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MmFK WA RE

Apery(d, 5(3) =2t OEIREME 0FEBH [11 O £ = 1T,
AENTEZSNIEFIER > T E,
n*a - (34n°-51n*+27n-5)a,_; + (n-1)a _, (nz2)
L, DHAEM A1, A5 EES (1) DR A, (n20)
thEZSN3IIEZLTR,
e s (PR
S.Chowla-J.Cowles-M.Cowles [2] 1T, T 0 Anvl:’jl\ T
A = 1 mod 2  forall nx0,
A, = 5 mod p*>  for all primes p

TEIEAL , ZEFELK

A = 1+4n mod 8 for all nz0,

=
I

n (-1)" mod 3 for all nzo0,
A, = 5 mod p> for all primes p >3,

ApE 0 mod 5 for all primes p>2.

O

(1)
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XS, SRR A LE,

(1) OAZ a,(n 0) ORTR 2, KRBILEI =Y OWMIRES
FAg AN

MEZIR, HRHI3BEC, rodRsuntzgmNt
TR TCETEFOSREAN CBAT 3,

E@ agha; (I LTI, Zor=x (1) thredE5
a (n 0) ﬂ)%ﬁ;{ a ﬁx%f{T'&§')ﬁ;§;”\"/ﬁ%4%lj, a; = 5a,
YTL3IZT v %3,

(iEBH ) f(x) = 5-27x+51x%-34x° < . 1£i€d 1233 LT

f£(i) i’

.3
1

Fli+1) (i+1) \
D (i,3)

(i+1) f(i+2)

Cf(i-1) (517
\ 0

(3-17 f(j)‘ k<.
P ESEELELT, prep (p>3), p*=9-(p=3) LT3,

B S A IR
f(i) + f(j) =0 mod p* {if i+j = p+l. (3)
AT W EEZ 3 —
w = .
. 0
1
(3) B 7,/ WHG W =-H(i,3) mod p* if i+j = p+l.
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D(i,3) = detD(i,i) v H <Y, Riv T 5 h3
D(i,j) = 0 mod p* if i+j = p+1. (4)
D(i.3) nRE L) 25
D(2,p) = f(p)D(2,p-1) - (p-1) D(2,p-2)

= 1%(p-1)D(2,p-2) mod p*

= 1 (p-17-{f(2)D(3,p-2)-2 D(4,p-2)}

= 1’-(p-1)-2-(p-2)-D(4,p-2) mod p*

= ... ={(p-1)!} mod p*

WS T, D(2,p) = -1 mod p*. - (s
() EHE+HF) o &£ #23. tz0 LT, K7 ki

Ozt ) (apt+1’ apt+2""’apt+p-1)
B
€xL3, () &y

3
(~(pt+17 a ;s 0,050, ~(pt+p) a . )

pt+p
0Ly D(pt+2,pt+p) ={B,. - o v(6)
Ra, BB T HE3ILT I3, Dlptr2,pt+p) = D(2,p) mod p*
Ea 5, 61+D(2,p) = B mod p*.
(5)7’)\5,@(2,p) mod p* o)f@/ﬁﬂ @; NI AT 3 /)ia e
Ol = @t@; mod p*.
ﬁ; 0')/';)"’4:58 ('dp(])a---s "dp(P-1)) 2#5\61/

= i *
apt+j *dp(‘])apt mod p (7)

Ak 3201, ap-1 IIH L TR LT 3. (AL, d,(00=1 vT3)



(4) M5, 0 =0(1,p) = f(1)D(2,p) - 1°D(3,p) mod p*,

ﬁ(l(, D(3,p) = 5 mod p*,

%, T -d (1) =0(3,p)0(2,p)"" = -5 mod p*.

(;I) 7)\5, a; = dp(])a0 ESaO mod p* Yy 43X 2, \a]—5a0\ vk

FOEW p kIR L, THEIIT, Thiz  ay%bay, &%,

G Avery O ZFZ LEHOMWIE L),

}f’i@(Zagier) Let Bn be the solution of (1) with BO=O,B1=1.
The main ingredients in Apery's proof of the irrationality of
(3) were the assertions
12N°8 € Z (N =T.c.m.{1,2,..,n}) (8)

and B /A =%5(3)/6 + 0((1+ 2)78"). (9)

In fact the 12 can be omitted in (8) (though this is not quite
trivial), but apart from that our argument shows that (8) is
essentially best possible. Indeed, taking an=Bn and t=0 in (6)
and observing that B],..,Bp_] are p-integral and BO=0, we deduce
from (6) and (5) the statement

p:’BpeZp and szpé\E Zp
, Zp denotes the ring of p-integers. Note that this statement
actually implies Theorem 1, since any solution of (1) is a lin-
ear combination of {Anﬂ and {Bnﬁ.

WE A, OS8R R>0T#x 3,

PROP.1. An = T1+4n mod 8 for all nZzO0.
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GGEBH) [ 1 1R Gauss 522 L3 3, kK REBE L L, e I3,
26'(2::), 2e+]+(2k .(“ z 1

- ERIER] BB e
2k

w5 T, ) s mEeEy), (PO = (MOECH T,
w2z 1L, (MM = 0RO moa s
Wiz - A =1+ kZil(“,’:k)l( ) =1 +{§("+k ) (1)} mod 8

k
n 2
=1 +{= DM} mod 8.

(
k=1 .
[2] & Lenma &y, T(n) = > GO D= DY A
=0
Ay =1+ ((-1)"-1)* = 1+4n mod 8
LEMMA. (gﬂ) = ('E) mod p* for all primes px5,
pm m

(pk) = (}) mod p* for all primes p.

Pk gy heo  h> ThT 1y T PhE]
p-1 p-1 -1
TT(pt+d) = (TT 3)CTT (1+E3)
j=1 j=1 j=1
-1 4 1 3
= (p-1)1(1+pt 2 —+p*t* = ==) mod p°.
j=1 J o<i<jgp J
[l 1 2 1 p-1 .
S s =0mod p* ¥z = <7 =0modp s IV (pt+i) =
j=1 ' 0<i<j<p j=1
3 = (M
(p-1)! mod p°. h"] modp,@?‘g pk) —(k) mod p

p=2,3 13, BIEI1FE2» S 3,

5



—— 3 .
PROP.2. Apm = Am mod p for all primes pz5,

Apm:-=_ Am mod p* for all primes p.
((£B8) m=0 @) L% \L BAG A, m>0 Y ¥ 3, p=3 Hxp>3(

LT, e=2 %‘Agre=3 ¥ 33, Lemma ¥
m-1 p-1

- p(m+i),> pm (2, pm+pt+i
Aom z<p1) (P pi )+ tzo Z TR
- Z Z pm+pt+1 e
a ' t=o0 =1 pt+1 ptei ) modp
pt+1 t .
— > pm+pt+1 pm — m+i _ m+t
7, ( Dt+i JI l1 J -.L(] : ("¢") mod p.

; pm PLY pm-s
It (p(m-t)-1)(,¢44) = pm H1 <
S:

h=0 j=1 j=1
= pm( ])(p—l)tﬂ(m;]) mod p*.
¥ ZIT, <p$:T1')2 = pzm‘(mé])z%_mod P>, (pgTi)?'EO mod p*.
R, :g(pgi]i)mwrgzg?ﬁ)z Eg(pETi)’.(m:t)zmod p3
= p"m"(m;])z(m:t)"iz;—;-li—z mod p3 = 0 mod p
i] Ap = 5 mod p® for all primes p35,

Ap=~ 5 mod p* for all primes p.

(GEBR) Prop. 2. = m=1 Y |T 4854 5 _



(EEBR) Prop.2 x(7) =S 4 3,

31, A =(-1)" mod 3 for all n=20.
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vy

Po oo e Te n
A, TTdg(e) = TT(-1) 2 = (-1) 9= (-1)" mod 3
_ J s _
J=0 J=0
R 2. A= 0mod 5 for all odd n.

(s28R) dg(0)=d;(4)=1, d

po . ™
n = Z;eJ.SJ (0<jsa) LYEL, n (?%ﬁ‘fi”lﬂ}/ e
j=o0

J
md 2 Yti3 jRPVEINL—>EK"), ZTo jlaizl
dg(e;) = 0 + 5 AL z"jrjod5(ej) = 0 mod 5.

i

T

ERE L BRZ ky, T, 40) (0gise-1) AEHB T WS

tis, n ¢33 Amod p REF|HT =X 3, 10000 = "41104"

Tkt ERR ) ERS, F3k0FFY) Ajggog=31553=1 mod 7
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Y13, FHRIZL T, Ageeq = Ageg = 0mod s Mites =

—_— — LD “ ~
mOd ]], A-‘7t+3= 'l7t+'|3=0m0d ]7 —%7)\?,'?“3,,

Prop.3. A = 1 mod p? for all primes p>5,

o

>
i

= 1 mod p2? for all primes p.

(328R) p=2.3 oY =X EBI245 3. pP>3 x|, 0<k<

- P-]+k E_ + 1 _B 2z
P RAL, (") kE—r:k mod p
- N -1+ 2_ -1+ 2
RS, P = (B mod p*, (P =0 mod
k
- -1 — 1
It (pk1) = TT191—1— =(-1)% mod p, (pk ) =1 mod p
]:
+ 1~ _ p—] p-]lp—]+k1 -1 p*
D;l\, Ap—] ]+Z ( k ) ( k ) =]+Z k=
k=1 k=1
2 P
= 1+p T](‘E] mod p3,

©

Prop.2, Prop.3 B4 (2) A5 R0 & »H-SEIRA KRG SN 3

A = 25+60p mod p for all primes p=5,

p+1
A

n

D+2 365+1050p+360p mod p for all primes p>5,

Ap-2 = 5-12p mod p for all primes p;S, etc.

Prop.4. i20, j»0, t>0, i+j=p-1 T3 Y

d,(1) =d (3) mod p*, A = A mod p*.

pt+1' = "'pt+J
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(GEER) T KBS 3BMALIT KT, A=A medpr &

p
F o, ‘?—C‘K, Ao :._-_Ap_] mod p* A, ?‘—Ap-z' 5 mod p* |x
“iLIIsSo 0<i<p-1 ¥\, (1),(3) Aw ')%iﬂfjif‘?)fi‘fi
&y, (141 Agq = -F(i+1)A, - FA, |
= f(p-i)A; + (p-i) A, _,
= f(p-1)A,_qq *+ (p-iV A,
= -(p=i-10 A s, = (i+17 A 4, mod p*.

%.,C, Aigq = A,_5_p mod p*. (1) &Y, dp(i) E‘-_dp(j) mod p*

(fRL, i+i=p+1), B w (7) &), Ajiiy = Ajp,y mod p* ¥ 113,

4% d (j) mod p*

d5(0)=1,d4(1)=5; dg(0)=1,d.(1)=0,d;(2)=3; d,(0)=1,d,(1)=5,

d,(2)=d,(3)=3; dy1(0)=1,dy;(1)=5,d,,(2)=7,d,(3)=4,d;,(4)=1,

dy1(5)=03 dqy3(0)=1,d;3(1)=5,dy5(2)=8,dy5(3)=2,d;5(4)=7,

dy3(5)=5,d;5(6)=95 dy5(0)=1,d;5(1)=5,d;,(2)=5,d;,(3)=0,

dy,(4)=4,d,,(5)=13,d,,(6)=8,d,,(7)=8,d,,(8)=16 ;..
AR
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