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MENGER空間における炉CONTRACTIVEMAPPINGSのいくつかの一

般化について

TOSHIKAZU WATANABE 

ABSTRACT. In this paper we consider a-<p contractive mappings by assuming 
asymptotically regularity in complete meanger spaces and we also consider its 
generalization. We also prove fixed point theorems and common fixed point 
theorem for those mappings. 

1. INTRODUCTION 

Probabilistic metric spaces were introduced in 1942 by Menger [14]. The notion 
of distance between two points x and y is replaced by a distribution function Fx,y・ 
Sehgal, in his Ph.D. Thesis [19], extended the notion of a contraction mapping to 
the setting of the Menger probabilistic metric spaces. The probabilistic version of 
the classical Banach Contraction Principle was first studied in 1972 by Sehgal and 
Bharucha-Reid [20]. Since then, many authors have obtained fixed point theorems 
for probabilistic r.p-contractions under the assumption that r.p is nondecreasing and 
such that I:~=l 炉（t) < oo for any t > 0 (see, e.g., [6] and the references in [5]). 
Ciric [5] consider the more weak conditions and Jachymski [13] correctly defined 
the conditions and give tha following Theorem. 

Theorem 1. (See Jachymski [13].) Let (X, F，△） be a complete Menger probabilis-
tic metric space with a continuous t-norm△of H -type, and let r.p : R+→凡 bea 
function satisfying conditions: 

〇＜叫t)< t and lim r.p(t) = 0 for all t > 0. 
n→OO 

IJT: X → X is a probabilistic i.p-contraction, then T has a unique fixed point 
x* EX, and｛仔（x0)}converges to x* for each x0 EX. 
A mapping T : X→X is called a probabilistic ゃ—contraction (or a ゃ—contraction

in probabilistic metric space) if it satisfies Frx,Ty(i.p(t)) ~ Fx,y(t) for all x, y EX  
and t > 0, where i.p : R+→ R＋ is a gauge function satis紅ngcertain conditions. 

2. PRELIMINARIES 

Let R denote the real number and R+ = {x ER  Ix> O}. A mapping F: R→ 
凡iscalled a distribution if it is non-decreasing left-continuous with suptER F(t) = 
1 and inftER F(t) = 0. The set of all distribution functions is denoted by V, and 
V+ ={FIFE V,F(O) = O}. A special element H ofV+ is defined by 

H(t）＝心：：爪心
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A mapping△ :[0, 1] x [0, 1]→[O, 1] is called a triangular norm (for short, a 
t-norm) if the following conditions are satisfied: 

(i)△(a, 1) = a; 
(ii)△(a, b) =△（b, a); 
(iii) a 2 b, c 2 d implies△(a, c)：：：：： △（b, d); 
(iv)△（a，△(b, c))＝△（△（a,b),c). 

Definition 2. (Menger [14]., Schweizer and Sklar [21]}. A triplet (X,F，△）is 
called a Menger probabilistic metric space (for short, a Menger space) if X is a 
non-empty set,△is a t-norm and F is a mapping from X x X into V satisfying 

the following conditions (for x, y EX, we denote F(x, y) by Fx,y}: 

(1) Fx,y(t) = H(t) for all t ER if and only if x = y; 
(2) Fx,y(t) = Fy,x(t) for all t E R ; 
(3) Fx,y(t+s) 2△(Fx,z(t),Fz,y(s)) for all x,y,z EX  and s,t > 0. 

Schweizer et al. [17, 18] point out that if the t-norm△of a Menger PM-space 
(X,F，△） satisfies the condition 

sup△(t, t) = 1, 
O<t<l 

then (X, F,△）is a Hausdorff topological space in the (s, >.)-topology T, i.e., the 
family of sets 

{Ux(E，入） ：s>O，入 E(0, l]}(x EX) 

is a basis of neighborhoods of point x for T, where Ux(E，入） ＝ ｛y EX  : Fx,y(s) > 
1 —入｝．

Definition 3. Let (X, F，△） be a menger space such that sup0<t<l△(t, t) = 1, 
(1) A sequence{xn} in(X,F,△）is said to be T-convergent (simply convergent} 

to x E X (we write Xn→x or limn→00 Fxn,x(t) = 1 for any t > OJ if for 
any given s > 0 and入＞ 0,there exists a positive integer M0，入 suchthat 

Fxn,P．（入） ＞1 whenever n 2 M0，入・
(2) { Xn} is called a T-Cauchy (simply Cauchy} sequence in (X, F，△）if for any 
given s > 0 and入E(0, 1], there exists a positive integer N = N(s，入） such
that Fxれ ,Xm(c) 2 1 —入， whenever n, m 2 N; 
(3) (X, F，△）is said to be T-complete (simply comp), if each T-Cauchy sequence 
in X is T-convergent to some point in X. In what follows, we will always 
assume that (X, F，△）is a Menger space with the (s ,•)—t opology 

In what follows, we will always assume that (X, F，△）is a Menger space with 

the (s,•)—t opology 

Lemma 4. (Sehgal and Bharucha-Reid {12}}. Let (X, d) be a met廿cspace. Define 
a mapping F : X x X→V by 
(1) Fx,y(t) = H(t -d(x, y)) for any x, y EX  and t > 0. 

Then (X, F, min) is a Menger space. and it is called the induced Menger space by 
(X, d), and it is complete if (X, d) is complete. 

Definition 5. (Hadゑic[9], Had翰 andPap [12]}. A t-norm△is said to be of 

H-type (Hadゑictype} if the family of functions｛止（t）}篇＝1is equicontinuous at 
t = 1, whereぶ（t)=△（t,t), 

△叫t)＝△（t，△m-l(t)),m= 1,2,…,t E [O, 1]. 
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for each入E(0, 1] there exists 6" E (0,入］ suchthatぷ（1-6") > 1 —入for all 
n E z+. 
The t-norm△M = min is a trivial example oft-norm of H -type, but there are 
t-norms△of H -type with△ ＃知（see,e.g., [11]). 

Definition 6. Let (X, F，△） be a menger metric space. A mapping T : X→X is 
called asymptotic regular if for every c > 0 and every入＞ 0,there exists an integer 
Me，入 suchthat 

F□ ,rn+1x(s) > 1 —入

whenever n > Me:,>-• In this case we write limn→OO Fび互＋1（e) = 1. 

Next we define the r.p-K contractions and r.pn-K contractions in Menger sapces. 

Definition 7. Let (X, F，△） be a complete Menger space with continuous t-norm 
△and non-decreasing mapping r.p : R+→R+ satisfying for any t > 0 there exists 
tいわ＞ 0,0::::; K く ooand r ~ t such that O ::::; r.p(r) + K(t1 +わ） ＜t. Then 
T:X→X is a probabilistic r.p-K contraction if T satisfy the following inequality: 
If K > 0, then 
(2) F四，Ty(r.p(r)+ K(t1十わ））ミ△(Fx,y(t),Fx,Tx(Kt1), Fy,Ty(Kt2)), 

if K = 0, then 

(3) F四，Ty(r.p(r))~ Fx,y(t). 

Definition 8. Let (X, F，△） be a complete Menger space with continuous t-norm 
△ and sequence of non-decreasing mapping {'-Pn} with'-Pn : R+→R+ satisfying 
for any t > 0 there exists t1,わ＞ 0,0 ~ K < oo and r 2 t such that O ~ 
I:~=1 五(r)+K（い＋わ） ＜t. Then T: X→X is a probabilistic'-Pn -K contraction 
if T satisfy the following inequality: 
If K > 0, then 
(4) 

Frnx,Tny（やn(r)+ K(t1 + t2))：：：：： △ （Fx,y(t), Frn-lx,Tnx(Kt1), Frn-ly,Tny(Kt2)), 
if K = 0, then 

(5) F五 x,Tny（五（r))~ Fx,y(t). 

Next we also define the orbit set with respect to the mapping T : X→X at x 
with 

O(x, T) = {T叶 EX,n=0,1,...}. 

Definition 9. [4] Let (X, d) be a metric space and let T be mapping from X into 
itself. Then T is called orbitally continuous if for any x E X and for any sequence 
{xn} in O(x, T), for any t > 0 limn→OO互，p(t)= 1 implies limn→ooETxれ，Tp(t)= 
1. 

Definition 10. [4] Let (X, d) be a metric space and let T be mapping from 
X into itself. Then T is called k-continuous, k = l, 2, 3,..., if for any t > 
0 limn→ooE炉 xn,TP(t)= l whenever {xn} is a sequence in (X, d) such that 

limn→ooE匹—1Xn,P(t) = l. 

Definition 11. [2, 3, 22] Let x E X. A sequence { Xn} of points in X is called an 
iterative sequence of T at x if Txn = T万， n= l, 2,.... Note that define sequence 
{xn} by Xn+l = T万，itis naturally iterative. 
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3. MAIN RESULT 

We give the following Theorem. 

Theorem 12. Let (X, F，△） be a complete probabilistic Menger space such that△ 
is a continuous t位angularnorm of Had即type.Let cp : R+→ R+ be a mapping 
such that for any t > 0, there exist O :=; K く oo,t1(t),わ（t)> 0 and r ~ t such 
that O :=; cp(r) + Kt1 + Kt2 < t and a mapping T: X→X be asymptotic regular, 
and Kt1(t), Kt2(t)→ oo as t→ oo. We assume that T is a probabilistic cp-K 
contraction. Then T is orbitally continuous if and only if T has a unique fixed 
point x*. For this fixed point x*, for any xo E X limn→00仔 x0= x*. 

Proof. Let x0 EX  and Xn := Txn-l for any n EN. Since Tis asymptotic regular, 
we have 

(6) lim Fxn,TXn (t) = 1 
n→OO 

for any t > 0. If K = 0, then the proof is similar to that of [7, Lemma 3.2.]. Now 
let n E N and t > 0, then there exist O < K < ao, t1, t2 > 0 and r：：：：：t SU山止訊
的）＋Kti+ Kt2 < t. Put心(t)= cp(t) + Kt1 + Kt2. We show by induction that, 
for any k EN, 

(7) lim F丘五＋k(t) ~ぷ（ lill!-_Fxn,Xn+l (t―心(t)).
n→oo -- -'--- n→OO 

Since the mapping T is asymptotic regular, we have 

lim FXnぷn+1(ktl)= 1, lim F年＋炉五＋•+i(Kt2) = 1. 
n→oo n→OO 

We note that 

Frx,Ty（心（t))~•( Fx,y(t), Fx,Tx(Kt1), Fy,Ty(Kt2)), 

then we have 

F五ぷn+k+l(t) 

=Fxnぷn+k+l(t―心（t)+心(t))

＝ △（Fxnぶn+l(t―ゆ(t)),Fxn+l凸＋k+l（心(t)))

乏△ (Fxnぷn+l(t―心（r)),△（Fxnぶn+k(t), F':年ぶn+l(Kt1), Fxれ十krぶn+k+l(Kt2))) • 

Since△is continuous, we have 

△ (j四互，互＋k(t), J四互，Xn+l(Kli), nl四 F叫＋krぶn+k+l(Kt2)) 

＝ △ （二四Fxnぷn+k(t), l, 1) 
ミぷ（』関Fxnぷn+l(t―心(t))).

Then we have 

占悶互，Xn+k+l(t) 

2 △ (lim F丘五＋•+1(t -心（t)），ぶ (lim F三＋1(t -心(t))))
n→oo n→OO 

こぷ＋1(lim F年，xn+1(tーゆ(t))).
n→OO 
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We show that sequence {xn} is Cauchy, that is, 

lim F在，x=(t)= 1 for any t > 0. 
m,n→OO 

Let t > 0 and c > 0. By hypothesis,｛ぷ（t)I n E N} is equicontinuous at 1 and 
心（1)= 1, so there is c5 > 0 such that 

(8) ifs E (1 -c5, 1], thenぷ（s)：：：：： 1-c for all n E N. 

Since T is asymtotic regular, we have 

lim F五凸＋1(t一心(r))= 1. 
n→OO 

Then there exists n0 E N such that, for any n ?: n0, 

Fxnぷn+l(t -1/)(r)) E (1 -8, 1]. 

Hence, by (7) and (8), we get Fxn ぶn+•(t) > 1 -s for any k E N. This proves the 
Cauchy condition for {xn}-By completeness, {xn} converges to some p EX, that 
is, 

lim Fxn,P(t) = l. 
n→OO 

for any t > 0. We show that pis a fixed point of T. By asymptotic continuity and 
order continuity of T, we get 

Fp,Tp(t)：：：：： △（Fp,xn(t/3),F,互，Xn+l(t/3), Frx九，Tp(t/3)))=△（1.1.1) = 1 

This yields Fp,Tp(t) = l for any t > 0, and hence p = Tp. 
Finally, we show the uniqueness of a fixed point. Let p and q be fixed point of 
mapping T with pヂq.Then Fp,q < l. Since T is asymptotic regular, sequence 
{ Xn} in X satisifies limn→OO F戸，Txn+i= l. In this case it can be prove that {Txn} 
is Cauchy and converges in X. Then for the p, q, any t > 0 limn→oo Frxn,P(t) = l 
and limn→ooFT互＋1,q(t)= 1. Then 

1 > Fp,q(t)：：：：： △（Fp,Txn (t/3), Frxn,Txn+i (t/3), Frxn+1,q(t/3))→ △（1, 1, 1) = 1. 

This is contaradiction. Therefore p = q. 口

Theorem 13. Let (X，互△） bea complete probabilistic Menger space such that△ 
is a continuous triangular norm of Had函ctype. Let cp1 : R+→凡(j= 1,2,...) be 
mappings such that for any t > 0, n E N, there exist r 2". t,゚：：：：： K< oo, tいわ＞〇
such that 0 ::::: ~~1 cp1(r) +Kt1 +Kむ<tand a mapping T be asymptotic regular, 
and Kt1(t), Kt2(t)→ oo as t→ oo. We assume that T is a probabilistic cpn -K 
contraction. Then T is orbitally continuous if and only if T has a unique fixed point 
x*. For this fixed point x*, for any Xo E X limn→oo Tnxo = x*. 

Proof. Let Xo E X 皿 dXn+l := Txn for any n EN. Since Tis asymptotic regular 
we have 

lim F豆口(Kt1)= }i~_ E□ o,Tn+lx。(Kt1)= 1, 
n→oo n→OO 

(9) 

lirn Fxn,Txn (Kt2) = lhn Er万 o,Tn+lx。(Kt2)= 1. 
n→oo n→OO 

Now let n EN, t > 0 and K > 0. We show that for any k with k ~ 4 

よ鷹互，五＋,(t)~詞OOFXn ぶn+1 (t-kt1 - kt2一苫凸(t))• 
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Since the mapping T is asymptotic regular, so we have 

lim FX九，xn+1(ktl)= 1, lim F年＋K凸＋•+1(Kわ） ＝1. 
n→oo -- -'-- - n→OO 

In this case we have 

｀五＋k-3(t -Kt1 - Kt2一い(t))

2 △(Fx九，Xn+k-4(t -Kt1 - Kt2ーい（t)ーやk-4(t)),F,互＋k-4凸＋k-3(cpぃ(t)))

2 △ (F咋，Xn+k-4(t -Kt1 - Kt2 一匹—3(t) -四-4(t)),Fxn,Xn+l(t)) 
> •··. 

We continue this, the right side become 

△ （△ （仁xn+1(t-kt1 - kt2一苫も(t)),FXnXn+1(t)) ,FXn Xn+1(t)) 

Siince Tis asymptotic regular, we have 

lim F豆互＋,(t)=l.
n→OO 

Since△is continous and△(a, 1) = a, for any k EN  with k ~ 4, we have 

△ (旦3F互Xn+1 (t-kt1 -kt2一苫巧(t))’nlし偲丘年＋,(t))
△ (」四F五咋＋,(t -Kt, -Kt,苫も(t))'I)

= j四仁，xn+1 (t-kt1 - kt2―苫巧(t)).

Note that 

F“れ ,xn+k(t)

= F互五＋k(t -Kt1 - K t2ーやk-3(t)+ (Kt1 + Kt2＋'Pk-3(t))) 
2 △ (F丘五＋k-3(t -Kt1 - Kt2ーやk-3(t)),

F互＋k-3 ，Xn+k(匹—3(t)+ Kt1 + Kt2)) 
2 △(F“れ 9五＋k-3(t -Kt1 - Kt2 一匹—3(t)),

△(F五＋k-2,Xn+k-1(Kt1), Fxn+k-1,Xn+k (Kt2), Fxn+k-3,Xn+k-2やk-3(t)))

2 △(F互，Xn+k-3(t-Kt1 - K t2 -'Pk-3(t)), 

△(F叫＋k-2,Xn+k-1(Kt1), Fxn+k-1,Xn+k (Kt2), Fxれ ,xn+l(t))), 

we have 

k-3 

n聞互，五＋k（t)2 n攣互，Xn+1(t-kt1 - kt2一苫も(t)).
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For k = 1, we have 

(10) lim Fり互＋k(t)=l,
n→OO 

and for k = 2, since 

F互五＋2(t) 

：：：：： △（Fxnぶn+l(tーcp1(t)),F':五＋1ぶn+2炉(t)))

：：：：： △（Fxnぶn+l(tーcp1(t)),F':咋＋1ぶn+2炉(t)))

we have 

(11) lim F豆叫＋2（t)2 lim FX九，Xn+l(tーや1(t)),
n→oo n→OO 

and for k = 3, since 

F叫ぶn+a(t) 

2 △(Fxnぶn+l(tー(f)1(t)-(f)2(t)),Fxn+1ぶn+a('-P1(t)+ (f)2(t))) 

2 △(Fxnぶn+l(tー(f)1(t)-(f)2(t)),Fxn+1ぶn+2('-P1(t)),Fxn+2ぶn+3（cp2(t))))

we have 

(12) lim F互凸＋3（t)2 lim FX九，Xn+l(t一'P1(t)一四(t)).n→oo -- -'--- n→OO 

Put釘＋2(t)=も(t)and釘(t)= Kt1, ¢2(t) = Kt2, then Kt1 +Kt叶ど：二f凸(t)= 

叫t)+'l/;1(t) +・・・十心k-1(t)and we have 

k-1 

」四仁，""+'(t);, 1四互，互＋1(tー：釘(t))

We show that sequence {xn} is Cauchy, that is, 

lim F在，x=(t)= 1 for any t > 0. 
m,n→OO 

By assumption t—冗：こ］例(t) > 0 and Tis asymtotic regular, we have 

(13) J四仁，おn+1 (t—苫也(t)) =1. 
If K = 0, repeating the same arugument we have (13) as例＝凸(j=l,2,...,k-
1). In this case for any k ~ 1 and s > 0 there exists n。EN such that, for any 
n~n。 and k EN, we have 

Fxn,叫＋k(t) > 1 -c. 

This proves that Cauchy condition for { Xn}-By completeness, { Xn} converges to 
some p E X, that is, 

lim Fxn,P(t) = 1, for any t > 0. 
n→OO 

The proofs of p is a fixed point of T and the uniqueness of a fixed point are sarne 
as that of Theorem 12. ロ
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