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1 Introduction

Let RY = {z = (2/,zy) € RY | 2/ e RV"1 2y > 0}, N > 2, be the half space. In this paper,
we consider the following linear system of the compressible Stokes system with homogeneous
Dirichlet boundary conditions:

Op+ydiva=0 ian,
Ju — aAu — Vdivu++9Vp =0 in Rf, (1.1)
u=20 on 3Rf, '
(p,u)(0,z) = (po, o) in Rﬁr'
Here, p and u = (u1,---,un) are respective unkown density and velocity functions, while

the initial datum (pg, ug) is assumed to be given. Moreover, the coefficients «, 3, and v are
assumed to be constants such that a + 8 > 0 and v > 0. The aim of this paper is to show
the generation of a continuous analytic semigroup associated with equations (1.1) and its Ly
in time maximal regularity property in Besov spaces HS, = Bit'(RY) x Bg . (RY)YN, where
l<g<oo,1<r<oo,and —1+1/g < s < 1/q. Our approach is to prove the existence of
the solution in ’H;l and from real interpolation, combine some new estimates for the resolvent
problem by using ngl(Rf ) X BZ%"(RJJ\: ) norms for some small o > 0 satisfying the condition
-1+1/g<s—o<s<s+o<1/q.

The system (1.1) is the linearized system of the compressible Navier-Stokes equations with
homogeneous Dirichlet boundary conditions:

Oro +div(pv) =0 in ]Rf7
0(Ov+ (v-V)V) — pAv — (p+v)Vdivv + VP(g) =0 in ]Rf7
v=0 on [’)Rf,

(0,v)(0,2) = (0,vo)  inRY,

where ¢ and v describe the unknown density and the velocity field of the compressible viscous
field, respectively, while the initial datum (g9, vo) is a pair of given functions. The coefficients
1 and v are assumed to satisfy the ellipticity conditions 4 > 0 and p + v > 0. In addition, the
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pressure of the fluid P is a given smooth function with respect to g, which is assumed to satisfy
the stability condition P’(p.) > 0. Here, p, stands for the reference density that is a postitve
constant, and the initial density g is given as a perturbation from p.. As discussed in [4, Sec.§],
the coefficients «, 3, and v are defined by o = u/p«, 8 = v/ps, and v = /P (ps), respectively.
Clearly, «, 8, and ~ satisfy the aforementioned given conditions.

Since the 1950s, lots of mathematicians have contributed to the research on the long time
behaviors of the global solution of compressible Newtonian fluids. Matsumura and Nishida [6]
proved a unique global-in-time solution for the initial value problem of the compressible Navier-
Stokes equations with heat-conductive effects in the three-dimensional whole space with the
help of a local existence theorem together with the a priori estimates for the solution. More
precisely, the a priori estimate were constructed by the linear spectral theory and the Lo-energy
method. This result was established in the half space and exterior domains cases by the same
authors, see [8]. After that, semigroup approach has been establised. Stréhmer [13] proved
the global well-posedness by the semigroup theory. He formulated the system in Lagrange
coordinates. By doing so, the convection term o - Vv can be eliminated and the transformed
system can be regarded as a pure parabolic type system. Therefore, the derivative loss from the
mass conservation equation vanishes. Recently, the Cauchy problem of the compressible Navier-
Stokes equations has been studied in terms of the maximal LP regularity (1 < p < o) approach
and Enomoto and Shibata [4] obtained the global existence result in a bounded smooth domain
with a wider class for the initial data. The strategy in their study is to prove the existence of
solution operators of the generalized resolvent problem and to apply the operator-valued Fourier
multiplier theorem due to Weis [15]. On the other hand, for the endpoint case p = 1, namely
the maximal L! regularity. Danchin [2] proved the local well-posedness in bounded domains,
and Danchin and Tolksdorf [3] for the global well-posedness in bounded domains. Here, they
studied the system in the Ly in time and By ; in space framework, where p and s are taken such
that 1 < p < oo and s = -1+ N/p.

1.1 Notations

Let us summerize the notations and functional spaces in this paper. Let R, N, and C be the set
of all real, natural, complex numbers, respectively, while let Z be the set of all integers. Besides,
K stands for either R or C. Set Ny := NU {0}.

For N € N and a Banach space X, let S(RY; X) be the Schwartz class of X-valued rapidly
decreasing functions on RY. We denote &’(RY; X) by the space of X-valued tempered distri-
butions, which means the set of all continuous linear mappings from S(RY) to X. For N € N,
we define the Fourier transform f + F[f] from S(RY; X) onto itself and its inverse as

FINO = [ et e, Follw) = g [ a©0c e

respectively. In addition, we define the partial Fourier transform F'[f(-,zx)] = f(¢/,xx) and
partial inverse Fourier transform F;' by

FIC o)) = f(¢on) = /R ey da,
1

]:51[9( San))(@) = (2m)N-1 /]RN—1 g(&, xn)e™ € de

where we have set 2’ = (z1,--- ,2x_1) € RV "Land ¢ = (&, ,éy_1) € RV7L For N > 2,
we set (f, g)ﬂw = [gn f(z) - g(z) dx for N-vector functions f and g on RY, where we will write
+

(f,g) = (f,g)Rf for short if there is no confusion. Given function f, define Vf = (f, Vf),



V2f = (f,Vf,V2f). By C > 0 we will often denote a generic constant that does not depend on
the quantities at stake.

Next, we introduce some function spaces on RV and Rf . In the following, let s € N and
p € (1,00). Bessel potential spaces H, (RY) are defined as the set of all f € S’(R"Y) such that
[[f1l zz5 vy < 00, where the norm ||« || gs(gwy is defined by

I llagemy = |7t [a+1emErn@]|, -

Lp(RN)

It is well-known that, if s = m € Ny, then H, (R™) coincides with the classical Sobolev space
W;,”(]RN), see, e.g., [1, Theorem 3.7].

To define inhomogeneous Besov spaces, we need to introduce Littlewood-Paley decomposi-
tion. Let ¢ € S(RY) with suppg = {¢ € RN | 1/2 < |¢| < 2} such that Y, ., ¢(27%¢) = 1 for
all ¢ € RV \ {0}. Then, define

o= F o7, keZ,  p=1-) ¢(27%).
keN

For 1 < p,q < oo and s € R we denote

a\ /e .
I Tlaygaoy + (5 (60 flyen)) 1< 0<

keN

19 Pl oy + sup (286 * Fll av)) if g = oo,
€

1]

B 4(RN) *=

Here, f * g means the convolution between f and g. Then inhomogeneous Besov spaces By, q(]RN )
are defined as the sets of all f € S'(RY) such that ||f||Bg L(®Y) < 00.

Let D (Rf ) be the collection of all complex-valued distributions on Rﬁ . Let s e R, p €
(1,00), and ¢ € [1,00]. Then for any X € {Hj, Bj ,}, the space X(RY) is the collection of all
f € D'(RY) such that there exists a function g € X (RY) with Q‘Rf = f. Moreover, the norm of
f € X(RY) is given by

Hf||X(M) = inf”gHX(]RN)a
where the infimum is taken over all g € X (R") such that its restriction g\Rﬁ coincides in D' (RY)

with f. We also define L
Xo(RY) = {f € X(R) | supp f < RY}.

Clearly, we always have Xo(RY) < X (RY).
According to [14, Section 2.9], for s € R, p € (1,00), and g € [1,0), we have the following
density result:

Here, X(RY) and X (R%) may coincide if one restricts s such that —141/p < s < 1/p.

Proposition 1.1. Let 1 < p < oo, 1 < g< o0, and =1+ 1/p < s < 1/p. Then H;(Rf) =
H;,O(]Rﬁ) as well as B;(I(Rf) = B;,%O(Rf)'

Proposition 1.2. Let p € (1,00). Then the following assertions are valid.

(1) For s € R, there holds
(H o (RY)) = H*(RY).
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(2)  For —oo < s < 1/p, there holds
(Hy(RY)) = Hy5(RY).
(3) For —oco<sp<s1<00,l<p<oo,1<qg<oo, and0 <6 <1. there holds

BQSU+(1 9)81(RN) (HSO(]RN) Hsl(]RN))eq.

1.2 Main theorems

Let 1 < g<oo, —1+1/g<s<1/qg,1<r<oo,and Qe {RV,RYV}. Let Bf, () denote
standard Besov spaces on a domain € RY. Let

M3, () = Bi1H(Q) x By ()Y,
(RN) s+1 (RN) % Bs+2(Rd)
D;, (RY)

I(f, @)l ) = 1f gz + 18l 2
I1(f, g)HDqT(Q) /] @

In addition, we introduce the operator A corresponding to equations (1.1) which is defined by
setting

B
B,

{(Pa v) € Byt (RY) x BS?Z(Rf)N | Vlory = 0}, (1.2)

s
Bq

A(p,v) = (ydivv, —aAv — gV divv +vVp) for (p,v) € D;,T(]Rf). (1.3)
Using A, equations (1.1) are written as
Bulp.w) + A(p,w) = (0,0) fort >0, (p,wlzo = (o, o) € Mo, (RY)  (1.4)
for (p,u) with
(p,u) € C°[(0,00), Hs (RY) N C*((0, 00), H (RY)) N C°((0,00), Dj . (RY)).
Our main results of this paper read as follows.

Theorem 1.3. Let 1 < g < oo, =1+ 1/g < s < 1/q, and 1 <r < co. Then, the operator A
generates a continuous analytic semigroup {T(t)}>0 on H . (RY).
Moreover, there exists a large vo > 1 such that, for any v > v and (f,g) € Hg’l(Rf),

| T B g et < OIS By ey
To prove Theorem 1.3, we consider the following resolvent problem:
. . N
Ap+ydiva=f in R,
Au—aAu—pgVdivu++Vp=g in Rf, (1.5)
N
u=20 on JRY,
for A € A¢,,. Here, A, is a subset of C defined as follows:
Y. ={AeC\ {0} | |arg\| <7 —¢,},
2

K. — {AG(C| (Re)\+afﬁ+e)2+(1m/\)2 > (alﬁﬂ)z}

Ay = KNS N{AET] A > o}

Theorem 1.3 may be proved by real interpolation theorem with the help of the following theorem.



Theorem 1.4. Let 1 <g< oo, 1 <r<oo, —-1+1/¢g<s<1/q, and e € (0,7/2). Then, there
ezists a large constant v > 0 such that for every A € A and (f,8) € H(‘jﬁ,,(Rﬂ\rf), there exists a
unique solution (p,u) € D;;J,(]Rf) to (1.5) satisfying

M)y ey + ey < CUCE 8 o

Moreover, let o be a small positive number such that —1+1/q < s—o < s < s+o < 1/q. Then,
there exist uj, ug € BSIQ(RJ_X)N such that u = u; +up and for any A € A, there hold

[ ByF2A(RY) < CIAI"z|gl B (RY)

HaAUIHBng?(Rf) < C‘/\|_(l_%)”g||33;f’(ugf)
for any g € CP(RY)N as well as

[(p, u2)||D31T(]Rf) < C|)‘|71H(f» g)”?—lfN(Rf)v

[0 (p.2) ;g ey < CIN 278 ey i)

for any (f.g) € H; . (RY).
Remark 1.1. The conditions 1 < ¢ < 00, 1 <7 < o0 and —1 + 1/¢ < s < 1/q assure that
C5°(Q) is a dense subset of By, (Q2) for Q € {RN,RY}. This fact is an important point for
our analysis in this paper. For a proof of this fact, refer to [9, pp.368-369], [10, p.132], and
[14, Theorems 2.9.3 and 2.10.3].

2 Solution formula

In this section, we shall derive solution formulas of equations (1.5). Insert the first equation into
the second equation in (1.5), we have the complex Lamé equations

Au—aAu—Vdivu=g—~y\"'Vf in R& u|BR$ =0. (2.1)
Here, we have set
=B+
If we find a solution u of equations (2.1) and if we set p = A~!(f — ydivu), then p and u

are solutions of equations (1.5). Thus, in this section, we shall drive solution formulas of the
complex Lame equations

Au—aAu-mpVdivu=g inRY, u|8R§ =0. (2.2)

2.1 Whole space case

For € € (0,7/2) and A\g > 0 let A € . 5, be the resolvent parameter, where )¢ is assumed to
be sufficiently large if necessary. In this subsection, we derive the representation of the solution
formula for the following model problem in R :

M —aAu - Vdiva=g in RY. (2.3)
where g € B, (RV)Y, with 1 < ¢ < oo and =14 1/¢ < s < 1/q. Applying the divergence to
equation (2.3) yields

Adivu — (a +ny)Adiva =divg in RY.
Applying Fourier transform and the Fourier inverse transform, we can define the solution oper-
ator Sp(A) of the resolvent problem in the whole space as follows:

&(¢) }( BATY | (€208

‘Ng:=u=F""! .
SNe=u=F" 1 | T @ pr e | aleP o) F1EP)

(2.4)
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2.2 Half space case

Let € € (0,7/2) and v9 > 0. Let 79 > 0 be a large number such that X+ C K. NX . N{\ €
C | |\ > w}. In this subsection, we derive the solution formula for equations (2.2). To this
end, we extend g = (g1, ,gn) by even extension for j =1,---, N — 1 and odd extension for
j=N. We now set G := (g§,--- ,9%_1,9%), where

. gi(x) for iy > 0, o 9i () for xy > 0,
(z) = , o gi(@) = ,
gi(2, —xN) for zny <0, —gj(@’, —zN) for zn < 0.

Let u be a solution of equations (2.2) and let w = u — S°(\)G, and then w should satisfy the
equations
AW — aAw — y\Vdivw =0 in RY, W|BR$ = —SO()\)G|BR$. (2.5)

In view of (2.4), we may have

4| _GE BATY (€2 8)G()
S'‘NG=F""! - F
W ol | @t O T2 | (r kP el + )
Let w = (w1,...,wy), and we shall investigate the formula of the partial Fourier transform

F'lw;](¢',xn) of w;. Applying the partial Fourier transform F’ to equations (2.3), we have the
ordinal differential equations in z variable, which reads as

A+ alg'P)Flws)(¢ xn) — adf Flws)(¢, zn)

—mni&; (i F' W (€ xn) + OnF'lwn](€ an)) =0, for zy > 0,
A+ o) Flwn)(€, 2n) — adR Flwn] (€, zn)
— m(’)N(z‘f’ . }—I[W/](g/, .’ﬂN) + 8]\/]'—/[71}]\/}(5/, TN)) =0, for zx > 0,

.F/[W](fl,()) = _f/[SO(A)G](§I70)~

Here, we have set i’ - F'[w']({,an) = Zj\’:_ll & F [w;] (&, zn).

To obtain F'[w;](¢',zn), first we derive the representation of F'[S°(A\)G](0). Applying
residue theorem in theory of one complex variable, we have the representation for h; for j =
1,...,N —1 and hy = 0. According to [4, (4.9)], we have

Flugl(€ o) = hie ™ — S Man)ie 1, Floxl(€en) = T2 Man)ie 1.

where
—Azn _ e*BIN

K=(a+m)d+aB,  My)=——

and h; is the j-th component of F'[SY(A\)G](¢/,0). Thus, we have

Flws] (¢ 2n) = — )OO Bef(xﬁyN)Brl 571951 dyn
C
> 2 —Bzy BA+4? €58k / . i&j /
- [ B M (Z T 0]~ gy o] duw

> —B(zn+yn) BA+Y? 16k ! !
+/O Be Blav+y NCETES ; (AJFE)ABZf[gk](évyN)dyN



= —Byy €57
+ [ B SR i Pl gy

oo i A N-1 /2
7/ B M) M) S22 __PAEY (X A|5 S Filg]

A K a((a+PA+7?) 2 (A+B)AB
- (A_|EBZ)B3]:I[9N]) dyn
R Z_: S Pl € ) du
Flol¢ o) = = [ BMGn)e ™ GR it Pl duy
+/OOO BSM(:I:N)M(?JN)AIZ/\ a((oﬁ:\;);iy )(Nzl G Elgfsz’[gk]
- ﬁ;m,f'[gwl) dyn
[ B A S e . 20

k=1
3 Estimates of solution operators

3.1 Whole space case

In this subsection, we shall estimate the solution operator S°()\) defined in (2.4). To this end,
we use the Fourier multiplier theorem of Mihlin-Hérmander type [5,7]. Let m(&) be a complex-
valued function defined on R\ {0}. We say that m(¢) is a multiplier if it satisfies the multiplier
conditions:

|Dgm(&)] < Cale] 1
for any multi-index o € Né\/ with some constant C,, depending on a.. Then, the Fourier multiplier
operator with kernel function m(§) is defined by
_ 1
Tonf = F m(EF(fIE)] = W/ m(§)F[f](€) d¢ for f € S(RY).
71') RN

Then, we have the following theorem called the Fourier multiplier theorem.

Theorem 3.1. Let 1 < g < oo and m(&) be a multiplier. Then, the Fourier multiplier T,, is an
Lq(RN) bounded operator, that is T,, is uniquely extended to an operator on Lq(]RN), which is
also written by T,, and there exists a constant depending on q and N such that

N
1T f Nl L@y < C(\a|§n[ﬂNa/}§]+1 Co)lfllp,mny  for f € Lg(R™).

Here, [N/2] denotes the integer part of N/2.
The following theorem provide the estimate of the solution operator S°(\) of the problem in
RV,

Theorem 3.2. Let 1 < g < oo, 1 <r<oo, —1+1/qg<s<1/q, and e € (0,7/2). Let S°(\)
be the operator defined in (2.4). Then, there exists a large constant o > 0 such that for any
A€ Xy, and g € Bs (RY), there hold

(A, A2V, VQ)SO()\)gHB;,,(RN) < Cllgl s, @),
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(A, Al/zvaVz)ax\so()\)gHBgm(RN) < O Mgl s, myy-

q,r

Moreover, let o > 0 be a small number such that —1+1/g < s—o <s<s+o <1/q. Then,
there exist a large number v1 > ~o and two operators TY(\) and T9(\) which are holomorphic
on Ay such that SO(N) = T2(\) + T2(N\) and for any g € C(RY) and \ € A, , there hold

A2V, VTP (Mgl Bs, (RN) < C|)‘|7U/2”g”B§f;”(RN)a
||(/\1/2VaV2)3A7?(/\)g|\35,(RN) < C|/\|7(17%)HgHB§;U(RN)

as well as for any A € A, and g € B;l(]RN), there hold

H(Al/zvvv2)7-20(/\)gHBg,T(JRN) < C’|/\|_‘7/2Hg||337r(RN),
|\(>\1/2aV2)3,\7—20()\)8HB;T(RN) < C|)‘|7(17%)Hg“B37T(RN)'

3.2 Half space case

Let S(\) = (S(N),...,S%(N)) be the operator solution operator corresponding to equations
(2.5) defined by
Si(Ng = wy

for J =1,..., N, where the partial Fourier transform F'[w;] of w; are defined by (2.6). In this
section, we shall estimate Sf}()\). Namely, we shall prove the following theorem.

Theorem 3.3. Let 1 < g < 00, 1 <r < oo, —1+1/qg<s<1/q, e € (0,7/2) and Ao > 0.
Then, for any A € A¢ ), and g € By, (]Rf), there hold

[ A2V, 92)8 Vel s ) < Cllglp, )
[ AY20, 92)008 Vel gy ) < CIA gl e (3.1)

Moreover, let o > 0 be a small number such that —1+1/g< s—o < s< s+0o < 1/q. Then,
there exist a large number \g > 0 and two operators T(X) and TP (X\) which are holomorphic on
Acyy such that S®(\) = TE(N) + T2(N) and for any g € C°(RY)N, there hold

IOV, VAT (Vg gy ) < C\A|_0/2||g||B;¢U(R§)7
(A, A2, V2)3A7'1b()\)g||35,r(11§§) < C\)\|7(17%)Hg||33;"(]1§f)7
H(/\a)‘1/2?’?2)7—2b(/\)g||Bgyr(Rf) < C\/\|_l||gHBg,T(Rf)a

” ()‘7 )‘1/2?7 ?Z)aABb()‘)g|

B, ®RY) < CIA 7l B3, (RY): (32)

Proof. To prove Theorem 3.3, the argument based on interpolation theory plays an important
role, see Shibata [11]. Rewrite SP(\) as

N
S'Ng=>_ THNg+T(Ne,
J=1

where T;(\)g are enssential parts of the solution formula. On the other hand, 7;(\)g are the
terms of the forms which contain A~!, which decay fast enough. In this paper, we focus on one
term of 7;(\)g, which is

oo e 1
ThNg = [ 7 [Be v mmP s Fla )| @) duy



and derive the follwing estimate:
IATH (Vg1
with the aid of the real interpolation. To do this, we first prove

INTE g5l ) < Cllgsllimg ey (3.4)

s < Ol ) Y

and, in this paper, we especially estimate ||)\3N7—1b1(>‘).‘]j”L,,(Rf)- Since we can assume g €

C°(RY) by Remark 1.1, from the integration by parts, we have

INATH (Vg = Fo!

O%B/O 95 (& yn)e PoN (=B)e B dyzv} ()

A
—F-1 2
aB

¢ /Ooo 95 (& yn)e BTN oy (e Fow) dyN} (2)

= _F;1

A [ —
o 7B/ Ong; (€ yn)e Pone Bon dyN:| (2)
0

= _F>

A [P —
H_Z_ (g —~B(zn+yn) /
¢ aB2/0 Ong; (&, yn) Bem TEnTen dyzv} (')

To show the estimate (3.3), we need the following propostition.

Proposition 3.4. Let 1 < ¢ < 00, € € (0,7/2), Ao > 0, and X € A »,. Suppose that my € M.
Define the integral operators L;, i = 1,--- 6, by the formula:

A f = /Oo Fo' {mg(/\,él)B3M($N)M(yN)f(§/7yN)} (") dyn,

LS = [ 7! o) B MGan)e (€ )| ) du,
LS = [ 7! o B Maw)e P yN} )dy
f=/ooof§ ' {mo(/\é )B4 M(yn) [ (€ yn)| () dyn,
Lsf = [ 7! o ) B P M) € yN] )y

NF = [ F [man)Be e e yn)] () du,

respectively, where (J, Q) stands for an element of {(A, A), (4, B), (B, A), (B, B)} in the formula
of Lg. Then for every f € Lq(Rf), it holds

ILi) L,y < Coll fllz,@yy (0=1,2,3,4,5,6).

Proposition 3.5. [12, A.3 p.271]. Let 1 < q < oo. Define the integral operator G by the
formula:
flyn)

Gflan) = /Ooo SN g

TN + YN
Then, for every f € Lq(0,00) there exists a constant Aq such that

IGfllLy(0,00)) < Agll Fll Ly (0
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By Theorem 3.1 and Propostiion 3.4, we deduce

('7yN)||Lq(]RN—1)
TN + YN

< [|Ong;
oW T Nl oy < €| [ 22
0 Lq(0,00)

< Cllong; |, @y):-
Hence, we have (3.4). By duality argument, we have
H)‘lelo‘)gj”[{;é(n@ﬂr\’) < CngHH;é(Rf)'
By interpolation, for —1 + 1/¢ < s < 1/q, we deduce that
H>\7'1b1()\)9j||3371(11a$) < C|‘ngB;1(Rf)'

Other terms of 77,(\)g and 7;;(\)g can be estimated in the similiar way. Moreover, we can
derive (3.1)- (3.2) by applying the the same method as above. This completes the proof of
Theorem 3.3. O

4 Proof of Main Results

In this section, we first construct solution operators of equations:
Ap+ydiva=f ian,
A —aAu-—fVdivu+4Vp=g inRY, (4.1)

N
u=20 on OR} .

First, from the first equation in (4.1), we set p = A™!(f — vdivu). Inserting this formula into
the second equation in (4.1), we have the complex Lamé equation:

M- aAu-—pVdiva=g -2 'V in RY, u|BR$ =0. (4.2)
From Theorems 3.2 and 3.3, we have
u=38'\)(g —7A"'VS) —S* N (g — A V).
Thus, defining p by
p=A"Hf —ydiva) = A7 — AT div(S (W) (g = ATV ) = S (N)(g — ATV ),

we see that u and p are solutions of equations (4.1). In view of Theorems 3.2 and 3.3, we
decompose u as

u=T"Ng-T'Ng+ T (Ng— T3 (Ng — A 'S (NVf + A 'SP (V)V .

Summing up, there exist solution operators S(\), S1()), S?(\) such that u = S(\)(f,g), p =
R(A)(f,Vg), and

g) Ng — T2 (Vg =AY WV f + ISPV,
SN(f,8) =S Ng+S*N(f ), (4.3)
g) = A"1f — A LdivS®(\)g + 2 A 2divS (V) V£

— A LdivS*(Ng + 42\ 2div S () V .



We see easily that

S(A) € Hol (Ac,, LB (RY) x By, (RY), B2 (RY))),

S'(N) € Hol (A, £(B;, (BY), ByF2(RY))),

S0 € Hol (Ao, £(BEA ) x B, (RY), Bz (BY)  By2(®Y))),
R(A) € Hol (A, L(BGHRY) x By, (RY), B! (RY))).

Moreover, by Theorems 3.2 and 3.3, we see the following theorem.

Theorem 4.1. Let 1 <g< oo, 1 <r<oo, —-1+1/¢g<s<1/q, and e € (0,7/2). Then, ther
exists a large number Ao > 0 such that for any A € Ay, f € B;:ﬁl(Rf), and g € B;T(]Rf)N
there hold

1LY, VS A(F.8) s, o) < CIE )t @3y )
IA2V. VS (Vg g 2y) < CIN 2 gl ggtoz)s
IAY2V, 9%)0x8 (Mgl 5, @) < O™ Dllgll e gy,
I, V) S2 N )l B 2y s, &) < CINTHI( @)
IAY2V, V2ASA N (. @) 55, 23 B, @) < CIN 2N )l st vy s, 2
IRz @yy < CIMTH @) patr @y sy, @)
[OAR(A)f] (f:8)

Byt ®RY)xBg (RY )

i@y < ORI @) s, )

Theorem 1.4 follows from Theorem 4.1 immediately.
Now, we consider an initial value problem:
O +~divU=0  inRY xRy,
QU —aAU - BVdivU +9VII =0  in RY x Ry,
U=0 ondRY xRy,
(IL U) |40 = (Ilp,Ug)  in RY.

(4.4)

To formulate problem (4.4) in the semigroup setting, we introduce spaces H: .(RY), Dg .(RY)
and an operator A defined in (1.2) and (1.3), respectively. Then, as was seen 1n (1.4), equations
(4.4) are written as

o(1,U) + A(IL,U) = (0,0) fort >0, (I, U)}= = (Ilp, Up) € Hy,
And, the corresponding resolvent problem (4.1) is written as

Ap,u) + A(p,u) = (f,2)

for (f,g) € M5, (RY) and (p,u) € Di, (RY). From Theorem 4.1 it follows that the resolvent
operator (A+.A) ! exists for any A € A, ), for sufficient large Ag > 0. In fact, (A +.4) " '(f,g) =
(R(A),S(N)(f,g) for (f,g) € H;,. Thus, the resolvent estimate: [[A(\ + ’A)A”E(Hém) <cC
holds for any A € Agy,.

From these observations, by theory of Cjy analytic semigroup ([16]), there exists a Cyy analytic
semigroup {7'(t)};>0 associated with (4.4) and (I, U) = T'(¢)(Ilp, Up) is a unique solution of
(4.4), which satisfies the regularity condition:

(I, U) € C°([0,00), HS,.) N C°((0, 50), D5,) N CH((0, 50), He,,)

o7
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as well as
%E;% ||(H(7t)7U(7t)) - (HOaUO)”H;T = (an)

Finally, we shall show the following theorem about the maximal L; regularity of {T'(¢)}+>0.
Obvisouly, combining the results about continuous analytic property mentioned above and the
following theorem completes the proof of Theorem 1.3.

Theorem 4.2. Let 1 < g < oo and —1+1/q < s < 1/q. Then, there exists v > 0 such that for
any (Ilo, Up) € H 1, there holds

o
/0 e ([18:T(t) (Mo, Uo) |35, + |1 T'(#)(Io, Uo)|lps ,) dt < [|(Tlo, Uo) |12z , -

In the sequel, we shall prove Theorem 4.2. We start with the following lemma.

Proposition 4.3. Let Xy and X1 be Banach spaces which arean interpolation couple, and'Y be
another Banach space. Assume that 0 < 0g,01,6 < 1 satisfy 1 = (1 —6)(1 — og) + 6(1 + o01).
Let v > 0. Fort >0 let T(t): Y — Xo + X1 be a bounded linear operator such that

1Tt flly < Ce™t 7 fllxg,  f € Xo,
1T flly < Cet™ 7| fllx,, [ € X
Then, there holds -
| eI Oy a < Ol s,
with a constant C' > 0 independent of ~.

A Proof of Theorem 4.2. Let v > 0 be a large number such that ¥+ C Acy,. Let I' be a
contour in C defined by I' =T, UT'_ with

Iy ={A=ref"9 |1 € (0,00)}.

As was well-known in theory of Cj analytic semigroup (cf. [16]), we have

T(t)(Tly, Up) = i/w (S(V), RO (ITy, Ug) A for £ > 0.
Y
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In order to show the L; integrability of T'(¢), we use Theorem 4.1. According to the formulas in
(4.3), we divide T'(¢) into three parts as follows.

1

T () Uy = o o, ST (\)Up d), (4.5)
g Y

D). Up) = 5 [ S*00(00,Uo) (4.6)
Y

Ty(t) (1o, U) :2%‘ [ RO, ) ax (4.7)
Y

We have T'(t)(Ilo, Ug) = (T5(t)(Ilo, Up), T1(t)Uo + T(¢)(Ilo, Uo)).
We first show that

A e—"ﬂf”Tl (t)UOHB;fqz(Rf) dt < CHU0||B(511(R$) (48)



To this end, in view of Proposition 4.3, we first prove that for every ¢ > 0 and Ug € C§° (Rf)N
there hold

I3 (6) Ul gz ayy < CE 5 [Uoll oy, (49)
HTl(t)UOHB;j?(Rf) < C’e“Ytt*1*§||U0HB;-10(R$). (4.10)
Notice that for A € T« 4+, A = y+7e* (™) and thus || = e7lecos(T=rt = rle=rteose Gince

HSl()‘)UHBSf(Rﬁ) < CI\"2 ”UHBZ,JE”(RY) as follows from Theorem 4.1, using (4.5), for ¢ > 0 we
have

oo
J Q _ 2
173 Uoll 512 m) < O™ /0 e T2 dr |Uo | o ey

oo
149 —t —a/2
=CeMt Jr2/0 eteoseg=al (MHUOHB;T(Rﬁy

which yields (4.9). To prove (4.10), by integration by parts we write

1
Ti(t)U = —5— o MONST(\)Ug dA.
Y

Since |0 S (A) Uy

BE2(RY) < C|)‘|_(1_5)||U0HB;3”(R$) as follows from Theorem 4.1, we have

|71 (t)Uol

o
-1 _~t —rtcose,.—(1—2)
s <Ct e e r 2/ dr ||Ug| ps-
By < O et ) Vol @)

o0
_ Yt —1-% —Lcosep—1+%
= et /0 e 2 Al || 0ol gose my):
which yields (4.10). Choosing # = 1/2 in Proposition 4.3 and using the fact that
(B;f{"(Rf% BSEU(Rf)h/m = 33,1(R£)7

by Proposition 4.3, we have (4.8) for Uy € C°(RY)N. But, since Cg°(RY)Y is dense in
B (RY)N, the estimate (4.8) holds for any Ug € B, (RY)".
We now show that

/ e 1 T5(8) (Mo, Uo)l| gz dt < CI(To, Uo)l g vy s, s
0 ’ ' ’ (4.11)
| IO, U dt < CUT0 U0y e

In fact, using Theorem 4.1 and |\| > )g, we have
12V, VS M) (F.) 5y, ) < O 8l gt ey )
< oA, &)l gt my)x By, (BN
(A2, V20,82 (N (f, g)HBs,T(Rf) < A7, g)”g;#(Rﬁ)ngm(M)
<O PN D)L @) ey
IRl gzt gyy < CINTHS @) potr @yyxsy, @)
<ox"PE(fe))

s+1
Byt (RY)x By . (RY)

99



||8AR()‘)fHBgf;1(]R£) < O|>\|_2||(fa g)”]géﬁ;l(Rf)ng’r(R%

—(1+5)y-(1-2

<CX SPY ( 2)||(f1 g)”ng.l(Rf)ng)r(Rf)

for any A € ¥ + v and (f,g) € Hj ;. In view of (4.6) and (4.7), employing the same argument
as in the proof of (4.9) and (4.10), we have

‘|T2(t)(H07U0)“B;ﬁ2(Rf) < C’)\SEe”/tt_1+%H(Ho.,Uo)HH;l,
-(1+3) _1-c
IT2(#) (Mo, Uo)l| g2y < CAg 27t (Tho, Uo) e,

HT3(t) (Ho, UO)HB;fgl(Rf) < C)\gfe”/tt_1+% H(Ho, UO)HH

S
q,17

—(1+% _1_g
IT5(8) (Mo, Uo)ll a1y < O 2147175 | (1o, V) s .

q,1>

Thus, using Proposition 4.3 and noting that (H |, H5 1)1/21 = M5, = Bit (RY) x B (RY),
we have (4.11). This completes the proof of Theorem 4.2. O
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