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Abstract 

This paper explores Iwasawa theory and its role in the Birch and Swinnerton-Dyer conjecture, 
and the generalizations to higher weight modular forms, arriving at connections between Bloch-Kato 
Selmer groups and chromatic Selmer groups of the modular forms. 

I Review oflwasawa Theory 

lwasawa Theory is a mysterious bridge between two mathematically faraway worlds, the analytic realm 
and the algebraic realm: 

(analytic) !、wasawaTheo” (algebraic) 

For the rest of this article, let p be an odd prime. Iwasawa looked at the following towers of number 

fields: 

After adjoining 
successively large 
P-power roots of 
unity, we obtain a 
tower of extensions 
h wnose umon 1s 
Q(μp=) so that 

Gal(Q(μp=)/Q)竺

写竺 ZpX△ 

(Ql(μpoo) = LJ心 (μpn)
By basic Galois 
theory, we can fix 
these fields by Galois 
isomoq 

z | 
竺△

） ＼ ＼n¥三［三言
叫p)/＼ Q1 l pcy芯。ei註門extension

Q=Q。
Given a Z-module X, its p-primary part閏poo]is a勾 module.For simplicity, let's suppose that 
X=X厨］． Ifthe Galois group Gal((Ql00/(Ql)~ Zp acts continuously on X, then X becomes a A := 
Zp[[Gal((Ql00/(Ql)]]-module. This ring A is called the Iwasawa algebra and is also a power series ring 
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A竺 Zp[[T]], and thus is a ring of (special) p-adically continuous functions. (This observation is due to 
Serre {Ser95}.) 
When Xis a finitely generated torsion A-module, a nice theory has been developed. The toy version 
of this theory comes about when replacing the ring A by Z: Recall that a finitely generated torsion Z-
module G, i.e. a finite abelian group, admits an exact sequence 

0 →〶Z/p『 Z → G→0. 

The most important invariant of G is its size IGI. Note that the ideal in Z generated by IGI encodes 
this information as well. We call it the characteristic ideal: (IGI) = (ITぷ')CZ.
Now suppose Xis a finitely generated torsion A-module. It turns out that X then admits an exact 
sequence 

0→ ①A/fiA→X →(finite)→0, 

where we have chosen Ji so that Ji I fi+ 1-These Ji are not uniquely determined, but the ideal that their 
product generates in A is. This is our characteristic ideal: 

(g叫：＝ （IT!i) CA. 

Elements of the Iwasawa algebra also have two canonical invariants: 
The p-adic Weierstrass Preparation Theorem states that for g(T) E A, there are (uniquely 
determined) non-negative integers μ, A so that 

g(T)＝炉(T入十a1T入ー1+ ・・・＋似）U(T),

where a; E pZp, and U(T) EA x is a unit. 
For a finitely generated torsion A-module X, the integersμ and入ofthe generator of gx as above 
are called the Iwasawa invariants of X. 

2 Applications toward the Birch and Swinnerton-Dyer con-
jecture 

Classical Iwasawa theory packages together into a finitely generated torsion A-module X the p-primary 
part of the class group of Qn, whose size is controlled by the lwasawa invariants of X when n is suf!i-
ciently large. (More precisely, the formula says that letting pen := #Cl(Qn) [p00], we have 

en -en-1 = μ(pn -Pn-l)＋入

for n ≫ 0, Uwa58}.) 
We would like to look at a different X that knows an analogous object in the context of an elliptic 
curve E over Q with a weight two modular form f =区砂nqnoflevel ro(N) attached to it. The defini-
tion of the Selmer group Sel(E /Q) involves local points of the elliptic curve at the various completions 
of Q. Just like the class group, we can consider various Selmer groups Sel(E /Qn) along the cyclotomic 
tower, and package their p-primary parts into one object: 
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X :＝匝Hom(Sel(E/② )[p°°]立／勾）
We assume that p is a prime of good reduction, i.e. the elliptic curve remains an elliptic curve 

modulo p, or equivalently, p does not divide N. We also assume that pナ2.

Definition 2.I. A good prime pis called ordinary if ordp (ap) = 0, and non-ordinary if ordp (ap) > 0. 

Theorem 2.2. [Kato4] Let p =/= 2 be good ordinary. Then under mild assumptio紺， Xis finitely generated 
torsion. 

In particular, this guarantees that we can define a characteristic power series邸 (T).The behavior 
of this power series at T = 0 should know the (Q)-rational points of E. In fact, it should know more 
than just the rational points, the Selmer group. The following used to be well-known to experts, before 

it was written down by Ralph Greenberg in {Gre99, Theorem叫：

Theorem 2.3 (folkore, written down in { Gre99}). Let p be good ordinary. If X is finitely generated torsion 
andSel(E/(Q))[p00] is finite, then 

邸 (0)~ ISel(E/(Q))[p00] IP x !algebraic invariants|か

where the symbol~ meam,urp to a p-adic unit.' 

The algebraic invariants appear mostly in the Birch and Swinnerton-Dyer formula, which is the 

conjectured expression of the leading Taylor coefficient of the appropriately normalized Hasse-Weil 

£-function in the full Birch and Swinnerton-Dyer conjecture: 

Conjecture 2.4. Let Ebe an e、'ipticcurve over (Q). Let r be the MordeU—WTeil rank of E, i.e. the integer r so that 
E((Q))竺 ZパB(fi'nite),and let ran be the order of vanishing of the Hasse—脳i!L-functionL(E, s) at s = 1. Then: 

I. r = Tan, and 

2. 
L(ran)(E,1) ＃III(E/Q)H el = 2 1 
Reg(E/Q) xfl - #E(Q)~ors 

Here, n is the Neron period, Reg(E / Q) the regulatorof the elliptic curve, III (E / Q) is the Shafarevich-
Tate group (conjectured to be finite), c1 denote the Tamagawa numbers, and E(Q)tors denotes the tor-

sion points of the elliptic curve with coordinates in Q. The expression on the right side in the second 
statement of the conjecture is called the Birch and Swinnerton-Dyer formula ("BSD-formula"), and in 

the setting of Theorem 2.3, it is known that III(E/Q)[p呵＝ Sel(E/Q)[p呵．
On the analytic side, we can package the special values L(E, 1, Xpn) into a p-adic £-function Lか

normalized so thatら(0)~ L(E,1) Q 

Conjecture 2.5 (Main Conjecture)．悩have(g叫＝ （ら）asideals in A. 

The conjecture is largely known in the ordinary case, i.e. when ordp (ap) = 0 {Kato 4, SU叫．

'The assumption is that the p-adic representation of Gal(Q/IQ)) on the automorphism group of the p-adic Tate module is 
surjective. 
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Corollary 2.6 (p-part of Birch and Swinnerton-Dyer formula). Assume thatp is good ordinary, i.e. ordp (ap) = 
0 and that If L(E, l) -/c 0. Then under mild hypotheses凡

IBSDformulalP ~ gx(O) ~ Lp(O) L(E, 1) 7ormu1a1P ~ 9X¥UJ ~ LJp¥UJ ~ l~I. 

If ordp(ap) > 0, we are in the non-ordinary case. In this case, Xis not torsion as a A-module, so 
the above strategy fails. However, we have the following: 

Remedy 2.7. [Kobo3, Sprr2} One can construct two analogues of X, the chromatic (or si,仰ed)Selmer group duals 
xtt and X', and at least one of them is cotorsion. 

The idea behind the construction of these modified ('chromatic'or'signed') Selmer groups is to cut 
the local condition at p in the definition of Selmer group in half, i.e. we don't include all rational points 

of the elliptic curve in the completion of (Q) andふ atp, but half of them. There are two natural ways 
to divide the rational points in half, the打pointsand the I, points. 
These xtt and X'can be used to now formul can be used to now formulate two main conjectures. The main conjectures involve 

corresponding analytic objects: We can associate two analogues of the above Lp, but these analogues 
have bad growth patterns and are not elements of A. However, one can factor out a 2 x 2 matrix 
£ogav (T) that encodes this bad growth (see {Spr23} for a simple description in terms of p-adic digits) 

and arrive at a pair of power series Ltt and L0 which are both in A, and then pose up to two main 
conjectures (we need the appropriate Selmer group to be A-cotorsion, i.e. the characteristic ideal to be 
well-defined): 

Conjecture 2.8．覇have(gxu) = (Lり，and(gx,) = (L0) as ideals in A. 

Either main conjecture would give the analogous consequence of the p-primary part of the BSD for-

mula. At present, we only know one direction in the main conjecture, giving for example the following 
theorem: 

Theorem2.9・[Spr24,既叫LetE /(Q) be an e、'ipticcurve with square-free conductor N, and let p be an odd 
non-ordinary prime. IfL(E, 1) -/c 0, then 

L(E, 1) 

Q 
~ l#III(E /(Q)) II Cl I. 

3 Applications to Selmer groups of modular forms 

Let f ＝江疇”bea newform ofeven weight • K and level r。(N)and assume p { 2N. Fix p|p in 
R := OIQl((an)n)・ We denote by Rp the valuation ring of the completion at p of!Ql((a凸）． Recallthat 
the local condition of the classical Selmer group was essentially the local points of the elliptic curve. In 

the three generalizations of Selmer groups below, the local condition at the prime p is changed. 
As before, these Selmer groups are not nice to work with, but their Pontryagin duals are. We denote 
the Pontryagin dual of a Selmer group Selname by 

xname := Homcont(Selname(f)，ふ／Zp)．

2other than the hypothesis on the surjectivity of the Galois representation on the automorphism group fo the p-adic Tate 
module, we also need that the residual Galois representation associated to E is irreducible and ramified at a prime q that divides 
N exactly, and another condition on its image, see {SUr4, Theorem戸 9}.
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Type of Sehner Group Condition Local Condition 
onap 

Bloch-Kato Selmer group SelBK (!) Involves one of Fontaine's period 
rings llcms 

Gr Greenberg-type Selmer group Sel~r (!) ord, (ap) = 0 Representation-theoretic 

Chromatic Selmer groups Sel1 (!) and Sel'(!) ord, (ap) > 0 Involves certain integral modules 
appearing in p-adic Hodge theory 
called Wach modules 

R .. mark 

In the case of higher weight modular forms, 
these are due to Lei, Loefller, and Zerbes 
[LLZrol. The essential idea is to translate 
the conditions of [Spn2) and [Kobo3) into 
p-adic Hodge theoretic modules 

Table r: Comparison of Different Selmer Groups 

In the ordinary case, Longo and Vigni proved the following generalization of the main result of the 

previous section. Recall that ~ means'up to a p-adic unit.' 

Theore1n3,I. {LV2I} If ordμ(ap) = 0, ap芋1(mod p) and 

ISeIBK (f) I < oo, 

then 

(Rp/gxar(O)) ~ ISeIBK (!)IP x (Tamagawanumbers). 

In the non-ordinary case unfortunately, we do not know if xtt and X'are cotorsion as A-modules: 

Conjecture 3.2. xtt and X'are cotorsion as A-modules. 

Recall that we denote by k the weight of f and that k is even. 

Theore1n3.3. {RSar, Theorem3.2}Assumep > k > 3. Ifordμ(ap) > Othen 

(Rμ/gか (0))~ ISeIBK(f)lp x (Tamagawanumbers). 

This statement corresponds to {RSar, Theorem 3.2, ii}3. The notation is a bit different. We have 

that i = 2 corresponds to the choice ofD-Selmer group4. There is a corresponding theorem forヤSelmer
groups (i.e. i = 1), but it requires an additional mild hypothesis on ap. 

4 Open Questions 

The two theorems relate the Bloch-Kato Selmer group to the Greenberg-type Selmer groups and the 

chromatic Selmer groups. Is there a precise relation between xar respectively X~ and X'and XBK? 
There are two Selmer groups in the non-ordinary case. Analogously, is there a second Greenberg-

type Selmer group in the ordinary case? 

Is there an analogous theory for Siegel modular forms? 

3which works under more general hypotheses, all of which are satisfied when p > k > 3. 
4and the theorem works for various twists of the Selmer groups. In the notatiopn of {RSar, Theorem 3.2,ii}, the theorem 
presented here concerns the twist by s = k -2. 
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