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Abstract 13 

Approximate closed-form maximum interstory drifts under the critical pseudo-double impulse (PDI) 14 

are derived for undamped multi-story shear building models with bilinear hysteresis by using the 15 

proposed updated mode-controlled energy-based approach (UMEA). PDI was proposed in the previous 16 

paper to simulate the critical responses of elastic-plastic MDOF models under near-fault fling-step 17 

motions. Although a double impulse (DI) is treated as a ground motion, PDI is treated as a set of 18 

impulsive lateral forces. PDI excites only the fundamental-mode responses of elastic proportionally-19 

damped MDOF models because the fundamental participation vector is applied to the influence 20 

coefficient vector of PDI. UMEA is a kind of displacement control analyses, and the displacement 21 

increment, which is proportional to the fundamental mode evaluated by the tangent story stiffnesses, 22 

is given to the model. It is demonstrated that UMEA effectively captures the main characteristics of 23 

the maximum interstory drifts under the critical PDI and the critical one-cycle sine wave because most 24 

of the kinetic energy, which the fundamental mode has just before yielding, is given to the plastic 25 

fundamental mode just after yielding except for the case that the post-yielding stiffness is almost zero. 26 

The use of UMEA leads to much more efficient estimation of the maximum interstory drifts than the 27 

time-history response analysis because UMEA requires only 2N-time evaluations of the elastic and 28 

plastic fundamental modes at most for N-story shear mass models with bilinear hysteresis. It is shown 29 

through numerical examples that the maximum interstory drifts under the critical PDI and the 30 

corresponding one-cycle-sine wave correspond well to those evaluated by the proposed method. It is 31 

also shown that the correspondence of the responses of elastic-plastic MDOF models under recorded 32 

near-fault motions and the estimated responses by the proposed method is fairly good. 33 

 34 
Keywords: Critical excitation, Elastic-plastic earthquake response, Nonlinear resonance, 35 

Double impulse, Pseudo-double impulse, Near-fault ground motion, Updated mode-controlled 36 

energy-based approach. 37 

 38 
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1. Introduction 40 

Earthquake ground motions can be typically classified into three types based on their characteristics; 41 

pulse-like ground motions, long-period long-duration ground motions and ground motions of random 42 

nature. Many structural design methods such as design spectrum-based methods have been developed 43 

so far. Although such methods are effective for ground motions of random nature, they are not 44 

always effective for pulse-like ground motions and long-period long-duration motions because of the 45 

difference of the characteristics (especially phase properties) [1, 2]. When these ground motions 46 

exceed the level specified in the code for building structural design, a specific class of building 47 

structures may experience severe damage. The damage to buildings under these ground motions 48 

should be minimized through sophisticated structural design for new buildings and seismic retrofit 49 

for older buildings. Many researchers investigated the elastic-plastic response characteristics and the 50 

effectiveness of the structural control methods under pulse-like ground motions [3-22]. 51 

A one-cycle sine wave has been widely used as a substitute for a fling-step motion [23-26]. On the 52 

other hand, Kojima and Takewaki [27] introduced a set of impulses for the expression of pulse-like 53 

motions and long-period long-duration ground motions. These methods focusing on the critical 54 

resonant case are based on the concept of the critical excitation method by Drenick [28] and the 55 

critical elastic-plastic responses have been investigated for various types of SDOF models under a 56 

double impulse (DI) as a substitute of the fling-step motion [29]. However, a limited number of 57 

investigations on the critical response under DI for elastic-plastic MDOF models has been 58 

accumulated. Although the closed-form solutions of the critical deformation responses and the 59 

critical timing for elastic-plastic SDOF models are easily derived based on the energy balance law, 60 

the application of the energy balance law is difficult for elastic-plastic MDOF models because the 61 

contributions of the elastic and plastic higher-mode responses are not negligible. Moreover, the 62 

excitation of the higher-mode responses under DI leads to the overestimation of the maximum floor 63 

accelerations under the critical one-cycle sine wave due to its impulsive nature. 64 

To overcome these difficulties, Akehashi and Takewaki [30] proposed a pseudo-double impulse 65 

(PDI) in order to simulate the critical responses of elastic-plastic MDOF models under fling-step 66 

motions. Although DI is treated as a ground motion, PDI is treated as a set of impulsive lateral 67 

forces. PDI excites only the fundamental-mode responses of elastic proportionally-damped MDOF 68 

models because the fundamental participation vector is used as the influence coefficient vector of 69 

PDI. It was demonstrated that the maximum interstory drifts and the maximum floor accelerations 70 

under the critical PDI correspond well to those under the critical one-cycle sine wave. The critical 71 

condition of the impulse timing, which maximizes the total input energy, has also been derived. 72 

Moreover, the elastic responses have been formulated analytically for proportionally damped MDOF 73 

models and non-proportionally damped MDOF models. However, the critical maximum responses 74 

have never been derived for elastic-plastic MDOF models. 75 

In this paper, approximate closed-form maximum interstory drifts under the critical PDI are derived 76 

for undamped multi-story shear building models with bilinear hysteresis. In Section 2, the relation 77 

between DI and PDI is explained briefly. Then, the modal coupling effect due to the elastic-plastic 78 

responses is explained when the fundamental participation vector is applied to the influence 79 
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coefficient vector. In Section 3, the updated mode-controlled energy-based approach (UMEA) is 80 

presented for deriving the approximate closed-form maximum interstory drifts under the critical PDI. 81 

The relation between UMEA and the modal coupling effect under the critical PDI and the critical 82 

one-cycle sine wave is also explained. In Section 4, the approximate closed-form maximum 83 

interstory drifts under the critical PDI are derived by using UMEA. In Section 5, the time-history 84 

response analysis is conducted to investigate the accuracy of the proposed closed-form expression for 85 

elastic-plastic MDOF models under the critical PDI and the corresponding one-cycle sine wave. The 86 

criticality of the input timing and the applicability of the proposed method to recorded near-fault 87 

motions are also investigated. 88 

 89 

2. Pseudo-double impulse 90 

A one-cycle sine wave has been widely used as a substitute for a fling-step earthquake ground motion 91 

[23-26].  Although the one-cycle sine wave effectively expresses the main characteristic of the fling-92 

step motion, the iteration of the time-history response analysis is required to obtain the critical 93 

resonant maximum responses of elastic-plastic models.  On the other hand, Kojima and Takewaki 94 

[27] introduced DI as another type of the substitute for the fling-step motion to effectively capture the 95 

critical maximum responses. The energy-based approach leads to the closed-form expression of the 96 

maximum deformations and the critical time interval for elastic-plastic SDOF models because DI 97 

consists of a set of two impulses and only the free vibration occurs after each impulse input. 98 

Moreover, the maximum responses under the critical one-cycle sine wave and those under the critical 99 

DI with adjusted V  (: the velocity amplitude) correspond well for elastic-plastic SDOF models [27, 100 

29]. This is because the Fourier amplitude of DI and that of the one-cycle sine wave correspond well 101 

in the range of 00 2 / t    ( 0t : the time interval between two impulses) as shown in Figure 1a. 102 

However, in the case of elastic-plastic MDOF models, the maximum interstory drifts and the 103 

maximum floor accelerations under DI do not correspond well to those under the one-cycle sine wave 104 

since DI has multiple frequency components and excites the higher-mode responses. 105 

To overcome these difficulties, PDI was introduced by Akehashi and Takewaki [30]. Although DI is 106 

treated as a ground motion, PDI is treated as a set of impulsive lateral forces (Figure 1b). PDI excites 107 

only the fundamental-mode responses of elastic proportionally-damped MDOF models because 1 1φ  108 

(the fundamental participation vector) is used as the influence coefficient vector ι  of PDI. It has been 109 

demonstrated that the maximum interstory drifts and the maximum floor accelerations of the elastic-110 

plastic MDOF models under the critical PDI correspond well to those under the critical one-cycle 111 

sine wave. Moreover, the critical condition of the impulse timing, which maximizes the total input 112 

energy, has also been derived. 113 

In Section 2.1, the relation between DI and PDI is explained briefly. In Section 2.2, the modal 114 

coupling effect due to the elastic-plastic responses under the external force with 1 1ι φ  is 115 

explained. 116 

 117 
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 118 

Figure 1 Double impulse (DI) and pseudo-double impulse (PDI). 119 

 120 

2.1 Double impulse and pseudo-double impulse 121 

Consider an undamped N-story shear mass model with bilinear hysteresis. Let ,, , ,i i y i im k d   denote 122 

the mass, the story stiffness, the yield interstory drift and the post-yield stiffness ratio in the i-th 123 

story, and , ,M K u  denote the mass matrix, the stiffness matrix and the displacement vector. When 124 

the model responds elastically, the equations of motion under DI are expressed by 125 

  0) )V t V t t      Mu Ku M1    (1) 126 

 127 

where ( )t  is the Dirac delta function. The influence coefficient vector is ι 1  (one at every 128 

component). On the other hand, the equations of motion under PDI are expressed as follows. 129 

  1 1 0( ) ) )V t V t t      Mu Ku M φ        (2) 130 

 131 

where ,1 ,( , ..., )T
i i i Nφ    is the i-th undamped eigenmode vector and132 

{( ) / ( )}T T
i i i i i iφ φ M1 φ Mφ φ  is the i-th participation vector. The influence coefficient vector is set 133 

to 1 1ι φ  in the case of PDI. It is noted that the critical conditions of the impulse timing, which 134 
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maximizes the total input energy by DI and PDI, have been derived [19, 30]. Especially in the case of 135 

PDI, the total input energy is maximized when the sum of the elastic fundamental-mode inertial 136 

forces attains zero. 137 

The maximum interstory drifts and the maximum floor accelerations of elastic-plastic MDOF models 138 

under DI do not correspond well to those under the corresponding one-cycle sine wave since DI has 139 

multiple frequency components as shown in Figure 1a. On the other hand, the maximum interstory 140 

drifts and the maximum floor accelerations under the critical PDI correspond well to those under the 141 

critical one-cycle sine wave since PDI hardly excites the higher-mode responses [30]. 142 

 143 

2.2 Modal coupling effect under excitation with 1 1ι φ  144 

Consider the case where the model shows the free vibration under PDI and the interstory drift in the 145 

n-th story attains the yield deformation ,y nd  at time t . If all the stories respond elastically before t , 146 

the displacement, the velocity and the acceleration at t  can be expressed as 147 
2

1 1 1 1, ,   u u uu φ u φ u φ     , where 1  is the undamped fundamental natural circular frequency, 148 

and ,u u   denote the coefficients depending on V . ,u u   satisfy 0u u   here because the model 149 

is in the loading process. The equations of motion just after t  are expressed by 150 

 n n  Mu K u f 0     (3) 151 
 152 

nK  is the stiffness matrix where all of nk  are replaced with the plastic stiffness n nk . nf  is the 153 

vector which consists of zero except for the n-th and the (n-1)-th components. The n-th and the (n-1)-154 

th components are ,(1 ) sign( )n n y nk d   u   (see Figure 2a).  155 

Let us define 1 ,( , ..., {(1 ) / } sign( ),..., )n T
n n n y n Nu u d u    uu    . By using nu , Equation (3) can 156 

be expressed as 157 

 n n n Mu K u 0     (4) 158 
 159 

Equation (4) means that the change of the reference coordinate system provides the equation of free 160 

vibration. The decomposition of , ,u u u   by the plastic modes (the modes evaluated by using the post-161 

yield story stiffness) leads to 162 

 
, ,

1

, {( ) } / {( ) }n n

N
n n n n n T n n T n

j j j jj j
j

  u u
u φ φ Mu φ Mφ      (5) 163 

 , ,
1

, {( ) } / {( ) }
N

n n n n n T n T n
j j j j j j

j

   u uu u φ φ Mu φ Mφ         (6) 164 

 , ,
1

, {( ) } / {( ) }
N

n n n n n T n T n
j j j j j j

j

   u uu u φ φ Mu φ Mφ         (7) 165 

 166 
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where ,1 ,( , ..., )n n n T
i i i Nφ    is the i-th eigenmode evaluated by 1 1 1,..., , , ,...,n n n n Nk k k k k  . Since 167 

, ,u u u   are proportional to 1φ  and 1( ) 0 (for all 1,..., )n T
j j N φ Mφ , the change of the reference 168 

coordinate system and the yielding give the kinetic energy and the (apparent) strain energy to all the 169 

plastic modes. This phenomenon is called modal coupling or nonlinear coupling. 170 

The distribution of the strain energy to the plastic modes depends only on the change of the reference 171 

coordinate system. On the other hand, the distribution of the kinetic energy to the plastic modes 172 

depends only on the velocity response u  at the moment of yielding. Except for the case of 0i   173 

(elastic perfectly-plastic model), most of the kinetic energy, which the fundamental mode has just 174 

before yielding, is given or transmitted to the plastic fundamental mode just after yielding (see Figure 175 

2b). In the case of 0i  , the interstory drift of the yielding story in the plastic fundamental mode is 176 

much larger than those of the unyielding stories, and the plastic fundamental mode differs largely 177 

from the fundamental mode just before yielding. Therefore, the kinetic energy given to the plastic 178 

higher modes becomes relatively large. 179 

 180 

 181 

Figure 2 Restoring force-deformation relation in n-th story and example of decomposition of elastic 182 

fundamental mode by plastic fundamental mode, (a) restoring force-deformation relation in n-th 183 

story, (b) example of elastic fundamental mode and plastic fundamental mode. 184 

 185 
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3. Updated mode-controlled energy-based approach (UMEA) 187 

In this section, UMEA is newly presented for deriving approximate closed-form maximum interstory 188 

drifts under the critical PDI. UMEA effectively expresses the plastic deformation concentration in 189 

specific stories under the critical PDI and the critical one-cycle sine wave. In Section 3.1, the concept 190 

of UMEA is explained. Then the relation between UMEA and the modal coupling effect under the 191 

critical PDI and the critical one-cycle sine wave is explained in Section 3.2. 192 

 193 

3.1 Concept of UMEA 194 

UMEA is a kind of displacement-controlled analyses, and the displacement increment, which is 195 

proportional to the fundamental mode evaluated by the tangent story stiffnesses, is given to the 196 

model. nk  corresponds to the tangent story stiffness of the n-th story when the n-th story remains 197 

elastic, and n nk  corresponds to the tangent story stiffness when the n-th story yields. In the 198 

beginning of the analysis, the displacement increment, which is proportional to the elastic 199 

fundamental mode 1φ , is given until one of the stories yields. Then, the fundamental mode is re-200 

evaluated by 1 1 1,..., , , ,...,n n n n Nk k k k k   (n: yielding story number) and the displacement increment 201 

is updated. The same procedure is repeated until the total hysteretic energy attains the targeted value 202 

(initial kinetic energy). 203 

Consider the case where UMEA is applied to a 3DOF shear mass model (see Figures 3, 4). ,,i R id f  in 204 

Figures 3a, b denote the interstory drift and the restoring force in the i-th story. In the beginning of 205 

UMEA, the displacement increment, which is proportional to 1φ , is given. Then the first story yields 206 

first (point 1 in Figure 3a). The displacement increment is updated to be proportional to 1
1φ , which is 207 

evaluated by 1 1 2 3, ,k k k . Next, the second story yields (point 2), and the displacement increment is 208 

updated to be proportional to 1,2
1φ , which is evaluated by 1 1 2 2 3, ,k k k  . Before the third story 209 

yields, the total hysteretic energy attains the targeted value (initial kinetic energy) at point 3. 210 

Hereafter, the analysis goes into the unloading and reloading process. The displacement increment is 211 

set to be proportional to 1φ  in the beginning of the unloading process. The first story yields again at 212 

point 4, then the displacement increment is updated to be proportional to 1
1φ . The second story yields 213 

at point 5, and the displacement increment is updated to be proportional to 1,2
1φ .  214 

In this paper, N-story shear mass models with bilinear hysteresis is treated. The unidirectional 215 

application of UMEA to such models requires the N-time evaluations of the elastic and plastic 216 

fundamental modes at most. Thus, the estimation of the maximum interstory drifts under the critical 217 

PDI by UMEA requires 2N-time evaluations of the fundamental modes at most. On the other hand, 218 

the time-history response analysis requires the repetition of the matrix multiplication as many times 219 

as the number of the time steps. Especially in the case of 0i  , it requires the convergence analysis 220 

to cope with the yielding. Therefore, the former is much more efficient in the evaluation of the 221 

maximum interstory drifts than the latter. 222 
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‘Modal pushover analysis’ is one of the well-known pushover analyses and has been widely used 223 

[31]. Modal pushover analysis treats the elastic eigenmodes and does not treat the plastic modes of 224 

the model in which the stiffnesses of some elements are changed to the post-yield stiffnesses. 225 

Moreover, the coupling between the elastic modes due to the elastic-plastic responses is neglected. 226 

On the other hand, UMEA uses the elastic and plastic fundamental modes, and focuses on the 227 

coupling effect between them, as explained in Section 3.2.  228 

 229 

 230 
Figure 3 Overview of UMEA, (a) restoring force-deformation relation, (b) relation between 231 

1 2 3, ,d d d . 232 

 233 

 234 

Figure 4 Elastic fundamental mode 1φ  and plastic fundamental modes 1 1,2
1 1,φ φ . 235 
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 236 

3.2 Relation between modal coupling effect and UMEA 237 

The strain energy in the plastic fundamental mode is increased through UMEA. At the moment of 238 

yielding, the (apparent) strain energy is given to the plastic higher modes by the change of the 239 

reference coordinate system. However, except for that moment, the strain energy in the plastic higher 240 

modes is not increased through UMEA. On the other hand, the elastic mode responses and the plastic 241 

mode responses are coupled under PDI and the one-cycle sine wave as stated in Section 2.2. 242 

However, the plastic higher modes are hardly excited under the critical PDI and the critical one-cycle 243 

sine wave. This is because the influence coefficient vector is set to be proportional to 1φ  in the case 244 

of PDI and the input period of the critical one-cycle sine wave is relatively long. Moreover, most of 245 

the kinetic energy, which the fundamental mode has just before yielding, is given to the plastic 246 

fundamental mode just after yielding, and the kinetic energy given to the plastic higher modes are 247 

small enough as explained in Section 2.2. Therefore, UMEA effectively captures the main 248 

characteristics of the displacement responses under the critical PDI and the critical one-cycle sine 249 

wave. 250 

 251 

4. Derivation of approximate closed-form maximum deformation under critical PDI 252 

In this section, a set of approximate closed-form maximum interstory drifts under the critical PDI is 253 

derived by using UMEA. The word ‘closed-form’ means the solution of explicit mathematical 254 

expression, and it does not mean the ‘totally accurate solution’. It is noted that, due to the plastic 255 

higher-mode responses, the interstory velocity responses in specific stories under the critical PDI 256 

may temporarily reverse before attaining the maximum deformations. However, the excitation of the 257 

plastic higher modes is excluded in the evaluation of the distribution of the maximum interstory drifts 258 

because the kinetic energy given to the plastic higher modes are small enough as explained in Section 259 

3.2. 260 

The distribution (1)
maxd  of the maximum interstory drifts after the first impulse is derived by UMEA in 261 

the negative direction. Let us define (1)
1s  as the story number which yields first (see Figure 5a), and 262 

(1)
is  denotes the story number which yields after the story (1)

1is   ( 2,..., )i N . For example, Figures 5b, 263 

c illustrate an example of the restoring force-deformation relations of a 3DOF model for the 264 

derivation of (1)
maxd  and (2)

maxd  of the maximum interstory drifts after the second impulse.  Assume 265 

(1) (1) (1)
1 2 31, 2, 3s s s    here. In other words, the first story yields first (point 1 in Figure 5b), then the 266 

second story yields (point 2). Before the third story yields, the total hysteretic energy attains the 267 

targeted value at point 3. In the case of the story (1)
is  attaining the yield deformation (1), iy s

d  (see 268 

Figure 5a), the distribution 
(1) (1)(1) (1), (1),(1),

1( ,..., )i ii s ss T
Nd dd  of the interstory drifts is expressed as 269 

 
(1)
1

(1) (1)
1 1

(1),
1, 1,

{ / }
s

y s s
d  d Δ     (8a) 270 
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(1) (1) (1) (1) (1) (1)(1)

1 1 1 1 1 1
(1) (1) (1)

(1), (1), ,..., ,...,(1),
1, 1,

( ){ / }i i i i i

i i i

s s s s s ss

y s s s
d d      d d Δ  ( 2,..., )i N    (8b) 271 

 272 

where 1Δ  is the following interstory drift vector in the elastic fundamental mode 1φ  and 
(1) (1)
1 ,...,

1
is s

Δ  is 273 

that in the inelastic fundamental mode 
(1) (1)
1 ,...,

1
is s

φ  specified by the plastic state (1) (1)
1 , ..., is s  274 

 1 1 1,1 1,( , ..., )T
N   Δ Tφ     (8c) 275 

 276 

 
(1) (1) (1) (1) (1) (1) (1) (1)
1 1 1 1,..., ,..., ,..., ,...,

1 1 1,1 1,( , ..., )i i i is s s s s s s s T
N   Δ Tφ  ( 1,..., )i N    (8d) 277 

 

1

1

1 1

 
  
 
 

 

O

T

O


 

    (8e) 278 

 279 
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 280 
Figure 5 Displacement increment and examples of restoring force-deformation relations of 3DOF 281 

model, (a) displacement increment between 
(1)
1(1),sd  and 

(1)
2(1),sd , (b) evaluation of (1)

maxd  by UMEA, 282 

(c) evaluation of (2)
maxd  by UMEA 283 

 284 

Note that 
(1) (1)
1 ,...,

1
is s

φ  is the lowest eigenmode of the model in which the story stiffnesses 285 

corresponding to the plastic state (1) (1)
1 , ..., is s  are replaced by the post-yield stiffnesses, as defined in 286 

Section 2.2. In the application of UMEA, the displacement increment, which is proportional to the 287 

fundamental mode evaluated by the tangent story stiffnesses, is given to the model. In other words, 288 

when one of the stories yields, the fundamental mode is re-evaluated by using the post-yield stiffness 289 
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of that story and the displacement increment is updated. Equation 8b indicates that the displacement 290 

increment, which is proportional to 
(1) (1)
1 1,...,

1
is s φ , is given from the point at which the story (1)

1is   attains 291 

the yield deformation (1)
1, iy s

d


 to the point at which the story (1)
is  attains the yield deformation (1), iy s

d  292 

(Figure 5a). 293 

In the case of Figure 5b, the displacement increment, which is proportional to 1φ , is given at first. 294 

After the first story yields (point 1), the displacement increment is updated to be proportional to 1
1φ  295 

(between points 1, 2). Next, the second story yields (point 2), and the displacement increment is 296 

updated to be proportional to 1,2
1φ  (between points 2, 3). Before the third story yields, the total 297 

hysteretic energy attains the targeted value (initial kinetic energy) at point 3. 298 

It is noted that the distributions of the interstory drifts like 
(1)(1), isd  are not expressed as the absolute 299 

values, and they include the plus and minus signs.  300 

The restoring forces 
(1) (1) (1)(1), (1), (1),

,,1( ,..., )i i is s s T
R R NRf ff  corresponding to 

(1)(1), isd  are expressed by 301 

 
(1)
1

(1) (1)
1 1

1
(1),

1, 1,
{ / }

s
R y s s

N

k

d

k

 
    
 
 

O

f Δ

O

     (9a) 302 

 303 

 

(1)
1

(1) (1) (1) (1) (1) (1)(1)
1 1 1 1 1 1

(1) (1) (1)

(1)
1

(1),
11

(1), (1), ,..., ,...,(1),
1, 1,

(1),

( ) { / }

i

i i i i i

i i i

i

s

s s s s s ss
R R y s s s

s
NN

p k

d d

p k



   



 
 
    
 
 
 

O

f f Δ

O

   304 

  ( 2,..., )i N    (9b) 305 
 306 

where 307 

 
(1) (1) (1)

(1), 1( , ..., )

1
i js i

j
j s s

p
otherwise

  



    (10) 308 

 309 

The total hysteretic energy 
(1)(1), is

hE  can also be derived as 310 

 
(1) (1)(1), (1),

,1
i iNs s

h h jj
E E


      (11a) 311 

 
(1) (1)
1 1(1), (1), 2

,,
1

( )
2

s s
R jh j

j

E f
k

     (11b) 312 

 

(1) (1)(1) (1)
1 1(1)(1)

1
(1)

1

(1), (1),(1), (1),
(1),(1), , , , ,

, , (1),

( )( )

2

i i i i
i i

i

s ss s
ss R j R j R j R j

h j h j s
j j

f f f f
E E

p k

 




 
   ( 2,..., )i N    (11c) 313 
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 314 

On the other hand, the input energy (1)
IE  by the first impulse is expressed by 315 

 (1) 2
1 1 1 1

1
( ) ( )

2
T

IE V φ M φ      (12) 316 

 317 

When 
(1)(1)

1(1),(1), (1)i iss
Ih hE E E    is satisfied, the distribution (1)

maxd  of the maximum interstory drifts 318 

after the first impulse can be expressed as 319 

 
(1)(1)

1(1),(1),(1)
max (1 ) (0 1)i issq q q    d d d     (13) 320 

 321 

The maximum restoring forces (1) (1) (1)
,,1( ,..., )T

R R NRf ff  corresponding to (1)
maxd  are also expressed by 322 

 
(1)(1)

1(1),(1),(1) (1 ) i iss
R R Rq q   f f f     (14) 323 

 324 

The total hysteretic energy (1)
hE  can also be derived as  325 

 (1) (1) (1)

(1)

(1) (1)
,1

(1), (1), (1),(1) (1)
, , , ,,1 (1),

1
( )( )

2

i i i

i

N
h h jj

N s s s
R j R j R j R jh jj s

j j

E E

E f f f f
p k







 
     
  




    (15) 326 

 327 

The application of the energy balance law leads to  328 

 (1) (1)
I hE E     (16) 329 

 330 

Equation (16) can be solved easily since it is a quadratic equation of q. (1) (1)
max , Rd f  are derived by 331 

substituting the derived value of q into Equations (13), (14), and the distribution (1) 1 (1)
max max( )u T d  of 332 

the maximum displacements is also derived.  333 

It is noted that the case of 
(1)(1),(1) Ns

I hE E  (all stories yield) and the case of 
(1)
1(1),(1) s

I hE E  (all stories 334 

remain elastic) are not formulated here.  However, the maximum responses in these cases can also be 335 

derived in a similar way.  336 

Next, the distribution (2) (2)
max max( )d Tu  of the maximum interstory drifts after the second impulse is 337 

derived by UMEA in the positive direction. In other words, the unloading and the reloading are 338 

conducted. The updated central coordinates in the unloading process are expressed by 339 

 (1) (1)
, max, ,( / )r j j jR jd d f k   ( 1,..., )i N    (17) 340 

 341 
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An example of rd  is shown in Figure 5c. ,1 ,2| |, | | 0r rd d   because (1) (1)
,1 ,2max,1 max,2| |, | | ,y yd d d d  and 342 

,3 0rd   because (1)
,3max,3| | yd d . Hereafter, the case of (1)

max, ,/ (1 ) /j y j j jd d     (for all j=1,…,N) 343 

is treated. When (1)
max, ,/ (1 ) /j y j j jd d    , the restoring force reaches zero at the post-yield 344 

stiffness range. Such case is unrealistic since the interstory drifts are too large. 345 

Let us define (2)
1s  as the story number which goes into the reloading process first, and (2)

is  denotes 346 

the story number which goes into the reloading process after the story (2)
1is   ( 2,..., )i N . For 347 

example, Figure 5c illustrates an example of the restoring force-deformation relations of the 3DOF 348 

model for the derivation of (2)
maxd , and (2) (2) (2)

1 2 31, 2, 3s s s    here. In other words, the first story 349 

yields first (point 4 in Figure 5c), then the second story yields (point 5). Before the third story yields, 350 

the total hysteretic energy attains the targeted value at point 6. Just when the story (2)
is  goes into the 351 

reloading process, the distribution 
(2) (2)(2) (2), (2),(2),

1( ,..., )i ii s ss T
Nd dd  of the interstory drifts is 352 

expressed as 353 

 
(2)(2) (2) (2)(2)(2) 11 1 111

(2)(2) (2) (2)
11 1 1

(1)(1) (1)
max 1 ,, 1, max,max,(2),

(1)(1)
max 1 ,, 1, max,

(| | )( ){ / }

(| | )(2 ){ / }

y sy s s sss

y sy s s s

d dd d

d dd

   
 

 


d Δ
d

d Δ
  (18a) 354 

 355 
(2) (2) (2) (2) (2) (2)

1 1 1 1 1 1
(2) (2) (2)(2)

(2) (2) (2) (2) (2) (2)
1 1 1 1 1 1

(2)(2) (2) (2)

(2), (2), ,..., ,...,
1, 1,(2),

(2), (2), ,..., ,...,(1)
1, 1,

( ){ / } (|

( 2 ){ / }

i i i i

i i ii

i i i i

ii i i

s s s s s s

y s s ss

s s s s s s

y ss s s

d d

d d d

   

   

  


   

d Δ
d

d Δ

(2)(2)

(2)(2)

(1)

,max,

(1)

,max,

| )

(| | )

ii

ii

y ss

y ss

d d

d d

 





 356 

  ( 2,..., )i N    (18b) 357 
 358 

In the case of Figure 5c, the displacement increment, which is proportional to 1φ , is given at first 359 

(between points 3, 4). After the first story yields (point 4), the displacement increment is updated to 360 

be proportional to 1
1φ  (between points 4, 5). Next, the second story yields (point 5), and the 361 

displacement increment is updated to be proportional to 1,2
1φ  (between points 5, 6). Before the third 362 

story yields, the total hysteretic energy attains the targeted value at point 6. 363 

The restoring forces 
(2) (2) (2)(2), (2), (2),

,,1( ,..., )i i is s s T
R R NRf ff  corresponding to 

(2)(2), isd  are expressed by  364 

 
(2) (2)
1 1

1
(2), (2),(1) (1)

max( )
s s

R R

N

k

k

 
    
 
 

O

f f d d

O

   (19a) 365 
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(2)
1

(2) (2)(2) (2)
1 1

(2)
1

(2),
11

(2), (2),(2), (2),

(2),

( )

i

i i i i

i

s

s ss s
R R

s
NN

p k

p k



 



 
 
   
 
 
 

O

f f d d

O

 ( 2,..., )i N    (19b) 366 

 367 

where 368 

 
(2) (2) (2)

(2), 1( ,..., )

1
i js i

j
j s s

p
otherwise

  



    (20) 369 

 370 

The total hysteretic energy 
(2)(2), is

hE  can also be derived as 371 

 
(2) (2)(2), (2),

,1
i iNs s

h h jj
E E


     (21a) 372 

 373 

 
(2) (2) (2)
1 1 1(2), (2), (2),

, ,,
1

( ) | |
2

s s s
R j R jh j

j

E f f
k

     (21b) 374 

 375 

 

(2) (2)(2) (2)
1 1(2)

1
(2)(2) 1

(2) (2)

(2), (2),(2), (2),
(2), , , , , (2) (2)

1 1, (2),(2),
,

(2), (2),
, ,

( )( )
( ,..., )

2

1
( ) | |

2

i i i i
i

ii

i i

s ss s
s R j R j R j R j

ih j ss
j jh j

s s
R j R j

j

f f f f
E j s s

p kE

f f otherwise
k

 





     




  376 

  ( 2,..., )i N    (21c) 377 
 378 

It is noted that, when the restoring force of the j-th story is negative, 
(2)(2),

,
is

h jE  is also negative in 379 

Equations (21a, b, c). On the other hand, the total strain energy SE  stored in the beginning of the 380 

unloading process can be expressed as 381 

 (1) 2
, ,1 1

1
( ) /

2
N N

S S j iR jj j
E E f k

 
       (22) 382 

  383 

Then the total strain energy 
1SE φ  stored in the elastic fundamental mode in the beginning of the 384 

unloading process can be expressed as  385 

 
1

(1) 1
1 1 1 1 1 1 1 1 1 max 1 1 1 1

1
( ) ( ), {( ) ( )} / {( ) ( )}

2
T T T

S rE            φ φ K φ φ M u T d φ M φ     (23) 386 

  387 

The second impulse of the critical PDI acts at the timing when the sum of the elastic fundamental 388 

mode inertial forces attains zero as explained in Section 2.1. This means the maximization of the total 389 

input energy [30]. The distribution of the elastic fundamental-mode velocity responses just before the 390 
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second impulse is 1 1 1 1 φ   . It is noted that each component of 1 1 1 1 φ    is positive because 391 

1 0   . Therefore, the input energy (2)
IE  by the second impulse is expressed by 392 

 

(2)
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2
1 1 1 1 1 1

1 1
( ) ( ) ( ) ( )

2 2
1

( )( ) ( )
2

T T
I

T

E V V

V V

          

  

φ φ M φ φ φ M φ

φ M φ

             

   
   (24) 393 

  394 

(2)
SIE E  is the total mechanical energy just after the second impulse input. When 395 

(2)(2)
1(2),(2), (2)i iss

SIh hE E E E     is satisfied, the distribution (2)
maxd  of the maximum interstory drifts 396 

after the second impulse can be expressed as 397 

 
(2)(2)

1(2),(2),(2)
max (1 ) (0 1)i issq q q    d d d     (25) 398 

  399 

The maximum restoring forces (2)
Rf  and the total hysteretic energy (2) (2)

,1
( )

N
h h jj

E E


  when the 400 

model reaches (2)
maxd  can also be derived in a similar way. The following quadratic equation in terms 401 

of q is formulated based on the energy balance law. 402 

 (2) (2)
SI hE E E      (26) 403 

  404 

By solving Equation (26) and substituting the obtained q into Equation (25), (2)
maxd  is derived. It is 405 

noted that the case of 
(2)(2),(2) Ns

SI hE E E   (all the stories yield) and the case of 
(2)
1(2),(2) s

SI hE E E   406 

(all stories remain elastic) are not formulated here.  However, the maximum responses in these cases 407 

can also be derived in a similar way. Figure 6 shows the flowchart for deriving (1) (2)
max max,d d .  408 

It should be pointed out that the accurate evaluation of the distributions of the maximum floor 409 

accelerations by UMEA is difficult. Although the distributions of the floor accelerations 410 

corresponding to (1) (2)
max max,d d  can be derived easily by equating the inertial forces with the restoring 411 

forces, the modal coupling effect and the free vibration responses after attaining (1) (2)
max max,d d  are 412 

neglected in the evaluation. The excitation of the elastic and plastic higher-mode responses affects 413 

largely the distributions of the maximum floor accelerations. 414 

It is noted that (1)
maxd  corresponds approximately to the maximum interstory drifts under a single 415 

impulse input or a half-cycle sine wave with the critical input period. Although the half-cycle sine 416 

wave with the critical input period excites higher-mode responses slightly, its effect may be 417 

negligible.  418 

It is also noted that the effect of the structural damping on the maximum interstory drifts under PDI 419 

and one-cycle sine wave will be investigated in Appendix 2. 420 
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 421 

Figure 6 Flowchart for deriving (1) (2)
max max,d d . 422 

 423 

5. Numerical examples 424 

In Sections 5.1 and 5.2, the time-history response analysis is conducted to check the accuracy of the 425 

proposed approximate closed-form expression for elastic-plastic MDOF models under the critical 426 

PDI and the corresponding one-cycle sine wave. As stated in Sections 2.1 and 4, the second impulse 427 

of the critical PDI acts at the timing where the sum of the elastic fundamental mode inertial forces 428 

attains zero to maximize the total input energy. The amplitude of the one-cycle sine wave is 429 

modulated so that the Fourier amplitude of the one-cycle sine wave corresponds to that of DI in the 430 

range of 00 2 / t    (see Figure 1) [27]. In Section 5.3, the criticality of the input timing 0t  is 431 

investigated by the time-history response analysis for the elastic-plastic MDOF models under PDI 432 

and the one-cycle sine wave with various 0t . 0.3,0.6,0.9,1.2,1.5[m/ s]V   are used in Sections 5.1-433 

5.3. In Section 5.4, the maximum interstory drifts under recorded near-fault ground motions are 434 

compared with those under PDI and the corresponding one-cycle sine wave to investigate the 435 

applicability of the proposed method to recorded ground motions. 436 
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Three undamped shear building models of 12 stories with different story stiffness distributions are 437 

treated in Sections 5.1-5.4. Model 1 has a uniform distribution of story stiffnesses. Model 2 has the 438 

uniform story stiffness distribution at every four stories (1-4, 5-8, 9-12: stiffness ratio is 2:1.5:1 from 439 

the bottom). Model 3 has a trapezoidal distribution of story stiffnesses ( 1 12/ 2.5k k  ). The undamped 440 

fundamental natural period of these models is 1.2[s]. All the floor masses have the same value 441 

( 3400 10 [kg]im   ). The common story height is 4[m] and the common yield interstory drift yd  is 442 

set to 4/150 [m]. The models have bilinear hysteresis and    are adopted. It is noted 443 

that    is unrealistic for the modeling of the multi-story frame structures as shear mass models. 444 

In other words, it is not appropriate to regard the maximum restoring force as the yield force for 445 

multi-story frame structures because the plastic hinges are not formed simultaneously in all the 446 

beams on the same floor. Moreover, the full range of the cross section seldom reaches the yield stress 447 

at once. Therefore, ~ 3    may be appropriate although the case of    is treated just for 448 

reference. 449 

It is noted that the maximum floor accelerations under the critical PDI and those under the 450 

corresponding one-cycle sine waves will be investigated in Appendix 1. Moreover, the applicability 451 

of the proposed method to the elastic-plastic moment-resisting frame will be investigated in 452 

Appendix 3. 453 

 454 

5.1 PDI and proposed method 455 

Figure 7 shows the distributions of the maximum interstory drifts by the time-history response 456 

analysis (THRA) under the critical PDI with 0.3,0.6,0.9,1.2,1.5[m/ s]V   and those evaluated by the 457 

proposed method. In the case of 0.3[m/ s]V  , the distributions calculated by THRA coincide with 458 

the proposed closed-form solutions because the models remain elastic. In the case of   , the 459 

proposed method tends to overestimate the interstory drifts in the story which yields first, and the 460 

distributions of the maximum interstory drifts evaluated by the proposed method and those calculated 461 

by THRA do not correspond well. This is because the interstory drift of the yielding story in the 462 

plastic fundamental mode is much larger than those of the unyielding stories and the distributed 463 

kinetic energy to the plastic higher modes by yielding is relatively large. In the cases of   , 464 

the distributions of the maximum interstory drifts evaluated by the proposed method correspond well 465 

to those calculated by THRA. 466 

It is noted that the total computational time by the proposed method using UMEA is about 1/200 of 467 

that by THRA (time step increment: 0.001s, 0 3st  ). In addition, the repetition of the convergence 468 

calculation due to the elastic-plastic responses is required for THRA. On the other hand, UMEA does 469 

not require such repetition, and the analysis is carried out easily and stably. 470 

 471 
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 472 
Figure 7 Distributions of maximum interstory drifts under critical PDI and those evaluated by 473 

proposed method, (a) Model 1, (b) Model 2, (c) Model 3. 474 

 475 

5.2 Corresponding one-cycle sine wave and proposed method 476 

Figure 8 shows the distributions of the maximum interstory drifts by THRA under the corresponding 477 

one-cycle sine wave with 0.3,0.6,0.9,1.2,1.5[m/ s]V   and those evaluated by the proposed method. 478 

In the case of 0.3[m/ s]V  , the models remain elastic and the distributions calculated by THRA 479 

correspond well to the proposed closed-form solutions. In the case of   , the proposed method 480 

tends to overestimate the interstory drifts in the story which yields first for Models 2 and 3, as in the 481 

case of the critical PDI. It is pointed out that, the proposed method tends to underestimate the 482 

interstory drifts in the lower stories and those under the critical PDI (Figure 7) tend to be smaller than 483 

those under the corresponding one-cycle sine wave. This is because the responses in the lower stories 484 

are sensitive to the ground motions and the second stiffness is almost zero. In the cases of 485 

  , the distributions of the maximum interstory drifts evaluated by the proposed method 486 

correspond well to those calculated by THRA. Moreover, the distributions of the maximum interstory 487 
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drifts under the critical PDI correspond well to those under the one-cycle sine wave. It is noted that 488 

the plastic deformation concentration in the lower stories is prevented under the one-cycle sine wave 489 

when the second stiffness is not too small.  490 

Figure 9 shows the displacement response time-history in the first story and the top story for Model 3 491 

( 0   ) under the critical PDI and the corresponding one-cycle sine wave with 1.5[m/ s]V  . 492 

The displacement response in the first story under the critical PDI does not correspond well to that 493 

under the one-cycle sine wave in the case of 0    . However, the top displacement responses 494 

under the critical PDI correspond well to those under the one-cycle sine wave in both cases of 495 

0    except for the phase lag between them.  496 

 497 

 498 
Figure 8  Distributions of maximum interstory drifts under corresponding one-cycle sine waves and 499 

those evaluated by proposed method, (a) Model 1, (b) Model 2, (c) Model 3. 500 
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 502 
Figure 9  Displacement response time-history of first story and top story under critical PDI and 503 

corresponding one-cycle sine wave with 1.5[m/ s]V   (Model 3), (a)   , (b) 2   504 

 505 

5.3 Accuracy check of criticality in maximum response 506 

Figures 10-12 show the maximum interstory drifts among all the stories with respect to 0t  under PDI 507 

and the one-cycle sine wave. The estimated maximum interstory drifts by the proposed method, 508 

which are obtained in Sections 5.1 and 5.2, are also plotted with respect to 0t . In the case of 509 

  , the proposed method overestimates the maximum interstory drifts as explained in Section 510 

5.1 and 5.2. In the case of Model 2 with    (Figure 11), maxd  has multiple peaks with respect to 511 

0t  under the one-cycle sine wave with 1.2,1.5V  . This is because the interstory drift in the 9-th 512 

story, which has relatively small stiffness, tends to exhibit large plastic deformation under the one-513 

cycle sine wave with small 0t . Except for the above-mentioned cases, the maximum interstory drifts 514 

calculated by THRA correspond well to those evaluated by the proposed method. Moreover, the 515 

proposed method effectively captures the peak values of maxd  under the condition of constant V . In 516 

these cases, the errors between maxd  by THRA and those estimated by the proposed method are 517 

within about 10 %. 518 
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 520 
Figure 10  Maximum interstory drifts with respect to 0t  (Model 1), (a) PDI and proposed method, (b) 521 

corresponding one-cycle sine wave and proposed method. 522 

 523 

 524 
Figure 11  Maximum interstory drifts with respect to 0t  (Model 2), (a) PDI and proposed method, (b) 525 

corresponding one-cycle sine wave and proposed method. 526 
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 528 
Figure 12  Maximum interstory drifts with respect to 0t  (Model 3), (a) PDI and proposed method, (b) 529 

corresponding one-cycle sine wave and proposed method. 530 

 531 

5.4 Comparison of responses under recorded ground motions, PDI and one-cycle sine wave 532 

In this section, the Rinaldi station fault-normal component during the Northridge earthquake in 1994 533 

(Rinaldi Sta. FN) and the Kobe University NS component during the Hyogoken-Nanbu (Kobe) 534 

earthquake in 1995 (Kobe Univ. NS) and KMMH16 EW component during the Kumamoto 535 

earthquake (4/16/2016) are employed as the recorded near-fault motions. The main part of each 536 

motion is approximated by a one-cycle sine wave following the procedure shown in [27, 29]. The 537 

acceleration amplitude and the period of the approximated one-cycle sine wave for the Rinaldi station 538 

fault-normal component are 27.85[m/ s ], 0.8[s]p pA T   and those for the Kobe University NS 539 

component are 22.6[m/ s ], 1.0[s]p pA T  , and those for KMMH16 EW component are 540 
27.5[m/ s ], 0.8[s]p pA T  . The time interval 0t  of impulses in PDI is given by / 2pT . The 541 

velocity amplitudes 0.25,1.0[m/ s]V   are selected for DI and PDI. The amplitudes of the ground 542 

motions and the approximated one-cycle sine waves are adjusted to the levels of PDI. The models 543 

perform elastically under PDI and the one-cycle sine wave with 0.25[m/ s]V  . Figure 13 shows the 544 

adjusted ground accelerations of the recorded motions and the approximated one-cycle sine waves. 545 

 546 

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

2

4

6

8

10

12

14

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

1

2

3

4

5

6

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

1

2

3

4

5

6
  2  PDI

(THRA)

proposed 
method

(a)

(b)

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

2

4

6

8

10

12

14

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

1

2

3

4

5

6

0.3 0.45 0.6 0.75 0.9
t
0
 [s]

0

1

2

3

4

5

6
  2  sine wave

(THRA)

proposed 
method

1.5[m/ s]V 

0.3[m/ s]V 



Akehashi and Takewaki                                                                                           Closed‐Form Response under PDI 

  24
This is a provisional file, not the final typeset article 

 547 
Figure 13  Ground accelerations of recorded ground motions and approximated one-cycle sine waves 548 

whose amplitudes are adjusted to the maximum velocity level 1.0[m/ s]V   of DI and PDI,  549 

(a) Rinaldi Sta. FN, (b) Kobe Univ. NS, (c) KMMH16 EW. 550 

 551 

Figure 14 shows the distributions of the maximum interstory drifts by THRA of Models 1, 2 and 3 552 

(   ) under PDI, the approximated one-cycle sine waves and Rinaldi Sta. FN with 553 

0.25,1.0[m/ s]V  . The estimated distributions under the critical PDI with 0.25,1.0[m/ s]V   are 554 

also plotted. The maximum interstory drifts under PDI are slightly smaller than those evaluated by 555 

the proposed method because the time intervals 0t  of PDI are not critical ones. The maximum 556 

interstory drifts under the one-cycle sine wave with 0.25[m/ s]V   are also slightly smaller than the 557 

estimated values. This is because 0( 2 )pT t  is about 1.8-2.0 times longer than the second natural 558 

periods of the models and the higher-mode displacement responses are hardly excited. On the other 559 

hand, the maximum interstory drifts in the upper stories under the one-cycle sine wave with 560 

1.0[m/ s]V   tend to be larger than those evaluated by the proposed method due to the excitation of 561 

the plastic higher modes. The maximum interstory drifts in the upper stories under Rinaldi Sta. FN 562 

with 0.25[m/ s]V   also tend to be larger than those evaluated by the proposed method because the 563 

higher-mode responses are excited. As in the case of the one-cycle sine wave with 1.0[m/ s]V  , the 564 

maximum interstory drifts in the upper stories under Rinaldi Sta. FN with 1.0[m/ s]V   tend to be 565 

larger than those evaluated by the proposed method. However, regarding the maximum interstory 566 

drifts among all the stories, the estimated values by the proposed method correspond relatively well 567 

to those under the one-cycle sine wave and Rinaldi Sta. FN. 568 

Figure 15 presents the distributions of the maximum interstory drifts by THRA of Models 1, 2 and 3 569 

(   ) under PDI, the approximated one-cycle sine waves and Kobe Univ. NS with 570 

0.25,1.0[m/ s]V  . The estimated distributions under the critical PDI with 0.25,1.0[m/ s]V   are 571 

also plotted. The distributions of the maximum interstory drifts under PDI and the one-cycle sine 572 

wave with 0.25,1.0[m/ s]V   correspond well to those evaluated by the proposed method because 573 

the time intervals 0t  are relatively close to the critical ones. On the other hand, the maximum 574 

interstory drifts under Kobe Univ. NS with 0.25[m/ s]V   are 2-3 times larger than those evaluated 575 

by the proposed method. This is because the ground acceleration of Kobe Univ. NS becomes large at 576 

multiple timings and the hysteretic energy dissipation does not occur in the elastic response range. In 577 

the case of 1.0[m/ s]V  , the maximum interstory drifts in the upper stories under Kobe Univ. NS 578 
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tend to be larger than those evaluated by the proposed method because of the excitation of the plastic 579 

higher-mode responses. However, the maximum interstory drifts among all the stories under Kobe 580 

Univ. NS correspond well to the estimated values due to the hysteretic energy dissipation and the 581 

cumulative plastic deformations. 582 

Figure 16 shows the distributions of the maximum interstory drifts by THRA of Models 1, 2 and 3 583 

(   ) under PDI, the approximated one-cycle sine waves and KMMH16 EW with 584 

0.25,1.0[m/ s]V  . When 0.25[m/ s]V  , the maximum interstory drifts under KMMH16 EW are 585 

about 1.5 times larger than those evaluated by the proposed method. This comes from the absence of 586 

the hysteretic energy dissipation, as in the cases of Kobe Univ. NS with 0.25[m/ s]V  . On the other 587 

hand, in the cases of 1.0[m/ s]V  , the maximum interstory drifts evaluated by the proposed method 588 

are about 1.5 times larger than those under KMMH16 EW. This is because KMMH16 EW is not 589 

critical for the models.  590 

It is noted that recorded ground motions have their own natures, and they are not always critical input 591 

for the models. To directly treat the uncertainty of the inputs, the critical PDI was adopted in this 592 

paper. The critical excitation method can rationally estimate the upper limit of the maximum 593 

responses. From this point of view, it can be said that the proposed method is helpful for improving 594 

the seismic evaluation because it can efficiently obtain the critical maximum responses. 595 

 596 
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 597 
Figure 14 Distributions of maximum interstory drifts under Rinaldi Sta. FN, approximated one-cycle 598 

sine wave and PDI, (a) Model 1, (b) Model 2, (c) Model 3. 599 
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 602 
Figure 15 Distributions of maximum interstory drifts under Kobe Univ. NS, approximated one-cycle 603 

sine wave and PDI, (a) Model 1, (b) Model 2, (c) Model 3. 604 
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 606 
Figure 16 Distributions of maximum interstory drifts under KMMH16 EW, approximated one-cycle 607 

sine wave and PDI, (a) Model 1, (b) Model 2, (c) Model 3. 608 
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6. Conclusions  610 

In this paper, approximate closed-form maximum interstory drifts under the critical pseudo-double 611 

impulse (PDI) were derived for undamped multi-story shear building models with bilinear hysteresis 612 

to estimate simply the response under the resonant one-cycle sine wave. The main conclusions can be 613 

summarized as follows. 614 

(1) PDI was proposed in order to treat the critical responses of elastic-plastic MDOF models under the 615 

one-cycle sine wave in the previous paper. In this paper, approximate closed-form maximum 616 

interstory drifts under the critical PDI were derived by using the updated mode-controlled energy-617 

based approach (UMEA). It has demonstrated through numerical examples that the distributions of 618 

the maximum interstory drifts by the time-history analysis (THRA) under the critical PDI and the 619 
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corresponding one-cycle-sine wave correspond well to those evaluated by the proposed method 620 

except for the case of 0i   (elastic perfectly-plastic model). 621 

(2) UMEA was newly proposed for deriving the approximate closed-form maximum interstory drifts 622 

under the critical PDI. UMEA is a kind of displacement-controlled analyses, and the displacement 623 

increment, which is proportional to the fundamental mode evaluated by the tangent story stiffnesses, 624 

is given to the model. In the beginning of the analysis, the displacement increment, which is 625 

proportional to the elastic fundamental mode, is given. When one of the stories yields, the 626 

fundamental mode is re-evaluated by using the post-yield stiffness of that story and the 627 

displacement increment is updated. UMEA effectively expresses the plastic deformation 628 

concentration in specific stories under the critical PDI and the critical one-cycle sine wave. 629 

(3) In the case of N-story shear mass models with bilinear hysteresis, the estimation of the maximum 630 

interstory drifts under the critical PDI by UMEA requires 2N-time evaluations of the elastic and 631 

plastic fundamental modes at most. UMEA is much more efficient in the evaluation of the 632 

maximum interstory drifts than THRA because THRA requires repetition of the matrix 633 

multiplication as many times as the number of time steps. Moreover, UMEA does not require the 634 

convergence analysis due to the yielding although THRA requires. 635 

(4) The distribution of kinetic energy to the plastic modes depends only on the velocity response at the 636 

moment of yielding. Except for the case of 0i   (elastic perfectly-plastic model), most of the 637 

kinetic energy, which the fundamental mode has just before yielding, is given to the plastic 638 

fundamental mode just after yielding. This provides the validity of using UMEA to estimate the 639 

distributions of the maximum interstory drifts. 640 

(5) The criticality of the input timing has been demonstrated through THRA for elastic-plastic MDOF 641 

models under PDI with various time intervals 0t  and the corresponding one-cycle sine waves. The 642 

maximum interstory drifts maxd  among all the stories calculated by THRA correspond well to 643 

those evaluated by the proposed method except for models with relatively small story stiffness in 644 

the upper stories. Moreover, the proposed method effectively captures the peak values of maxd  645 

under the condition of constant input velocity amplitude V . 646 

(6) It has been demonstrated through THRA for elastic-plastic MDOF models that the maximum 647 

interstory drifts under recorded near-fault ground motions do not always correspond well to those 648 

evaluated by the proposed method because the influence of the main part (pulse-like motion) of 649 

near-fault ground motions on the peak response of interestory drifts depends on the correspondence 650 

between such main part and the corresponding sine wave.  651 

UMEA was developed to capture the ‘critical’ responses of elastic-plastic MDOF models under the 652 

one-cycle sine wave. It should be emphasized that the critical excitation method can rationally treat 653 

various types of uncertainties induced during the seismic design of buildings [28]. This aspect may be 654 

important. It should also be pointed out that the total computational time by the proposed method using 655 

UMEA is much smaller than that by THRA. In addition, UMEA does not require the repetition of the 656 
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convergence calculation due to the elastic-plastic responses, and the analysis is carried out easily and 657 

stably. 658 
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 742 

 743 

Appendix 1: Comparison of maximum floor accelerations under PDI and one-cycle sine wave 744 

Figure A1 shows the distributions of the maximum floor accelerations by the time-history response 745 

analysis (THRA) under the critical PDI with 0.3,0.6,0.9,1.2,1.5[m/ s]V   and the corresponding one-746 

cycle sine waves.     has been adopted here. As stated in Section 4, the accurate evaluation of the 747 

distributions of the maximum floor accelerations by UMEA is difficult because the modal coupling 748 

effect and the free vibration responses after attaining (1) (2)
max max,d d  are not negligible. It can be observed 749 

from Figure A1 that the correspondence between the maximum floor accelerations under the critical 750 

PDI and those under the one-cycle sine waves is fairly well except a few cases for larger input levels. 751 

While the input velocity level smaller than 0.6 [m/ s]V   is usually used for the design earthquake 752 

ground motions in the structural design of most buildings in the earthquake-prone countries, the cases 753 

for the input velocities larger than 0.6 [m/ s]V   are shown for additional information.  Furthermore, 754 

interstory drifts are mainly used for the safety check of main structures and accelerations are used for 755 

the check of functionality and damage of non-structural members and facilities.  It may be rational to 756 

think that, even if only the safety check of main structures is made, its role is important. 757 

 758 

 759 
Figure A1  Distributions of maximum floor accelerations under critical PDI and corresponding one-760 

cycle sine wave, (a) Model 1, (b) Model 2, (c) Model 3. 761 
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Appendix 2: Effect of structural damping on maximum interstory drifts under PDI and one-764 

cycle sine wave 765 

The approximate closed-form expression of the maximum interstory drifts under the critical PDI cannot 766 

be applied to the models with structural damping. In this Appendix, a set of approximate closed-form 767 

expressions for the models with structural damping is derived. 768 

The maximum displacement responses (1) (2)
max,SDOF max,SDOF( ), ( )d h d h  for the damped elastic SDOF 769 

model [29] are expressed by  770 

  (1) 2
1max,SDOF ( ) (4 / 3) (16 / 9) 1 ( / )d h h h V         (A1a), 771 

   2(2) 2 / 1
1max,SDOF( ) (4 / 3) (16 / 9) 1 1 ( / )h hd h h h e V        

 
    (A1b). 772 

  773 
(1) (1) (2) (2)
max,SDOF max,SDOF max,SDOF max,SDOF( ) / (0), ( ) / (0)d h d d h d  can then be obtained as follows. 774 

 (1) (1) 2
max,SDOF max,SDOF( ) / (0) (4 / 3) (16 / 9) 1d h d h h        (A2a), 775 

   2(2) (2) 2 / 1
max,SDOF max,SDOF( ) / (0) (4 / 3) (16 / 9) 1 1 / 2h hd h d h h e        

 
    (A2b). 776 

  777 

In the cases of the damped elastic-plastic MDOF models, the maximum interstory drifts 778 
(1) (2)
max max( ), ( )h hd d  in terms of the fundamental mode damping ratio h  are approximated by 779 

  (1) 2 (1)
max max( ) (4 / 3) (16 / 9) 1 (0)h h h   d d     (A3a), 780 

   2(2) 2 / 1 (2)
max max( ) (4 / 3) (16 / 9) 1 1 / 2 (0)h hh h h e          

  
d d     (A3b). 781 

  782 

where (1) (2)
max max(0), (0)d d  are the maximum interstory drifts of the undamped elastic-plastic MDOF 783 

models, which have been derived in Section 4. The stiffness-proportional type damping is assumed. 784 

Equations (A3a, b) means that the damping effect on the reduction of the maximum displacement 785 

responses for the SDOF models was applied to the elastic-plastic MDOF models. It is pointed out that 786 

such damping effect is not large for ground motions with short durations. In such cases, most of the 787 

input energies are dissipated by the hysteretic energies. Note that the values of Equations (A2a, b) are 788 

0.987 and 0.972 when 0.01h  , and are 0.974 and 0.944 when 0.02h  . 789 

Figure A2 shows the maximum interstory drifts of Model 3 under the critical PDI and the 790 

corresponding one-cycle sine waves with 0.3,0.6,0.9,1.2,1.5[m/ s]V   compared to those by the 791 

proposed method. 0.01, 0.02h   and 0.1   are adopted. It can be observed that the maximum 792 

interstory drifts evaluated by the proposed method correspond fairly well to those under the critical 793 

PDI and those under the one-cycle sine waves.  While the direct inclusion of viscous damping in the 794 

proposed formulation leads to much complicated expression on the maximum interstory drifts, the 795 
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approximation shown in this appendix can provide simple, but relatively accurate results as shown in 796 

Figure A2. 797 

 798 
Figure A2  Distributions of maximum interstory drifts of Model 3 under critical PDI and 799 

corresponding one-cycle sine wave compared to those by proposed method, (a) 0.01h  , (b) 800 

0.02h  . 801 

 802 

Appendix 3: Practical application of proposed method to elastic-plastic moment-resisting frame 803 

In this section, the applicability of the proposed method to elastic-plastic moment-resisting frames is 804 

investigated. 805 

In Japan, a shear mass system equivalently modeled from the moment-resisting frame is usually used 806 

for the preliminary seismic resistant design. Simple estimation of the maximum responses by using the 807 

equivalent shear mass system enables a prediction of the maximum responses with smaller 808 

computational time and leads to the better understanding of the dynamic response characteristics of the 809 

moment-resisting frame. The equivalent shear mass systems can be obtained through the following 810 

procedure; (1) the static pushover analysis to the moment-resisting frame, (2) the approximation of the 811 

story shear-story drift relation of each story by bilinear or trilinear hysteresis. It is noted that the 812 

distribution of the horizontal forces in the static pushover analysis is specified in the code for building 813 

seismic resistant design. It is also noted the values of the yield interstory deformation and the post-814 

yielding stiffness ratio are determined based on the equivalence of the hysteretic energy of the original 815 

hysteresis of the frame model and that of the shear mass system. 816 
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An example of the transformation of a moment-resisting frame into an equivalent shear mass system 817 

is shown in Figure A3a. A 10-story 3-span planar moment-resisting frame is adopted here, and the 818 

details of the frame are shown in [32]. The parameters of the equivalent shear mass system are shown 819 

in Figure A3b. The values of yd  in the middle stories are relatively large, and those in the first and top 820 

stories are relatively small. In addition, the values of the post-yielding stiffness ratio   are relatively 821 

small in the first and 9th, 10th stories. It is pointed out that, in the cases of 3D building frames, the 822 

values of   become larger than those of planar frames because each vertical frame in the 3D building 823 

frames has different stiffness and strength properties and some of frames remain elastic after the yield 824 

deformation. 825 

Figure A3c presents the maximum interstory drifts of the moment-resisting frame and the equivalent 826 

shear mass system under the one-cycle sine wave, which corresponds to the critical PDI with 827 

0.9[m/ s]V  . The structural damping ratio is set to 0.02 (stiffness-proportional type). It can be 828 

observed that the proposed method developed for the shear mass system can accurately estimate the 829 

maximum interstory drifts of the moment-resisting frame under the one-cycle sine wave. 830 

 831 

 832 
Figure A3  Comparison of results for moment-resisting frame and those for equivalent shear mass 833 

system, (a) story shear-story drift relation, (b) parameters of equivalent shear mass system, (c) 834 

distributions of maximum interstory drifts (1) (2)
max max,d d  of moment-resisting frame and equivalent 835 

shear mass system compared to those by proposed method. 836 
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