ooooboooao
2040 19740 62-67

'On ergodic automorphisms of compact abelian groups

Nobuo Aoki and Haruo Totoki

§1. Partial results towardskproying that ergodic automérphisms
of the torus ( a compact abelian group ) are Bernoulli shifts
were obtained in [2, 3, 4, 6, 9, 11, 12, 13] .
Sinai [12] proved that the entropy of an autéhorphism of a
finite-dimensional torus is equal to‘F;{

>1
J=1,2, oo 3 k , are characteristic values of the matrix which

log I)‘;j! where Ay ,

are in abstlute value greater than unity. This problem'was extedded
to the general case by Geniss [3]. Under those facts, Rohlin [9]
provéd“that‘an'ergadie~a&tomorphism—cffa»eompaet*metricwabelian -
group is a Kolmogorov automorphism, and Juzvinskii (4] showed more
generally the above statemgnt. That ergodic autdmprphisms of the
2-dimensional torus is mixing Markov shifts wds proved by Adler and.
Weiss [13]. The work on the isomorphism problem has been dominated
by the aétonishing results of Ornstein [6, 7, 8]. He developed new
technique to show that Bernoulli shifts with the same entropy are
isomorphic, and then tovextended those isomorphism results to wider
¢lasses of tranéformations. By using results of Ornstein, Katznelson

- [5] showed the following : Ergodic automorphisms of a finite-
dimensional torus are Bernoulli shifts. In weiss [13}, he annaunces
that ergodic automorphisms of a solenoidal group are Sernoulli shifts.

We shéll show that ergodic automorphisms of an infinite-

dimensional torus are Bernoulli shifts.
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§2. Let (X,7 ,m) be a nonatomic Lebesgue probability space and
let T be an invertible measure preserving transformation of X.
If T is ergodic on a o -field ¥ and ¥ is a increasing union of
invariant sub- ¢ -fields 7 ; such t'ha,t each dunamical system
(X, '}i,m,T) is Berhoulli, then T itself is Bernoulli.

If the entropy of T is finite on each 71 , then this lemma was
proved by Ornstein. Hence we shall show the case of T with the
infinite entropy on each 5

Let é be thé character group of a compact metric abelian group

n’ ® 0 e } L]
We denote by gp{Q} the subgroup generated by the subset Q of G .

G. Since G is metrizable, G is countable, G = {f ees 5 f

Proposition 1, Let G be the character group of a compact metric

abelian group G such that G = gp{ i :m=0, 1, €5 e0o 3 1 =
1,2, 40,0} and Gu(B) = G IR : G > G is ergodic, then
is the Bernoulli shift.

Let G be a compact metric abelian group, let & be an automorphism
of G and let G be the character group of G. Then each elemeant g of G
satisfies always one of the following conditions :

: n o ok nk

(%) go = Ug ees U~ 8

for some integers Bys gy ooy By and
o o M k Pk

(x*) 1 = g U¢8 s e Upg
for all integerS'no, Dyy oo Ty

We denote by ¢ g) the free cyclic group of an element g . Suppose
that there exists a character g of G such that g satisfies the
condition (¥¥). Then a cyclic group of g, {(g>» , is free and an

infinite product group & _ 2 a( g> 1s a subgroup of G. Let
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K = | ®_ : U2 <g> and let K’ be the character group of ( g) .
Clearly, the character group of K = @& _:: mj(K') is 12 H =
£E®(®,, r3(2)) where 2 is the trivial field of K’ and ¢ is
the o -ﬁ.eld of K R is a sub o -field of K, and B is a Bernoulli
generator for (K, ¢ ). Here 0 is an automorphism of K . §3 is a
Bernoulli generator for. & (¢ : K-—3 K ),

The above conditions (¥) and (%) will use essentialiy to study
the existence of weak Bernoulli partitions for (G, ¢#). For characters

f.], vee fn of G, let
G = gplUfy : m=0, 41, 42, ... ;i =1, 2, ..., nh.
If the automorphism ¢ ¢ G ——» G has finite entropy, then each of fi

satisfies the condition (#).

Let.G be 'an\«*infinite«-dimensional—;.to'z_'us— and let

a - n_ n n

G; = {fe@ £° ¢ ' ... USL® = 1 for some n,,...,n }.
It 6 = a.nn(G ), then the character group of the factor group u/G
is G, , and the character group of G, is G/G .

For an arbitrary gG € G/G , the direct product group K =
® = gd < &> 1is the subgroup of G. Here we have the follow:l.ng

- o O

Proposition 2. If G is an infinite-dimensional torus with the

character group of the form G = Gr,I ® K whére G1 and K:.are as in the

precedixig notations and if ¢ 1is an ergodic, then ¢ j.s the Bernoulli

shift.

Proposition 3. If G is an infinite-dimensional torus and if its

@

character group G is G]© K® ...0 K, where G, and K, 1=1, 2,
«ss », D , are as in the preceding notations, then ¢ is the SBernoulli .

shift.,
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Let G be an infinite-dimensional torus with the caracter group
a = a] ® 121(9 eos © fcn « If there exists the least integer k>b such
that
60 KO ... OKIN (K10 ... OK) = 1
where 51 and 121 »i=1,2, «.. , n, are defined as in the preceding

notations, then G = .(Gl@ K1© ces ® Rk) ®‘(12k+1@ oo ® I%n) .

We write

N
L]

amn(6,® K, © ... 0K ,

(o}

= ann(i%k.‘" o-o@ﬁ) .

Then it is clear that G is the direct product group of K and G ’
r(K) K and r(G) = G . -There exists the largest :Lnteger
q ¢ k such that

. - )
® o >~ -~

G]@ K.“@”;oo_@ I(.k =M"G1 @ K-‘@ o0 ® Kq® ee e @ Kk 3

(G]® K1® ’.q.® Kq)n Ki = 1 ’ i = q+1, seo 3 k.

(oR B

Praposition U4, | Let G be.as’in the above 'notations.' If 0:G >
is an ergodic automorphism, then ¢ is the Bernoulli shift.

Proposition 5. Let G be am,n.nfln:.te-dimensn.onal torus and let

¢ be an automorphlsm of G. If its character group G :Ls of the form
G ® K @ P K ,» and if ¢ is ergodic, then ¢ 1is the Bernoulli
- shift. . | |
Proposition 6. Let G be an infinite-dimensional torus.'».,-:[fw,(";:r/(‘;1
is infinite countable and if & : G —3> G is ergodic, then s is
the Bernoulli shift.
Here the main result of ihis paper is summarized as follows
Theoremn. An ergodic automorphism bf an infinite-dimensional

torus is the Bernoulli shift.
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