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Configurartion of divisors and reflexive sheaves

(A combinatorial method in construction of reflexive sheaves)
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 INTRODUCTION

1. In the present paper we construct holomorphic vectaor
bundles and reflexive sheaves on a complex manifold of dimension 22
from configuration of divisors on it. The construction is done by

v
the Cech-stratification theoretical method, which was introduced in

our previous paper [Sa-11].

The content of the paper is.as followgin § O we recall some
facts in [Sa—-11. In § 1.1 we give basic definitions and problems on
bundles and reflexive sheaves of the type just above.(Such sheaves

are said to be of type’(C)= configuration type.) In § 1.2 we see

that two important bundles on the projective spaces, Horrocks-
-Mumford bundle([LH-MJ1) and null correlation bundle(L0-5-51), are

constructed from configuration of hyperplanes in a very simple

manner,cf.Theorem 1.1. This fact leads us to the following problem:

™) To find more bundles and sheaves of (C)

See Prublém 1.1~1.6, § 1 for the precisision of (*). In§ 1.3 we
propose some answers to (*) by forming examples of bundles and
sheaves of type (C):(1) those of rank = 2, which may be a
generalization of the above two bundles,cf.Theorem 1.2, and (2)
those of rank‘Z3,Thenrem‘1.3. These examples have interesting
combinatorial properties and seem to provide new classes of sheaves;

csee § 1.4 for more such examples.
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2. The rest of the paper concerns some general arguments on the
structure of reflexive sheaves of tybe (C) and of more general type:

In S 2~08 5 we discuss what we call inductive structure of reflexive

sheaves of type (C). This structure is a central notion in the
theory of reflexive sheaves of type (C), and enables us to study the -
sheaves inducfive]y on the subvarieties, which are constructed from
the interesctions of the divisors in questionjfor the content éf §2

§5, see the beginning of each sectiaon. Also see § 5.2 for the
inductive structure of the sheaves in § 1.3 . In Appendix, uwe
discusss the structure of the endomorphisms of bundles. This is a
refinement of Part B, § 4 [Sa-11, and our idea is to analyze closely
the adjoint of the transition matrix in question. The content of
Appendix is applied to each algebraic bundle on a normal quasi
projective variety, and may be useful for investigations of those
bundles.

3.1. It has been known that cqnfiguratibn of divisors appear
in interesting geometric problems on varietiesje.g. the theory of
the branched covering(cf.[Hirl and [Ka-Nal) and the topology of the
complement of the divisors(cf'EOfS;T])f The present paper may shouw

that it appears also naturally in the theory of vector bundles and

reflexive sheaves. The content of the paper should be regarded, as
in [Sa-13, rather experimental and provisional, but it may be a
necessary step for clarification of the fascinating subject of
relations between configuration of divisors and bundles and
re?]éxive sheaves.

3.2. Many important results on bundles and’reflexive sheaves
on the projective space Pn have been knownjcf.for examp]es,
[Har-1,23, [0-S$-S1,[Ba-21 and [0-5-1,2,31. It is a necessary and
interesting task to clarify roles of bundles and reflexive sheaves

of type (C) on Pn among all such sheaves. This s%gs to be not easy.

"z
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We hope to discuss it élseuﬁ%re.

In uriting this paper, the author stayed at Universitat der
Gottingen as a member of SFB 170 in spring of 1986. Discussions |
there are useful to confirm our back ground on coherent sheaves in
general and on bundles. The author express his thanks for
‘hospitality of Professors H.Grauert, H.Flenner, H.Spindler and sther
members. Also I thank to T.Hosoh and H.Kaji for useful discussians;}
Hosoh gave an intrinsic definition of the imbedding of End E, cf.
Appendix, which Qas‘originally‘given by a matrix computation. The’
Fact‘that the null correlation bundle is of type (C) is based on a
computation of Kaji. His result is a very encouraging fact for our
proposed theory of sheaves of type (C).

Notation and terminology

In this paper we use the following abbreviation:
N bundle = holomorphic vector bundle
For a complex space X we always mean by Qi its structure sheaf. For
a complex subspace Y of X, we write Ig for its ideal sheaf. Letrgi
be a bundle over X. By a frame of gi we mean sections e =(e1,..,er);
_2,‘r=rank gi, Wwhich' generate g-’p at each p €X.(For a reflexive
sheaf, we use the word frame only for the open set where the sheaf
is lacally free.) We write M (U,05), with m,n €Z,  and an open

m,n X

subset U of X, for the F(U,g§)~modu1e ”m n(F(U,gi)) consisting of

’
mxn-matrix whose coefficient is in rcu,gi). Also we abbreviate as
H(U,gi) when (m,n) is forgettable. For an integer m O we set:

(2) s ={i,eee,m?

In this paper, we should sometimes consider subvarieties of X at one

time. A subvariety Y of X is uritten as 71, i=codimension of Y in ?,

when we want to make clear that i is the codimension of Y .
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CHapter I. Reflexive sheaves of type (C)

In § O we recall some facts in [Sa-1] in order to make claer
the back ground of the present paper. In § 1 we give basic facts on

the sheaves in the title.

§ 0. Preliminaries

Here we recall some facts in our previous paper in [Sa-11. Thisg
is done chiefly to make clear the back ground of the present paper.

Alsc we make some refinements of the content of the previous paper.

0.1. Prebundle. First of all the following may be a natural

idea in treatments of holomorphic vector bundles{(=bundles).

Y To form frames of the bundle, which reflect properties of the
M-1)

bundle closely, and to use them for studies of the bundle.
Corresponding to this, our basic idea in the construction of bundles
and reflexive sheaves is as follous:
. To form not only bundles and reflexive sheaves but also their

suitable frames.
Note that this approach is a cohomological one. Our approach also
depends on ideas and methods in stratification theory. In our
approach, strata are, in principle, taken to be subvarieties where
the frames fail to be the ones(= singular locus of the frames). This
apprbach has an advantage in the point that
(*-3) the singularity of the frames is examined closely.

Nouw we recall some relavant definitions in our prévious paper

[Sa-1]. Let X be an irreducible naormal complex space of dimension
_2+ Then our construction of holomorphic vector bundles(=bundles)

and reflexive sheaves over X consists of the fallowing two steps,
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cf. § 0,(Sa-11:
To find a bundle EX over X endowed with suitable frames, uhere

. X =X -{codimension two reduced complex subspace of X3, and to
") '

investigate the direct image gi of gx with respect to the

inclusion:X  X.

More precisely, by a prebundle over X, we mean a pair Dl=(§2,§x)

consisting of a codimension two reduced complex subspace X2 of X and

2

a bundle E, over X:=X - X“. We furnish E, with frames from a

stratification theoretical vieuw point, cf. § 0,[Sa-1]: By an

1 0]

s—repesentation datum for 01, we mean 02 =(X ,Nl,g ,gl) as follows:

?1 = a reduced divisor of X containing 22
(0.1.1) Ny = an open neighborhood of X1:= ?1— 22 in X
ei - sl

a frame of Ex[Ni$i=0’1 , with N0= X- X

Figure 1-1
e1
?2 = N1 yl
0]
£ No

By an s—prebundle over X we mean a pair (DI’DZ) as abuve;thé precise

form of (*-2) is:To find an s—pre bundle (01’02) over X and to

investigate the direct image gi of Ex. There are encouraging facts
for such an approach:It may be regarded as a generalization of
classical approaches to bundles on Riemann surfaces, cf. [Bil,[TJ1
and [Wel(cf.§ 0,[Sa-11). Moreover, if X is a normal quasi projective
(resp.Stein) variety, then we have ,cf. Lemma 0.1, [Sa-11:

each algebraic(resp.holohorphic) bundle over X is
©12 obtained as the direct image of an s—prebundle over X.
Nﬁreover, the first step in (*-2) of finding the bundle gx concerns

interesting geametric properties of divisorsicf.§ 2,[Sa-1]. See also

§ 0.2 and 8§ 1 in the present paper.
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Remark 0.1. Let the s—-pre bundle (01,02) be as. above.
When there is no fear of confusions, we call gx also an s—prebundle
over X, cf. § O in [Sa-11. In lateﬁ arguments, the divisor ?1 as in

(0.1.1) plays important roles; we say that gx is attached to 21.

Letting the s—pre bundle gx be as above, the transition

matrix, denoted by H, between the frames 20 and glz_o=ng in (NdﬁNl)

plays very bagic roles in our studies of the s—pre bundle EX.(See
[Sa-13. Also'tﬁe main part of the present paper concerns the
transition matrix in question.) Moreover, in the definitian of the
s;pre bundle, one can replace the role of the frames (go,gl) by that
of tBe transition matrix H. Precisely, we have the following
equivalence:

to find a datum

(0.1.3) to find an s-prebundle over X <?ﬁ?
(Yl,iz,Nl,H>

Here X1 are subvarieties of X of codimension i(i=1,2) satisfying

')?1 2 1:='>-(1__ 22 2

is an element of GL(NdWNl,g i) with N0=f - fl.

Actually, remarking that X =NdJN1, we see that the matrix H defines

D X4, N, is an open neighborhood of X in X:=X-X“, and H

a bundle gx over X and frames gl of gxIN (i=0,1) satisfying:
i

(0.1.4) e® = e'H in (NS>

0 ne checks (0.1.3) immediately from (0.1.4);in later arguments our
construction of s—-prebundles will be done by finding data as in the
RoHDSO U‘F (00103) .

0.2. Determinantal divisor. A very important tapic in the

theory of andles is relations between them and subvarieties which
are the loci of sections of the bundles.(See [Sel,[Gr-Mul and
CHar-11 for the beautiful relation between bundles of rank two on
the projective spaces and subvarities of codimension two of them.)
Here we point out that our s—prebundle has an intimate relation with

thenries nf divisors: Let the normal complex space X be as before

£
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and ?1 an effective divisor of X . Moreover, let r be an integer'zQ
. Then we make the following definition.(The definition below may be
a popular one. But, we do not know a suitable reference.)

Definition O.1. An reflexive sheaf Eg over X has X! as its

determinantal divisor, if there is an element ¢ err(gi), r =rank gy,

such that{

71

= XT3 , With the singular locus
I X-st&Ep)

Aeiw am )
(0.2.1) IX-S€g) 70
s<g§> of §§:={p ex;gi’p'is not Qui’p—Free 2
The following problem may be also popular. For completeness we make:

Problem O.1. Determine if there is an indecomposable reflexive

sheaf(or more strongly, locally free sheaf)gi of rank r such that
(0.2.2) Ey has X! as its determinantal divisor.
We show that s—prebundle has an intimate relation to Problem O.1:

Lemma O.1. Let X be a smooth quasi projective variety and ?1

a divisor of X. If an algebraic vector bundle ER has 71 as its

determinantal divisor, then fhere is an s—prebundle gx over X, Wwhich

is attached 12‘?1, such that

E? is the direct image of EX with respect to thevinclusion:

(6.2.5)
X5 X .
Proof. Take an element e err(g§> such that (Arg)o =§1 . Alsao
take a codimension two subvariety X2 of X! satisfying (1)X2 CX', (2

1_31_32

~X2, is a trivial bundle and (3) X!

§X1:=§§1 , X =X is an affine

variety. Taking a suitable open neighborhood N1 of Xl, we may assume
« ) o

that Eg,, has a frame el. Clearly, {(XZ,Eu;v)s (X1,N,,e%,e1)3, with
XlNl = =X X 1
X =X-X2, is an s-pre bundle over X and Ey is the direct image of E,.
q.e.d.

Remark 0.2. In Lemma 0.1, we assumes that Ef is locall free.
Instead assume that it is reflexive. Then, by replacing X by X
—s<gi), we have the similar result to Lemma O.1.

0.3. S-prebundle of tvype (G). Here we recall some results from

7
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a type of s—prebundle, which is said to be of type (G)(=Grassmann
type), cf.§ 2,[Sa-1]. Such an s—-pre bundle is the main subject in
[Sa-13. In that paper we worked with a normal complex space. Here,
for simplicity, we work with a connected complex manifold of
dimension 2. Let gi be a line bundle over X, and let s

=(51"°"Sr+1)’ rZ 2, be elements of r(£§>. We assume:

YI:= (5r+1)0 is reduced and irreducible, and 22:=§10 i:l

(6.3.1)

’

S*1_ . . L . =
where X "= (Sr)O,red’ is of codimension two in X.

We then set N, =X -X ! and Ng =X -X!, and form a matrix H <
GLr(NOONl’QY) as follous:
| 1., ‘1 Fo=s,/s, 1£02 r-1,
(0.3.2) H= | § f leowith T
r- r r+1
FIG#RE 1-2
21 -*1
AN )
kal Nog L
By (0.1.2) we have a bundle, dencted by gx gs over X::Y—iz and
frames gi of gx,N (i=0,1) which satisfy the relation:go = ng in
i

NoﬂNl. An s-prebundle of type (G) is such an s—-prebundle gx's, cf.
Definition 2.1 and (2.5.1,2), [Sa-11. The direct image gi,s is also
said to be of type (G). Such reflexive sheaves have also generality.
Actually, coresponding to (0.1.2) we have:

each algebraic bundle over a noraml quasi projective variety
(©0:3:9) is of type (G), up to a tensar product of a line bundle.
This follows from that the universal quotient bundle over a
Grassmann variety is of type (G),cf. Appendix, [Sa-1] and (0.3.8
10) below, and from the imbedding theorem to a Grassmann variety,
cf.CFul. Many'problems arise concerning s-pre bundles of type (G).
Here we discuss some relations of such s-prebundles to Problem 0.1.
For this we first recall a basic invariant of the s—prebundle E—,

just above. Define a subvariety Y of X by

(0.3.4) BV LS O

121500, neq + ©f+ § 2,[5a-11
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In our studies of s—prebundles, the variety Y plays a very important

role;See § 4, [Sa-1] for the role of such a variety in the

determination of r(gx S) and I'(End gx 5).) The variety Y plays also
~hs 3 ’ D

an important role in the determination of the local structures of

E? S,cf, §3. Here we only recall the following, cf.Theorem 3.1.1,2:
EX,s . _
If the direct image Eg _ 3 , X :={p €X; X is
X.glxsmnoth smooth
(0.3.5) smooth at p}, is locally free, then:
%qismonth = ¢, or codimension of it in Rsmnothz 2.

The second condition is very strong, since Y is the intersection of
r+l _3 divisors. It looks like that many interesting bundles of type

(G) satisfy the second condition; we make:

Problem 0.2. Find indecomposable bundles of type (@)
satisfying the second condition in (0.3.5).
In connection with this we see thét there aré many indecomposable
bundies of type (G), which satisfy the first conditiﬁn in (0.3.5).
Actually assume thét

(0.3.6) SysevesSnyq are linearly independént over C, and Y =9¢.

Theorem O0.1. If X is compact, gg s is simple and 10¢ally free,
=2

and has X! as its determinantal divisor.

Proof. (0.3.4) insures the local freeness of gi. Theorem 4.6,

ESa~1] insures that I'(End gx,s) =C. The second fact is clear from
Lemma O.1. q.e.d.

The condition Y =¢ is a generic one, if rank g?’s fidim X, and we
have many indecomposable bundles withi:rank of it—'Z'dim X.(This fact
was first found by Maruyama in [Mal by means of the theory of

elementary transformation. In § 4, [Sa-1] we gave an another proocf
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from the Cech-stratification theoretical view point.) The following
follows easily from what was mentioned above:

Corollary. Let ?1 be an irreducible and reduced divisor of
1

is a determinantal divisor of

the projective space PN(N§;2). Then X

an_indecomposable bundle of rank r, for any r,ZN.

This corollary seems to follow also from the earlier results in
[Mal. It seems that a determinantal divisor of a bundle of low rank
has, in general, singularities. We add the following problem:

Problem 0.3. Let il be an effective divisor of PN;N'ZM. if it

is a determinantal divisor of an indecomposable bundle of rank N,
then X! has a singularity ? _

When the bundle is of type. (G), Problem 0.3 seems to Ee
afirmative from (0.3.4) and the Lefschetz theorem for Pic(PN).-A
similar problem to Prob]em 0.3 was given by Ockonek-Spindler ([0-S1)
for mathematical instanton bundle.

Finally we give two examples of bundles of type (G).
Exampie 1. Let s =(sl,...,sn+1) be a basis of F(QP (1)). Then

n
Pn in the manner

we have a reflexive shaf EP s of type (G) over P
=2
son above. then we have:

(0.3.7) E

Ep,s =TP(-1), with the tangent bundle T

p of P.

This is checked by computing the transition matrix of TP' Note that
the variety Y in (0.3.4) =¢.

Example 2. Let X =Grd(Vn) be the Grassmann manifold of the

d-dimensional linear subspaces of a vector space V of dimeénsion n.
We assume that d and r:=p-d Z 2. Denote by gi_the universal quotient
bundle over X:

(0.3.8) Ugi= UxX 8 Ex > 0.

Take a basis el,...,en of V. We regard them as the elements of
F(Ui). Then we form sections N EF(Argy);i =l,+..,r+l, as follows:

(0.3.9) 54 s = elA Aeq ‘ Aer+1 ( e, is omitted).

Setting s =(51’°”Sr+1) we form a reflexive sheaf gy g over X. Then

I'4
{

At



we have:

(0.3.10) gi,s coincides with the universal quaotient bundle gi .
This fact is not trivialjsee Appendix, [Sa—lJ. The variety Y in
(0.3.4) in the present situation is the Schubert subvariety of

codimension two, which represents (-1)x(the second chern class of

the universal subbundle);cf.alsoc [Sa-11].

/!
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§ 1. Reflexive sheaves of type (L)

1.1. Definitions. Let X be a connected complex manifold of
1

dimension _2 and X' a divisor of X as follous:

21=U16A yi, A ={1,.,m¥;m_ 2, is a reduced and reducible

m
(1010000) - -1
divisor of X, whose irreducible components Xi are norma].
The divisor ?1 must satisfy the following:
2 -—

(1.1.0.1) X<,
1J

The purpose here is to form an s-prebundle from ?1 along the line of

1= 21 N Yj,i#j EAm, is of codimension two in X .

§ 0. For this we first form subvarieties of X as follows,cf. §.0.1:

=2 =2 R o
(1.1.0.2) X =Ui#inj’ X =X -X7, Ng=X -X

o2 Wlogl_y2_ 1
-%%,1 en_, x!=X'-3 —ngamxi

and take an open neighborhood of Xl of the following form:

. ) , 1
N1=UieA Nl,i’ where N1 is an open neighborhood of Xi

m ’
(1.1.0.3) .
in X, and Nl,in Nl’J=¢ if i#
Figure I1I-1
Y P Ve
= N1,1 — _xf::‘ X%
NO ]
J N, .\ o
B St 1Y e, L .
Next take a matrix H e”r NI,QR), r =2, such that(ieAm):
a(i)
1 fl
i 1
(1.1.0.4) H = 1 .
INg 4 \ faciy | a (i)
f 1
L fr 1
Alternatively, HlN is as follows:For an a(i) ear we have:
1,1 '
5s,t’ if t # (i)

(1.1.0.5) © the (s,t)-component of HIN =
1,1 . —_ N
stN y 1f t= ali)

/2



Here f.,J €A , is an element of I'" (N ,03) and satisfies;i eA
J r 1°=X m
S| . , C
(fa(i)INl .)0 = Xi’ and leXi’ J EAP,IS the restrictian

(1.1.0.6) to X% of a (unique) meromorphic function aver Y% with
the pole ?iﬂfz .
Clearly we have:

1

(1.,1.0.7) det HJN = f and so (det H)O= X"

1.4 a(i)’?

, _ YD 1 s
Now remarking that Noﬂ N1 —(N1 X —lhe Ale,i Xi), Wwe havetH €

6L (NN, ,0%)« The datum (X!,%?

over X of rank r, which is characterized as follows, cf.(0.1.3):

’Nl’H) defines an s—pre bundle EX

gxlN_ has a frame gl(i=0,1), and the transition relation

(1.1.0.8)

between them is:go = ng in quNl'

Such an s—-pre bundle is ogur main subject in the present paper:

Definition 1.1. (1) An s—brebundle over X is said to be of

type (C) (= configuratidn type), if it is constructed in the manner
1 52

just above ,cf.(1.1.0.8), from data like (X' ,X ’NI’H) as in (1.1.0.0

6).(2) A reflexive sheaf over X is said to be of type (C), if it
is the direct image, with respect to the inclusion:X X, where X is
an apen part of X in question, of an s—prebundle of type (C).

As we will see in the course of the diséussions, the sheaf of
type (C) has some peculiar properties, which general sheaves do not
have;cf.Proposition 1.1 and § 4 an § 5. This stems chiefly from the
following:

. The divisor x! is reducible and E, is a product bundle in
1

the neighborhood N1 of X~

Let the s—prebundle gx and the frames 20 and gl be as above.

Then gx is attached to Yl, cf.Remark O0.1. Moreover, we have:

Proposition 1.1. Each component of the frame 20 is a section

of gx, and we have:

/3
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(1.1.1.1) the determinantal divisor of e2¢:=("e% ) = x!.

Proof. This is clear from that H e MP(N 03) and that (det H)

12953 0
= x!, cf.(1.1.0.6).  q.e.d.

Thus gx has the reduced divisor Yl as its determinantal divisor.

Remark 1.1. (1) From the meromorphy of fslxl’ cf.(1.1.0.6), we.
i
see that the direct image gi =i*§x, where gx is as above and i is
the injection:X X, is coherent, cf.Corollary to Theorem 4.0.

(2) Note that Nl,ian,J =psi#j, and we have:F(Nl,gg) zeiEAm

l"(N1 i,gi). Thus an element f GF(Nl,Qz) can behave independetly on
’
- each N1 i.(IF we do not assume the disjoince condition, the unicity

of the analytic continuation implies that the behavior of f in Nl,i
determines that in Nl,j’ i#j+«) We use this fact frequently in
treatments of the bundle gx as above.

1.1.2. Here we propose some basic problems for reflexive
’§heaves of type (C). The problems are essentially the restriction of
fhe ones in § O to the present situation. The complex manifold X
and its reducible divisor fl are as in the beginning of § 1.1.1.

First, corresponding to Problem 0.1, we make:

Problem 1.1. Determine if il is a determinatal divisor of an

indecomposable reflexive shéaf of type (C).
We sharpen Problem 1.1 as follouws:

Problem 1.2. Determine if ?1 is a determinantal divisor of an

indecomposable bundle of type (C) satisfying:the rank of it dim X.
We may say that the‘bundle satisfying the above inequality is of low
rank(uwith respect to the dimension of X.) We add the following
wearker version of Problem 1.2: ‘k

1

Problem 1.3. Determine if X° is a determinantq] divisor of an

indecomposable reflexive sheaf of type (C), say gi. satisfying:
CﬂdimQS(Eg) rank gi + 23 with the singular locus s<g§> of E?’
cf.(0.2.3).

G
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also said to be of lou rank. Actually we set r+k =c0dim28(§§), 2 5
k, and take a subvariety Y of X satisfying:dim Y = r+k,, uithllg k’
k and S(gi)ﬂ? =¢p. (If X has many subvarieties, such a Y exists.)
Thus §§|? is lecally Free and of low rank.{One should check if Ef!?
is indecnmposab]e or not. In this paper we do not enter into this
problem. We hope to discuss it in an another place.) See Theorem 1.2

and 1.3, § 1.3 for a partial answer to Problem 1.1 1.3.,

1.2. Examples...1. Here we see that the two important

examples of vector bundles on the projective spaces, Horrocks-
-Mumford bundle([H-M1) and the null correlation bundle(L0-S-S1),
are of type (C),cf.Introductions This is checked by giving a
transition matrix attached to them in an explicit form. (The null
correlation bundle is treated here only in the case of P3. The
higher dimensional cases will be discussed elsewhere;see also §1.3.)
Now Tet PN denote the projective space of dimension N, and let
z=(zl,...,zn+1) be its homogeneous coordinates. We set fi =(Zi)0 .
In the rest of § 1.2 we write X for P3 or P4, and, according as X =
3P3 or P4, define a divisor il as follouws:

(1.2.1.00 %!

1X.(case of P4).

FIGURE I11-1

=?} U?é(case of P3), or ¥ =U

|
Xl__

><|
N -

When we are concerned with P3 define a 2x2-matrix as follows:

1 2...72,
(1.2.1.1) o 21;; 1+2]; i=1,3e2/41
_ i7%i+2 . .
When we are comcerned with P4 we define a matrix as follouws:
1 Z2..~2..~72,.,2,
(1.2.1.2) | 4271437541048y eqy57
0 2i%i+417%141% 44

The (2,2)-term =z./z-,4% We write it as above to make it as the
v 2 |

s 8
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quotient of monomials of degree 2. Also note
that the pentagpn phenamenon ,cf.CH-M] and i+1

[B-H-M1, in the (1,2)-component; we like to

emphasize the simple form of the above transition matrices;

Nouw we apply the argumens in § 1.1 to the above matrices:As
previously we set:
(1.2.1.3) izéJi;J<iiU§}>, and X =X-%2, x1=lei<=<?1f§2;ﬂi?%—22)
Also tahe an open neighborhood NliﬂiNl,i of Xlﬁlgxl’i_in X,
‘ satisfying:Nl,iﬂNl’j.(The neighborhood N1 is just additional to the

data in (1.2.1.0~3)). Now define a matrix H M (Nl,gi) by:

2
HIN = the matrix in (1.2.1.1) or (1.2.2.2), according
(1.2.1.4) 1,1
as we are concerned with P3 or P4;1 GAm
The datum (YI,RZ,Nl,H) defines a bundle E, over X and its

frames gi, i=0,1, of E 0 =X

such that e =e'H in NS, . (Here N

XIN, 0]
i

A
-X%.) Urite gg the direct image of gx with respect to the

inclusion:X(s X. In the theorem below we write gi as gP3 or EPA,
according to whether X =P, or P,.

and EP are locally free and indecomposable.
3 4

Theorem 1.1.1. EP

Moreover we have:

Ep

E
_p4

null correlation bundle twisted by OP (1
3 3
Horrocks—Mumford bundle

(1.2.3)

This theorem is proven in two ways:First, using the representation
of those bundles by monad, cf.LH-MJ and [0-5-S1, one checks that the
above bundles admit Frahes of the above types. This isveésentially a
tedious computation, and Qi]l be given elsewhere. Second, without
using any known facts on the null correlation and Horrocks-Mumford

bundles, we check that the bundies E; and gp are locally free and

P
3 4
simple. Also we check the characteristic properties of the above tuwo

bundles;see § 5 and Appendix.
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1.3. Examples...2. Here we give c<ome examples of reflexive

sheaveé of type (C).

1.3.0. Data in § 1.3. Here we work with a connected complex

manifcld‘? of dimension _3 and data as follouws:

a line bundle gi aver X and sections s =(sl,..,5m);m2‘2,

(1.3.0.1) -1
- F(Li);ue set Xi =(s,)

-1 sl
ilo and X =, Xi .

i€l
m

We assume that i%,i €A, is irreducible and smooth and that X

csatisfies (1.1.0.1). More strongly we assume the condition (2.0.0),

which is introduced in the beginning of § 2.(This insures that x! is

a normal crossing and satisfies some global conditions.) From the
2

data in (1.3.0.1) we form a codimension two subvariety X° and the
cpen parts X and Xl,Xi of X and fl,ii as in (1.1.0.2):

52 g1lA31 _g_ 32 1,1 1y, _31_32,_
X =Ui,J(Ximxj)’ X =X-X°, and X (fﬂieAmXi) =X" =X
(1.3.0.2)
-1 352
__\lie& Xi“x )n
m
; . _ 1 _ 1 L
We take an open neighborhood Nl— iEAle,i of X° = iGAmxi satisfying
N, .N, . =0, cf.§ 1.1. We fix an element f e['(N,,03) satisfying
1,i 771, v 17=X
(1.3.0.3) (F)0=X1.
(Such an f exists. For example define f by FINI i=si/si+1;ieém.) We
use the following element frequently in § 1.3:
A ®(m-1),
(1.3.0.4) sy —(HJGA SJ)/Si GT{LX )y .

m
Remark 1.2. In § 1.3 we assume that dim X _3, cf. the

beginning of § 1.3. The case of dim X =2 will be discussed by my
students, Y,Hina and M.Kagesawa, in an another place.

1.3.1. First we generalize the transition matrix of the null

®{(m-1)

correlation bundle. For this take an element tier(gi );ieam,

(Nl,gi) as Fol]ous:

1 t./s”
i"71

(1.3.1.0) Hyy = with s} in (1.3.0.4)

and form a matrix H €M2
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The datum (il,RQ,Nl,H) defines a bundle EX over X and its frames E#

of E i=0,1, satisfying go =ng in (NdﬁNl), cf.(0.1.4). Assume

=XIN,’
i
the following generic condition for ti;i EAm:
3 3 _. —1 * —_
For any ICAm satisfying XI.#WieamXi#é we have.(l)talXI 1¢
. ?
| O;aeam, and (2) for any JCAm we have:nBEJ(tﬂlil 1)0 is of
(1.3.1.1) ’ |
codimension _#J in Xl’l.(Here xl,l is an irreducible
component of ?I.)
. A A2 _
For each ie€A ,(t./s.)l—l and (t'/s')lil and 1{(=constant
(1.3.1.2) L 1oy

function with the value 1) are linearly independent over C.

When m =2 we also assume:

2 82

(ti|§2)@ and <t'I? ) are linearly independent over C
(1.3.1.3) ij AW
31, eAm.

Theorem 1.2.1. The direct image E? of gx with respect to the

inclusion:X X is simple and

(1.3.1.4) Codin s<g§)=4 with the singular laocus S(EY)'gi gi .
e

(See (0.1.2) for S(gi).) The proof of Theorem 1.2.1 and mor

informations on g; will be given in § 5 and Appendix.(we use
(1.3.1.1) for the proof of (1.3.1.4) and (1.3.1.2,3) for that of the
simplenes of gi.) Theorem 1.2.1 insures the existénce of simple
reflexive sheaves of rank two whose singular locus has a large

codimension, c¢f. Problem 1.2 and 1.3. In particular assume that X

=Pn;n: 3, Ly =Q§[1] and m satisfies:2< m< n+l. Then one sees readily
that (1.3.1.1,2,3) are generic conditions for tj EF(Q;(m—I));jEAm.

Thus we we have:

%1 (a=n, s.). is a determinantal divisor of a simple
1EAm i’0

(1.3.1.3) reflexive sheaf,Ey, of type (C) and rank two satisfying:
codlmRS(gi) Z 4.

Remark 1.2.1. In Theorem 1.2.1, assume that X =P3,and 51521157

=25 and t1‘=22,t2=z4. Then Eg is the null correlation bundle,

/8



cf.Theorem 1.1. Restrict the bundle to PQ. Then (1.3.1.3) is not
satisfied. From this we can check that the restriction is not
simple. This is a well known fact, cf.for example,[0-S-S3J.

1.3.2. Here we generalize the transition matrix of Horrocks-

Mumford bundle,cf.(1.2.2). We assume here that m is of the form:
‘e4n

m =4n+1;n €Z+. For each i €Z/mZ, form elements 9; aer(g;x ), a =
1,2, as follows:
(1.3.2.0) 9i,2 =Husu, u=i+a, and 95,1 =Husu, u=i+(n+a)sa=1l,..,n .
i
We define a matrix H EMQ(NI’QY) as i+1 i—1
9i,272; :
* i+n  _ _ i=n_.
follows: 1 9. /9. '1 i+n+1 1—Q—1
1,1 1,2 gl 1- ‘ N
(1.3.2.1) H\ = f | o i42n i-2n
. . . N .— E
1,1 | 0 f |
As previously the matrix H defines a bundle, denoted by gx, over X

0 1

and frames gl of EXIN i =0,1, with e¢° =e"H. Assume the following:

. _ 2_
For each i eAm, (gi,l/gi,Z)IXi’ (91;1/91,2)IX4 and 1 are

linearly independent over C. Moreover,. for each i#}] EAm,
(1.3.2.2) .

if we have:b ®so lx =bge §f§§j, uith by and by <F Ly )
Ly

o,B eAm -{i,j2} and L— =

’ then ba =bB =00

><|

X1 _
We write gi for the direct image of g uith respect to the inclusion
+ X X.
Theorem 1.2.2. Eg is simple and codimRS(Ey)Z 4.

The proof of Theorem 1.2.2 and more informations on EX will be given

in § 5 and Appendix. Theorem 1.2.2 gives an another method to form
indecomposable reflexive sheaves of rank two whose singular lqcus is
of large codimension;cf.Problem 1.2 and 1.3.

Remark 1.3.2.In Theorem 1.2.2 if n=1(and so m=3) then the true

inequality: 4 holds. The inductive structure of gi in this case is
discussed in detail up to codimension four, cf.§ 5. Moreover, if

X=P5 and gi =QP5
bundles, cf.Theorem 1.1.

(1) and if 5,5z, we have the Horrocks—Mumford

/1
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1.3.3. Here we discuss reflexive sheaves of type (),
Definition 1.1,‘and of rank 23. Contrary to the case of rank tus,
we can not construct a new example of such a sheaf satisfying:

(1.3.3.0) (rank of it) +177c0dimi(singular locus of the sheaf).

But one can construct such sheaves satisfying the equality instead

of the inequality just above. Our example is as follows:Let r be an

®(m-1)

integer_ 3, and take sections U, GF(L? )31<as r-1. We define

a matrix H emr<N1,g§> as follows:
u /sA
(1.3.3.0) Hl = r-1 a” 71

NiLi ! o f

i

51 i o é r—-1

(See (1.3.0.3,4) for f and s?.) As previously the matrix H defines a

bundle EX over X and frames ei of EXIN ,1=0,1, satisfying 20 =31H.
i .

We write gi for the direct image of EX with respect to the
inclusiontX X . Now assume the following conditions:

ualgi#o for each « eAr—l and i EAm, and

(1.3.3.1)
codimy(izﬂ(ﬂrzl(
a=1

) ) r+l .

O,red =
For each i €A and « €A Cu_zs™ ot (ueu./(s™®
m i S A A D A

u-
o
(1.3.3.2) i
7 eAr—l’ and 1 are linpearly independent over C.

For each i EAm, take elements vy aEF(Li‘);aeAP_I. If

(1.3.3.3) ’ i
r-1 - A P
za=1UaIX§Vi,a :O(mod‘silxi) then Vi, =0 ear_l .

Theorem 1.3.1. gi is simple and codim§§(gi)=r+1. Moreover, we

have:

y =X "L ) ) .
a=1

(1030304) S(_E__' [ 4 O’r‘ed

X

We prove this in § 5.2 and in Appendix.(le use (1.3.3.1) for
the proof of (1.3.3.4). We use (1.3.3.2,3) for the proof of the
simpleness of gy. Assume that X =Pn;n _3 and that (1? gg =Q?(1) and
(2 SpseeeesSy eF(gi(l)) are linearly independet over C. Moreover,
we assume that m =n+1 and r =n. Then we have:

(1.3.3.5) General elements ui,.,un_ler(oi(n)) satisfy (1.3.3.1 3).

(This is obvious for (1.3.3.1). In order to check (1.3.3.2,3), it

20
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suffices to see that they holds for a (uy,-.ou 0 € T"70 WS™. ue
. _ ®n ' ®n. _ .
cee easily that Uy TS TSy 31 _7 _n-1 satisfy (1.3.3.2,3).

Thus ,over Pn;n -3, there is a simple bundle of rank n such that

it is of type (C) and it has (l'IieA Si)O gs its

(1.3.3.5) n

determinantal divisor.(Here si;iEAn,is a basis of r(gg).)
We add one another example of a reflexive sheaf of type ((C)
whose frames(and the resulting transition matrix) have an

interesting combinatorial property:Here we assume that m_ 3. For
@(m-1).8m

each i GAm define a vector gief((gi >77) as follows:
t _,.®(m=1) ®(m-1) A ®(m—-1) ®(m-1)
(103v401) g’i —(Sl ,ot,si_l ,Si, Si+1 9 00y m ) I
Also we define a matrix H E”m(N1’9i) as follows:
I q. /9,
(1.3.4.2) H o= |07 Tha Ty pe
1,1 J B
(Here 9500 is the a-th componen of gi)
FIGURE 11-3
1 2 i m
r— ~ em-1 em-1 ®m—I—
! 1 51 1 5
m—1 ~ em—1 eam-—1
2 S, 55 o o
. em—1 em—-1 ~ em—1
! i ! 5i ‘ i
m S®m—1 S®m~1 s®m—1 - . SA .
m m m m o\

(Note:gi a';(a,i)—component of the matrix.) As previosuly the matrix
]

H defines a bundle E, over X and its frames gi of Eyyn,» 170s1, such
i

0 1

that e~ =e'H . L et gi denate the direct image of gx Wwith respect to

the inclusion:X X.(Note that the rank of gi =m.) Assume the
following conditions; cf.also (1.3.3.2,3):

For each i GAm we have:Take elements Vi, a egii;a eAm—l'

m—1 -
(1.3.4.3) If Za=1 (gi,alxi)gvi,a _O(mod.gi’

and a €4
m

mlgi)’ then Vi,a =031 EAm

-1

>
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For

(1.3.4.4)and
over

Theorem

each iEQm and aeAm_l » the Functiaps 1,(gi’ /9

(g. . ®g

i, 7 “i,x

c.

(Actually we

1'3020 -E‘i

have:S(E

X

/982

i,m)lii

7 1sm)l3(.]:
1

;TGAm_l are lineraly independent

is indecomposable and codim28(§§)=m.

) =y (5000)

m
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This is alsoc proven in § 5.2 and Appendix. Here we remark that
the singular locus S(gi) has interesting propertysTake a point p

es(gi). Then we have the following:

Eg is generated by (m+1)—e]ements, and for an element
1.3.4.5) "F » 0 r A . ®(m-1)
gegi,P, we have:(Ae )O={(Z _lcale(s +s, )+CHB€AmSi)0}

(Here 1 is a frame of L\y at p, and C, 0 C are in QR p.) The degree of
9

(sh 450 M1y = Pas® (M Doy =(n-1), uhile that of M, s; =m. In the

expression of (Ago)o in (1.3.4.5), the fisst term is a main term.

Now the divisor (5A+s®(m_13
a "«

0 is a typical one in the theory of the
toric singularity, cf.for example,(LOdal); The example in Theorem
1.3.2 shows that reflexive sheaves of type (C) provide also
interesting examples of singularities.

Assume that X =P _, Ly =03(1) and m =n. Also assume that s,,...
- GF(QR(I)) are lineraly independent over C. One checks readily
that if m(=n) _4, then (1.3.4.3,4) hold. Uhen n =3 one also checks
that g; is simple and codimPSS(gi)'=3. Thus Theorem 1.3.2 provides
an interesting example of a reflexive sheaf on Pn.

1.4. Some remarks. Here we make some remarks on the content

hitherto in § 1:First, for r =3, we can find some other examples of
indecmposable reflexive sheaves of type (C) which satisfies:
(1.4.1.0) the codimension of the singular locus of the sheaf =4 .
Such examples will be discussed elsewhere. Here we give only one

example. We take (X, L ) to be (PG’OP (1)). Moreover we set:m=7 and
6 !

to be a basis of '(L g). For each i €A7 we form elements

X
(4));a=1,2,3, as follous:
6
I 9. /9.
_ 3 2 i, 71,3 ,

We set X2 =U .. ((s )(sa)~) and X} =%1-%2 with §1—1517 . Also
a#B a’0 B°0 a=1%a 0
7

take an open neighborhood N,= i=1N1,i’ where Nl,i is an open

neighborhood of (si)o—iz. In the similar meanner to Theorem 1.1

-p %2 =
1.3.2 we have a bundle gx over X.—P6 X“ and frames gi of EXIN’N —P6

51000057

gl s X er (gp

273

64
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—Y1,1=1,2, such that e H in (NoﬂNl). Here the matrix H is

0 &1
= the matrix in (1.4.1.1). We urite Ep for the
1,1 ‘ 6

direct image of gx with respect to the inclusion:X Pé. The sheaf

defined by:HIN

EP does not have so good properties as the Horrocks-Mumford bundle.
6 :
But we have:(The proof is given elsewhere.)

(1.4.1.3) gp is simple and codimP S(EP ) =4.
é 6 6
Next, in connection with the existence of reflexive sheaves of

type (C) satisfying the condition in Problem 1.2 or 1.3, we make:
Remark 1.3.1. The null corre?atiun bundle on P2n+1’ twisted

- 2n
P(P_P2n+1)’ has (I'Ia=1 Za)O has

by QP (1), which is denoted by E
2n+1 ;
its determinantal divisor. Moreover, when n =2, we have:
(1.4.2.1) EP is of type (C).
(This fact is given elsewhere. Also (1.4.2.1) seems to hold for any
n.) The rank of Ep =2n, and EP is an important bundle of type (C) of
high rank. On the otherhand, we can not construct, at the present
moment, a new example of indecomposable reflexive sheaves os rank r
_3 satisfying:
codimension of the singular locus of the sheaf 2 r+2;
(1.4.2.2) v -
cf.Problem 1.3.
We add the following to Problem 1.2 and 1.3:

Problem 1.4. Find indecomposable reflexive sheaves over Pn;

n_. 4, which are of type (C) and whose rank r _3. The sheaf must
diFFervfrom the null correlation bundle and must satisfy (1.4.2.2).
Next Horrocks—Mumford bundle and null correlation bundles
occupy peculiar roles among bundles and reflexive sheaves on the
projective spaces.(See [Har-1], [0-S-SJ] and [Ba-2]. See also
(Har-2,31,[H03,00-5-1,2,3] and [0-1,2] for general results on
bundles aﬁd reflexive sheaves on the projective spaces.) In § 1.2 we’
saw that the above tuwo bund]és have frames of peculiar types; it

seems to be reasonable to expect the followina in treatments of

2%
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bundles and reflexive sheaves in general:

Those sheaves, which have some peculiarly good properties
**) have frames of peculiar types, tﬁ which properties of the

'sheaves closely;cf.the beginning of § O.

From our view point, frames gi, i =0,1, of a reflexive sheaf of type
(C) as in Definition 1.1 seems to be a typical one whcih has
peculiar properties. The position of the sheaves of type (C) on the
projective spaces may also be peculiar among all reflexive sheaves
on those spacesjwe add the following

Problem 1.5. Take an element ¢ =(c1,.,,cn) eZz". Determine

if ¢ is the Chern classes of reflexive sheaves, say EP , of type
(C), over the projective space Pn: "

(1.4.3) ci(gP ) =ci.(Here we identify Hzi(Pn) with Z usually.)
Finally the Horgncks—ﬂumfnrd bundle admits the many symmetries,cf

[H-M]. The following question may be a natural one:

Problem 1.6. Find reflexive sheaves of type (C) on the

projective spaces, which admit many symmetries.

2 &
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Chapter IIl. Inductive structure of reflexive sheaves

The structure in the title is a central subject in the theory
of reflexive sheaf of type (C). In § 2 and § 3 we give some genera)
arguments for it. In §8 4 and § 5 we give explicit forms of the

structure for the sheaves of type (C) and the sheaves in § 1.3.

§ 2. Inductive structure ...1

Let U be a polydisc in CN Wwith coordinates x=(x1,..,xN) and ¢
a holemorphic function in U. For an I CAN we set Xl=ﬁi51(xi)o. Then
® has the following power series expansion with respect to QT;ICAN:

) @ :ZICAQHJGaN—Ixjjwl’ where @I does not contain xi;iEI and is
regarded as an element of rfuﬁﬁl,g§1>.
In§ 2 and § 3 we give an ana}ugué of (*)-to a certain coherent
submodule of a locally free sheaf over a complex mani?old:fhe main

notion, inductive structure, in Chapter 11 is given in Definition

i
P

3. Some pireceeding argumemts, like a type of complex and the

cobundary of a morphism, are alsg important, cf.Definition 2.1 and

See zlso the beginning of § 3.7

Remark 2.0, We treat (*) from our view point of the inductive

2

structure, c¢cf. Example in § 2.3 and § 3.4. COur naive idea in § 2 and

§ 3 appears clearly in those treatments.
Data and Notations
Thm & © = e . . ' : ; £y F1_ 51 >
In§ 2 and § 3 we work with a pair (X, X = UieA"‘ yMZ2)
4
m

consisting aof a connected compiex manifold ¥ with dim X 2 and its

i =i Cy . . , Sl
divizor A5 with the irreducible components %i, cf.(1.1.0.0). We

______ RN PP ~

secume the followling candition:

24
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X Then:iI =3}, if # 1>

For a subset I Cam we set XI =ﬂi€l i

is smaoth.

(2.0.0) dim X. If # I £ dim X then codim;?l =#I and 21
) »

Moreover, XI is irreducible unless # I =dim X
Setting mi=min(m,dim X), we take an integer aslk as ™, and we set:
(2.0.1)  X3= UX[, with I:#1 =a .

We write Xl and 8XI for a generic open part of 21 and its boundary:

#I+1 and J O 1, and

9%, = UJ RJ , where J satisfies: #J

2.0.2)
We admit»the case I=¢. In this case we understand:
(2.0.3) X, ,X; and ax, = X, X-%1 and X! .

I 1

2

2.1. A type of complex. (i) We begin § 2 with an algebraic

preparation. For an I CAm and a laocally free Q? -modutle ﬁg s we define
I I
a complex C'(ﬂi ) as follows:
I

2.1.1) cKiz ) =@ Mo 5, where J satisfies:I C J and #J= #I+k.

X J —XIIXJ
If k+#l m, then Ck(ﬂi )= 0. The coboundary operator éI:Ck(ﬁg ) -

I I
Ck+l(ﬁ§ ) is described as follows:tIf k+#I+1 m, then 51 is the zero
I

map. Assume that k+#I+1 m. Then:
)+ Kl ey 2,

J X1 X1

& = & S

k e
L | 10 (Mg ) (=8 s

1] I follx

with J:J DI and #J =#I+k , and K:X 21 and #K=#I+k+1,
where 5I;J is ag follows:

o) = = &

|% ywith KsK O J and #K =#J +1,
J

* :$ 5 . : ﬁ—' { E_ v
;0K 1K, 172X K =X 1%

where Opik,a T frsak ok, IOR R, T R paR Pere ek, 2o

o i Sy Cume - _ —¢_1y5"1
(2.1.3) the restriction morphlsm.ﬂxllxjéﬁxllxK and EI;JK (-1

with the integer s as follows:(J-1)=(K-1)-{s—-th element of

(K-I)3 .

Definition 2.1. We call C'(Ms ) complex attached to (A ,Mg )°’.
—XI m Xl
Lemma 2.1.1. (1) The following exact sequence holds:

27
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) 6. ~
(2.1.4.1) 0=y, N ~ng =cCre 1> =T ety oL o c? g
1A 7% 1 1 1
Here Laxl=idea1 of axl(cf.lntroduction). When 3X1= &, l‘”l:gil'
el (s )=c2(My ) we have:
1*t Oy, g ) we have

)

(2) Setting 2'(ry ):= kernel of &
1
(2.1.4.2) by ) =

1! m_ . ’ _i_i a Eo
XI Xllaxly

Jik

) ‘% OQ



435

Prgaf. This ]emma may be well known. For completenes we give

g proof in detail. (1) First we check (2.1.4.1) inductively on El =

m -#I. If %I =0, then (2.1.4.1) is the abvious Fac{:ﬂg :ﬂ; . Assume
’ I I

that %I "0 and that (2.1.4.1) holds far: %I. (1) Take an element @

eﬂgl’p, p e?l. Clearly, 6.(¢) =0 implies: ¢e;axlggl’p. This insures.

the first part in the exact sequence (2.1.4.1). (2) Next remark that -

m
) e~ L _ -
kernel of 51 at the degree mI—C (ﬂxl)(—ejﬁxllxj

J DI. . 0n the other hand, for any JI:I DJ1 and #Jl =%l—1, we have:

), with J:#J=%I and

Y15 .« Thic implies the surjectivity of 8,(=the last
a1 ¥y . I

part of the exact sequence in (2.1.4.1). (3) Thirdly take a kel_ k

~ ’ ' ‘ :
ml—l. Letting m be the maximal element of &m -1 we form the

following subcomplex of C’(ﬁx )¢
I
with those J:J sm .

(a) ¢ty o = ny
J

1 J—XIIX
We easily check:

C "(Mg ) and C" (Ms )/C’°(N— ) are isomorphic to the complexes
(b) Xy Xy X

i - , ' —m Y M=
which are attached to (Am’—XIIIU{m }) and (&m {m J,ﬁxl) .

(For (b) see Definition 2.1. In the first isomorphism, an element of

C"<QEI) corresponds to the element of ﬁhe gther complex, with the
degree . :1.) In the exact sequence:0 +cf‘<mgl> > c'(mgl> -

C'(DXI)(C ’(ﬂgl) - 0, the induction hypothesis is applied to the first
and third terms, and (2.1.4.1) holds for these terms. Fraom this we

get easily (2.1.4.1) for C’(ﬁ? ) except the first term in (2.1.4.1).
I

But the first part in (2.1.4.1) was proven in (1), and we have

(2.1.4.1), Next (2.1.4.2) is a consequence of (2.1.4.1){or, 1is

checked directly). q.e.d.
(ii) Take an integer a:0 a m, and let M = My }I be a
I
collection of an QY -module Di ,» With #I =a. We form a complex of

I I
an~ modules as follows:

(2.1.5 ¢ = 91C'(ﬁ§1), uith»the coboundary operator 5é:$l 5i.

27
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(2.1.6.2) z2lin® , with I:#I =a, if a ™.

l —X tax
Proof. Immediate from Lemmd 2.1.1. q.e.d.

Remark 2.1. Take elements a,kEZ+O:O= atk_ m. Then we have:

(2.1.7.1) Ck(ﬂa) =8 s with I,J:#I=a, #J=a+k and I CJ.

1,J - IX
For a J we use the Fo?]ow1ng dlrect summand of" C (H ) frequently in

later arguments:

» with I:#1 =a and I CJ.

2.1.7.2) k) =e. Mg
: J

J I —X [ X
We call it J-part of C (N ).

2.2. Coboundary of a marphism. (i) Here we add an algebraic

argument to the one in § 2.1:For an a EA%, take collections ﬁa_} ﬁa

and 3° as follows:

Na—1= {Ms 2 Mg is a locally free Oy ~module
- ~X."1 =X =X
' I I 1
(2.2.1) M2 = {M, 3 where Mg 1is a locally free Og—-module
_ - —XJ J , —XJ —XJ
a _ . _ a-1
& = {@J}J QJ is an O Jmorphlsm ij(c M ») J

Here #I =a-1 and #J =a.(See'also (2.1.7.2).)

- Remark 2.2. When there is no fear of confusions we write:

n® for cO®y=e My and &2 for the Oya-morphism:
| J

(2.2.2)

1

wmaual a1, _ - a ST, =
® %M -0 (N ) =8 (L7 (M )) s with J:#] =a .

The following definition is important in the arguments from now on:

Definition 2.2. Assume that a m. By the coboundary of &°

dencted by 682, we mean the collection aof Qi -morphism, denoted by

K
(68),,#K =a+1:6%° ={(6&) ;#K =a+1}, with an Os-morphism (&%)

K _ K AR =R K
(Cl(ﬁa))K »<c2<ga"1)>K,.cf.(2.1.7), which is characterized by the
following commutative diagram:

ﬂ ‘ Cl(ﬂa—l)
I I 2
(L L~o) er 58"1
¢ct (m ») K hy
i a+l- a+l-i
Here Pl denotes the prajection: C " ) +(C M ))K,l—l 2.

e ca1l 81 the w-pay: of (567



437

Remark 2.3. We write 637 alsa for the an+1—morphism:

. 2 a-1 _ 2 a-1,,
(2.2.4) K " C (N ) ~@ (C (M )) = T )(—QK(C M )JK)

(ii) Here we give some properties of 889, First we clearly have

the following commutative diagram:
a -
| e 2> g h
(2.2.5) \fa . \@ 0 a-1
clamdy L85 2yl
Also note:

(2.2.6) ker 632 = ®, ker (639, o With Ki#K =a+l.

Ne5t>the explicit form of 682 is as follouws:for each J Cam:#J =a, we

write @1 1) et @) | as follows:

A e & oMo aenloaa-l _ . BT =
(2.2.7) @J-ngl,J.ijékc M ))J SIﬂxlixj, with I:#I=a-1 and I CJ.

Proposition 2.1.1. For a K CA_:#K =a+l, the K-part (6% of

582 is as follows:

(5@3)K = @@, with J:#J =a and J CK, where

i 2,..a-1
(2.2.8) &, = (® & & S )tMs o - 8. I e,

JiK IS SRS PNIF L ISR 1K K

with I as in (2.2.7) and el 1K 1 or -1 a@s _in (2.1.3) .

Proof. Take an element ¢ €My By (2.2.3) and (2.1.3) we have:

()X =& Mg

) T e k?rs0,kt1, 0 1% 1%

K
a—1 f"' i i . . .
a-1 and I CJ, where wl;JK is as in (2.1.3)

a
(687 &

(a)

But w &) :QI’J!XK(C'XK), and we have (2.2.8). g.e.d.

Ik, J I,J

2/
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at+l 1

. 4 Y = = a
Next take an element ¢, =6__ ¢, = (C7 (M)

< |

}

-

/

(= & Mg
< AREYS
' s >“K(BL

P o, 2 Al _ '
K({s)=K-{s—-th element of K}. We have:(CT(N ))K_algsgt§a+l

Mo v Wwith K(s,t) =K-{e¢-and t—-th elements of K. Let pr
=X I X st
K{s,t) K
2 a—l))

denote the projection:(CT (M

v)9 Uith
K .

—>£1‘—

% From (2.2.6,7) we

K X, *

~ a = —
(2.2.9) pr (627D (#) ) ®K<s,t),K<s)lxé¢K(s)

— (g
KCs, 0, KO IR K
Finally we write down (G@a)K, far a =2,3, explicitly: First

assume that #K=2. We write K ={i,j3.

’ 1 ' 0
(2.2.10) (3¢7), =(-¢.82 &.), 5 : My eMy ) g =Mis
K i J ikK Xi XJ !XK lXH
Next assume that #K =3, and we write K ={i,j,k2}:
1,2 '
(CTMD =My ey 8y ) 32 @@ P, (8 ¢ 0
K xiJ Xik Xjk IXK ij3K ikiK JkK
by, =(Mg ® Mo Mo g > ¢, 8¢ . . 89 where
- 7K —xl. -—XJ. ~xk )(K 13K 7§ K T kK
Pk 11R, Pk’ T i,k %, CiksK’
(2.2.11) _ .
PR G T kR Pk )
Pk Pk B Wik T f kI R Pk’
Figure Eﬂ
iJ ik Jk
i -$. .., 3 &, ..o
1,1J|><K 1,1klxK
J =%, .3 . 5
J,ulixK J,Jk]XK
k -2, % .
: k,lklxK k,JKfXK
2.3. Inductive strucure. This subsection is central in § 2.
(i)Let (ﬂ0,§g> be a pair consisting of a locally free Qg

-module EO and an O%—submodu]e gg aof mo. For each a:L;agﬁ, let ﬂa

and 32 be collections as follows:

n o= {DXI}I ﬂilis an le—module
(2.3.1) where
a _ : o Ll 1.,a-1
7 = {QI}I @I is an QXI morphlsm.ﬁxleiC "M ))I’
with 1:#1 =a. See also (2.1.7) for the I-part (Cl(ﬁawl)) of

I

1

el . we set:

32



(2.3.2) M= (1%, and @ = (8%)_, with a:icainm
As before we regard 3% also as an—morphism:@JéJ:ﬁa=$JQJ %Cl(ﬂa) =

@JCI(ﬂa>J, with J:#J =a. Now the following definition is most

important in § 2:

Definition 2.3. We simply say that the pair (1,$) is an

inductive structure for (1°,Eg), if the following holds:

-1,41 8]

Ey = 6 T@tiabnzt @), and

(2.3.3.1) 0

33(1?) = ker62® D), 2¢ at &

L O)(Cclfﬁo)) and the cobaoundary 6¢

A

(For the cocycle Z°(M al gp g3,
see Lemma 2.1 and DBefinition 2.2.)

FIGURE U &1

6 E n
mt 2 dg® e/ X
: a a-1 ) _
Da $ > Cliﬂa—l) L I CQ(Ea 2)
(iid>The following example may illustrate our naive idea in
introducing the above definitiaon:
Example. Here we assume that (ﬂo,gg) =(Q§QQ:). For each I C ﬁm

we define a pair (DY ,@I) as follows:

I v
A _ _ Ly eMo s srlem@Tl I _
DXI—QXI, and @l—Qa(ld)‘ﬂxl-¢l c M ) eszlgxl(s)lxl
{(2.3.3.2)
.n ®a a . -
—QXI )9@S=1 ws, with ¢S‘¢l~
Here a =#I and I(s) = I -{s-th element of I} , Then we have:

The pair (M,%), with M Z{DXI}I and ¢ ={§I}I;l A s is an

)
’ inductive structure of (gy,gg>.

This is cheﬁked in § 2.6 in a somewhat more general form.
(iii) Now we give some basic properties of the inductive
structure:first the following is obvious from Definition 2.3:
E; 21110, cf.Lemma 2.1.2, and (687 13® =0 &>

<@@a_1)[¢1 = 0 for each I:#I=3) .

33
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Mo ety =e 3y

a g - -
s=1"1(s),1I XI I 5=1—XI(S£XI

with I(s) =I-{s-th element of I}, the second fact in (2.3.3.3) is

Note that, writing @I as ®

¥

equivalent to tﬁat the following holds for each (s,t):lg sSt <a.

2.3.3.0y 10, 11X 108y, 1 Pres, 0, 101X 1, puith 16,0

=I-{(s and t-th elements of I) and & &

1¢) P2 1¢s,t),I¢s)"
a-1

Next define Qxa—modu1es ga of ﬂa and Ea af Cl(ﬁ ) as follows:

F2 =ker 6227 hH N zha® ™, 24 ag §, and El=og

. (Ex)
(2.3.4) =X

a

8%, 1¢ agm .

A

E® =ker (s
a
a

-1
1, .a-1

Here & &~ =compasition of 32 and 6 tCT (M 2
a—-1 ’ a-1 -

1-c2(m® 71y, Note that

~

(2.3.5) E™ =n

2

3

' and F™ =kers3™ D)

.

The lemmas below(Lemma 2.2 and 2.3) are used frequently:

Lemma 2.2. We have the following indu;tive relation:

2.3.6)  £371=06__7THED and £2=@HTHED 1 am, with %=y -

m®h cF?, 1K e h,

Remark 2.4. Since @a(ﬁa) cF? and éa—l i

cf.(2.3.3,4), we have the following from (2.3.6):
2.3.6)  E* =5__ (€% and F? =% ED, 1£ a%F .

Proof of Lemma 2.2. The First'Fact follows easily from

(2.2.5), (2.1.6) and (2.3.3). The secaond follows from (2.2.5) and
(2.3.3,4,5). g.e.d.

FIGURE V
n° nt n? n’ "
Ex gl E? £’ £
1 2 g™
6 o1 ¢ -2 6 -3 ¢ e
A A FA £
2% ztamhy AR 2ba™ 1
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Proof. For the proof it suffices to checksker 68 = the first

term;a_ m . By Lemma 2.1.2, this follows from that the first term C
ga. But this follows fram (2.3.4) and (2.3.3). q.e.d.

2.4. A remark. In this paper we use the inductive structure

of <g0,g§> as a substitute for a projective resolution of gy. The
projective resolution exists locally. The corresponding fact for the
inductive structure is as follows:

Lemma 2.4. There is an inductive structure of <m°,g§> locally,

if and only if the following holds locally.

There is, locally, an Qigsubmodule, say ﬁ%i, of M .
(2.4) .
o tatadne g
Proof. The only if part is clear, bt S;tting ﬁgi =¢i(ﬂ§.)' cf.
(2.3.3). Conversely, if (2.4) holds we find (Mg ,Q‘);ileam,uheie D?

X, .
i i

such that gg ={5

is a locally free 0— -module and @ M ANIX satisfies: @ (M— ) =ﬂ§ .
i 1 1 i
Then we have the first condition in (2.3.3). For a =2 the kernel of

38271y, with ICA_:#I =a, is an Oy -submodule of Cl(M® 1) . Thus ue
I ‘
find a locally free Oy -module My and a surjective Oy -morphism:
X1 X1 X1
Mi -kernel af (6@3_1)1. q.e.d.
I

2.5. A property. Let the inductive structure (1,%) of

(ﬂo,gi). Tane an I CAm. For a series I =(Ia;...,IO), a =#I, of

subsets of Ah satisfying

(2.5.0) 1 =]_a ? la—l ;) 13_2 ? ? Il ? IO = s

we form an g? —-morphism @lzﬂi 9&?2 as follows:

I = I

_ 1

(2.5.1) @I _(nw=a QI IX .
= u w—1
Here we write ¢ M3 4“— S for pr % with the
lu—llu xI XI IXI Iu-—l lu
W w—1 W

projection pry et ™hy . o omg S L. (2.2.7).

I I —X | X

w-1 W 1 I

w—1
Lemma 2. ﬂ The O— -morphism QT‘M— - ? is indendent of the
I

series 1 satisfying (2.5.0).

Xy
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This lemma is used in the analysys of sections of gg,cF.Lemma 3.1

and 5.2.

i 4 s ’ *
Proof. Take a viv a and a series lv=(la=I¥Ia_1g...glv) with
14 .
I =lv‘ For the proof of the lemma, it sufices to check:

v
v+1®

v+1
—_ v ‘I’ ’ St ) .
Ww=a Iw—llulxl

w=a 1l I IX
w-1"w 71
If v =a-1 this is clear. fAssume that v_ a-2 and (a) holds for wv+1.

(a) a y =

’

If Iv+1 =;v+1 we have (a) from the induction hypothesis. Assume that

’

: £ s $
I #1 We write I =I Wa? and Iv+1 =1 Wa? with a # a €1 .

v+1 v+1’ v+1

We set I¢;2 =IU{a,a’} take I;,u =v+3,..,u, satisfying the following.

DI 0§ ls € ¢ I -1

Form two series (Ia=I’7"Iv+2’Iv+1’Iv) and (Ia=l,..,l

" ?

v+2’Iv+1’Iv)’
and form the Oy —-marphism:Mg -=Mg - from these series in the
=X —X —X; X
I I IV I
similar manner to the ones in (a). Apply (2.3.3.3) to Iv+2’l' Then

we have:(d) & =& &

g & 3 5 @ e T
JvJv+1|Xl Jv+1Jv+2|XI Jv Jv+1|x'l Jv‘]v+1 Jv+1Jv+2}>\I
Thus the two 9? -morphisms just above coincides. By the induction

I ' ' :

hpothesis, the former and and the latter of these morphisms coincide
respectively with the former and the latter in (&). Thus we have (&)
in the case of v. q.e.d. |
2.6. Here we prove (*) in Example, § 2.3 in a somehat more
general formiLet the pair (ﬂo,gﬁ) be as in the beginning of § 2.3.
We assume thét there are a locally free Q§~modu]e ﬁ’and nymorphisms
i

@i;ieam, satisfying the following:

o -1.,1,.,0 -
Ey =6y i ﬂ(eieaméi(ﬂlxi

0 ), ¢cf.(2.3.3), an@

(2.6.1)
[ :
@i!gij =®J|Rij, i#J eam, as the Q}_‘—morphlsm:ﬁli'. %mii

: ij iJ ij
For each I CAm we set,cf.(2.6.0):

- - C oy o 1,.,a-1 M B3, .U
Oy “Hyx, and #pme(1dell g 292t M 0 G 2 205oP1)

with ¢I(S)=@I;a=#l.(FUr @I Wwe assume that # 1_ 24)

(2.6.2)

(In the case of (*) in Example, § 2.3, we set:ﬂ’ =03 and @i=

identitv:iQs (=M, =5 Y= N- :(MO— Yo Then (2.6.1) halds, cf.Lemma 2.1.1.
X3 [%X. 1X

% i~ . i
24
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Lemma 2.6. The pair (M ={ﬂil=ﬁlxl}l,® ={§I=ea(id);a=#1=2, @i as

in (2.6.1)3,cf.(2.6.1.2),is an inductive structure of (1°,E5).

e

Proof. Take an I Chm with 2_ a:=#I_ m. By (2;3.3> it suffices

to check:ker 68371y =% (My ). We write I ={i,,.,i_3. Take an
I I XI 1 a
- N 1 a-1, _ _ _ o @A
element ¢—95=1¢1(S) «sC°(M I—esmxl(s)lxl(_nlxl ) such that

such that (6@3_1)(¢) =0, By (2.2.9) we have:¢1=~‘- =¢a. Thus we

have:@l((PI) =(P’ with (PI=‘P'(o'=1,.o,S)o q.e.d.

77
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s 3. Inductive structure...2

Letting the pair (go,gg) of a locally free Q%—module ﬂo and its
Qi—submodu?e g; be as in § 2.3, we discuss here the local structure
of gi. Also we discuss an analogue of the power series expansian in

(*) at the beginning of § 2. We use freely the notation in § 2. The
‘ 0

~varieties X and Xa;a -1, are as in f2.0.0 4)., (e write ?0 and 8%

1

for X and X°.) The inductive structure ({Bﬁ },{@I}), with ICAm, of

I
(DO»§~) are as in (2.3.1603). The Oga-module ﬂa =8 My and
X X =X

an—morphism $9 =$J®J, with J:#J =a, are as in (2.3.2). Also the

1

Oza-modules E3¢ cM®) and Facccl(®™y) are as in (2.3.1) .

3.1. Parametrization. Take an open set U of X , and we

assume the Fallauing(% =min(m,dim X)jsee § 2):,

_ 6 _ . ~
racdnu,r® 3 rG o, 2bai®n 02 as wet

are surjective.
(3.1.00

— = a — = ~
raxenu,e®d % r®nuEdsica <
1

{Since éa:ﬂa =72 M) and @a:ga 4Ea'are surjective, cf.lLemma 2.1.2

and 2.2, (3.1.0) holds if U is a Stein manifold.) We fix an
extension map (ex)®=a .. (ex) T (X3 INu, 2t @®)= 8 rox U,
jﬁj%axj) TN =ejr<uﬁij,mgj>, O_ a_ m-1, satisfying:
{(3.1.1.1) 5a{ex>a = identity .(By (3.1.0) such an (ex)@ exists.)
When & =0 we understand that

3.1.1.2) (e wnk!, 10 - ra,n® .

Note that Lemma 2.2 and (2.3.4) imply:

(3.1.20 0¥ eV r VULV e r YT EY D, 1 v h

- : . , a -
This enables us to define a map P~ as follows:

(3.1.3) PRI RINULED 0% 5 TULED 2 90 =@l eV TV )
When a=0, §O=§§, and P? is the identity.) Moreover we write:
i:»; i f8>dJ~:: @I l&xlﬁgl, Mlth I:#I:an(NGte that igxm :Qim f)

27
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Now we form a map P(parametrization map) as faollows:
(3.1.5.0) P& » r (unx@ ma>se OL 03r (U,E0) = ¢ =8 O~ P (pd)
. ‘ ax a=m =X . a=m

{(Here we use the inc1u510n:(laxa)ﬁa Cga;see (2.3.7)+ The map P gives
a parametfizatian of elements of F(U,gg) by means of those of

F(UWXI,I 31 Cﬁm.)

ax I
Thearem 3.1, The map P is surjective.

¥
Proof. For each a,viO_v_ a_ m we set:

(3.1.5.1) PVl gV anxd, 1 M -r (nxYL,EY).
w=a axa

(If v=a, PV*@ g the identity.) Faor the proof of the theorem we
prove the following inductively on v.{hen v=0, we understand that
gozgi. Then the theorem holds.)

(@ e Y~ PV %o T(X%W,I M s TRMNULEY) is surjetive.
Tax

The key fact for the proof of (&) is as follouws:

(b) T (XANU,ED =(ex % ¥ nu, g3 har (R%U,1 1) s0gagi-1 -
' X
The check of this is as follows:Lemma 2.2 and 2.3 insure:L.H.5 D

R.H.S. Next, for an element @aé L.H.S, Lemma 2.2 and (2.3.6.1)

insure:820®) =31 3%y Lith an element 93" lerx®* 1Ny, £2*1). By

a+1 a+1

(2.3.7), ¢3-(ex)% y e (X3NU, L 1% Now (a) is checked as

TaX
follows: If v=m-1, (2.3.5) and (b) insure (a). Take a vim-1Z v =1,

and assume (a) For‘:v. Noting that Pv—l’u=(ev_;®v)Pv’U we have the

following from the induction hypothesis that (a) holds for wv:
v—l)

.

(d) image of ®¥~1l pv™IoW —( VT lgVyr RVAU,EY XV IND, 1 .1
w=1 v = 3XV 1

By (b), the R.H.S =M XV lnu,ev™h.. geend.

In connection with (3.1.5.0,1) we add a map as follows:For a JChm we

write the restriction of P2 to ﬁg as PJ;a=#J .

J

BX —J) - I'{y, E—)

Now take an ICA such that UNX —¢ Ue determine Py 3 Precisely Tlet
I

(3.1.5.2) P P!r I r<uﬁx

the series I =(; =1 g 1.4 g 511 g lO =¢),a=#l,and the

Og -morphism @l.m— 4ﬂ?§ be as in {(2.5.0,1). We write @1 far the

X1 I I

X

39
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quotient morphism:ﬂo éﬂ?i . Note, in that case, lax Iy =My -« We make
I o

the following remark on P:

Lemma 3.1. The two C-morphisms wIPI and Q .F(UWX )_%

‘ F(UW?I,Q?R ) coincide.

Proof. For a via>v 20, a=#I, we restrict P Vedy HV+1 X)w~1®u)
)
I
(a) PY228:r (UNX,,Mz ) - FWNXY,EY).
, |1 I —XI : =

Recall that EY cnV =o My with J:#] =v,cf.(2.3.3). We write pr; faor
J Y

the projéction:ﬁv éﬂi . Moreover, let Y11 denote the quotient

I
v

morphism:ﬁy ﬁﬂi X '{111 =w

I I I 0
v v

suffices to check the following for each v:a-1 _v _O.

v+l
u=a(@l

ta r(uﬁxl M

l.) Far the proof of the lemma it

(I v
u—llwlxl
F(Uﬂxl,ﬁ . J?
; v

This is checked inductively on v. If v=a-1, (b) is clear since

— V’a . v -
) —ZIIVPP Pi1° (as the map.r(uﬁxl,ﬂxl) -

(b)

) .(See (2.5.1) for the morphism & )
1 .1
I w—1"w

(ex); ) =identity. Assume v Za-2 and (b) holds for 2v+1l. By

a—1 a-1

{(3.1.2), (2.3.4) and Lemma 2.2 the image of ®V+1 vtl,a

ajrcuﬂaxj MXJISXJ) with J:#J =v. By the definition of §v+1’ cf.
(2.2.7), we have!
+1,
& Pry pY =y Pry d(as the map: F(X ﬂU M— )
Ivlv+1 v+ I I +11v v il I
(c) %F(?Iﬂu,ﬂg (% ), with the quotient morphism L l'ﬂx -
I I v+1 v I
v v+1 v
B3 1%,
v v+l ‘ :
Restrict this to ?l. One checks readily that the L.H.S and R.H.S in
{(c) coincide with those in (b). qee.d.

More deteiled structures of P are studied in § 3.2 and § 5.

3.2. Local structure. Here we derive the lacal structure of EY

from Thearem 2.1. For this we assume that the open set UCX is as

follows:

£0
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U is isomorphic to a polydisc=ulx XUN with coordinates:
(302'0‘1)
x=(x1,..,xN).

Here N =dim X and Ui is a disc in C whose center is the grigin of C.
For an 1 C&N we assume the following:

(3.2.0.2) ijﬂu¢¢ if and only if jel, and,in this case, (gjﬂU)=(xj)O.

Clearly ?JﬂU ¢¢;JCﬁm, if and only if J CI, and we easily have:

(EJQU) =U1x- ‘x{O}x'"x{O}X-‘XUN(i.e.,For each | €J, we

(302'101)
replace UJ by its origin).

We write g for the natutral projection:

(3.2.1.2) U= (UWX yx (1. eJU ) 2x *Uﬂk 9(x1,.,0,.,0,.xN>.
(i) Take a JCI and an element ¢ er(UﬂXJ,QE Yo We expand ¢ by
J
using the product structure:(UﬂXJ) :(UﬂxI)X(HiEI—JUi):
@ =5 w e @)x. N, with ¢ (®) M (UK, ,0s ) and x_ . =
KEZ+O K I-3 K I’—-XI I-J
k1 kw
xil -.'xiw. Here K=(k1,..,ku),w:= #I-#J,and 11,..,1u€I—J.
We use this for the definition of the extension map (ex)J.cf.

(3.2.2)

(3.1.1)tassume that J gl and let F’(UWYJ,QX ) be the subgroup of
J

r(UﬂEJ,gi ) consisting of those elements ¥ whose power series
J

expansion satisfies:cKiv) =0 if K EZf . Let @ g be the quotient
mnrphlsnggjegaxj(=gEJ/gaxJ). Then @y 1nduc§5 an isomorphism of
abelian groups:

(3.2.3) . (UNX,,0= ) = T (U9X

J J =X J* BXJ |
(Actually we have:F(UﬁXJ,QEJ) =T (UﬂXJ,g?J)@ (xI_J)F(UWXJ,Q?J),uith
X 1o Tie1-1%i" and the kernel of @y is the second term of the R.H.S.)
We set:
(3.2.4.1) (ex) = .F(UW&XJ Oyy ) = F(UﬂXJ,Qi )

J J
Thus, for a CJ rcuﬁaxl 8X Y, CJ (ex)J(CJ) is characterized by
(3.2, 4 2) CJ[SX =CJ and CJ does not contain terms'devided by

(ii) Assume that, for each J:J CI, Ef and ﬁo have frames,
3 :

‘.
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denoted by my and mo over Uﬂf' and U. We write (ex)J also for the

map:F(UFBXJ,ﬁRJ‘aXJ) éF(UﬂXJ,MxJ),ruhich is defined
er
thraough the identification: H :QE » Tgi= rank ﬁi yby means of the
J J J

frame my. We set:(ex)? =93(QX)J’ with Jet#J=a and JCI, and define

maps P2 and P as in (3.1.3,5). The map P is as follows:

P:o® s« dﬁX M— ) =@

J J
as in (3.1.5.2).

- I'(U,E3) =28 P (¢,

Jrac1Py Loy %3 £X% 173

{3.2.5)

with PJ

For each J CAm:J Cl and vi=#J _1 we write mJ=(mJ‘1,....,mJ’PJ). Note

that the element x %niel—lxi generates l&X R

I-J
Theorem 3.2. (1) Faor a J:JCI and m

€My we have:!

er iy .

Jya

(3.2.6.1) PJ(XI—Jm_],CI) :xI_JFJ,Q Wwith an FJ,C{

(2) For each p e?IﬂU, E? P is generated by the following:
s

(3.2.6.2) with J:JCI and f as above.

*1-1% 1,0 J.a
(Here we admit the case J=¢. In this case mj?mg and PJ=identity.)

Proof. The proof of (a) is as follows:Take a viv a:=#J, and
let the map PV*@ be as in (3.1.5.1). We check the following
inductively on v.(When v =0 we have (3:2.6.1) )

(a) ) with Y er(unxY

v,a _ v

Prypgmy o "%1-3%1,4 J,a

{(Here |J means the restriction to F(UWX JX Y. Writing fj I
J J *

f with Ki#lK =v, =0 if KCJ. In this case, without loss of

Bty X1-1TK

generality, we can assume FK=O;ue write Fﬁ,a :QKFK Wwith KeRrRCI.)

First assume that v =a-1. Then the L.H.S. of (a) is:
>

“1-0%K PR, e IR
2.1.2).{The morphlgm @h ] is as in (2.2.7).)

f

(& with K:K CJ and #K=a-1 and 7, as

-

(,O

in I
This implies {a) for wv=a-1. Next take a viv a and assume that (a)

halds for v. Operate &Y =o & , #K =v, to the R.H.S in (a). Then we

K'K
IR~
- % 5 & f E- & (f ) : : =yv—1.
2 $ I-1 HFK) ‘1~£®KI$L*L,KKFK))’ with L:LCK and #L =v-1
By 12.3.4) znd Lemma 2.2 we reuwrite the R.H.S as follows:

«2
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Ed

{b-3) XI—J(QLFL)’ with FL GI‘(UﬂaXL,

ZI.

Operate <ex>“'1=eLcex>L,cr.(3.2.4.1), to this, and we have:

43
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_ v-1,a_ ’
(b—-4) PlJ —xI_JeL(ex)L(FL) .

Thus we have (a). Next, for the proof of (a), take an elemént Le
F(UWEJ,QQ ). Then we have:

J

(3.2.6.3) )

*
Prap—gbamy e’ =% € 2F; o -

This is proven in an entirely parallel manner to (3.2.6.1), by
changing X1-] to xI_JRZ(CJ).(The unique point to be cared is that
.(ex)v—1=eL(ex)Lloperates linearly on RS(QJ),CF.(b*4). But this is
clear fro (3.2.4.2).) Now (3.2.6.2) is clear from (3.2.6.3) and
Theorem 3.1. Actually take a generator e of gE’P, and take an open
neighbarhood U’of P in which e is defined. Assume that U’ is a
polydisc and we form the parametrization map in U’. We see
immediately that the parametrization maps commute with the
schrinking of the neighborhoods{(since the both maps @J and (ex)J
have such properties.) By Theorem 3.1 each element of e is a linear
J{xl—JghmJ,a)' By (3.2.6.3)
the element is a linear combination of xI—JFJ,a’ cf.(3.2.6.2). Thus

ombination of the elements aof the form P

we have {(2). qeeede

It is an important but a hard iask to determine PJ(XI—JmJ,a)
explicitly. In the remainder of § 3 we didcuss some structues of the
element.

3.3, Explicit farms. The situation here is same as in § 3.2.

The open set U of X and the subset I CA,, are as in (3.2.0.1,2). The

N

frames QJ,JCI,and mo of ﬂg and ﬂo over Uj;J €I, and the map PJ are
' J
as in Thegrem 3.2. We determiene PJ explicitly for J:#J_ 3. By

Theorem 3.2 we write:

£ o _0; 1 : . e '3 —
PJ‘*I—JQJ) =m ‘XI—JHO,J)’ with a matrix HO,J MaU,QX) and
(3.3.0.1)

*p-s e 1-g%y
analvz the 1 rix . 1 1 1 g
We analvze e matrix HO,J For this we write @KzeL@L,K EXK*
™= e % » with L:LCK and #L = #K —1,cf.(2.2.7), as

%4
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{3.3:002) @ ) 0

o

When #K=1 we write the matrix asfho R. Our purpose here 1is to write
b4 .

L,H(EK)»:@-LIQK“L,K with b o MUK, Oy

HO ] in terms of hL K;KCJ. As an intermediate stage for this we use
’ . s

the following notation. For a K:K CJ we write PK J for
?

#K, #J #K, #J

pr (P R —F(Uﬂx 8¥JM?J) *F(UﬂXK,EEK). Here P is as in
(3.1.5.1) and IJ indicates the restriction to FJ. Moreover Pry
denotes the pr‘cx.jectil:m:ﬁ#K %ﬂi s CF.(2.2.7). We write:

K
{3.3.0.3) PK’J(QJ) =QKHK,J with a matrix HK,J GN(UﬂXK) .

The analytic projection KJ2U euﬂij is as in (3.2.0.2).
(1) Take a JCI with #J =1. Then we obviously have:

Lemma 3.2.1. The map PJ is as follows:

O x thy 23, and

Pytxp_ mp) =tex) jim |x “1-300, 770 Xy
700
h

{(3.3.1)
= {
Ho,s T3¢ho, 1?
In the remainder of § 3.3 we consider the case:#J =2,3. We should
cansider elements of F(UWEK,EE ) far various K CJ and their
K

extensions ta larger wvarieties EL’ and restrictions to smaller
varieties EL' It is desirable to use natation which indicates the

extension and the restriction. But it causes confusions of notation:

We make the following convention.

Far an element, say ¢ EF(Uﬂ?K,QE }, we use the symbol ¢ also
) K

for its restriction @IE to XL’ where XL CXK .
L .

We make clear the situation when we consider an extension of ¢ to

L2k

(ii) Case:#J =2. Here we assume that #I_ 2. We take a J CI

fL’;?

with #J=2, and write J as {i,j3}. Also we write the matrices H0 J and
)

ho u;uEI} cf.(3.3.0.1,2) as follows:

*
H = H (H ) +xjxi(H ) +% . n (H

0,J J0,J3d

&
0,u = | O,u;J) +xvh0 u* with {v} =I-{u} .

(This is a power series expansion of H0 J and hO u around the center
| ,

O,J O J’J !

(3.3.2.0)

h (h

$

“
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EJ with the coordinaes %4 and xj. In (3.3.2.0) the symbol H 'K’K cJ,
. 9

indicates thgt this matrix is in m(UWXK,Qgﬁ) « Thus HO,J;J and
hO’U;JGM(UTXJ,QEJ ) and Hy ., and hO’U;UGM(Uﬁxu,QXU).)

Lemma 3.2.2. The matrix HO I cf.(3.3.0.1), is as follows:
4

*

0,d30°"0, usahu, g v s1hand Hy g Shg s gthy, v sl

(Note that the expression of HO,J;J

(3.3.2.1) H

is independent of uel, cf.also

Lemma 3.1.)

1,2 1,2

Proof. Let P be (ex) &“, cf.the proof of Theorem 3.1. Then

the restriction of it to ?J is as fo]]ﬁus:

1,2 *

(a) st (xI_JmJ) = foJ(minJ

) (e TR LI ).

*
{hi,J)emJRJ(h' .

Jsd

Operate @1 to this. Then we have?

b P 2. m) =x. @ nls (h. zoCh O3, with u €J .
1 J I-J=1 I-] u—lxu O,uJ u,d ’

On the otherhand, we clearly have:

* * *
o, 1y, 1) = gthg by PRGN st thy g

By Lemma 2.2 the element in (b) 1is in F(Uﬂ?i,ﬂ?gl). Thus we have

(c) h Yy with {v3? =I -{ul.

the independence assertion for the element H0 ITRE On the other hand

{(c) insures:
*

(3.3.2.2) (H h ) +x_h

U,J v O,u;unj(hu,l) » ued. .

*
0,271%, 1Mo, us1
Thus implies the lTemma. g.e.d.
{iii) Case:#J =3. Here we assume that #I_ 3, and take a JCI
with # J=3. Corresponding to (3.3.2.0) we expand the matrix HO g
s ’

cf.(3.3.0.1), with the center ?J and coaordinates xu;u el
* *

( ; +z .3 E )]
1, 1 7% (0, wca Fa—cu,viuv Mo, 150y’
(3.3.3.0) ;

. el xJ—{u}”{u(HO,J;u
{As before, the symbaol:H yKCJ, indicates that the coefficients of

1 - .
Yo{For a RKCJ, X J_K niEJ—Kxi )

Hg

are in F(UﬂEK,Q Y. Thus H and H

K :
are respectively in M(Uﬂij,gg ), m<uﬁ§uv,g§

J uv
, We write hO

the matrix H e X 0,J3J° HO,J;uv 0Jsu

)e)
u

J’

> and MWUNY ,0g
, u’=X
cf.

Far the determination of H h and H
0,1 U,

su’ u,uv

" . . * ' *

i {h ) +{x xm (h Y+x . (h yr o+
Oy u 1Mo, ugd “Wuv O, usuy Viuw Q,uiuw

«q



453

(3030301) ® X h e, ? Nlth {V,U} =I_{U}; and
4
*

‘ hu,uv = Kl(hu,uv;J) +xwhu,uv;uv’ Wwith {wi=I-{u,vi
(3.3.3.2) Hu,Jzﬁj(Hu,J;J)+vau,J;uu+quu,J;uv with {v,u =I -{usl.
(In the above the symmol ;K’K CJ, has th similar meaning to
(3.3.3.00« Thus hy v 5s Hy g,y eM(UﬂEJ,giJ Vs hyuviuyS mauﬁzuv,ggui
and hO,u;u EH(UTYU.QXU),...) First we determine Hu,J .

Proposition 3.1. (1) For each u €J we have:

Hu,J;J = hu,uv;Jhuv,J for each v €J -{u}, and

(30303'3)

*

Hu,J;uv - hu,uv:uvﬂJ{
Proof. Remarking that #J-#{u} =2, this is checked similarly to

h Yyv el —{ul

uv,J

Lemma 3.2.2. g.e.d.
Note that (3.3.3.3) implies:

*

* *»
u,JIX =(HJ(hu,uv;J)+xwhu,uv;uv)nJ(huv,J):h )

uv
Lemma 3.2.3. The matrix HO ] is as follows:
. s

(3.3.3.4) H u,uv 1 huy, g

HOJ;j =h0u;JHu,J;J for each ued ,

*

waOJ;uv =h0,aliuvha,uva(huv,J) _HOJ,J’

wWwith {w2 =1 -

(3.3.3.5) {u,v) and a=u or viu,v €1,

+h for

HOJ;U :hO,u;uHu,J +hO,u;uvHu,J;uu 0,u;UwHu,J;uv’

each u €J, with {v,w} =J -{u} .
. _ 0 . v . .
Prooff Restrict PJ(XI_JEJ)—E XI~JHO,J to Xu.uEJ. Then we have:

(3.3.3.6) h

HO,Jliuz O,uHu,J ‘

Also restrict this to Euv;u,v €l.Then we havejcf.(3.3.3.4):
. *
(3.3:.3.7) HO’J!R'UV -hO,BIEUVhB,UVIJ(hUV’J);B = Uy
The first and second identities in (3.3.3.5) follow from this.,
The third follows from (3.3.3.6)‘by comparing the term divided by
X X o+ qeesd,
Remark 3.1. The matrices HO,J;J and HO,J;uv as above are also

written as follows:

‘%HO,J;J =hO,u;Jhu,uv;Jhuv,J for each increasing sequence

¢7
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{uxC {u,v¥ C J, cf.also Lemma 3.1
*

. * )
W O,J;qv J(hO,a;J >ﬂ,)ho,cz:;l,lv)(KJ(hac,U\ar;.l)-mt.whcz,uv;uv)x

* . »
XRJ(hUV’J)}—xJ(HOJ;J) for each (u,v) CJ, with

{wi=J-{u,v} and &« = u ar v.

(3.3.3.7) x H ={ (= Y+

The similar expression for H0 Jsyiy €lJ, is abtained, but is more

b 9
camplicated and we omit it. Applications of Lemma 3.2.1 - 3.2.3 are
~given in § 5.

3.4. An example. Here we deal with the parametrizatio map P

for the example in Lemma 2.6.1:Let (MO,EE) be a pair of a locally
free Qg—moduhe HO and itS‘QE—submodu]e Eg. We assume the condition

’
in (2.6.1,2):There is a locally free Og—mdule M and an QE.—morphism
i

Qi:miii%m?gi’i <4, satisfying:

Ex =60 Lzla®nee, _, 8.y )),cf.(2.3.3), and

- X 0 ieA T1 X,

(3.4.0) m i

Piiw, TR, e Sb,

1J 14
’
. —_ + 3 2Y e M- = - = i .
For each J CAm ’(BXJ,QJ) is as in (2.6.L).QXJ MPXJ and ®J ea(1d).
'L seplomid-t e @ _ C tem @ M a . -

My T = IR 1R TPemtR ) 0Py With 2

#J and J(s) =J -{s—-th element of J}. Now let the open set U of X and
the subset I cam be as in (3.2.0.1,2). The coordinates xi;ieém are

as in § B.E:Riﬂu ={ For a J CI and j €J, the map Pi J:
]

xi)o.
FiUWEJ,; M. *F(Uﬂij,ﬁj) is as in (3.3.0.2). We assume the

8XJ—J

existence of a frame m of MIU .

Lemma 3.3.1. For each ¢, e (UNX,,0; ) we have:
- J J XJ —_—

*

3 ¢ £ ,_.. ::’.— : i = .
(2.4.1) PJ,J{XI—JBJleJ) E!XJ(XI~JRJ(CJ)) with X1 HiEI—JXi

Proof. It suffices to check the similar fact for each KikK CJ:

’ L] *
4 < & —_ =M. = . . . . .
{a) PK’J(xI_Jstng) miXH(XI—JnJ{CJ)) (For PK,J see (3.1.5.2).)

But this is obvious Since:@L =the direct sum of the identity;JCLCK
* * :
{ { = { N . . . uz ¥ . . .
L«HJ‘QJ)) xJ\CJ), cf.(3.1.4.2) g.e.d
Aesume that ﬂ?“ has a frame, denoted by mo, and we write @u(mlﬁ )=
Pd u

angd . ex

I+ The foliowing is obwvious.

“4¥
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Corollary. For each u €] we have:
¢ m v

ELR IR L A SR ALY

%®9



Lemma 3.3.2. For a ¢ . €l (UNX,,0c ) we have:
J J XJ —

(3.4.3) Pixy 8 = XI-JHS(CJ) .

Proof. Clear from (3.4.2) once we remark that hOl =1({=1ix1-
identity matrix), cf. § 2.6. g.e.d.
Assume that #I =dim X(and so El is zero dimensional.) Then the
parametrization map P, cf.(3.2.6), is as follows:
£

(3.4.3) =5

*
& P ix, _ ) ST X, _ ok
N A IAE SRV JJ

This coincides with the power series expansion in (*) at the end

ﬁj) .

s 2.

of



§ 4. Inductive structure ...3

(Case of reflexive sheaf of type (L))

Here we determine the inductive structure of the . eflexive
sheaf of type (C), cf.Definition 1.1 , for codimension 33. The
structure for codimension 24 is a subtle subject. We do not treat it
systematically in this paperjsee, however, Theorem 4.2, We hope to
discuss it in an another place. |

Data and assumptions

We work with the reflexive sheaf gy of type (C) in § 1.1;cf.
(1.1.0.0 8) and Remark 1.1. The arguments here are based on those
in § 2. We use freely the notations in § 1.1 and § 2. In § 4.1~8

4.3 we assume the condition (2.0,0).

Remark 4.0.1. In § 4 we urite the divisor Y% and its open part

Xi,cf.(l-l,o.o 2), as Ri and Xi. Far an 1 CA we set:X =n161 i

For the divisor X',cf.(1.1.0.0) we set:

(4.0.0) Ly =03[X'3, and L

=X » 1 chm

- :_L-_ -
X, “LxIX,

4.0. Imbedding of E,. We first imbed E, into Lxr, with
1

Ly=Lg|x+ For this take an element s eI Lg) such that (s)g =X". By

1,_
(1.;.0.4,6) fhe element Si"S(l/fa(i)

LYIN + Corresponding to Proposition 1.1,[Sa-1] we have:
1,i

) GF(Nl’i.LX) is a frame of

into L3".

Proposition 4.0. There is an imbedding 85 of E X

=X

, « _
Proof. Setting §a=t(0,..,§,..,0), a €A pr We define:

) 0 0
(4.0.1.1) eS'No.gxlN De’ o LxlN 28 |N(e )= (sl,..,s )
Moreover, we define @ tE - L by:

'Nl.i XlNl,i XINl.i

1, _ e
the a-th component of eslNl i(g ) =Snr & EAi {x(i)},and

‘ ] ’

€4.0.1.2) = slfl, a=a(i), with the vector £ whose a(i)-th element

=1 and a-th element ==f, a8 _~{ati)).

See § 1.1 for the frames ¢%,e! and the elements a(ided ,f el (N, ,05) .

S/
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% = @ (elIH, with

1,1

By an elementary cogmputation, we have:® lN

the matrix H(cf.(1.1.0.4,5)) in'NoﬂNI o e.d.

sIN

We set E =g (Ek . The isomorphism 95 is extended to the ane:

Ef Eg where Ei and gg are the direct images of EX’EX with respect

to the injection :X X. We write 95 also for its extension. We

give a characterization of gg as the submodule of g%r:Far each « ear

let Falf dengte the meromorphic function aver Ei whose restriction
i

e B)

to Xi =FalX ,cf.(1.1.0.6). We assume the existence of a divisor D%

of Xi’ which is defined locally by a single function and saticfies

o

the following:

52 = b, 52 , where the divisor B2  of . and the
(4.0.2.1) i u Pi,ui,u i,u i

element b, €7, are as follows:
“i,u T+

ﬁ? u run through all divisors that appear as an

irreducible component of the pole divisor aof the

*4 Q. 2) meromorphic function Fai? for an aEAr—{a(i)},
T1
cf.(4.0.0) and bi,uzmaxaéar—{a(i)} {order of the
=2
pale of Falxi along Di,u}
. _ -2 : s ~ - .
The arder of Falxia]cng Di,u is defined to be the aone of TaIXi along
-0 - - =2
DS -X. . . Alsc note that if X. is smooth then the divisor DY as
i,u "i,sing i i

above always exists.

»-‘M

—_ -
Take an element go(i)EF(Q§ D% whose locus is D; and define &

3) as follows:

[t AN

e . = Er = D
vector 3; (gi,a)a eAr r (QX.[D

(ﬂtch) g

i,a(i) 9% i) and 9-,a=(¥a;gi)9a(i), aed - {alid) .

- I\J

For each irreducible component D?

(4.0.4) g, § 0 (BT ).

sy we easily have:

Remark 4.0.2. If each falf is haolomorphic on Ri’ we understand
i

52 =2 , _
that ; =} and O EDszgy . We do not consider (4.0.4) in this case.
i
Next define an element §i=(®; PRI EFP(Qg CD?]) as follows:



(400'5) =-9g.

fhati) 3N &y o =8y e afb ~lalidd

Tiald iha
We set: |

=2
X O [DIJ L)—(,

(4.0.6) X
. 1 1

cf.(4.0.0).

Note that @i defines an Qi'—morphismzﬂg‘ 2T, LY Bti®®i.
i i
1 _ _ 1 _ ml _ Ll er I 2
We set M -eiﬂxi and ¢° =0 % :I ~$iﬂxi >C (LX )—@igxi with i €A 3
C‘Fo(znlul):

Theorem 4.0. (1) The pair (ﬂl,él) is an inductive structure

of (L%P,E?) at the level of codimension one:Namely it satisfies the

first condition in (2.3.3):

Ez = 6O haltabnzt (3™, with 5O:L§recl<g¥> and
(4.0.7) ) |
285" = kerenel of 6':ict (G Trac2 g =0, L eh 212

iJ

(2) The morphism @i is injective.

’ ?
Corollary. The direct image gg f EX with respect to the

inclusian:tX X is coherent.

Proof of Theorem 4.0. First (2) is clear from that 9y a(i)#o'

For the proof of (1) we define an QY -marphism as faollows:
i
R _er‘ s = - _2 @_l""l ’= c’ < - . 3
1if£Xi ¢ (Ea)aearﬁgxitoijg in 3¢ € s 8 ~{alid}]
(4.0.8)

® +
Eag

where £ =9; (1) 1,650

Compare 21 and @i. Then from (4.0.5) we have!

(4.0.9) &, gives an isomorphism:My Ker ziccg§$>
i i ‘
Thus, for the proof of the theorem, it suffices to check:

(4.0.10) gi =, wflker Xy with the quotlent marphism w, L *L .
1

ied i
, m
Take an element § =(§a)aeareL3P' Reca]]zngvthe definition of g,, one
sees immediately that ¢ €Mep wzlker ¥y s equivalent to say that

~ m
the following haolds for each i EAm:(See (4.0.0) for fa!? below.)
. : ’ i
¢ - & - & L s .
{a) wixfa) + falXiwi(sa(i)) 0, « AP {aa (i)}

We show that (a) is the defining equation of Eg. Since giiN

><

2
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sufficies to show it by assuming that fkéggrp, with p eil- Take an
’
cpen neighborhood U of p, and we assume that § GF(U,Lzr). Since

EYINI iis spanned by 5o a#a(i), and g%ji,bcf.(d.o.l), we see that
b4

§ eF(U,Ep) is equivalent to the following:

er

q which is spanned
9

b wi(C)q is in the gii’

1,0, .
by w;(s;f.), for each‘q EXiﬂU,

q—submodg]e of Lii

From the explicit form of j;, we see easily that (a) and (b) are
equivalnet, and‘ue Finishvthe proof of Theorem 4'0.’ qeesde

Remark 4.0.3. In the investigations of g% 2g§ from now on, we

use only (4.0.7). It is not necessary to remember the explicit form
of the transition matrix H.

4.1. Inductive structure for codimension 2 and 3. In the

remainder of § 4 we assume the condition (2.0.0) for ?1. Thus, for
an 1 A, the subvariety EI =nielgi is smooth and of codimesion #I
- and is irreducible(unless #I=dim X) .

4.1.1. Main results. Here we give.a theorem which says that the

’
pair (L§r,g§> admits an inductive structure up to codimension three,
which satisifes the followingt (1) It is defined globally on X and
(2) the locally free sheaves in question are of rank _1 .

Theorem 4.1. Asshme that #I=2 ar 3 . Then there is a locally

free Oy -module My of rank 1 and an Og -isomorphism &,

— XI XI =X I

(4.1.0) 3 .My - ker(623 1), uith a
XI I

Where &°'= ® us QJ’ .=1,2, and 68" is the coboundary of &°, cf.
’ -

1 =#I .

Definition 2.2. Mareover (8%'), is the I-part of (8®%'), cf.(2.2.4).

I

Now Theorem 4.0 and 4.1 insure:

Corollary. The collection {{HR

Ppof®313, 1 with #1< 3, gives
I ‘ i
an inductive structure of (g%r.g%) for codimension {03,

cf.Befinition 2.3, and it satisfies:

(4.1.1) rank M? _ 1(and =1 if #I =1), and @I is injective.
‘ I~ : :

%
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Remark 4.1.1., The isomorphy of @I in (4.1.0) insures that

the above inductivre structure of (L%r,g%) is essentially unique.

4.1.2. Explicit forms...1. We give an explicit form of

i,@I)fTheorem 4.1 4.4 below. In doing it we should consider

an irreducible component ili of il‘ We write mill and Qll for the

restriction of My and &, to X,,. Moreover, letting ﬁa—1v={ﬁ Y,uith
: XI 1 I2 J
a =#1 and J:#J =a-1, we write:

«clai@ly,

(Hy
X1

12 and (@a—l)ll for the restrictioﬂ to ill of
371) and @a—l’

(4.1.2.0) the I-parts (¢ @ 1y and @2 Y. o cln

1 I
cf.(2.2.4) an (2.2.8).

Remark 4.1.2. By (2.0.0), X; is irreducible unless #I =dim X .

Now the explicit form of the Oy -module Mg 1is as follows:
, ‘12 12
Theorem 4.2. (1) 1f #I=2, then there are divisors

_3 —
Dll;u’ uel, gj Xll such that
(4.1.2.1) Mg =My ;5 @I=3 , U €l.
Xix XX =015
(2) 1f #1=3, then, for any pair (u,v) € I satisfying
2
(4.1.3.1) pruvker (6% )Il# o,
. Lo =4 v
there is a divisaor Dll;uv of Xll such_that
(4010302) ﬁ"’ = N" kv 'Gl—ll .
XIl Xulell DIl;uY 1 ,
Here pr denotes the projectign:(C (M) -Mg g , cf.(4.1.2.00.
—_— uv 12 xuvixll

Remark 4.1.3. Concerning (4.1.3.1) the following two cases can
happen,cf.Lemma 4.1.2 and 4.1.3,cf.§ 4.1.5.
(4.1.3.3) Exactly two pairs €I satisfy (4.1.3.1) .

-pairs C I satisfy (4.1.3.1) .

(4.1.3.4) All



4.1.3. Explicit forms...2. Here we give an explicit form of
the divisors and marpnisms in the precceding theorems. According ss

we are concerned witih the case of codimension tws or three, we write

- . ) . . e
I as {i,j3 or {i,J,k3. In the first case we identify Homo_(ﬂg ,gir)
=X U u
u
. 1 A * ] $r ¥, - 1 3 'y ~
with (Mg ) eLg , and regard & =($ Yy 28 , as the element of
'—>\ A ) §] U, r
u
»* er‘ - B
F((Mg yels ), ¢f.{(4.0.5)3uzl. In the second case, note that, far
—Ah A .
u : = -
any (u,v) CI, the morphism @uv is of the following feorm, cf.{(2.2.7):
*
(4.1.4.00 % = ¢ 8 ¢ , With § s (Mg 3N 5 ), .=u or v,
v Uy UV Vi, Uy Y =X =
[BRVS [ORY,
(i} Fir;t we determine the divisors in Thecrem 4.2t

=73
Theorem 4.2.1. Assume that 81 =2. Then the divisors UE7_U;U
Ay
=1, are determined in the following manner:
=3 =3
(%, Yo o+ DT, L = Y. +0%, .., for each o =4
1,al 10 131 Jyal Il 0 Ity —=== % "Fp 0
. . -3 =3
(4.1.4.1) zand is minimal among pairs of divisars (DI;,i,DIﬁ‘A)
a A e Ay

fon} L ) f s D
A - > o -
have: DY, .. 0,7.. and 07,., . O,5.. <)
14,1 iA g1 Iz s J 1A s J
In the following theorem we asume that # I =3.

PR - 1
s = & } - -
divisars (D7, ,0.0 Y is determined as fgllagws:
iy UV iA U
It satisfies the identity:
=4 =4
0., + (& s )~ =10 + (& v,
d v Y e} T NIP R A ¢
{4‘1.{!’..7) I"-’u-f U,U\’}”I:{, . I,Lyuu U’LKIJ‘/‘}.A‘. o
and is minimal. smong pairs of divisors on X,
LA
catisfying the identity.
(2) Assume that (4.1.3.4) holds., Then the triple of
= 4 = 4 = 4
divisors (0.7 . .,0,7,.,.0,,.., ) 1is determined ss foliows:
- iny 1y LA 31K .L/{,fo
It =ati the following identity for each u =1:
s ) .+0 =(3 y +D with {v,u} =I-{u3l,
ca a4 A uyuvi X, 0T I suvT Tu,uwl X, 0 T IR uw
et Lo e D) i I’L
and 1 minimal among triples of divizars of ¥,.. .
L.
mere minimal shaatd be understogod as in Theoresm 4.3.10. Alsa, in

Y. w is the ynique element of I such that -’3;31&, Ky and Mg A

5é



{v,ud=1-{u}, satisfy the condition (4.1.3.1).

(i1) Mext we write explicitly the isomorphism %T{

and the ones in Theorem 4.2.

Figure

assume that the locally free sheaves

trivial over U. According as we are concerned with

s C

in Thearem 4.2 and L3
‘I
the case of

Fu’:ﬂ"lio)g

dare

codimension two or three, we fix a frame M1z of (ug |5 )IU;U el

{resp. Movs Iz of (Bf % )lU Yyu,v €1,

case, take an element hll;uer(u’g? ),uEI(resp.i*.UL

I

m

i) such that ‘it generates ;6 (resp.lﬁ

3 4
Ixu IZuv

identity as follows:

hzsi®is1’%% 4%

(4.1.5.1) o
e

Ii NLYER S 11

=(h )ed

Il;uumuu;ll
see § 4.2,

u,uvi1i
and h

I/\. uv—-uv l}.

(For .the existence of h

IAu IAuv

Remark 4.1.4. In the above, if

(4.1.3. 1), ‘Il n =0, The element u must satisfy: Pl

pro Mg  #0.
uw 2

Therarem 4.4.1, (1) The frames h

Il;ugm'

the isomorphism in Figure .

(2) Let m be the frame of N

) and

U, UU!
and § 4.3.)

@]

[ (U, O

yod . il {resp.

In the first(resp.second)

Yiu,v
I

catisfies the

IA{V wi=I-{ul.

{u,v) CI does not satisfy

grrespaond by

12

hll;u®mu;li’C¥'Figure

!U’ which corresponds tao

+ Then Qllfu is as followsscf.§2.2.7).,

(‘1‘:1'5.2) ¢ "’(H

BT .lu)!ua
(1) The Frames h

IR IU

Theaorem ﬂ.d.g. ®m
- suv —uv‘ll

corresponds by the isaomorphism in Figure e

(2) Let mni; denaote the frame of Mg

FU LV

A3ilisa®
€],

Wwhich corresponds to

12

S
w

P

I N
Aii—iszIi

463
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hll;uv®muv;ll’CF‘Figure . Then,®11|u is as FulJoug:
( 3 e = 1l . .
(4:1.5:3) @y = haeii®ijs12 ® Pragin®iksiz @i jk®iks e
We make the following remark on hIZ;u and hll;uv'

Remark 4.1.5. The minimality condition on the divisors B?i‘

u
=4 . . .
and Dll;uv in Theorem 4.3 implies:
=3
U1asi
(4.1.6) —4
DIX’Jk) have no common irreducible components.

4 =4

53 i {rec D
and D in (4.1.&.1)\rer.Dli;iJ,

I3y

o =3 =4
The divisor Dl;u(reSP'Dl‘

uv) may be &. In this case, the ideal of

the divisors =0y .
12

4.1.4. Here we give some criterions in order that rank ﬂ% =1
11
gr O. In order to shorten the notation, we use the following

abbreviation:

(*-1> 0y ,My and Ly =0,,, M,, and Ly,, and Mg , Mg =M, M .

XIZ XIA XH Iz Iz Iz XU _xuv u uv
Also we use the symbol I'I2  for the restriction to xll' Thus:
*-2) and &

muiﬁl IMEE
Also we make the following definition:tlLet Ell and QI{ be locally

u,uvU(_I :éu,vll""'

free gli-modules and Xy an le—mqrphism:ﬁll AQIR' For each p GEIX’
the rank of Ill,p is defined in an obvious maner, and is independent
of the choice of p.lwe call this the rank of Y1z

Now let the element ICAm be as in Theorem 4.1 4.4. Ue use the
similar notation to the ane in § 4.1.1 4.1.3, with the abbreviation
in (*-1,2) as above.

(i) Fisrt assume that #I =2. Then, by (4.0.4) we 599:@u5§ #03

I

uel. Thus rank(é@l) 1. Since Pank(Cl(ﬂl)) =2, cf.(4.1.2.0), we

Ix= Iz

have:

Proposition 4.1.1. According as rahk(é@i)li =2 or 1, we have:

(4.1.7) M., (=ker (631)

=11 Iz
A detailed analysis of the second case will be given in § 4.2.

)2 0 or is a line bundle over ilx .

(ii) Next assume that #I =3. Take a pair (u,v) CI such that

=g )# 0. Then (4.1.6) and Thearem 4.4.2 imply that

s &



(4.1.8.0) (= ¢

: ' PO S
‘ ‘IUVII;. U;U\f@ (I\V’UV)tll # O’LT-'\ A_)c
From this and the explicit form of éiz,cf.(2.2.11), we easily have:

Proposition 4.1.2. (1) If rank(C’ (1)

2

= i (=
11 0 gr 1, then DI (

ker (63%)_..) =0 . (2) If rank (Cl(M“)) 2, then M.,= 0, except
I | if rank (CO(H™))g, 2, then Ny, except

A
the following two cases:

(4.1.8.1) rank of (C1n%))

n - .{g% and rank of (5®1>Ii: {é%

(For the two Iil-part in (4.1.8.1), see (4.1.2.00.)

We make the following remark on (4.1.8.1):

Propocition 4.1.3. If the first condition in (4.1.8.1) holds,

then we have the follgwing for a u =1

N

Dovrza 8nd Oygppp # 0 but o

- : L - - f
M, 12°00 with {v,u} =1 -{u

(4.1.8.2)

and & and & =0.

viuvl I w,uwl I
Progf. The first assertion is clear. Assume that the second

fact i¢ false. Then the explicit form of 6@2, cf.(2.2.,11), and
(4.1.8.0) imlply that rank(d@z)ll =2, a contradiction. q.e.d.

Proposition 4.1.4, If the second condition in (4.1.8.1) holds,

then there are elements u,v € I such that

2. 1,2
(pry@pr )88 s (™) = Oy ® Oyynz

. 2 _ . 2
rank two, and ker (6¢& )Il = ker \prueprv)(§® )Il'

2,1 N . -
(D_ ))I/{ AD‘U!I,{’..’LF'(L.]-’?)’)

8 is aof

(4.1.8.3)

(Here pruyffaenote the projectian: (C

floreover, Wwe have:

(4.1.8.4) & and & # 0.

u,uwl I
Proof. The first fact follows from (4.1.8.0) and the explicit

vyvul IR

form of 682,cf.(2.2.11). Nexxt, to check (4.1.8.4), assume that

=0, By (4.1.8.0), & #0 By (4.1.8.3) we have:d

u,uvl 12 # 0. But this implies that rank (6@2)11:3’ which is a

Qu,uulll wy,uwl I vovwl I

and ¢
contradiction to (4.1.8.1).(See also (2.2.11) for the explicit faorm
2

of 58%. If &
V

) =0, we have the similar caontradictiaon.) g.e.d.
,vwl I

Assume that the secand fact in (4.1.8}1) holds and that (u,v) are as

in Proposition 4.2.3. Remark that (4.1.8.0) implies!

57
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(4.1.8.5) & and @V #0, or only one of them #0.

u,uv] IR ,uvi It
Proposition 4.1.5. According to whether the first or second

condition in (4.1.8.5) holds, we have (4.1.3.4) or (4,.1.3.3) .

Proof. Assume the second fact in (4.1.8.5):assume that &

=0. Comparing the explicit form of 6@2, cf.(2.2.11), we have:

prvwker(6§2)ll =0, and we see that

vyuvl] It

ker (5@2)11 ker pru(ééz)ll, with the projection Pru:
(4.1.8.6) ‘

2,41 2
M ))Il,% mulll’ and ker(6® )Il uu)lll .

Thus we have (4.3.3.3). If fhe first condition holds, then we easily

(c oM 8N
Zuvod

see that (4.1t3.4) holdsjcf.also § 4.3, qg.e.d.

e



(zker (8%%).,) is of rank one.

IX Ix

(1) One of the following three cases happens.

Lemma 4.1.1. Acssume that M

(4.1.9.1) rank (¢t = 2¢and (4.1.2.3) holds) .

Iz
(4.1.9.2) rank (CI(EQ))Il = 3, and (4.1.3.3) holds.
(4.1.9.3) rank (Cl([jz))vL =3, and (4.1.3.4) holds.

(2) The following is equivalent:

(4.1.9.3)(resp.(4.1.9.2))&> the first(resp.second)
(4.1.9.4) |
condition in (4.1.8.5) holds.

Lemma 4.1.2. If (”11’(5@2)11) satisfies (4.1.9.1) ar (4.1.9.2),

then (5®2) is degenerate.(Namely, for a permutation (u,v,uw) gf

Iz
I=C(i,j,k), we have:

’

. 2 ~ ). ‘2 — F. ¢« M —_
ker (8¢ )Ii—ker(pru(di )Il—aéu,uvea &u,uu)'kﬂx éﬂx )lli
uv uw
, :
*ﬁy r12 where g,e =1 ar -1 are defined from (2.2.11).
sUlJ.

Proof. The both lemmas are clear from Prposition 4.1.1 4.1.4.

§ 4.2. Proaof of the thegrems in § 4.1. In § 4.2.1 and § 4.2.2

we prove, respectively, the thearems in § 4.1 which are given for.
codimension two and three. We use freely the notation in the
theorems with the abbreviation in (*-1,2) at the beginning of §

4.1.4, Sihce there is nothing to be proven if Dzz(zﬁ% ~ker (68 )Ij)—

0, we assume that BIX is of rank aone.

§ 4.2.1. Case of codimension two. Here we assume that # 1 =

First we write expliitly the divicors ﬁli;u;u €l aof ili’ Which

L I ¥,

satisfies the conditions in Theorem 4.2 and Theorem 4.3.1:tLet 9U=

*
<@u’a>aeﬂr=r<gu®£u>;u €l and LU=£§U, be as in (4.0.5).

Proposition 4.2.1. (1) For an «a € Ar’ we have the equivalence:

(4,2.1.1) $ or & .

el 20 &1 # 0= the both # O.

(2) For an a= 4 satisfying (4.2.1.1), define divisors (By, 03, )

of ?I as follows:

=3 _
DUL =(d

. V,alli)o—(cammun part of (@IX,aFIX)O and

(éj,aili)O) with (u,v) =§i,J> or {(Jj,1) .

¢/
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w

Then Dlx;u: Dli;u

Theogrem 4.3.13cf.(4.1.4.1).,

is independent of o and satisfies the conditiaon in

{Here the common part means the maximal divisor satisfving:

% and (&

ial1z’o jali’o
Proof. First, if only one of the L.H.S # 0, we see easily that

the rank of (681) , = 2,cr.(2.2.11>, which is a contradiction. Next
- 3

the independence of Dll;l Ii,
the rank (6’2'1)1/1 =1, It is clear that these divisors satisfy
(4.1.4.1). g.e.d.

Take an « satisfying the candition in (4.2.1.1). We set:

I} =3 — 3 R =
(4.2.1.3) DI ’3 —(éu,a‘IA)OTDIl'U’U =1,
. *
< g < i ; = L W ] = . '5 i = =1
Since &, <[ (M®L ) we have: ID§1‘ —uili®~IiM;D§{,u This insure

the desired icomorphism in Theorem 4.2:

D1 N v =T
(401‘_'10‘-4') ‘mli. iog. ®LI ( M Illgl 3 ), u El'
Ija l u

By Propasition 4.2.1 and (4.2.1.4), the remaining task in.§ 4.2.1 is

to prove the following Facf;cF.Thearem 4,1 and 4.4.1:

iy N 3 . - 7 . 1 c o
To faorm an isomorphism éll‘mll * ker (3% )Il’ and to see

(*)
that it satisfies the conditian in Theorem 4.4.1.

Far this let the open set U of EI, and the frame mu;li af Nu 17 over
U, M =M , be as in Thegrem 4.4.1. Also take a frame 1,, of L., .
-y —)&u - i Ix l U

*

We - e . . ' e N{Y,0. gt
e write u,a!IA It U,& U,IA lli’ with hI{,u,a re ’Q;l) and the

r - . | - 1 1 -
dual mu;ll of mu;ll’ cf.(4.0.95). The a-camponent aof (&% )IiQU is
explicitly as follows, cf.(2.2.11):

) ® . M. ST .. .m. . =
aooy  Snn® T T Tl n TIA;JEJ;IA* Lz
T ' 7 4 . T.
ST ETLE FETUPALE FRNLL S RN 1" with Ty f0pzyyiusl

"
{(Note that since rank(é@‘) =1, we have:ker(é@ )Il!U = kernel of the

s
morphism in (4.1.2.2). Now, the key fact for (*) ic to see the
existence aof slements hlﬁ;u <[ (U, Oh which generate ;ﬁ ‘ IU’UtI’

~ 2 -+
and satisfy:

) from the element o follows from that
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Mt asia D MM el hiasi™is1a %% el T

M™%, 12’ -

But this follows immediately from Proposition 4.2.1. Also one sees

easily that the e}ement’hli;lmi;li@hll;ij!Ii forms a frame of

(5®1)11'U . The secand key fact for (*) is ta see that

the following OI" —isamorphisms are the restriction to U

{**) ' "A’U
of global Qli—morphisms in (4.2.1.4) and (*).
EI >m, ®h,, . =M., ;. M. ot ced ]
2.2, ;

1
“ker(8&7) a2 hpyoimy @0 M2

;U EI,C‘F.(‘?.Q«loﬂr}O) The

@lxlu’ﬂleu *nyy
{Here the frame Mmrs corresponds to mo1z

check of (**) is as follows:Remark that the two isomorphisms depend

-

an the frames m and hlk'u' Replace them by another frames
’

u;12’ 1z
m;;li’l;i and h}l;u° By é simple cumpuﬁation, we see that the all
frames in (4,2.2.3) are multiplied by fhe_same unit, say ¢ EF(U,QXJ.
Thus we have (**) and (*), and we also finish the proof of the
theorems in.§ 4.1 for tHe case of codimension tuwao.

4

§ 4.2.2. Proof of the results in § 4.1...2. Here we prove the

theorems in 5 4.1 which are given for codimensiocn three. Ngote that,

by »¢(4.1.8.1), rank M,, =1. By Lemma 4.1.1 the case:rank M,, =1 is
212 ) —-I1

divided into three cases:(4.1.9.l,2,3). In the first two cases:

o
(4.1.9.1,2), ker (6%°) degenerates, c?.(ﬁ .F.4). In these cases

I,Z
e

one can treat DIX simitarly to § 4.2. We omit the the discussion in

this case. In the rést of § 4.3 we assume the third case, (4.1.9.3).,

By (4.1.3.1) rank (Cl(ﬂz))l]L =3 and rank (6@2)11 =2, Take 3 suitable

pair (u,v) CI, cf.{4.1.8.3). Then we have:?

: 2 PP S .
(prueprv)(éé )Il s (Ch (M )Ii) - (Du@ﬂv)ili is of rank two,

(4.2.3.1)

.

o

and ker(&@z)li = ker (pr @pr )(5;*)1
"

In the above pr  denotes the PFGJGLtlUﬂ.RC " ))I ! NI

£ 3
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and (¢ BE )., =% . « By (4.1.8.4) and (4.1.9.4) we have:
U, uv vyuv’ IR uv| I
2. f5a) ] = Y
(4.2.3.2) :u,uulll’ ¢v,vu|l£ and l§u,uvfli’ @v,uv!li #0
FIGURE T
uv uw Vi
u e, & et 0 {Here ¢, =
17 u,uv 27U, uw i
1 ar "lt)
/ e & - 3
\ u3iV,UV O QQQV,VM
Note that, by (4.2.3.1), an element ¢ =9 @ G(CI(TQ)),, =
U,V U,v - IR

s N cf.(2.2.7), is ker(83<), if and only if:

u,v —uviIi?

fA o7 3) @ od = @(z} . d ®(§ ZfP @21
LS e LoD o an P
- P v u,uvi Il A “u,uwl I v vyuvl] Il v T wv,vuwl I
= =4 .
As before we first find the divisors D =D u,v €1, which
> d th Ixsuyv “Ixjuv’ 77 :

are required in Theorem 4.2 and 4.4.1. For thic define divisars

- - ! ’ -7

and D of Xll by:

D D
IZsuv,u’ “Iltuuw,u IDsuv,v’ "Il v, w
E

Dll;ua,u—(yu,ﬂulli)O—commDn part of ((@u,uvlli)O’ (éu,uulll)o)

={3 —_ 3 { &
Dll;va,v (’v,Bv!Il) common part of ((év,uvlli)O’ k:)v,vwili)O)

Here (a,8)=(v,w) or (w,v), or =(u,w) ar (W,u), according as we are

(a)

concerned with the first or second identity. Moreover, common part

should be understood as in (4.2.1.2). Now we define:

— b ’

=the minimal divisor satisfying: Diisuv.u® DIzsuv.y @
y UV LR |

—_ ’ 14

A 1 4D - N n _ ) n -
(4.2.4.1)  ang Dll;uu Dll;uu,u+(DIi;uv Dli;uv,u) and Ull:vu
— * — 3 .
Dli;vu,v +(DI£;UV—DIE;UV,V)'
We see immediately:
* - D D D >5r' . .'-"+. by € N e 020
-1 (Dll;uv’Dli;uw’DIl;vu) satisfies (4.1 3), Theorem 4.3
*

Since ¢ e[ (M BM
U,uv —u

Dyeeen,cf o (4.1.5.0), the identity in
. v —uluv

(4.1.5.2) insures:

* *
(*_0) (ﬁu\iﬁjmu) , Il‘glﬁl v = ('I:IUU@‘U'U) ’ Il@;-ﬁl .uu, and
* ! " .
(ﬁuvaﬂv)fllglﬁ = (mvu®mv)fll®lﬁ .
Liuv ITivw

Thus we have:

Gezede2 Oyjrn®lo, B n®ls

M are isomgrpnic.
R :

o

Ik
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We take:

Dll far the Qll—invertib1e sheaf which is isomoric to the one
(*-3)

in (4.2.4.2)3cf.Theorem 4.2.

By (*-1,3) the remaining task for § 4.2.2 is to check the similar

fact to (**) in § 4.2.1. For this let the open set U of X and the

IR
frame muv;li of muvlll"" be as in Theorem 4.4.2. Also take a frame

mys1z of Eulli' We write:

*

(ay ¢ =h Jyeo with h €M (U,0:750 000

u,uvs I =1x

With & €0 ,v vou,
uv Xll

u,uv;Il(muv;ll®mulIl

NALIVVIE SRR PuvByv; 1z

(4.2.3.3) is written as follows:

u,uvi I

Then writing Wu

~

~ ~

(4.2.5.1) ¢ h and wuvhv,uv;llzwvuhv,vu;ll

uv u,uviI =¢uuhu,uu;ll’
We find elements huv;ll EF(U,QR);u,v €el, which gener;te lﬁlx'uv and
satisfy (4.2.5). Also we see easily that

Frai™ hyjooa Migsm ®h

(6@2)

ik;1a™iksz ®h

(4.2.5.2) jksIn Mjk;1a SPENS

121U
Now we take a frame mia of ﬂli over U, which correspaonds tao
Y . * _ . . .

haB;Il®maB;Ii’ a,B8 €l;cf.(*-2), and define an isomarphism QlXiU as

follows:
. 5 ‘

2 Y . EY

(4:.3:.5:3) &1l yy 20y 2 ker @1y 200 8:1 Nap ;12808 12

Similarly to § 4.2.1 one can check that the isomorphisms in

(4.3.5.1,3) are the restriction to U of tEe global ones over Eli’

which are required in Theorem 4.1 and 4.2. Thus we finish the proof

of the theorems in § 4.1, which are given for codimensian three.



472

§ &.3; Here we make two remarks on the results in § 4.1,
4.3.1. First, it is, in general, difficult to detemine the
inductive structure for codimension 4. But there is a cgée where
it is determiend easily. This is the case discussed in § 2.6.vName]y_
we assume the exixtence of an invertible Qg—modu1e ﬂ% such that

Mg ,cf. (4.0.6), is written as follows:

—X.

i
(4.3.1.1) ﬁgi=ﬁgi<:=m;mi) for each i A .
Also we assume:
(4.3.1.2) ¢, =¢ ., for each (i1,j) &4

ilx, . gt . m
1J 1J .
’
- . - =M : -~ oA = L At

Far each I éﬁm we 5et.ﬁ>_,l EX!XI and if #I_ 2 we set.fl ea(lo)l.ﬁxla

- 1 a-1 . _ _ _ 0y = s 3l - PR
?1 »(C° (1 ))I —QSE,_ % (—@aﬁx ) E e P, with a=#1 and “1(e)

I(s) "1 I

=$I, where I(s) =1 —{s-th element of 1> . By Lemma 2.6'2 we have:

Theorem 4.2. The collectiaon {{Mg ;ICA 3, {(&,=2 _(id),;a=#1_2,
@i;iéa 33, where éi is as in (4.0.5), is an inductive structure for

m
. er !
(kg » Ep)-

Note that the above inductive structure coincides with the one in

Theorem 4.1 4.4 for codimension _3.

4.3.2. A remark. Here we give a criterion which insures that

(4.3.2.0). rank ﬁg = 1, for the case:#l = 3.
12

More precisely let yll be as in (2), Theorem 4.2.

Lemma 4.2, Assume the following:

ME is of rank anel #0) faor each K CTI with #K =2, and
(4,3.2.1) K
there is a u €l such that & g # O,
ulX s
Then the rank of Mg = 1.
' Iz

Proof. Take an o €&P such that @u’aigl)#o.(Here @u,a is the
20 for each vel-{u} . By
v

By (4.4.1) and Proposition 4.2.1 we have @v |
’

a—th compaonetnt of @u.) Clearly éu,algu

#0 . Define the
uw

>

_
divisar Dj .. by Thegrem 4.3.1. Then we have:

VoV

{a) c(E .
8 Olviv ‘;u.alX“

R
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We write & M =M s8N ), 3 as ¢ Bd . Then Thearem 4.3.1
uv ' —uv —u —V fhuv U,UV Vv, uv

and (&’ 1n5ures: Uy o Vi
{b) @v,uvlg # 03 v eI-{ul u @u,uv éu,uu 0

Ix
We divide the case into the v & (#0) O &

Vi, UV vV, VU

followingsjcf.Lemma 4.1.1. W 6] & (#0) &

. W, UL Wy VL

(b both &, , @nd @w #0, = 0 on Xll’ or one of them =0 an Xll'

s C ,C‘{

In the second case, Theorem 4.3.1 insures & and ¢ =0 gn X
Uy uv Uy Ul Iz
2

and (b)) implies rank (6&7) =2, cf. the diagram soon above. Assume

I

I 3 | N ~ s "+ 9 R R . =% v
the third case. By Proposition 4.2.1, év,a and Qu,a #0 on XVu

12" Then Theorem 4.4 insures:
2

= X ank =2 i am.
@u,uv and éu,vu 0 an Xll' and rank (6¢ )H 23see the diagram

Assume that & =0 but & #0 an X
VX Wy

H

®

. - » " s v : VY 3¢ - (*
Finally we consider the first case. The ldentlt”;agba,aﬁ @B Yo a8

an Xaﬁ' a,fB €1, cf.Thearem 4.1, insures:

s & —-— ) = { .
(c) (Haeléa)g(éu,uv®*v,vu®§u,uu @u,uugév,uv®@u,vu) 0 on Xli

The assumption implies that the first term #0 and the csecond term

’

=0. This insures that rank (6@2)11 =23 see the diagram., g.e.d

{7
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§ 5. Inductive structure(examples) ...4

{Cace of the reflexive sheaves in § 1.3.)

After some preparations in § 5.1 we urite down, in § 5.2,
the inductive structure of the reflexive sheaves in § 1.3 and praove

the local freeness, which are asserted for those sheaves.

§ 5.1. Preparations

The purpose here is to give some criterions for the local

freeness of reflexive sheaves, by using the arauments in § 3 and

Y]

§ 4. The data in § 5.1 are as follows:the complex manifaold ¥ and its

o ! o1 . ; .
divisor X ZU1=A Kl _ 2, are as in § 1.1. The following subvarieties
m

and open sets of X are also as in § 1.1:
2

2 or 2, w!

ocpen parts X= X-X7, X1=§1—§ and Xi 1 -X and ?i,
) with E‘=Ui¢i<riﬂ§§), and an open neighborhood le iEBmN1,1
1 _ o s ol ‘
of X% iGAmxl in X and NO X X° .

From a matrix H EGLP(NdWNI,Oy), r_ 2, satisfying (1.1.0.5,8) we

form a reflexive sheaf g; of type (C) in the manner in § 1.1. We fix
1

an element el (0gL¥° 1) such that X° =(s),. We imbed E

OO
18r

=X
77, r= rank Eg, by means of s, cf.Propositon 4.0. t

g;t% We write the

r\.vl'yep)
i .

imbedding as &_ and its image 5S<g;> as EV( co FCX Qur

_ . L e . o _ gl-gr 7 e
arguments will be done for the pair (I —Qg[x ] -ti)' As before,

S.1.1. Local freenecs...l. Take a point p €X . We write Ep, Xp
and Xé for the germas of X ,X and X~ at p. As the criterion for the
Oy, ,~freeness of Eg o we take the following (well known) one:

Ez 153 035 -free, if and only if there 1is an element f=
=X, F =X, p I

(S5.1.0)  (f ) -A -E— , such that the determinantal divisor of f:

£y



re Y et
A A EA fooe (& o=,
""! /"'«po RTATN a} S =
. B . .
Proposition S.1. For an element f sEg p e 2Ve s
TANY ]
e I _ 1 vl Fp e fas ale T 1 FCaant
5.1.1) N8 (F)lu ) =ir=10¥% +(A ) see also 3 1,f%3-13.
. ~" 1% "0 P fx "0
p
: L gl-@r r vl @r
(The element in the L.H.S is in Og[k 1 (=A (Cx[X°T "))
43
Proaf. Take an open neighborhood U of p and zssume that f i
. C . i \ - 2 ‘n
defined in U. Let the frames e, 1=0,1, of Sy be as in 3 l.{MNotle

,
vl ) ot 1 \-l -« & . s
that NO=X—A and M, is an gpen neighbarhood of X in X)) We write: {
i

(r=1Y%", c¢f.Proposition 4.0. g.e.d.

From (5.1.2,1) we have:-

Lemms S.1. Ex is Oz _~free if and gnly if there ic zn f =
=X,p =2 =H,p -
¥

L "
Ec (CLs ') such that (A"f L ). = (=Dl .
p D . — * 3 Ff

Our criterion for the local freeness of Ey is based on this

11
[
3o

be given by doing the following:

L - L
=ihma dancg Wi

o A e
¥, wnose

o
O
~*
Q
-

' .
Find a generator of Eg o and, by faorming an r-v
. . A Iy

in Lemnsa

[g]
jw)
D
€
e
—~~
[N
o
]

{*) componants are in the generator, we check the
5.1
In finding the jenerator we use the arguments in § 3. In the

remainder of § 5.1 we amscume (2.0.0) faor the divisar X°. & in & 3.2

we take an I ’ﬁm and an open set U of ¥, which satisfy (3.2.0.1,2).
H

The coordinates xu;uEI of U are as in § 3.2. Thus X W =¢ if zand

1

only if JCI and UNX, =N._ . (x.).. We assume that there is an
J jeJ " "j’o0

0_(,@m Sr . _

=g Oy Egpye of

Definition 2.2, such that rank Mg _ 1.(By Theorem 4.1 this
/’\J -

assumption is harmleses for applications to the reflexive shaves in

inductive structure {(ﬂz »® )3 JCIY of (M

[
3

' 0
and Mg +J €I, have frames, m~  and myy gver U.

By (3.1.5) we have a parametrization map F,: DalN,, 1., Hg 0
- oA s
T30
* —
=M (U,E5). By Thzarem 2.2 o=, is zenecated by the following:




{(5.1.2> P i i Yywith x =, %, 1JCI and m
J T I-3=J,a”" I-3 7i=l-J747 -1,
. , . ' G
Here we admit the case:=d. In this case m,=m . Thus
, o=

sharpenad as follows:
To form r—vectors from the elements in (5.1.2
{k * )
check the condition in Lema 5.1 for the r-vect
§ 5.1.2. Local freeness...2. First we give the
Lemma. S5.2. Assume that there is an element f.=i
=4
, , , r .
that the value wDFT(FT)fec ) of PI(F1>at p #0, with w
Fgla9r , _er . - .
050X 1 '9(0s /I »=C", 1 being the ideal of . Then
¥ =Xep =p =p
-free.
Proof. Take an a=d _ so that the o—th camponent
, \ ; . ~ Q -
Let eB bz the B-th component of the frams =  of E,, C
; e A
t 8
Proposition 4.0 8 _(e,)="(0,..,0,5,0,...,,0). Clearly uw
= &
‘ S\ R Iy '_ y Y 7.
{a’ {éé(el)ﬂ mSé(ea_l)ﬁF,(x,)A8:(8a+1)h A“g‘*r)*x

The lemma follows from Lemma 5.1. Note that

Y, and to

ors.

followingt

5 . such
4"-.I,§--‘
sl-®r

s YT
P.:J'\:,?L\f{ 3 -
FoTTA

s .
—

E; _ is Oy
T F AP
ro
of w P,{f0#
oL L
f. 5§ 4.0, By
te 3 e A » L)"

2 have:
i
AY -— 4
Yo = (r=10K]
i r‘

Ez in an

& {ey);Beh —{a?, and P, {(f;) form a frame of ;
s !9 ’:8 r LN ¢ S 1 hi H =4w
(5.1.3)

neighborhoad of p. q.e.d.

S5.1.3. Local freeness..2. Here we discuss the leocal freenesc
of Ey for codimension two and three, by using the arguments of §
3.2:Far each JCIs#i_ 3 we write the paprametrizaticn map PJ as
foltiows, cf.Theorem 3.2.

- 6] . r - - P
(5.1.4.1) F,ix n)=m (x H Y with H =7 (U,05),cf . {(2.3.0.1
I I-020 TR =370, "0, g =t et
(Mote that'HO ] is rxl-matrix since rank Mg _1.) Similarly to § 3
! , X o=
we write the Og -morphieom & ,=9,8, My -2 Mg 5 , with KiKCJ and
A o K i";,.l A A Aol A
J J UK
HR=sl-1, cf.(2.2.7), as follguws:
(5.1.4.2) & ,(m,> =8,.m, ;5 h, , with h, . =MUX ,05 ).
J =3 K=KIH 'K, K, J J7=x%
J : J
Fote that if 8J_ 2 then hy, =0 U=X,,0z ). When #1 =1 we write:
- oy J — A
R
(S.1.2.3) & im.) =moo ity K T A o
v Sl e D :l _x_x_Jr “:_I!\:.:Yx;{:"l J1ITN ”O,j = PULSE I _o,_\z’:.:' .
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See Lemma 3.2.1 3.2.3 for the ewxprecsion of H by h,, ,3HCJI. Faor
O,d Vo, J
purpocse of later explicit computations we give the local freensss
, v
of Eg in terms aof the matrices H and h,, . How one can form a
=X . 0,J , K, J
’
frame of Eg is also mentianed.
A
5.1.3.1. Assume that #I =2, and we write I={i,J3. Take a poin
po=Wi¥,. For a vector HO JEF'(U,Qq);J Cl, cf.{5.1.4), we write:
- : E] $
\ . AT
(5.1.5) H. ,{p) =thes wvalue of H at pC €C )
UyJ O,J
b
Lemma 5.3.1. Eg is Og ~free if andgd oniy if one gf the
=i,p =X,p
followinag holds:
r ) - PN
) H. L(p){(sC )# {(2) rank [H {p),H (prJish {(Cr)y=
L) Hy (P2 (20020, (2) rank [Hg (p).Hy (P 2
303 2xZ2-submatrix A, of [H, ;,H J,u=i ar Jj, satisfies:
Tl l,’I. O,U
(S5.1.6.1) det &-=x € with a unit aED; b or (4) a 3x3-submatrix &~ ©
2 T =X, 3 -
[H H. .,H,. .3 satisfies:idet A =x.x.6 with & unit £<0;:
0,106,100, S 37717 5° =%,p
Progf. By (5:1.2) Ex iz generated by P,{(m.2,P (x,_, .m 1=
— =X, p 11 U I-lu
Q. . . . _ : R -
m (s, _, H~ ) susl, and 8 (e Jia €A+ Remark that &_(e 3=00X7), an
- PRl NS I R G IV - & E] ¢
the freeness in the lemma holds if and oniy 1if the exterior product
of one af the following r~vectcrs satisfies the conditionses in
. . e . . Y
Lemma S5.1:(We write 8 (e ).,k 1A, far {8 _ ()3 . . in (5.1.6.1).
s = K r = @Eh —H
r
(1) {Fyim,),8 ( O) 3 ith an o UA (2¥{P.(x.m.
\ U_I\ll ,US\_E._' {a)’? W1 T an ¢ r? Z \.11 ‘\\,E‘I‘i/’
) 0 : .
) 4. ¢ 1 r A
P.o{x.m. 0,8 {(e7) 3, Wwith an {a,8) A
J Ui e = T, B an s .
- . : 0. .
(S5.2.5.2) (3) {(Polm, ), P (vom ),8 (e 3, with an {a,83 CA
- -7 I'=1"7 u "v=u s = T, B o e r
and (u,v) =¢i,j) or (j,1i3, 033 {P, im0, P Com ), P Coym 0
i 1 1 J—1i J 1i—
0 :
g {e™) Yo, with an {a,B8,7> T & .
g = iLY,B,?'}J' [y I EY A ._sr
e checks readi] that the fou itigns 1in (S9.1.5.1) correspaond
One c¢h egadily that th our conditicns in (9.1.5.1) cor pond
Lo the ones Jjust above. Je2.d
We write down explicitly the condition (S5.1.6.1)., For this we expan
hO,u;U <], as in (3.3.3):
kol
h =x . {h +x with vy =1 ={u} and Fk =
o, 1,0 R Mo,ug e th ¢ - ¢ 0, usl
. PR F e - e E PR oty -~ - — s \
5.1.7 F' oM, , 05 ), b o =00 O ,05), and x,HWCI, is the
LR Dusu y = 48

4717



analytic projection:U +Uﬂ?K, cf,(3.2.1.2).

Lemma 5.3.2. The conditions (1)  (4) in (5.1.7) arsg,

respectively, equivalent to the following:

(hO u'Ihu'I)(p) #0 for each u €I,

(p),h (pY] is of rank two,

Cho,is1 0,431

(5.1.8)

Ch {p),h

(p)] is of rank twojivi=I-{ul,

0, v‘vl?-h' 1 0,usl

[H {p),h (p)] is of rank three

01; I(p)’nOl,l 0i;

Proof. The first is obvious once we remark HO,I:hO,uglhu,I’ cf.
Lemma 3.1, uh}?e the secaond is clear. We check the last {wo facts as
follows:Take a 2x2-submatrix AQ of the matrix in (3>, Lemma 5.3.1.
Using the expansion of HO,I’ cf. (3.3.2.2), and ho‘u,cF.(5;1.7), we
easily have: /

det A2 =xu{the determinant aof the corresponding 2x2-submatrix

(a) * * * *

of sz(ho’v;v)nl(hv’l) ’ﬂu(hO,u>= RI h 0, ,I)+X n (h

Thus we have the third fact. We make a similar observation to (47,

0,us U)}.

Lemma 5.3.1. Then for é 3x3-submatrix A CH 'HO J.Il we

3 0f LHy oMo 4

have:
det A, = the deteminant of the corresponding submatrix of
(b * > * * ' *
xi[nJ(HOI;J),Ri(hO’i),R 0’ >33 HOI;J —RJ(hOJ; I\hJ,¢).

(See (3.3.2.2) ) Note that if rank L[h J =2, then h,

0i;1’Mo, ;1 i,1
=0, cf.Proposition 4.2.1, and H01'1=O‘ Thus (4) in Lemma 5.3.1 does
not hold. We assume that the rank 2. Using the expansion gof

'ho U;UEI, cf.{(5.1.7), we can replace the matrix in (b) by:

* *

3.xjfn£ 0j )Kl(h-,l), n Yl =

*
10,1517 710, 551
SN AU PR AL RN IR U RELS SN SRk
and we have the fourt fact in (5.1.8).

5.1.3.2. Here we discuss the local freeness of E% for
codimension three. We assume that # I =3 and write I ={i,j,k3.

Theoretically it is not difficult to give a corresponding fact tg

Lema S$.3. in the precent cace. But it requires many linecs. e give

7z
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some sufficient conditions for the freeness. The canditions are also

3. In the lemma soon below the

the necessary ones if rank g%
matrices H sy« are as in (5.1.3,4). We use ¢ for a unit €0y _, and
0,1 =X, P

A2(resp.63) for a 2x2{resp.3x3)-submatrix of a matrix in question.

73
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Lemma 5.4.1. (1) Assume‘that gne of thg following holds.

HO’I(p) # 0 ,

¢1) rank{H

(5.1.10.1)

(p),H u(p)] =2 with u €l and {v,wi=I-{ul,

0,
(2) For a 62 of [HO,I’Ho;u]’U'eI’ det 62 =X 80 (3) For a

0,vuw

(5.1.10.2)

A2 of [HO,uv’HO,uu

(4) For a &, of [H

3, uel and {v,w} =1 -{u}, det 02=xua,

O,I’HO,uvj’ u,vel, det A2 =RGXE

(1 EHO,i(p)’HO,J(P)’HO,k(P)] is of rank three, (2 for

a A3 of [H J, u,vyw €I and a=u or v, det A,

O,U’HO,V’HO,au

=xuxva,(3) for a &3 of [HO,U’HO,v’HO,IJ’ det q3=xyxva,

J, u,x,8,7 €1, det A=

(4)far a A 3

3 oF tHy uHo,a8° M0, ar

(5.1.10.3) xfxxvxuxaxs, with {v,u} =I-€u),(5) for a 85 of

CHy oMo g oMo, 17 uses BT, det B3=x3/x x x, with {v,u} =

s
I-{u} and {r3=I-{x,B3,(&) for a 53 of [HO,ij’HO,ik’HO,JkJ
det A3 =xle,(?) for a A3 of [HO,uv'Ho,uu’HO,lj’ det A3 =
2

xl/xvxu, with u,v,w €1,

(2) If rank Eg =2{resp.=3) and ER,p is Og’p—free, then

(5.1.10.1,2)(re5p.(5~1-10~1,2,3)) holds.

Proof. By Theaorem 3.2 Ey o is generated by the following:
1

0(x H ), u,vel and {wi=I-{u,v}, %O(xvaHo’u),

NO o
m HO,I’ m w O,uv

(a) o

ts =(0,.,0,5,0,.+,0)

uel and {v,wr=I-{u}, and ga;aear y, With

In the above we list all the cases where an r-vector f, formed from

elements in (aJ, satisfies:(ﬂrilx )O =(P—1)X;, cf.Lemma 5.1, and f
P

contains k(=1,2,0r 3)-elements which are different from For

2ot
example, in (5.1.10.,1), the corresponding r—vector f is:

' o
(5.1.11.1) {Pl(ml)’ (él""éa""ér)} with an « EAr'

In (5.1.10.2) the r-vectors f are respectively as follows:

{P (x xmJ),P (xm )3,
u v w—u VW Tu—vVW

and (51,.~.

,..EB,..,S )
{P {x. xm)D),P.(m.)3 ;
u Tviw—u I'"1

S
“a

: Wwith «,B8 €Ar
P (x (X
¢ UV wmuv)’Puuk\vmuu)

7¢
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{Puv(xumuv),Pl(ml) 3
We omit tHe corresponding fact for (5.1.11.3). The second fact (22
of the lemma is clear since (5.1.10.1,2,3) exaust, respetively, the
cases where the above fact holds in the case:k=1,2 and 3. q.e.d.
It is also possible to reurite Lemma 5.4.1 in terms of hK,J;K <] .
But this is very troublesome . We rewrite only the condition (2) in
(3.1.10.2) which is the first non trivial case(in rewriting) and ié
used in the proof of Theorem 1.2.2;c¢f. § 5.3. Take.u €l and we

set:{v,wl =I-{ul., Faor an a = u or v we write;cf.(3.3:3.1):

*
Ch

h s = L20+%x h C o with h L€l (UeX.,05 ) and
(5.1.12.1) O,al){vu 1" 0,031 u O,a;uv O,q,l I’=X;
ho’a;l\er<Uexuv,gyuv> with the open set U,cf.§ 5.1.1,
Lemma 5.4.2. The r-vector {P,(m;),P (x x m ),(S,,ve,5_,
I=1 U TviuTu 1 “
"'EB""'EP) forms a frame at p if and only if:
(5.§\12) rank[ho,u(P)’(hO,a;vuha,vu;Ihvu,l}(p)] = 25 o Sv,u.

(The matrix itself is not independent of a=_U,v. But its rank is

independent of ajcf.(3.3.3.7).)

Proof. By Lemma 5.4.1, it suffices to check that (5.2.12) is

; ; ~ : N —t i i ith
equivalent to (2) in (5.1.10.2). UWe urlte.HO’I HO,IIXZXUHO,I;U with

Ho .. €[ (U,057) with the open set U of X, cf.§ S.1.1. By (3.3.3.6)
O,I,U X .

- . 0 3.3.3.2). Thu o 5
HO,JIXI hO,uHu,I with Hu,l as in (3.3.3.2) Thus the matrix in (20

of (5.1.10.2) is replaced by: XUEHO,I;U’hO,UJ;the condition (2) in

(5.1.10.2) is written as:

(a) rank{H U(p),h U(p)] = 2.

0,I; 0,

To determine HO,I;u(p) we restrict HO,I to X By (3.3.3.8) we see{

v

(b) HO,I:ul?vquO,llivu-HO,I;I: {hO,a:Iha,vu;vu+h0,a;vuha,vu;l
” +xuh02a;vuha,vu;vu}xhvu,l; « Ve U
Since hO,u(P) :hO,u;l(p% we get (5.1.12) from’(a) and (b). qg.e.d.
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3= 3

§ 5.2, Reflewive sheaves in § 1.3
Here we discuss the i e af the reflexi

Wwhich appears in

inductive structur

Ve

. ) : N B . . . T ~ -
the notation in § 1.3, Letting Ly be the lTine bundle in § 1.3,
/
make a remarik as follgws:
i Bm
- - - -~ [ - -~
It is not Lg but L that corresponds to the line bundle
A% J
PRI —r A
g 4‘
' 3 i 1L : o PR G SR ar‘r‘, '
e apply the recsuits in § 5.1 to the pair (J17=(L, ) LE7), r=rank
[ FAY .
s
with the imbedding Eg =6 _(Eg),cf.Proposition 4.0,
A > TA
5.2.1 structurs ...1. Here we determine the ind
structure in Theaorem 1.2.1 1.2.2. for codimensian
For the determination we chould know the
mercmorphic functionzi(Ff 1) ., gver
CUEAL TEA .
1 =i
(4.C.0.000 0 The Tunciicons are as folliows:
;.\); .
t./ s, Theorem 1.2.1,
- -
- S - e - =TT H —_ - .
3. /9. . wWith 3. =N ., 5., .. and 3. 5 =H__. s. H
i,17°%1,2 7 1,1 atﬁr 1+t ' 2 asA  Titw
i - noo-
Tﬁ‘.bu’em 122020 (Here o o=4n+1.0

one of Theorem 1.2.1 ~_ 1.3.2. We use freely

i

N

e

(5.2.1.12
Far the abowe see {(1.2.1,
and we have anly ane mergo
13045010 znd ‘1:""3‘-0‘:‘, th
are the locil of the denam
_ _O{l-m
==
(S.2.1.10 IsC i
h
-
:‘ _ e
= ’
L A
Thas the O _w&»Qa M—[ :L
X7 .

4,8,7Y. In Theorem 1.2.1 and 1.2.2, r =2
marphic function. Mow, by (1.3.2.13,
=2
e pole divisore DT of the abave functions
L
inators of them. Thus we have:
) ~ 1 4 4 i) E 1 I3
, for Theorem 1.2.1 and 1.3.1, 1.3.2,
for Theorem 1.2.2.0Here g =Lg, 5 o8
. _’\L _'/\[ rx\‘«

Florsa ek (4.0.9), 15 as follows
es Dz
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L? for the first three theorems,

(5.2.1.2) ﬁyi = i

®(2n+1)

L i Theorem 1.2.2

>l

1

*
The Q? -morphism @i er(ﬁ? @Liem), cf.(4.0.5) is as follows:
i i i ~

Y. =ct.,-s"); Theorem 1.2.1,
i i i’
ty = - . o
él —(gi,;)l, 91’2),The0r‘em 1.2-4,
(5.2.1.2)  '8.=Cu,,eu,u =) 21 sied ;Theorem 1.3.1
RS T s L 00 B m’ !
t, _,.@lm-1 A ®(m=-1) _ ®(m-1), _ :
@1-‘(51 - ',,v-,siynou,gm_l - H .am )lxi , 1¢m,
t _,.@0m=1) e(m—-1) __A, _, ., -
@m =(s, pereaS g ) sm)lxé,,Thearem 1.3.2.
By Thecrem 4.0 we have the following for Theorem 1.2.1 1.3.2¢
Lemma 5.5. The collection {(Bi,)’(@i)}ieé s uhere~ﬁ§.and @i
i m i
. ) . . . O_,, ®m.®r _? R
are as just above, is an inductive structure for (M'=(Lz )  ,E3> for

codimension one, cf.Definition 2.3.

In th rest of § 5.2 we determine the inductive structure for
codimension _2.

5.2.2. Inductive structure...2. (i) First we determine the

“inductive structure of g%<=g§>‘in Theorem 1.3.1 and 1.3.2. In this

et d v = — . - . , N
case uwe ha»e.&ilx._ QJIX.. Actually we easily see
14 14
t X = )% su=1,j;The i 3.
Quixi.'—(tlyc-;tr_lvo)lxil"u 1,4 ineorem 1.3 1,
(5.2.2.1) J J
__8m-1)

v ati,j, and =0,a=i,j{u=i,j);Theorem 1.3.2
u,a:nij «Q XiJ

T

Thus we can apply Theorem 4.5 te the present case:For each I CAm:#;:
(identity):my —»cta®™ Ty
I

2 we define:My :=Lg
X1 XI #1

cf.(2.2.7). By Theorem 4.5 we have:

and @I=6 =,.Ly

I 41 A1

(id)});#I_ 2, is an

Lemma 5.6.1. The collection ({Lg },{@#I

X1

om,er ) for the codimensionz_Z(in the

inductive structure for Ly »E

X
both cases:Thearem 1.3+1 and 1.3.23cf. Definition 2.3,

(11) Next we determine the inductive structure nf'gp in

Theorem 1.2.1 for codimension two and three. For this take an ICA
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with #I1=2 or 3, and define an'gq—module ﬁ? and an QQ -morphism §

I I 1 1
* -
er(e oc ™7 ) as follouws:
—XI - I
Mo =L S IMPRIUI-MId oy 2o 3(Note that M is also defineg
—xl —XI Xi
by this fermula.)
(5.2.2.2) /
Ep=t et g g oWy ety 05 5 # 1 =2,
1 I u v I
‘I’I=(tw9tv@tu)|%‘5:ﬁ§ —)(mi &3_?1_2 $D§ )12 s # 1 =3
I 1 uv ULk v, 1
(Here according as #I =2 or 3, we write I={u,v’ or I={u,v,uwl.)

Lemma 5.6.2. The collection (Mg ,&;3, #I =2,3 , is an

I
. . o s DM e ! . , )
inductive structure of ((;R ) TLER) for codimension twg and three,

’
where gg 252 is as in Theorem 1.2.1.

Remark 5.1. For each I:#1_ 4 we set:

- ®{m+all-m>3, __ - _
X —LXI sa=#1, and Ql_eieltilxl

It seems that the above data give an inductive structure of

@(m—-1) @3,

(50202-3) ﬁ Er((kg ) Je

(;%m,g§> for any codimension.

Proof of Lemma 5.6.2. First take an I ={u,v} CAm. Then an

element TU,IQTV,I é(ﬂg eﬂy )l? is in uv uw Vi
u v uv
in ker (62'); if and only ifjcf.(2.2.7): vty ty 0
v - 0 t
U W
{om - . =T > — —
(a—-1) LU,IGtUIXI Lv,l‘atlel W O tU tV
On the otherhand (5.2.2.2) clearly insures:
-2 s - =& -
(a-2) LIS SATTE S VIR LA VTS S
, I 1"
Apply Thearem 4.1 4.3 to (a-1,2): By (1.3.2.1) we see that §1:5§ =
I

My eﬂi } gives an isomorphism:ﬁg e(Cl(ﬁl))I. Next assume that % 1

Au v I

=3 , and we uwrite I ={u,v,w. An element (T &7 8T ) €
uv,l Tuw,l “wvuw,l
® . Ms Ddy5 ., a,f €1, is in ker(83“). if and only if the following
L(,B ACE I>‘l l
holds for each a €1

(b-1) with (8,73 = I-{a} , cf.(2.2.7).

'TaB,ltBIQ = raT,ltTf)_<I

See aleo the table soon above. A5 in the case aof #I =2, we see that

(5.2.2.2) insures:
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(b-2) e, 1°t81%, “tar, %Y1,
Applying Theorem 4.1 2.4 to (b-1,2), we see that @I:ﬂi ﬂCl(ﬁZ)I
’ I
gives an isomorphism:mi +ker(5@2)l. G.eodo
‘ I

5.2.3. Inductive structure...3. Here we determine the

’ .
inductive structure of gg in Theorem 1.2.2. The structure is more
subtle than the ones in Lemma 5.6.1 and 5.6.2 and is combinataorial
in nature. We begin this subsection by a preparation as follows:

Preparatioq.‘Fbﬁ i#] eam Wwe writes

(5.2.2.0) i~j or iA_j, according as fi-jl_ n or_ n+l.

By (5.2.1.3) we have the following according aghi Joor i j:

9,1 95,1 © 0
5.2.3.10  Pfihx %o o JI%x; °" Tl g 59, IR

and‘does not vanish on XI-

Take an I ={i,Jj.k3 CAm. We have the kol]ouing

i+1 i-1
\ : 9y 0 -
easily from the above:First the follouwing _i+n 1: i-n
i+n+l ~ i-n-1
: %i, 1 -
i+2n i-2n

four cases can happen concerning the relation:

and among the elements of I:
(1) u~v for any u,v €I, (2) ubv for any u,v =1,
(5.2.3.2) ‘ : i '
(3) i~j,k but jAk, (4) 1 tj,k, but j~k .

In the last two cases the indices i,j,k are chosen suitably.

Next we have:

(a) In the first(resp.second) case, gu 1(resp.gU 2) does
’ ’

not vanish on XI for each usl, (b) In the thirdi{resp.

(5020303)

fourth) cases, g. ,{resp.g. ) does not vanish on X; but
, i1 i,2 I

¢J=~k=0 on XI’

We make the following convention.

Convention. Take a K‘CAm and a subvariety Y of X. We set:

(5.2.

w

) with s, =1

A | = = y
.4) 'SK!YI K(=cupport of s e kSy

Kiv

7%
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For example we have,cf.(5.2.1.3):
(5.2.3.5) Igi,ll ={i+n+a} and 391;21 ={ita} with a €4
$
(i) Here we determine the inductive structure of EY for
codimension two. For this take an I ={i,j}. According as iAQj or iAV

J one can uwrite:j =i+a or j=i+n+a without loss of generality. Define

an Og -module as follows:

1
l') -~ —_ hY
(5.2.3.6) My =£§(Ln+1 a . s =L§(n af2;
1 I I I :
By (5.2.1.2) we have the followsing, according as i~j ar iﬂvjz
' * ’ _ .
(5.2.3.7) Mo oMy =Lo2 or L2 (MT3TD 0 =y, 5.
=X; =X =X =X
. I u "I I
*
Define an element @I =®3;16§J,I er(mi g(ﬂg.eﬁi.)!i ) as follows:

I i J I

b, _
¥ =M erion, j-n-11 Sa’ naéfi+n+1,j+n]5a)lxl ar
(5.2.3.8)
Lo | B
QI_(naEEi+n+1,J+n]—{J}Sa’naeti—n,J~n—1]~{i}Sa)IXI
Note that
= - = ':- With : =.
[® ,I’ —!gv’lf lgu’ll or !gv’zu Igu,zi , with (u,w)

(i,j) or (j,i), cf.(5.2.3.4).

FIGURE V-1
i
i+1 Ty i-1 i-1
Jj=i+a -— . Jj-n—1
i+n Tii-n i-n
i+n+1 & i-n-1 i-n—-1
| @94 |
J*n - ‘ J+n
i+2n i-2n i-2n
FIGURE V-2
$ ' 3.
i,1 . & Js1
J i
N . *
Lemma 5.7.1. The pair (ﬁgl,él), with @IGF(EXI®(D§i$ﬂX.)i§I)

as above, is an inductive structure for codimension tuwo.

Proof. By (5.2.3.1), an element tu,letv,l EA(DXUQQEV),EI is in

ker <5¢1)I if and only if3cf.(2.2.7):

. - ®7T . = q. - ®T . i v = 2 R .
(2 91’a|xl Fl’l gJ,aIXI TJ,I’ Wwith ¢ 1 or 2, according as

i Jg oor i
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Apply Theﬁrem 4.1 4.3 to this. Using the combinatorial fact

(5.2.3.9) we get the lemma without dificulity. q.e.d.

We add the fallowing remark which is clear from (5.2.3-8,9):

(5.2.3.10) |q>U II NI =¢; u=1i,J.

»/
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’ : :
(ii) Now we discuss EQ for codimension three. For this take

1] ik ik
an I with # 1 =3 and write I ={i,j,k>. By
1%y 550 %i,ik O
(5.2.3.2) there are four types for such J —QJ,iJ 0 Qj,jk
an I. In the last two cases in (5.2.3.2), k 0 -$

k,ik Qk,jk
i,jsk must satisfy the condition in that place. The following

combinatorial fact is derived easily from (5.2.3.8,9,10) and is

useful in the arguments here:

(5.2.4.0)!@J [,1&

s 10 k,ik Jsik

Let atu,v)ju,v €I, be an element of Z defined as follows:

| and [& l,l@k’jkl do not contain 1,Jfk5

(5.2.4.1) My =g§(2”+1’a(“’V)), cf.(5.2.3.6),
Uuv uv

and define a subset I(j,k) of Am and a{l), atuisl),u=j,k, €7 by:

IGi,ky = U ',k(iéu

- | -le

Jk’)’ cf.(5,2.3.4), and

siu
(5.2.4.2)

afl) =#I(j,k) +afj,k) and a(l) =aluij;l) +afu,i).

*

Now define an Og -module Mg and an Oz -morphism & el {MgeMs )

XI )\I XI U\f,l /XI xulef
@a(uv;l) : . *
=F(£; **7y,u,v €1, where a(jk;I)=8#I1(j,k), as follous:

1

@ (2n+1-a(l))
I
(¢

My =L and
.Xl

i1 7

Il

v oand &5y 4=

. S v
(5.2.4.3) aEI(J,k) alAI

~ x|

/% su=j, ke

i, 1%%0, i
Lemma 5.7.2. The collection {ﬁ;,él}, with ICA #I =3, is an

1 m
. . ' 0_ . em.e2 _’ . . .
inductive structure of (M —<gy ) ,gg} far codimensiaon_three.

I .
Proof. By (5.2.3.3) @i does not vanish an XI' Thus, by Thearem

A I i
u,iu IXI

4,5Cor by a direct computation), an element ® T «CT (M), =

@, vﬁq )ji , u,v €I, is in ker (é@z)l if and only if:
ARTIY: I

(5.2.4.4) with u =j,k,cf.{2.2.11).

& — =& -

Fuiul X, 17, kI RO gk, 1
. 1 3 y 3 3 2 . — =

Compare this with the last identity in (5'L'4'3)'®u,iulxl®®iu,l

éu,JkI§I®®Jk,I;U =j,k. We apply Theorem 4.1 4.4 to (5.2.4.4). Then,

using the remrk just above we have the lemma . q.e.d.

The following is clear from (5.2.4.0,3) and is used later:

(5.2.4.9) Iéuv,lfﬂl =} for any u,v €1.

$Z



§ 5.3. Local structure. of the reFIexiye sheaves in § 1.3

»Here we prove the assertions on the local structure of the

sheaves E,(=E3) in Theorem 1.2.1 ~1.3.2.

5.3.1. As in § 5.2 we first discuss E% in Theorem 1.3.1 and

1.3.2 . According as we are concerned with the first or second we

define an element u Er((L%(m—l))er) as follows:

t _ A o 8(m—1), A @(m-1), A
(5'3.1‘1) M _(Ul,oo,ur\_l, Zleﬂmsi)’ UP—(SI +51)"’5m_1 +5m_19

(2™ Ny, cra(5.2.1.3).
mooom ,

The following determines completely the local structure of EX:

Lemma 5.8.1. (1) Let U be an open set of X and 1 a frame of

EXIU' Then EQ(C(E§®m)$r) is spanned over U by the following:
~  t~ @ .
(5.3.1.2) u®l and S50} Sa =(0,..,O,5(=Haeafsa),0,..,O):aEQP.

(2) Acording as Ef is in Theorem 1.3.1 or 1.3.2 uWe have!

. R v Y r-1 -
R scgi)(- singular locus of EX)"X n(r5=1.(ua)0,red) or
(5.3.1.3) . -

tvil}}

Nn. (s.) (=X

1€Am i’0
(3) Take a point p €X- s<g§>. Then one can take (u®1) and

) .

o ~

(51,..,sa,...,§a), with a « EArf as. a frame of g; at p.

Proof. The key point of the proof is the fallowing fact, which
is immediate from (5.3.1.1) and (5.2.1.3):

(a) 1 = @i; i GAm, cf.(5.2.1.3) .

Ui s
=1 X

i
Take an 1 Ca » such that XIﬂU #¢, and a p G(XIﬂU). By Lemma 5.6.1,

ERJ: _gl for each J Cl,cf. UWe set:FJ=PJ(xI_Jli

(3.4.2), cf.Corollary to Lemma 3.3.1, we have:

Y. By -{(a) and
] .

(Here<PJ>is the parametrization map at p,cf.the end of § 5.1.1, and
- e T _ Slvicce 3y =
X, satlsfles‘(XUﬂU)—(xu) +) Remark that (X nU)—(SlU)O—(H

0 je1%i’0"

3



, _yl - . .
Remark that (S)O—X and so (5)O "HiEIxi in U. Then, by (b), FJ is 3

linear combination cf u®l and S« EAr.vThis insures (1). Next (2)
and (3) are checked easily by applying, to the elements in
(5.3.1.2), Lemma 5.2 and (**),af the end of § 5.1.1. q.e.d.

‘§ 5.1.1. g.e+ds ‘

Note that, in the case of Theorem 1.3.2, the locus af the r-vector

AL @2{m-1) @m

in Lemma 5.8.1 =Sa+sa ;aéém and s » Thus S(Eg) is the locus of

X
a linear combiation of these elements, and we have (1.3.4.5).
. . b4 . .
5.3.2. Here we invesigate the behavior of gg in Theorem 1.2.1

for codimensjon two and three:Take an I Cﬁm Wwith # I =2 or 3:

Lemma S5.8.2.1. According as # I =2 or 3 we have:

(

o

+3.2.1) XInS(§§)=XIﬁ(ﬂ or CXIQ(H t

uel(tu)o,red)’ - ue l u)O,red

(The result for #1 =3 is a partial one.)

-S{E

Lemma 5.8.2.2.(1) Assume that #I =2. For a Point p‘EXI —Q)

the following forms a frame of gg at p:

P to,s); if p X

(a8

I(ml) an 11

17" uEItU)O,red ’

Pu(xvmu); if p Exl—(tu)o,red (u e

(5.3.2.2)

[a W

Plfml) an

(2) Assume that # I=3. For a point peX I we have:

I—( uEItu)O,red

(5.3.2.3) Pl(ml) and t(O,s) farm a frame of 52 at p.

Here mJ;J Cl,is a frame of Mi and F’J is the parametrization map at
J
p,cf.(3.1.5), which is attached to ﬁy .The coordinate xu;uEI,
A) J N

satisfies: (X NUI=(x ).
—_——= u u' 0
Proof. The key facts (5.3.2.2,3) are proved by using Lemma

5.3.2. For the application of the latter, recall that;cf.Lemma 3.1:

P - = - s Y= =2 3 =& - & - ¢ H T 21 =3)
(a) FIIXI éulxl@u.l’u I(# I =2) and YulXI‘u,uv!Xlﬁuv,I’u’v I(#1I=3)
By Lemma 5.6.2 we have:
—_ ;—_—t — . ’ =2 2
(b PIIXI [nuEItu’OJIXI for the both cases:i# I =2 aﬁd 3.

By Lemma 5.3.2, this insurecs the assertions in the lemmas for
codimension three and the first fact in (5.3.2.2). In order to prove

the second fzact in (5.3.2.2), let'hm " and hn I be the matrix
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representation of @a and @a’l,..:éa(ma)z_ M and @a,l(ml)

U hV R By Lemma 5.6.2 one can take 1 m #J\l—m))’ with a
I ’

frame 1 of gg at p, as a frame of ﬂ; at p. By Lemma 5.5 and 5.6.2

J
one can write them as follows:
{b) hO,v:(tvlil’O) +xu(tv,av) and hv,l =tul§I
(Here ta’ta and £, are in F(U,Qz);a =1,J. The element ta saticfies:
t =1%" DY 4nd ¢ does not vanish on X;.) By the third fact in
@ x v I
Lemma 5.3.2, P_.{m.), P {x m > form a frame at p if and only if:
I'-1 U Ty _
T Yoo a2
(c) det( 5; tu » oY ) —svtu # O.

This insures the second fact in (5.3.2.2). Finally, by Lemma 5.3.1,
gX’P is free only if one of the 2-veclors in {5.3.2.2) forms a frame
at p, cf.Lemma at p, cf.Lemma 5.2. By (b) and (c), this is
equivalent to nutu and tu does not vanish at p. This insures the

first fact in (5.3.2.1), and we have the lemmas. g.e.d.

N

5.3.3. Here we determine the behavidr of E% in Theorem 1.2,
for codimensiaon two and three. As in § 5.2 the arguments are more
subtle than the ones in Lemma 5.8.1 and 5.8.2. Take an I C&m with #
I =2 o0r 3. We write I ={i,j} or {i,j,k}. When # I =3, 1i,j,k must

satisfy the condition in (5.2.3.2).

Lemmma 5.8.3. (1) In the both cases # I =2 and 3, for esch

»
PEXI’ Eg

_X’p<:g§’P> is Qg P—Free.

’
(2) Assume that # I =2. According as i~ or i , the

*
following forms a frame of gi at p¢

(5.3.3.1) (P (m)), t0,5)) or (P y,ts,00).

1¢(m
(3) Assume that # I =3, In the first or second case in

(5.2.3.2) we have:

(5.3.3.2) (Pl(ml),t(O,s)U or (P

In the third and fourth cases in (5.2.3.2) we have:

I(ml),t(s,O)) forms a frame at p.

2 > v .
(5.3.3.3 (Pl(ml)’Pi(KJ“kmi)) forms a frame at p

Here the frames my and the parametrization map PJ;J CI have the

&3
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similar meaning to Lemma 5.8.2.

Proof. As in the proof of Lemma 5.8.2 we write PII? using
‘1
Lemma 3.1: Ascume that # I =2. By (5.2.3.1,8) we have:
PI'R =(ﬂ

. aeKSa;O)lk‘I or (O,naEKSa)")'('I with K=!91’B]U;9J’Bl,

(a)

2 being 1 or 2 acording as i~j or iAVJ .
By (5.2.3.1,10) K'» i,J, and PI does not vanish on XI' By Lemma 5.2
‘we have (5.3.3.1). When # I =3 we take:(u,v) =(j,k).By (5.2.4.0,5)

& & does not vanish on XI' From (5.2.3.3) we see that in

u,uvi?l uv, I

the first or secand case in (5.2.3.2) PII? is written as [e,0] ar
1 :

T
[0, with ¢ ercg;b‘*)>, b(I) €Z, which does not vanish on X;. By
Al I v
Lemma 5.2 we have (5.3.3:2). Also remark that, by (5.2.2.3), P, g =0

by using Lemma 5.4.2. Let hJ K be the matrix representation of

H = s i I kv - a . 02,
@H’J.@K’J(QJ) EH!thK,J with frames My of DXKQ. By Lemma 5.4
(5.3.3.3) is equivalent to:

dettHO,u(p)’(hO,a;jkha,jkhjk,l)(P)] # 0, with hO,alg.k=
(a) o .
* ) .
bvi : . .2- 2) =] »
HI(hO,alXI) +Xih0,a;Jk’-CF (5 12); « = or k

By (5.2.0.4,5) ha and h do not wvanish an XI' Recall the

definition of @a’ cf.(5.2.1.3). Then according as we are concerned

with the third or Foufth case in (5.2.3.2), we have:

t - - ’ - . "o - L L
(b) ho’a—xi(0,9)+xﬁ(f ,0) ar —xi(a,O)+x3(O,F Yila,By=(j,k) ar {(k,J)

14

Here £, f are holomorphic functions and ¢ is a unit. Thus hO @ik
1 ]

= t(O,z—:) or t<a,0). Thus the second term in the matrix in (a) is:

*
Yo,¢) or Y(c,0) with c =C . On the otherhand, by (5.2.1.3) and
1] ] s *
(5.2.3.3), we have:ho i(p) =tEc ,01 or =t[0,c J with ¢ C . Thus we
have:

s
(d) det LCh i(p),(h h h Y(p)3l=cc #0.

g, Oyasik a,jk jk,I
By Lemma 5.4.2 we have (5.3.3.3) and so the Lemma . g.e.d.

By Lemma $.8.1 5.8.3 and the remark soaon below Lemma 5.8.1

&6
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we have proved all the results on the local structure of the

reflexive sheaves in Thearem 1.2.1 7~1.3.2.
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Appendix. Structure of End gx

Here we investigate structures of endomorphisms of vector

bundles, by analyzing the adjoint of the transition matrix of frames
of the bundlesjsee (1.0.1) and Lemma 1.0 faor the explicit form of
the adjoint. The structures are given in Lemma 1.1”™~V1.4;3see also the
diagrams in Figure I IVjwe give some criterions for the simpleness
of the bundles. The result here is applied to each algebraic bundle
on a normal qyasi projective variety. This appendix is a refinement

of Part B,§ 4,[Sz-113. A1) ideas here are found in that place.

A.Q. Preparations

A.0.1. Underlying data. In this appendix we waork with more

general data than in the main body of. the present paper:

i1}

X = a narmal complex space aof dimension,zQ,
X! =UieA ?%, m 21, is a reduced divisor of X, where the
m
(O.i.O) irreducible components ?% of ?1 are normal.
?2 = a reduced complex subspace of ¥ of codimension tuc

-1 _.’2
satisfying:X*® DX° .

When m _2 we assume that §§J:= Xiﬁgﬁ is of codimension two for eac

. . _ .hz _: —:2 Y : N .

1# ] Eam and that X _Li#J%ij' As in § 1.1 we set:
- ) - —" — -

0.1.1)  x9% =% -%2, %! =x'-%% ang X%=X}—>{2;i A .

. 1 1
< + . = -
Also take an open nelghborhooval UiéAle,i of X isémxi

=¢, if i#j. We take a matrix H eM (N ,03), r22,

in X
satlsfying:NljiﬂNl'J

whose restriction to N1 i is as follows, cf.{1.1.0.6).

Ls,t)-component of H!N = 5st Jt2ax (1), and = FS, t=cx (i),
(0.1.2) 1,1

with FC EF(NI,QE).(Here a{i) 1s an e]ement.OF Ar')

We aszume the following for sach i €A ;cf.§ 1.1.

o1
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f =x! in N. ., and f ,,1 is the restriction of &
i 1,1 ol X

D

a(id)’ "0
(0.1.3.1) .
funia . - b gl o Tinwe
funigque) mercomorphic function on Xi ulth the po]e_ni ) Sl

We write the meromorphic function as Fa!gl. As in § 4.0 we assume
A
\ i

1

the existence of a divisor 5? of Ri’ which is lacally defined by ane

cequation and satisfies the following:

(ﬁf)red:uaiﬁr(po}e divisor of Fa!?})red’ and , for each
. ' 52 (B2 have:
©.1.3.9) irreducible camponent Dl,i of le)red’ we
. . -2 L =2
multiplicity of DY with respect to Di,}{ = max, that of

i
{pole divisar of Falii)
See § 4.0 for the multiplicity.

- )
Now we faorm & bundle EX over X from (’I,Xé,Nl,H) in the manner
as in § 1.1, Thus EXIN has a frame, denoted by gl,i =0,1, satisfying
i .

o _.1 . ) . _v_ gl
e’ =e H in (NdWNl) with Na=X-X

. As a frame of End EXINif we take

l‘i: ui & 1 i ‘ { M
4 {HQB},a,ﬂ A with u g €End Ey i, as follaows:
8
7
(Here 65 =1 or 0, accaording as B = or # 7.)

i
»oo =x—th component of e ,..

QLo =z

0.1.4) gl ey = 6%)el | Uhere e
aB 7 @

- FIGURE O
NNERavd \\/ 1 (i)
v AR T D i
Ly fy
H = 1
- — _ |\ - INg s @i (D
N . 1 1
7\_ e = - Xs 1
Rt . /
-
As in the main body of the paper, for an I Cﬁm, we write EI and XI
=1 1 R v _yl
for M1, (X and M, Xy (Thus we can write:X; =X; an X;=X;.)

A 1. Imbedding of End E><

In § 01 § 3 we write Ly for Qgtglj. For a locally closed

reduced complex subspace Y of X we write LY for L?IY .

A.1.0. First we wafe an aljebrajc preparation: eiting =04 -
77



a,BEAP, be variables, wé define linear forms Taﬁ(x);in x Wwith
coefficients in F(NI,QX) as follows:

Ta(i)B(x)IN1 . =X ()8 Be&r—{a(i)},
1

—‘F .B, O.',B eér—{a(l)}

TaB(X)iNl i:fa(i) ol T Pa (i)

(X)) =2 . foox_ ..
‘“1,1 7=b 7 Talid7

1 ?ZTEAr\Fa(i) xaT‘fa xcz(i)?’

Fc><(i)(z7~:£sr‘c7 Xar? “Ffa T

(1.0 T e (i)

Taa(i)(X)!

o, ash ~{a(i), =
aCidaliy VN, .
1,1

(Here 1 is an element of 4 . In the R.H.S we write FT;T e ={ax (i)

e (1)
- [, . - 4 - . . > N '
also for itserestriction to Nl,i The diagram 5 ! a
. A R . . R T o
indicates the aorder by which TaB is determined 1 ! 3 (i)

= (i), ' c i ke:
when r =a(i).) Denoting by T the collection {Taﬁ}a,ﬂear we make

‘ : 2
Convention. For an element A =[aaB]EEer yo,8 €A, where F is a

coherent sheaf over Nl' we write TaB<A) for the element of E, which

is obtained by substituting & to x5, and define an e]emenf of
B af ‘
- .

E$rh as follouws:

(1.0.2) T(CY = LT ,(CYJ, a,B =A .
aB r

The matrix T represents the adjoint of H:Take an element @<En .gx o’
3

= ) i__ _i _:e;r‘z
p —Noﬂml, and C'=lc o1 ’QX,P’

i= 0,1 and «,#8 EAP, such that
. . i1 . i
(1.0.3) ¥ =z 4, B ap with the frame ﬂaﬂ of End

'E'\/Ei\l 'C{‘O(O'lbij .

Maote that ¢(e”) =e°C*, 1 =0,1, and we have:C "=H "C'H. The following

is a basis for the arguments from now an:

0

Lemma 1.0. The relatiaon:C =H tclh s equivalent to the

following:

(1.0.4) f 0

_ i
a(i)c = T(C™) .

Proaof. This is checked by a tedious{but essentially easy)

computations. We omit the detail. gq.e.d.
2
A.1.1. Now we imbed EX inta Lﬁr tFirst define an Qy -morphism
' 1

using the matrix T

70
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2 2
c » ’gr N l._e’r R
(100'_)) T.EXIP‘J1 Ed 8 :):ipdl E T(B)
We write the image of T as EN . From the explicit form of T we see
1y _

easily that T is injective and ﬁNllNl_ 1 = LXIN 1;deFine an QX—

—submodule ﬁy of Eir as follows:

2

er‘ _ ‘ _wl
Lyin Ng and KX!N —ENl(Note that N, =X —NlﬂNo )

(1.0.6) ﬁxlm

2
Lemma 1.1. End E, is isomorphic ta K, (< Lir);

£

Proof. Take an element s of I'(Ly) satisfying (s)g, =x!

and define an elemen 51 € F(Nl,gi) by:s%N =s/f This forms a

a(i)
frame of ng”l' Define an Qx—morphsm rsz_gg gx - Lifzby
2
111 Fsing *End XIN > 1% - EiTNO > sc”
rS]nggg Exin, sulcl > L§T§19 Teslely; 1 oea

where C! =[c ﬁ] a,B EAr’ is an element of Qir. We writetulcl=
i ,
i1 : i .
za,BcaBﬁaﬁ’°°°wlth the frames uaB,cF. (0.1.4). By Lemma Q.l,

TeIN :TS'Nl in Mdﬁ Nl' It is easy to check the injectivetiy o7 T, by
using the explicit faorm of T, cf.(1.0.1). Maoreover, comparing

(1.1.1) with (1.0.4) we see immediately TS(End gx) ;KY' qe.e.d.
Remark 1. (1) T.Hosoh pointed out that the imbedding ZS is

defined more conceptually:By Propositon 4.0 we have the injection:

’ o2 0, _t «
Gs:gx ﬁgx 1 =g (E ) LLX characterized by Es(ea)= (0, ¢+,0,5,0,..,0)3

fed ear, Wwith e =a—-th component of go. Also we have the injection

Qom

~
Z
izgir 4§X by means of gof One checks easily that the follouwing

Qx—morpﬁism coincides with Tt

o ar B
(1.1.2 End EX 2 - HDmQX(QX ,gx
Theoretically this is a suiable definition of rs.-The matrix T is

Ty s g pei

useful for explicit computationé on End EX'

(2) It is easy to check that the relation between the

7/
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End EXH% =u°C N

(1.1.3) : 1
5” > 1.1
| 11T Bin, 270 €0

A.1.2. (i) Let w be the quotient morphiSm:g? »L§1. We Set:gxl=

2

wgyfﬁy)( C(gvl)er). In the rest of A.l we analyze the exact sequence

as follows:

™
K
>

: ) 2ol =" - it = D]
(1.2.0) 0O = 5Xﬂgx - K, EXl 0, with QX —lXIDEX'

Our analysis is summarized in the following diagrami

0 -K,N0," - Ky 4 K,1 = 0
n o 0 S\

0-+0" - Wl g K1 = 0
By Ly By By

0~ gy’ - Ly" S (Ly D" = 0

The key point in the diagram is:{(1) to form the isomorphism ¥ and

the injection j, and (2) to characterize EX and w?&(ﬁxl) as the

2
s L. ,
Qw—submodule of LX . (ii) For (1),(2) sogn above we make some
s .
algebraic preparations. Namely we derive some linear farms from Taﬁ’

cf.{1.0.1), First restrict Toﬁ to X, olet y = be

rlres ~tacin)
varibles. The following linear forms are obtained from the
1 1 . T T \, ¢ o~ A , »
restriction 'aBlki of I tao Ai’ by changing X (118 to Vgt
q (y)= ) =-— P A —{xi{id)?

i ; = 5
SiLatidaci)Y? “TEAF—{a(i)}FYIXiy7
(1~20‘O'1) :

(Eocn ity Y
alXi Tred {a (i3 r!xi 7

{y)

Sy):—F 33 aeap-{a(i)},

Si,aa (i

:_Falxibi,a(i)a(i)

We write Pry far the'projection:

@rz ®@{r—-1) .
(1.2.0.2 L, SB*LX sthe (x{i),8)-camponents of B;BEAP—{ail)}'
by the ix (S, . 1 ing is c
Denote by Si the matrix C 1,aB]a,E Ear The following is clear from

(1.2.0. 1)
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0
<@

Propgsition 1.2.1. For a B €£§TM We _have:
A -1,
< : -
(1.2.0.3) N (T(B)) = Si(wIN pr (B
1,1 1,1

Here the R.H.S. has a similar meaning ta (1.0.2).

Moreover, we define linear forms ‘in z :(Zaﬁ)’ o,b eAP, Wwith

coefficients in I'(N,,03) as follows: I
1°=% 2 |
—T_T__S’_&?I )
Ta(i)B(Z)lNl = 0;8 ear —{x(i)3
’
_? - - a SR ( )
TCtB(_)iNI i LC{B + 'Fa Za(l)ﬁ, ayﬂ € r p8¥4 1)}
(1.2.0.5) - ,
Taci)a(i)(Z)ir\i1 TFaaci) T Z; EQP—{a(i)}F7 Zo (i)
tl - X ; N
Taa(i)(Z)iNl T Faadi +Fa\zréﬂr’—{a(i)}{7‘ 2o (107>
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We set T :[Taﬂja,B . The rejation beteeen TaB and the former

M

r
linear farms is as Ylauaz
Proposition 1.1.2. For an A € inN i’ i E&m, we'have:
(1.2.0.4) lN .T (A) = @i, .(A) Si(wlN ‘pri(é)) .
’1 1,1 1,1

Here T (A) has the similar meaning tp (1.0.2).

4
- Proaf. Clear also from the comparison of T and Si . Qe2.d.
’
(2) Using thke matrices Si and T we give a characterization of

-1
ﬁxl and w (5X1).

Lemma 1.2. (1) Define an Qy “morphism ¥o &S follaws:

i
- . - ®
(1.2.1.10 2. L2 a2 5 1B s 5 G
S, =X. =1 =X 1
i i i
Then % is an D —isomorbhism‘L er-1 K, 1=K,1 .
S, =X, =X =X =R X,
i i i i i
(2) The G -module wlN (K 1) coincides with the kernel of
1
the foll Du1ng ON -morphisms
1
2 2
4 s
(1.2.1.2) @, T L2 = a -, D% =0T 4 .
’”1 ——XIN1 =X
; kK 7. -mo i i Fi =8, Lo o
Remark 2. The Qxl morphism ¥ in Figure I Biepa s
m i
Procf. First (1) is clear from Proposition 1.1.1 and the
Gr2 ®{(r—-1) ‘
suprjectivity of w, pr: Lg =L . Next, to prove {(2), we
PN, T =XIN, . =X,
1,1 1,1 i
write w alse for wy,, (Taxe an A GL—,@F with an 1 €4 . If oT (A) =0
I N =XIN, . m
1 1,1
then Propositicon 1.1.2 and (1.2.,1.1) insuretw(A) €Kyl. Conversely,
if wlh) €K, , we haveirw(H) =5, (a Yy with an a.ELks(P_l scf (12,1410
=X i =1 =4

i
By (1,2.0.1) wez csee wpr.(A)zgi, and w(d)= J Awpr (A)). By Proposition

-

1'102 We haVQ:L’UT {A) :Oo q.e.d.

2

. , ar L
A.1.3. Here we characterize the O ,~submodule bX of EV < Writing
I
b _1 - ’
Ky for o, (K, 1) note that K, TK,juwe characterize Kg as the submodule
=X [ ¥ =X -4 =X —X
’ 1
of K,tFor this take an i €&  and define linear forms T iy 8203
=% m ace (1)
] €Ap~{a(i)}, as follows:
"
T .. (2 =z .. +f {z .. LTl P PN
(1.3.0) o (1) e (1) Ta Ca(idali) “TE&P~{a11)} TTa(idr
D }

v L f 2
7 EAP—{aul)} Tt

7%
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H 1

We Se&zTNl’i:[Taa(i)]a 0 -Caiyyr @nd et ©'?) denote the quotient
mohphisngg *(Lg/(lgl)zkg)'
Lemma 1.3.1. An element A EE;iNl i is in ﬁXlNl if and only if
- it is in the kernel of the gollouing mérphism: '
(1.3.1) wfﬁz,i:Tgl,i:L%?Nl,i a(g%‘”“1>/(l§1)2£§(r—1))INl;i’

2
ds . Y { 3 0") a ’.‘ =3 = < @r‘ S i i {
Frogf. By (1.1.0) an element A Eaaﬁj Ly s a,B 8., is in K,

' 2
if and only if A =T(B) with a B =[b 07 <L3",a,8 €A . One cheeks
. .

that this relation is equivalent to the following:

ba(l)B = aC((i)B; g8 EL\rV —{a i)} s
’
(a) Fa(i)bQB = Tagié):a,ﬁ E{ér—{a(i)}x{&r—{a(i>}u{a(i)}x{a(i)}
2 _ " , . g
Fatid? Paa i)y aai) A3 a =8 ~lalid}
The first two relations are easily checked. The third is checked ac
follows:
2 b =2 +Ffb s
ali) aali> aaf{l) ali) a alida(i) 7 €A ~{ax (i)
r
¢ r 1 P 3= L = o
) U ) Par T TaPa 7 % i el (i) e ety i’
r ]

—LTEAP—{a(i)}FTaaT.

b4 ’

By Lemma 1.2.1, that A-€K, implies the first and second equations

in (@) are solved. Next that wfﬁi ‘TNl (A) =0 is equivalent to that
£ 1 s 1

the third eguation in (a) is solved. qee.d.

Remark 3. The above lemma insures that Epnd £. =K

A
(lxl) while gx concerns with aonly lxl. In this sense the structure
of End E, is more subtle than that of E, .
. . -F‘A . .
The kernel of @, in (1.2.00 =(0, K> is given as follows:
6r2
Lemma 1.3.2. (1) <5Xﬂgx )lNl i coincides with the kernsl af
’
the morphism as follows:
2
@ . e — "
(1.3.3) e BTV s T ().
X =X IN, DTN, S
1,i" 1,
. ® 2
(2) There is an injection:T(Q) + F@y" Nk,
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Proof. The first fact is obtained by restricitng Lemma 1.3.1
2 ' it

G
to (er MK,) . Next we rewrite T__,., as follows:

A A acell)

" : =Y== — -f [ z
(o aath P Cahain TFaa’ TTa Frea_~taid ¥ r%acing’
-ZT¢a,a(i) FTZaT
. g 2 11

Define an injection j:gx 2gq *Qir Bglr. Claerly TN (glp) =0, and we

1,1
have (2). g.e.d.

A.1.4. Here we extend the diagram in Figure I to ¥. As before

we write w?%(ﬁyl) as KX' Let H? and 52 be the direct images of K,

~

and K, with respect to the inclusion i:X X. Define an le—mudu]e

as follows:

.l i .@r2
(1.4.0.1) Kyl t=w Ky ) (C (Lgl) ).
The structure of 52 is simpier than that af 5§. We chiefly discuss

that of Ky . Our analysis of ﬁg and ﬁg are summarized in the
following diagram:

Figure 111

B(r-1)
3l Seidp oLky
E) M| o
Kg(=isxEnd E, _
X X Gol Co, (1= ) 2¢r~D)
ﬂ =X i "'D ~A
" S\'] 1 1
o~ 02F s Ko 9 Kol = 0
X A X
W 2 N N 2
=) ¢
0- 03" - LE 4 Lz =0
(Here i is in & . The divisor'5i=6§ of Qi ig as in (0.1.2).) The key

point in the diagram is to define the Ogl-modules Qﬁi and EXI' Far
IA .

this we first define Oy -submodules Gy and Fg of gr@(r“3 ies , by
éi Xi _—Xi Xi m
the following holomorphy conditian on IS y ¢f(1.2.0).(In (1.4.13
1

& {(r-1)

below, psX., and a. and b. are elements of Lo o)
1 -1 -1 '—)ﬂ‘i’P
a.is in Gy _, if and only if S, (&, ) (el ) is the
=i —Ai,p , i —1!)<i o SXip
(1.4.1.1) ’ _
, ”
. . ) . er”©
restriction of a (unique) Ai Ly o
oK
L. is in Fg3 ifrand only if S. . (b (sl ) is
-1 —XiaP Tyalida (i) =1 =X ., F
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the restriction of a {unigue) aiégy .

| vl me of S..cf.¢ 2 £ ivisar D.,cf
< of 5., . . ‘ s
From the expliicit forme o >4 cf.(1.2.0.1) and of the divisar Di.u..

(0.1.3), uwe see easily the following: .
Le(r 1) e(r—l).S

G Cl= ,1€A . Moreover, a,€lLg is in Is L Q(r D
1 =D. —X =1 ~Xi —Dl /1
(1.4.1.3) if and only if S B(a ) satlsfles the holamaorphy
condition in (1.4.1.1) except («,8) E{(a’a<l)}a#a<i)
We define an extencion of Xg to Xi as follows:
i
- or’
: 1 ! s (73— = —_ =L A L3 =y .
(1.4.1.4 ZS‘.QX‘~§ gy -Ai, where A, satisfies:A, i1t g (§11> )
_ : i i i i
Moreaver, take an element uieF(Qg [513) such that (U‘)O =ﬁi. We
i i
~ - =1
write u, also for the isomorphism:ls ®L;e(’ D 2h,»{(1= Lg)e‘r," 2
1 Dl Ai I Dl /\i
ui®§i. Now, the Qg—mcdu]es Eil and Eﬁl are as follows:
1= v e e ¢ _ V) - &(r-1)
Gyl ‘9iea"§i‘$i-@xi"siéi)’zsjﬁj’ on Kyjiindes, > C ei-L~><1.
y 2T
il - = — -— Y = =
(1.4.2) Fgl {elea by eei;Di®LX;kslxu ®1d)(b ) ZS (u ®1d) ;) oen
S — ooy eir-D)
le’l’J tam} ‘$1l0i§£xi
Lemma i.4. The fallawing three le—modu1es are isomarphic.
2 —_ N— - N -
Proof. First define an Qg —-submodule 5? of gg@r as follouws:
i i "1
) @I"z '
(1.4.4.1) Kg = {A, sLz A —hv Jycf.lemma 1.2,
—X. 1 A ll)\. . :
i i i
a2 2 ‘
Let (res)i denote the restriction morphisngyﬁ gg .« Then we have
{ i ,
the isomorphism!
2 & ( : ”— > ; E"’— R = —\' ¢ 1.7 € r
(1.4.4.2) wieﬁm \res)i.hxl = {@iEAmAi in’Ai AJ on )ij’ i,j €8

On the otherhand, the holpmorphy condition (1.4.1.1) insures:

T gives an isomor?hisngi‘ - EY. .

T 4 i i

From the definition DF'QQ ycfo(1.4.2), we see that the following
’ i N .

three Qil—moduls are isomarphic:

(a)

{b) Kyl =+ R.H.S. in (1.4.4.2) =G
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Next we have:

(c) ui®(id) gives an isamorphism:lﬁ 9F

Actually, by (1.4.1.3) QE is the Og-submodule of iﬁ gg "1 Take a
i i , i1
&(r=1) : :
frame g, of I and an element a. eLg . By (1.4.1.3) g.a. is in
i Di =i Xi i=i
Gy if and only if the (a,a(i))-components, a#a(i), of ES (9,3,) is
i i
in Ly » From the explicit form of Siyr cf.(1.2.0.1), we see that the
"1 .
condition is equivalent to:

(d) (a,) ey .

Si,alidali)

From this ué get'readiTy {¢). By (c) we have the isomorphisms

(1.51~.J.2) Eil §§1 . q.e-d.
' Figure 111
s ol
Kgl © 8. Ky < Ly -
S“ i bT ‘ (eizsi)
_ _ @ (r-1)
Ggl ¢ e;6g  C e UpLy
1 i1l 1 3
]l i T s, ®gu0Cid)
—_ — _ e _ =
Bxl © ®dp®hr, & ®idp oLk,

)

A.2. Structure of I'(End EX

Here we discuss the structure of I'(End gx>, by focussing on
the simpleness of E,(i.e.I'(E,) =0). The discussions will be done by

analyzing the follocwing diagram;cf.Figure Il and III:

Figure IV
0 0
N BN
Qi;r MKy [_3.%r
n ﬁ%
o~ < —_
ixEnd gx ~ bX g;
Kyl O~ Gyl =X Fyl
v : 0
Now, by (1.2.0) we have:
(2.1.0 0 Ar'oarzﬂK ) = Ty 4 ol (K,) =0
S . y ] g \_X —X b —X > W —X >
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We analyze the first and third terms. Concerning the first, Lemma -
2 :
1.3.2 insures:r(gx) :JF(QX) CF(Qir ﬂEX)’ with the diagonal imbedding

: 2
- D r
J:8y =0y

Lemma 2.1. (1) I'(K

The following is obvious:

x) =jF(gx)(2F(QX)> if and only if

2
. _ D r _
(2.1.1) ireQ,» =r«g, ﬂﬁx) and ol (K,) =0

(2) Assume that X is campact. Then we have:

, ; 2
(End Ey) =C(=T(Q,)),if and anly if r<x,g§” MKy )=l (0, )=C

X
and of (£,) =0 .

(2.1.2)

Our criterion for the simpleness of gx is based aon {(2.1.2). First

concerning the first condition in (2.1.1,2) we have:

2 2
Lemma 2.2.1. An element C eF(Qir Yy is in F(_Oj,r ﬂﬁx), if and

gnly if

(2.2.1) TI ., (C) =0 on X% for each 1 €A and « €A -{ax (i)}
aa (i) -— 7] —— m — r

For the explcit form af T , see (1.3.0).

Proof. Immediate from Lemma 1.3.2. gq.e.d.’

When X is compact, F(QX) 2HP(C), and (2.2.1) is reduced to a problem

gf linear algetbra:

(2.2.2) T C) =0z eAr-{a(i)}, with C EHP(C)

aa(i)lxi(
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(2.2.2) T (C) =0sa GAr;{a(i)}, with C EHP(C)

aa(i)ixi
Writing C as [caB], a,B EAF, this relation is as Fo]]aus;c?. Lemma
1.3.2:

réa,ali)arfy

=0 .

Caa(iy T (Ca(i)a(i)—caa)Falﬁi =

-f &
@

(2.2.3)
red ~{a ()% )7 71X’
Thus we have:

Lemma 2.2:2; Assume that, for an i EAm, the following holds:

FTlii’ (FafT)I?i;TeAr_{a(l)}’ and 1(=the constant function

(2.2.4) with the Va]ue 1) are lineraly independent over C, for

each « eAr —{a(id?

2
Then I (K,M0G" )¢ CM_(C)) is isomorpic to C.
Next we analyze the term:wF(ﬁx) >~ 0, by using the folowing
diagram;cF.Figure IV.

Figure V

s ’ $F2 ’
(=M KoDMel (L ) C TMKksD
X X =X 75 X

= -1 Br _ )
r<§§1>ﬂ<eizsi) (@l (L3 ) € T(GgD)

W (K € ol (Ky) =l (K

The following is useful in later arguments:

Lemma 2.3+ The C-module wF(ﬁx) = 0, if
2

- -1 er
e — pull — ~
(2.3.1) F(Qxl)ﬂ(eizsi) <wr<£x ) or F(Qxl) =~ 0
Note that if w:F(gy)%F(Lil) is surjective, the two conditions in
(2.3.1) are equivalent. By (1.4.1.3), Qi Clﬁ Lie(r-l). Thus we have:
i i i .
(2.3.3) 1f F(;§‘®£X‘) =0 for each i EAm, then wr<5¥> ~ 0.

i
See A.3 and A.4 below for the applications of Lemma 2.2 and 2.3,

See also Part B,§ 4,0(Sa-11 for them.

A 3. Case of rank two

Here we assume that rank gx =2 and a(i) =2 for each i EAm.

.F .
Thus the matrix H is of the form: 1 +(The role of Fz is Jjust:

1
0

-
38}



(?Z)Oixl, while fl determines the structure of KXI cf, (1.3.0).) The
divisor ﬁi =5§ is the paole divisor of fll?’ cf.(0.1.3). We fix an

i
element uy GF(QX [ﬁij) satisfying:(ui)o =D..

. 1
1

’
A.3:1. First the Oy -modules Gy and Fg ycf.C1.4.1), are as .
i i i
follows:
_ _ 2 _ L= L=
Lemma 3.1. (1) Gx ID ) LX and EX —ID X .
(2) The following three Oy —modu]es are isomorp hlc cf.Lemma 1.4:
i
®2_ . X
| 2 et u, ®id N2 S. .
(3.1.1) D LX_(_;D F > Yy (15 YLy i Ky
1 i i i
uhere‘fS is as follouws:
- -¢2
(3.1.2) g G 2b - Kg 2 b 1 1 _
X _A x- 7
i i 1 ‘Fl |ki

Progf. First (3.1.2) is clear from the definition of Si,cf.

(1.2.0.1). Next the defining equation of E: isycf.(1.4.1.2):

X,
i
(a) » llX )b ELxl, for an element b egii-
Thus we have.F— ;ﬁ ®L§ « The other parts in the lemma are immediate
i i i
from Lemma 1.4. q.e.d.

The following is also clear from Lemma 1.4:

4 ’
Corollary. (1) 5il(=w5§) is isomorphic tao:
' ’ 2. . .= ®2 82

/ {Qieambi E(;ﬁi ® gii,zsi( ®(1d))(b )= 18 u ®(1d))(b ) on
(3.2.1) ,
Xij;i'J €83
7 (2) We have:
> - . B2, _ A .
(3.2.2) F(ﬁxl) = 0, if F((lD.) ®£X.) =0 for each i EAm .

, i
Take an element A =[aiJ] eKg (C Lﬁﬂ)’ i,J =1,2. Then Lemma 1.3.1 is

written as follows:

A is in Eg(zi*End gx) if and only if:
(3.2.3) ‘
2 2

(a22~a21 1 +{312°321F1) =0 ((lxl) ) .

Moreover, an element C~=[ciJ] Egia,i,J =1,2, 1is in Kxﬂgid if and

) f

only if:

(3.2.4)  (cpp=coy) f *ie £2) = 0 on X! .

2 127%21"

ro/

o7



58

Assume that X is compact. Then F(Ey—Q§4) is the C-subspace of M,(O)

:r<9§4> consisting of those elemnents C =EcaBJ;a,B =1,2, satisfying
>
2.5 ( - - < = 0.
(3.2.5) (cHs °11)F1|x1 +c12 c2]f11x1 0
Thus we have:

Lenna 3.3. T (Q5MK,) =C(=T'(Q,)) if and only if:

(3.3.1)

-~

. AN ; PR - \ R

1, Flixl and \Fllxl) are linearly independent over C
The following criterion for the simplicity of E, is useful.

Lemma 3.4. T'(K

N N - ) -
(3.3.2) {@ieﬁmai -r(t;Di in>, ZS§8i> zSJ<dJ> on Xy iiad =0
iJ‘=O3 1,j ea '} = 0.

We make some remarks on this lemma. First, if m=1(i.e., if ?1 is

irreducile), (3.3.2) is equivalent to:

(3.3.3) r((;5>2g91> = 0, where D is the pole divisor of {1!?1 .
Assume tha m 2. Alsg assume the following for each i#] Cﬁm. .

X2 of %2,
ij,A 14

(3.3.4.1) uy vanishes on each irreducible combonent

By Lemma 3.1, each a, Er((iﬁ)2£7 ) 1s written as bi®u? » with bi

' : i ‘
as v./u, with v, €e'{Lg ), we see that
v 1771 i _xi

while the other {(a,8)-

1%,

<M ((1z Y%Ly ). Writing f
1 i

D;
- ®2 v ®
the €1,2)-component of zs(b.®u.‘) = b.ey0%
TR T i Vi
-compaonent =0 an iij' Thus the canditicon in (3.3.2) is rewritten as:
) ®72 —_ ¢

. - ® 3
(3.3.4.2) b.®v,< =b.®v.< on X..
i~ Vi i 7 i§

4 4. Bundles in § 1.3

Here we prove the following

" Theorem. The bundles EX in Theorem 1.2.1 1.3.2 are simhle.
The procf is given by using the criterions in Lemma 2.1 2.3. UWe use
freely the notatians in this appendix and in §1.3. We should
ditinguish thém. When we quote a result in § 1.3, we urite it as
{1.3.13,8 1.3, Uhen we write simply (1.3.1), it is a result in this

appendix. As in § 5.

2 we make a remark as follows:

/02



It is not the line bundle Ly in § 1.3 but L3, that

>3

*)
carresponds to the bundle EQ mitherto in this appendix.
7

1

As previously, we urite ?i far ﬁi'

Also we write ;gi for L§!§i°

A.4.0. First the pole divisor ﬁ? of the meromorphic

functions on ?i,cf.(0.1.3.2), is the locus of the following elements

scf.§ 1.3,
sa;For Theorem 1.2.1 and 1.3.1, g. Q;FGP Thegrem 1.2.2,
(4.0.0.1) ! . Ly
and gi m;For Thearem 1.3.2
, )

Thus we have:

= gé(l'm); for Thegrem 1.2.,1 and 1.3.1,1.3.2
(4.0.0.2) ;52 ' :
i
=£§(—2”); for Theorem 1.2.2.(Here m =4n +1.)

A.4.1. Here we determine gg—modules Gy ycf.(1.4.1). First, we
i i

Lemma &.1fi. Accarding as we are concerned with Theorem 1.2.1

or 1.2.2,cf. § 1.3, we have:

8 (2-m) -

X . .Q_r_-'_—_xl .
i i A

Proof. By Lemma 3.1, this is clear once we recall that rank E

(4.1.1) Gy =L

>

2

i
=2 for Theorem 1.2.1 and 1.2.2. q.e.d.

The rank of the bundle E, in Theorem 1.3.1 and 1.3.2 _3, and Gy is

1

not so simple. We determine gi as followsidefine an QR -submodule

" o 1 1

E§ of g%‘r D by the following holomorphy conditon;cf.alsao
. ; ‘

(1.4.1.2):

An element b.=(b. D ELja(P_l) is in i—"~ if and aonly if:
=1 i,7 7€ _I—h. —X.

(4.1.3) r ! !
i,rr 'Ry Skgo

By (1.2.0.1) and the exp[icit form of the meromorphic functions Fa

in follows:

sr-l U, g ®b = O(mod o) i eA 3 for Thegrem 1.3.1
= . - . : » = 3 2 . . »
(4.1.28) 7=1 rlxi i,7 1Ixi m
m—1 _
a4 9, 37 9b = Oimod.3;, )3 for Theorem 1.3.2
=t "':HXL kLY LY

/03
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According as we are concerned with Theorem 1.3.1 or 1.3.2, the
multiplication by sq and si(m_l), sg define an Qg —morphism:gg -*
i i
(Lf )®m' For each 1 €A we have:
Lemma 4.1.2. In the both theorems:Theorem 1.3.1 and 1.3.2

the abaove QR -morphism gives an isomorphism:

1 t - _
(4.1.5) Fg YQ(P N e (£§®m)6(r Dy
i i i

><'(CL X
i

i
Proof. By Lemma 1.4, Qii %lﬁi®£%i, where the in—submodule E%i
of (Lz°™% 71 ic defined by the similar manner to (4.1.3);cf.
(1.4. . ). We have easily (4.1.5) from this. g.e.d.
A.4.2. Here we check the simpleness of the bundle gx in§ 1.3.
For this it suffices to check the following;cf.Lemma 2.1
(4.2.0 r(gxﬂgirz) > C and ol (K =0 .
The first fact in (4.2.0) is clear, once we compare the
conditions on the linearly independence of the meromorphic functionsg
in Theorem 1.2.1 1.3.235¢F.(1.3.1.2),(1.3.2.2Y,(1.3.3.2),(1.3.4.4),
ch.S 1.3 with tgose in Lemma 2.2.2 and Lemma 3.3.1. '

Next we show the second fact by checking that Figyl) =0;icf.
Lemna 2.2:For the bundle E, in Theorem 1.2.1, Gy ZL3* ™cr.a.1.1).
i i

X

Thus if m_ 2 we have:l (Gy ) '=0. If m =2, Gy =0y and the isomorphism
i ‘i i

is given by the multiplication by (s?)82

element of r(§;> is written as Ci(SQ)®2, with cy «C. By (3.3.4.2)

1

, cf.Lemma 1.4. Thus an

['(Ggl) consists of those e]ements:cl(s?)®‘ ®c2(sﬁ)®2vsatis¥yin9
C. ?2=c.t§2. But (1.3.1.3), § 1.3.1 implies that c,=c,=0, and we
i71 JoJ » 1 -2

have:F(ggl) =0. Next, for the bundle in Theorem 1.2.2, we have:iGy
: ‘ #
:gz scf.Lemma 4.1.1, and the identification is given by the

i

\ . . N .
mu}tlpllcatzon by 91,2_na=15ija' By a similar argument to the above
- L. X ®2 ) oy
F(gxl) consistes af those elements $16Amcigi’2 with <y er(gxi)
, . . ®2 _ 22 v . _ n .
satlsFylng.cigi’l —ngj,l an kiJ with 95,1 —Ha=15ijnja' Consider the

ro¢
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. , . , , ®2 22
case case =i+1l. Then '1C. 5. =c. <. .
as J J the relatiaon is Ci%itn+1 L1+1=1+3n+1

the condition (1.3.2.2),8 1.3.1, we havefci =0 and I'(Gxl) =0.

By~

Finally, for the bundles EX in Theorem 1.3.1 and 1.3.2, compare

X

(4.1.4) with (1.3, . ) and (1.3. . ),58 1.3. Then we have:l'(Gg )=0;
. i _

i GAm. Thus we finish the proof of Theorem.

s oS
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