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An extension of contiguity relations 

of the confluent hypergeometric system 

of Kummer type 

Kazuki Hiroe, Yasunori Okada, and Ken Shibusawa 

Chiba University 

Abstract 

The generalized confluent hypergeometric theory by Kimura, Haraoka, 
and Takano includes systems of differential equations, functions as so-
lutions of them, and the contiguity relations both for the systems and 
for the functions. We report our recent study on an extension of that 
theory without the proofs. The details will be published in a forth-
commg paper. 

1 Introduction 

Classical hypergeometric and confluent hypergeometric functions can be ex-

pressed in an integral representation whose integrand is a multiplication of 

exponentials and power functions with an exponent of each. These expo-

nents are special ones for their base, so one has to treat each function as a 

distinguish stuff. For example, a classical Kummer function has an integral 

representation 

(1.1) 
1 

y(a,c; x) = 1戸 ua-1(1-ut-a-ldu, 
゜which has two paremeters a and c to give the integrand consisted of the three 

factors with the exponents xu, a -1, and c -a -1. 

Kimura, Haraoka, and Takano[3] gave a solution to this di缶culty.They, 

based on the idea of Aomoto[l] and Gelfand[2], introduced a family of func-
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tions, the generalized confluent hypergeometric functions, which can be con-
sidered to be an extension from classical hypergeometric and confluent hy-

pergeometric functions. If one use a generalized confluent hypergeometric 
function, the expression (1.1) is written as 

(1.2) 仇2,1,1)(z;a;1)= 1に）叫m詈に）叫tz4四(t。dt1-t1dto), 
where z = (z1 z2硲 z4)is a 2 x 4 matrix in the set Zc2,1,1) defined by some way. 
The notation a = (0:1匁叩 a4)is a parameter vector of size 4, which has a 

restriction of a1 + a3 + a4 = -2. By lifting up y(a, c; x) to <I>c2,1,1)(z; a; 1), 
we can see the parameters from an equal perspective. The parameters a and 

c in (1.1) has a different role in the integrand, while a3 and a4 in (1.2) can 
be seen as the two which have the same duty. This symmetry is due to how 

to construct <I>c2,1,1) (z; a; 1) from a Lie group Hc2,1,1)・
Kimura, Haraoka, and Takano[4] gave a system of differential equations 

Mr,>-(a), where the notation入isa partition of a natural number N E互
r E Z22 and a is a parameter vector of size N. This system has a gener-
alized confluent hypergeometric function屯，入(z;a; 1) as its solution, where 
the variable z is an r x N matrix. 
The form r x N of the matrix variable z in <I>ぃ(z;a; 1) comes from the 
corresponding integrand of a classical function which has the r -1 vari-
ables (u1,u2,..,,Ur-I) E ccr-l_ The integration <I>r,.x(z;a;1) of a function 

Xr，入（tz;a) is a Radon transform of Xr,入(h;a). The integrand Xr，入（tz; a) is 
defined on the projective space pr-I with the homogeneous variable t = 

(t。,t1,t2, ・ ・ ・, tr_i) E (Cr, (t。,t1,t2, ・ ・ ・, tr-I)ナ(0,0, 0., • • •, 0), where r cor-
responds to the number of row vectors of the matrix z. The special case 

<I>c2,1,1)(z; a; 1) in (1.2) has a 2 x 4 variable z since a Kummer function (1.1) 
is the corresponding one whose integrand has the only one variable u E CC. 

They also gave contiguity relations for the solution space Sr，入（a)with 
respect to a differential operator 

(1.3) L互(k)_"(l) : Sr，入（a）→ふ(a+ c(K) ＿ C(l))． 

Since也，入(z;a; 1) is an element of Sr，入（a),there is a contiguity relation also 
for this function which has the same shift of the parameter as the relation 

(1.3): 

(1.4) L互(kい（戊叫；a;,)=a塁池，入(z;a+ E(k) - E(l)；,). 
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If (1.3) and (1.4) are reduced to the case of Kummer type, both relations 
become 

(1.5) L互(k)_,:(l) : s(2,1,1) (a)→S(2,1,1)(a + E(k) -E(l)), 

(1.6) L互(k)_,:（zJ<P(2,1,1)(z; a; 1) = a闘＿池(2,1,l)(z;a+ E(k) -E(l); 1). 

A root subspace lJ6CkJ_6(1J C g((N) is determined with respect to a Lie subal-

gebra ~入 ofg[（N)．They took an eigenvector Ee(K)-e(l) from ge(K)-e(l) to give 
a linear differential operator L 

E0(k)_0(l) 
and got the results of (1.3) and (1.4). 

In this article, we are going to see how the relations (1.5) and (1.6) are 
extended. While Kumira, Haraoka, and Takano[4] used only an eigenvector 

E6ckJ_6(lJ to make an operator, we will use all the linearly independent vectors 

in the generalized eigenspace ge(K)＿c(l) COrresponding to ge(K)-e(l)．By this 

method, a square matrix of size 2, L~l,,, "'will be given as an extension 互(k)_,:(l) 

of L互(k)_"(l). We will give an extended system M畠，i)(a,/3), its solution 
^ ［2] 

space sg~1,1/a, /3), and a function鰭，l,l)(z; a, /3; 1), which correspond to 
M(2,1,1)(a), S(2,1,1)(a), and <I>(2,1,1)(z; a; 1), respectively. Here we take two 
parameter vectors a and /3 in the extension. 

2 Generalized confluent hypergeometric the-

ory 

2.1 Root space decomposition 

Let us consider the linear map adx defined by 

adx : g((4)ぅY→[X, Y] E g((4), 

where, as an element in the linear subspace of gl(4), Xis a square matrix of 
size 4 whose entries are complex numbers: 

X E IJ12,l,l) ~ {（三〗二）｝．
Since the vector space lJc2,1,1) is an abelian Lie subalgebra of g((4), the fam-

ily of the linear maps {adx}xE恥，1,1) is commutative. Hence, a subspace 
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of g((4) is decomposed into its simultaneous eigenspaces with respect to 

{ adx} XE~(2,1,1J: 

(2.1) g。＋区恥）＿E:(l)c gl(4), 
1さk#l三3

where the space g。=lJ(2,1,1)corresponds to the eigenvalue 0, and the space 
恥）＿cc1Jthe eigenvalue (s(k) -sCl))(X), X E lJc2,1,1), 1 :S kヂl:S 3. The 
notation s(k), 1 :S k :S 3 expresses the linear map which sends the value as 
the common elements Xj, j = 1, 3, 4 in the k-th diagonal block of lJc2,1,1) into 
the space of the complex numbers C: 

c(1l(X) = X臼 (2)(X) = X3, r:;(3) (X) = X4, 

X＝ビ三三）＝（xi1) ）） 11 、し1‘しxx
 

• 
＼

ー

）

The linear map c(k) -c(Z) expressing the nonzero eigenvalue is called a root, 

so the space 96<kJ_6(l) is said to be a root subspace of g((4). Thus, we have 
obtained the root subspace decomposition (2.1). 
On one hand, the space g0 is spanned by the four vectors 

（三）＇（二）＇（ □［）'（二），
so let us use these vectors as its base. On the other hand, we are interested 

in what form the subspace 96(k)_6(l) has. This space has only one nonzero 

entry at the position of the first row and the last column in the (k, l) block. 
For example, the space 96(1)_6(2) is 

ge(1)＿e(2)＝{（／）｝. 
The eigenvector Ec<kJ_c(ll in 9c<kJ_c(ll can be taken as the square matrix of 
size 4 with the only one nonzero entry 1 at the same position of the nonzero 
entry of the space: 

Ee(1) ＿e(2) ＝（三）•
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Therefore, the space in the left hand side in (2.1) can be expressed as 

珈＋ 1：：：：：：：：：：：3恥）＿e（l)= { （三）｝
2.2 Confluent hypergeometric system of Kummer type 

2.2.1 The system Mc2,1,1)(a) 

In Section 2.1, we got the space g。andthe spaces ge(K)_e(l)．From the former, 
the differential operator Lx -a(X) in the confluent hypergeometric system 

of Kummer type M(2,i,i)(a) is made, and from the latter the differential op-

erators L見CkJ_,czJ giving a contiguity relation for the solution space Sc2,1,1) (a) 

of the system. 

The notation a, which is a row vector of size 4, a = (a1, a2心3叫） ＝ 
叫，a『[忍，a屈） EC4, means the parameter of the system Mc2,i,1) (a). 
However, by the same notation, let us define the linear map 

a : h(2,1,1）ぅ X

→ aふ＋aふ＋aふ＋aふ＝ a闘炉＋副xい＋忍Xげ＋a屈X63)E <C, 

X=  （三□畔:)＝ （口〗□~)
If we consider a as this map, we use this notation as an element of the dual 

space: O'. E Dc2,1,1)・
By the matrices X E D(2,l,l) and Y E g((2), let us define the differential 
operators which operate on a function F whose variable is a 2 x 4 matrix 

z E Mat(2, 4): 

d d 
LxF(z) = ~F(zesX)I, MxF(z) = ~F(esY z)I. 

ds s=O ds s=O 

Moreover, we define the differential operator 

口
0 0 0 0 

p,q ＝ 
釦。，pOZ1,q ozo,q OZ1,p 

(1 :Sp, q :S 4). 
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By these operators and a linear map a E ~五， 1,1), and by the notation Tr(•) 
such that 

Tr(Y) =a+ d, Y=(~ ~), 

the confluent hypergeometric system of Kummer type Mc2,1,1)(a) is defined 
by the next definition in Kimura, Haraoka, and Takano[3]. 

Definition 2.1. Let a E lJ7 (2,1,1) be a linear map and let F(z), z E Mat(2, 4) 

be a function. The confluent hypergeometric system Mc2,1,1) (a) is defined by 

{ Lx -a(X)} F = 0 
{M□Tr(Y)} F = 0 
ロp,q F = 0 

(XE lJ(2,1,1)), 
(YE g((2)), 
(1 :S p, q :S 4). 

Let us denote by S(2,1,1) (a) the set of the solutions in a neighborhood of a 
fixed point z0. 

They also gave the system Mr，入（a)for an arbitrary natural number r E 
Z22 and for an arbitrary partition入ofa natural number N E Z五

Definition 2.2. Let r and N be natural numbers satisfying 2 ~ r ~ N, 

and入＝ （n1, 匹•.． ,ne) a partition of N, i.e., n1 2 n2 2 ・ ・ ・ 2 ne and 
m十四十・・・十ne= N. We denote an r x N matrix z by 

(2.2) z = 
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(k) 
Zr-1,1 

叫＝ （z(l) z(2)... Z化）） EMat(r,N), 

＼
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E Mat(r四）， 1 :S k :S £, 

a Lie subalgebra f)入ofg((N) by 

(2.3) h入＝｛（ J（m) 
）(n,;)} E Dl(N), 
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Eg(（知）， 1::::; kさ£,

and a parameter vector a by 

(2.4) a= (a1位．．．知） ＝ （a(I) a(2) ・ ・ ・ a化）） EMat(l, N). 

Besides, we define the differential operators口悶 by

(2.5) 口s,t 8 8 0 0 
p;q = 
釦s,pOZt,q OZs,q OZt,p' 
―-0さs,t Sr -1, 1さp,qSN. 

The con且uenthypergeometric system Mr，入（a)for unknown F (z) is defined 

by 

{Lx -a(X)} F 
{M戸 Tr(Y)} F 

噂，; F 

0 (XE (J入），
0 (YE gl(r)), 

0 (0 :S s, tさr-1, 1 :Sp, q :S N). 

Let us denote by Sr，入（a)the set of the solutions in a neighborhood of a fixed 
point z0. 

2.2.2 The contiguity relations 

In Section 2.2.1, the operator Lx-a(X) in the system Mc2,1,i)(a) was defined 

by an element X E lJc2,1,i)• In this section, we de且nethe operator L 互(k)_0(l)
by a simultaneous eigenvector E6ck)_6cz) in the space 9c:Ck)_6czi. This operator 

gives a contiguity relation for the solution space Sc2,1,1) (a). 

By a square matrix of size 4, E6ck)_6cz) E g占）ーe(l)，weget LE 0(k)_0(l) defined 
by 

L 
d 

E,(k)_,(l) F(z) ＝ -F(zesEc(K)＿E(l)） ds 
s=O 

which operates on a function F with a 2 x 4 matrix variable z E Mat(2, 4). 

Let us consider the product L互(k)_,(z){Lx-a(X)}. This can be transformed 
into 

(2.6) L互(k)_,(z){Lx -a(X)} = {Lx -(a+ E(k) - r::CZl)(X)}L互(k)_0(l)



139

by a calculation of a bracket product of matrices. This equality is a key 

for a contiguity relation for the solution space Sc2,1,1) (o:): Take a function 

F E Sc2,1,1) (o:) and operate the both hand sides of the equality (2.6) on this 
function, and we get the value O as 

(2.7) 

L互(kJ_,(ll{Lx -o:(X)}F = {Lx -(o: + E(k) -E(Z))(X)}L見(k)_,(l)F = 0. 

From the equalities (2.7), we know that the function G = L互(K)＿c(l)Fis one 

such that 

{Lx -(o: + E(k) -E(l))(X)}G = 0. 

Moreover, we can confirm that 

{M戸 Tr(Y)} G 
ロp,q G 

0 (YE g((2)), 

0 (1さp,q:S4).

Hence, the function G is an element of the solution space G E Sc2,1,1) (a + 
星）＿c:Cl)).We summarize this story as a theorem in the case of (r, N) = (2, 4) 
with the partition入＝ （2, 1, 1). 

Theorem 2.3 (Kimura, Haraoka, and Takano[4]; Kimura[5], p.177). The 

differential operator LE'"'rn gives the contiguity relation for the solution 氾）＿,:(l) 

space 

L互(k)_0(l) : Sc2,1,1) (a)→ S(2,1,1)(a + c(K) ＿ C(l))． 

Moreover, if the parameters satisfy that 

(2.8) (a悶＿1+ふ，nk)a闘＿1ヂ〇，

this linear map has its inverse 

1 

(a:Kい＋ふ，nk)a闘＿1
L互(l)_0(k) : Sc2,1,1J (a)→ S（2,1,1)（a + c(l) -C(K)）， 

and so is isomorphic. Here if we use the correspondence of the entries in the 
parameter a 

a= (a1心2心 3叫）＝ （0'.61)'a『)'0'.62)'a屈），
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the condition (2.8) means that, for the pair 

(k, l) = 
(1, 2), (1, 3), (2, 3), 
(2, 1), (3, 1), (3, 2), 

the inequalities 

a四3 ヂ0, a四4 ヂ0, (a3 + l)a4ヂ0,
(a3 + l)a2 =J 0, (a4 + l)a2ヂ0, (a4 + l)a3 =/ 0 

hold, respectively. 

2.3 The generalized confluent hypergeometric function 

of Kummer type 

In Section 2.2.2, we saw the contiguity relation for the solution space S(2,1,1) (o:) 
of the system M(2,i,i) (o:). We can construct a function satisfying the system, 
which is called the generalized confluent hypergeometric function of Kummer 

type. 

Consider the set 

H(2,1,1J ~｛□□） h，h3,h4ナ0},
which is one of th~ Cartan subgroups of GL(4). We write the u:1iversal cover 
of this group as H(2,i,i). Then, as the character of the group H(2,i,i), we get 
the function 

X(2,1,1)(h; a) 

h 

a 

hf1e疇砕砕，

(h1, h2, h3, hり
(a1,a2,a3, a4) 

E CX X C X Cx x cX 
E C x c x c x c, 

where we assign the condition a1＋叩＋a4= -2 to the parameter a: the map 
X(2,1,1) (h; a)：恥，1,1)→exis a group homomorphism. From X(2,1,1)(h; a), 
the function on the projective line 

X(2,1,1) (tz; a) = (t叫叫四詈に）叫tz4)°'4
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is obtained, where t = (t。山） EIP1 is a homogeneous variable of this function, 
and the coefficients of t。andt1 consist of the entries in the 2 x 4 matrix 

z E Z(2,1,1) = { (z1砂 Z3孤） ：det(zi, Zj)ヂ0,
(i,j) = (1,2), 
(1,3), (1,4)，（3,4) ｝ 

(z1⇔Z3叫＝ (:~:~ :~:~ :~:: :~::). 
By integrating X(2,l,l) (tz; a) along an adequate path, which has zero points 

of the function X(2,1,1) (tz; a), [t。:t1]= [-z1,1 : zo,1l,［→1,3 : Zo,3], [-Z1,4 : 
z0,4], as its two end points, we get the generalized confluent hypergeornetric 
function of K urnrner type 

<I>(2,1,1)(z;a;,) = 1 X(2,1,1)(tz;a)(t。dt1-t1dto)-
This function was defined by [3] in a general form. 

Remark 2.4. The conditions det(zぃZ].)ヂ0,(i,j) = (1, 2), (1, 3), (1, 4), (3, 4) 
for the set Z(2,i,i) are assumed in order not to degenerate the function 

X(2,1,1)(tz; a). For example, if det(zぃ吟） ＝ 0, then there exists a constant 
s0 E (C such that t砂＝ s0tz1and we have 

X(2,1,1)(tz; a)= (t叫叫叩0(tz3砂(t勾）竺

For this integrand,<I>(2,1,1) (z; a; 1) can be considered as a generalization 
from a classical Beta function. On the other hand, if det(z1, z3) = 0, then 

X(2,1,1) (tz; a), for some constant so E C, degenerates into 

X(2,1,1) (tz; a) = s尉(tz1)°'1+a％四詈に）竺

so <I>(2,1,1) (z; a;,) for this integrand can be seen as a generalized form of a 
classical Gamma function. 

The function仇2,1,1)(z; a; 1) also satisfies a contiguity relation. The next 
theorem, given by Kimura, Haraoka, and Takano[4], is a special case that 

(r, N) = (2, 4) and入＝ （2, 1, 1). 

Theorem 2.5. The differential operator LE,~, rn gives the contiguity rela-
氾）＿e(l)

tion for the function <I>(2,1,1)(z; a;,) as 

L互(k)_e(l)仰，1,1)(z;a;,)= a翌ー1<I>(2,1,1) (z; a+ E(k) - E(l); I). 
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3 The extended system 

The system M(2,i,i)(o:) defined in Section 2.2.1 was made by the scalar oper-
ators Lx -a(X), My+ Tr(Y), and□p,q・ In this section, we take operators 
for vector valued functions and define a system which can be considered as 

a generalization of M(2,1,1)(0:). 

^ ［2] 
3.1 The extended system M(;¥,1/a, /3) 
As the extended operators from L x -a (X), M斤 Tr(Y),and□p,q, we define 
the followings. 

Definition 3.1. Let us define the three differential operators by 

L凰(a,/3)=(応 -a(X) L;一門(axん），
叩＝ （恥＋Tr(Y）恥＋Tr(Y))'

噂＝（口p,q□p,q)'
where f3 E f)五，l,l),with the condition of針＋均＋出＝ 0,is a linear map 
defined by 

f3(X) = /3ふ＋9ふ＋9ふ＋出X4
= /361) X61) + f3?) x?) + /362) X62) + f3ぷ3)X63)'h E C, 1 ::S j ::S 4 

for a square matrix of size 4, 

X=  （□叶三）＝（xil) llll (1( xx
 
） €恥，1 ， 1) • 

The superscript [2] of the operators in De且nition3.1 means that the 
size is 2 as a square matrix. By these operators, an extended system from 

M(2,1,1) (a) is defined. 



143

Definition 3.2. Let a, f3 E ()(2,1,1) be linear maps and let芦 (z),z E Mat(2, 4) 
be a vector-valued function in the form of a column vector of size 2. We define 

^ ［2] 
the system of differential equations M(;¥,1) (a, /3) by 

、1
,けa，
岡
Y
岡
励

（^

M
＾□
 

図

x
^
L
 

p[2] 

p[2] 

和2]

0 (XE fJ(2,1,1)), 

0 (YE 9((2)), 

0 (1 ::S p,q :::S 4). 

Let us denote by S ［̂2] c;¥,i) (a, /3) the set of the solutions in a neighborhood of a 
fixed point z0. 

In Definition 3.2, we have de且neda new system. For this. extended one, 
L[2] ＾ ［2]，eigen we are going to define the two operators and L to give 互(k)_0(l) 互(k)_0(l)

contiguity relations. While the operator LE 10, rn defined in Section 2.2.2 
氾）＿C（l)

was made only from a simultaneous eigenvector EE:ckJ-E:czJ, in this section, a 

generalized simultaneous eigenvector EE:ckJ_E:(lJ is also used to make Di/,,_, "'. 
^ ［2] 
互(k)_0(l)

r [2],eigen : 
However, another one Dit"":~"'"rn is made only from an eigenvector. The su-0(k)_0(l) 
perscripts [2] means that these operators have the form of a square matrix 

of size 2. 

The generalized simultaneous eigenvectors are the square matrices of size 

4 which span a generalized simultaneous eigenspace of g((4) with respect to 

{ adx }~砂(2,1,1) ＾ ,g。orge(K)-C(l)，where the space g。correspondsto the space 
9o, and g田）＿cczJcorresponds to 9cCkJ_c(ll. The direct sum of those spaces is 
equal to the whole of g((4) as a vector space: 

邸＋区恥）＿E:(l)= g((4). 
1こkナlこ3

The generalized eigenvectors EE:ckJ-E:czJ E 9cCkJ_c(ll have the form 

Ee(1)-e(2)＝（三）， Ee(1)＿e(3)=（三），
恥）＿e（1)＝（／），方e(3)＿e(1)=（二）
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By the preparation above, the extended operators are 

叫い(l)= (L見(k)_,(l)
虞：i：:：（l)= (L見(k)_,(l)

9

9
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LE ,(k)_,(l) 

(k, l) = (1, 2), (1, 3), (2, 1), (3, 1), 

1 :::; k =J l :::; 3. 

［̂2] By these operators, the contiguity relations for the solution space sc;¥,i) (a, /3) 
are given as the next theorem. 

Theorem 3.3. The differential operators i~l,,, "'and i 
[2],eigen 

互(k)_,(l) 互(k)_,(l) give the 

contiguity relations for the solution space 

悶(k)＿凶） ：晃，l)(a,/3)→喜，l)(a+r::(k)＿設），8＋亭），
鷹（k)_0(l):喜，l)(a,/3)→喜，1）（a+c(K)＿設），/3-亭），
鳳'(e:：-e:（l）：喜，l)(a,/3)→惑1,i,1)(O'. + E(k) -E(l)'j3)' 

(k, l) = (1, 2), (1, 3), 

(k, l) = (2, 1), (3, 1), 

1::::; k # l:::; 3. 

Moreover, if the parameters satisfy the condition (2.8), these linear maps 
have their inverses 

噂，l）げ尉＿,(k)：鵡l,1,1)(a,/3）→靖1.i,l)(a+ E:(l) _ E:(k),/3 —亭），（k,l) = (1, 2),(1, 3), 
噂，l）げ尉＿,(k)：鵡l,1,1)(a,/3）→靖1.i,l)(a+ E:(l) _ E:(k),/3 ＋亭），（k,l) = (2, 1),(3, 1), 

(Cl?，心igen)-lL麿~,(:t~k):sはl,1,1)(a,/3）→靖l,1,1/a＋翌）＿E:(k),/3）， 1::; k=Jl :=; 3. 

and so are isomorphic, where 6l!¥), (k, l) = (1, 2), (1, 3), (2, 1), (3, 1) and 
C[2]，eigen 
(k,l)' 1 :S kヂl:S 3 are square matrices of size 2 defined by 

叶叫 ＝（a四3a函＋（aa12:3あ＋2)0<3)，叶贔 ＝ （匹＋l)a2 （叩＋1仇塁1+＋lf:［-f3四 2)'
噂詞＝（叩4a凸＋（a;ょあ＋2）a4)，^叶贔＝（（a4 + 1)匹 (m+1誓旱:+f3四 2)'
:［il'喜igen=(a四3叩f3:2+a：四3）, :｛閏'le)lgen=(（叩＋1）四 (a3心31)［2lta：四2)，
6/il,岱:gen= (a四4 ⑫ f3:2+a：四4), 6且¥e)igen= ((a4 + 1)匹 (a4 喜~)!21~~4°'2),
C[2]，eigen(a3 + 1)m （叩＋1）f34 +f3四 4 ［̂2]，eigen (a4 + 1)叩(a4;1)応＋f3四 3
（2,3) ＝ （ 四＋1）a4)，C(3,2) = ( (m  + 1)a3)． 

3.2 The extended function 

In Section 3.1, we defined the system M,昌，l)(a,/3)as an extended one from 
M(2,i,i)(a). In this section, we give a function satisfying MJ;¥_1)(a,/3) which (2,1,1) 
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can be seen as an extension from the generalized confluent hypergeometric 

function of Kummer type <P(2,1,1)(z; a; 1). 

Definition 3.4. Let us define a function by 

転，1,1)(z; a, /3; 1) := 1 X(2,1,1) (tz; a) log X(2,1,1) (tz; /3) (t。dt1-t1dto), 
where the parameter/3 ＝ （/31'/3公f3釦/34)satisfies糾＋均＋出＝ 0.

Definition 3.5. A vector-valued function of size 2, <I> ^ ［2] (i,i,1)(z;a,/3;1), is de-
fined by 

鱈，l)(z; a, /3; 1) :=（ふ喜':喜ご~))).
The superscript [2] indicates that the size of the column vector is 2. 

Theorem 3.6. The operators L 
^ ［2] 

and L 
r [2],eigen 

互(k)_e(l) 互(k)_e(l)give the contiguity 

relations for 
^ ［2] 

the function <I>)i, n(z; a, /3; 1): (2,1,1) 

写い＿c（l)網，1,1/z;a, /3; "!) = 6[2],(k,l) 網，1,1)(z; a+ E:(k) -E:(l)'/3＋亭；"!),(k, l) = (1, 2), (1, 3), 
写い＿E(Z)網，1,1/z;a, /3; "!) = 6[2],(k,l) 鰐，1,1)(z; a+ E:(k) -E:(l)'/3 —亭；"!),(k, l)=(2, 1), (3, 1), 
炉],eigen ふ[2]
見(k)_E(Z) i~\l) (z; a, /3; "!) = 6[2],eigen,(k,l)鰐，l,l)(z; a+ E:(k) -E:(l), (3; "!), l ::; k =f-l ::; 3, 

where 6[2],(k,l), (k, l) = (1, 2), (1, 3), (2, 1), (3, 1) and C[2],eigen,(k,l), 1 :S kヂl:S 
3 are the matrices given by the parameters as 

6[2],(1,2) 
(0:3 !:)' 6[2],(1,3) (a4/34) a4 ， 

6[2],(2,1) (”al a+ 2 92)， 6[2],(3,1) （匹 a1+ /32) a2 ， 
6[2],eigen,(1,2) (a3 島 6[2],eigen,(2,1) a2 /32 

a3 a2 

6[2],eigen,(1,3) a4 (34 6[2],eigen,(3,1) a2 ぁ
a4 a2 

6[2],eigen,(2,3) a4 (34 6[2],eigen,(3,2) a3 /33 
a4 a3 
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4 Summary 

In this article, we gave extended contiguity relations for the solution space 
s[2] （ ＾[2] 
(2,1,1) a, /3) and for the function <I>)i 1.1) (z; a, /3; 1). In order to construct the (2,1,1) 

contiguity operators L 
^ ［2] 

互(k)_0(l)'we used both of the simultaneous eigenvectors 

and the simultaneous generalized eigenvectors in the simultaneous general-

ized eigenspaces 9cCkl -E:(ll of the vector space g [(4) with respect to the family 

of the commutative linear maps { adx} XE恥，1，1).
Thus, all the linearly independent vectors in the non-diagonal blocks of 
the vector space g[(4) with respect to the partition of the natural number 

4, (2, 1, 1) were made use of producing the contiguity operators. However, 

generalized eigenvectors in the (1, 1) block, vectors in the space 9。,werenot 
used. 
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