model (%, %,). We set ¢ := g —g,. Then ¢ is a continuous function on X3".
Let ¥ be the set of all models of X over %, (cf. Remark 3.1.1). By the global density
theorem (cf. Theorem 3.3.6), there is a global model function ¢ on X?" with respect
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to W such that [|¢ — ¢lls,, < €/2, that is, there are a model 2 in ¥ together with a
birational morphism u : &’ — 2, a vertical Cartier divisor §’ on " and a € Q such
that ¢ = agy e Letm : 2 — 27 be the normalization of 27 and 2 := an*(&’) +
m*(u*(%,)). As k° is excellent, 7 is a finite morphism, that is, & € W. In addition,
8,2)= ¢ + &o- Therefore, we have the assertion of the claim. U

We set g, = gz,9)—€/2 and g, = §»-,») + €/2. Then

§—€5g8 88 sgte

on X3". Moreover, note that the global model function arising from the central fiber
of & — Spec(k®) is a constant function. Thus the assertion follows. ]

Theorem 3.3.8. We assume that v is complete and X is normal. Let X3, denote the
subset of X" given by

div *

an ,__ an
X iy = {x €X the central fiber of some normal model of X over k°

X is a point arising from an irreducible component of }

Then X el dense in X",

Proof. Let ¢ be a continuous function X*". It is sufficient to show that if ¢ |, ., =0,
div

then ¢ = 0. For any € > 0, by Theorem 3.3.3, there is € M(X*";¥) ®, Q such that
|¢ — 0| < €. Thus |0(x)| < € for all x € X", which implies that |0] < € on X*". Indeed,
let ® be a vertical Q-Cartier divisor on some normal model Z of X such that 0 is given
by © (i.e. 0 = gy o). LetIi,..., T, be irreducible components of the central fiber 2,
and let xy,..., x, be the corresponding points of X§: toI,..., I}, respectively. If we set
0= ¢ I+ +cI,, then ¢; = ord. (@)0(x;)/(—2log v(w)), so that

—(€e/(=2logv(@)))Z, <O <(€/(-2logv(m)) X,
which means that |#| < € on X?". Thus |¢| < 2¢, and hence ¢ =0. O

3.4. Zariski’s lemma for integrable functions. In this Subsection, let us consider
Zariski’s lemma for integrable functions. We assume that X is normal, dim X =1 and
v is complete. Let C? (X*") be the space of integrable continuous functions on X"
(cf. Subsection 2.2). Let

(,):C)

int

(Xan) % CO

int(Xan) —R
be the map given by (¢, ) = (Te\gv((O, )Y) = (Tagv((O, ©)-(0,4)), which is bilinear

and symmetric (see Definition 2.4.10).

Lemma 3.4.1 (Zariski’s lemma for integrable functions). The above pairing(, ) is neg-
ative semi-definite. Moreover, for ¢ € C? (X*), (¢, ) =0 ifand only if ¢ is a constant
function.

Proof. The proof can be found in [36]. For reader’s convenience, we prove it here. Let
M(X?*") be the group of model functions on X" (cf. Subsection 3.2). Then, by virtue of
Zariski’s lemma (cf. [31, Lemma 1.1.4]), for § e M(X*")®; R, (0, 0) < 0. Therefore, by
the density theorem (cf. Theorem 3.3.3) together with Proposition-Definition 2.4.3,
we can see that (¢, ) <0 for all ¢ € C (X*"). Thus (, ) is negative semi-definite.
Clearly if ¢ is a constant function, then (¢, ¢) = 0. Conversely, we assume (@, ¢) =0.
Then, by [31, Lemma 1.1.3], (1, ¢) =0 for all ¢ € C? (X*).
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Let 2 be a regular model of X over Spec(k®) and &, = a,C, +---+ a, C, the irre-
ducible decomposition of the central fiber 3&” as a cycle. Let x; be the point of X"
corresponding to C;. For i = , T, ifY; = g c,) then

r xj)a
deg(Ci-ijlgo(xj)ajC) —2log v( (D‘)Z] l—Zlogjv(J )d g(C;-C))

:_Zlong)<¢w >_ .

Therefore, by the equality condition of Zariski’s lemma (cf. [31, Lemma 1.1.4]), we
have

o(xy)="--=p(x,).
Let X&" denote the subset of X" given by

div *

an ._ an
X, {x €X the central fiber of some normal model of X over k°

x is a point arising from an irreducible component of }

The above observation shows that ¢ is a constant function. On the other hand,

an
Xdlv

by Theorem 3.3.8, X§ is dense in X?", so that ¢ is a constant function on X?". O

3.5. Radon measure arising from local intersection number. We assume that X is
normal and d-dimensional. Let L,,..., L, be integrable adelic R-Cartier divisors of
C’-type on X. Let ¢ be a continuous function on X?". In Subsection 2.4, we de-
fine the local intersection number degu(L1 -L4; ¢) under the assumption that ¢ is

integrable. In this subsection, we define degU(L1 -Ly; ¢) for a general continuous
function ¢ by using the density theorem (cf. Theorem 3.3.6). Let us begin with the
following proposition:

Proposition-Definition 3.5.1. Let {p,}°2, be a sequence of model functions on X3"

such thatlim,,_, 1@, — @lleup =0. Thenlim, o, deg, (L, - Ly; @) exists and the lim-
its does not depend on the choice of the sequence {¢,}7>,. We denote the limit by

deg, (L, L §).

Proof. By (3) in Proposition 2.4.11, there is a constant C depending onlyon L,,...,L,
and v such that

deg, (L, Li)—deg, (L1 -+ Lai¢)| < Cllo =y

for all model functions ¢ and ¢’ on X*". Thus we can see that {c/ié?gv(fl co«Ly; gon)}:;

forms a Cauchy sequence, so that the limit exists. Let {¢ }°2 be another sequence of
model functions with lim,,_, [[¢! — @|lsup = 0. Then, as lim,,_, [|¢,, — ¢/ llsup =0, the
assertion follows from the above estimate. O

Let f’l. be an integrable adelic R-Cartier divisor of C°-type on X and let ¢’ be a
continuous function on X2". Then we can easily see the following formulae:

@) degU(L1 -Ly;¢)>0ifL,,..., L, are relatively nef and ¢ > 0.

(i) deg,(L,---Ly;ap+a’¢’)=adeg, (L, ---Ly;¢)+a’deg,(L,---Ly;¢’) fora,a’ e
R.
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(iii) Let {gbn};“;l be a sequence of continuous functions on X o with
nh—>nolo ||¢n - ¢||sup =0.

Then lim, . deg, (L, Ly; ¢,)=deg, (L, Ly; ).
(iv) (Te\gy(zl'“(afi+a/zi')"'zd;¢)
:6156\8,,@1"'Zi"'zd:qﬁ)-i-d/ge\gv(a"'Z;-"'Zd;qﬁ)
fgia,a’eR. -
W) degv(fl...fi...fj...fd;qj):degu(fl...fj...fi...Zd;q))_

In the case where fl, ... ,fd are relatively nef, by the above properties (i), (ii) and (iii),
the functional C°(X®") — R given by ¢ — deg, (L, ---L,; ¢)yields a Radon measure on
X3, This Radon measure is called the Radon measure induced by the local intersection
L,---L, and it is denoted by uz, .1,

4. ADELIC ARITHMETIC R-CARTIER DIVISORS

In this section, we will introduce adelic arithmetic R-Cartier divisors on arithmetic
varieties and investigate their several basic properties.

Throughout this section, let K be a number field and let X be a d-dimensional,
projective, normal and geometrically integral variety over K.

4.1. Definition and basic properties. Let Oy be the ring of integers in K. We denote
the set of all maximal ideals of Ox by M. For p € My, the absolute value v, of K at p
is given by

,(x) = #(Og /p) ).

Let K, be the completion of K with respect to v, and let X, := X Xg,¢qx)Spec(K, ), which
isalso a projective, normal and geometrically integral variety over K, (cf. Lemma1.1.9).
Let X(C) be the set of all C-valued points of X, that is,

X(C):={x:Spec(C)— X | x is a morphism of schemes}.

Note that X(C) is a projective analytic space and X(C) is not necessarily connected.
Let F,, : X(C) — X(C) be the complex conjugation map, that is, for x € X(C), F,(x) is
given by the composition of morphisms

Spec((C)LSpec((C) and Spec((C)iX,

where Spec(C) 5 Spec(C)is the morphism arising from the complex conjugation. The
complex conjugation map F,, : X(C) — X(C) is an anti-holomorphic isomorphism.
The space of F,,-invariant real valued continuous functions on X(C) is denoted by
CIQOO(X (C)), that is,

Cp (X(©):={f € C"X(C)| f o Foo = f}.
Definition 4.1.1. A pair D = (D, g) of an R-Cartier divisor D on X and a collection of

Green functions g = {g, },em, U{goo} is called an adelic arithmetic R-Cartier divisor of
CP-type on X if the following conditions (1) and (2) hold:
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(1) Forall p € My, g, is a D-Green function of C O-type on X;‘“. In addition, there
exist a non-empty open set U of Spec(Og), a normal model %; of X over U
and an R-Cartier divisor 2, on 27, such that ;N X = D and g, is the D-Green
function induced by (X, Zy) for all p e U N M.

(2) The Green function g, is a D-Green function of C°-type on X(C) such that
8oo = 8oo © Fs (cf. Subsection 1.4).

Moreover, a pair D'= (D, g’) of an R-Cartier divisor D on X and a collection of Green
functions g’ = { g;}pe w, is called a global adelic R-Cartier divisor of C°-type on X if the
above condition (1) holds for {g;}peMK, that is, g; is a D-Green function of C°-type on
X" for all p € Mg, and there exist a non-empty open set U’ of Spec(O), a normal
model 27, of X over U’ and an R-Cartier divisor Z;,, on 2/, such that 2, N X = D
and g; is the D-Green function induced by (27, %;,,) for all p € U’ N M.

The pair (2, 2y) in condition (1) is called a defining model of D over U. If we forget
the Green function g., on X(C) from D, we have a global adelic R-Cartier divisor
on X, which is denoted by D" and is called the truncation of D. For simplicity, a
collection of Green functions g = {g,}yepm, U {goo} is often denoted by the following
symbol:

8= &lpl+gooloo].
peMg

Let Rat(X) be the rational function field of X. For ¢ € Rat(X)*, we define (¢) to be

(p):= ((so), > (—loglwplz)[p]+(—log|<poo|2)[<>o]),
peMg

where ¢, and ¢, are the rational functions on X, and X(C) induced by ¢, respec-

tively. The adelic arithmetic divisor ((7) is called an adelic arithmetic principal divisor.

Let D, =(D,,g,) and D, = (D,, g,) be adelic arithmetic R-Cartier divisors of C°-type

on X. For a,,a, € R, we define a, D, + a,D, to be
alﬁl + azﬁz = (alDl + azDz, algl + algz),
where
a8 +a8 = Z (a1(&1)p + a2(82)p) [P+ (a1(81) oo + A2(82) o0 ) 00
peMk

The space of all adelic arithmetic R-Cartier divisors of C°-type on X is denoted by
ﬁZO(X )Jr» which forms an R-vector space by the previous definition. Moreover, we
define D, < D, by the following conditions:

@ D, <D,

(b) (g1), < (&), forall p € My U{oo}.
Similarly, for global adelic R-Cartier divisors

(DI’{(gl)p}peMK) and (Dz’{(gz)p}peMK)»

(D, {(81)p bpemy ) < (Do, {(82)p pemy )
is defined by D, < D, and (g;), < (g2), for all p € M. In general, for ¢ = ¢"---p% €

—

Rat(X)s :=Rat(X)*®R (¢,,..., ¢, € Rat(X)*, a,,...,a, € R), we define (¢) to be
R 14 4 Y

@ = al@-i_'”-i_ar(gar))
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which is well-defined because the map Rat(X)* — Bi\VZO(X Jr given by ¢ — @ isa
homomorphism.

Let 2 be a normal model of X over Spec(Oy) and let 9=(9, goo)_be an arithmetic
R-Cartier divisor of C°-type on & (cf. [30, Section 5]). The pair (2, ) gives rise to an
adelic arithmetic R-Cartier divisor of C°-type on X, that is,

(QOX, Z g(%(v)’@(m)[p] +goo[oo]),

peEMy
where %, is the localization of 2" — Spec(Ox) at p and %, is the restriction of % to
ZXp- We use the symbol 2|, to distinguish it from X, at the beginning of this sub-
section. We denote it by 7" and it is called the associated adelic arithmetic R-Cartier
divisor with 9. Note that ( )= ((Lp) ) for ¢ € Rat(2');, where (/@% is the arithmetic

principal divisor of ¢ on &'. Similarly, the associated global adelic R-Cartier divisor
2* with 9 is defined by

9% (@ﬂX {g }peMK)

By abuse of notation, we often use the notations % < D, and D, < Z instead of 7' <
D, and D, <7, respectively. The following proposition is the arithmetic version of
Proposition 2.2.1 and it follows from Proposition 2.2.1.

Proposition 4.1.2. Let X be a normal model of X over Spec(Ox) and let I/)Rlco(% Jr be
the space of arithmetic R-Cartier divisors of C°-type on % . Let

L Diveo(2 g — DIV (X )g

be the map given by 9 — 9" . Then we have the following:

(1) Themap. : ﬁco(% R — 61?120()( )r is an injective homomorphism of R-vector
spaces.

2) 7,9, <> 9,<9,.
Theorem 4.1.3 (Approximation theorem of adelic arithmetic R-divisors). Let D =
(D, g) be an adelic arithmetic R-Cartier divisor of C°-type on X and let (X, %) be
a defining model of D over a non-empty open set U C Spec(Oy). For any positive num-
ber € > 0, there exist a normal model X, over Spec(Oy), and R-Cartier divisors 9, and
9, on X, with the following properties:

D) Zely =Xy, Dly =%y and D,ly =Dy

) IfwesetS=M\U, 9, =(21,8c) and D, =7, 8oo), then

—(0,26[13])3@?3 <9,<D (Ze[p])
pes pes

Proof. Thisisaconsequence of Theorem 3.3.7. For p € Spec(Ok)\{0}, let (O ), denote
the localization of O at p. By Theorem 3.3.7, for each p € S, there are a normal model
X, of X over Spec((Ox),)) and R-Cartier divisors %, , and %, , on X, , such that

DyNX=9,,NX=D and (D,g,)—(0,6)<%,,<(D,g,)<%,,<(D,g,)+(0,¢).
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As S is finite, we can construct a normal Z, over Spec(Og) and R-Cartier divisors %,
and %, on &, such that

%6|U:%U» @ilU:@U» (%) ep and @im%e,p:@i,p
forp € S and i = 1,2, where (¥,), is the localization of 2 at p, so that we have the
assertion of the theorem. Il

4.2. Global degree. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-
type on X. Let x be a closed point of X. First we assume that x ¢ Suppg(D). For

p € My, the local degree of D over the absolute value v, is denoted by (Te\gp(ﬁlx) (ct.
Subsection 2.3). Moreover, deg_(D|,) is defined by
— 1
degooDl)i=5 D 8oolto)
o:K(x)—C

where K (x) is the residue field at x and x,, is the C-valued point given by
Oy — K(x)<C.

Let U be a non-empty Zariski open set of Spec(Oy) such that D has a defining model
(Zy,2y) over U. Let A, be the closure of x in 2. Shrinking U if necessary, we

may assume that A, N Suppg(Z2y) = 0, which implies that (Te\gp(ﬁlx) =0forpeU.
Therefore, we can define deg(D|,) to be
deg(Dl,)= > _ deg,(Dl,)+deg.,(Dl.).
peMy
Note that
(4.2.1) deg(()l,)=0

for ¢ € Rat(X); with x ¢ Supp((¢)). In general, we can find ¢ € Rat(X) such that x ¢
SuppR(D + (gb)) (cf. [30, Lemma 5.2.3]). By using (4.2.1), we can see that the quantity

deg(D + ((,b ) does not depend on the choice of ¢, so that it is denoted by (Te\g(ﬁlx)
and is called the global degree of D along x. The equation (4.2.1) can be generalized
as follows:

4.2.2) deg(¥)|,)=0
for all Y € Rat(X)g. It is easy to see that

deg(aD +a'D’|,)= adeg(D|,)+ a'deg(D’l,)
forD,D € ﬁaz(X)R and a,a’ €R.

Lemma 4.2.3. Let D, = (D,,g,) and D, = (D,, &) be adelic arzthmetlc R-Cartier divi-

sors of C°-typeon X. If D, = D, and g, < g, then deg(D lo) < deg ) for all closed
points x of X.

Proof. As D, = D, and g, < g,, there are non-negative continuous functions ¢, on X"
and ¢, on X(C) such that (g,), =(g1), + ¢, and (g2)oo =(g1)oo + P o, respectively. We

set @ =2 .y Pplpl+ @oo[00]. Then, as deg((0,9)|,) >0,
deg(D,|,) = deg(D|,)+deg((0, ¢),) > deg(D,|,),

as required. U
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4.3. Vo_lgme of adelic arithmetic R-Cartier divisors. Let D be an R-Cartier divisor
on X, D =(D, g’)aglobal adelic R-Cartier divisor of C°-type on X, and D =(D, g) an
adelic arithmetic R-Cartier divisor of C°-type on X. We define H°(X, D) to be
H°(X,D):={p eRat(X)* | D +(p)>0}uU{0}.

For p € MyU{oo}and ¢ € H°(X, D), itis known that |9lg, =@ |exp(—g,/2) extends to
a continuous function (cf. Proposition 1.4.2 and PropoSition 2.1.3), so that its supre-
mum is denoted by [|¢ ||, . Using the above norms, we define H(X ,D)and A°(X, D)
to be A _,

AX,D):={p e H'(X,D)|||¢llg <1 forall p€ My},

A°(X,D):={p e H(X,D)||l¢llg, <1forall p € My U{oco}}.
Note that A°(X ,5/) is a submodule of H°(X, D) by using Proposition 2.1.3. Let us
check the following proposition:

Proposition4.3.1. (1) H°(X,D') and H*(X, D) are given in the following ways:
A(X,D")={p €Rat(X)* | D" +(p) 20} u{o},
A°(X,D)={¢ eRat(X)* | D +(¢) > 0} U{0}.

(2) WeassumethatD =D . Ifthere are a normal model  of X overSpec(Ox) and
anR-Cartier divisor 9 on & such that 9 N\ X = D and g, is the Green function
arising from (2, 9) for each p € My, then

A°(X,D)=H%,2) and H°(X,D)=H"Z (7,80

3) H(X,D’) is a finitely generated free Z-module and H°(X, D) is a finite set. We
denotelog#(H(X, D)) by h°(X, D).

(4) Letu:Y — X beabirational morphism of projective, normal and geometrically
integral variety over K. Then, for p € My U{oo}, and ¢ € H(X, D), we have
19llg, = 129, - In particular,

HX,D)— HY,u* (D)) and H'(X,D)— H(Y,u (D))
are bijective.
Proof. (1) Note that
lpllg, <1 <  goo—loglpl*>00n X(C)

and
lpllg, <1 <= g,~loglpl’>00n X"

for p € M. Thus (1) follows.
(2) The assertions of (2) follow from (1) and Proposition 4.1.2.

(3) Clearly we may assume that D =D". We > can find a normal model 2 of X over
Spec(Ox) and an arithmetic R-Cartier divisor 2 = (2, h) of C°-type on & such that
D <%". Thus .

H°X,D)CH'X,2*)=H"2,92)
by (2). Note that H(2', 2) is a finitely generated free Z-module, so that H°(X D) is

also a finitely generated free Z-module. Since H(X, D) C H(Z', 2), the last assertion
is obvious.
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(4) The assertion [|@|lg = [|4*(¢ )l is obvious. For the last assertion, note that
HY%X,D)— HO(Y,u*(D))is an isomorphism. O

Definition 4.3.2. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C O-type
on X. The quantity 7(X, D) is defined by

7(X, D)= 7 (A%X, D) - ll,..)
(cf. Conventions and terminology 0.5.3). Note that
h°(X, D)= h*(H°(X, D), II-Il,.)-

Moreover, we define the volumevol(D) of D and the 7 -volume \751)( (D) of D to be

—_—— h°(X,nD)
VOI(D) = lll;lIlSOl;lp m

and _
voLAR) =P e

respectively, where d = dim X. By Minkowski’s theorem, x70\lx (D) < vol(D). Let L =
(L, h) be an adelic arithmetic R-Cartier divisor of C°-type on X. Clearly, if L<D,then
h(X,L) < h°(X,D)and vol(L) < vol(D). Further, by (1.1.3.1),if L < D and L = D, then
#(X,L)< 7(X,D) and vol (L) < vol,(D). Let u : Y — X be a birational morphism of
projective, normal and geometrically integral variety over K. Then, by (4) in Propo-
sition 4.3.1,

(4.3.3) vol(u*(D))=vol(D) and vol,(u*(D))=vol, (D).
For the symbol 4, \’/-o\ln(ﬁ) stands for either vol(D) or \70\1){ (D), that s,
Tol,(D) = \10\1(5_) %fu is blank,

vol, (D) iffis y.
4.4. Positivity of adelic arithmetic R-Cartier divisors. Here let us introduce several
kinds of the positivity of adelic arithmetic divisors.

Definition 4.4.1. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-type
on X.

e Big: We say that D is bigif vol(D) > 0. According to [25], we can give an alter-
native definition, that is, for any adelic arithmetic R-Cartier divisor L of C°-type on
X, H(X,nD + L) # {0} for some positive integer n. Actually the two definitions are
equivalent by the continuity of the volume function.

e Pseudo-effective: D is said to be pseudo-effectiveif D + A is big for any big adelic
arithmetic R-Cartier divisor A of C°-type on X.

e Relatively nef: D is said to be relatively nefif g, is of (C°NPSH)-type for all p €
My U{oco} (cf. Subsection 1.4 and Definition 2.1.6). If (Z;, Z;) is a defining model of
D, then 2, is relatively nef with respect to 2y — U by Proposition 2.1.7.

o Nef: We say that D is nefif D is relatively nefand deg(D|,) > 0 for all closed points
x of X. For example, if ¢ € Rat(X)*, then the adelic arithmetic principal divisor @ of
¢ is nef.

Let us see the following proposition.
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Proposition 4.4.2. Let D = (D, { 8p}pem, U{8so}) be an adelic arithmetic R-Cartier di-
visor of C°-type on X. Then we have the following:

(1) Let U be a non-empty open set of Spec(Oy ) such that there is a defining model
(Zy,2y) of D overU. IfD isrelatively nef, then there are sequences {(Z,, 2,,) -
and {(X,, 2,)}:2, with the following properties:

(1.1) Foreveryn>1,%, isanormal model of X overSpec(Oy) such that Z |, =
Xy

(1.2) Foreveryn>1,9, and @,’1 are relatively nefR-Cartier divisors on Z,, such
that 9,y =2,y =Py

(1.3) (2/,,800)* <D < (2, 8o0)* foralln > 1.

(1.4) Ifwe set

D=8 — 8@y D)) ANA D)= 8= 8 ()
then
Tl llup = lim (197, [y =0,

where (%)) is the localization of %, — Spec(Ok) at p and (2,)y) and

(2) ) are the restrictions of 9,, and 9, to (X)), respectively.
(2) IfD is nef, then D is pseudo-effective.
(3) If D is big on X and D is pseudo-effective, then D + (0, €[oQ]) is big for any

positive number €.

Proof. (1) By Proposition 2.1.7, &, is relatively nef with respect to Z;; — U. Thus
the assertion follows from Proposition 2.1.8 in the same way as the proof of Theo-
rem4.1.3.

(2) Clearly we may assume that X is smooth over K. Let us choose a non-empty
open set U of Spec(Ox) such that D has a defining model over U. Let 2" be a normal
model of X over Spec(Ox) and let .</ be an arithmetic Cartier divisor of C°°-type on

Z such that
A — (ZPEMK\U P;J’ 0)

is ample, where F, is the fiber of ' — Spec(Ox) over p. It is sufficient to show that

D+ed  is big for all € € R.,. By (1), we can choose a normal model 2" of X over
Spec(Og) and a relatively nef R-Cartier divisor 2 on 2 such that

(@’goo)a_(o’ZpeMK\U E[p]) < 5 < (@’goo)a-

We may assume that there is a birational morphism y: 2’ — 2. Then (%, §..) is nef
by Lemma 4.2.3 and

((@, goo) et (E— (ZpeMK\U E, 0)))a <D+ed .

Note that (7, goo) + €u* (E— (ZpeMK\U E, 0)) is nef and big by [30, Proposition 6.2.2],
as required.

(3) Let A be a big adelic arithmetic R-Cartier divisor of C°-type on X. Let us see the
following claim:

Claim 4.4.2.1. Thereare m € Z.,, ¢ € Rat(X)* and A € R such that
mD —A+(¢)+(0,A[c0]) > 0.
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Proof. Since D is big on X, there are a positive integer m and a non-zero rational
function ¢ on X such that mD—A+(y) is effective. We set (L, h):= mD —A+(1). Let
U be a non-empty open set of Spec(Ox ) such that L has a defining model £, over U.
As L >0, shrinking U if necessary, we may assume that .%;; is effective. In particular,
h, >0 forp € My NU. Thus there is A’ € R such that

(Lm=(03 | (Apl+ A o0]).

We choose N € Z., such that —A" + 2 ord,(N)#(Ok /p) > 0 for all p € My \ U. If we set
A=mD—A+(Ny), then

A=(L,h)+(N)

Z(L,h)+(0, > 2ordp(N)#(OK/p)[p]—logNz[oo])

peMi\U

2(0, Z (—A’-+-20rdp(N)#(OK/p))[p]—()L’+logN2)[oo])

peM\U
> (0,—(A +log N?)[00]),

as required. U

Let n be a positive integer such that A/(n + m) < €. Then

D +(1/n)A—(9) <D +(1/n)(mD +(0,A[c0]))
=((n+m)/n)(D +(0,A/(n+m)[co)))
<((n+m)/n)D +(0,€e[c0])),

so that we have the assertion. O

In addition to the above positivity, an adelic arithmetic R-Cartier divisor D of C°-
type on X is said to be integrableif there are relatively nef adelic arithmetic R-Cartier

divisors D' and D" of C°-type on X such that D =D —D' . The set of all integrable
adelic arithmetic R-Cartier divisors of C°-type on X is denoted by Div?nt(X )Jr- Note
that ISR/?M(X )Jr forms a subspace of ﬁi\vzo(X Jr over R.

Remark 4.4.3. Let & be_ a normal model of X over Spec(Og ). We recall that an arith-
metic R-Cartier divisor Z of C°-type on & is said to be integrableif there are relatively

nef arithmetic R-Cartier divisors 2 and 7 of C°-type on 2 such that 7 = 7 -9"
(cf. Definition 1.4.4 and [31, Subsection 2.1]). Note that Z is integrable if and only if
7" is integrable.

Finally let us introduce the relative nefness of a global adelic R-Cartier divisor.

Definition 4.4.4. Let D =(D, {g,},cu, ) be a global adelic R-Cartier divisor of C°-type
on X. We say that D is relatively nef if g, is of (C° NPSH)-type for all p € M.
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4.5. Global intersection number. The purpose of this subsection is to construct the
intersection pairing

(DlVlm(X) )dH —-R ((51, ‘e ’Bd+l) — (Te\g(ﬁl o 'Bd+l))

by using the local intersection number (cf. Subsection 2.4). For this, let us begin with
the following lemma.

Lemma4.5.1. LetD = (D, g) bean integrable adelic arithmeticR - Cartier divisor of C°-
type on X. Then there are a normal model ' of X, an integrable arithmetic R-Cartier
divisor 7 of C°-type on %, a finite subset {p,, ...,p,} of My and integrable continuous
functions ¢,,..., ¢, on X;“, . X;’rn, respectively such that

.
D=9+ (O,Z%[Pi]) .
i=1
Prooﬁ By definition, there are rela_tively ne_f adelic arithmetic R-Cartier divisors fl
and L, of C°-type on X such that D = L, — L,, so that, by using Proposition 4.4.2, we
can find a normal model & of X, relatively nef arithmetic R-Cartier divisors ¢, and
<, of C°-type on 2 and a finite subset {p,,...,p,} of My such that

I, :§?+ (O,Z%’[Pi]) and L, :§§+ (O,Zwi[m]),
i=1 i=1

where ¢; and 1; are continuous functions on X;". Note that ¢; and v; are integrable.
Thus, if we set 2 = ¢, — %, and ¢; = p; —1);, then we have the assertion. O

Let D, = (Dy,81),...,D 441 = (Dyy1, 8441) be integrable adelic arithmetic R-Cartier
divisors of C°-type on X. Then, by Lemma 4.5.1, there are a normal model 2 of X,
integrable arithmetic R-Cartier divisors %,,...,%4,, of C°-type on &, and a finite

subset S of My such that
D=7+ (o,zqr),._p[p]),

pes
where ¢, ,’s are integrable continuous functions X"
First we assume t_hat X is smooth over K. We would like to define the intersection
number deg(D,---D 4,,) to be

(Te\g(ﬁl " 'Ed-ﬂ) = CTe\g(gl o '§d+l)

+Z Z log#(O /p) degp (]_[(0 Gip) l_[(@ )

peS IC{1,...,d+1} iel jéI
10

where ae\g‘g is the local intersection number at p (cf. Subsection 2.4) and (%;),,) means
the restriction of Z; to the localization of 2 — Spec(Ok) at p. For this purpose, we
need to see that the above formula does not depend on the choice of 2, Z1,..., % 4.1
and S. We denote the right hand side of the above by A(2',%,,...,%4.1,S). Let 2,

@/1, K73 4+ and 8’ be another choice. In order to check

AX, Dy, D g1, S)= A7, 9 9
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we may assume that ' =2 and S’ = S. Note that there are vertical R-Cartier divisors
&1y..., 6441 on X such that Suppg(8)), ..., Suppr(is1) ZpEsF and 9; = 9; + &; for
i= 1, ...,d +1, where F, is the fiber of 3{ — Spec(Og) over p. Thus it is sufficient to
show that

A(%,gl,...,gd_’_l,s) :A(%,gl +(£1,0),...,§d+1 +((§d+1,0),s)

for all vertical R-Cartier divisors &), ...,&5,,, on & with

SUppg()),..., SUpPa(E4.:1) € O K.
pes

If we can show
(4.5.2) ANX, D1y Dy Dgir, S)=AX,D4,...,9,+(8,0),..., D 4.:1,S)

for a vertical R-Cartier divisor & on 2" with Suppg(6) € >, s F;, then

A(%’§l>""§d+1! S): A(%,gl +(g,1, 0),52,...,@514_1, S)
=A%, 2,+(6,0),2,+(65,0),Z5,..., D 4:1,5)
= :A(%’gl +(g1’0)’--"§d+1 +(gd+1,0),8).

Therefore, it suffices to check (4.5.2). We set e, = g(4;,, 5,)- Then
D, = (@l +(&, 0))a + (O,Z(¢l,p — ep)[p]) ,
pesS

so that

AZ, Dy D 48,00, D1, S)=Aeg( D, +-(D, +(6,0))- D gy )+

log#(Ox /p)deg, (n((), 9ip—bue) | |2+ 5115)@)) :

pesS IC{1,...,d+1} iel jéI
I#0

Note that
deg(Z, (7, +(8,0))- D 1) = Aeg( D - D g.11)

+ Zlog#(OK/p)(Te\gp((@l)(p) (D121 (D11)) (D1 )y Ep)-
pesS
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Moreover,
(Te\gp (l_l(or(pi,p_éilep)'l_[(@j+5jlg)(p))
iel el
r/\
degp l_[(or¢i,p)'r(@j)(p)
iel j¢I[
—deg, ]_[(o,(piv,,)-]_[(@j)(p)-ep) iflel,
_ ien\{1} il
deg, (n(o, i) | (@f)(p))
iel j¢1(
+deg, | [ [©0.0:0)- [ ] (@j)m-ep) if1¢1,
\ \iel jI1uil}
and hence
> > 1og#(o,</p)ae\gp(]_[(o,qs,,p—a,.,ep).l_[(@j+5j,g)(p))
iel JEI

pesS IC{l,...,d+1}
I#£0

=Z Z log#(OK/p)(ié\gp(l_[(o’¢i,P)'l—[(@j)(P))

peS IC{1,...,d+1} iel jél
I1#0
—> log#(Ox /p)deg, (21 ) (Z1i )iy (P11 )y (Dasi - €)-
pesS

Therefore, we have (4.5.2).

In general, let us take a desingularization u : ¥ — X of X. By virtue of (4.3.3)
together with [31, Subsection 2.1] and (4) in Proposition 2.4.11, we can see that the
quantity

deg(u'(Dy)- (D))
does not depend on the choice of u, so that we define cTc:g(ﬁl ---D4,;) to be
deg(D, D gs1) = deg(u' (L)) 4 (D gsr)).
By our construction, it is easy to see that the map
(D1, D)= deg(D - Dyas)

is multi-linear and symmetrlc (cf. (2.4.7), (2.4.8) and Proposition 2.4.9).
Let Dl, DdH, D oD g be integrable adelic arithmetic R-Cartier divisors of

C°-type on X .LetT be a ﬁnlte setof Mg andlet ¢, ,,..., ¢, , be integrable continuous
functions on D forpe T. By using Lemma 1.1.5, we can see that if

D;=Di+(0.Y. _, ¢islpl)
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fori=1,...,d+1, then

(4.53) deg(D,---D,, )=deg(D, D41

+Z Z log# OK/IJ degp (l_[(o’ (Pirp) ) l_[(Dj’(gj)p)) ’

peT IC{l d+1} iel jél

where D ; =(Dj,zp(gj)p[p]ﬂgj)oo[oo]) for j=1,...,d +1.

Proposition 4.5.4. LetD,,...,D,, D .., be integrable adelic arithmetic R-Cartier di-
visors of C°-type on X. Then we have the following:

(1) Ifv: X' — X is a birational morphism of normal, projective and geometrically
integral varieties over K, then

deg(v'(Dy)-+ V(D ;1)) = deg(D; -+ D)
(2) For ¢ €Rat(X);, deg(D,---D4-())=0
@3) IfD,,...,D, are nefand D .., is pseudo-effective, then
deg(D,---Dg-Dg11) 2 0.
Proof. (1) is obvious. For (2) and (3), we may assume that X is smooth over K.

(2) Let us begin with the following claim:

Claim 4.5.4.1. Let & be a normal model of X and let @ 0 @d be integrable arith-
metic R-Cartier divisors of C°-type on 2 . Then deg ¢)

Proof. Step 1 (the case where @1, . @d are of C*°-type) : If @1, . @d are arithmetic
Cartier divisors of C*°-type on & and ¢ € Rat(X)*, then the assertion is well-known.
On the other hand, by [30, Proposition 2.4.2], we can find arithmetic Cartier divisors
&.,...,8,of C*®-typeon 2, ¢y,..., gb, €Rat(X)*, a;;€R (i=1,...,d, j=1,...,r) and
by,...,b; € R such that 7, = Z;: ij€;and ¢ = ¢ lbl. Thus, using the linearity
of the intersection pairing, we have the assertion.

Step 2 (the case where @1, . ,@d are relatively nef) : Let .o/ be an ample arithmetic
Cartier divisor of C*°-type on Z. As

lim deg(Z, +(1/n)d)+ (D +(1/n)d)- ()= deg(Z, -+ Dy - (9)),

we may assume that D,...,9,4 are ample on X. Then, by [30, Theorem 4.6], there are
sequences {f ,}7°2,,...{fan}2, of Fso-invariant continuous functions on X(C) such
that

r111—>11c;lo ”ﬁ',n”sup =0
and 2; +(0, f; ) is relatively nef and of C*°-type for i = 1,...,d and n > 1. Therefore,
by using [31, Lemma 1.2.1] together with Step 1, we have
deg(Z:+ D4+ (@)= lim deg((Z1 +(0, fi,0)- (T4 +(0, fu.n))-(9) =0.

Step 3 (general case) : Since 9, is integrable, there are relatively nef arithmetic R-
Cartier divisors .¢; and ./ ; of C°-type on & such that ¥, = ¥; — ./ ;. Thus the as-
sertion follows from Step 2. U
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Let us start the proof of (2). By Lemma 4.5.1, we can find a normal model 2 of
X, integrable arithmetic R-Cartier divisors %,,...,%, of C°-type on 2, and a finite

subset S of My such that
D,;= 5? + (O;Z ¢i,p[p]) )

peS
where ¢, s are integrable continuous functions X;’“. Then, by (4.5.3),

deg(D, D+ (¢))=deg(%- T4+ ()

+> > log#Oc/p) degp(I_[(Or¢i,p)'n(@j)(P)'(¢)(P))‘

pes IC{l d+1} iel jél
Therefore, (2) follows from Clalm 4.5.4.1 and (1) in Proposition 2.4.11.

(3) First let us see the following claim:
Claim 4.5.4.2. Let 2 be anormal model of X and 7,,...,% 4,2 4., be integrable arith-
metic R-Cartier divisors of C°-type on X .
@ If2,,...,9, arenefand 9 4., is effective, then
deg(D, Dy D)2 0.
(b) Let E be an effective and integrable adelic arithmetic R-Cartier divisor of C 0.
typeon X. If 9,,...,9 4 are nef, then
deg@" T - F)>0.

Proof. (a) Let .¢/ be an ample arithmetic Cartier divisor of C*-type on & . It is suffi-
cient to show that

deg((Z,+ed)(Da+ed) Dgn)20
for € > 0. First we assume that %,,...,%, are of C*®-type. Then, by [30, Proposi-
tion 6.2.2], @,- +e.d is ample for every i, that is, there are ample arithmetic Cartier
divisors .¢/4,...,.«/, of C®-type on & such that 7, + .o/ = D a;;.< ; for some
a;; € Ry,. On the other hand, by [30, Proposition 2.4.2], there are effective arithmetic
Cartier divisors &,...,&, of C*°-type on & such that 2,,, = b;&,+---+b,;&, for some
by,..., b; € R, and hence the assertion follows from [25, Proposition 2.3].
In general, as before, by [30, Theorem 4.6], there are sequences

{fl,n};ip ceey {fd,n};l“;l

of F-invariant non-negative continuous functions on X(C) such that
nh—>r£10 ||ﬁ,n||sup =0

and @,- +e.d + (0, f; »)isnefand of C*°-type for i =1,...,d and n > 1. Therefore, by
[31, Lemma 1.2.1], we have

(Te\g((gl + 6;) tee (@1 + GE) : §d+1)
= lim deg((7,+€.7 +(0, fi,))++(Da+ €T +(0, fan))- D) 20,

as required.
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(b) By Theorem 4.1.3, there is a finite subset S of M with the following property: for
any n € Z., there are a normal model 2, of X together with a birational morphism
U, : %, — 2, and an integrable arithmetic R-Cartier divisor &, of C°-type on %,
such that

E<E, <E+( Z (l/n)hﬂ])
Then &, is effective by (2) in Proposition 4.1.2 and, if we set

& =E+(0.3 _Wulsl),

then v, , is a continuous function on X" with0< 1, ,<1/n forevery n andp € S.
Therefore, by (a),

deg(7, -+ 7, - E)=deg(u;, (7)) (T a)- )
— D _log#(Ox/p)deg, (7 Tasih,)

peS

> —Zlog#(OK/p)c/léTgp(% = Da; Y np)
pes

On the other hand, by (3) in Proposition 2.4.11,

deg,( 1+ Taithny)| < deg((2, N X)+++(74 N X))

—2nlogv(w)
Thus we have the assertion of (b). O
Claim 4.5.4.3. IfD,,...,D, are nefand D 4., is effective, then

deg(D; "Dy D 441)20.

Proof. By (1) in Proposition 4.4.2, as before, we can find a finite subset T of M with
the following property: for any n € Z., there are a normal model %, and relatively
nef arithmetic R-Cartier divisors

DripreerDan
of C°-type on &, such that

D:i<%,,<D;+(0, . (1/n)p])
fori=1,...,d. Note that &, ,, is nef for every i and n by Lemma 4.2.3, and if we set

gjn = 5i + (0’ ZpeT Splnp[p]) )

then ¢, , , is a continuous function on X* with0< ¢;,, <1/nforeverynandpeT.
Then, by (4.5.3),

(T‘;S(Bl“‘ﬁd'ﬁdﬂ):(@(gin' _2, Dd+1)+z Z

peT IC{I d+1}

log#(OK/p)aé\gp (l_l 0 —@i, np) 1_1(9 Dd+1’ gd+1) ))

iel jéI
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where D 4. =(Dg41, Zp(gd+1)p[p] +(8441)ool©2]). By using (3) in Proposition 2.4.11, it
is easy to see that

Jggo degp (l_[ (0,—y;, np) l_[(@ “(Das1) gd+1) )) =0

iel jéI

forallpe T and I C{1,...,d} with I #0 (cf. the proof of (b) in Claim 4.5.4.2). There-
fore, the assertion follows from (b) in Claim 4.5.4.2. OJ

Let B be a nef and big adelic arithmetic R-Cartier divisors of C O-type on X. For
€>0,as D ., +€B is big, there are n € Z.;, and y» € Rat(X)* such that

Dy +€B+(1/n)y)>0,
so that, by using (2) and Claim 4.5.4.3,

(Te\g(ﬁl'"ﬁd '5d+1)+6€e\g(51“'5d -B)
=deg(D, Dy (D g +€B+(1/n))))20.

Thus the assertion follows. O

5. CONTINUITY OF THE VOLUME FUNCTION

The purpose of this section is to consider the continuity of the volume function
and its applications. The continuity of the volume function is a very fundamental
resultin the theory of birational Arakelov geometry. It actually has alot of applications
by using perturbation methods. The generalized Hodge index theorem is one of the
significant examples, which is a generalization of results due to Faltings-Gillet-Soulé-
Zhang (cf. [10], [11] and [37]).

Throughout this section, let K be a number field and let X be a d-dimensional,
projective, normal and geometrically integral variety over K.

5.1. Basic properties of the volume. In this subsection, we investigate several basic
properties of the volume function. First of all, let us begin with the finiteness of vol,
the limit theorem and the positive homogeneity of vol.

Theorem 5.1.1. (1) (Finiteness) vol(D) < co. .
(2) (Limit theorem) The “limsup” in the definition of vol (cf. Definition 4.3.2) can
be replaced by “lim’, that is,

B lim h%(X,tD)
VO( ) tl»oo td+1/(d+1)

where t is a positive real number.
(3) (Positive homogeneity) vol(aD)= ad“vol D) fora eRy,.

Proof. In order to prove (1), (2) and (3), we may assume that X is smooth over K by
(4) in Proposition 4.3.1 and (4.3.3).

(1) is obvious because we can find a normal model & of X over Spec(Ok) and an
arithmetic R-Cartier divisor 2 of C°-type on 2" such that D < 78
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(2) Let (%, 2;;) be a defining model of D over anon-empty open set U of Spec(Ox).
By Theorem 4.1.3, for any € > 0, there are a normal model 2 of X and an arithmetic
R-Cartier divisor 2, of C°-type on &, such that |, = Xy, Z.|y = 2y and

T.<D<T,+(0.y.  2eloghOc/plp])

where S = Mg \ U. Note that the fiber F, of 2. — Spec(Ox) over p yields a constant
function 2log#( O /p) on X3 Thus the above inequalities mean that

9. §5§(§€+6(Zpesﬁg,0)) :

As \70\1(56) and \70\1(56 +e€ (Zp E,,0)) can be expressed by “lim” (cf. [27, Theorem 5.1]
and [30, Theorem 5.2.2]), if we set

A =limsu h°(X, tD) imin h(X, 1D)
TSP @) et d )

then
0<a<vol(T +e(D  F.0])-vol(7,).

Let us choose a positive number N such that N € p for all p € S. Then zpes F, < (N).
Thus, by using [27, Proposition 4.6] and [30, Theorem 5.2.2],

A< \70\1(56 + E(Zp Fp,o))—\’za(ée)

<vol(Z, + €((N),0)) —vol (7, )
= evol((1/€)Z. +((N),0))—vol (2,)
= e"*1vol((1/€)Z +((N),0)— () ) —vol(7Z,)
=vol(Z, +€((N),0)—€(N))—vol (7,
=vol(Z, +(0,2¢elog N)) —vol (2,
< elog(N)(d +1)[K : Q]vol(X, D).

Note that log(N)(d + 1)[K : Q]vol(X, D) does not depend on €, so that A =0.

(3) If a =0, then the assertion is obvious. Otherwise, by using (2),

— . Rh(X,taD)  ,,,. kX, taD)
vollaD)= I T =% M Gajen i+ 1)
— ad+1‘70\1(5),

as desired. O

Next let us consider the following estimate for the proof of the continuity of voland
vol, . Let vol, be either vol or vol, .
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Proposition 5.1.2. Let D = (D, g) be an adelic arithmetic R-Cartier divisor on X. Let
0, € CO(Xpaln), e, € CO(X;irn), Voo € CFOOO(X(C)), wherep,,...,p, € Mx. Then

vol, (m(o,z soi[pi]woo[oo]))—?cﬂn@)
i=1

(d+1)[K : Q]vol(X, D) [
< (ZQ v (;”@insup'i'”(pm”ﬂm)’

where ‘TO\IH is eithervol or;()\lx (see Definition 4.3.2).
Let us begin with the following lemma:

Lemma 5.1.3. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-type on
X andyp € My. Then we have the following:

(d+1)[K :Q]vol(X, D)

2[K,:Q,]
the prime number with pZ =7ZnNp.

ol (D — —  (d+1)K: ol(X,D
(2) vol,(D +(0, a[oo])) < vol,(D) + (d+1) ‘2@]" (X, D)
Proof. (1) For each n € Z., let a,, be the smallest integer that is greater than or equal

na :
10 s pogAO ) thatis,

(1) voly(D +(0,a[p])) < vol,(D)+

a for a € Ry, where p is

a fora eR,.

na
a,=
2ord,(p)log#( Ok /p)
Then we have the following claim:

na }
<X
2ord,(p)log#( Ok /p)

1::min{x€Z

Claim 5.1.3.1. p“H°(X,n(D" +(0,alp]) S H'(X,nD").
Proof. Let ¢ € H(X, n(ET +(0, a[p]))). Let q € Spec(Ok). If g #p, then
1P Pllng, = Ug(P)" P11, <1.

Otherwise (i.e. q=p),

na
1P @lng, = (DY I1@llng, = exp (=, ord,(p)IogH Ok /p)+ = )1l e

—na na
< log#(Oc/p)+ — |llg

= ||¢||n(gp+a) <1,

as required. U

We set
Q, = Coker(H°(X,nD")— A°(X,n(D" +(0,alp))),
{rn =dimg H(X,nD)=[K : Q]dimyx H°(X, nD).
Then, by (1.1.3.4) and (1.1.3.5),
{fzﬂ(x, n(D +(0,alp]) < h%(X, nD)+log#Q,) +1og(6)r,,
(X, n(D +(0,alp))) = 7(X,nD)+log#Q,).
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By the above claim,
log#(Q,) <log#(H°(X,n(D" +(0,alp))))[p* A’ (X, n(D" +(0,alp]))))
=a,r,log(p).
Therefore, (1) follows because
a,r,log(p) _ ald+1)[K:Qllog(p) | dimg H°(X,nD)
0o nd+1 /(d+1)] . 20rd,(p)log#(Og/p) 1m0 nd/d!
a(d+1)[K :Q]vol(X,D) a(d+1)K :Q]vol(X,D)

" 20rd,(p)[Ox/p: Z/pZ] 2[K;: Q]

(2) By (1.1.3.2) and (1.1.3.3),

{HO(X, n(D +(0,a[o0)))) < h°(X, nD)+(na/2)r, +log(3)r,,
7(X,n(D +(0,a[c0))))= 7(X,nD)+(na/2)r,.

Therefore, (2) follows. U

Proof of Proposition 5.1.2. Let us start the proof of Proposition 5.1.2. First we check
the following special cases:

Claim 5.1.4.1. The following inequalities hold:
— = — — | (d+1)K :Q]vol(X,D)
) [7ol, (D +(0,¢r,) ~oL(D) < 2 191l

(d +1)[K :Q]vol(X, D)
2

@ ‘\ﬁn (5+(0,gooo[oo]))—x731n(5)‘ < 1900 llsup-

Proof. (1) By using (1) in Lemma 5.1.3,

vol,(D +(0, ¢, [p; 1)) —voly(D) < vol(D + (0, [l llsuplp1 1)) — vol,(D)
< (d +1)[K :Q]vol(X, D)

= 2 ”SOIHSup-

Applying (1) in Lemma 5.1.3 to the case where D is D —(0, a[p,]), we have

vol,(D) < vol,(D — (0, alp, 1))+ (a/2)(d + 1)K : Q]vol(X, D).
Therefore,
vol,(D)—voly(D + (0, :[p, 1)) < vol,(D)—voly(D — (0, 1191 lsuplp1]))
. (d+ 1)K :Q]vol(X, D)

= 2 ||(P1||sup‘

Thus we have (1).

(2) can be shown in the same way as (1) by using (2) in Lemma 5.1.3. U

In general, we set

D;=

{5+(O,gpoo[oo]) if j=0,
D+(0, XL, ¢ilbil+pooloo]) if j=1,
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Then, as

;(Tln (E—i— (O,Z @ilpi ]+ 9000[00])) _‘75111(5)
i=1

—

vol, (D) —vol, (D)

<
j=1

+[vol,(By)—vol, (D)

using the previous claim, we have the assertion. O

As a consequence of the above estimate, we have the following proposition, so that
we can deduce Fujita’s approximation theorem for adelic arithmetic R-Cartier divi-
sors (cf. Theorem 5.1.6).

Proposition 5.1.5. Let D be an adelic arithmetic R-Cartier divisor of C°-type on X.
Then, for a positive number €, there are a normal model of Z over Spec(Ox ) and arith-

metic R-Cartier divisors 7 and 7' of C°-type on & such that

5°<D<%", 0<volD)-vol@)<e and 0<vol(Z)—vol(D)<e.

Proof. Let U be a non-empty open set of Spec(Oy) such that D has defining models
9y, over U. We set S = My \ U. We choose a positive number €’ such that

€'(d +1)[K : Qvol(X, DJ#(S) < 2e.

By Theorem 4.1.3, there are a normal model of 2 and arithmetic R-Cartier divisors
7 and 7 of C°-type on & such that

D—(O,Zpes € [p]) <9<D<% <D +(0’Zpes€ [p]).
Then

0 <vol(D)—vol(?) < vol(D)—vol (E— (o, ZPGS e’[p]))
and

0 <vol(%Z')—vol(D) < Tol(5+ (O’Zpes e’[p])) —vol(D).
On the other hand, by Proposition 5.1.2,

Tcﬂ(ﬁ)—ﬁ(ﬁ—(o,zpes e’[p])) <(€'/2)(d +1)[K : Qvol(X, D}#(S)

and
?01(5+ (o, > 6’[p])) _vol(D) < (€'/2)(d + 1)[K : QVol(X, D)#(S).
Thus the assertion follows. O

The following theorem is the adelic version of arithmetic Fujita’s approximation
theorem. It has been already established by Boucksom and H. Chen [5]. Here we give
another proof of it and generalize it to R-divisors.
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Theorem 5.1.6 (Fujita’s approximation theorem for adelic arithmetic divisors). Let D
be a big adelic arithmetic R-Cartier divisor of C°-type on X. Then, for any positive
number €, there are a birational morphism u : Y — X of normal, projective and ge-
ometrically integral varieties over K and a nef adelic arithmetic R-Cartier divisor P
of C-type on Y such that P < u*(D) and vol(P) > vol(D)— ¢ (cf. Theorem 0.4.3 in
Introduction).

Proof. Clearly we may assume that X is smooth over K. By Proposition 5.1.5, we can
find a normal model & of X over Spec(Ox) and an arithmetic R-Cartier divisor & of
CO-type on & such that

<D and vol(2)>vol(D)—¢/2.

Moreover, by virtue of Fujita’s approximation theorem for arithmetic R-Cartier divi-
sors due to Chen-Yuan (cf. [8], [35] and [30, Theorem 5.2.2]), there are a birational
morphism [ : % — % of generically smooth, normal and projective arithmetic vari-
eties and a nef arithmetic R-Cartier divisor 2 of C°-type on % such that

P <p*(2) and vol(2) > vol(2)—€/2.

Thus if we set Y = % Xgyec(0,) SPEC(K), U = g|Y and P = %", then we have the asser-
tion. Il

In addition, we have the following variant of Fujita’s approximation theorem (cf.
[28, Theorem 2.4)).

Theorem 5.1.7. Let D be a big adelic arithmetic R-Cartier divisor of C°-type on X . For
any positive number €, there is n(€) € Z., such that, for all n > n(e),
. #(Kya(D)) _ vol(D)
liminf ’ > —
m—oo md+lnd+l (d + 1)'

)

where Km,n(ﬁ) is the convex lattice hull of

{¢1-"¢m|¢1,...,¢m€ﬁ0(X,n5)}

in H°(X, mnD) (for the definition of the convex lattice hull, see Conventions and ter-
minology 0.5.9).

Proof. Let us begin with the following claim:
Claim 5.1.7.1. There is ny € Z., such that H°(X,nD) # {0} for all n > n,.

Proof. We choose an effective adelic R-Cartier divisor A of C°- -type on X such that
HO(X D+ A)# {0}. We also choose a € Z, such that HO(X aD —A) # {0}. Then,
as aD = (aD — A)+A and (a + 1)D = (aD —A) + (D + A), we have H°(X,aD) # {0}
and H°(X,(a +1)D) # {0}. Let n be an integer with n > a®+a. If wesetn =aq +r
(0<r<a),thenqg >a,sothatg=b+r forsome b €Z.,, and hence n=ba+r(a+1).
Therefore, H°(X,nD)# {0}. O

Step 1: We suppose that there exista model & of X over Spec(Ox) and an arithmetic
Q-Cartier divisor 7 on & such that 2" = D. Clearly we may assume that
vol(2)
€< .
(d+1)!
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We choose A, € R such that 0 < A, <1 and

,_volD) ,_,(volD)
Tyt ((d+1)! €)>°

Then

volD) ) vol(D)
Ap| ———€"|= —
(d+1) (d+1)
Let I be a positive integer such that [ is an arithmetic Cartier divisor on 2. Then,
by [28, Theorem 2.4], there is a positive integer ¢, such that, for all ¢ > ,,

. #K, ,(19)  vol(19)
liminf : > —
m—oo jpd+ltd+l (d+1)

a+1 ./

)

where K, ;(19) is the convex lattice hull of

{¢1”'¢m|¢1""’¢m€HO(X!tl§)}

in HO(%', mt19). We choose t, € Z., with t,1 > n,. By the above claim, there are non-
zero rational functions vy, ...,1,_; such thaty, € H(X,(t,1+1r)2) for r = 11,
Let n be an integer with

I(t;+1)
anax{%, l(t0+ tl+1)}'
1-2!

Wesetn=1[1(t+1t)+r (0<r<I). Then,as t > t,and Km,t(lg)ﬁb',n C K, (D), we have

#HKnn (D) _ VOIID) gir s _ an [ VOUD)
(d+1) '

hmn_l,g.}f ma+lgd+1 — (d+1)

Therefore,

liminf
m—oo md+lpd+l

#(Kyn,n(D)) ( t )d“ iming T Kna(D) ( I )d“ ( vol(2) 6,)

n mooo ud+lpd+l n (d+1)

n
(n—l(tl+1))d“(x7c71@) _6,)
n (d+1)
(vAol@) ,)_ vol(D)
Na+n ) @+ ©

\%

as required.

Step 2: We suppose that there exista model Z of X over Spec(Og ) and an arithmetic
R-Cartier divisor 7 on 2 suchthat D =%". By using[30, Lemma 5.2.3, Lemma 5.2.4],
there are effective arithmetic Q Cartier divisors 2 1s- ,@ of C°-type on 2 and real
numbers a,,...,a, suchthat 2 =a,%,+---+a,7,. Thus, by virtue of the continuity

of the volume function, there are rational numbers b,..., b, such that

vol(2) . vol(2)

(d+1) ~ (d+1)
By Step 1, there is a positive integer n, such that, for all n > n,,

log#(K,, (7))  vol(Z'

m—oo ma+lpd+1 (d + 1)'

9 =b9,++b9,<9 and

—€/2.

—€/2,
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where Km,n(gl) is the convex lattice hull of {@, - 0, | @1, ..., om € HY(Z, 0T )}. Note
that K, ,(2') C K,,, (D), so that

hminflog#([(m,n(ﬁ))> vol(%) e/2> vol(2) .
m—oo  md+ipd+l "~ (d+1)! T (d+1)

Step 3: By Proposition 5.1.5, we can find a normal model 2" of X over Spec(O) and
an arithmetic R-Cartier divisor 2 of C°-type on & such that

— vol(2) Vol(_)
92<D and di - (d—l—l)' —€e/2.

Thus, in the same way as Step 2, the assertion follows from Step 2. O

5.2. Proof of the continuity of the volume functlon The purpose of this subsection
is to prove the continuity of the volume functions vol and Vol for adelic arithmetic
R-Cartier divisors of C°-type. Namely we have the following theorem

Theorem 5.2.1 (Continuity of the volume functions for adelic arithmetic divisors).
—_ —_— —_— —_— —a
Letvoly be either vol orvol,. The volume function vol, : Div(X)g — R is continuous

in the following sense: Let D,,...,D,, A,,...,A,, beadelic arithmetic R-Cartier divisors
of C°-typeon X. Let {p,,...,p,} be a finite subset of M. For a compact subset B in R"
and a positive number €, there are positive numbers 6 and 6’ such that

vol, (Za,ﬁi +Z(5jzj +(O,Zgopl[p,]+<poo[oo]))—x7c;ln (Za,ﬁ,-) <e
i=1 j=1 =1

i=1

holdsforalla,,...,a,,6,,...,6,, €R, ¢, € CO(X;“), Py, € CO(X;‘SH) and g, € CFOOO(X((C))

with (ay,...,a,)€ B, Z;zl 16;1<6 and >.;_ 19p, llsup + 1@ collsup < 87 (cf. Theorem 0.4.1
in Introduction).

Proof. Clearly we may assume that X is smooth over K by (4.3.3). Let us choose a
non-empty open set U of Spec(Ox) such that D; (i = 1,...,r)and A; (j = 1,...,1")
have defining models ; ;; and .</; ;; over U, respectively. We set T = My \ U and

1’ » Ur B
C:max{vol( ZaD+Z5]A])(Z|a|+1) (a 1|5j|)§€1 }

We choose a positive number €’ such that

€'(d+1)[K :Q#T)C < ¢€/3.

By Theorem 4.1.3, there are a normal model of 2" and arithmetic R-Cartier divisors
DivectsDyy il y,...,.d . of CO-type on Z such that

9.<D, <P+ (O,Ze’[p]) and & <A; <.+ (O,Ze’[p])

peT peT
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foralli=1,...,rand j=1,...,7r". Then,

iai§?+25jzj—(o,zef (zr]cm +2|5j|)[p1)
i=1 j=1 j=1

peT i=1

< 261,‘5,‘ +rZ/5]Z]
i=1 j=1
< Zr:al@ﬁiﬁjﬂj + (O,ZE’ (Zr:la,-l +i:l5jl) [p])-
i=1 j=1 j=1

peT i=1

Therefore, by using Proposition 5.1.2,

\’/-O\ln (Za,§l+25jgj)—\//au( a,-ﬁ,-—k 5]2

i=1 j=1 i=1 j=1

(d+1)[K : QT : S r S
S6( )[2 QI )VOIH(X,ZaiDi—i_ 5]-Aj)(2|ai|+2|5jl)
j=1 i=1 j=1

(5.2.1.1)

-
-
~
~

i=1

foralla,,...,a,,0,,...,0, € R. Moreover, by[30, Theorem 5.2.2] and [18, Corollary 3.4.4]
together with the Heine-Cantor theorem, there is a positive number ¢ such that o <1

and )
vol, (Z a;7; + Z @Ej) —vol, (Z az@i)
i=1 j=1

<e€/6
i=1

forall(a,,...,a,)€ B and 0,,...,0, € R with
|0, +--+0,,]<L0.

Therefore, if we set

Thus, by using (5.2.1.1), for (a,,...,a,) € B and 0,,...,0,, € Rwith
|6, +--+]0,.]<0,
we have

(5.2.1.2) A<e/6+€/6+€/6=¢/2.
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On the other hand, by Proposition 5.1.2 again,
‘ﬁn (Z a;D; +Z5jzj + (O’Z%I[Pl] + Yoo[09] )
i=1 j=1 I1=1

r r’
—VOIH( aiD,-—I— 5]14])

i=1 j=1

©

_(@+ 1K Qlvol(X, Y a;Di+3_ 5,A;) (
= 2

||Sopi||3up + ”(IOOOHSup) .

Here we set

r r’
C/: max+ vol X, ZaiDi +Z51AJ
i=1 j=1
and choose a positive number 6’ such that

(d+1)K:Q]C'8’ <e.

(aj,...,a,)€ B, Z|5j|35}
j=1

Then

VO ln

)
-
8
S
+

5;A;+ (O’ngpl [p:]+ 9000[00]))
=1
i=1 =1

forall a,,...,a,,0;,...,0,. €R, ¢, € CO(X;n),...,tpps € CO(X;iSn) and ¢, € Cp_(X(C))

with (ay,...,a,) € B, 22:1 16;1<6and ), 19y, llsup+ oo llsup < 6. Thus, by the above
estimate together with (5.2.1.2), we have the assertion. O

<e/2

5.3. Applications. Here we would like to give two applications of the continuity of

the volume function, thatis, the log-concavity of vol and the generalized Hodge index
theorem for adelic arithmetic divisors.

Theorem 5.3.1. Let D, and D, be pseudo-effective adelic arithmetic R -Cartier divisors
of C°-type on X. Then

‘70\1(51+52)1/(d+1)2‘70\1(51)1/(614—1)+\7a(52)1/(d+1)'

Proof. Let U be anon-empty open set of Spec(Og ) such that D, and D, have defining
models 2, ; and %, ; over U. We set T = My \ U. For a positive number ¢, by The-
orem 4.1.3, there are a normal model of 2" of X and arithmetic R-Cartier divisors 2,
and 9, of C°-type on 2 such that

D,<9,<D,+ (o, Z elp], 0) and D,<%,<D,+ (o,z elp], 0) .
peT peT
As 7, and 2, are pseudo-effective, by [35, Theorem B] or [30, Theorem 5.2.2], we have

vol(Z, +7,)/*) 2 vol(Z,) /) 4-vol(7,) 1Y,
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and hence

1/(d+1)
vol (51 +D,+2¢ (0, Z[p], 0)) > vol(D )@ 4 vol(D,) /@,
peT

Thus the assertion follows from the continuity of volon ISRIZO(X )g (cf. Theorem5.2.1).
O

Theorem 5.3.2 (Generalized Hodge index theorem for adelic arithmetic divisors). Let
D = (D, g) be a relatively nef adelic arithmetic R-Cartier divisor of C°-type on X. Then

c/lé\g(ﬁdﬂ) = \70\1)((5). In particular, (T&g,(ﬁdﬂ) < vol(D). Moreover, if D is nef, then
cTe\g(EdH) = \70\1(5) (cf. Theorem 0.4.2 in Introduction).

Proof. Clearly we may assume that X is smooth over K by (4.3.3) and (1) in Proposi-
tion4.5.4. Let 2 be anormal model of X over Spec(Og) and ¥ =(%, g~,) an arithmetic
R-Cartier divisor of C°-type on & . First let us see the following claim:

Claim 5.3.2.1. IfJ is relatively nef, then deg(%" ') = vol, (7).

Proof. We divide the proof into four steps:

Step 1 (the case where 7 is an arithmetic Q-Cartier divisor of C*-type, % is ample
on Z and ¢,(2) is a positive form) : This is a classic case. For example, it follows from
the arithmetic Riemann-Roch theorem due to Gillet-Soulé (cf. [11]).

Step 2 (the case where 7 is of C*°-type, 7 is relatively nef, ¢;(2) is a semi-positive
form) : As any arithmetic Cartier divisor of C°°-type can be written as a difference of
ample arithmetic Cartier divisors of C*°-type, we can find ample arithmetic Cartier

divisors .¢/,...,.¢/; of C*°-type and real numbers a,, ..., a; such that
§:a131+"'+a131.

Then, for any rational numbers b;,..., b, with a; < b; for all i, by.¢/; +---+ b;.</, is
ample and ¢,(b,.</ |, +---+ b;.</;) is positive because

by \++b.d;=D+(by—a)).d++(b—a,).d .
Thus, by Step 1,
deg((by-e/ | +---+ by )" ) =vol, (b, + -+ b, ).

Therefore, the assertion follows from Theorem 5.2.1.

Step 3 (the case where ¥ N X is ample on X) : Let h be an F,,-invariant Z-Green
function of C*°-type on X(C) such that ¢,(Z, h) is a positive form. Then there is a con-
tinuous function ¢ on X(C) such that g, = h+ ¢, and hence ¢,(2, h)+dd°([¢]) > 0.
Thus, by [30, Lemma 4.2], there is a sequence {¢,}, of F,-invariant C*°-functions
on X (C) with the following properties:

(a) hmn—>oo ”ipn - ¢ ”sup =0. .
(b) Ifweset &, =(2,h+¢,), then ¢,(&£,) is a semipositive form.
Then, by Step 2, @(EZH) = \7611(2”) forall n. As &, = 2 +(0,¢, — ¢), by Theo-
rem5.2.1,
lim vol, (£,)=vol,(2).

n—oo
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Moreover, by using [31, Lemma 1.2.1],

lim deg(&,"")=deg@""),
as required.

Step 4 (general case) : Finally we prove the assertion of the claim. Let .« be an
ample arithmetic Cartier divisor of C*°-type on &'. Then, since ¥ + €.</ is ample on
X for any positive number €, we have deg((% + e.</)**!) = vol, (7 + e-e/) by Step 3.
Thus, the assertion follows from Theorem 5.2.1. O

We assume that D is relatively nef. Let us choose anon-empty open set U of Spec(Ox),
anormal model &, over U and a relatively nef R-Cartier divisor Z; on Z; such that
9yNX =D and g, is the Green function arising from (2, %) for all p € U N M.
Moreover, by Proposition 4.4.2, there is a sequence {(Z,,%,)},2, with the following
properties:

(1) &, is anormal model of X over Spec(Ox) such that &,|, = %,
(2) 92, is relatively nef R-Cartier divisor on &, and 2,,|, = 9y.
(3) D <£(%,,800)%

(4) Ifwe set @, = 8(2,),) (@n)y) — 8p TOr P € My \ U, then

nlggollqbn,pllsuﬁo-

AS (D1 800)" =D +(0, X crr oy Prplp]), by Theorem 5.2.1,

(5.3.2.2) lim vol(Z,,, 8eo)) = vol(D) and lim vol, (7, 8oo)) = VoL, (D).
Here let us see
(5.3.2.3) 1im deg((%,, goo)"*')=deg(D"").

Indeed, we set

Ve =8~ 8@ A0 Wiy = 82 (20)) ~ 81 @1)e)
forpe My \U. Note that ¢, , =4, — ¢, ,. Then, by using Lemma 1.1.4, we can see

deg((Z, 8oo)") = deg((Z1, 8oo) ™)

d+1

+Z Z log#(Ox /p)deg, (7 iy (20 T )

i=1 peMg\U

Thus, by virtue of Proposition-Definition 2.4.3,

1im deg((%,, 8oo)"*!) = deg( 71, o))

d+1
+>°>" log#(Ox /p)deg, (D, g,) " (21 1p,) = deg(D ),

i=1 peMg\U
as desired.
By (5.3.2.2) and (5.3.2.3) together with the above claim, we have the first assertion.
If D is nef, then (2,,,8c0) is also nef by property (3) and Lemma 4.2.3, and hence the
second assertion follows from (5.3.2.2) and (5.3.2.3) by using [30, Proposition 6.4.2]
and [31, Proposition 2.1.1]. O



ADELIC DIVISORS ON ARITHMETIC VARIETIES 65

Corollary 5.3.3. Let D, and D, be adelic arithmetic R-Cartier divisors of C°-type on
X. Then, fors, t € R, we have the following:

(1) If§1 andEZ arebigand s+t >0, then SEI + t§2 is also big.

(2) If D, and D, are pseudo-effective, then sD, + t D, is also pseudo-effective.

Proof. (1) By Theorem 5.3.1 together with Theorem 5.1.1,
vol(sD, + tD,)4V > svol(D )+ + rvol(D,)1 4V > 0,

as required. B
(2) Clearly we may assume that s+ ¢ > 0. Let A be a big adelic arithmetic R-Cartier
divisor of C°-type on X. Then, as

_ _ — 1 — — 1 —
S+t S+t
(1) implies (2). O

6. ZARISKI DECOMPOSITIONS OF ADELIC ARITHMETIC DIVISORS ON ARITHMETIC
SURFACES

Let 2 be a regular projective arithmetic surface and let 2 be an arithmetic R-
Cartier divisor of C%-type on 2. The set of all nef arithmetic R-Cartier divisors .Z
of C°-type on 2 with £ < 7 is denoted by T(2). In [30, Theorem 9.2.1], it is shown
that if Y(D) # #, then Y(D) has the greatest element 2, thatis, 2 € Y(D)and ¥ < 2
forall £ € Y(D). Ifwe set N := 9 —2, then 9 = 2 + ./ yields the Zariski decompo-
sition of 7. For example, we can see that the natural map

H(Z,n?)— H (%2 ,n9)

is bijective for every n € Z.,. In particular, \751(@) = \70\1(5), so that it gives rise to a
refinement of Fujita’s approximation theorem for arithmetic divisors. In this section,
we consider a generalization of the above result to an adelic arithmetic R-Cartier di-
visor.

6.1. Local Zariski decompositions of adelic divisors on algebraic curves. Let k be
a field and v a non-trivial discrete absolute value of k. We assume that k° is excel-
lent. Let @ be a uniformizing parameter of k°. Let X be a projective, smooth and
geometrically integral curve over k. Let k, be the completion of k with respect to v
and X, := X Xg,ec(r) SPeC(k, ). The purpose of this subsection is to prove the following
theorem:

Theorem 6.1.1 (Local Zariski decomposition). LetD = (D, g) be an adelic R-Cartier
divisor on X and let Q be an R-Cartier divisor on X with Q < D. Here we set

Y(D;Q):= {f

L is a relatively nef adelic R-Cartier divisor on X
suchthat L<Q and L <D '

We assume that deg(Q) > 0. Then there exists a Q-Green function q of (C° N PSH)-
type on X" such that Q := (Q, q) gives rise to the greatest element of X(D; Q), that is,
Qex(D;Q)and L <Q forall L € X(D;Q). Moreover, we have the following:
(1) IfD is given by anR-Cartier divisor 2 on a regular model % of X overSpec(k®),
then Q is given by a relatively nefR-Cartier divisor 2 on % .
(2) IfQ=D, then (Te\gy(a; g —q)=0 (cf. Proposition-Definition 2.4.3).



66 ATSUSHI MORIWAKI

Before starting the proof of Theorem 6.1.1, we need to prepare two lemmas.

Lemma 6.1.2. Let 2 be a regular model of X over Spec(k°). Then we have the follow-
ing:

(1) Letw:Z' — X be a birational morphism of regular models of X over Spec(k®),
and let &' be a relatively nefR-Cartier divisor on . Then nt,(£’) is relatively
nefand rt*(rn (¥")— %’ is effective.

(2) If 4,,..., %, arerelatively nefR-Cartier divisors on ', then

max{.¥%),...,%;}

is also relatively nef (for the definition ofmax{.¥,, ..., %}, see Conventions and
terminology 0.5.8).

(3) Let 2 be anR-Cartier divisor on 2 and g = gy, 4). Then g is of(C°NPSH)-type
if and only 9 is relatively nef.

Proof. (1) Let C be an irreducible component of the central fiber 2, of ' — Spec(k°).
Then
0< (¢ - (C))=(n (&) C).

Thus 7, (.Z’) is relatively nef.

Let us consider the second assertion. By [22, Theorem 9.2.2], 7 can be obtained by
a succession of blowing-ups at closed points. We prove it by induction on the number
of blowing-ups. First we consider the case where 7 is a blowing-up at a closed point.
Let C be the exceptional curve of 7. Then

M (n (L)) -% =aC
for some a €R. As
(T (m (L) —Z)-C)=—(¥¢'-C)<0 and (C-C)<0,

we have a > 0, as required. In general, we decompose 7 into two birational mor-
phisms 7, : &' — 2 and 71, : 2 — % of regular models of X, that is, 7 = m,07,. Note
that (7r,),(£’) is relatively nef by the previous observation. Thus, by the induction
hypothesis,

m(m)(L)=£" and 7 (1m,). (7). (L) = (m1)(£L)
are effective, so that

(L)~ 7i(m) (L) = 7 (m5(m) (ML)~ (11).(£)

1

is also effective. Therefore, as
(L))~ &L = (L) — (7)) (L) + (mi(m) (L) - &),
we have the assertion.

(2) We set .Zi’ =max{.%,..., % }—%,; foreachi. Let C be anirreducible component
of Z,. Then thereis i such that C € Suppg(.%/). As £/ is effective, we have deg( .,‘fl.’| o) =
0, so that

deg(max{Z,,..., £ }|c) = deg(&Z;|c)+ deg(.£/| ) > 0.

(3) This is a special case of Proposition 2.1.7. O
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Lemma 6.1.3. Let X be a regular model of X and 9 anR-Cartier divisor on X . Let Q
be an R-Cartier divisor on X with Q < D :=%NX. Here we set

X is a relatively nefR-Cartier divisor on
suchthat Y NX<Qand ¥ <9 '

2o (2;Q):= {ff

(1) We assume that deg(Q) > 0. Then there is a relatively nef R-Cartier divisor 2
on % such that 2NX =Q and 2 gives rise to the greatest element of X,-(%7;Q),
thatis, 2 € X4 (2;Q) and ¥ < 2 for all £ € ¥,(9;Q). Moreover, ifQ = D,
then (2 -9 —2)=0, that is, (Te\gy(e@"‘;g(%, 9-2))=0.

(2) Letw: X" — X be a birational morphism of regular models of X. If £ is the
greatest element of X,-(7; Q), then 7*(L) is also the greatest element of

p(m(2): Q).
Proof. (1) Let us begin with following claim:

Claim 6.1.3.1. (i) Thereisarelatively nef R-Cartier divisor 7, on X with Z,NX =

Q.
(ii) Thereis? € Xy (2;Q) with? NX =Q.

Proof. (i) First we assume that deg(Q) = 0. Let &’ be the closure of Q in 2. Let

C,,...,C, be irreducible components of &,. As (2’ Z,) = 0, by Zariski’s lemma, we
canfind a,,...,a, € R such that

i=1
forall j =1,...,r. Thus, if we set 2, = 2’ —Z:Zl a;C;, then %, is relatively nef and
PyNX=Q.

Next we assume that deg(Q) > 0. Then there is ¢ € Rat(¥’ )6 such that Q+(¢)x >0,
where (¢ )y is the Q-principal divisor of ¢ on X. Let 2’ be the closure of Q +(¢)x in
2. As Q +(¢)y is effective, 2’ is relatively nef. Here we set 2, = 2’ —(¢) on 2. Then
2, is relatively nef and

ZNX=2'NX—(P)NX=Q+(¢p)x—(¢)x =Q.

(i) follows from (i) because 2, —n%, < 2 for a sufficiently large n and 2, —nZ, is
relatively nef. U

For a prime divisor C on & (thatis, C is areduced and irreducible curve on '), we
set
qc =sup {mult; (L) | L € X,(2;Q)},
which exists in R because mult-(.£) < mult(2) for all £ € ¥,(2;Q). We fix 2 €
Y9 (2; Q) with 2 N X = Q by using Claim 6.1.3.1.

Claim 6.1.3.2. There is a sequence{<£,}>  of R-Cartier divisors inX,(%;Q) such that
P LY, foralln > 1 andlim,,_,., mult-(%£,) = qc forall primedivisors C in Suppg(2)U
Suppg(2).

Proof. For each prime divisor C in Suppg(2)uSuppg(2?), thereisasequence {Z¢ ,}72,
in X,(2; Q) such that
lim multc(.g(j,n) ={c.

n—oo
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If we set
gn = maX({gC,n}CQSuppR(@)USuppR(@) U {9 }) ’
then 2 < ¥, and £, € ¥,(%2;Q) by (2) in Lemma 6.1.2. Moreover, as

multe(Z¢ ,) < multe(Z,) < qc,
lim,,_, ., mult:(%,)=qc. U
Since max{#?, £} € ¥, (2;Q) forall £ € ¥,(Z;Q) by (2) in Lemma 6.1.2, we have
mult;(2) < gc < multe(2).

In particular, if C € Suppg(2) U Suppg(2?), then g. = 0, so that we can set £ :=
Y qcC. Clearly 2nX = Q because # < 2. Moreover, £ € ¥,(%;Q) by Claim6.1.3.2,
and . < 2 for all € € ¥,(Z; Q) by our construction.

Here we assume that Q = D. Then 2—2 is vertical. Let C be an irreducible compo-
nent of Suppg(7—2). If (£-C) > 0, then £ +€C is relatively nef for a sufficiently small
positive number €. Moreover, £ +€C < 2. This is a contradiction, so that (2 - C)=0.
Therefore, (2 -2 —2)=0.

(2) Clearly 1%(L) € X5(n*(2); Q). Let £’ € X4, (7*(2); Q). As 7, (Z’) is relatively nef
by (1) in Lemma 6.1.2, we have 7, (%¢’) € ¥, (%;Q), and hence 7, (%¢’) < 2. Thus, by
using (1) in Lemma 6.1.2,

2 < (<L) < nH(2),
as required. U
Proof of Theorem 6.1.1. Let us start the proof of Theorem 6.1.1. We fix a regular model
Z, with the following properties:

(a) If D is given by an R-Cartier divisor 2 on a regular model 2, then 2, = Z .
(b) Thereis arelatively nef R-Cartier divisor £, on &, with 2,NnX = Q (for details,
see Claim 6.1.3.1).

By Theorem 3.3.7, for each n > 1, we can find a regular model 2, and an R-Cartier
divisor 7,, on &, such that

(X.)2<2°<D+ ()2

n(n+1) n(n+1)
Replacing Z), by a suitable regular model of X if necessary, we may assume that there
is a birational morphism 7, : Z&,,,; — %, for every n > 0. Note that if D is given by
an R-Cartier divisor Z on 2, then &, = % and 2,, = ¢ for all n > 1. By using (1) in
Lemma 6.1.3, let £,, be the greatest element of - (%,,; Q). Let us check the following
claim:

Claim 6.1.4. (i) The following inequalities

n+l1—

hold foralln > 1.
(ii) Moreover,

2
(%n+l)o < 7T2+1(@n) < @n+l + —(%n+l)o

n(n+1) n(n+1)

2
n(n+1)
hold foralln > 1.

. 2
(X))o <7 1(2,)< 2,0 + m(%}m)o

n+1
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Proof. (i) The first inequality follows from the following observation:

((2))*

\

7.5*;14_1(@”)21 ( +1) n+1

v

D—
( T )a) Ly
nl (1) n+2) MU ) n(n+1) T e

> (.@m - ﬁ(%nﬂ)o)a.

The second inequality is similar.
(ii) Note that ¥, (2,,)—(2/n(n +2))(X,11). € g, (D415 Q) because
T (Z20)—2/n(n+2) (X))o £ D
by (@), so that 7* , ,(2,)—(2/n(n +2))(Xs11)o < 2,4, Similarly
L, —2/n(n+2)(Xp1)o €y, (7, 1(2,);Q)

by using (i), and hence £, —(2/n(n +2))( X 41)e <7 ») by (2) in Lemma 6.1.3.

n+1

n+1(

O
Let &, := 2, —p*(L), where p,, :=m,0---0m,: X, = Z,. Then &, is vertical and
B = e (Fop ) ST (60) € G + (K1)
n+1 n(n+1) n+lJo = +1 n+1 (n+1) n+1Jo

by (ii) of the previous claim, so that
1 1 1 1
Pnr1— (;—T)( logv(@))< ¢, < Pnn +4(;—m)( log v(@)),

where ¢, := g, s,)- Therefore, if we set

o= pnm A(logv(@) . o= pn+ 4-logv(@))

n n
then
P1S S, S S S, SPpSe <ol

and hence ¢(x):=lim,,_,, ¢,(x) exists for each x € X3". Moreover, as

l9u(x)— @ (x)| < @) (x)— ), (x) < (8/n)(—log v(w)),
the sequence {p,}72, converges to ¢ uniformly. In particular, ¢ is continuous on X?".
We set g := gz, 2 + ¢. As £, is relatively nef, g is a Q-Green function of (PSHOCO)

type. Note that in the case where D is given by a relatively nef R-Cartier divisor 2 on
X', then g =gy o,

Let us see that Q :=(Q, q) is the greatest element of (D; Q). As {vn}2, converges
to ¢ uniformly and
—2logv(w)

o o3+ = oY S Qg S +
820,20 T¥Pn =82, 2,)>82,2,)=8 n(n+1)

we can see that_ 6 < D, that is, 6 e Y(D; Q), so that we need to see that L< 6 for all
L=(Lg)eD;Q). _

First we assume that L is given by an R-Cartier divisor . on a regular model %. By
(3) in Lemma 6.1.2, .Z is relatively nef. For each n > 1, we choose a regular model %,
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of X such that there are birational morphisms v, : %, - % and u,, : %, —» %,.. lf we
set 7, = (un)(v:(£)), then .7, is relatively nef by (1) in Lemma 6.1.2. Moreover, as

n(n+1)(@/n)o) ,

we have Z, <92, +(1/n(n +1))(Z,). by using Proposition 2.2.1, and hence
Tn <2, +(1/n(n+1) (X)),
because 7, —(1/n(n+1))(Z,). € y, (Z,; Q). Therefore, by (1) in Lemma 6.1.2,
1

V(L) S W (F,) S u, (2,)+ n(n—-l-l)(@n)o'

V(L) <D< (u’;(@n)+

In particular,

—2logv(w) —2logv(w)
——2 =gy o)+ —
n(n+1) 8lxo, 20) T ¥ n(n+1)
Note that {¢,}>2, converges to ¢ uniformly, so that we have g, «)<g.

In general, by Proposition 2.1.8, there are a sequence {#%;}°, of regular models of
X and a sequence {%;}7°, of relatively nef R-Cartier divisors such that .¢; is defined
on®%, 4NX =1L, (%)? <Land g, =lim,_ 8(#, ¢, uniformly. By the previous
observation, g, ¢, < q forall /, so that g, < g

Let us see additional assertions (1) and (2) in the theorem. Assertion (1) is obvious
by our construction. Let us consider (2). We assume that Q = D. If we set 0,, :=
8w, 2,)— 8,2, and 8 =g —q, then {6,}7° converges to 6 uniformly because

0, =(82,, 9,)— &)+ 8 — (82,20 + ¥n)-
Thus, by Proposition-Definition 2.4.3,
lim deg,(2,;6,)=deg,(Q;0).

8w ¢)< 8=, 2,

On the other hand, cTeTgU(Qn; 0,)=0by Lemma 6.1.3, so that assertion (2) follows. [

Finally we consider the maximal of two Green functions, which will be used in the
next subsection.

Proposition 6.1.5. Let D, and D, beR-Cartier divisors on X and let Dy := max{D,, D,}.
Fori=1,2, let g; be a D;-Green function of C°-type on X*".

(1) max{g;, g,} is a Ds-Green function of C°-type on X".
(2) Ifg, and g, are of (C° NPSH)-type, then max{g,, g,} is also of (C° N PSH)-type.
Proof. (1) Let r: X, — X be the canonical morphism. It is easy to see that
max{r"(D,), 7°(D,)} = 7*(max{D,, D,}),

so that the assertion follows from Proposition 2.1.5.
(2) For each n > 1, by Proposition 2.1.8, there are a regular model %’r’l of X and
relatively nef R-Cartier divisors 2] , and 2, , on 2, such that

0381—8(%,;,@{_,1)31/71 and ()Sgg—g(%;,,%‘n)SI/n.

On the other hand, by Theorem 3.3.7, we can find a regular model & ,;’ of X and an
R-Cartier divisor & on 27 such that & N X = D; and

max{g,, >} < g s < max{g;, &} +1/n.
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We choose birational morphisms v, : &, - % and u,, : Z,, — %, and we set
Drn =V (D)) Don = V(D) Do =max{ Dy, P, } and &, := U7 (8)).
AS D, < D3, and D, , < D3, we have

max{g('%vn)—@l,n)’ g(%nr@ln)} S g(%nr@?),n)’

so that
max{g,, g} —1/n=max{g,—1/n, g,—1/n}
<max{gx,,9,,) 8 7} < 82 s,
Moreover,
8, o < &1 Smax{gy, &} < 8,6,
and

8y 70 < & <max{gy, &} < g, 6,

and hence, by Proposition 2.2.1,

Dn<6, and 9,,<6E,,

so that 75 ,, < &,,. Therefore,

max{g), 82} —1/n < gy, 4,, <max{g, &} +1/n.

Note that %; ,, is relatively nef by (2) in Lemma 6.1.2, and hence max{g;, g,} is of (C N
PSH)-type. i

6.2. Proof of Zariski decompositions for adelic arithmetic divisors. In this subsec-
tion, we give the proof of Zariski decompositions for adelic arithmetic divisors. Let X
be a projective, smooth and geometrically integral curve over a number field K. Let
us begin with decompositions for global adelic divisors.

Theorem 6.2.1. Let D = (D, {8, }pem, ) be a global adelic R-Cartier divisor on X (cf.
Definition 4.1.1) and let Q be an R-Cartier divisor on X with Q < D. Here we set

=(D;Q)= {L = (L A }yen) divisor on X such that L <Q and L< D

L is a relatively nef global adelic R-Cartier }

Ifdeg(Q) > 0, then there exists a Q -Green function g, of(PSHNC®)-type on X" foreach

p € My such that Q :=(Q, {4,}vem, ) gives rise to the greatest element of~(D;Q), that is,
QeX(D;Q) and L < Q forall L € %(D; Q). Moreover, if there are a non-empty Zariski
open set U of Spec(Og), a regular model Zy; of X over U and an R-Cartier divisor
9y on Xy such that g, is the Green function arising from %y, for allp € U N M, then
there is a relatively nef R-Cartier divisor 2, on 2y such that q, is given by 2, for all
peUnNMg.

Proof. Let us choose a non-empty Zariski open set U of Spec(Og), a regular model
Zy of X over U and an R-Cartier divisor 2, on 2, such that g, is given by &, for all
p € U N Myg. Moreover, we set

U'={peU|%,— U is smooth over p and 2, is horizontal over p}.
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By Theorem 6.1.1, for each p € M, we can find a Q-Green function g, of (C°NPSH)-
type on X" such that (Q, g,) yields the greatest element of

{(L)lp)

For each p € U, we set (Zy ), := Xy xy Spec((Ok),). Then, by Theorem 6.1.1 again,
g, is obtained by a relatively nef R-Cartier divisor £, on (27,),). Note thatif p € U’,
then £, is actually given by the Zariski closure of Q in (7). Therefore, we can find
a relatively nef R-Cartier divisor £, on &, such that £, N(Xy),) = £,). Therefore,

Q :=(Q,{g,}em,) forms a global adelic R-Cartier divisor on X. By our construction,

it is obvious that Q is the greatest element of X (5; Q). Further, the second assertion
of the theorem is also obvious by our construction. U

L is a nef R-Cartier divisor on X, [; is an L-Green function
of (C°NPSH)-type on X", L<Qand(L,[,)<(D,g,)

As a corollary, we have the relative version of Corollary 6.2.7.

Corollary 6.2.2. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-type on
X. LetY,,,(D) be the set of all relatively nef adelic arithmetic R-Cartier divisors L of
CO-type on X with L < D. Ifdeg(D) > 0, then there is the greatest element Q = (Q, q)
of Y,.,(D), that is, Q € X,,;(D) and L < Q for all L € Y,,,(D). Moreover, we have the
following properties:

(1) D —Q is vertical, thatis, D = Q. B
(2) For every a € R, the natural homomorphism E[O(X,aQT) — FIO(X, aET) is
bijective. Further, |§|laq., = 1§ lag., for all ¢ € H'(X(C),aD). In particular,

7(X,aQ)=7(X,aD) and vol,(Q)=vol,(D).
3) Q is perpendicular to D — Q, that is, deg(Q - D — Q) = 0.

Proof. Applying Theorem 6.2.1 to the case Q = D, we have the greatest element

(D,ZPEMK qp[p])

of X (ET; D). Moreover, by using [30, Theorem 4.6], there is a D -Green function ¢, of
(C°NPSH)-type on X(C) such that g, yields the greatest element of

{hoo | heo is @ D-Green function of (C° NPSH)-type on X(C) and A, < goo}.

Thus (D, Zpe My q,[p]+ qoo[oo]) is our desired adelic arithmetic R-Cartier divisor.

Property (1) is obvious. For (2), we suppose ¢ € H(X,aD ), that is,

—(1/a)(¢)*<D"

by Proposition 4.3.1. Note that —(1/a)(¢)? is relatively nef, so that —(1/a)(¢)* < Q .
Therefore, ¢ € H X, a@f) by Proposition 4.3.1. The assertion

” ' ”aqoo = ” : ”agoo

on H°(X(C), aD) follows from [32, Lemma 1.3]. Further, (3) is a consequence of (2) in
Theorem 6.1.1 and [32, Lemma 1.3]. Il

The following theorem is one of the main results of this article.
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Theorem 6.2.3. Let D be an adelic arithmetic R-Cartier divisor of C°-type on X. Let
R be an R-Cartier divisor on X with R < D. Let Y(D;R) be the set of all nef adelic
arithmetic R-Cartier divisors L = (L,1) of C°-type on X with L < R and L < D. If
Y(D;R) # 0, then there is the greatest element Q of Y(D;R), that is, Q € Y(D;R) and
L<Q forallLeY(D;R).

First let us consider two lemmas.

Lemma 6.2.4. Let M and Q be adelic arithmetic R-Cartier divisors of C°-type on X
and let {fn}‘;il be a sequence of adelic arithmetic R-Cartier divisors of C°-type on X
with the following properties:

(1) L, isnefforalln>1.

(2) M<L,<Q foralln>1.

(3) For all closed closed points x of X, lim,,_,., mult,(L,)=mult,(Q).

Then H(?g@x) > 0 for all closed points x € X.

Proof. We set M = (M, m), Q =(Q,q) and L,, = (L,,g,). First we assume that there
are aregular model & of X over Spec(Oy) and an R-Cartier divisor £ on & such that
Q =(£2,g.)* Let us see the following claim:

Claim 6.2.4.1. () Foralln > 1, there is_ an R-Cartier divisor %, on 2 such that
LyNX =Ly, (%0 (8n)oo) isnefand L, <(Ly,(81)o0)® < (2, Goo ).
(ii) There is anR-Cartier divisor M on X such that M N X =M and (M, M )" <
M.

Proof. (i) For each n > 1, we consider the following set:
{D=(D,{g,}yen,) \ D is relatively nef, D < L, and D < 2°}.

Then, by using Theorem 6.2.1, there is a relatively nef R-Cartier divisor .Z,, on Z such
that (Z,)? gives rise to the greatest element of the above set. As f:l belongs to the
above set, we can see that L, < (%,,(g,)oc)*. Moreover, as L, = %, N X, (Z,,(81)c0 )
is nef by Lemma 4.2.3, so that (i) follows.

(ii) There are an R-Cartier divisor .#’ on 2 and anon-empty open set U of Spec(Ox)
such that m, is defined by ./’ for all p € U N M. For each p € My \ U, let mé be
the M-Green function arising from ./#’. As m, — m; is a continuous function on X,
there is a constant 6, such that m, > m; + 0, for all p € My \ U. Let F, be the fiber of
Z — Spec(Og) over p. If we set

BP
— / —F) oo |
M (//l +ZpeMz<\U 2log#(Ok/p) w )

then M > /", as required. O

By the above claim, (4, my) < (L), (81)00) < (2,gs0) and £, NX =L, forall n > 1.
Thuslim,,_,., mult;(.Z,) exists for all prime divisors C on & except finitely many fiber

components, so that if we choose a subsequence {(Z,,,,(g5,)o0)} 7o) Of{(L, (€100 )} oo
then lim;_,, mult. (%, ) exists for all prime divisors C on . Therefore, by using [30,

Theorem 7.1], there are an R-Cartier divisor Z on & and a Q-Green function g, of
PSHg-type on X (C) with the following properties:

(@) mults (&) = lim;_,o, mult:(%,,) for all prime divisors C on &'. In particular,
Z2NnX=Q.
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(b) (Te:g((.ff,gooﬂc) > limsup;_, ., (Te\g( (.Zni,(gni)oo)|c) for all prime divisors C on
x.
©) (¥, 800) = (2, Go0)
Let x be a closed point of X and A, the closure of x in Z'. Then,as ZNX =2nX
and (£, 8oo) < (2, 4oo),

deg(Ql,) = deg((2, Goo)ls,) = deg((Z, goo)la.)
> limsup deg((Z,,, (&n)oo)la,) = 0.

i—00

In general, let U be a non-empty open set of Spec(Ox) such that Q has a defining
model over U. For a positive number €, by Theorem 4.1.3, there are a regular model
Z,. over Spec(Oy) and an R-Cartier divisor £, on %, such that

Q<(20a03<Q+(0.>" | €lpl).

Then, by the previous observation, cTe\g( (2., qoo)a|x) >0, so that, by Lemma 4.2.3,

pEM\U

deg(Q+(0.2,,, )], )20
and hence
deg(Ql,) = —€[K(x): KJ#HM \ U),
where K(x) is the residue field at x. Thus the assertion follows. O

Lemma 6.2.5. (1) Let
z1 =(L,, {(ll)p}peMK) and z2 =(L,, {(ZZ)p}peMK)
be global adelic R-Cartier divisors of C°-type on X. If L, and L, are relatively
nef, then

max{L,, Lo} :=(max{Ly, Lo}, {max{(1),,(L),}}, ,, )

is also relatively nef.
(2) LetQ,=(Qy, q1) and Q, =(Q», g,) be adelic arithmetic R-Cartier divisors of C 0.
typeon X. If Q, and Q, are nef, then

max{Q,, Q} := (max{Q,, Q}, {max{(q,), (@)},
U {maX{(ql)OO) (qZ)oo }})

is also nef.

Proof. (1) Weset L, = a; x;++--+a,,x, and L, = a,, x; +---+ a,, x,, where x,,..., x,
are closed points on X and a,3,...,a,,,a,,,...,a,, € R. Let us choose a non-empty
Zariski open set U of Spec(Oy), a regular model Z; over U and nef R-Cartier divisors
%) and %, on Zy such that /; and [, are given by .4, and .%, over U, respectively. For
i=1,...,1,let C; be the Zariski closure of x; in Z7;. Shrinking U if necessary, we may
assume the following:

(@ %4 =a,C++a,C. and & =a, C,+---+a,,C,.

(b) C;NC;=0Pforalli# j.
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Then, by properties (a) and (b), for p € U, it is easy to see that max{(1,),,,(l,),} is given
bY 82,y maxie,, 2 Where (X)) is the localization of 27y — U at p. Note that
max{.%,, %,} is relatively nef by (2) in Lemma 6.1.2. Moreover, for p € My \ U, by (2)
in Proposition 6.1.5, max{([,),, (1,),} is of (C°NPSH)-type. Thus the assertion follows.

(2) By [30, Lemma 9.1.1], max{(¢)oo, (¢>)0} is of (C° N PSH)-type, so that, by virtue

of (1), it is sufficient to show that deg(max{al,az}lx) > 0 for all closed points x of X.
As

Suppg(max{Q;, Q,} — Q;) N Suppg(max{Q;, Q.} —Q,) =0,
we may assume that x ¢ Suppg(max{Q,, Q,} —Q,). If we set

Q:=max{Q;,Q,}-Q,
then Q is effective and x ¢ Suppg(Q), so that (Te\g(alx) > 0. Therefore,
deg(max{Q;, Q,}1)= deg(Q,|.) +deg(Ql.) >0,
as required. U
Proof of Theorem 6.2.3. Let us start the proof of Theorem 6.2.3. We choose
M =(M,m)eY(D;R).

Let Y([M,D}; R) be the set of all nef adelic arithmetic R-Cartier divisors L = (L, 1) of
C°-type on X with L< R and M < L < D. For each closed point x € X, we set

a, =sup{mult,(L)|(L,1)e Y((M,D};R)}.

Note that, if x & Suppg(D)USuppg(M), then mult,(L)=0forall L=(L,l) € Y((M, DJ]; R).
In particular, a, = 0, so that we set Q = >__a,x, which is an R-Cartier divisor on X
with Q < R. By using Theorem 6.2.1, let (Q, {g, },cu, ) be the greatest element of

A= {z = (L; {lp}peMK)

L is a relatively nef global adelic R-Cartier
divisor on X such that L<Qand L<D"

Note that (Q, {g,}pem, ) = M’ because M € A. Moreover, by [30, Theorem 4.6], there
is a Q-Green function g, of (C°NPSH)-type on X (C) such that ¢, yields the greatest
element of

B::{hoo

As max{mc,, §oo} is an element of B (cf. [30, Lemma 9.1.1]), we have m, < g.,. Here
we set

heo is a Q-Green function of (C° N PSH)-type
on X(C) and heo < oo )

Q = (Qr{qp}peMK U{qoo})
Clearly M <Q <D and Q <R.

Claim 6.2.6. There is a sequence {L, =(L,, ln)}:il inY([M,D];R) such that
a, = lim mult,(L,)

for all closed points x € X.
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Proof. Let {x,... xN} = SuppR(D)U Suppg(M). Foreach i =1,...,N, we can find a
sequence {fi,n L, ln)} in Y([M, D]; R) such that

.= lim mult, (L; ,).
n—.0oo
Weset L, =max{L, ,,..., Ly ,}for n > 1. Then, by (2) inLemma6.2.5, L, € Y([M, D]; R),
and hence

a,, = lim mult, (L,)

n—oo

fori=1,...,N. If x ¢ {x,,..., x5}, then a, = 0 and mult,(L,) = 0 for all n. Thus we
have the claim. U

As max{qoo,(l )Joo} € B by [30, Lemma 9.1.1], we have (/). < goo. Moreover, L <
Q because Ln € A. Therefore, Ln < Q, so that, by Lemma 6.2.4, Q isnef. In partlcular,
Q €Y(D;R). We need to check that Q is the greatest element of Y(D;R). Indeed, let
L=(L1)eYD;R). ThenL € Aand I, € B,and hence L < Q and I, < g, as
required. u

Corollary 6.2.7 (Zariski decomposition for adelic arithmetic divisors). Let D be an
adelic arithmetic R-Cartier divisor of C°-type on X. Let Y(D) be the set of all nef adelic
arithmetic R-Cartier divisors LofC® -type on X with L<D. IfY(D)#W, then there is
the greatest element P of Y(D), that is, P € Y(D) and L < P for all L € Y(D). Moreover,
the natural map H(X,aP) — H %(X,aD) isbijectivefora € R.,. In particular \70\1(5) =
\751(5) (cf- Theorem 0.4.4 in Introduction).

Proof. Applying Theorem 6.2.3 to the case where R = D, we have the first assertion.
Let us see the second assertion. Let ¢ € H(X,aD), that is, aD + (¢) > 0 by Proposi-
tion 4.3.1, so that D > (l/a)((p/—\l). Note that (l/a)((p/—\l) is nef, and hence (l/a)(z\—l) €
Y(D). Therefore, P > (1/ a)@;\—l), thatis, aP+(¢) > 0, which means that ¢ € H%(X, aP)
by Proposition 4.3.1. U

Remark 6.2.8. There are several conditions to guarantee Y(D) # 0. For example, if
H°(X,aD) ;é {0} for some a € R.,, then Y(D) # 0. Indeed H(X,aD) # {0} 1mp11es
that aD + ¢) > 0 for some ¢ € Rat(X)*, so that (1/a)(¢> 1)< D. Note that (1/a)(¢ 1)
is nef, and hence (l/a)((p 1) € Y(D). In particular, if D is - big, then Y(D)# 0. As a
conjecture, we expect that if D is pseudo-effective, then Y(D) # 0.

7. CHARACTERIZATION OF NEF ADELIC ARITHMETIC DIVISORS ON ARITHMETIC
SURFACES

In this section, we consider a generalization of the numerical characterization of
nef arithmetic divisors proved in [32] to adelic arithmetic divisors. Namely, we will
prove that an integrable adelic arithmetic R-Cartier divisor D of C°-type on a pro-
jective smooth curve over a number field is nef if and only if D is pseudo-effective
and deg( ) = vol(D). Throughout this section, let X be a projective, smooth and
geometrically integral variety over a number field K.
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7.1. Hodge index theorem for adelic arithmetic divisors. We assume that dim X =
1. Let us start with a refinement of the generalized Hodge index theorem on an arith-
metic surface.

Theorem 7.1.1. Let D = (D, g) be an integrable adelic arithmetic R-Cartier divisor of
CO-type on X. Ifdeg(D) > 0, then deg(ﬁz) < \70\11 (D). Moreover; the equality holds if
and only if D is relatively nef.

Proof. Let Y,.,(D) be the set of all relatively nef adelic arithmetic R-Cartier divisors
L of C°-type on X with L < D (cf. Corollary 6.2.2). Then, by Corollary 6.2.2, Y,,;(D)

has the greatest element Q = (Q, q), thatis, Q€ Y,,,(D)and L < Q for all L€ Y,,,;(D).
Further, we have the following:
(1) vol, (Q)=vol, (D).
(2) Ifweset N:=D—Q, then N =(0, ¢) and deg(Q - N) =0, where ¢ = {¢, },cp, U
{¢} is a collection of integrable continuous functions.
By Theorem 5.3.2,
— _2 — J— — J—
deg(Q )=vol,(Q)=vol,(D).
Note that

—_— —_— 1
deg(N')= > log#(Oyc/p)deg,((0, ¢,) ;) + EJ Poodd (o),
X(C)

peMi
so that, by Lemma 3.4.1 and [31, Proposition 1.2.3], we have
—_ 2 — -2 @ —— 2 @ ——
deg(D )=deg(Q )+deg(N ) <deg(Q ).
Thus the first assertion follows. In addition, by using the equality conditionsin Lemma 3.4.1
and [31, Proposition 1.2.3],

degD)=vol,(D) < deg(N)=0
< ¢, (Vp€ M) and ¢, are constant functions
<= D is relatively nef,
as required. U

As a consequence of the above theorem, we have the Hodge index theorem for
adelic arithmetic divisors.

Corollary 7.1.2. Let D = (D, g) be an integrable adelic arithmetic R-Cartier divisor of
CO-typeon X. Ifdeg(D)=0, then deg(ﬁz) < 0. Moreover, the equality holds if and only
if D =(y)g + (0, A[o0]) for some ) € Rat(X); and A €R.

Proof. By Theorem 7.1.1, deg(ﬁz) < \7(;11 (D) < \7(71(5), so that it is sufficient to show
that vol(D) = 0 for the first assertion. Indeed, if vol(D) > 0, then, by the continuity of
the volume function (cf. Theorem 5.2.1), vol(D —(1/n).</") > 0 for a sufficiently large
n, where .¢/ is an ample arithmetic Cartier divisor on some regular model of X. In
particular, deg(D) > (1/n)deg(.</ N X) > 0, which is a contradiction.

Next we consider the equality condition. Clearly if D= @R + (0, A[oo]) for some

i € Rat(X)Y and A €R, then (@(5‘2) =0, so that we assume that deg(ﬁz) =0. LetZ
be a regular model of X over Spec(Ox).
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Claim 7.1.2.1. ThereisanR-Cartier divisor % on Z such that2NX =D and(%-C)=0
for any vertical curves C on Z'.

Proof. Let U be a non-empty Zariski open set of Spec(Ox) such that Z' — Spec(Ok)
is smooth over U. Let %, be the Zariski closure of D in &'. Then the degree of %,
along every smooth fiber of 2" — Spec(Oy) is zero. Moreover, using Zariski’s lemma,
for each p € My \ U, there is a vertical R-Cartier divisor Z, in the fiber F, over p such
that the degree of %, + Z, along every irreducible component of F, is zero. Therefore,

if we set 7 =%y + >\ \u Zp» We have our desired R-Cartier divisor. O

We set D := (2,80 ) ¢ := &, — 8@y, 7 @ANd @ =D @y lp], where 2, is_the
localization of 2 — Spec(Og) at p and %, is the restriction of & to %,. Then D =

D+ (0, ). Note that cTeTg(E/ -(0,¢))=0because (Z - C)=0 for any vertical curve C in
%, so that

0=deg(D")=deg(D" )+ deg((0, ")
Therefore,
—_— 2 —
deg(D" )=deg((0,¢)*)=0
because (Te\g(ﬁlz) <0and (Te\g((o, ¢)?) < 0 by the first assertion. As
—_— 2 —
deg(D )= deg((2,8)") =0,
by virtue of [32, Lemma 4.1],
D' ={§) +(0,n/[00))

for some ¢’ € Rat(X); and an F-invariant locally constant function 1" on X(C).

Moreover, by using the fact (@((O, ¢)?) = 0 together with Lemma 3.4.1, ¢, is a con-
stant for all p € M. Note that ¢, = 0 expect finitely many p € M. In addition, for
each p € My, there is f; € K* ®; R such that (f,) = p on Spec(Ox). Therefore,

D =(§")g +(0,n"[00])

for some y” € Rat(X); and an F-invariant locally constant function n” on X(C).
Thus, by using Dirichlet’s unit theorem, we have the second assertion of the corollary
(cf. [32, Proof of Lemma 4.1]). O

7.2. Arithmetic asymptotic multiplicity. Let K be either Q or R. Let
Rat(X); :=Rat(X)* ®; K,

and let
()x :Rat(X): — Div(X)x and () : Rat(X)% — Div(X)g

be the natural extensions of the homomorphisms
Rat(X)* — Div(X) and Rat(X)*— Div,(X)g

given by ¢ — (¢) and ¢ — @, respectively. Let D be an adelic arithmetic R-Cartier
divisor of C°-type. We define [}(X, D) to be

I;(X,D):={¢ €Rat(X); | D +(§)x > (0,0)} .
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For £ € X, the K-asymptotic multiplicity of D at & is defined to be

(D) := {inf{multg(D +(@)k)| ¢ Efﬁ(x,ﬁ)} iff]g(X,ﬁ) £0,
Hie el 20 oo otherwise.

Proposition 7.2.1. Let D and E be adelic arithmetic R-Cartier divisors of C°-type on
X. Then we have the following:

(1 MK,_;’(E_'*‘ E)< HK,E(E) + HK,g(F_)-

(2) If D < E, then uxg (E) < ug (D) +mult:(E — D).

(3) pi (D +(@)i) = px (D) for ¢ € Rat(X).

4) ,uK,;v(aD)_z a,uK,g(D_) fora eK,,.

(5) 0< p:(D) < pge(D). .

(6) Ifg is big, then ug (D)= “Q’iD)'

(7) If D is nef and big, then ug (D)= 0.

Proof. (1), (2), (3), (4) and (5) can be proved in the same way as [29, Proposition 2.1].
For the proofs for (6) and (7), let us begin with the following claim:

Claim 7.2.1.1. LetD,,..., D, be adelic arithmetic R-Cartier divisors of C°-type on X.
If D is big, then

llm O)MK’§(5+ xlﬁl +"'+xr5r):‘U,K’§(5).

Proof. Here we define f : K" — RU{oo} tobe f(x):= .UK,g(Bx) for x =(xy,...,x,) K",
where

D,=D+x,Dy+--+x,D,.
Note that f is a convex function over K, that is,

fax+(A-t)y)<tf(x)+A—=1)f(y)
forall x,y €e K" and t €[0,1]NK. Indeed, by using (1) and (4),

flex+(1=1)y)=px(tD,+(1—1)D,) < pxe(tD ) +ux(1-1)D,)
=1f(x)+Q—-1)f(y)
Moreover, by virtue of the continuity of the volume function, there is a positive ratio-
nal number ¢ such that D, is big for all x € (—c,c)" NK’. Thus, if K = R, then the
assertion follows from the continuity of concave functions. In the case where K =Q,
by [28, Proposition 1.3.1], there is a continuous function f : (—c,c)” — R such that

f=fon(—c,c) NQ". Thus the assertion follows. U

(6) Let ¢ € TX(X, D), thatis, ¢ = ¢ ---¢% and D +a,(¢,) +---+a,(¢,) > 0 for some
¢1,..., ¢, €Rat(X)* and a,,...,a, € R. By using [30, Lemma 5.2.3 and Lemma 5.2.4],
for each i, we can find effective adelic arithmetic R-Cartier divisors A; and B; of C°-
type on X such that @ = A, — B;. For n € Z.,,, we choose X;, € Rand xlf’n € Q such
thata; +x; ,€Qand0< x; , <x; <1/n.Then

D+ Zi x;,nEi +Zi(ai + X)) = 5+Zi XinBi+ Zi(ai + X0 )(91)
= 5+Zi a;(¢;) +Zi xi,nzi =0,
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and hence

bo:(D+, x/, Bi) <multe(D+ " x/, Bit D (ar+x,)(9))).
On the other hand, by using Claim 7.2.1.1,

Jim piq ¢ (5 + xf,nEi) = g:(D)
and
lim mult; (D+ D> B+ (a+ X;.)(p;)) = mult; (D + > ai(¢)).
Thus
pg.e(D) < mult, (D > ai(¢,)),
which yields ug (D) < ug (D), so that (6) follows from (5).
(7) By (5), it is sufficient to see that ,qug(E) =0. We set

D =(D,{g,}per, U{8oo})-

Let U be a non-empty open set Spec(Ox) such that D has a defining model over U.
For each n € Z., by Proposition 4.4.2, there is a normal model & of X and a relatively
nef R-Cartier divisor 2 on & such that N X =D and

(2,8 =(1/m(0.>" | [5]) <D <(%, 800"
Note that (7, g.) is nef and big, so that, by (2) and [29, Proposition 2.1, (6)],
0<pos(D+/m(0Y | 191))< Hos(,80) =0,
and hence g ¢ (5+ (1/n) (0, ZpeMK\U[p])) =0. Further, by Claim 7.2.1.1,

Moo (D)= lim pos(D+/m(0,y. | [b1)),
so that (7) follows. O

peM\U

Lemma 7.2.2. Let D and D, be adelic arithmetic R-Cartier divisors of C°-type on X.
If D is big, then

lim (ug (D + Do) — iz (1 Dy))

t—00

exists in R.

Proof. We can find t, € R such that D + ¢ D, is big for all ¢ > ¢,. Here we set
fl)= MR,&(E"‘ tBo)—HR,g(tﬁo)

for t > ¢,. It is sufficient to show that the function f is monotonically decreasing and
bounded below on Ry, , that is,

f)<f(r) Vt'=t>t) and f(t)=M (Vi>t)

for some constant M. o
AsD+t'Dy=D+tDy+(t'—t)D,, by (1) in Proposition 7.2.1,

MR,§(5+ t'Dy) < .UR,g(B"‘ tDg)+ HR,&((ZJ_ £)Dy),

so that the first assertion follows from (4) in Proposition 7.2.1.
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We choose a € R and ) € Rat(X);, with aD, +(¢))— D > 0. Then, by (2) and (3) in
Proposition 7.2.1,

pg (@ +t)Dy) = g (D + t Do)+ (aDy + (1))~ D))
< up (D + t Do)+ g s(@Dy+ () — D).
Therefore, we have

f(£)> g :(aDg)— g (aDy + )~ D),

as required. U

Let D be an adelic arithmetic R-Cartier divisor of C°-type on X. By the above

lemma, we define the extended arithmetic asymptotic multiplicity vg(ﬁ) e Ru{oo} to
be

v:(D):= sup lim (ug (D + tDy)—ug:(tDy)),

DoeBig(X)r fmee

where Big(X ) is the cone consisting of big adelic arithmetic R-Cartier divisors of C°-
type on X. Then we have the following:

Proposition 7.2.3. Let D and E be adelic arithmetic R-Cartier divisors of C°-type on
X. Then we have the following:

(1) v:(D) < ug (D). Moreover, If D is big, then v:(D)= g ¢(D).

) v:(D+E)< v:(D)+ v:(E).

3) IfD < E, then v<(E) < v:(D)+mults(E — D).

@) v:(D+(@)z)= v:(D) for ¢ € Rat(X);.

(6) v:(aD)=av:(D) fora € Ry,.

(6) If D is nef, then v:(D)=0.
Proof. (1) For D,e Big(X)g, by (1) and (4) in Proposition 7.2.1,

Ug,e(D+ Do) — g (£ Do) < g (D) + g £ (t Do) — g (£ Do) = g (D),
which implies the first assertion. If D is big, then
HR,g(E) = tlifglo(MR,g(5+ IB)—HR,g(tE)) < Vg(ﬁ)»

as required.

(2) Let D, be a big adelic arithmetic R-Cartier divisor of C°-type on X. Then, by (1)
in Proposition 7.2.1,

pre(D +E +tDy)= g (D +(t/2)Dy) +(E +(£/2)Dy))
< pgr(D +(1/2)Do) + ur e (E +(£/2)D),
which implies
lim (ug (D +E + t Do)~ g (¢ Do)
< lim (pg (D +(2/2)Do) — g £((/2)D))
+ 1im (g 2(E +(¢/2)Do) — iz, ((t/2)Dy)) < e(D) + v<(E).
Therefore, (2) follows.
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(3) By using (1) and (2),
v:(E)=v:(D +(E — D))< v:(D)+ v:(E — D)
< v:(D)+ g :(E —D) < v:(D)+mults(E — D).

(4) follows from (3) in Proposition 7.2.1. o

(5) Clearly we may assume that a > 0. Thus, for D, € Big(X)g, by (4) in Proposi-
tion 7.2.1,

H]R,g(aﬁ‘*‘ tD,) _MR,i(tEO) =a (HR,§(5+ (f/a)ﬁo)_.UR,g((f/a)ﬁo)) ’

so that the assertion follows. o .

(6) By the following Lemma 7.2.4, ug (D + D) < ug :(D,) for all big adelic arith-
metic R-Carrier divisors D, of C°-type on X, so that vg(ﬁ) < 0. On the other hand, if
D, is nef and big, then ug (D + D) = g :(D,y) = 0. Thus (6) follows. O

Lemma7.2.4. Let P and D be adelic arithmetic R-Cartier divisors of C O typeon X. If
P is nefand D is big, then ug :(P + D) < ug (D).

Proof. First we suppose that there exist a model 2 of X over Spec(Ox) and an arith-
metic Q-Cartier divisor Z on 2 such that 2" = D. By (6) in Proposition 7.2.1,

pg,:(D) =inf {mult:(D +(¢)) | ¢ €T3(X, D)}
Fix a positive number €. We choose ¢ € f@(X , D) such that

mUItg(D + (¢)) < MR,@'(E) + €.
By using Theorem 5.1.7 or [28, Theorem 2.4], there are a birational morphism h : % —
Z of normal projective arithmetic varieties and a nef and big arithmetic Q-Cartier
divisor 2 of C°-type on % such that 2 +(¢) > 0 and 2 < u*(2). If we set A = u*(2)—
2, then
mult;(A) <mult:(2 +(¢)+ A) =mult:(h*(2) +(¢))
=multz(D +(¢)) < g (D) +e.

Thus, by using (1) and (7) in Proposition 7.2.1 together with the above inequality, we
have

U :(P+D)=pg :(h*(P)+ 2 +N") < g A0 (P)+ 2°) + pg e(A )
<mult;(A) < ug, 5( )+ €,
and hence the assertion follows.

Let U be a non-empty open set Spec(O ) such that D has a defining model over U.
WesetS = Sp_ec(OK) \H. Then, for any positive number €, by Theorem 4.1.3, there is
amodel (', 2) of (X, D) over Spec(Og) such that

D— (O,Z e[p]) <9'<D.
pes

By Virtue_of [30,_Lemma 5.2.3, Lemma 5.2.4], there are effective arithmetic Q-Cartier

divisors %,...,%2, of C°-type on & and real numbers a,, ..., a, such that

@zalgl'i‘“"i‘argr.
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Foreachi=1,...,r,let{qa; ,}72, beasequence of rational numbers such that a; , < a;

and lim,,_,., a; ,, = a;. We set .@n = al,n@1 + 4 ar,n@r. By (1) and (2) in Proposi-
tion 7.2.1 together with the previous observation,

pr:P+D)=up:P+7 +D—2)<up:P+% )+up:(D—7")
<Up:P+D)=upP+2,+ 9" ~7)
<up:P+7,)+mult:(2—2,) < g (7, )+mult-(2—2,)
In addition, by Claim 7.2.1.1,

lim (,uR (@i) +mult;(2 — @n)) = ,uRyg(@a),

n—oo

so that we have

.UR,g(ﬁ*‘B) < HR,;’(ga) S Ure (E— (O»Z G[P])) .

pesS
Therefore, the assertion follows from Claim 7.2.1.1. [l

7.3. Necessary condition for the equality vol = \7(71)(. Let K be an algebraic closure
of K, Xz := X Xgpec(k) Spec(K) and d = dim X.

We fix a monomial order < on Z‘jo, that is, X is a total ordering relation on Zd with
the following properties:

(a) (0,...,0)§AforallAeZ
(b) f AXBfor A, BeZ? thenA+C<B+CforallC€Zd

>0’
The monomial order 3 on Zgo extends uniquely to a totally ordering relation X on Z¢
such that A+ C < B+ C holds for all A, B, C € Z¢ with A X B. B
Let zp =(z,,...,24) be alocal system of parameters of 0x_, p at P € X(K). Note that

the completion @?y p Of Ox_p with respect to the maximal ideal of Oy_p is naturally
isomorphic to Kl z,...,24]. Thus, for fe Ox..p, We can put

We define ordfp( f)tobe

Ordfp(f):{mfin{(“l" )| Caya 70} if f#0,

o%e) otherwise,
which gives rise to a rank d valuation, that is, the following properties are satisfied:
(i) ord (fg)=ord: (f)+ord; (g)for f,g € Ox_p.
(ii) min{ordi(f), ordfp(g)} 3 ordfp(f +g)for f,g € Ox_p.
By property (i), orng : ﬁva »\{0} — Zgo has the natural extension
ordfp : Rat(Xz)* — Z¢
given by ordfp (f/g)= ordfp( f)— ordfp(g). Note that this extension also satisfies the

same properties (i) and (ii) as before. Since ordfp(u) =(0,...,0)forall ue o

<
P ordzp
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induces Rat(Xg)*/ 0y , — Z*. The composition of homomorphisms
K’

<
ordy

Div(Xg) —> Rat* (Xg)/ O, — Z°

is denoted by multfp, where ap : Div(Xz) — Rat(X%)*/ ﬁ;ﬁ p is the natural homomor-

phism. Moreover, the homomorphism multfp : Div(X%) — Z“ gives rise to the natural

extension Div(Xz)®; R — R over R. By abuse of notation, the above extension is also
denoted by multfp.

Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C°-type on X. Let V, =
.50 Vin be a graded subalgebra of R(D) :=6D,,5, H*(X, mD) over K. The Okounkov
body A(V,) of V, is defined by the closed convex hull of

| {mult? (Dg+(1/m)(¢) €RY) | ¢ € (V;, & K)\ {0}}.

m>0

For t €R, let V" be the graded subalgebra of V, given by
V! =P(V,,nH°X, m(D +(0,—2t[c0)),.,

’ m>0
where (V,, N H°(X, m(D + (0,—2t[<>o])))>K means the subspace of V,, generated by
V,, NH(X, m(D +(0,—2t[o0])))
over K. We define Gz, : A(V,) » RU{—00} to be

sup{t eER|xe A(Vf)} if x e A(V") for some ¢,
—00 otherwise.

Gpovy(X):= {

Note that G, is an upper semicontinuous concave function (cf. [5, SubSection 1.3]).
We also define vol(D; V) and ‘70\1x (D; V,) to be

_ . #log(V,,n H*(X, mD))
vol(D; V,) :=limsup et (d 1] ,

— 7 (VunHY(X, mD),|||l,,5)
vol,(D; V,):= hmm—»solip vy T

Let ©(D; V) be the closure of
{x e A(V))| Gp.y(x)>0}.

We assume that V, contains an ample series, that is, V,, # {0} for m > 1 and there is
an ample Q-Cartier divisor A on X with the following properties:

e ALD.
{o There is a positive integer m, such that H°(X, mmyA) C V,,,, forall m>1.

Then, in the similar way as [5, Theorem 2.8], [5, Theorem 3.1] and [32, Section 3], we
have the following integral formulae:

(7.3.1) vol(D; V.)=(d + 1)I[K : Q]J Gy (x)d x
e(D;V.)
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and

(7.3.2) vol,(D; V.)=(d +1)I[K :Q]f Gpoy(x)dx.
A(V.)

Moreover, if \70\1(5; V,)> 0, then the same argument as in [32, Lemma 3.3] yields
(7.3.3) O(D; V.)=A(V")={x € A(V,) | Gy (x) > 0}

Therefore, in the same way as [32, Section 3], we have the following theorem (cf.
[32, Theorem 3.4 and Corollary 3.5)).

Theorem 7.3.4. We assume that D is nef and big and \70\1(5) = \70\1)((5) > 0. Then
,uQ,g(E) =0forallfeX.

Besides it, the following theorem is also obtained:

Theorem 7.3.5. Let Q =(Q, q) be a nef adelic arithmetic R-Cartier divisor of C°-type
on X. We assume that D is big, Q <D andvol(Q)=vol(D). If we set N = D —Q, then
Ug,:(D)=mult:(N) forall € X.

Proof. By using (2) and (7) in Proposition 7.2.1, we have
‘qug(E) < MQ,E(G) + mUItg(N) = ml,lltg(N)

Let us consider the converse inequality. Let B be the Zariski closure of {£} and P a
regular closed point of B. Let zp =(z,..., z,) be alocal system of parameters of Ox »
such that B is given by z; =--- = z, = 0. We choose a monomial order 3 of Z;_’O such
thatf(a)<{(b)foralla,b € ZZO with a 2 b, where (x,,...,x;) = X, +---+ x,. We set
Y= multfp (N). For simplicity, in the case V, = R(D), we denote A(V;), A(V."), Go.v,
and ©(D; V) by Ap, A}, Gy and O, respectively. Let us see the following claim:
Claim 7.3.5.1. 1) Af+vE A fort eR.

(2) Ggl(x) < Gp(x+v) for x € Ag.
B) Bg+v<06p.
4) min{¢(x)| x €85} < g (D).

Proof. (1) Let ¢ € (H(X, m(Q +(0,—2t[00])))) \ {0}. Then
mult? (Q+(1/m)(¢))+ v=mult: (D +(1/m)(¢)),

which shows (1).

(2) Let £ be a real number with ¢ < G5(x). Then x € Aé C A}, —vby (1), and hence
x+veAl. Thus t < Gg(x + v), as required.

(3) follows because Gg(x)> 0 implies G5(x + v) > 0 by (2).

(4) Let ¢ € H(X, mD)\ {0}. Note that mult; (D +(1/m)(¢)) € O and
E(multi(D +(1/m)(¢)))=mult;(D +(1/m)(¢)).
Thus min{{(x)| x € O} < mult;(D +(1/m)(¢)). Therefore, we have (4). O

Since \70\1(5) = \70\1(5), by using the integral formula (7.3.1) together with (2) and
(3) in the above claim, we can see that ©5 + v = O5. We choose x, € O such that
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{(xo) = min{{(x)| x € ©5}. Then there is y, € O such that y, + v= x,. As {()p) = 0 and
{(v)=mult;(N), by using (4) in the above claim,

fo (D)= min{l(x) | x € 5} =£(xo) = £(3p) + () = £(¥) = mults(N),
as required. U

Remark 7.3.6. By virtue of Theorem 7.3.5, we can generalize the necessary and suffi-
cient condition for the existence of Zariski decompositions on arithmetic toric vari-
eties proved in [4, Theorem 8.2] to the case of adelic arithmetic R-divisors.

7.4. Numerical characterization. We assume that dim X = 1. The following theorem
is the main result of this section.

Theorem 7.4.1. Let D be an integrable adelic arithmetic R-Cartier divisor on X. Then
D is nefifand only if D is pseudo-effective and deg(D~) =vol(D) (cf. Theorem 0.4.5 in
Introduction).

Proof. We need to show that if D is pseudo-effective and cTéE;(EZ) =vol(D), then D is
nef because the converse follows from Proposition 4.4.2 and Theorem 7.1.1.
First we assume that D is big. Since

deg(D" )<vol, (D) < vol(D)

by Theorem 7.1.1, we have deg(D") = vol (D) and vol (D) = vol(D). Thus, by Theo-
rem 7.1.1 and Theorem 7.3.4, D is relatively nef and ug (D)= 0 for all £ € X. On the
other hand, by Corollary 6.2.7, there is the greatest element Q of Y(D). Thus, if we set
N :=D—Q, then mult;: ( )=Ug, 5( )=0for all £ € X by Theorem 7.3.5, which means
that N =0. Therefore deg(D |.)> 0 for all closed point x € X, and hence D is nef.

Next we suppose that deg(D) > 0 and D is not big. In this case, deg(D") = vol(D) =
Thus, for € > 0, by using Proposition 5.1.2,

€[K : Q]deg(D) = deg((D + (0, e[00]))*) < vol(D + (0, e[oo])) < €[ K : Q]deg(D).

Therefore, deg((D + (0, e[co]))2) = vol(D + (0, e[c0])) > 0, so that, by the previous ob-
servation, D + (0, e[oo]) is nef, and hence D is also nef.

Finally we consider the case where deg(D) = 0. Then vol(D) = 0, so that (Te\g(ﬁz) =0.
By Corollary 7.1.2, D = (1/7)R + (0, A[oo]) for some Y € Rat(X); and A € R. As D is
pseudo-effective, by (3) in Proposition 4.5.4, (Té?g(?l - D) > 0 for any nef adelic arith-

metic R-Cartier divisor A of C°-type. Thus we can see that A > 0, and hence D is
nef. U

Corollary 7.4.2. Let D and P be adelic arithmetic R-Cartier divisors of C°-type on X .
Then the following are equivalent:

(1) P is the greatest element of X(D), that is, P € Y(D) and L < P for all L € X(D).
(2) P isan element of Y(D) with the following property:

deg(P-B)=0 and deg(B)<0

Jor allintegrable adelic arithmeticR-Cartier divisors B of C°-type with0 S B <
D—P.
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Proof. (1) => (2) : By Corollary 6.2.7, vol(D) = vol(P). Let B be an integrable adelic
arithmetic R-Cartier divisor B of C°-typewith0S B<D—P.For0<e<1,
deg((P + €B)?) <vol(P + ¢B)
by Theorem 7.1.1. On the other hand, by using Theorem 5.3.2,
deg((P + €B)?) < vol(P + € B) < vol(D) = vol(P) = deg(P"),
so that deg((P + € B)?) < (Te\g(ﬁz). Therefore, 2deg(P - B) + G(Te\g(ﬁz) <0. In particular,
deg(P - B) < 0. Moreover, as P is nef and B is effective, by (3) in Proposition 4.5.4, we
have deg(P - B) > 0, and hence deg(P - B) =0.
P + B is not nef because B 2 0, so that, by Theorem 7.4.1,
deg((P + B)?) < vol(P + B) = vol(P) = deg(P").
Therefore, (TG%(EZ) <0.
(2) = (1) : Let L be an element of Y(D). If we set A :=max{P,L} and B := A—P,
then B is effective, A< D and A is nef by Lemma 6.2.5. Moreover,
B=A-P<D-P.
If we assume B 2 0, then, by hypothesis, deg(P - B) =0 and deg(B") < 0. On the other
hand, as A is nef and B is effective,
0<deg(A-B)=deg(P + B-B)=deg(B),

which is a contradiction, so that B = 0, that is, P = A, which means that L < P, as
required. U

8. DIRICHLET’S UNIT THEOREM FOR ADELIC ARITHMETIC DIVISORS

Let 2 be a generically smooth, normal and projective arithmetic variety and 2
an arithmetic R-Cartier divisor of C°-type on 2. In the paper [31], we propose the
following question:

Fundamental question. Are the following conditions (1) and (2) equivalent?

(1) 7is Eieudo—effective.
) 7+ () is effective for some ¢ € Rat(%');.

We can realize that the above equivalence is a crucial part of the proof of the clas-
sical Dirichlet’s unit theorem if we trace back it carefully. In this sense, the above
question is called Dirichlet’s unit theorem on arithmetic varieties. Here we would like
to consider a similar problem for adelic arithmetic divisors. Throughout this section,
let X be a projective, normal and geometrically integral variety over a number field
K.

8.1. Fundamental question for adelic divisors. Let D be an adelic arithmetic R-
Cartier divisor of C°-type on X. For D, we can consider the following similar ques-
tion:

Fundamental question 8.1.1 (Adelic version). Under what conditions are the follow-
ing properties (1) and (2) equivalent?
(1) D is pseudo-effective.
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) D +(p) is effective for some ¢ € Rat(X )%.

Clearly (2) implies (1). Indeed, as (<p) is nef, ((p) is pseudo-effective by Proposi-
tion 4.4.2, so that D =(D + ((,0)) +(— ( )) is also pseudo-effective by Corollary 5.3.3. In
the case where D is numerically trivial, we have the following affirmative answer of
the above question.

Theorem 8.1.2. If D is numerically trivial and D is pseudo-effective, then there is ¢ €
Rat(X), such that D + (¢)=0 (cf. Theorem 0.4.6 in Introduction).

8.2. Proof of Theorem 8.1.2. In this subsection, let us consider the proof of Theo-
rem 8.1.2. For the proof of Theorem 8.1.2, we may assume that X is smooth over K,
so that throughout this subsection, we assume that X is smooth over K. For each

o € K(C), let ¢ : Spec(C) — Spec(K) denote the induced morphism by K <, C. Here
we set

X" ={xeX(C)|mox =5},
where 7 : X — Spec(K) is the structure morphism.

O/

Spec

Spec(C)

Then X2" is a connected component of X(C) and X(C) = U,e x©Xg"- The following
is a key result for the proof of Theorem 8.1.2.

Theorem 8.2.1. Let E := (0, Zpe My gplpl+ goo[oo]) be an adelic arithmetic R-Cartier
divisor of C°-type on X . Let

/lp::min{gp(x)lxeXpa“} and A, —mln{goo IxGXa“}

foreachp € My and o € K(C). Let A, be the locally constant function on X(C) given
by Acolxan = Ag- IfE is pseudo-effective, then (O,ZpeMK Aplp]+ Aoo[oo]) is also pseudo-
effective.

Proof. We set

:(O,ng[p]+/loo[oo]) and E”:(O,pr[p]mw[oo]).

pEMi pEMy

We assume that E is pseudo-effective. First let us see that Eis pseudo-effective. Let
H =(H, h) be a big adelic arithmetic Cartier divisor on X. Let € be a positive number.
We set

Uy ={x € Xy | §oo(X) < Ao +(€/2)}
andU =] [, () Us- Then, by Lemma 1.1.8, there is a constant C > 1 depending only
on € and &, such that

(8.2.1.1) su%)){|s|t+bh (x )}<Cbsup{|8|t+bh (x)}
xeX(C

for all s € H(X(C), bH), b € Ry, and all locally constant functions 7 on X(C). Let n
be an arbitrary positive integer with n > (2log(C))/€. Since E +(1/n)H is big, there
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are a positive integer m and s € H(X, mD +(m/n)H)\ {0} such that |S|mg(,+(m/n) ,<1
for all p € My U{oo}. In particular,

1S/, < EXP(MGoo)-

Therefore, |s|(2m/n)hoo < exp(m(Aeo +(e/2))) over U, that is,

2
sup {|S|m(am+(e/2))+(m/mhoo } <1l

xeU

Thus, by the estimate (8.2.1.1), we have

—(m/n)
c xsel).l(%()c){lﬂ (RooHe/2)+ (m/n)hoo}S 1.
Since log(C)/n <¢€/2,
sup {Islz }S sup {Isl \ }
2eX(0) (Asote€)+(m/n)heo xeX(C) (m/n)log(C)+m(Aco+(€/2))+(m/n)heo
=C "™ sup {Isl2 }<1
AcoH(€/2))+(m/n)heo ) —
x€X(C)

which yields H(X, m(E +(0,e[00])+ (1/n)H)) # {0}. Thus E + (0, e[oo]) + (1/n)H
is big if n > 1. As a consequence, E + (0, e[o0]) is pseudo-effective for any positive
number €, and hence E is also pseudo-effective.

Next let us see that E is pseudo-effective. We can find a non-empty open set U
of Spec(Ok) such that g, = 0 for all p € U N Mg. Let € be a positive number. For
p € Mg \ U, there is a divisorial absolute value w, € X;‘“ (cf. Appendix A.1) such that
8y(w,) < A, + € because the set of divisorial absolute values in Xparl is a dense subset of
X;n by Theorem 3.3.8. Let 2 be a normal model of X such that, for all p e My \ U, w,
can be realized by a vertical prime divisor on & over p. Let u: % — % be an alteration
of Z such that % is regular and projective over Spec(Og) (cf. [15, Theorem 8.2]). Let

u -, Spec(Ox/) - Spec(Ox)

be the Stein factorization of % — Spec(Ox), where K" is a finite extension field of K.

xr L

Spec(Ox) — Spec(Ox)

We set v I (Mg \U)=1{qy,...,q,} and Y = %.. For each i, let v; be the absolute value
of K’ at q; as the extension of vy, u; : ¥;, — X,,,) the induced morphism and g; :=

W8 Let g,) =T, U- Ul",l be the irreducible decomposition of 7/~'(q;). Let
v;; be the absolute value at I};; as the extension of v;. We set

7~kl—=min{g,~(v,-j)|j=l,...,li} and gi ::gi_ii
and we choose a; such that 1 < a; <I; and g;(v;, ) =0. Note that

AV(q

SAiS)LV(q)-FE
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Let.o/ = (., @) be an ample arithmetic Cartier divisor on %. Then, by [31, Lemma 3.5.2],
we can find an effective and vertical Q-Cartier divisor % on % with the following
properties:

(@) Supp(F)C ' (q,)U--- U (q,).
(b) .«f — 7 is divisorially ’-nef with respect to ./, that is,
deg(./ —F - "T)20
for all vertical prime divisors I on %.
(c) IfT is a prime divisor with
rc ﬂ:/—l(ql) U---u ﬂ-/_l(qr) and T ¢ {rlal» ceey rra,};

then deg(.&/ — 7 - ./ -T)=0.
Moreover, in the same way as the proof of [31, Claim 3.5.3.3], we can find a constant
¢ such that if we set @’ = a + ¢, then

(d) (Te:g((urzf —-Z,d)- Ed_l -(T, 0)) > 0 for all horizontal prime divisors I' on % .

Claim 8.2.1.2. Let v : %' — % be a birational morphism of normal and projective
arithmetic varieties. Then, for any pseudo-effective R-Cartier divisor & of C°-type on

@’
deg( V(o —F,a")- V()" &)>0.
Proof. By virtue of the above (b) and (d) together with the projection formula,
deg(v( —Z,a)- V() (I',0))2 0

for all prime divisors I on %’ Thus, as ¢,( v*(.¢/)) is semi-positive, the assertion of the
claim holds if & is big. Therefore, if 23 is a big arithmetic R-Cartier divisor of C°-type
on %’ and n > 0, then

deg(v'(./ —F,a")- V()" -(6+(1/n)B)) 2 0.
and hence the claim follows. O

Let us choose f; € OK, such that f; Ok, = q;' for some e; € Z.,. Then we can find
d; e R with d;7”*((f;))* = A;[q;]. Therefore, if we set

9= f and A = (Aeo)+ D dilogl i,

i=1
then )
H*(E/) = (O»Zgi[qz'] + XOO[OO]) + 77/*((/1?\))-
i=1

By Theorem 4.1.3, there is a sequence {#%,,} > of normal models of Y with the follow-
ing properties:

(i) For each n > 1, there is a birational morphism v, : %, — %.
(ii) For each n > 1, there are an R-Cartier divisor &, on %, and

gy € COY™), .0 P, € COY)
suchthat0< ¢, , <1/nfori=1,...,r and

(anq[q]) Enr (Ao )
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Claim 8.2.1.3. IfwesetA,, := deg( (o =F, ) V(o ) (8, (A Oo))a‘), thenA, >
0 and

A, = log#(Og./a,)deg, (.o = F oy I Onay)

i=1
1 , _
+5( > (AOO)U,) J ().
0’eK’(C) Y(C)

Proof. The first assertion follows from Claim 8.2.1.2. As

i=1

(gn’ ‘u*()('oo))a = (Or Z(gz + Son,qi)[qi] + A/OO[OO]) + ﬂ/*(@)»

we have

A, = Zl:log#(op/q,-ﬁe%q,. (o = Fap I3 81+ Pna)

1 ) _
+§( Z (am)a,) f ().
o’eK’(C) Y(C)

On the other hand, by using property (c) and g;(v;,)=0(i=1,...,7),
deg, (.o =)y -98)8:) =0
Thus the second assertion follows. O

Since ./ — .7 is divisorially 7’-nef with respect to .e/ and 0 < ¢, ,. < 1/n, by using
(2.4.1), we have

0<deg, (7 —F)qy A7 0na) < (1/n)deg,, (o — F)y)- S 11),

andhence D, /(Ao )or > 0 by Claim 8.2.1.3, so that (0,17 [00]) is pseudo-effective

by [31, Proposition 3.5]. Therefore, (0, A”_[00]) + /(%)) is also pseudo-effective by
Proposition 4.4.2 and Corollary 5.3.3. Note that

(0,2, [o0]) + 7" ((®) ( Z/l[q ]+ (A [oo])
< (O,Z(Av(q,.) +é)la;] +u*moo)[oo1)

i=1

and

Uy (0’ (Av(qi)+€)[qi]+‘u*(koo)[oo])

=deg(u)(o, > (Ap+e)[p]+xm[oo1).
pEM\U

Thus, £ + e(O,ZpeMK\U[p]) is pseudo-effective for all € > 0, and hence E is also
pseudo-effective. U
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We also need the following theorem, which is a consequence of the Hodge index
theorem.

Theorem 8.2.2. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C O-type
on X. If D is numerically trivial and D is pseudo-effective, then D = (1) for some ¥ €
Rat(X)g.

Proof. By using Lemma 1.1.6, there are a normal model 2 of X over Spec(Og), anon-

empty Zariski open set U of Spec(Og) and an R-Cartier divisor 2’ on 2 such that

8 = 82,9, forallpe U. As g,— 821070, is a continuous function on X, for each
e A= (q

q € My \ U, there is a constant C, such that g, < g(%.( V) + C, on X,. Therefore, we
4= (q)
can find an R-Cartier divisor ¥ on & such that

8p = 82,7, (VP EU) and  g,<8(y ) Va€M\U),

thatis, D <(2, 8o0)*. Let u: % — Z be an alteration of 2 such that % is regular and
projective over Spec(Og) (cf. [15, Theorem 8.2]). Let

Ay -, Spec(Ox) - Spec(Ox)

be the Stein factorization of % — Spec(Oy), where K" is a finite extension field of K.
Let .«/ be an ample arithmetic divisor on %. By [31, Lemma 2.2.2], there is a vertical
and effective R-Cartier divisor & on % such that u*(2)+¢& is divisorially 7-numerically
trivial. Moreover, we can find an F,,-invariant u*(%)-Green function g, of C*°-type
on %(C) such that ¢,(u*(2),8,) = 0 and u*(g) < g,- By the Hodge index theorem (cf.
[31, Theorem 2.2.5]),

deg(((2)+ 6,80 ") 0.

If cT(e\g((u*(@Hé’,go)z -Edﬁl) < 0, then, by [31, Lemma 2.3.2], (u*(2)+ &, g) is not

pseudo-effective, so that u*(D)is not pseudo-effective because u*(D) < (u*(2)+&, )3,
which is a contradiction. Therefore,

deg(((2)+ 6,80 ") =0,

and hence, by using the equality condition of the Hodge index theorem (cf. [31, The-
orem 2.2.5]), u*(D) = (¢) for some ¢ € Rat(%);. Let N : Rat(%)* — Rat(X)* be the
norm map of the finite fields extension Rat(%) 2 Rat(X). We set ¢ = p{"--- % for
some ¢,,...,, €Rat(#)* and a,,...,a, € R. Then we have

deg(u)D = (' (D) = (@) = D aipt.((p.) = Y adN ()

.
i=1

as required. O

Proof of Theorem 8.1.2. Let us start the proof of Theorem 8.1.2. By Theorem 8.2.2,

there is ; € Rat(X); such that D = (#,). If we set E = D —(#);), then E is pseudo-
effective by Proposition 4.4.2 and Corollary 5.3.3, and we can set E as follows:

E:(o, Z gp[p]+goo[0<>]).

peMk



ADELIC DIVISORS ON ARITHMETIC VARIETIES 93

Let A, := min {gp(x) | x € Xﬁn} and A, = min{goo(x) | x € X;n} for each p € My and
o € K(C). Let A, be the locally constant function on X(C) given by A [xs = A,.

Then,
E> (o, > /lp[p]+7too[oo])

peMg
and, by Theorem 8.2.1, (0, Zpe My Aplp]+ Aco[00 ]) is pseudo-effective. Moreover, there
is 1, € Ky such that

(o, > Ap[p]mo[oo])—@:(o,xgo[oo])

peMy

for some F,,-invariant locally constant function A/ on X(C). Note that (0, Ago[oo])
is pseudo-effective by Proposition 4.4.2 and Corollary 5.3.3. In particular,

- A )y 20.
K, 2, )

Ifweset&, :=(A.),—u, then ZUGK(C) Ey,=0and &, =&, (Yo € K(C)). Thus, by using
the classical Dirichlet’s unit theorem, there is u € (O ) such that (0, (A, —u)[oo]) =
(), that is, (0,17 [o0])> (). Therefore,

D — (@)~ (@) = E—(@,)> (0,2, [00]) > (w),

so that, if we set ¢ = 9719, u~! € Rat(X)%, then D + (@)>0 O

Remark 8.2.3. In [9], Chen and Moriwaki give a nef arithmetic R-Cartier divisor D=

(D, g) of C°-type on P} such that D is ample and D + (¢) is not effective for all ¢ €
Rat(X)g.

Question 8.2.4 (Existence of weak Zariski decomposition). If D is pseudo-effective,
then does it follow that there are a birational morphism f : Y — X of normal projec-
tive varieties over K and a nef arithmetic R-Cartier divisor P of C°-type on Y such
that D > P?

Appendix A. CHARACTERIZATION OF RELATIVELY NEF CARTIER DIVISORS

In this appendix, we consider a characterization of relatively nef Cartier divisors in
terms of asymptotic multiplicities. Let k be a field and v a complete discrete absolute
value of k. Let @ be a uniformizing parameter of k°. Note that the absolute value v
is not necessarily non-trivial.

A.1. Asymptotic multiplicity. Let 2 be a (d + 1)-dimensional, proper and normal
variety over k° (cf. Conventions and terminology 0.5.4), that is, the Krull dimension
of ' is d+1, & is proper over Spec(k°) and & is integral and normal. We denote the
rational function field of ' by Rat(Z’). Let WDiv(Z') and Div(%Z") denote the group of
Weil divisors on & and the group of Cartier divisors on &', respectively. In addition,
for a point x € &, let Div(Z’; x) be the subgroup of WDiv(Z') consisting of Weil divi-
sors 2 on & such that ¥ =(¢) around x for some ¢ € Rat(Z')*, that is, ¥ is a Cartier
divisor around x. Note that

Div(Z') CDiv(Z'; x) CWDiv(Z).
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For example, if x is a regular point of 2, then Div(%Z’; x) = WDiv(Z'). We set

WDiv(Z )g := WDiv(Z')®; R,

Div(Z g :=Div(Z)®; R,

Div(Z'; x)g :=Div(Z’; x)®; R.
Let K be either Q or R and let Rat(%'); := (Rat(X')*, x) ®; K. Note that the homomor-
phism

(-):Rat(Z')* — Div(Z)
given by f — (f) has the natural extension
(+):Rat(2); — Div(2)g,

thatis, for ¢ = f;°“ --- f® € Rat(X ) (fy, ..., f; €Rat(X)*, ay,...,a, €K),

(@)=a(fi)+---+a,(f)

Let 2 be an R-Weil divisor on &, that is, 2 € WDiv(Z )z. We define I'*(Z', %) and
(%, %) to be
{rX(%,@) = {¢ eRat(2)*| 2 +(p) =0},

IX(Z,2):={¢ eRat(X )| 2 +(¢) = 0}.

Let w : Rat(Z') — RU{oo} be an additive discrete non-trivial valuation over k. Namely,
w satisfies the following conditions:

) w(f-g)=w(f)+w(g)forall f,g eRat(X).

2) w(f +g)=min{w(f), w(g)} forall f,g € Rat(Z).

(3) f=0ifand onlyif w(f)=oco.

(4) w(a)=—logv(a)forall a € k*.
Let 0, be the valuation ring of w and m,, its maximal ideal, that is,

ﬁw:{feRat(%)l w(f)ZO} and mwz{feRat(%)l w(f)>0}.

Note that k° € 0,, and k*° € m,,, so that 0,,/m,, is a k°/k°*°-algebra. We say that w is
a divisorial valuation of Rat(2') over k if trdeg;. .. 0,,/ m,, = d. For a divisorial valua-
tion w of Rat(X’) over k, there are a normal variety ¥ over k°, a vertical prime divisor
I' on ¥ and a birational morphism u: ¥ — 2 over Spec(k°) such that w = a ord; for
some a € R.,. Indeed, it can be shown as follows: We may assume that v is non-
trivial. Otherwise the assertion follows from [38, Chapter VI, § 14, Theorem 31]. We
choose x,,...,x; € 0, such that x,,..., x; form a transcendental basis of ¢,,/ m,, over
k°/k®. Then Rat(%’) is a finite extension of k(x,,..., x;) and the transcendental de-
gree of k°[xy,..., x4]/k°[x4,..., x4]Nm,, over k°/k* is d. Let R be the normalization of
k°[x,,..., x;]in Rat(Z'). Note that R is finite over k°[ x,,..., x;] because k° is excellent.
In addition, R € 0,,, RNm,, is a prime ideal of R and trdegko/ko(R/R Nnm,,)=d, which
prove the assertion.

We denote the set of all divisorial valuations of Rat(%’) over k by DVal;(¥). As &
is proper and separated over Spec(k®), there is a unique morphism ¢ : Spec(0,,) — X
such that the following diagram is commutative:

Spec(Rat(Z')) ———= &

L

Spec(0,,) Spec(k®)
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Let x be the image of the closed point m,, by ¢. The point x is called the center of w on
Z . Note that x € &, (the central fiber of Z" — Spec(k°)). For 2 € Div(¥’; x), mult,,(2)
is defined by w(f), where f is alocal equation of Z at x. In this way, we have a map

mult,, : Div(Z’; x) — Z.
It is easy to see that mult,, is a homomorphism, so that we have the natural extension
mult,, : Div(Z’; x)g — R,

that is,
mult,(a,2,+---+a,2,)=a, mult,,(9,)+---+a, mult,(2,),
where %2,,...,9, € Div(Z’; x) and a,,...,a, €R.
For 9 € Div(Z’; x)g, we define ux ,,(Z) to be

inf{mult,(Z +(¢)) | ¢ €T, 2)} HLXX,2)#0,
oo otherwise,

‘uK,w(@) = {

which is called the K-asymptotic multiplicity of ¥ at w. Here we give one additional
definition. An R-Cartier divisor 7 (i.e. Z € Div(Z')r) is said to be bigif & is big on
the generic fiber of 2" — Spec(k®). First let us observe elementary properties of the
asymptotic multiplicity. The arithmetic version can be found in [29, Proposition 2.1
and Theorem 2.5] and Proposition 7.2.1.

Proposition A.1.1. Let w be a divisorial valuation of Rat(X’) over k and x the center
ofwon X' . For 9,8 € Div(Z’; x)r, we have the following:
(1 ‘LLJK,W(9 + éa) < .U'K,w(@) + ‘uK,w(éa)
(2) If2 L &, then uyg ,,(8) < Uk ,(2)+mult,, (6 — D).
(3) ficl 2 +(9)) = e (@) for § € Rat( 2 ).
(4) fw(a?) = apy,(2) fora €Ke,.
(5) 0< MR,W(@) < MQ,W(@)'
(6) Let v: % — Z be a birational morphism of proper and normal varieties over
k°.
(6.1) If2 is anR-Cartier divisor on &, then ux ,,(vV(9)) = uk, ., (2).
(6.2) Let x and y be the centers of w on Z and %, respectively (note that v(y) =
x). We assume that v is an isomorphism over x. Then, for ' € Div(%; y),

‘uK,w( V*(@,)) S ‘uK,w(@/)-

(7) If 2 is an R-Cartier divisor on Z and 9 is relatively nef with respect to X —
Spec(k°) (c¢f. Conventions and terminology 0.5.6) and big, then ug ,,(2)=0.
(8) If% is anR-Cartier divisor on X" and 9 is big, then g, ,(2) = pg,w(2).

Proof. (1) H (2,2 + &) = 0, then either I¥(2',2) = 0 or [(Z, &) = 0, so that we
may assume that I[Y(2', 7 + &) # (). Thus we may also assume that I} (2, 2) # ) and
IX(Z, 6) # 0. Therefore, the assertion follows because ¢ € IX (2,2 + &) for all ¢ €
X(Z,2)and Y €T, ).

(2) is derived from (1).

(3) The assertion follows from the following:

YEX(X,2) < yYo ' eL(X, 2+ ().
(4) Note that y e I (X', ) if and only if Y ¢ € IF (X', a%), and that

mult,, (a2 +(Y*)) = amult,(Z + (y)),
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which implies (4).
(5) is obvious.

(6.1) For ¢ € Rat(X');, 2+ (), > 0 if and only if v(2)+(¢)y > 0. Thus
L, 2) =TA¥, ¥(2)).
Moreover,
mult,, (2 +(¢),) = mult,, (V(2) +(¢) ).

Therefore, we have (6.1).
(6.2) Let ¢ € IX(%,%’), thatis, 2" +(¢)s = 0. Then

0< V(2" +(@)a) = v(Z) +()a-
The above observation means that I[}(%,2’) C (2, v.(2’)). Moreover, by our as-
sumption,
mult,, (2’ +(¢)y) = mult,, (v,(2') +(¢)y)
for ¢ € I3 (%, 2’). Thus the assertion follows.
(7) Let us begin with the following claim:

Claim A.1.1.1. If % is projective over Spec(k®), then, for any Cartier divisor & on &,
there are effective Cartier divisors ./ and 3 on X such that & = .o/ — A.

Proof. Let # be an ample Cartier divisor on &. Let & = e,[} +---+ e,.I, be the de-
composition as a Weil divisor. As /¢ is ample, for a sufficiently large [, there is ¢ €
H°(%',1¢)\{0} such that .o/ := [ +(¢) s effective and mult. (&) >e;fori=1,...,r.
Thus B :=.o/ — & is effective and § = .o/ — A. O

Let us go back to the proof of (7). By (5), it is sufficient to show that ug ,(2) = 0.
By using Chow’s lemma together with (6.1), we may assume that & is projective over
Spec(k®). First we assume that & is an ample Q-Cartier divisor. Then there is ¢ €
1“6(%', %) such that mult,, (% +(¢)) =0, and hence ug,,(2)=0.

Next we assume that ¥ is ample. By using Claim A.1.1.1, we can set

@Zdl@1+'--+ar@r,

where %,,...,9, are effective Cartier divisors and a,,...,a, € R. For any n > 0, there
are 0,,...,0, € Rsuchthat0< 6, <1/n and a;—6; € Q for all i and that (a, —0,)%, +
-+ (a,—06,)7, is ample. Then, by (2) and the previous case,

Uo,w(2) < ugw((a—61)%, +---+(a, —6,)7,)+multy ,, (6,2, ++--+0,%,)
<6,mult,,(2,)+---+ 6, mult,(2,)
<(1/n)(mult,(2,)+---+mult,(2,)),

which proves the assertion in this case.
Let us consider a general case.

Claim A.1.1.2. There are an ample Q-Cartier divisor .</ on " and ¢ € Rat(%’ )6 such
that & =9 — .o/ + (@) is effective.

Proof. If v is trivial, then k° = k, so that the assertion is obvious. We assume that v
is non-trivial. Let ./ be an ample Cartier divisor on 2. Let X be the generic fiber of
Z — Spec(k®), D :=9NX and A" :=./’N X. Then, as D is big, there are n € Z., and
¢, € Rat(Z')* such that

nD—A+(¢,)>0
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on X. Therefore, we can find m € Z., such that n9—.¢/’+(¢,)+m(w) > 0, and hence,
9 —1/n).d’ + (¢, @™'")> 0, as required. O

As .o +(1—€)8 =€ +(1—€)(P +(¢)) is ample for 0 < € < 1, by using (2), (3) and
the previous assertion in the case where % is ample,
MQ,W(@) = .uQ,w(va +6+ (¢_1)) = .uQ,w(t/Qf + 8) = .uQ,w(f/Qf + (1 - e)g + 6(53)
< Ug,w(-e +(1—€)&)+emult,(8) < emult,, (£),
and hence g, ,(2)=0.

(8) In the same way as (7), we may assume that 2 is projective over Spec(k°). Let
=079 elX(X,%), where ¢,,..., ¢, €Rat(Z)*and q,,...,a, €R. ByClaimA.1.1.1,
for each i, there are effective Cartier divisors .</; and 93; on Z such that(¢;) = .<«/;— %,;.
Here we consider the map f: Q" — RU{co} given by

f(tll’tr):HQ,w(@-i_ tl%1++tr93r)
Claim A.1.1.3. lim . f(t,...,5)=f(0,...,0) = Ug,,(2).

Proof. First note that there is a positive rational number ¢ such that 2+ ¢, %, +--- +
t, A, is big for (¢,,...,t,) € (—c,00)" NQ’. Moreover, by using (1) and (4), we can see
that f is a convex function over Q, that is, f(At +(1—A)t") < Af(t)+(1—A)f(t’) for
t,t’ € Q" and A €[0,1]N Q. Therefore, by virtue of [28, Proposition 1.3.1], there is a
continuous function f : (—c,00)” — Rsuch that f = f on (—c, 00)"NQ’, which shows
the assertion of the claim. U

Foreachi=1,...,rand n € Z., wechoose t; , €Rand #/ , € Qsuchthata;+t; , €Q

and0<¢;, <t/ <1/n. Then
9+Zi tl-/,n B +Zi(ai +t;,2)(Pi) 2 @‘i‘zi linRBi +Zi(ai + £;,0)(P1)
=D+ @@+ D tini 20,
and hence
o (@ +Zi ], %) <mult,, (@ +Zi t] B +Zi(“" + ti,n)(gbi)).
Thus, taking the limits as n — oo together with Claim A.1.1.3, we have
Ug,w(2) < mult, (@ +Zi ai(gbi)),

which gives rise to ,uQ_w(@) < Ug ., (2), so that (8) follows from (5). O

A.2. Sectional decomposition. Let 2" be a regular and proper variety over k°. Let ¥
be an R-Cartier divisor on 2. We assume that I'*(%', 2) # 0. We set

BS(2) =) perx(2,9) SUPP=(Z +(9)),
F(2):=>  inf{mult(2 +(¢)) | ¢ €T*(X,2)} T,
P(D)=2—-F(9),

where I' runs over all prime divisors on 2. Note that the above “inf” can be replaced

by “min” because the set {multr(@ +(@)) | ¢ eT(¥, @)} is discrete in R. The decom-
position ¥ = 2 (9)+ Z(2) is called the sectional decomposition of %.
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LemmaA.2.1. (1) The natural inclusion map
H(2,2(2)— H"%,2)
is bijective.
(2) codimBs(2(2)) > 2.

Proof. By our construction, 9 + (¢) > Z(2) for all ¢ € I'(Z',2). Thus (1) follows.
Moreover, if codim Bs(#(2)) = 1, then there is a prime divisor I such that

multy(2(2)+(¢))>0

forall ¢ eT*(2,2), thatis, mult(Z + (¢)) > mult(F(2)) for all ¢ eT*(Z', 2), which
is a contradiction. O

From now on, we assume that 1"6(3{ ,9)# 0. We set
N(2):={m €Zs, |T (X, m2) #0}.
Note that N(2)#0. For m € N(2), we set Z,, .= Z(m%) and 2,, .= 2 (m2).
Lemma A.2.2. ) Z,,+F, =2 Fem form,m’ e N(9). In particular,

{multw(ﬁm)} . mult,(F,)
—— = lim ———
m m—co, m

inf
meN(2) meN(2)

for all w e DVal (%) (cf. [33, Chapter 3, 98)).
{ mult(Z,,) }
m

) ugr(2)= inf for all prime divisorsT on & .
meN(2

)
Proof. (1) is obvious because ¢ ¢’ € I*(Z',(m+m’)%) forall p eI (Z',mZ)and ¢’
(', m’9). For (2), note that

1/m

@,2)= ) @ m2)™".

meN(9)

g

A.3. Characterization in terms of u,,. The following theorem is a characterization
of relatively nef Cartier divisors in terms of the asymptotic multiplicity.

Theorem A.3.1. Let Z be a (d + 1)-dimensional, proper and normal variety over k°
and let 9 be an R-Cartier divisor on &' . Ifl"@(%, 92) # 0 and g, .,(2) =0 forall w €

DVal, (%), then 9 is relatively nef. In particular, if % is big, then the following are equiv-
alent:

(1) 9 is relatively nef with respect to Z — Spec(k°).
2) Ug,w(2)=0 for all w € DVal(Z).
(3) Ugr w(2)=0 forall w € DVal,(Z').

Proof. Let us begin with the following claim:

Claim A.3.1.1. Let % be a normal and proper variety over k° and let v: % — % be a
dominant morphism over Spec(k°®) such that Rat(%) is algebraic over Rat(%’). If

1"6(%,9)76(2) and Ug,,(2)=0
for all w € DVal(X'), then g ,,,(v(2)) =0 for all w’ € DVal(%).
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Proof. Let w’ be a divisorial valuation of Rat(%/) over k and let w be the restriction of
w’ to Rat(2"). As Rat(%) is algebraic over Rat(Z’), we can see that 0,,,/m,, is algebraic
over 0, /m,, so that w is a divisorial valuation of Rat(2’) over k. Then, for an R-
Cartier divisor ¢ on 2, mult,,(v*(¥¢)) = mult,,(£). Thus,

Houw(V'(2)) = int{mult, (V(2)+ () | € T5(¥, 7"(2)]
<inf{mult,,((2+(9)) | p €L3(2,2)}

=inf{mult, (7 +(9)) | ¢ €T3, 2)} = pg,u(2),
which prove the claim. U
Claim A.3.1.2. We may assume that % is regular and projective over Spec(k®).

Proof. We assume that the theorem holds if & is regular and projective. By de Jong’s
theorem [15], there is a regular and projective variety % over k° together with a dom-
inant morphism u : % — % over Spec(k°) such that Rat(#) is algebraic over Rat(Z').
By the previous claim and our assumption, we can see that v*(2) is relatively nef, so
that 7 is also relatively nef. O

Let C be an irreducible and reduced curve on Z,. Let us see (% - C) > 0. Clearly we
may assume that ¥ is effective and C C Suppg(2). There is a succession of blowing-
ups p : & — % at closed points such that the strict transform C of C is regular (cf.
[20, Theorem 1.101]). If (p*(2)- C) > 0, then (Z - C) = (p*(2) - C) > 0, so that we may
assume that C is regular.

Let w: % — % be the blowing-up along C and let & be the exceptional set of 7.
Let 9’ be the strict transform of 2. Then 7%(%) = 9’ + e& for some e € Z.,. Let H
be a very ample divisor on &. Choosing general members H,,..., H,;_, of |H|, we set
C'=HnNn---NnH,_,; and 7, (C’) = aC for some a € Z.,. As H,,...,H,_, are general,
C’' € Suppg(2')N&E. I (&-C)=(0x(8)|s- HT1) >0, then

a(2-C)=(n*(2)-C)=(2"-C)+e(&-C)>0.
Thus we may assume ( 0,-(&)|, - H™') < 0.

Let mn*(2) =2, + Z,, be the sectional decomposition of mn*(%). By virtue of (1)
in Lemma A.2.2, there are finitely many prime divisors I3, ..., [, of % such that

gm = amylrl +---+ amy,r,

for some a,, 1,...,a,, , € Ry,. First we assume thatI; # & forall i =1,..., r. Choosing
general members H,, ..., H;_, € |H| if necessary, we have

C' ¢ (Bs(2,,)ulyu---Ul,)N&,
and hence
am(2-C)=(n*(m2)-C")=(2,, C’)+Zam,i(l“,- -C)>0.
i=1

Therefore, we may assume that I[; = &. By (2) in Lemma A.2.2 and our assumption,
lim a,,,/m =0. For any € > 0, we choose m such that 0 < a,,,;/m < €. As before,
m—-0Q

choosing general members H,, ..., H;_, € |H| if necessary,

C'¢(Bs(2,)uLLu---UTl,)N&



100 ATSUSHI MORIWAKI

holds, so that (2,,- C’)>0and (I;- C')>0fori=2,...,r. Thus
a(2-C)=(1"(2)- C") 2 (a1 /m)E-C") 2 €(0(8)ls- H'?).

Therefore (2 - C) > 0 because € is an arbitrary small number.

Finally, the last assertion of the theorem follows from the first assertion, (7) and (8)
in Proposition A.1.1. U

As a corollary, we have the following characterization of relatively nef R-Cartier di-
visors. Itis proved in [6, Theorem 5.11 and Lemma 5.12] in the case where the charac-
teristic of k°/k*° is zero. In general, it seems to be proved by Thuillier. Note that our
proof is based on de Jong’s alteration.

CorollaryA.3.2. Let X be a proper and normal variety over k and let L be an R-Cartier
divisoron X. Let ¥ be a normal model of X overSpec(k®) and let £ be anR-Cartier on
Z with £NX = L. Weassume that there is a sequence{(Z,,, £,)} .-, with the following
properties:

(1) &, is a normal model of X over Spec(k®).
(2) %, is arelatively nefR-Cartier divisor on X, such that 4,NX = L.
(3) lim,,_,o mult, (%,) = mult, (Z) for all w € DVal (%).

Then < is relatively nef.

Proof. If v is trivial, then the assertion is obvious, so that we assume that v is non-
trivial. Clearly we may assume that there is a birational morphism v, : &,, = Z over
k°. By using Chow’s lemma, we have a birational morphism u: £’ — 2 over k° such
that 2" is projective over Spec(k®). Let X’ be the generic fiber of Z” — Spec(k°). Let
2 be the normalization of the main component of Z, x,- 2, and let u,, : 7 — Z,,
be the induced morphism. We set

L =ur¥), LU'=%'nX and % =y’ (%,

Then 2 is a model of X’ over Spec(k°) and .& is a relatively nef R-Cartier divisor on
27 such that £/ N X’ = L’. Moreover,

mult,, (£¢')=mult,,(¥) and mult,(Z))=mult,(Z,)

for all w € DVal (%Z'). Therefore, we may assume that & is projective.

Let .« be a relatively nef and big Cartier divisor on Z'. As L isnefon X, & +€.</
is nef and big on X for € > 0, so that, by virtue of Theorem A.3.1, it is sufficient to see
that

‘uR,w(g +ed)=0

for all w € DVal (%) and € > 0. Replacing & by a suitable birational model, we may
assume that there is a vertical prime divisor I' on 2" such that w = a ord; for some
positive number a. Let Z, = a,1; +---+ a,I, be be the irreducible decomposition of
the central fiber , of 2" — Spec(k°) as a Weil divisor. Renumbering [}, ...,I,, we may
setI'=1I;. Let wy, be the additive valuation over k arising from I;;. Note that w = wr;.
For a positive number 0, there is N such that

multwri (.Z)—mult,,,ri (%) <a;0
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foralln > Nandi=1,...,r. Then (v,),(%,)— 0%, < ¥ for n > N. Therefore, as
£,—0(X,).+€V:(.o)isrelatively nef and big, by (2), (6.2) and (7) in Proposition A.1.1,

0< ‘uR,w(g +e€.d)
< ‘uR,w((vn)*(-gn)_(s%o + E&f)
+mult,, (£ —(v,).(£,)+ 0 Z.) (- (2)

= AU’R,LU(( Vn)*(gn - 6('%71)0 +€ VZ("Q%)))
+mult,, (£ —(v,).(L,)+ 0 Z,)
S UR,w(Ln—0(23)e + €V, ()

+mult, (£ —(v,)(ZL,)+0Z,) (- (6.2))
=mult, (£ —(v,)(L,)+0X) (- ()
<|mult, (¥)—mult,(%Z,)|+ 6 mult,,(Z,) < 2a,0
for n> N. Thus ug , (£ + €./) =0 because 6 is an arbitrary positive number. U
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