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Abstract

In this paper, we revisit the classical string motion in a near pp-wave limit of AdS5×S5,

inspired by the relationship between integrability and chaos in the AdS/CFT correspon-

dence. While the full AdS5×S5 background and its exact pp-wave limit are classically

integrable, we numerically show that the classical string motion in the near pp-wave limit

exhibits chaos. This result is obtained by computing Poincaré sections and Lyapunov

spectrum, highlighting the breakdown of integrability in this intermediate regime.

In Chapter 2, we reviewed the connection between the dilatation operator in N = 4

SYM theory and spin-chain Hamiltonians, with particular focus on the two-loop SU(2) sec-

tor corresponding to the XXX spin-chain with next-nearest-neighbor interactions. Chap-

ter 3 introduced the concept of chaos, including level-spacing statistics as a method to

characterize quantum chaos. It was shown that the spin-chain system which corresponds

to two-loop SU(2) sector dilatation operator becomes quantum chaotic.

The key finding of this work parallels the behavior of the Henon-Heiles model, derived

as a finite-order truncation of a three-particle periodic Toda chain. The Toda chain

is integrable, but the truncation breaks its integrability, resulting in chaotic dynamics.

Similarly, the near pp-wave limit can be seen as a finite-order truncation of the full

AdS5×S5 background, where classical chaos emerges as a perturbative artifact.
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Chapter 1

Introduction

1.1 Integrability and Chaos in the AdS/CFT Corre-

spondence

The AdS/CFT correspondence [1–3] is one of the most significant developments in String

Theory. A notable example of this duality is the relationship between N = 4 SU(N)

super Yang-Mills (SYM) theory in the large-N limit and type IIB superstring theory on

AdS5×S5. An interesting feature of this duality is that both theories exhibit integrable

structures [4]. On the string-theory side, this manifests as the classical integrability of

the string sigma model with a target spacetime of AdS5×S5 [5, 6]. On the N = 4 SYM

theory side, the integrable structure appears in the dilatation operator [7], which acts on

single-trace operators and can be mapped to a spin-chain Hamiltonian. In particular, the

one-loop dilatation operator restricted to the scalar SU(2) sector corresponds to the XXX

spin-chain [7], a well-known quantum integrable model. These integrability properties

have been utilized to test the AdS/CFT correspondence by computing and comparing

string energies with the scaling dimensions of single-trace operators (e.g., [8]).

While integrability has been a central focus in studies of the AdS/CFT correspondence,

it is equally important to explore chaotic dynamics in this context. Integrable systems

are rare in nature, and chaos is a more commonly observed phenomenon, with string

theory being no exception. The chaotic behavior of string dynamics can be quantified

and visualized using numerical tools such as Lyapunov exponents and Poincaré sections.

For instance, classical string motion in the AdS5-Schwarzschild background has been
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shown to exhibit chaotic dynamics [9]. Chaotic string dynamics have also been studied in

various settings, including AdS solitons [10], AdS5×T1,1 [11], and other AdS5× Einstein5

spaces [12]. Further investigations have examined p-brane backgrounds [13–15] and a wide

range of other configurations [16–38]. This topic has also been explored in my previous

work [39].

In recent years, the study of chaotic phenomena within the framework of AdS/CFT

has gained considerable attention. The connection between chaos and the AdS/CFT cor-

respondence is particularly intriguing because it offers insights into quantum information

scrambling, thermalization, and the nature of black holes as dynamical systems. Black

holes, conjectured to be the fastest scramblers in nature [40–42], have been a focal point

of extensive studies on chaos [43–46].

1.2 Motivation of our work

In N = 4 SYM theory, integrability can be broken in certain cases. For instance,

when non-planar corrections are included in the dilatation operator, the level-spacing

distribution closely resembles the Wigner-Dyson distribution, which indicates quantum

chaos [47, 48]. More intriguingly, integrability may also be weakly broken even in the

large N limit, as discussed in [49]. When the all-loop integrable spin chain [50–52] is

truncated to a finite order, the truncated system may exhibit quantum chaos [53]. This

implies that even if the full-order system is integrable, finite-order truncation can lead to

non-integrable behavior.

It is instructive to recall the results of [53]. When the full-order dilatation operator is

truncated at the two-loop level, the resulting system can be expressed as the Hamiltonian

of an XXX spin chain with next-nearest-neighbor (NNN) interactions:

H = ϵ0

L∑
i=1

1i,i+1 + λ1

L∑
i=1

Si · Si+1 + λ2

L∑
i=1

Si · Si+2 (1.2.1)

with

ϵ0 = 1− 3λ

16π2
, λ1 = −4 +

λ

π2
, λ2 = − λ

4π2
, (1.2.2)

where λ represents the ’t Hooft coupling, and the spin variable at the i-th site is denoted

as Si = (σ1
i , σ

2
i , σ

3
i ) , with σa

i (a = 1, 2, 3) being the standard Pauli matrices. The two-loop
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spin chain is an example of weakly chaotic spin chains [49], where the energy-level spacing

distribution transitions from Poisson at small λ to the Wigner-Dyson distribution at large

λ.

Inspired by the findings of [53], we turn our attention to the string-theory side of

the AdS/CFT correspondence. One possible approach involves considering a Penrose

limit [54, 55] of the AdS5×S5 background. When the light-cone coordinates are chosen

using the global AdS time and an angular variable in S5, the resulting background becomes

the maximally supersymmetric pp-wave background [56,57]. Type IIB superstring theory

on the pp-wave background is exactly solvable, as the world-sheet theory is described by

a collection of massive free bosons and fermions [58]. The AdS/CFT dictionary at the

pp-wave level was established by Berenstein, Maldacena, and Nastase [8]. Sub-leading

corrections can also be included in the Penrose limit, leading to a near pp-wave background

with non-trivial interactions on the world-sheet [59].

An intriguing question is whether the world-sheet theory in the near pp-wave limit is

classically integrable. Previous studies [18] based on a point-particle ansatz found no ev-

idence of classical chaos in this regime. However, their setup was significantly restricted.

In this paper, we revisit this question using a stringy ansatz and demonstrate classical

chaos through the computation of Poincaré sections and the Lyapunov spectrum. Conse-

quently, while the pp-wave string and the AdS5×S5 string are integrable, the world-sheet

theory in the intermediate Penrose limit is found to be non-integrable.

1.3 Structure of this Thesis

The structure of this thesis is as follows. This thesis is divided into four chapters, each

focusing on a specific aspect of our research.

In Chapter 2, we provide a review of the anomalous dimension of single-trace operators

in N = 4 SYM theory. The one-loop planar dilatation operator corresponds to the XXX

spin chain Hamiltonian, whereas the two-loop operator corresponds to the XXX spin

chain Hamiltonian with next-to-nearest-neighbor (NNN) interactions.

In Chapter 3, we review the concepts of classical chaos and quantum chaos, with a

particular focus on the chaotic properties of the XXX spin chain with NNN interactions.
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In Chapter 4, building on our work [60], we numerically demonstrate chaotic string

motion in the near pp-wave limit of AdS5×S5.
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Chapter 2

Spin Chains in N = 4 SYM Theory

In this chapter, we review the anomalous dimensions of single-trace operators in N =

4 SYM theory. One way to test the AdS/CFT correspondence is by calculating the

anomalous dimensions on the gauge theory side and comparing them with the energy

spectrum on the gravity side. At that time, the calculation of the anomalous dimensions

of scalar single-trace operators in N = 4 SYM theory can be mapped to a one-dimensional

spin chain [7, 61].

2.1 The Anomalous Dimensions of Scalar Single-Trace

Operators in N = 4 SYM Theory

For simplicity, we focus on scalar single-trace operators of the form:

Oi1i2...iL(x) =
(2π)L√

Ci1i2...iLN
L/2

Tr
(
ϕi1(x)ϕi2(x) . . . ϕiL(x)

)
, (2.1.1)

where ϕi, (i = 1, . . . , 6) are SU(N) adjoint scalars, and Ci1i2...iL is a symmetry factor. To

calculate the anomalous dimensions, we analyze the two-point functions of the operators

O(x):

〈
O(x)O(y)

〉
≈ 1

|x− y|2∆
, (2.1.2)

where the scaling dimension ∆ is expressed as ∆ = ∆0 + γ, with ∆0 being the bare

dimension and γ the anomalous dimension. For small values of the coupling constant
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(a) (b) (c)

Figure 2.1: How to contract scalar fields at tree-level. ik means a scalar fields (ϕik)
A
B(x).

(a) and (b) are planer diagrams while (c) is non-planer diagram.

gYM, the two-point function (2.1.2) can be approximated as:

〈
O(x)O(y)

〉
≈ 1

|x− y|2∆0

(
1− γ lnµ2|x− y|2

)
, (2.1.3)

where µ is the UV cutoff scale.

Let us now consider the large N limit. First, we compute the two-point functions at

tree level. The propagator for the scalar fields is given by:〈(
ϕi
)A

B
(x)
(
ϕj
)C

D
(y)
〉
=

δijδADδ
C
B

4π2|x− y|2
, (2.1.4)

whereA,B,C,D are SU(N) color indices. In practice, there exists a contribution reflecting

the traceless nature of ϕ, but this contribution is suppressed in the large N limit.

The tree-level correlation function is obtained by contracting the scalar fields as illus-

trated in Figure 2.1. Each line in the figure represents a contraction (propagator). For

planar diagrams such as Figures 2.1 (a) and 2.1 (b), the tree-level correlation functions

are proportional to NL, which arises from L factors of δA
A′δA

′

A = N . In contrast, for the

non-planar diagram shown in Figure 2.1 (c), the correlation functions are proportional

to NL−2. Thus, in the large N limit, we can neglect the contributions of non-planar

diagrams like (c) in comparison to planar diagrams such as (a) and (b). For the same

reason, non-planar diagrams are ignored when calculating loop corrections. As a result,

the tree-level correlation functions are given by:〈
Oi1i2...iL(x)O

j1j2...jL
(y)
〉
tree

=
1√

Ci1i2...iLCj1j2...jL

(
δj1i1 . . . δ

jL
iL

+ cycles
) 1

|x− y|2L
, (2.1.5)

where ”cycles” refers to the L− 1 cyclic permutations of the indices jl.
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(a) (b)

Figure 2.2: Feynman graphs containing scalar 4-point vertex. Solid lines are scalar prop-

agator and dots are scalar 4-point vertex. (a) is planer and (b) is non-planer. Of course,

there exist shift diagrams of (a) or (b), such as 2.1 (b)

Next, we consider the one-loop contributions to the two-point functions. The N = 4

SYM action is given by:

S =
1

2g2YM

∫
d4xTr

(
−1

2
F 2 +DµϕiDµϕi −

∑
i<j

[ϕi, ϕj]
2 + (fermion)

)
, (2.1.6)

where gYM is the coupling constant, F = dA is the gauge field strength, and Dµϕi =

∂µϕi − [Aµ, ϕi] is the covariant derivative. The interactions involving scalar fields include

a quartic term and interaction terms between scalars and gauge bosons, as well as terms

involving fermions. While it is necessary to account for all possible one-loop corrections,

it suffices to focus on Feynman diagrams containing scalar four-point vertices (Figure 2.2),

owing to the constraints imposed by superconformal symmetry.1

We rewrite the quartic term as:

g2YM

4

∑
i,j

(Trϕiϕiϕjϕj − Trϕiϕjϕiϕj) . (2.1.7)

Next, we consider the subcorrelator shown in Figure 2.2 (a):〈(
ϕikϕik+1

)A
C
(x)

(
ig2YM

4

∫
d4z
∑
i,j

(Trϕiϕiϕjϕj(z)− Trϕiϕjϕiϕj(z))

)(
ϕjkϕjk+1

)C′

A′ (y)

〉

=
iN

(4π2)4
δA

A′δC
′

C

Ng2YM

4

(
2δjkik δ

jk+1

ik+1
+ 2δikik+1

δjkjk+1 − 4δ
jk+1

ik
δjkik+1

)∫
d4z

1

(z − x)4(z − y)4
.

(2.1.8)

1The remaining contributions can be computed indirectly.
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The integral in (2.1.8) exhibits a logarithmic divergence as z → x or z → y. To regularize

this divergence, we introduce a UV cutoff µ. The integral over z, initially in Minkowski

space, can be Wick rotated to Euclidean space, where d4z → id4zE. We then restrict the

integral to regions satisfying |zE − x| ≥ µ−1 and |zE − y| ≥ µ−1. Under these conditions,

the integral can be approximated as:

i

∫
d4zE

(z − x)4(z − y)4
≈ 2i

|x− y|4

∫ |x−y|
µ−1dξdΩ3

ξ
=

2π2i

|x− y|4
ln
(
µ2|x− y|2

)
. (2.1.9)

Thus, we obtain:〈
Oi1i2...iL(x)O

j1j2...jL
(y)
〉
4-point

=
λ

16π2

ln (µ2|x− y|2)
(x− y)2L

L∑
k=1

(2Pk,k+1 −Kk,k+1 − 1)
1√

Ci1...iLCj1...jL

δj1i1 . . . δ
jL
iL

+ cycles ,

(2.1.10)

where λ = Ng2YM, known as the ’t Hooft coupling. Here, Pk,k+1 is the exchange operator,

defined as the exchange of flavor indices between sites k and k + 1:

Pk,k+1δ
j1
i1
. . . δjkik δ

jk+1

ik+1
. . . δjLiL = δj1i1 . . . δ

jk+1

ik
δjkik+1

. . . δjLiL . (2.1.11)

Kk, k + 1 is the trace operator, which contracts the flavor indices of the fields at sites k

and k + 1:

Kk,k+1δ
j1
i1
. . . δjkik δ

jk+1

ik+1
. . . δjLiL = δj1i1 . . . δikik+1

δjkjk+1 . . . δjLiL . (2.1.12)

Due to periodicity, PL,L+1 = P1,L and KL,L+1 = K1,L.

We now calculate the remaining one-loop contributions. The relevant diagrams are

shown in Figure 2.3. Gluons carry no flavor charge (R-charge), so the flavor indices remain

unchanged during gluon exchange (Figure 2.3 (a)). Naturally, self-energy contributions

(Figures 2.3(b) and 2.3(c)) do not affect the flavor indices. Since these contributions main-

tain the same flavor structure as the tree-level result, they can be collectively represented

by the constant C.

Adding the one-loop contributions to the tree-level correlation functions (2.1.5), we

obtain:〈
Oi1i2...iL(x)O

j1j2...jL
(y)
〉

=
1√

Ci1...iLCj1...jL(x− y)2L
(
1− ln

(
µ2(x− y)2

)
D(2)

)
δj1i1 . . . δ

jL
iL

+ cycles , (2.1.13)
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(a) (b) (c)

Figure 2.3: one-loop planar diagrams containing gluon or fermion. Solid lines indicate

scalar propagator, wavy lines indicate gluon propagator and dotted lines indicate fermion

propagator. (a) is gluon exchange contributions between neighboring scalars. (b) is scalar

self-energy contributions from gluon. (c) is scalar self-energy contributions from a fermion

loop.

where the operator D(2) is expressed as:

D(2) =
λ

16π2

L∑
k=1

(1− C − 2Pk,k+1 +Kk,k+1) . (2.1.14)

Comparing (2.1.13) with (2.1.3), we see that the anomalous dimension γ corresponds to

D(2) at the one-loop level. The anomalous dimension γ is a real number, whereas D(2) is

a matrix. This is because the four-point interaction (2.1.7) induces operator mixing. As

a result, the anomalous dimensions are obtained by diagonalizing D(2).

Finally, we determine the constant C using a technical approach. Let us consider the

chiral primary operator ΨL, defined as:

ΨL =
(2π)L√
LNL/2

TrZL, , (2.1.15)

where Z = 1√
2
(ϕ1+ iϕ2). The anomalous dimension of the chiral primary (BPS) operator

vanishes at all orders2, implying D(2)ΨL = 0. ΨL consists only of the scalar field Z, it

satisfies Pk,k+1ΨL = ΨL. Furthermore, as ΨL does not involve any conjugate field Z, it

also satisfies Kk,k+1ΨL = 0 . Using these properties, we find that C = −1, and D(2)

simplifies to:

D(2) =
λ

8π2

L∑
k=1

(
1− Pk,k+1 +

1

2
Kk,k+1

)
. (2.1.16)

2This follows from the non-renormalization theorem.
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Scalar single-trace operators in (2.1.1) can be interpreted as a one-dimensional spin chain

with L sites, where each site hosts an SO(6) vector ”spin”. By viewing D(2) as the

Hamiltonian of this spin chain, the problem of finding the anomalous dimensions becomes

equivalent to solving the quantum mechanics of the spin chain.

2.2 SU(2) sector dilatation operator: spin-chain Hamil-

tonian

To simplify the discussion, we consider a sub-sector of operators. Before doing so, let us

review the symmetry structure of N = 4 SYM theory. The N = 4 superconformal group

is PSU(2, 2|4), which has a bosonic subgroup SU(2,2)×SU(4). Here, SU(2,2)∼SO(2,4)

represents the four-dimensional conformal group, while SU(4)∼SO(6) corresponds to the

R-symmetry.

The conformal algebra consists of 15 generators: 4 generators of space-time transla-

tions P µ, 6 generators of Lorentz transformations Mµν , 1 generator of dilatation D, and 4

generators of special conformal transformationsKµ. The dilatation generator and Lorentz

generators commute. Consequently, the operators in this theory can be characterized by

three charges: the scaling dimension ∆, and the spins S1 and S2. The algebra of SO(6)

R-symmetry has three commuting generators in its Cartan subalgebra, with their associ-

ated charges denoted as Ji (i = 1, 2, 3). Overall, certain operators in this theory can be

labeled by six charges: (∆, S1, S2; J1, J2, J3).

As an example, let us consider three complex scalar fields:

Z =
1√
2

(
ϕ1 + ϕ2

)
, , W =

1√
2

(
ϕ3 + ϕ4

)
, , X =

1√
2

(
ϕ5 + ϕ6

)
. (2.2.1)

In four dimensions, scalar fields have a bare scaling dimension of 1 and are spinless

(S1 = S2 = 0). The charges associated with Z,W,X are thus given by (1, 0, 0; 1, 0, 0),

(1, 0, 0; 0, 1, 0), and (1, 0, 0; 0, 0, 1), respectively. The chiral primary operator ΨL defined

in (2.1.15) has charges (L, 0, 0;L, 0, 0).

As discussed above, N = 4 SYM theory has six mutually commuting generators, one

of which is the dilatation operator. When diagonalizing the dilatation operator, the other

charges are conserved. As a result, operator mixing occurs only among operators with

identical charges. This gives rise to the existence of closed sectors.
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For instance, single-trace operators composed of K Z-fields and (L − K) W -fields

carry the charges (L, 0, 0;K,L −K, 0). Mixing occurs only between operators that have

the same number of Z-fields and W -fields in all possible permutations. This restricted

set of operators defines the SU(2) sector.

From this point onward, we restrict our analysis to the SU(2) closed sector. In this

sector, the Z-field is labeled as spin-up (↑), and the W -field as spin-down (↓). Since the

single-trace operators in the SU(2) sector do not involve conjugate fields Z or W , the

contribution of Kk,k+1 is zero. The dilatation operator D(2) is therefore expressed as:

D(2) =
λ

8π2

L∑
k=1

(1− Pk,k+1) , (2.2.2)

where Pk,k+1 is the exchange operator, which swaps the spins at sites k and k + 1.

We introduce the spin operators Sa
i as follows:

Sx
i =

1

2

0 1

1 0

 , Sy
i =

1

2

0 −i

i 0

 , Sz
i =

1

2

1 0

0 −1

 . (2.2.3)

We define the spin interaction between adjacent sites as:

S⃗k · S⃗k+1 =
1

2

(
S+
k S

−
k+1 + S−

k S
+
k+1

)
+ Sz

kS
z
k+1 , (2.2.4)

where S±
i = Sx

i ± iSy
i are ladder operators. The first term in (2.2.4) exchanges adjacent

spins in opposite directions, while the second term contributes +1/4 if the spins are

aligned and −1/4 otherwise. The exchange operator Pk,k+1 can be rewritten in terms of

spin operators as:

Pk,k+1 =
1

2

(
1− 4S⃗k · S⃗k+1

)
. (2.2.5)

Substituting this into D(2), we rewrite it as:

D(2) =
λ

8π2

L∑
k=1

(
1

2
− 2S⃗k · S⃗k+1

)
. (2.2.6)

This is the Hamiltonian of the Heisenberg XXX spin chain with L sites. The XXX spin

chain is a well-known quantum integrable system and can be solved analytically using the

Bethe ansatz method [7].
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Figure 2.4: The example of a diagram with next-to-nearest neighbor contribution at two-

loop level.

The dilatation operator at two-loop order and beyond has been studied in [61] (see

[62, 63] for a review). At the two-loop level, the dilatation operator D(4) includes a

permutation of next-to-nearest neighbors. An example of a diagram illustrating such

contributions is shown in Figure 2.4. The SU(2) sector dilatation operator at two-loop

level is expressed as:

D(4) =

(
λ

16π2

)2 L∑
k=1

(−8 + 12Pk,k+1 − 2(Pk,k+1Pk+1,k+2 + Pk+1,k+2Pk,k+1)) . (2.2.7)

Rewriting this in terms of spin operators, we have:

D(4) =

(
λ

16π2

)2 L∑
k=1

(
−3 + 16S⃗k · S⃗k+1 − 4S⃗k · S⃗k+2

)
. (2.2.8)

In addition to the terms corresponding to the XXX spin chain, the two-loop dilatation

operator also includes next-to-nearest neighbor interactions.
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Chapter 3

Quantum chaos and XXX spin-chain

with NNN interactions

In this chapter, we introduce the concept of quantum chaos, focusing on its relevance

to the motivation behind our research. Classical chaos is generally characterized by the

behavior of orbits in phase space. However, in quantum mechanics, the notion of orbits is

not applicable. Instead, alternative approaches for defining or identifying quantum chaos

have been proposed, one of which is level-spacing statistics.

We begin by introducing classical chaos in Section 3.1, followed by a discussion on level-

spacing statistics in Section 3.2. In Section 3.3, we explain the procedure for calculating

level-spacing statistics and provide an example calculation. Finally, in Section 3.4, we

discuss the chaos observed in the XXX spin chain with next-to-nearest neighbor (NNN)

interactions, which is directly related to the motivation of our research.

3.1 Classical chaos

First of all, let us explain chaos in a classical dynamical system. In general, classical chaos

is characterized by the following properties.

Non-linearity

First, non-linearity is a necessary condition for chaos. Linear differential equations are

generally solvable and do not exhibit chaotic behavior. Chaotic behavior arises from
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(a) Lyapunov exponent (b) Lyapunov spectrum for the Duffing model

Figure 3.1: The Lyapunov exponent and spectrum as measures of sensitivity to initial

conditions in chaotic systems.

deterministic dynamics, where randomness does not stem from external inputs or param-

eters but rather from the intrinsic non-linearity of the system. However, it is important

to note that non-linearity alone does not guarantee chaos; for instance, integrable systems

can also be non-linear.

Sensitivity to initial conditions

The most important property of chaos is sensitivity to initial conditions. This implies

that even if two initial values are arbitrarily close, their trajectories in phase space will

diverge exponentially over time. This behavior can be quantitatively evaluated using a

measure known as the Lyapunov exponent.

Let δ(t) represent the phase space distance between two trajectories at time t. For a

chaotic system, δ(t) is approximately expressed as:

∥δ(t)∥ ∼ ∥δ(0)∥eλt , (3.1.1)

where λ is the Lyapunov exponent (Figure 3.1 (a)).

In a k-dimensional phase space, there are k Lyapunov exponents (λ1, λ2, . . . , λk), col-

lectively referred to as the Lyapunov spectrum (see Appendix A). The largest value,

known as the maximal Lyapunov exponent, determines the system’s sensitivity to initial

conditions. If the maximal Lyapunov exponent is positive, the system exhibits chaotic

behavior.

Figure 3.1 (b) illustrates an example of the Lyapunov spectrum for the Duffing model,

a well-known chaotic system.
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(a) Poincaré section

(b) Poincaré sections for the Duffing model

Figure 3.2: Poincaré sections illustrating the non-periodic nature of chaotic systems.

Non-periodicity

Chaotic systems do not converge to fixed points or asymptotically approach periodic

orbits. Instead, their trajectories follow non-periodic paths. This behavior can be visual-

ized using Poincaré sections, which show scattered points in phase space that do not form

closed curves (Figure 3.2).

For instance, Figure 3.2 (b) illustrates the Poincaré sections of the Duffing model,

demonstrating its chaotic nature.

Summary of classical chaos

To summarize, classical chaos is defined by three key properties: non-linearity, sensitivity

to initial conditions, and non-periodicity 1. These characteristics collectively describe the

unpredictable and complex behavior of chaotic systems. Quantitative tools like Lyapunov

exponents and visual representations such as Poincaré sections provide practical methods

to identify and analyze chaos.

3.2 Quantum chaos: Level spacing statistics

The study of chaos theory emerged after the development of quantum mechanics. Nat-

urally, this raises the question of how chaos can be defined and quantified within the

framework of quantum mechanics. However, there are fundamental differences between

classical and quantum mechanics that complicate this endeavor. In quantum mechanics,

1There are many other properties.
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the governing equations (Schrödinger equations) are inherently linear, and the concept

of trajectories, central to classical chaos, is absent due to the uncertainty principle. As

a result, it is not possible to directly translate the definitions and methods of classical

chaos into the quantum realm. Instead, alternative approaches are required to identify

and characterize chaos in quantum systems. One of the most widely used methods for

analyzing quantum chaos is ”level spacing statistics”, which we will discuss in detail in

this section.

Through extensive research on quantum chaos, various methods for characterizing and

formulating quantum chaos have been developed. These include level spacing statistics,

out-of-time-order correlators (OTOCs), spectral form factors, complexity, and others. In

this paper, we focus on level statistics, which is the most traditional and widely studied

approach to quantum chaos. The methodology for calculating level spacing statistics, as

discussed in this paper, is primarily based on the review [64].

First, we introduce random matrix theory (RMT). This theory was originally de-

veloped by Wigner [65–67], Dyson [68], and others to understand the spectra of complex

atomic nuclei. In large and complex quantum mechanical systems, determining individual

energy levels and eigenstates is often intractable. Instead of focusing on exact solutions,

RMT provides insights into the statistical properties of these systems by analyzing ran-

dom matrices. This approach enables the study of universal features in energy spectra,

which are independent of the specific details of the system.

We consider the Hamiltonian of a two-state system. This Hamiltonian is represented

by a 2× 2 matrix, with its entries being random numbers drawn from a Gaussian distri-

bution:

H =

 α γ/
√
2

γ/
√
2 β

 , (3.2.1)

where α, β, γ are real random variables drawn from a Gaussian distribution with zero

mean and variance σ2. The probability density function for these variables is given by:

f(x) =
1√
2πσ

exp

(
− x2

2σ2

)
. (3.2.2)

The physical quantities of interest are determined by taking statistical averages over the
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random variables. The eigenvalues of the Hamiltonian (3.2.1) are given by:

E1,2 =
α + β

2
± 1

2

√
(α− β)2 + 2γ2 . (3.2.3)

We compute the level spacing statistics, defined as the probability distribution P (E1 −
E2 = ω) ≡ P (ω). The calculation proceeds as follows:

P (ω) =
1

(2π)3/2σ3

∫
dα dβ dγ δ

(√
(α− β)2 + 2γ2 − ω

)
exp

(
−α2 + β2 + γ2

2σ2

)
(3.2.4)

=

√
2

(2π)3/2σ3

∫
dx dy dγ δ

(√
2x2 + 2γ2 − ω

)
exp

(
−
(y + 1√

2
x)2

σ2

)
exp

(
−x2 + γ2

2σ2

)
(3.2.5)

=
1

(2π)σ

∫
dx dγ δ

(√
2(x2 + γ2)− ω

)
exp

(
−x2 + γ2

2σ2

)
(3.2.6)

=
1

2πσ2

∫
dr dθ δ

(√
2r − ω

)
r exp

(
− r2

2σ2

)
(3.2.7)

=
ω

2σ2
exp

(
− ω2

4σ2

)
. (3.2.8)

In (3.2.5), we made a change of variables, α =
√
2x + y and β = y. In (3.2.6), the

integral over y was performed, which is a Gaussian integral. In (3.2.7), we introduced

polar coordinates, x = r cos θ and γ = r sin θ. Finally, integrating over r and θ gives the

result in (3.2.8).

Strictly speaking, the level spacing statistics is often written in the form:

P (ω) = Aβω
β exp

(
−Bβω

2
)
, (Wigner surmise) . (3.2.9)

Here, the parameter β is determined by the symmetry of the Hamiltonian. If the system

possesses time-reversal symmetry, the Hamiltonian is a real symmetric matrix, and the

level spacing statistics is given by (3.2.8), where β = 1. When normalized such that the

average level spacing is 1, the normalized distribution is:

P (ω) =
π

2
ω exp

(
−π

4
ω2
)
. (3.2.10)

This is known as the Wigner-Dyson distribution.

If we consider a large system, the Hamiltonian is represented as an N × N matrix.

The ensemble of such Hamiltonians is described by the following probability distribution:

f(H) ∼ exp
(
−ATr

(
H2
))

, (3.2.11)
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where A is a normalization constant. By integrating over the ensemble of Hamiltonians

H, it is possible to derive results about the level-spacing statistics. However, the exact

expressions are generally too complex to be written in a simple closed form. Remark-

ably, despite this complexity, the level-spacing statistics can be well-approximated by the

Wigner surmise given in (3.2.10).

RMT has been remarkably successful in calculating the spectral properties of complex

nuclei. This naturally raises the question: what types of complex quantum systems can

be described by RMT? In 1984, Bohigas, Giannoni, and Schmit investigated the quantum

Sinai’s billiard [69]. In the classical case, the motion of a point particle in Sinai’s billiard

is chaotic. Their study revealed that the level-spacing statistics of the quantum Sinai’s

billiard follows the Wigner-Dyson distribution. Based on this result, it is conjectured

that the level-spacing statistics of a quantum system, whose classical counterpart exhibits

chaos, can be described by RMT. This conjecture is now known as the Bohigas-Giannoni-

Schmit (BGS) conjecture. Although the BGS conjecture has not been rigorously proven,

extensive numerical and experimental tests have confirmed its validity in a wide range of

systems2. As a result, the definition of quantum chaos is often taken to mean that the

level-spacing statistics of the system can be described by Wigner-Dyson statistics.

On the other hand, let us consider systems that are not quantum chaotic, particularly

integrable systems. In such cases, the behavior of level-spacing statistics is described

by the Berry–Tabor conjecture [70]. The Berry–Tabor conjecture states that for any

quantum system that is classically integrable, the energy levels are uncorrelated, and

their values are determined independently of each other. As a result, the level-spacing

statistics follows a Poisson distribution:

P (ω) = exp (−ω) . (3.2.12)

This distribution reflects the lack of correlations between energy levels, a characteristic

feature of integrable systems.

Finally, we summarize the characteristics of the Wigner-Dyson distribution (3.2.8)

and the Poisson distribution (3.2.12), highlighting the differences between them. These

distributions are depicted in Figure 3.3. In the Wigner-Dyson distribution (Fig. 3.3 (a)),

the value at ω = 0 vanishes, and the maximum value is attained at ω =
√
2σ. This

2There are, however, a few counterexamples.
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(a) Wigner-Dyson distribution (b) Poisson distribution

Figure 3.3: Level-spacing statics P (ω) based on two conjecture.

indicates that chaotic systems exhibit energy level repulsion, where adjacent energy levels

tend to avoid each other. On the other hand, in the Poisson distribution (Fig. 3.3 (b)),

P (ω) reaches its maximum at ω = 0. In integrable systems, the presence of sufficient

conserved charges leads to the division of states into symmetry sectors, resulting in many

degenerate states. As a result, level repulsion does not occur. By examining the differences

between these distributions, we can determine whether a quantum mechanical system is

chaotic or integrable3.

3.3 Example of level spacing statistics

In this section, we calculate the Wigner-Dyson distribution using a quantum chaotic

system as an example. The spin-chain Hamiltonian, represented as a finite-dimensional

matrix, allows for numerical computation without the need for an explicit cutoff4.

As a specific example, we consider a random spin-chain Hamiltonian. The Hamiltonian

is given by:

Hran = −
L∑

k=1

∑
a=x,y,z

Jkaσ
a
kσ

a
k+1 , (3.3.1)

where (σx
k , σ

y
k , σ

z
k) are the Pauli matrices acting on the spin at the k-th site and as the

identity operator on all other sites. The coefficients Jka are uniformly random numbers

3This approach defines quantum chaos in terms of level-spacing statistics, regardless of whether the

system has a classical counterpart.
4In practice, some additional processing or approximation may still be required.
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sampled from the interval [0, 1]. Unlike in random matrix theory (RMT), we do not

take a statistical average over many realizations of the Hamiltonian. This Hamiltonian is

composed of nearest-neighbor interactions, similar to the XXX model, but it is expected

to exhibit chaotic behavior5.

Before numerically calculating the eigenvalues of (3.3.1), we must de-symmetrize the

Hamiltonian. If a quantum system possesses symmetries (conserved charges), its energy

eigenvalues are generally degenerate. This leads to an increase in the level-spacing dis-

tribution at ω = 0. Physically, states with different charges cannot mix, causing the

Hamiltonian to become block-diagonal, with eigenvalues in different symmetry sectors

being uncorrelated.

For example, in the case of (3.3.1), the system has parity symmetry, corresponding to

the invariance under simultaneous flipping of spins at all sites. This parity transformation

is represented as:

P : |↑↑↓↑↓⟩ → |↓↓↑↓↑⟩ . (3.3.2)

The parity operator P can be expressed using the Pauli matrices as:

P =
L⊗
i=1

σx
i . (3.3.3)

From an algebraic perspective, the Hamiltonian satisfies the commutation relations:

[Hran, σ
x] = [Hran, σ

y] = [Hran, σ
z] = 0 , σa =

L⊗
i=1

σa
i . (3.3.4)

This implies that Hran and σa can be simultaneously diagonalized. Furthermore, if the

number of sites L is even, the operators σx, σy, and σz commute with each other.

To de-symmetrize the Hamiltonian, we define projection operators as:

P a
± =

1

2
(σa ± 1) . (3.3.5)

These projection operators are used to project the Hilbert space into a specific sym-

metry sector. By applying the projection, we restrict the Hamiltonian to a particular

de-symmetrized subspace and then calculate the energy eigenvalues {Ei}.
5There is a small chance that the system could be integrable, depending on the specific random

coefficients.
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Before calculating the level-spacing statistics, we must ”unfold the spectrum.” This

process removes the overall energy dependence and normalizes the spectrum so that the

average level spacing is set to one. Unfolding ensures that the level-spacing statistics

reflect only the fluctuations in the energy spectrum, without being influenced by the

density of states or other global features of the spectrum. There is no universally fixed

method for unfolding the spectrum, but here we describe a commonly used approach

based on the cumulative level number:

n(E) =
m∑
i=1

Θ(E − Ei) , (3.3.6)

where m is the total number of states in the sector, and Θ(x) is the Heaviside step

function. We decompose n(E) into an average part and a fluctuation part:

n(E) = nav(E) + nfl(E) . (3.3.7)

The average part nav(E) is determined by fitting the spectrum to a polynomial of suffi-

ciently high order. Using this average part, the unfolded spectrum is defined as:

εi = nav(Ei) . (3.3.8)

Finally, we compute the level spacings as:

si = εi+1 − εi , (3.3.9)

and create a histogram of the level spacings with a chosen bin width.

The results for the random spin-chain Hamiltonian (3.3.1) are shown in Figure 3.4. It

is evident from the figure that the level-spacing distribution closely follows the Wigner-

Dyson distribution (3.2.10).

3.4 Chaotic spin chain in AdS/CFT

In this section, we review the calculation of the XXX spin-chain Hamiltonian with next-

to-nearest neighbor (NNN) interactions, based on [53]. For certain parameter values, this

calculation was performed using the methods outlined in [71,72].

The planarN = 4 super Yang-Mills (SYM) theory is widely believed to be integrable at

all orders in the coupling constant, with substantial evidence supporting this integrability.
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Figure 3.4: Level-spacing statistics of (3.3.1) with L = 14. Black dots: numerical result.

Solid line: Wigner-Dyson distribution (3.2.10).

However, it has been demonstrated that the dilatation operator, when truncated at the

two-loop level, exhibits quantum chaotic behavior. This result challenges the notion of

integrability in N = 4 SYM theory when finite-order approximations are considered.

We consider the XXX spin-chain Hamiltonian with next-to-nearest neighbor (NNN)

interactions, which corresponds to the one- and two-loop order dilatation operator in

N = 4 SYM theory:

H = ϵ0

L∑
i=1

1 + λ1

L∑
i=1

S⃗i · S⃗i+1 + λ2

L∑
i=1

S⃗i · S⃗i+2 , (3.4.1)

where the parameters are given by:

ϵ0 = 1− 3g2 , λ1 = −4
(
1− 4g2

)
, λ2 = −4g2 , g2 =

λ

16π2
. (3.4.2)

The unperturbed XXX spin-chain, corresponding to the nearest-neighbor interaction term

(λ1 term), is a well-known integrable system. To determine whether the extended Hamil-

tonian (3.4.1) with NNN interactions exhibits chaotic behavior, we numerically compute

the level-spacing distribution in the following analysis.

The Hamiltonian (3.4.1) possesses several symmetries. Before performing numerical

calculations, it is necessary to de-symmetrize the Hamiltonian by restricting it to a specific

symmetry sector. The relevant symmetries and corresponding conserved charges are as

follows:
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1. Total Spin: We fix the total spin Sz =
∑L

i=1 S
z
i , which is equivalent to fixing the

impurity number M = L/2− Sz.

2. Translation Invariance: Since the Hamiltonian is translationally invariant, we also

fix the total momentum of the system.

3. Parity Charge: The system is symmetric under the parity transformation (3.3.2).

Therefore, we consider only the positive-parity states.

4. Global SU(2) Symmetry: The Hamiltonian has a global SU(2) symmetry. To

simplify the computation, we restrict our attention to the lowest-weight states, defined

by S− |Ψ⟩ = 0.

By imposing these constraints, the Hamiltonian is effectively reduced to a smaller

subspace, allowing for more efficient numerical analysis.

Due to limitations in reproducing the results, only the findings are presented here.

For detailed calculations and figures, see [53]. The authors of [53] performed calculations

for the sector of positive-parity states with L = 20 and M = 7. To evaluate the results

quantitatively, they introduced a generalized Brody distribution, defined as:

PB(s) = AB(α, ω)s
αωe−BB(α,ω)s1+ω

, (3.4.3)

AB(α, ω) = (1 + ω)
Γ
(
2+αω
1+ω

)1+αω

Γ
(
1+αω
1+ω

)2+αω , (3.4.4)

BB(α, ω) =
Γ
(
2+αω
1+ω

)1+ω

Γ
(
1+αω
1+ω

)1+ω . (3.4.5)

This distribution interpolates between the Wigner-Dyson distribution (3.2.10) at ω = 1

and the Poisson distribution (3.2.12) at ω = 0. For g2 = 0 (the unperturbed XXX spin-

chain) and assuming α = 1, the authors found that the distribution fits well with ω = 0.03.

This result is consistent with the integrable nature of the XXX spin-chain, where the level-

spacing statistics follow a Poisson distribution. For g2 = 0.2 and assuming α = 1, the

distribution fits well with ω = 0.88. Alternatively, assuming ω = 1, the best fit was

obtained with α = 0.82. When both parameters were allowed to vary simultaneously, the

optimal fit was achieved with α = 1.1 and ω = 0.81. In all cases, the value of ω is close to

unity, indicating a level-spacing distribution consistent with quantum chaotic behavior.
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Chapter 4

Chaotic string motion in a near

pp-wave limit

In this chapter, we numerically analyze the classical string motion in a near pp-wave limit

of AdS5 × S5, based on our work [60].

As discussed in Chapter 2, the dilatation operator acting on scalar single-trace oper-

ators in N = 4 SYM theory corresponds to a spin-chain Hamiltonian. In particular, the

two-loop SU(2) sector dilatation operator corresponds to the XXX spin-chain with next-

nearest-neighbor interactions. Moreover, as shown in Chapter 3, this spin-chain system

exhibits chaotic behavior, as demonstrated by computing the level-spacing statistics.

On the other hand, let us now consider the string theory side. The string sigma

model, whose target spacetime is AdS5 × S5, is known to be classically integrable. A

natural question arises: what happens to the chaotic behavior observed at the two-loop

level on the gauge theory side when viewed from the perspective of string theory?

In this study, we focus on the near pp-wave limit of AdS5×S5. An intriguing question

is whether the world-sheet theory in this limit remains classically integrable. This problem

was previously studied in [18], where no evidence of classical chaos was found. However,

that analysis was based on a point-particle ansatz and was thus limited in scope. In this

chapter, we employ a stringy ansatz to extend the analysis and demonstrate that the

motion is chaotic. This is achieved by computing Poincaré sections and the Lyapunov

spectrum (Sections 4.2 and 4.3).

Our findings are strikingly analogous to the Hénon-Heiles model, which emerges as a
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third-order truncation of a three-particle periodic Toda chain. While the Toda chain is

integrable, the Hénon-Heiles model is not, providing a useful analogy to understand the

loss of integrability in the near pp-wave limit (Section 4.1).

4.1 Breaking classical integrability by truncation

It is interesting to see a simple example that classical integrability is broken via a finite-

order truncation of an integrable system. Here, let us consider a three-particle periodic

Toda chain and derive a non-integrable Henon-Heiles model as a finite-order truncation.

4.1.1 Three-particle periodic Toda chain

The Hamiltonian of a three-particle periodic Toda chain is given by

H =
1

2

(
P 2
1 + P 2

2 + P 2
3

)
+ e−(Q2−Q1) + e−(Q3−Q2) + e−(Q1−Q3) − 3 . (4.1.1)

This system is classically integrable in the sense of Liouville. Hamilton’s equations are

dQ1

dt
= P1 ,

dQ2

dt
= P2 ,

dQ3

dt
= P3 , (4.1.2)

dP1

dt
= eQ3−Q1 − eQ1−Q2 ,

dP2

dt
= eQ1−Q2 − eQ2−Q3 ,

dP3

dt
= eQ2−Q3 − eQ3−Q1 . (4.1.3)

The number of degrees of freedom is three and hence three conserved charges (in involu-

tion) ensure the classical integrability.

Let us see that the system (4.1.1) has three conserved charges below. The first one is

the total momentum I1 ≡ P1 + P2 + P3 . By using (4.1.3) , it is conserved as

dI1
dt

=
d

dt
(P1 + P2 + P3) = 0 . (4.1.4)

Next, in order to derive the second one, let us evaluate the time derivative of P1P2 as

follows:

d(P1P2)

dt
= P1

dP2

dt
+ P2

dP1

dt

=
dQ1

dt

(
eQ1−Q2 − eQ2−Q3

)
+

dQ2

dt

(
eQ3−Q1 − eQ1−Q2

)
=

d

dt
eQ1−Q2 − dQ1

dt
eQ2−Q3 +

dQ2

dt
eQ3−Q1 . (4.1.5)
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Similar results can also be derived as

d(P2P3)

dt
=

d

dt
eQ2−Q3 − dQ2

dt
eQ3−Q1 +

dQ3

dt
eQ1−Q2 , (4.1.6)

d(P3P1)

dt
=

d

dt
eQ3−Q1 − dQ3

dt
eQ1−Q2 +

dQ1

dt
eQ2−Q3 . (4.1.7)

Then, by summing up the above three expressions (4.1.5)-(4.1.7), one can see that

d

dt

(
P1P2 + P2P3 + P3P1 − eQ1−Q2 − eQ2−Q3 − eQ3−Q1

)
= 0 (4.1.8)

and find the second conserved charge

I2 ≡ P1P2 + P2P3 + P3P1 − eQ1−Q2 − eQ2−Q3 − eQ3−Q1 . (4.1.9)

The Hamiltonian (4.1.1) can be expressed as H = I21/2− I2 + 3 and thus I2 is equivalent

to the total energy.

The last is to find out the third one. As explained in Appendix A in detail, after some

algebra, the time derivative of P1P2P3 can be rewritten as follows:

d

dt
(P1P2P3) =

d

dt

(
P1e

Q2−Q3 + P2e
Q3−Q1 + P3e

Q1−Q2
)
. (4.1.10)

Thus I3 = P1P2P3−P1e
Q2−Q3−P2e

Q3−Q1−P3e
Q1−Q2 is the third conserved charge. As one

can easily check, I1, I2 and I3 are in involution. Hence this system is classically integrable

in the sense of Liouville.

4.1.2 Derivation of the Henon-Heiles model

Here, let us derive the Henon-Heiles model as a third-order truncation of the Toda chain

introduced in the previous subsection.

Assume that Qi’s are small and expand the exponential potentials in the Hamiltonian

(4.1.1) in third order of Qi . Then the resulting Hamiltonian is given by

H = H0 +H1 , (4.1.11)

H0 ≡
1

2

(
P 2
1 + P 2

2 + P 2
3

)
+

1

2

{
(Q1 −Q2)

2 + (Q2 −Q3)
2 + (Q3 −Q1)

2} , (4.1.12)

H1 ≡
1

6

{
(Q1 −Q2)

3 + (Q2 −Q3)
3 + (Q3 −Q1)

3} , (4.1.13)

where H0 is the part of coupled harmonic oscillators and H1 is the interaction term.
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It it convenient to perform a rotation represented by

Qi =
3∑

j=1

Aij ζj , Pi =
3∑

j=1

Aij ηj , (4.1.14)

where the constant orthogonal matrix Aij (A
TA = I) is defined as

A ≡


1√
6

1√
2

1√
3

−
√
2√
3

0 1√
3

1√
6

− 1√
2

1√
3

 . (4.1.15)

Then the resulting Hamiltonian is given by

H =
1

2

(
η21 + η22 + η23 + 3ζ21 + 3ζ22

)
+

3

2
√
2

(
ζ2ζ

2
1 −

1

3
ζ32

)
. (4.1.16)

Since the total momentum P1 + P2 + P3 =
√
3 η3 is conserved, we can drop off η3 by

setting that η3 = 0 . Then Hamilton’s equations are rewritten in terms of ζ1 , ζ2 , η1 and

η2 as follows:

dζ1
dt

= η1 ,
dζ2
dt

= η2 ,
dη1
dt

= −3ζ1 −
3√
2
ζ1ζ2 ,

dη2
dt

= −3ζ2 −
3

2
√
2

(
ζ21 − ζ22

)
.

(4.1.17)

After rescaling the variables like

q1 =
1

2
√
2
ζ1 , q2 =

1

2
√
2
ζ2 , p1 =

1

2
√
6
η1 , p2 =

1

2
√
6
η2 , τ =

√
3 t , (4.1.18)

Hamilton’s equations in (4.1.17) and the resulting Hamiltonian are given by, respectively,

dq1
dτ

= p1 ,
dq2
dτ

= p2 ,
dp1
dτ

= −q1 − 2q1q2 ,
dp2
dτ

= −q2 − q21 + q22 , (4.1.19)

H =
1

2

(
p21 + p22

)
+

1

2

(
q21 + q22

)
+ q2q

2
1 −

1

3
q32 . (4.1.20)

The system described by the above H is known as the Henon-Heiles model.

This model is well-known as a non-integrable model. A typical Poincaré section is

depicted in Fig. 4.1, where E = 1/6 , q1 = 0 and p1 > 0 . Different colors mean different

trajectories corresponding to different initial values. This result indicates that the motion

becomes chaotic for almost all of the initial values.

Note here that the total momentum I1 and the total energy (which is equivalent to I2)

remain to be conserved charges by the invariance of the system under spatial and time

translations, while the third conserved charge does not exist. Actually, the expanded form

of I3 is not conserved. For the detail of this point, see Appendix 4.A.
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Figure 4.1: Poincaré section of the Henon-Heiles model with E = 1/6

4.2 The Hamiltonian of a near pp-wave string

In this section, we present the light-cone Hamiltonian of a bosonic string theory propa-

gating on a near pp-wave limit of the AdS5×S5 background by following the pioneering

work [59].

4.2.1 A near pp-wave limit of AdS5×S5

Let us start from the metric of AdS5×S5 with the global coordinates:

ds2 = R2(− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ2
3 + cos2 θ dϕ2 + dθ2 + sin2 θ dΩ′2

3 ) . (4.2.1)

Here dΩ2
3 and dΩ′2

3 are the metrics of S3’s, and R is the common radius of AdS5 and S5 .

Then the metric (4.2.1) can be rewritten as

ds2 = R2

(
−
(
1 + z̃2/4

1− z̃2/4

)
dt2 +

(
1− ỹ2/4

1 + ỹ2/4

)
dϕ2 +

dz̃2 + z̃2dΩ2
3

(1− z̃2/4)2
+

dỹ2 + ỹ2dΩ′2
3

(1 + ỹ2/4)2

)
(4.2.2)

by using the new coordinates z̃ and ỹ defined as

cosh ρ ≡ 1 + z̃2/4

1− z̃2/4
, cos θ ≡ 1− ỹ2/4

1 + ỹ2/4
. (4.2.3)

By taking the light-cone coordinates as

x̃+ = t , x̃− = −t+ ϕ , (4.2.4)
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and rescaling the coordinates as

x̃+ −→ x+ , x̃− −→ x−

R2
, z̃ −→ z

R
, ỹ −→ y

R
, (4.2.5)

one may take the R → ∞ limit. This is nothing but the Penrose limit [54, 55]. The

resulting metric with the subleading correction [59] is given by

ds2 = ds20 +
1

R2
ds22 +O

(
1

R4

)
, (4.2.6)

ds20 ≡ 2dx+dx− − (z2 + y2)(dx+)2 + dz2 + z2dΩ2
3 + dy2 + y2dΩ′2

3 , (4.2.7)

ds22 ≡ −2y2dx+dx− +
1

2
(y4 − z4)(dx+)2 + (dx−)2

+
1

2
z2(dz2 + z2dΩ2

3)−
1

2
y2(dy2 + y2dΩ′2

3 ) . (4.2.8)

The leading term (4.2.7) is the metric part of the maximally supersymmetric pp-wave

background [56,57].

4.2.2 Light-cone Hamiltonian

Next, we will derive the light-cone Hamiltonian of a string theory on the near pp-wave

background (4.2.6). For simplicity, we focus on the bosonic sector. The subscripts µ, ν

denote the ten-dimensional indices +,−, 1, . . . , 8 and I, J denote only the transverse di-

rections 1, . . . , 8 .

The classical string action is given by

S =

∫
dτdσL =

1

2

∫
dτdσ

√
− det(hab)h

ab∂ax
µ∂bx

νgµν , (4.2.9)

where gµν is the background metric (4.2.6) and xµ are the target-space coordinates. The

world-sheet metric is given by hab (a, b = τ, σ) . The equation of motion for hab imposes

that the stress-energy tensor Tab on the world-sheet should vanish and lead to the Virasoro

constraints:

Tab = ∂ax
µ∂bx

νgµν −
1

2
habh

cd∂cx
µ∂dx

νgµν = 0 . (4.2.10)

The canonical momenta and their inversion in terms of ẋµ are given by

pµ =
∂L

∂(∂τxµ)
= hτa∂ax

νgµν , ẋµ =
1

hττ
gµνpν −

hτσ

hττ
x′µ , (4.2.11)
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where ẋµ ≡ ∂xµ/∂τ and x′µ ≡ ∂xµ/∂σ. Then the Virasoro constraints (4.2.10) can be

rewritten as

pµpνg
µν + x′µx′νgµν = 0 , (4.2.12)

pµx
′µ = 0 . (4.2.13)

Here, let us employ the light-cone gauge:

x+ = τ , p− = const . (4.2.14)

Then the light-cone Hamiltonian is defined as

Hlc ≡ −p+ . (4.2.15)

By solving the equation (4.2.12) in terms of Hlc , the light-cone Hamiltonian is expressed

as

Hlc =
p−g+−

g++
− 1

g++

√√√√p2−g − g++

(
g−−

(
pIx′I

p2−

)2

+ pIpJgIJ + x′Ix′JgIJ

)
, (4.2.16)

where

g ≡ (g+−)2 − g++g−− . (4.2.17)

Finally, we write down the light-cone Hamiltonian on the near pp-wave background

(4.2.6) . Let (g0)µν and (g2)µν denote the leading term (4.2.7) and the sub-leading term

(4.2.8), respectively. Then the background metric is expressed as

gµν = (g0)µν +
1

R2
(g2)µν +O

(
1

R4

)
, gµν = (g′0)

µν +
1

R2
(g′2)

µν +O
(

1

R4

)
, (4.2.18)

where g′0 = g−1
0 and g′2 = −g−1

0 g2g
−1
0 . By substituting the expanded metric (4.2.18) for

(4.2.16), the light-cone Hamiltonian [59] is evaluated as

Hlc = H0 +
1

R2
Hint +O

(
1

R4

)
, (4.2.19)

H0 =
1

2

(
pIpJ(g

′
0)

IJ + x′Ix′J(g0)IJ + y2 + z2
)
, (4.2.20)

Hint =
1

8

((
y2 + z2

)2 − (pIpJ(g′0)IJ + x′Ix′J(g0)IJ
)2)

+
1

2

(
pIx

′I)
+

1

4

(
z2 − y2

)(
pIpJ(g

′
0)

IJ + x′Ix′J(g0)IJ
)
+

1

2

(
pIpJ(g

′
2)

IJ + x′Ix′J(g2)IJ
)
.

(4.2.21)
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Here we have set p− = 1. In the following, we will not consider the higher-order terms

with O(1/R4) . The leading term H0 is a sum of harmonic oscillators and hence this

part is obviously integrable. The subleading correction in the Penrose limit gives rise to

the interaction Hamiltonian Hint which contains the fourth-order terms of the canonical

variables (xI , pI) . Thus the question we want to study below is whether this interacting

dynamics is integrable or not.

4.3 Chaotic dynamics

In this section, let us answer the question, whether this interacting dynamics described by

the Hamiltonian (4.2.19) is integrable or not. Actually, it was considered in the preceding

work [18], where a point-particle ansatz was considered and chaotic dynamics was not

found. In the following, we will take another stringy ansatz and show classical chaos

directly by computing Poincaré sections and Lyapunov spectrum.

4.3.1 A stringy ansatz

There are two S3 parts in the metric (4.2.6) . We suppose that the string is sitting at a

point in S3 from AdS5 and hence the terms with dΩ2
3 are ignored below.

It is convenient to parametrize S3 from S5 by using the Hopf coordinates (η, ξ1, ξ2) :

dΩ′2
3 = dη2 + sin2 η dξ21 + cos2 η dξ22 . (4.3.1)

Note that pξ1 and pξ2 are conserved and hence we will set pξ1 = pξ2 = 0 below.

In order to study the chaotic dynamics, it is necessary to impose an ansatz so as to

reduce the system from a two-dimensional field theory to a mechanical system. In the

following, we employ a winding string ansatz :

z = 0 , pz = 0 , y = y(τ) , py = py(τ) ,

ξ1 = a1σ , ξ2 = a2σ η = η(τ) , pη = pη(τ) . (4.3.2)

Here ai (i = 1, 2) are integers due to the periodicity of ξi . Note that this ansatz is

consistent with the full equation of motion derived from Hlc in (4.2.19) . This ansatz
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leads to the reduced equations of motion

ẏ = py −
1

2R2

[
P 3
y +

PyP
2
η

y2
+ y2

(
a21 sin

2 η + a22 cos
2 η
)]

, (4.3.3)

η̇ =
pη
y2

− 1

2R2

[
p3η
y4

+
p2ypη

y2
+
(
a21 sin

2 η + a22 cos
2 η
)]

, (4.3.4)

ṗy =
p2η
y3

− y
(
a21 sin

2 η + a22 cos
2 η + 1

)
+

1

2R2

[
−5y3 − 2yp2y −

p4η
y5

−
p2yp

2
η

y3
−

p4y
4y

+ y3
(
a21 sin

2 η + a22 cos
2 η +

p2y + 4y2

2y2

)2
]
,

(4.3.5)

ṗη =
1

2

(
a22 − a21

)
y2 sin 2η

− 1

8R2

(
a22 − a21

)
sin 2η

[(
a22 − a21

)
y4 cos 2η +

(
a21 + a22 + 4

)
y4 + 2p2η + 2y2p2y

]
. (4.3.6)

These can also be reproduced from the reduced light-cone Hamiltonian :

Hlc = H0 +
1

R2
Hint , (4.3.7)

H0 =
1

2

(
p2y +

p2η
y2

+ y2 + y2(a21 sin
2 η + a22 cos

2 η)

)
, (4.3.8)

Hint = y2p2y + p2η + y4
(
1− a21 sin

2 η − a22 cos
2 η
)

−
(
y2p2y + p2η + y4

(
1 + a21 sin

2 η + a22 cos
2 η
))2

2y4
. (4.3.9)

When a21 = a22 , the reduced system is independent of η . In the following analysis, we set

a1 = 1 and a2 = 2 so as to keep the contribution of η . Moreover, the AdS radius R is set

to R = 5.0 for simplicity.

4.3.2 Poincaré sections and Lyapunov spectrum

We compute Poincaré sections and Lyapunov spectrum for the set of equations of motion

(4.3.3)–(4.3.6) . Poincaré sections are taken at η = π/2 with pη > 0 and plotted for

E = 5.0, 11.0, 13.0 as depicted in Figs. 4.2 (a)-(c), respectively. Different colors indicate

different initial values satisfying the energy constraint. When E = 5.0, there are no

chaotic motions and only quasi-periodic orbits exist [Fig. 4.2 (a)]. These periodic orbits

are called the Kolmogorov-Arnold-Moser (KAM) tori [73–75]. When E = 11.0 , some

KAM tori have collapsed and classical chaos appears [Fig. 4.2 (b)]. When E = 13.0 ,

almost all orbits become chaotic [Fig. 4.2 (c)].
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Figure 4.2 (d) is a Lyapunov spectrum for E = 13.0 . The initial values are taken as

y = 2.0 , η = π/2 and py = 1.0. Then the maximum Lyapunov exponent is not zero

definitely and indicates classical chaos.

Finally, it should be remarked that the finite-size effect of a string has played a signif-

icant role in generating classical chaos. The stringy ansatz (4.3.2) reflects the finite size

of a string while it has not been taken into account in the ansatz employed in [18]. This

observation is also consistent with the result of [53] in the Laudau-Lifshitz limit [76,77]. It

is because the spatial direction of the string world-sheet is taken to be infinite in this limit

and the finite size effect of a string is dropped off. Hence classical chaos does not appear

in this limit as discussed in [53]. On the other hand, the weak chaos in the next-nearest-

neighbor interacting spin chain has been discussed before taking the thermodynamic limit

and the finite-size effect has been included in this analysis.

(a) Poincaré section for E = 5.0 (b) Poincaré section for E = 11.0

(c) Poincaré section for E = 13.0 (d) Lyapunov spectrum for E = 13.0

Figure 4.2: Poincaré sections and Lyapunov spectrum
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Appendix 4.A The third conserved charge I3

Let us present here the third conserved charge in a periodic three-particle Toda chain.

In order to figure out the speciality of the exponential potential in the Toda chain, it

is instructive to start from more general setup as follows:

H =
1

2

(
P 2
1 + P 2

2 + P 2
3

)
+ V1(Q3 −Q2) + V2(Q1 −Q3) + V3(Q2 −Q1) . (4.A.1)

Here the potential Vi (i = 1, 2, 3) are arbitrary real scalar potentials depending only on

the difference of dynamical variables Qi’s by supposing the translational invariance. A

special case where

V1 = e−(Q3−Q2) − 1 , V2 = e−(Q1−Q3) − 1 , V3 = e−(Q2−Q1) − 1 (4.A.2)

corresponds to the Toda chain (4.1.1) .

Then, Hamilton’s equations are

dQ1

dt
= P1 ,

dQ2

dt
= P2 ,

dQ3

dt
= P3 , (4.A.3)

dP1

dt
= −

(
∂V2

∂Q1

+
∂V3

∂Q1

)
,

dP2

dt
= −

(
∂V1

∂Q2

+
∂V3

∂Q2

)
,

dP3

dt
= −

(
∂V1

∂Q3

+
∂V2

∂Q3

)
.

(4.A.4)

The total momentum and energy are conserved charge.

It is the turn to consider the third conserved charge. Let us introduce the following

quantity I3 :

I3 ≡ P1P2P3 − P1V1 − P2V2 − P3V3 . (4.A.5)

Then it is useful to evaluate the time derivative of P1P2P3 as

d

dt
(P1P2P3) = +P2P3

dP1

dt
+ P1P3

dP2

dt
+ P1P2

dP3

dt

= −P2P3

(
∂V2

∂Q1

+
∂V3

∂Q1

)
− P1P3

(
∂V1

∂Q2

+
∂V3

∂Q2

)
− P1P2

(
∂V1

∂Q3

+
∂V2

∂Q3

)
= P2P3

(
∂V2

∂Q3

+
∂V3

∂Q2

)
+ P1P3

(
∂V1

∂Q3

+
∂V3

∂Q1

)
+ P1P2

(
∂V1

∂Q2

+
∂V2

∂Q1

)
= P1

dV1

dt
+ P2

dV2

dt
+ P3

dV3

dt

=
d

dt
(P1V1 + P2V2 + P3V3)−

(
dP1

dt
V1 +

dP2

dt
V2 +

dP3

dt
V3

)
. (4.A.6)
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To make I3 a conserved charge, the remaining part must vanish like

dP1

dt
V1 +

dP2

dt
V2 +

dP3

dt
V3 = 0 . (4.A.7)

By using Hamilton’s equations in (4.A.4), it can be rewritten as(
∂V2

∂Q1

+
∂V3

∂Q1

)
V1 +

(
∂V1

∂Q2

+
∂V3

∂Q2

)
V2 +

(
∂V1

∂Q3

+
∂V2

∂Q3

)
V3 = 0 . (4.A.8)

Since the exponential potential (4.A.2) in the Toda chain satisfies (4.A.8) , I3 becomes

the third conserved charge. However, when the exponential potential is truncated to a

finite order, the relation (4.A.8) is not satisfied any more.
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Chapter 5

Conculusion and discussion

In this paper, we have reconsidered string motion in a near pp-wave limit of AdS5×S5

and shown the presence of classical chaos under a stringy ansatz by computing Poincaré

sections and Lyapunov spectrum. As a result, the string theory in this limit is not

classically integrable, while it is integrable both on the original AdS5×S5 and the exact pp-

wave background. This result is quite analogous to the Henon-Heiles model a a truncation

of a periodic three particle Toda chain.

Here we have studied classical chaos appearing in the middle process of the Penrose

limit. What is the significance of this classical chaos? The near pp-wave geometry is just

an approximation of the full background. No classical chaos appears in the string theory

on the full AdS5×S5 background as in the Toda chain. In this sense, this chaos may be

seen as a perturbative artifact.

However, it might be possible to consider the gauge-theory counterpart by expanding

the dilatation operator perturbatively as discussed in [53]. It would be interesting to

check the AdS/CFT correspondence for the intermediate chaotic strings. The near pp-

wave geometry is still a solution to type IIB supergravity [78], on which the world-sheet

beta function vanishes. It is also nice to try to reveal the relation between a near pp-wave

string state and a truncated dilatation operator in the N = 4 SYM theory at quantum

level.

Our study provides new insights into the interplay between integrability and chaos in

string theory and its gauge theory dual, enriching the understanding of the AdS/CFT

correspondence. We hope this work encourages further exploration of chaotic dynamics
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in holographic contexts.
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Appendix A

Calculation of Lyapunov spectrum

We consider the differential equations

ẋ(t) = f(x(t)) . (A.0.1)

as classical equation of motions. We consider two trajectories (A,B). Let x(t) be the

position of A at time t, and δx(t) be the difference between A and B, then the position

of B is x(t) + δx(t). The differential equation A.0.1 for B yields the variational equation

given by

ẋ(t) + δẋ(t) = f(x(t) + δx(t)) ∼ f(x(t)) +Df(x(t))δx(t) , (A.0.2)

δẋ(t) = Df(x(t)) · δx(t) , (A.0.3)

where Df is Jacobian matrix. We solve this equation and get

δx(t) = U t
x(0)δx(0) , (A.0.4)

where U t
x(t) satisfies

U t+s
x(0) = U t

x(s)U
s
x(0) . (A.0.5)

To calculate the Lyapunov exponents in each direction, the variations δx(0) are expanded

in orthonormal basis, and the change in magnitude of each basis vector with time evolution

is defined as Lyapunov:

λi := lim
t→∞

1

t
log

∥U t
x(0)e

0
i ∥

∥e0
i ∥

. (A.0.6)
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We obtain a set of Lyapunov exponents (λ1, λ2, . . . , λN), which we call the Lyapunov

spectrum. The existence of this limit is shown by [79].

In practice, the following algorithm is used for numerical calculations of Lyapunov

exponents. (We use Mathematica package [80].)

1. Preparing orthonormal basis{e0
i }.

2. With a time evolution of ∆t, each basis vector transforms as{vi = U te0
i }.

3. Orthonormalization (Gram–Schmidt orthonormalization).

u1
1 = v1,

u1
2 = v2 −

u1 · v2

u1 · u1

u1,

u1
3 = v3 −

u1 · v3

u1 · u1

u1 −
u2 · v3

u2 · u2

u2,

. . . ,

e1
i = ui/∥ui∥.

4. Repeat (1-3) to obtain {e1
i , e

2
i , . . . }.

5. Define αk
i = ∥uk

i ∥, Lyapunov spectrum is given by

λk = lim
n→∞

1

n∆t

n∑
i=1

αi
k . (A.0.7)

Numerically, at finite n, we draw a graph with nδt on the horizontal axis and λk on the

vertical axis, and finally check for convergence to a constant value, which is the Lyapunov

spectrum.
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