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On Strong Oscillation of Retarded Differential Equations

Manabu NAITO (Hiroshima University)

1. Introduction
In this paper we study the oscillatory and nonoscillatory
behavior of solutions of the linear retarded differential

equation

(E) «M (1) + p()x(g(t)) =0, t: a,

where n is even and the following conditions are always assumed
to hold:
(a) p(t) is a positive continuous function on [a,®);
(b) g(t) is a continuously differentiable function on
[a,») such that g(t) < t, g'(t) > 0 for t > a and
lim g(t) = w.
t->00

A solution x(t) of (E) defined on [Tx,w) is called oscilla-

tory if x(t) has an unbounded set of zeros, and otherwise it is

called nonoscillatory. Equation (E) is said to be oscillatory

if every solution of (E) is oscillatory, and nonoscillatory if

at least one solution of (E) is nonoscillatoy.

In the oscillation theory of differential equations one of
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the important problems is to find conditions on p(t) which imply
that (E) is oscillatory or (E) is nonoscillatory. For the
second order ordinary differential equation

(1) x" + p(t)x =0, t 2 a,

there is an extensive literature on this subject (see Swanson's

book [11]). Especially, the following theorem is well known.

THEOREM A. (i) (Fite [2]) Equation (1) is oscillatory if

(2) j p(s)ds = =,
a

(ii) (Hille [4]) Suppose (2) fails. Then equation (1)

is oscillatory if

(3) lim sup tj p(s)ds > 1,
t oo t

or if

(4) lim inf t| p(s)ds > %.
't—>00 J t

Equation (1) is nonoscillatory if

)

(5) lim sup tj p(s)ds <
v t

t >0

For example, the equation

(6) x" + kt*x =0, to> 1,

v

is oscillatory if either ¢ > -2, k > 0 or a = -2, k > 1/4, and

nonoscillatory if either a < -2, k > 0 or a -2, k < 1/4.
Note that in case @ '> -2 (6) is oscillatory'for any k > 0, and

in case @ < -2 (6) is mnonoscillatory for any k ? 0.
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In general, motivated by Nehari [9], we define as .follows:

Equation (E) is said to be strongly oscillatory if the related

equation

Vtﬁk) n *(ﬁj}t) # Ap(f)x(g(t)jﬁ= Q, fc >‘a%

is oscillatory for all positive values of A. Equation (E) is

said to be strongly nonoscillatory if (EX) is nonoéciilatory
for all‘pOSitiVe A. For fhe'seccnd ofder éqﬁgtion (1)

necessary and sufficient coﬁditiohs‘of strongboscillafion’and
strong nonoscillation are established on the basis of (ii) of

Theorem A.

THEOREM B. (Nehari [9]) Suppose (2) fails. Equatioh (1)

is strongly oscillatory if and only if

limisup tJ p(s)ds =9w.
R T :

t—)oo

Equation (1) is strongly nonoscillatory if and only if

lim tJéptS)&S = 0.
Coge, It o
Note that, by (i) of Theorem A, (15 iS‘sfrongly bscillatcfy
if (2) holds. Thus equation (6) is strbngly‘bscillatory iff
a > -2 and strongly nonoscillatory iff‘a,<‘¢2.

"The purpoée of this paper ié tq‘extend_Theorems A and B to
equation (E).  More préciscly;'we feduce oscillation and ‘
nonoscillation of (E) to those ijaSSOCiafed second order
equations, and as a cqnsequence,We“are able to characterize
completely the-StfcngAcsciliation and‘sfrong nonosciliatioﬁ fcf
certain classes of (E)‘includingithe'ordinafy differential
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Related results for (7) and (E) can be fgund in Chanturiya

(1], Grimmer [3] and Lovelady [6 7]
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2, Results

We begln w1th 1emmas wh1ch are needed in establlshlng our

Vi }.‘.

osc111at10n and nonosc111at10n crlterla

LEMMA l.?<%Kigufﬁdze”[5])33£§wx(t)5igfggievehtuaily?!“wt

positive solution of (E), then there are an odd integer ¥ e 70

{1,...,n- 1} and a number Tz a such that for t>T .

(8)
{ (-1t (1)(1:) >0 G- @,v--.,n),

(9) o xw 2 z—(t T)Z 10 ”(t)

I

evEp g

LEMMA 2. (Onose [10]) Equatlon (E) is nonoscillatory if

and only if there exists an eventually pos;tlve function y(t)

satlsfylng the 1nequa11ty

v
o

(6 ¢ ey Cae) £ t 2

- LEMMA 3. (Mahfoud 18]) iLet g (t) be the inverse functlon

of é(%j( If the ordlnary dlfferentlal equatlon

SOOI _Ii&_(._tﬁ_ z.=0, t>a,
o g (g (e

is o§eillafof§;”then equation (E) is oscillatory.

THEOREM 1. Suppose that for every T > a the second order
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equation .. . TR
(10) w"(8) +ryrle()-D Pp(tw(e(e)) =0, t 28,

is oscillatory. Then equation (E).is oscillatory.

PROOF. We shall prove that the existence .,of :a-nenocilla-
tory solutlon of (E) implies that for some T > a eqqa@ion (10)
has a nonosc1llatory solutlon Suppose x(t) is a nonoséillatory
solution of (E). We may agsume with no loss of generality'tﬂét
x(fy;iéséVéntuéily p051t1ve. By Lemma 1 there exist an odd
integer £ & .{1,..:,n-1} and -a number T .>:a such ;that (8) and !
(9) hold for t > T. We may suppose that .xfg(t)) > 0-for t .2 'T.

Applying Talylor s formula w1th Eemalnder ,we.find th%t;

P g F
[ I

@ - ERED @ s 1 e e
() = jgo ——-—T~—-gthJJﬁ¢3TEZZTTTTfé(t-s)nyaduxbQ:{s)ds

1y (K*J)(r)(T i

0 3

(S)X(g(s))ds

for T 2 t-

nv

T. - Tdking (8) -<into’ accounmt and ‘letting T ~ @, we -
obtain k

n-2-1

xWB () 3 g !ft(s-t) p(s)x(g(s))ds

for t 2 T. From the above inedualitywit followsﬁthéfr

D ey 5 Dy

v

T——T——T—J( J (u S) ) P(U)X(g(u))dUds

e 1)(T)-+T——f%T7TJT[J (oL Jp (W x(g(w)) du
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1 “r(t n-£-1 .
G ! !It(JT(U'S) dslp(u)x(g(U)Jdu:;«
for t 3 T. Therefore, by virtue of the inequality

n-£-1

f (u-s)* %t 1g aﬁ%f(t—T)(u-T) (T<tgu,

we conclude that

IO SN 22 P rﬁg%y;j (u-T)" p(u)x(g(u))du
(11) >‘ _ cpe e
' 1 ® . n-£-1

* m)—.r(t"”[t(“.'”n

for t > T. Denote the right hand side of (11) by y(t).

p(u)x(g(u))du

view of (9) we see that

x(e()) 2 re@-n* L E D)) 3 Lew-nty @)

for‘a11~1arge t. Then by differentiation

y(®) ¢ gD o xem) -

and so
" SR TR WN=2
Y (1) + ey (e -D )y (g(t) £ 0
for. all large t. It follows from Lemma 2 that equation (10) .is
nonoscillatory, contradicting the hypothesis. iThis completes

the proof.

THEOREM 2. (i) Equation (E) is oscillatory if

(1z) | f [g(S)] p(S)ds =,

(1ii) Suppose that (12) fails. Then equation (E) is

oscillatory if
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(13) 11? sup g(t)[ [g(S)]n_zp(s)ds > (n-1)!,
00 t

or if

(14) lin inf g(t)]m[g(s)]“"zpcs)ds > o-DL
oo : t 4

PROOF. According to Theorem 1 and Lemma 3, it is
sufficient to show that the second order ordinary differential

equation

n-2 -1
oo (8-T) P(%l (t)) , - 0, t
(n-1)!g' (g ~(t))

is oscillatory for every T > a. With the aid of Theorem A we

v
®

can easily observe that the above equation is oscillatory if
any one of the conditions (12), (13), (14) is satisfied. The

proof is complete.

THEOREM 3. Suppose that for some T > a the second order

equation

v

a,

(15) W' (6) + gy (t-D M Pp(twlg(e)) = 0, ¢

is nonoscillatory. Then equation (E) is nonoscillatory.

PROOF. Let w(t) be an eventually positive solution of

(15). Find T, > T such that w(t) > 0 and w(g(t)) > 0 for

0
t 2 TO‘ It is easily verified that
1 to> n-2
w(t) 2 W(TO) + W{T JS(U'T) p(u)w(g(u))duds

0
for t > TO’ so

t o0
(16) w(t) 2 w(Ty) + TB;%TTJT [ (u-s)™ 2p (w)w(g(u))duds
0 d |
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for t > TO. Denote the right hand side of (16) by y(t). In

view of (16) we see that

y ™ 1) + pye)) < y™ (1) + p(tw(g(t)) = 0

for all large t. Now from Lemma 2 it follows that equation (E)

is nonoscillatory. This completes the proof.

THEOREM 4. Suppose that

J snnzp(s)ds < w,
a .

Then equation (E) is nonoscillatory if

(17) 1im sup tj sn'zp(s)ds < iﬁ%éli_
¢ ‘

t >

PROOF. It is enough to prove that equation (15) is
nonoscillatory for some T > a. Applying Theorem A, we see that
the ordinary differential equation

n-

" 1
YUt meyTt

has an eventually positive solution y(t) under the condition

2
p(t)y = 0, t

nv

a,

(17). Since y(t) is increasing for all large t (see Lemma 1),

it follows that

" 1 -2 :
Y + (D P ()y (8(1) £ 0
for all large t, where T > a is a positive constant. Thus by

Lemma 2 we conclude that equatiOn (15) is nonoscillatory. The

proof is complete.

On the tasis of Theorems 2 and 4, a characterization of

strong oscillation and strong nonoscillation of (E) is
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established.

THEOREM 5. Assume that

(18) 1im inf ggf) > 0.
tow

(i) Equation (E) is strongly oscillatory if and only if

either
(19) J "2 (s)ds = w
a )
or
(20) 1im sup tf snnzp(s)ds = o,
to>o t

(ii) Equation (E) is strongly nonoscillatory if and only

if
(21) J s 2p(s)ds <
a
and
(22) lim tj s 25 (s)ds = 0.
toe t

PROOF. Condition (18) implies that there is a positive
constant ¢ such that g(t) > ct for all large t.

(i) Suppose (E) is strongly oscillatory. Since (EA) is
oscillatory for every » > 0, if (19) does not hold, then

1im sup thmsnnzp(s)ds > Lﬁigli
t>oo t

for every A > 0 by Theorem 4, so that (20) must be satisfied.
Cdnversely, suppose either (19) or (20). 1If (15) holds, then
by (i) of Theorem 2 it is clear that (E) is strongly oscillatory.

If (20) holds, then
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Lin sup Ag()] [2()]" *p(s)ds = =
t

t>o0
for all positive A, which shows the oscillation of (EA) for all
positive X by (ii) of Theorem 2. »
(ii) If (E) is strongly nonoscillatory, then (21) holds
by (i) of Theorem 2 and the inequality
lim sup Ag(t)Jm[g(s)]n—zp(s)ds < (n-1)!
too t
is satisfied for all A > 0 by (ii) of Theorem 2 and hence (22)
holds. Conversely, if (21) and (22) hold, then
lim sup ktjmsn_zp(S)ds < Lﬂ%%ll
t>o t
for all A > 0 is obvious and so (E) is strongly nonoscillatory

by Theorem 4. The proof is complete.

EXAMPLE 1. Let r be a nonnegative number and consider the

equation

(23) ™ e) + ktx(t-1) = 0, t

v

1,

where k is a positive constant. Then equation (23) is strongly
oscillatory if and only if o > -n, and strongly nonoscillatory

if and only if a < -n.
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