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Properties of certain p-valently convex functions

Dinggong Yang and Shigeyoshi Owa

Abstract

A subclass Cp(A\,p) (p € N,0 < A < 1,—) £ u < 1) of p-valently convez functions in the open
unit disk U is introduced. The object of the present paper is to discuss some interesting properties
of functions belonging to the class Cp(\, ).

1 Introduction

Let A, denote the class of functions f(2) of the form

f(z) = zP+ZaP+nzl’+" (peN = {1,2,3,---})
n=1 )

which are analytic in the open unit disk U = {2z € C: |2] < 1}. A function f(2) in A, is said
to be p-valently convex of order « if it satisfies

Re {1 + ]{,I;())} > pa (2 €l)

for some o (0 £ o < 1). We denote by K,(a) the subclass of A, consisting of functions which
are p-valently convex of order « in U. In particular, we denote by K;(0) = K.

A function f(z) € A, is said to be uniformly convex in U if f(z) is in the class K and has the
property that the image arc f(7) is convex for every circular are v contained in U with center
at t € U. We also denote by UK the subclass of A; consisting of all uniformly convex functions
in U. Goodman [2] has introduced the class UK and given that f(z) € A; belongs to the class
UK if and only if

Re{1+(z—t)f"(())} >0 ((2,) € U x U).

Ma and Minda [3] and Rgnning [5] have showed a more applicable charactenza.tlon for UK. We
state this as .

Theorem A. Let f(z) € A;. Then f(2) € UK if and only if
Zf”(Z)} zfll(z)
Re {1 + 7(2) >

(2)
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(z € U).




110

In view of Theorem A, Owa [4] considered a subclass UK(p) (-1 < p < 1) of A;. A
function f(z) € A, is said to be a member of the class UK(u) (-1 < p < 1) if and only if

i+ LY [0

) 70 (z€0).

In the present paper we investigate the following subclass of A,.

Definition. A function f(z) € A, is said to be a member of the class C,(A, p) if
2f"(z )} ‘ zf"(2)
Redl + p> Al +
{1+ 55 7~ F
forsome A\(0<A<1)and p(-ASp<1).

(z€) (1)

Let f(z) and g(2) be analytic in U. Then we say that f(z) is subordinate to g(z) in U,
written f(z) < g(2), if there exists an analytic function w(z) in U such that |w(z)| £ |z| and
f(2) = g(w(z)). If g(z) is univalent in U, then the subordination f(2) < g(z) is equivalent to

£(0) = g(0) and f(U) C g(U).
In proving our results, we need the following lemmas.

Lemma 1.1. Let

f(z) = Y a2 < g(2)

n=1

and g(z) € K. Then |e,| £1(n=1,2,3,---).
We note that Lemma 1.1 can be seen in [1].
Lemma 1.2. A function f(2) in A, belongs to the class Kp(a) (0 £ a < 1) if

Y _(p+n){n+p(1—-a)apal £ p*(1 - a). )
n=1

Proof.  If the inequality (2) holds true, then we have that

2f"(z) _ | Xy nlp+n)apinz"
Il o) f'(2) pl r+ E,,-I(P + n)apinz"
S E:.-_-lo:"(p + n)lap+n| S p(l _ a) (3)

= p-Xon(pt+n)lepa| T
for z € U. From (3), we easily seen that f(z) € Ky(a).
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2 Subordination properties

Our first result for properties of functions f(z) € A, is contained in

Theorem 2.1. A function f(z) € Cp(A, p) if and only if

1+ zf"( ) < h(z)

fz)
with
(- [(1+V2 Vi) ¥
pll—p ’
= - = . 4
be) = p+ ELE {(1 : f) + (5%) 2} (8= ssccos)). (4
"
Proof. Let1+ j{'(()) = w and w = u + iv. Then the inequality (1) can be written as
u — pp > A/ (u—p)?+t (5)
By computing, we find that the inequality (5) is equivalent to
=g X, (PAA=—p)Y
(“+ 1— a2 1—x’ >\ 1ox (6)
and A+ )
4 [k \
u > S (7
"
Thus the domain of the values of 1 + —— 2f ( ) forz€Uis

f'(2)
D = {w=1u+iv : u and v satisfy (6) with (7)}.
In order to prove our theorem, it suffices to show that the function h(z) given by (4) maps U

conformally onto the domain D.
Consider the transformations

_1=X w + A —pu
p(l—p) 1-p

and 1/ 1 .
t=g(u + ).
where 3 = arccosA and w, = wy + /w? — 1 is the inverse function of
w2 + ;;};
7

w =

It is easy to verify that composite function t = ¢t(w) maps D* defined by

D* = {w =u+iv : u and v satisfy (6) with (7) and v > 0}
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conformally onto the upper half plane Im(t) > 0 so that w = p corresponds to ¢ = 1 and

w= I—’%\iﬂ to t = —1. With the help of the symmetry principle, this function ¢ = ¢(w) maps

D conformally onto the domain

G = {t : larg(t +1)| < 7).

1+2\?
= -1
t z(l_z)
maps U onto G, we see thtat

w=p+ 2((11 “)){(t+\/t2 D+ (t+VE-1)F -2}

ol (5

= h(z)

Since

maps U onto D with ~(0) = p. Hence the proof of the theorem is completed.

Theorem 2.1 gives the following corollaries.

A4 p
14+

Corollary 2.1. If f(z) € Cp(A, ), then f(z) € K, (
with the extremal function

fo(2) =p ‘/: (t‘z’—l exp‘/:z h(tlt)l pdt) dt, , (8)

where h(z) is given by (4).

A+p .
) and the on‘ier TN is sharp

Proof.  Using (7) in the proof of Theorem 2.1 and noting that

(2) At p
Re (” fo()) Re(h(z)) = P73

as z = Re(z) = —1, we have the corollary.

Corollary 2.2. If f(z) € Co(A\,p) and =A< p <A <1, then

|arg (1 + ;,’;( )))l < arctan (\/%) (z € ). 9)

The bound in (9) is sharp with the extremal function fo(z) given by (8).
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Proof.  Let the function h(z) be defined by (4). Then A(U) = D and an easy calculation

yields that
1—p
6 : < 0 (2 € U)} = arctan | —=——=
min{f : Jarg(h())] < 6 (z € U)} = arc an(\/xz—:,;a)

for —A < p < A < 1. Therefore the corollary follows immediately from Theorem 2.1.

O
Next we derive
Theorem 2.2. Let f(z) € C,(A, p) and h(z) be defined by (4). Then
PAC “h(t)-p
sz-l exp /(; —t———dt (10)
i 1) ' h(p) ' |
’ p) =P |
< ex relrie ; z e U). 11
LA < e [ H=2gp (V) (11)

The bound in (11) is sharp with the extremal function fo(z) given by (8).

Proof.  Since the function h(z) — p is univalent and starlike (with respect to the origin), by
Theorem 2.1 and the result due to Suffridge [6, Theorem 3], we have

w(F2) = [(F§-20) o< [ M0

which implies the subordination (10). _
Furthermore, noting that the univalent function h(z) maps the disk |z] < p(0 < p £ 1) onto
the domain which is convex and symmetric with respect to the real axis, we deduce that

Re / ht) ht) —p 4 _f Re{hm) p}d </ h(p)p-pdp (13)

for z € U. Thus the mequahty (11) follows from (12) and (13). -

Remark. Ifweletﬂ:%andx-— (lf:;:) (0 £ p<1), then

[ 6292

+00 r 1
=8£ (z2+1_:v+1) dz = 4log2.

Thus, as the special case of Theorem 2.2, we have that if f(z) € C,,(:};, &) (-—715 £ p<1),then
f'(z)

pzPt

< 16PU1-#) (2 € U),

and the result is sharp.
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3 Coefficient inequalities

Theorem 3.1. If
f(z) = 22 + Zap+,,zp+"
n=1

belongs to Cy(A, p), then

201 _ 2
ol < EE28 (2 (8 = acccos)). (14

The result is sharp.

Proof. It can be easily verified that

2f"(z) _ 1
e = p e (14 e+ 15)
and
—p 4 P1=p) (88 86 (28
h(z) =P + 2sin’3 (1r t (7r 1))z+
2
=p+8p-0) (25) =+ (16)

where h(z) is given by (4). Since
f(z) = 2P + ap2P™ + - €C,(\,p),

it follows from (15), (16) and Theorem 2.1 that

8p(11ri 1) (Si;ﬂ)z (l M fff"_;%)' B p) - 8p2p(:-—1#) ("s;gnﬂ)2 Gpi1z + -

n2 sinf8 )2 _
< 5a=n (7)) ¢0-»-
n? sinf )2 h(z) —
wi—m (7)) B0-p €k,
we get (14) by using Lemma 1.1. Also the bound in (14) ia sharp for the function fy(z) given
by (8).

In view of

O

Next we see

Theorem 3.2. If the function

@) = 2 + 3ty

n=1
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belonging to the class A, satisfies

Y @ +n){nl+X) +p1 - p)}apa| £ (1 - n), (7)

n=1

then f(z) belongs to the class Cp(A, p).

Proof.  Applying the inequality (17), we deduce that

Re(l+i}t%(;;l)—pp—-/\

2f"(z)
ey TF ‘
2f'(z)
f(2) pl

> p(1—p) - (1+A)|1 4

Ew—-l "(P + n)a,,+,.z"
= p(l1—p) — (14N |2=n=
L= w) = A+ N s O gy

2 p(l-p) - (1+A)( a2t 20+ )lape) )
>

P = 1oni(p+n)lapsnl
0,
which shows that f(z) € Cp(A, ).

O
By using Theorem 3.2 and Corollary 2.1, we easily have
Corollary 3.1. Let
f(2) = 22 + ) (1) apeal
n=1
be in the class A,. Theﬁ f(z) belongs to the class Cp(A, p) if and only if f(2) € K, (i—:—%)

Finally, we derive

Theorem 3.3. A function f(z) = 2P + a,4,2?™" (n € N) is in the class C,(A, ) if and only
if

p2(1 — ”’) . (18)
(p+n){n(l+A) +p(1 - p)}
Proof. In view of Theorem 3.2, it suffices to show the only if part. Let us suppose that
f(z) € Cp(A, pt). Then

(o ) oo R

lapsal S
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n(p+n)apin2”
p+(p+n)apsn2”

n(p + n)ap4n2” )
= p(1 — R —
p(l = p) + Re (p + (p+ n)apsnz®

> 0. (19)

Writing @pyn = |ap+nle? (# 0) and letting z — e*=* (2 € U), we have ap4nz" = —|apsn]
and it follows from (19) that

- - 0GR 20

which implies the inequality (18).

References

[1] P.L.Duren, Univalent Functioin, Springer-Verlag, New York, 1983.

[2] A.W.Goodman, On uniformly convez functions, Ann. Polon. Math. 56(1991), 87 - 92.

[3] W.Ma and D.Minda, Uniformly conver functions, Ann. Polon. Math. 57(1992), 165 - 175.
[4] S.Owa, On uniformly convez functions, Math. Japon. 48(1998), 377 — 383.

[5] F.Renning, Uniformly convez functions and a corresponding class of starlike functions, Proc.
Amer. Math. Soc. 118(1993), 189 - 196.

[6] T.J.Suffridge, Some remarks on convez maps of the unit disk, Duke Math. J. 37(1970), 775
- 777.

Dinggong Yang
Department of Mathematics
Suzhou University

Suzhou, Jiangsu 215006
People’s Republic of China

Shigeyoshi Owa

Department of Mathematics
Kinks University
Higashi-Osaka, Osaka 577-8502



