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Maximal L1 regularity for the compressible Stokes equations 

Jou-Chun Kuo * 

Graduate School of Fundamental Science and Engineering, 
Waseda University 

1 Introduction 

Let IR~:= {x = (x',xN) E IRN Ix' E IRN-1, XN > 0}, N 2: 2, be the half space. In this paper, 
we consider the following linear system of the compressible Stokes system with homogeneous 
Dirichlet boundary conditions: 

{ 

8tp + 1 div u = 0 

~u-a~u-~Vilivu+,Vp=0 

u=0 

(p, u)(0, x) = (po, uo) 

• IDJN 
ln .JN,.+, 
• IDJN 
ln .JN,.+, 

on 8IR~, 
• IDJN 
ln .JN,.+. 

(1.1) 

Here, p and u = ( u1, · · · , UN) are respective unkown density and velocity functions, while 
the initial datum (po, uo) is assumed to be given. Moreover, the coefficients a, ~' and I are 
assumed to be constants such that a + ~ > 0 and 1 > 0. The aim of this paper is to show 
the generation of a continuous analytic semigroup associated with equations (1.1) and its L1 
in time maximal regularity property in Besov spaces 1i~,r = B;;t.-1 (IR~) x B;,r (IR~)N, where 
1 < q < oo, 1 :S: r < oo, and -1 + 1/q < s < l/q. Our approach is to prove the existence of 
the solution in Hg,1 and from real interpolation, combine some new estimates for the resolvent 

problem by using Bi!1 (IR~) x Bi1',-(IR~) norms for some small a > 0 satisfying the condition 
-1 + 1/q < s - a< s < s +a< l/q. 

The system (1.1) is the linearized system of the compressible Navier-Stokes equations with 
homogeneous Dirichlet boundary conditions: 

1 
8a? + div(Qv) = 0 

Q(8tv + (v · V)v) - µ~v- (µ + 11)V divv +VP(!?!:~ 

(1?,v)(0,x) = (!?o,vo) 

. m,N 
ln .IN,.+, 
. m,N 
ln .IN,.+, 

on 8IR~, 
. m,N 
ln .IN,.+, 

where !? and v describe the unknown density and the velocity field of the compressible viscous 
field, respectively, while the initial datum (!?o, vo) is a pair of given functions. The coefficients 
µ and II are assumed to satisfy the ellipticity conditions µ > 0 and µ + 11 > 0. In addition, the 
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pressure of the fluid P is a given smooth function with respect to (!, which is assumed to satisfy 
the stability condition P' (p*) > 0. Here, p* stands for the reference density that is a postitve 
constant, and the initial density (Jo is given as a perturbation from p*. As discussed in [4, Sec.8], 
the coefficients a, (3, and, are defined by a= µ/p*, (3 = v/p*, and,= JP'(p*), respectively. 
Clearly, a, (3, and, satisfy the aforementioned given conditions. 

Since the 1950s, lots of mathematicians have contributed to the research on the long time 
behaviors of the global solution of compressible Newtonian fluids. Matsumura and Nishida [6] 
proved a unique global-in-time solution for the initial value problem of the compressible Navier­
Stokes equations with heat-conductive effects in the three-dimensional whole space with the 
help of a local existence theorem together with the a priori estimates for the solution. More 
precisely, the a priori estimate were constructed by the linear spectral theory and the L2-energy 
method. This result was established in the half space and exterior domains cases by the same 
authors, see [8]. After that, semigroup approach has been establised. Stri:ihmer [13] proved 
the global well-posedness by the semigroup theory. He formulated the system in Lagrange 
coordinates. By doing so, the convection term (! · v'v can be eliminated and the transformed 
system can be regarded as a pure parabolic type system. Therefore, the derivative loss from the 
mass conservation equation vanishes. Recently, the Cauchy problem of the compressible Navier­
Stokes equations has been studied in terms of the maximal LP regularity (1 < p < oo) approach 
and Enomoto and Shibata [4] obtained the global existence result in a bounded smooth domain 
with a wider class for the initial data. The strategy in their study is to prove the existence of 
solution operators of the generalized resolvent problem and to apply the operator-valued Fourier 
multiplier theorem due to Weis [15]. On the other hand, for the endpoint case p = l, namely 
the maximal L1 regularity. Danchin [2] proved the local well-posedness in bounded domains, 
and Danchin and Tolksdorf [3] for the global well-posedness in bounded domains. Here, they 
studied the system in the L1 in time and B;,1 in space framework, where p ands are taken such 
that 1 < p < oo and s = -1 + N / p. 

1.1 Notations 

Let us summerize the notations and functional spaces in this paper. Let JR, N, and (C be the set 
of all real, natural, complex numbers, respectively, while let Z be the set of all integers. Besides, 
TI( stands for either JR or tC. Set No := NU {0}. 

For NE Nanda Banach space X, let S(JRN;X) be the Schwartz class of X-valued rapidly 
decreasing functions on JRN. We denote S' (JRN; X) by the space of X-valued tempered distri­
butions, which means the set of all continuous linear mappings from S(JRN) to X. For N E N, 
we define the Fourier transform f c-+ .F[f] from S(JRN; X) onto itself and its inverse as 

.F[f](~) := { f(x)e-ix·E dx, 
}'R.N 

respectively. In addition, we define the partial Fourier transform .F'[f( ·, XN )] = f (e, XN) and 
partial inverse Fourier transform Fij 1 by 

.F'[f(. 'XN )](e) := l(t, XN) = r f(x', XN )e-ix'·t dx', 
J'R.N-1 

-1 [ ( )] ( ') ·- 1 1 ( I ) ix'-e I .Fe, g . 'XN X .- (2 )N-1 g ~ 'XN e d~' 
7r 'R.N-1 

where we have set x' = (xi,··· ,XN-1) E ]RN-land e = (6,··· ,~N-1) E ]RN-l_ For N 2: 2, 
we set (f, g)'R.N = J'R.N f(x) · g(x) dx for N-vector functions f and g on iRt, where we will write 

+ + 
(f, g) = (f, g)RN for short if there is no confusion. Given function f, define V f = (f, v' f), 

+ 
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V2 f = (f, 'v f, V 2 f). By C > 0 we will often denote a generic constant that does not depend on 
the quantities at stake. 

Next, we introduce some function spaces on JR.N and lRf In the following, let s E N and 
p E (1, oo). Bessel potential spaces HJ(JR.N) are defined as the set of all f E S'(JR.N) such that 
IIJIIHt(ffi.N) < oo, where the norm 11 · IIHt(ffi.N) is defined by 

It is well-known that, ifs = m E No, then HJ(JR.N) coincides with the classical Sobolev space 
W;'(JR.N), see, e.g., [1, Theorem 3.7]. 

To define inhomogeneous Besov spaces, we need to introduce Littlewood-Paley decomposi­
tion. Let¢ E S(JR.N) with supp¢={~ E JRN I 1/2 S l~I S 2} such that ~kEz¢(2-k~) = 1 for 
all ~ E JRN \ {O}. Then, define 

1 = 1- L cp(Tk~)-
kEN 

For 1 S p, q S oo and s E JR we denote 

if 1 Sq< oo, 

if q = 00. 

Here, f * g means the convolution between f and g. Then inhomogeneous Besov spaces B;,q(JR.N) 
are defined as the sets of all f E S'(JR.N) such that llf 11 8 s (ffi.N) < oo. 

p,q 

Let D'(JR~) be the collection of all complex-valued distributions on lRf Let s E JR, p E 

(1,oo), and q E [1,oo]. Then for any XE {HJ,BJ,q}, the space X(JR~) is the collection of all 
f E D'(JR~) such that there exists a function g E X(JRN) with glffi.N = f. Moreover, the norm of 

+ 
f E X(JR~) is given by 

llfllxcffi.~) = infllgllx(ffi.N), 

where the infimum is taken over all g E X(JRN) such that its restriction glffi.N coincides in D'(JR~) 
+ 

with f. We also define 
Xo(Rf) := {f E X(JRN) I supp f C JR~}. 

Clearly, we always have Xo(IR~) <-+ X(JR~). 
According to [14, Section 2.9], for s E JR, p E (1, oo), and q E [1, oo), we have the following 

density result: 

Xo(IR~) = Co'(lR:~} · llxcRN). 

Here, X(JR~) and Xo(lR~) may coincide if one restricts s such that -1 + 1/p < s < 1/p. 

Proposition 1.1. Let 1 < p < oo, 1 Sq S oo, and -1 + 1/p < s < 1/p. Then HJ(JR.~) = 

H$,0 (JR.~) as well as B$,q(JR.~) = B$,q,o(IR~). 

Proposition 1.2. Let p E (1, oo). Then the following assertions are valid. 

(1) Fors E JR, there holds 
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(2) For -oo < s ::::; 1/p, there holds 

(Hs(JRN))' = H-s (JRN) 
P + p',O + . 

(3) For -oo < so < s1 < oo, 1 < p < oo, 1 ::::; q::; oo, and 0 < 0 < l. there holds 

B0so+(l-0)s1 (JRN) = (Hso (JRN) Hsi (JRN)) 
p,q + p + ) p + 0,q. 

1.2 Main theorems 

Let 1 < q < oo, -1 + 1/q < s < l/q, 1 ::::; r < oo, and n E {JRN, JR!;:}. Let Bt,r(O) denote 
standard Besov spaces on a domain n E ]RN. Let 

1i~,r(0) = B~t1(n) X B~,r(O)N, 
vs (JRN) = Bs+l(JRN) X Bs+2(JRd) q,r q,r q,r , 

V~,r(JRt') = {(p, v) E B~t1 (lRt') x B~t2(lRt')N I vlaJR~ = 0}, 

II(!, g)ll1lq,r(!1) = IIJIIBg;t1(!1) + llgllBq,r(!1), 

ll(f, g)llvq,r(!1) = IIJIIB~;t1 (!1) + llgllB~;t2 (!1)" 

(1.2) 

In addition, we introduce the operator A corresponding to equations (1.1) which is defined by 
setting 

A(p, v) = (, divv, -a~v - ,Bv' divv + 1 v' p) for (p, v) E V~,r(JRt' ). (1.3) 

Using A, equations (1.1) are written as 

8t(P, u) + A(p, u) = (0, 0) fort> 0, (p, u)lt=O = (po, uo) E 1i~,r(R~') (1.4) 

for (p, u) with 

(p, u) E c0[(0, oo), 1i~,r(JRt') n C 1((0, oo), 1i~,r(JRt')) n c0((0, oo), V~,r(JRt')). 

Our main results of this paper read as follows. 

Theorem 1.3. Let l < q < oo, -1 + 1/q < s < l/q, and l ::::; r < oo. Then, the operator A 
generates a continuous analytic semigroup {T(t) }t::,.o on 1i~,r(JR:1;'.). 

Moreover, there exists a large ,o 2: 1 such that, for any 1 2: ,o and (f, g) E 1i~,1 (JRt'), 

f 00 
e-,t IIT(t) (f, g) llvs (JRN)dt :::: GIi (f, g) 111ls (JRN)-lo q,1 + q,1 + 

To prove Theorem 1.3, we consider the following resolvent problem: 

{ 
>.p + 1 div u = f 

>.u - a~u - ,Bv' divu + 1'\i'p = g 

u=O 

for >.. E Ae,110 . Here, Ae,vo is a subset of <C defined as follows: 

~e = {>.. E <C\ {0} I larg>..I::::; 1r-E,}, 

. m,N 
ln ""-+, 
. m,N 
ln ""-+, 

on aJRt', 

2 2 2 2 

Ke={>-E<CI (Re>.+ a:,B+E) +(Im>.)22: (a:,B+E) }, 

Ae,110 =Ken ~En{>. E <CI l>-1 2: 110}-

(1.5) 

Theorem 1.3 may be proved by real interpolation theorem with the help of the following theorem. 
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Theorem 1.4. Let l < q < oo, 1::::; r < oo, -1 + 1/q < s < l/q, and EE (0,1r/2). Then, there 
exists a large constant 1 > 0 such that for every>. E Ae,, and(!, g) E 1-lg,r(Ill~'), there exists a 

unique solution (p, u) E vg,rO~f) to (1.5) satisfying 

11>.(p, u) ll11trOR~) + llullB~t2(JR~) ::::; GIi (!, g) ll11tr(JR~)· 

Moreover, let u be a small positive number such that - l + 1 / q < s - u < s < s + u < l / q. Then, 
there exist u1, u2 E Bgt2(1Rf)N such that u = u1 + u2 and for any>. E Ae,, there hold 

llu111Bs+2(JRN) :::: c1>-1-~ llgllBs+o-(JRN)' 
q,r + q,r + 

ll<'hu111Bs+2(JRN) :::: c1>.1-(l-~) llgllBs-o-(JRM) 
q,r + q,r + 

for any g E C0 (1Rf)N as well as 

ll(P, u2)llvtr(JR~):::: Cl>-l-111(!, g)ll11tr(JR~)' 

118,\(p, u2)llvtr(JR~l:::: Cl>-l-211(!, g)ll11tr(JR~l 

for any(!, g) E 1-lg,r(lRf). 
Remark 1.1. The conditions 1 < q < oo, 1 ::::; r < oo and -1 + 1/q < s < l/q assure that 
C0 (0) is a dense subset of BJ,r(O) for O E {lRN, lRf}. This fact is an important point for 
our analysis in this paper. For a proof of this fact, refer to [9, pp.368-369], [10, p.132], and 
[14, Theorems 2.9.3 and 2.10.3]. 

2 Solution formula 

In this section, we shall derive solution formulas of equations (1.5). Insert the first equation into 
the second equation in (1.5), we have the complex Lame equations 

>.u-o:~u-17,\Vdivu=g-,>.-1VJ inlR~, ulaJRN =0. (2.1) 
+ 

Here, we have set 
1],\ = ,8 + ,2 >.-1. 

If we find a solution u of equations (2.1) and if we set p = >.-1u - ,divu), then p and u 
are solutions of equations (1.5). Thus, in this section, we shall drive solution formulas of the 
complex Lame equations 

>.u - o:~u -17,\ V divu = g in JR~, (2.2) 

2.1 Whole space case 

For E E (0, 7r /2) and Ao > 0 let >. E ~e,,\o be the resolvent parameter, where Ao is assumed to 
be sufficiently large if necessary. In this subsection, we derive the representation of the solution 
formula for the following model problem in ]RN: 

>.u - o:~u -1],\ V divu = g in ]RN_ (2.3) 

where g E BJ,1 (JRN)N, with 1 < q < oo and -1 + 1/ q < s < 1/ q. Applying the divergence to 
equation (2.3) yields 

>.divu - (o: + 1],\)~divu = divg in ]RN_ 

Applying Fourier transform and the Fourier inverse transform, we can define the solution oper­
ator So(>.) of the resolvent problem in the whole space as follows: 

so(>.) ·= u = F-1 [ g(,;) ] - ,B>. + ,2 F-1 [ (,; ® ,;)g(,;) l 
g. >. + o:l,;1 2 (o: + ,B)>. + , 2 (>. + o:l,;l 2)(p(>.) + l,;1 2) . 

(2.4) 
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2.2 Half space case 

Let E E (0, 7r /2) and vo > 0. Let 1'0 > 0 be a large number such that I;c + 1'0 C Kc n I;c n {>,. E 

(C I IAI 2:: vo}. In this subsection, we derive the solution formula for equations (2.2). To this 
end, we extend g = (91, · · · , 9N) by even extension for j = 1, · · · , N - 1 and odd extension for 
j = N. We now set G := (gi, · · · ,gN_1 ,g'!v), where 

for XN > 0, 

for XN < 0,' 

for XN > 0, 

for XN < 0. 

Let u be a solution of equations (2.2) and let w = u - s0 (,\)G, and then w should satisfy the 
equations 

,\w - a~w -TJ>. v' divw = 0 in IR~, 

In view of (2.4), we may have 

(2.5) 

Let w = ( w1 , ... , w N), and we shall investigate the formula of the partial Fourier transform 
F'[wj](l;', XN) of Wj. Applying the partial Fourier transform F' to equations (2.3), we have the 
ordinal differential equations in XN variable, which reads as 

(,\ + aWl 2)F[wj](!;,', XN) - ao,K,F[wj](!;,', XN) 

- TJ>.i~j(i!;,' · F'[w']((, XN) + ONF'[wN](!;,', XN )) = 0, 

(,\ + al(l 2)F[wN](f;,', XN) - ao,K,F[wN](f;,', XN) 

-TJ>.ON(i!;,' · F'[w'](!;,',xN) + oNF'[wN](!;,', XN)) = 0, 

F'[w](!;,', 0) = -F'[S0 (,\)G](!;,', 0). 

Here, we have set il;' ·F'[w'](l;',xN) = I:f=,11 i~jF'[wj](l;',xN)-

for XN > 0, 

for XN > 0, 

To obtain F'[wj](e, XN), first we derive the representation of F'[S0 (,\)G](0). Applying 
residue theorem in theory of one complex variable, we have the representation for hj for j = 
1, ... , N - 1 and hN = 0. According to [4, (4.9)], we have 

F'[wj](!;,',xN) = hje-BxN - i~i>. M(xN)i!;,' · h', F'[wN](!;,',xN) = A;>. M(xN)i!;,' · h'. 

where 

K= (a+rJ>.)A+aB, 

and hj is the j-th component of F'[S0 (,\)G](C 0). Thus, we have 
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3 Estimates of solution operators 

3.1 Whole space case 

(2.6) 

In this subsection, we shall estimate the solution operator S0 (>.) defined in (2.4). To this end, 
we use the Fourier multiplier theorem of Mihlin-Hormander type [5, 7]. Let m(~) be a complex­
valued function defined on JRN \ {O}. We say that m(~) is a multiplier if it satisfies the multiplier 
conditions: 

IDfm(~)I :S Cal~l-lal 

for any multi-index a E Nf with some constant Ca depending on a. Then, the Fourier multiplier 
operator with kernel function m(~) is defined by 

Tmf = Ft[m(~)F[f](~)] = (2:)N LN m(~)F[f](~) d~ for f E S(JRN). 

Then, we have the following theorem called the Fourier multiplier theorem. 

Theorem 3.1. Let 1 < q < oo and m(~) be a multiplier. Then, the Fourier multiplier Tm is an 
Lq(iRN) bounded operator, that is Tm is uniquely extended to an operator on Lq(iRN), which is 
also written by Tm and there exists a constant depending on q and N such that 

IITmfllL (JRN) :SC( max Ca)llfllL (JRN) for f E Lq(iRN). 
q lnl:C:[N/2]+1 q 

Here, [N/2] denotes the integer part of N/2. 

The following theorem provide the estimate of the solution operator s0(>.) of the problem in 
JRN. 

Theorem 3.2. Let 1 < q < oo, 1 :Sr :S oo, -1 + 1/q < s < 1/q, and EE (0,1r/2). Let s0 (>.) 
be the operator defined in (2.4). Then, there exists a large constant 'Yo > 0 such that for any 
>. E I:e,,o and g E Bg,r(JRN), there hold 

II(\ >.112v, V2)S0 (>.)gllB;;,r(JRN) '.S CllgllB;;,r(JRN), 
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Moreover, let u > 0 be a small number such that -1 + 1 / q < s - u < s < s + u < 1 / q. Then, 
there exist a large number 'Yl 2: 'Yo and two operators TP(,\) and T~(,\) which are holomorphic 
on Ae,,1 such that S 0 (,\) = Tf_l(,\) + '7i1(,\) and for any g E C0 (~N) and,\ E Ae,,u there hold 

ll(,\112v, V2)Tf_l(,\)gllBg,r(JRN)::::; C1,\1-0"12 llgllBgto-CJRN)' 

II (,\112v, V2)c\. Tf_l(,\)gllBq,r(JRN) ::::; Cl,\1-(l-f) llgllBg;;o-(JRN) 

as well as for any ,\ E AE,,1 and g E B;,1 (~N), there hold 

ll(,\112v, V2)'7i1(,\)gllBg,r(JRN)::::; C1,\1-0"12 llgllBg,r(JRN), 

11(,\112 , V 2)8>. '7i1(,\)gllBg,r(JRN)::::; Cl,\1-(l-f)llgllBg,r(JRN)• 

3.2 Half space case 

Let Sb(,\) = (Sf(,\), ... , SK,(,\)) be the operator solution operator corresponding to equations 
(2.5) defined by 

S}(,\)g = WJ 

for J = 1, ... , N, where the partial Fourier transform F'[wJ] of WJ are defined by (2.6). In this 
section, we shall estimate S}(,\). Namely, we shall prove the following theorem. 

Theorem 3.3. Let 1 < q < oo, 1 ::::; r :::; oo, -1 + 1/q < s < 1/q, E E (0, 7r/2) and ,\0 > 0. 
Then, for any ,\ E Ae,>.a and g E B;,r (~~), there hold 

II(,\, ,\112V, V2)Sb(,\)gllBq,r(IR~)::::; CllgllBq,r(IR~)' 

11(,\, ,\112v, V2)8>.Sb(,\)gllBq,r(IR~)::::; Cl,\l-1 llgllBq,r(IR~)· (3.1) 

Moreover, let u > 0 be a small number such that -1 + 1 / q < s - u < s < s + u < 1 / q. Then, 
there exist a large number Ao > 0 and two operators T/(,\) and 7'.t(,\) which are holomorphic on 
Ae,>.o such that Sb(,\)= T/(,\) + I;b(,\) and for any g E C0 (~~)N, there hold 

1/2 - - 2 b /2 
11(,\, ,\ V, V )Ti (,\)gllBq,r(IR~) :=::; Cl,\1-0" llgllBJt,,.(IR~)' 

II(,\, A112V' V 2)a>. '7i'(,\)gllBq,r(IR~) ::::; Cl,\1-(l-f) llgllBg;;o- (IR~)' 
1/2 - - 2 b 1 

11(,\, ,\ V, V )7; (,\)gllBq,r(IR~) :=::; Cl,\1- llgllBq,r(IR~)• 
1/2 - - 2 rMi 2 

11(,\, ,\ V, V )8>. /2 (,\)gllBg,r(JR~) :=::; Cl,\1- llgllBg,r(JR~)• (3.2) 

Proof. To prove Theorem 3.3, the argument based on interpolation theory plays an important 
role, see Shibata [11]. Rewrite Sb(,\) as 

N 

Sb(,\)g = L 'li'J(,\)g + ½bJ(,\)g, 
J=l 

where Tibi,\)g are enssential parts of the solution formula. On the other hand, 7;bi,\)g are the 
terms of the forms which contain ,\-1 , which decay fast enough. In this paper, we focus on one 
term of Tibi,\)g, which is 

Tib1(,\)gj = lx, Ft[Be-(xN+YN)B a~2 F[gj](t,YN)](x')dyN 
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and derive the follwing estimate: 

(3.3) 

with the aid of the real interpolation. To do this, we first prove 

and, in this paper, we especially estimate ll>-BN7i\(>.)gjl1Lq(IR;'.)· Since we can assume g E 

Cc'f°(JRt) by Remark 1.1, from the integration by parts, we have 

aN>.1ib1 (>.)gj = Ft [ CV,~ fo 00 f)j(f;,', YN )e-BXN(-B)e-BYN dyN] (x') 

= Ft [ CV,~ fo 00 
9j(!;,', YN )e-BXN aN(e-BYN) dyN l (x') 

= -Ft [ :B 1□00 ~((,YN)e-BxNe-BYN dyN l (x') 

= -Fil [ ev,~2 laoo ~((,yN)Be-B(xN+YN) dyN] (x') 

To show the estimate (3.3), we need the following propostition. 

Proposition 3.4. Let 1 < q < oo, EE (0,?r/2), Ao> 0, and>. E A,,>..o• Suppose that mo E Mo. 
Define the integral operators Li, i = 1, · · · , 6, by the formula: 

L1(>.)f = fo00 Ft [mo(>.,f;,')B3M(xN)M(yN)f(f;,',yN)] (x')dyN, 

L2(>.)f = fo00 Ft [mo(>.,f;,')B2M(xN)e-AYNj(f;,',yN)] (x')dyN, 

L3(>.)f = fo00 Ft [ mo(>., /;,')B2 M(xN )e-BYN f (f;,', YN)] (x') dyN, 

L4(>.)f = fo00 Ft [ mo(>., f;,')B2e-AxN M(YN )f (f;,', YN)] (x') dyN, 

L5(>.)f = fo00 Ft [mo(>.,f;,')B2e-BxNM(yN)f(f;,',yN)] (x')dyN, 

L5(>.)f= fo00 Ft [mo(>-,nBe-JxNe-QYNf(f;,',yN)] (x')dyN, 

respectively, where (J, Q) stands for an element of{ (A, A), (A, B), (B, A), (B, B)} in the formula 
of L5. Then for every f E Lq(lRt), it holds 

Proposition 3.5. [12, A.3 p.271]. Let 1 < q < oo. Define the integral operator G by the 
formula: 

Gf(xN) = f 00 f(YN) dyN. 
lo xN+YN 

Then, for every f E Lq(0, oo) there exists a constant Aq such that 
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By Theorem 3.1 and Propostiion 3.4, we deduce 

Hence, we have (3.4). By duality argument, we have 

By interpolation, for -1 + 1/q < s < 1/q, we deduce that 

ll>-'Tib1(>-)gjllB• (JRN) ~ Cll9jl1B· (JRN)-
q ,1 + q , 1 + 

Other terms of ½bJ(>.)g and ½bJ(>.)g can be estimated in the similiar way. Moreover, we can 
derive (3.1)- (3.2) by applying the the same method as above. This completes the proof of 
Theorem 3.3. □ 

4 Proof of Main Results 

In this section, we first construct solution operators of equations: 

{ 
>.p + 1 div u = f 

>.u-a~u-~Vilivu+,Vp=g 

u=O 

(4.1) 

First, from the first equation in (4.1), we set p = >,-1(! - 1 divu). Inserting this formula into 
the second equation in (4.1), we have the complex Lame equation: 

>.u-a~u-m,Vdivu=g-,>.-1Vf inlRf, 

From Theorems 3.2 and 3.3, we have 

Thus, defining p by 

(4.2) 

we see that u and p are solutions of equations (4.1). In view of Theorems 3.2 and 3.3, we 
decompose u as 

u = 7{1(>.)g - 7t(>.)g + 7;°(>.)g - Ji'(>.)g - ,>. - 1s 0 (>.)V f + ,>. -l Sb(>.)V f. 

Summing up, there exist solution operators S(>.), S 1(>.), S 2(>.) such that u = S(>.)(f, g), p = 
R(>.)(f, Vg), and 

Sl(>.)g = 7{1(>.)g _ 7ib(>.)g, 

s2(>-)(f, g) = 7;°(>.)g - 7;b(>.)g - ,>--1s□ (>.)v f + ,>--1sb(>.)v f, 
S(>.)(f, g) = S 1(>.)g + S 2(>.)(f, g), (4.3) 

R(>.)(f, g) = >.-1 f - ,>. - 1 div S 0 (>.)g + 1 2 >.-2 div S 0 (>.)V f 
- 1>. -l div Sb(>.)g + 1 2 >.-2 div Sb(>.)V f. 
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We see easily that 

S(.\) E Hol (Ae,>-o, £(Bgt1 (lit~') x Bg,r(JRf ), Bgt2 (1Rf)) ), 

S1 (.\) E Hol (Ae,>.0 , C(Bg,r(JRf), Bgt2 (JRf))), 

S2 (.\) E Hol (Ae,>-o, £(Bgt1(1Rf) x Bg,r(JRf), Bgt1 (1Rf) x Bgt2 (1Rf))), 

R(.\) E Hol (Ae,>.0 , £(Bgt1(JRf) x Bg,r(JRf), Bgt1(1Rf))). 

Moreover, by Theorems 3.2 and 3.3, we see the following theorem. 

Theorem 4.1. Let l < q < oo, 1:::; r < oo, -1 + 1/q < s < l/q, and EE (0,7r/2). Then, ther 
exists a large number Ao> 0 such that for any,\ E Ae,>-o, f E Bgj:1(1Rf), and g E Bg,r(JRf)N, 
there hold 

II(.\, .\112V, V 2)S(.\)(f, g) 111ltr(JR~) ::::: GIi (J, g) 11Bg;t1(JR~) xBg,r(JR~), 

ll(.\112V, V 2)S1 (.\)gllBJ,r(JR~) :S: CI.\I-~ llgllBgt"(JR~)' 

ll(.\112v, V 2)8>.S1 (.\)gllB!J,r(JR~)::::: Cl.\l-(l-~)llgllBg,-;."(JR~)' 

II (.\112v, V 2)S2 (.\)(f, g) IIBJ,r(JR~)xBJ,r(JR~) ::::: Cl.\l-1 II (J, g) IIBg;t1(JR~)xB!J,r(JR~)' 

II(,\ 112v, V 2 )8>.S2 (.\)(J, g) IIB!J,r(JR~)XB!J,r(JR~) ::::: Cl.\l-2 II (J, g) IIBgt1 (JR~)xB!J,r(JR~)' 

IIR(.\)f 11Bgt1 (JR~) :S: Cl.\l-l 11 (J, g) IIBW(JR~)XB!J,r(JR~)' 

ll8>.R,(,\)f 11Bgt1 (JR~) :S: Cl.\l-2 11 (J, g) IIBg;t1(lR~)XB!J,r(lR~)' 

Theorem 1.4 follows from Theorem 4.1 immediately. 
Now, we consider an initial value problem: 

{ 

8tII + ')'divU = 0 

8tV - 0:6.U -,BVdivU +'Yv'II = 0 

U=O 

(II, U)lt=O = (IIo, Uo) 

in JRf x lR+, 

in JRf x lR+, 

on olRf X lR+, 
. m,N ln JN,.+. 

(4.4) 

To formulate problem (4.4) in the semigroup setting, we introduce spaces 1-ig,r(JRf), vg,r(JRf) 
and an operator A defined in (1.2) and (1.3), respectively. Then, as was seen in (1.4), equations 
( 4.4) are written as 

Ot(II, U) + A(II, U) = (0, 0) fort> 0, (II, U)lt=O = (IIo, Uo) E 11i,r• 

And, the corresponding resolvent problem ( 4.1) is written as 

.\(p, u) + A(p, u) = (f, g) 

for (J, g) E 1-ig,r(lR:';'.) and (p, u) E vg,r(lR:';'.). From Theorem 4.1 it follows that the resolvent 
operator (.\+A)-1 exists for any,\ E Ae,>-o for sufficient large Ao> 0. In fact, (.\+A)-1 (!,g) = 
(R(.\),S(.\))(f,g) for (J,g) E 1-ig,r. Thus, the resolvent estimate: II.\(,\+ A)-1 11.c(H!J,rl :S: C 
holds for any ,\ E Ae>.o . 

From these observations, by theory of C0 analytic semigroup ( [16]), there exists a C0 analytic 
semigroup {T(t)}t>o associated with (4.4) and (II, U) = T(t)(IIo, Vo) is a unique solution of 
(4.4), which satisfies the regularity condition: 
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as well as 
lim II (II(·, t), U( ·, t)) - (IIo, Uo) llw = (0, 0). 
t--+0 q,r 

Finally, we shall show the following theorem about the maximal L1 regularity of {T(t) }t::,o. 
Obvisouly, combining the results about continuous analytic property mentioned above and the 
following theorem completes the proof of Theorem 1.3. 

Theorem 4.2. Let l < q < oo and -l + 1/q < s < l/q. Then, there exists 'Y > 0 such that for 
any (IIo, Uo) E Hg,1, there holds 

In the sequel, we shall prove Theorem 4.2. We start with the following lemma. 

Proposition 4.3. Let Xo and X1 be Banach spaces which arean interpolation couple, and Y be 
another Banach space. Assume that O < uo, u1, 0 < l satisfy l = (1 - 0)(1 - uo) + 0(1 + u1). 
Let 'Y;:::: 0. Fort> 0 let T(t): Y ➔ X 0 + X 1 be a bounded linear operator such that 

Then, there holds 

IIT(t)fllY::::; ce,tcl+<Tollfllxo, 
IIT(t)f llY ::::; ce,tcl-<Ti llf llx1, 

f EXo, 

f EX1. 

{':,o e-,tllT(t)fllY dt::::; Cllfll(xo,X1)0 1 
lo · 

with a constant C > 0 independent of 'Y· 

A Proof of Theorem 4.2. Let 'Y > 0 be a large number such that 1:e + 'Y C Ae,>.o· Let r be a 
contour in IC defined by r = r + U r _ with 

As was well-known in theory of C0 analytic semigroup (cf. [16]), we have 

T(t)(IIo, Uo) = ~ { (S(.X.), R(.X.))(IIo, Uo) d.X. fort> 0. 
2m lr+, 

In order to show the L1 integrability of T(t), we use Theorem 4.1. According to the formulas in 
(4.3), we divide T(t) into three parts as follows. 

T1(t)Uo = -. S (.X.)Uo d.X., l 1 1 
2m r+, 

l 1 2 T2(t)(II0, Uo) = -2 . S (.X.)(IIo, Uo) d.X., 
'iTt r+, 

T3(t)(II0, Uo) = -21 . { R(.X.)(IIo, Uo) d.X.. 
1n lr+, 

We have T(t)(IIo, Uo) = (T3(t)(II0, Uo), T1(t)Uo + T2(t)(II0, Uo)). 
We first show that 

(4.5) 

(4.6) 

(4.7) 

(4.8) 
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To this end, in view of Proposition 4.3, we first prove that for every t > 0 and U 0 E C/j'°(JR~)N 
there hold 

(4.9) 

(4.10) 

Notice that for A Er ±+7, ,\ = 7+re±i(1r-c), and thus le->..tl = e1 tecos(1r-c)rt = e1 te-rtcosc. Since 

IIS1(-\)UIIB•+2(JR.N) S CI-\I-! IIUIIB•+o-(IR.N) as follows from Theorem 4.1, using (4.5), fort> 0 we 
q,1 + q,1 + 

have 

IIT1(t)UollBs+2(JR.N) S Ce't {DO e-rtcoscr-u/2 drllUollB•+o-(JR.N) 
q,1 + lo q,1 + 

= ce,trl+! {DO e-£coSE£-u/2 d£ IIUollBs+o-(JR.N)' lo q, 1 + 

which yields (4.9). To prove (4.10), by integration by parts we write 

1 1 >-.t 1 T1(t)Uo = --2 . e f)>-.S (-\)Vo d,\. 
mt r+, 

which yields (4.10). Choosing 0 = 1/2 in Proposition 4.3 and using the fact that 

(B;!u(JR~), Bi:·t(JR~)h;2,1 = B;,1(1R~), 

by Proposition 4.3, we have (4.8) for U 0 E C/j'°(JR~)N. But, since C/j'°(JR~)N is dense in 
B;,r(JR~)N, the estimate (4.8) holds for any Uo E B;,1(1R~)N. 

We now show that 

{DO e-,tllT2(t)(IIo, Uo)IIBs+2 dt S Cll(IIo, Uo)IIBs+1(JR.N)xB" (RN)' lo q,1 q,1 + q,1 + 

{DO e-,tllT3(t)(IIo, Uo)IIBs+l dt S Cll(IIo, Uo)IIBs+l(JR.N)xB• (JR.N)• lo q,1 q,1 + q,1 + 

(4.11) 

In fact, using Theorem 4.1 and I-\I 2: Ao, we have 
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for any .\ E ~e + , and (f, g) E Hg,1 . In view of ( 4.6) and ( 4. 7), employing the same argument 
as in the proof of (4.9) and (4.10), we have 

IIT2(t)(II0, Uo)IIBs+2(IRN):::: C.\~~ e1 tcl+~ ll(IIo, Uo)llw , 
q,l + q,l 

-(l+-!c) t 1 " 
IIT2(t)(II0, Uo)ll 8 s+2(IRN)::::; C.\0 2 e' C - 2 ll(IIo, Uo)llw , 

q,l + q,l 

IIT3(t)(II0, Uo) ll 8 s+1(IRN) ::::; C.\~~ e'tcl+~ 11 (IIo, Uo) ll·w , 
q,l + q,l 

-(1+£) t 1 " 
IIT3(t)(II0, Uo)ll 8 •+i(IRN)::::; C.\0 2 e' C - 2 ll(IIo, Uo)llw . 

q,l + q,l 

Thus, using Proposition 4.3 and noting that (1-l~,1 , 1l~,1)i;2,1 = 1-l~,1 = B;!1 (JR~) x B;,1 (JR~), 
we have (4.11). This completes the proof of Theorem 4.2. □ 
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