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Chapter 1 Theory of Centrifugal Type Impeller
with Vanes of Arbitrary Form

This chapter deals with the theory of the impeller of centrifugal type hydraulic
machinery with vanes of arbitrary form. The theory contains a method of con-
formal mapping based on a mapping function, which maps conformally an impeller
with logarithmic spiral vanes info a unit circle. The calculated results were
compared with the experimental ones of impellers with three types of vanes.

1. Introduction

As is well-known, Spannhake?’, Sorensen®, and Busemann® have treated the
theory of centrifugrl type impeller and have developed the theory of the impeller
with vanes of logarithmic spiral forms under the assumption that the flow in the
impeller is a two-dimensional potential one. The calculated results are the exact
solutions and show that the theoretical head obtained by the impeller is affected
by the vane angle, number of vanes and inner-outer radii ratio. They did not,
however, deal with the flow in the impeller, especially the pressure distributions
along the vane surfaces. Recently J. D. Stanitz*’, Chung-Hua Wu®, J. A. Jhonson®,
A. Ginsburg®, J. T. Harmick™, W. H. Isay® and H. Kriiger® have developed the
two-dimensional and the three-dimensional theory from the standpoint of hydro-
dynamics, and A. J. Acosta'® experimentally measured the pressure distribution
along the vane surfaces of the impeller.

The authors have performed already the measurement!*> of the pressure
distributions along the vanes of logarithmic spiral forms and investigated the
effects of the vane angle and number of vanes upon them. Our tests were
performed on the impellers with constant breadth, in which the flow may be
considered to be two-dimensional. The test results showed that the measured
pressure distributions were nearly equal to the ones calculated by the theory'?.
Therefore it is very significant that the theoretical calculation of the impellers
with vanes of arbitrary forms is developed and that the flow in the impeller,
especially the pressure distributions, can be theoretically calculated. '
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2. Expression of the Impeller with ¥

Vanes of Arbitrary Forms

As shown in Fig. 1, put the origin of
the coordinates at the center of the im-
peller. Take the two points A and B,
trailing and leading edges respectively,
on the contour of the vane so that the
length of logarithmic spiral, drawn from
the origin through the above two points,

may be maximum between these points.
Denote the angle, as shown in Fig. 1, as
= and the logarithm of the inner-outer
radii ratio as ». Using the polar coordinates (7., ¢,), the above-mentioned logari-

Fig. 1

thmic spirals can be expressed as.follow ;
7o = eV/™%y e, ( 1 )

These spirals can also be expressed by means of a parameter f as follows;

_ paY —12ccos ~2csinfl], v
log 7, N7 [utanh e +7tan 12 ]+ 3 (2)
_ 2 _12csin 4 ~2sinfl v om
¢ N(12+p2>[”a“h e (3

where N is the number of vanes, m positive integers, such as 0,1, 2, ---and N—1,
and £ a constant determined by the following relations;

N Y__tanh—' 2% 4 T tap— 2"_‘—_

4 vK TV

and
K= 1+)%2+ (1—-£)%?

Now draw another spiral through the point C on the above spiral, so that
the spirals may intersect each other at right angles. Then the other spiral can
be expressed as ’

Yo =e /"M%, (5)

Denote the intersecting point of this spiral and the contour of the vane as D;
then it is obvious that the point D corresponds to the point C on the basic spiral.
Moreover, assume that the camber of the given vane differs a little from the
basic spiral and that the thickness of it is quite small. Then the polar coordi-
nates (7, ¢) of the impeller with the vanes of given forms will be as follows®;
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_ 2v _12k cos f —2csinf], v
logr N—(Tz_,_,,:a)[”tanh 1t &2 +z'ta’n o ]+ 5
+ao+ ;il (@ancos nfl +b,sinnf) e (6)
_ 2t _12kcos —12esinf], T
@ ——N(72+V2)[utanh T +z~tan} 1 ]+ )
+a+ 3 (@hcos mf +bisinnd) e 7
where #'=0—6f7, fr=tan™ (—}—I—?%) and the coefficients a,, b,, a; and b/ are the

small quantities which répresent the camber and thickness of the vane.

Next, denote the angles between the radii of the corresponding points and
the tangents to the above basic spiral and to the vane contour as 7 and ;' re-
spectively. The so-called vane angle 8 is a complementary angle to this angle.
From the assumption that the vane is a thin airfoil, the difference d=7"—y is a
small quantity.

Hence tan 7 = 740 _ de /d log 7

dr dbfl dv
so the following relation is obtained:

N1—2¢" cos 20 +¢

°7 £/ Ksint’ {T,,E:l”(“n sin nt’ — b, cos nfl")
S — N

3. Boundary Condition in Source and Vortex Flow

As shown in Fig. 2 (a), the flow inside of the impeller can be expressed by
a source @ and a vortex [I',, which are put at the origin. The flow with I",=0
shows the one without pre-rotation. Denote the normal and the tangential velo-
cities due to the above source and vortex, as v, and v; respectively, so that they
are given as follows;

(a) )
Fig. 2
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Q. I

Q Iy . .,
v siny’ — cosy, v:= cosy + siny
As * = Znr 2rr e 2rr } ............ (9
cosy =cosy—0siny, siny =sinr+décosy
hence Up = ism/— I cosy+ 6(i cos 7+ I sin;’)
2nr 2nr 2 2nr 10)
= ,_iQ_ Pl _ Q_ H _ Fl -
vs Sy cosy +2 siny 6(27” siny oy )

Now, from the above assumption that the vane is a thin airfoil and its camber
differs a little from the basic spiral, the mapping function, which represents
conformally the given impeller vane into a unit circle on the ¢-plane, can be ex-
pressed as

el tan—17/v

logz = N

[e itan~17/v log"g‘}'i_i_e.tan"lvvl gg‘*"‘ N]/ z-I—Vz] ...... 1)

Therefore the radial and the circumferential velocity components v, and v, at
the corresponding point on the circle are given as follows;

Uy = Up Vg = U ; Z—Z ............... 12)
where
dz| _ _r 4d&/Kisint L 13)
da¢ N1—-2k2 cos 20+ &
and
K, = 1+2«? cos 2y +&* = K/ (z*+V%)
2’51/K1 _ ” & om .
o= NOR @siny—-I";ycosy) {uZ " sin (2n+1)0 r’glxz cos 2n+ 1)t
TN T ~ . , ,
_m (Qcosy+ I, siny) {V»Ei n(aysin nf’ —b, cos nt")
—g n(an sin nf’ —by, cos nﬂ')} ............... 14)

To satisfy the boundary condition at the vane surface, put the doublets of higher
order at the center of the circle. The complex potential F; is expressed as

_Cal SCh e,
—no Tt B 15

where C,=A,+iB,, C,=A}+iB}, n positive integers, such as 1,2, 3, - and ¢'=
¢/e*r, The radial and the tangential components ¥ and v} due to the doublets
at the center of circle are obtained as follows;

vk = —g nA, cos nﬁ—i}l nB, sin nﬂ—i1 nAj cos nﬂ’—il nBisin nfl ---oeene (16)

vf = —nil nA,sin nd + }.i_,: nBy cos ntl —:Zl nAj sin nt’ +”;il nBL cos ntl orenens an
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From the boundary condition; vroE=0 e 18)
and tany = %, cosy = ——nt— , siny = _,J_
Ty ' Vet y? TRy

the unknown coefficients A, A, B, and B} are determined as:

2n=0; an=0

e+ (zQ —vI7y) vt (rQ—vI))

Aot = (o DaN G +57)? Bors = “ i DaNw ) (9
’— _iQ_j‘TFI V2 B ’ "’Q+7F1 v T _
A 2nv 24 )f ( bu=bu ) > B 2ty TR ( @n a,,) )

Now the tangential velocity v+ v} on the circle is not always zero at the
point which corresponds to the trailing point A. So putting an unknown circula-
tion I’ around the circle, the complex potential F, is expressed as:

=o€
F, o log =1k 20

Hence the tangential component of velocity due to the circulation /’¢ on the

circle is given as follows;

de__ 1-¢_
@ = T 5r {0k cos I+ #2 @b

From the Joukowski's hypothesis ;
(ot vf+ve@a=o, =0 e (22)

the unknown quantity of circulation I'¢ can be determined as follows:

Iy I
O )+V+TQ1 A <3 UL Wy
Q NGOK—20) v 1= JK o+ =
N
-— Q %i’;z ,/,I{/—;szj 2:_y2{ Z nby— glnb;‘} ............... (23)

The velocity ve on the circle is expressed as

Vo = v+ UF + Vo
_ Q4+l _ 4e/Ksin¥ n 2e(zQ—vI") (1—«*) (v?+v?) cos & + 4x*ry sin 8’
2eN(t? +v®) 1—2kcos 20+t aN(i+1%) v K (1+2x? cos 26/ + &%)

‘—]—' ? 3 4 = . ,
—V—QZJ;: 1 TZ:_yz{E n(%a,.—a,’.) cos nf’+23 n(%b,,—b,’,) sin nd}

_er-T—r:F 1_ fyz {j; n( a,’,) sin nf’ -—g_‘,ln(% b,—b;, ) cos nﬂ’}
Lo -t 24

2 1—2kcos G+«
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4. Boundary Condition in Displacement Flow

Assuming that the impeller is at rest and that the fluid rotates at the angular
velocity-», as shown in Fig. 2 (b), the normal and the tangential velocity com-
ponents v, and »; on the vane surface are given respectively as:

vi= —owrcosy+dwrsiny, v = wrsiny+0wrcosy oo (25)

Therefore the radial and the circumferential components v, and »j, which corres-
pond respectively to v, and v/, are given as follows;

e P
Ve = lnl el V=0 g (26)
The former is expressed as
ywrt . e/ Ksin#
U= N S T o cos 201 £

—wrisiny {-r"i n(aysin nt —b, cos ntt") —v i‘.l n(al sin nt’ — b}, cos ntl") ---(27)
Developing the following terms in the Eq. (27) into the Fourier’s series as follows ;

r?sin _< " Y
m _Ecncosnﬂ +‘n§:1d”31n nﬂ ............... (28)

r? {'z'”gm1 n(ay sin n’ —b, cos nd) —v i n{a}, sin nfl’ — b/, cos nf’)}
= ’g €4 COS nb’ -l—:é fasinnt (29)

the radial velocity component v, of the Eq. (27) can be expressed as

v = ‘f)—c—osl4::;/? {i cyp cos nll + i dusinnfl'} —osiny {f‘: en COS nf + ﬁ fusinnf’}
N 7=0 n=1 n=0 n=1

Putting the doublets of higher order at the center of the circle to cancel the
above component v}, the following complex potential F, is expressed as

F3=§1%', Gp=Dp+iE, = e 3D

Then the velocity components v/* and v4* due to the doublets are as follows;

vk = — i nD,, cos nfl’— il nE, sin nft’
. D e (32)
ve¥ = — X uD,sin nl + X nE, cos nfl
n=1 n=1
From the boundary condition ; vtk =0 e (33)

the coefficients D, and E, are determined as
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a2 ~a
D,,=—c—”4"'/ Kwcosy_ en,,wsmt, l

7 N
............... 34)
E,,= J4K‘]/chosl f”a)slnl ) ‘
n N

The velocity vj+v4* at the point corresponding to the trailing edge is not always
zero.

So add an unknown circulation /', around the c1rcle, then the complex potential
function F, is expressed as follows;

o _ilapor C=6 .

F, o log - o1k (35)
then the tangential velocity component vr, due to the circulation is given as
- Ly -

Yo = T2z T2k cos A+ (36)

From the Joukowski’s hypothesis ;
(Ué + U(I)* + vrm) 0=y = 0 e (37)

the unknown magnitude of circulation /7, is determined as follows:

Iy 4r,/Kcosy-K cos - K = Sy sinj-K'$~ ¢ L.
@ =2n A=iHN Eld;rl-ZTL' i— {r g —y 2 by} + 2 — ﬂglfn (38)

where K =1—2kcos 1+,
Hence the velocity v, on the circle is expressed as

Vo = Ug‘l‘vo*‘l‘l)p

_4dey/Kosiny r2sin &
N 1--2x% cos 20 + &*

+ 4—”’-/—?%:;&37: {id” cos nﬂ’—il cp Sin nfl’}

—wycosy {ile,, cos ntl’ + Zwllf,, sin nf#'}
= n=

S, Gin S N Le  1—K*
+ wv sin r{n}gle,, sin nf :néff” cos n’} o 1% cos TT 5 39

5. Hydrodynamic Characteristics of Impeller

As shown in the preceding paragraphs, the circulations I'¢ and I, can be
calculated by the Egs. (23) and (38) respectively. Hence an impeller vane has
the circulation I"=I"¢+1",. So the theoretical head H;, of the impeller is
calculated, as is well-known, by the following relation:

H, = S - (40)

Then the head coefficient ¢, is expressed as

Gen = Hip 1,; B N{<];29>¢+2 (1; )} ............... 4D
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where ¢(=cm,/u,) is the flow rate coefficient, and the head versus flow quantity
curve of impeller can be plotted in dimensionless form.

The relative velocity w along the vane surfaces can be calculated by the
tangential velocities v and v,, as given by the Egs. (24) and (39), follows:

w = wotw, = Vo+v,) Z_g‘ ............... (42)

From the shockless entrance condition at the leading edge:
Wo+vo)omopin =0 e (43)

the flow rate coefficient ¢. at the shockless entrance condition can be determined.
At last the pressure distribution along the vane surfaces can be expressed as

4H _ f’__f’T:l{(" )2_( w)z} ............... (44)

/g ou3 2 U\r) \u

6. Test Apparatus and Experimental Method

Fig. 3 shows a photograph of the test apparatus and:Fig. 4 a diagramatic
sketch. The main parts of the apparatus are made of transparent Acryl Resin.
In Fig. 4, A indicates the rotating manometers for measuring the pressure
distribution along the vane surfaces, which consist of glass tubes and rotate with

—l
0 10cm

Fig. 4
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the impeller. B is a test impeller, made of Acryl Resin, and it has an outer
diameter of 200 mm, and an inner diameter of 120 mm.

The holes for measuring the pressure have diameters of 0.5mm and are
drilled at the midsection of the impeller breadth. The vane has 11 holes on the
front surface and 12 holes on the back surface.

Hence one piece of the manometers A shows the total pessure at the inlet
of the impeller and the other 23 pieces indicate the pressure distribution along
the vane surfaces. Fig. 5 shows a photograph of joints between the pressure
taps and manometers.

Fig. 5

The impeller rotates in the tank at 200 revolutions per minute, the tank
having a plate C for regulating the flow quantity. The flow quantity @ is con-
trolled by shifting of the regulating plate C, the fluid circulating in the tank in
the direction of arrow as shown in Fig. 4. The direction and total pressure of
flow at the inlet of the impeller can be measured by the cylindrical Pitot-tube D,
and the flow quantity @ can be measured by the traversing of Pitot-tube E in the
suction pipe.

The experiments were performed at various discharges under a definite speed
of revolution. The total pressures of flow at the inlet and exit of the impeller
were measured with the Pitot-tube, and the pressure distribution indicated on
rotating manometers was observed by a synchronized strobo-light.

7. Comparison between the Theoretical and Experimental Results

~ The calculations where performed on the following three impellers;
(i) impeller with logarithmic spiral vanes; N=6, $=30° and 7,/7,=0.6
(ii) impeller with circular arc vanes, based upon the logarithmic spiral of the
impeller (i) ; N=6, »,/7,=0.6, 8,=21° and (,=35°
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(iii) impeller with airfoil vanes of modified NACA 6409 airfoils based upon the
impeller (i) ; N=6, r,/r,=0.6

The test models are shown in Fig. 6. The impellers were tested on the test bed,
as shown in Figs. 3 and 4, and the characteristics and the pressure distributions
along the vane surfaces were measured, as shown in Figs. 7, 8, 9 and 10 respec-
tively. The theoretical curve, calculated by the Eq. (41) and the shockless flow
rate coefficient ¢, by the Eq. (43) are plotted in Fig. 7, especially the latter being
indicated by the mark ©. The efficiency curve is also shown in Fig. 7.

The pressure distributions along the vane surfaces are shown with respect
to the radius ratio 7/7, according to the Eq. (44), in Figs. 8,9 and 10, and the di-
stributions along the front and back surfaces are indicated by the full and broken
lines, respectively. Especially the pressure distributions at the flow condition of
maximum efficiency are shown by the thick lines. As the impellers with the vanes
of circular arc and airfoil are based upon the other impeller (i) with vanes of
logarithmic spiral, the pressure distributions along them differ a little from the
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other. But the distributions around the airfoil vanes show considerably lower
pressure near the leading edge, especially on the front surface, because this
impeller vane has the thick leading edge near the inner radius of impeller.
Mcreover the pressure at the holes, located near the leading edge, often shows
the stagnation pressure because of the bluntness of the leading edge.

On the other hand, Figs. 11, 12, and 13 show the theoretical pressure distribu-
tions, calculated by the above obtained theory, at the flow rate coefficients ¢=0.100,
0.150 and 0.200. The distributions are shown by the fine lines and compared
with the above test results. As shown in another report of the authors'®, the
measured pressure distributions show lower values than the theoretical ones owing
to the viscosity of the fluid.

8. Conclusion

A hydrodynamic theory of the centrifugal type impeller with the vanes of
arbitrary form has been developed by using conformal mapping under the as-
sumption that the flow is a two-dimensional potential one. The calculated results
by this theory agree well with the test results.
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‘Chapter 2 Theory of Centrifugal Type Impeller
by Singularity Method

This chapter deals with the two-dimensional theory of the impeller of cen-
trifugal type hydraulic machinery, which is based on the singularity method.
This theory has such a merit that the vortex, velocity and pressure distribu-
tions can be calculated, even if the impeller has a great number of vanes, without
difficulty. The calculations were performed with several impellers and their results
were compared respectively with the experimental ones or the calculated ones by
the conformal mapping method.

1. Introduction

As expressed in the former chapter, the two-dimensional theory of the impeller
of centrifugal type hydraulic machinery has been investigated by many people
and various methods. Though a method of conformal mapping is the most exact
one of them, it can not produce desirable results in the case of a great number
of vanes, small vane angle and small inner-outer radii ratio of the impeller.

Therefore the theory of the two-dimensional impeller, explained here, deals
with the singularity method which is resolved by distributing the vortices on
the vane surface.

As is well known, this method has been developed by Birnbaum' on the
single airfoil and Schlichting'® on the straight wing lattice. Recently W. H. Isay®
has reported a theory of rotating circular wing lattices with a method similar to
ours, but our method has the point of advantage that it can be applied to the
theory of impeller with splitter vanes, without difficulty.

In this paper, the theories of three kinds of impellers with vanes of logarithmic
spiral forms, arbitrary ones and with splitter vanes are developed under the
assumption that the flow in the impeller is a two-dimensional potential one. And
the theoretical vortex, velocity and pres-
sure distributions along the vane surfaces y
of the impeller are calculated for several
impellers.

2. Theory of Impeller with Vanes

of Logarithmic Spiral Forms
As shown in Fig. 14, first consider

one of the vanes with logarithmic spiral
forms and vane angle 3. Take the two

points A and B, leading and trailing edges,
and denote 7, and r,, inner and outer

radius, respectively, and 7, the angle taken
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for the leading and trailing edges to the center of the impeller.

Now, assuming that the vortices are distributed along the vane surfaces, the
induced velocity dw, at a point D(#’, ¢) on the vane surface due to the vortex
7(¢)ds at an arbitrary point C(r, ¢) on the vane surface is expressed from Biot-
Savart’s law, as follows.

1 7 (d)ds
dwe =2+ ¥®das 45)
W on r2+12—2rr" cos ($—9") (
where r =e¢btang  logy =¢tanfB, dlogr/dp = tanf

therefore the infinitesimal vane length ds is;

ds =V @y T Gay = ragyf1+ (LOB7)

=1/1+tanzﬁ?’d¢=cosﬁfd¢ ............... (46)
so Eq. (45) is ‘expressed as follows;
dw, — L ridde 4n

zncosB‘/l 2( )c03(¢ ¢’>+( )

Next, denote the normal and tangential
velocity components of dw, on the vane ¢
surface, as dv,, and dv, respectively, so
that they are gived by Fig. 15 as follows :

dvye = dw, cos( —B— ac)
= dw,(sin f+cos @+ cos B-sina) ---(48)

dv:, = dw, sm( —B— a)

Fig. 15

= dw,(cos a-cos f—sina-sinf) ---(49)

Then put the Eq. (47) into the Eqs. (48) and (49), so dv,, and dvs, are ¢xpressed
respectively as follows:

1 sin #+cos a+ cos 3-sin @
Vo = — P(B)dD  wveerrveeenes (50)
2re03f 1-2(Z) cos -9 +(7)
dvgy = — 1+ cos a-cos B—sin a-sin § FDIAD  weovenerienes G1)

2nCOSﬁ¢1 2( )cos(¢ ¢')+( )

hence sina and cos « are expressed as follows:
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sina = r,SiIl (¢_¢/) —
J1—2(7) cos (p—¢) + (7)
cos ($—¢) — _r_’ ............... (52)
cosa = . r -
Do l7)
Therefore dvy and dv:, can be expressed ultimately as follows:
| tan B {cos (p—¢") — _r_’} +sin (6—¢")
dvne = 5 r F(@)AD  ovrereeereeees (53)

2r 1—2(-:—/) cos (9—¢) + (—:—/)2
1 cos ($—¢") —%’—tan B-sin ($—¢) (@)D weevrerereeres (54)
T 2n 1—2(%) cos (p—¢") + (—:—/)2 '

So, denote the induced velocity at a point D by the distributed vortices on a
vane surface, as w,, and the normal and tangential velocity components of it,
as v, and vy, respectively.

Their velocity components are expressed as follows:

.tanf {cos (p—9¢) —%} +sin (¢—¢")

1

Upo = o= ) — 0L R (55)
b o)
1 v 08 (p—9¢) ~" _tanB-sin (6—¢")

Vi = 2Trg r (D) e (56)

R o7 ., L/ 2
2 Teos 50 +(7)
Next, denote the number of vanes as N, then the velocity components v, and
v:, which is induced at a point D on the No. 0 vane surface by the distributed
vortices on the N sheets of vanes, are expressed respectively as follows:

tanﬁ{cos (¢_2n_7t_¢,)_%’}+Sin(¢——2-%”——¢’)r(¢>d¢ ...... 5D

=—1— T N—1 N
Un 271‘80 ngo 1_2(%’) cos <¢_2,,Tn_¢,)+(‘:_/)2

g ol B ) Lo )
A o Cp (;_gl,:’_,,_ o)+ (2] r@)ds e (58)

where »n is the vane number; such as 0,1, 2, --- and N—1.
Now, the fluid can not flow through the vane surface, so the boundary condition

must be satisfied between v, and the normal velocity components v; upon the
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vane surface, which is induced by displacement
and source flow in the impeller, as follows:

Uuton=0 Ceereeaneienen (59)
From Fig. 16 2}, is expressed as
Vp = 27?;*’ cos B—7'wsin 8
= é% cos Bog ¥ tanB—gin B-g¥ tanf ... (60) Fig. 16

Put the Eqs. (57) and (60) into the Eq. (59), and it can be expressed in
dimensionless form as follows:

sin B-¢% tanB—p cos B-¢ ¢ tanp

1 g tanB{eos(s-BE ¢ ) Dhisin(e-BE-p) o
“ml B 1-2{Z) co (¢_2,,TZ_¢/)+(%,)2 g (6D

where #u, is the circamferential velocity at the outer radius of impeller, and ¢ is
the flow rate coefficient.

The Eq. (61) is a kind of integral equation in which the vortex 7(¢) /4, is
unknown, and it can be calculated by numerical solution.

Hence, from Joukowski’s hypothesis 7(¢)/u., should be zero at the trailing
edge of the vane.

Next, putting the value 7(¢) /%, determined by the Eq. (61) into the Eq. (58),
and integrate it numerically, the velocity component v:/u, along the vane surface
is determined. .

And the velocity component v./u, along the vane surface, induced by the
displacement and source flow in the impeller, is expressed as follows:

4 4 4
% = g sin B.e—ct tan5+cosﬁ.e¢ tanB  ciiieesseeeees (62)
2

Therefore the required velocity w/u, along the vane surface is determined
ultimately from the following equation:
w _ v Vi 1@
Uy U Uy 22U,
where the positive and negative signs in the third term indicate the back and
front vane surfaces respectively.
Next, the pressure coefficient, which expresses the pressure distribution along

the vane surface, can be defined by Bernoulli’s theorem in the flow of a rotating
tube as follows;
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%%2%{(%)2_(%)2} ............... 64)

Moreover, as an impeller vane has the circulation I” which is determined by
the vortex distribution, the theoretical head Hy; of the impeller is calculated, as
is well-known, by the following relation:

3. Theory of Impeller with Vanes of Arbitrary Form.

Next, when the impeller vane has the form which can be expressed by the
polar coordinate (r, ¢), the vane angle 8 is not constant generally.

Thereupon the vane angle # at a point (#, ¢) on the vane surface is
expressed as,

—(1dr
=t 1<_ _) ............... 66
B = tan FaF (66)

By a similar procedure to the one applied to the impeller with the vanes of
logarithmic spiral forms, the integral equation in order to determine the vortex
distribution y(¢)/u, is expressed as follows:

ar’ _¢
d¢’ v

odr 2nr v’ .
_1 TN—:‘r’d¢’{cos(¢_7—¢/)_7}+sm (¢ N ¢') dr 7(8)
20 2 1_2(:) (s-2m ) (r)z */(rdqs)“ a9

and the velocity component v;/«, along the vane surface, which is induced at a
point of the vane surface by the vortex distributions, is expressed as,

w1 (" [lrdg) 1 g cos o 21’6” d ‘Z¢/ sin (4254 ) ),
SRS (RS e R
e, (68)
and »!/u, is expressed as,
1 (f’ Z;;:_,_r/) ............... 69)

viuy = ——e——
V(5 )+

Therefore the velocity w/u«,, the pressure coefficient 4H/(«3/g) along the
vane surface and theoretical head can be calculated by the Egs. (63), (64) and
(65) respectively.
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4. Theory of Impeller with Splitter Vanes

At first, we must deal with one of both the principal vanes and the splitter
ones of the impeller, in the same way as before.
Now, assume that both the vane

forms consist of logarithmic spirals,
and the splitter vanes are put one
by one in the middle part between

two principal vanes. Suffixing m
for the splitter vane, denote A, B,
Am,Bmy?1, 72, P1my Yom, T and 7,, as
shown in Fig. 17.

Then the induced velocity dwe
at a point D(»’, ¢") on the principal
vane surface due to the vortex
7($)ds at an arbitrary point C(r, ¢)
on the principal vane surface is the
same as Eq. (47).

Fig. 17

Next, the induced velocity dw,..
at a point D(r’, ¢") on the principal vane surface due to the vortex rm(dn.)ds,, at
an arbitrary point C,, (7.4, $) on the splitter vane surface is expressed as follows:

=1 _ Tm@m)dsm 70
dtwom 28 VL 228’ COS (B— D) a0
T
where 7, = e(¢”+w)tanﬂ , log7, = <¢m+%) tanj, d lgf Ym = tanp
m

therefore the infinitesimal length ds,, of the splitter vane is,

dm = v/ Wrm)*F ()’ = i o 1+ (L10E 72

AP
— /1T a0 Brpdby = E(%Er db, e 1)
So, Eq. (70) is expressed as follows;
1 Tm (Pr) AP
dwOm =+ 0 Im\Vm/RTm i iiiieierienns (72)
21 cos 3 1% , 7 \2
y/l—Z(;';) cos ($n— @) + (E)

Next, denote the normal and tangential velocity components of dw,, and dw,y,
as dvng, Anom, AVt and dvs., respectively, so that they are given as follows:

| tan B{cos (6—9¢) —%}+sin ($—9")
20 1-2()cos G- +(7)

r

Ao =

T(@)dd e (73)
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1 tan B{ cos ($—9") — }+sm (Dm—9")

AVpom =

9. T I'm (¢m) d¢m """"" (74)
2n 1—- 2( )cos (Pm— ¢)+( )
. cos (p—9") —L—tan B-sin ($—9¢")
Ve = - / 120 T (75)
2n , r’\?
1- 2( ) cos (p—¢") + ( ; )

1 Cos (Bm—9)—L —tan B-sin (Gm—9")

dviom = 5= P (Do) AP +eveeveeer (76)

2n 1—2(;;) cos <¢m—¢’> + (r—,,,)

Now denote the induced velocity at a point D due to the distributed vortices
on a principal vane and a splitter vane, as w,, and the normal and tangential

velocity components of it, as v,, and v, respectively. Their velocity components
are expressed as follows:

Uno =

r($)dé

1 ST tan B{cos (6—9") —£}+sin (6—¢)
2ede 1-2(") cos 49+ (£

L1 S-r,,,— J”V tan B{cos B— ) — }-I—sm (Gm—9")

r 12 D) oos Bm-0+(Z) PG D

1 ST cos ($—¢") ———tan B-sin ($—9¢")

Vgo =

r($)dd

2rdo 1— 2( ) cos <¢ ¢ ) ( /)z
1¢™ % cos (P —¢") ———tan B-sin (B,,—¢")
* QES . ORI . SRS (78)

-z 1- 2( )cos (Bm— ¢’)+(i)2

Next, denote both the number of principal and splitter vanes as N. Then
the velocity components v, and v;, which are induced at a point D on the No. 0
principal vane surface by the distributed vortices on all the principal and the
splitter vanes, are expressed respectively as follows :

TN—ltanB{COS(¢—2ﬂT'_¢/)_%}+Sin(¢ 21'3[ ¢’)

-1
Uy 271.'50 n=0 1— 2( )COS (¢_27,<7,1_¢/)+<-::)2 r(#)ded
+2%TSTM;% N;: tan B{ cos (¢m“2%_¢/) }+sm (¢mr/ :AT ’)rm(¢m)d¢m.
R e )
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1 S N1 €08 (¢‘g"£—¢’)—§'—tanﬁ-sin( _2_"£_¢f)

T ET el e ()
i3 ' . 2nr
1N A COS(¢m ———¢’)——m—tanB-sm(¢m—T—¢’)
+2n5_% b} 1-2(Z) cos (-2 -9 )+ (Z) e
T, (80)

where 7 <¢'<0, 760, rm—ﬁg¢mg~§ and N is the vane number, such
as 0,1,2, - and N-1.
In the same way, the velocity components v, and v:,, which are induced,

at a point D, on the splitter vane, by the distributed vortices on all the vanes,
are expressed respectively as follows:

1 1tanﬁ{cos (¢— ¢,,.) }+sm(¢——1v— ')
owm = o |53 P e 4 r($)ds
N Zln ST,,,;% N=_01 tan B{ cos (¢,:,—;2%r——¢4.) —2:—,"';}+sin (¢m,—%1'(,—”—¢,ﬁ.) b
L 1_2(7:,) cos (¢,,.—TV”E—¢,’,,) +- (:_:)
............... (81)
At - (¢_%E; )75 nd (¢_,2g’ﬂ % )r<¢>d¢
" AT e R
3 2nx
1 w5 N1 COS (¢m T_ ,,.) . tanﬁ sin (¢,,, —-N——¢,:,)
+2,,S_% = - 2(:_: Joos (4B 42) (::) T (Sm)d D
............... (82
where Tm_% <¢L< _%

Now, the following boundary conditions must be satisfied in the same way
as the former sections 2.

Vp+0h =0, Um0 =0 e (83)
Then v and v/, are expressed respectively as follows :

vy = %rcos Bee~¢ tanB_ o sin B¢ tanp

Vpm = é%cosﬁ'e-(d’:ﬁ%) = B—wsinﬁ-e(%&%) .
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Then, put the Eq. (84) into the Eq. (83), and it can be expressed in dimen-
sionless form, as follows ;
%’-I—w cos B+¢ % tanB—sin B-¢¥ tans = (
2

T

N

)tanB (¢:,,+§)tan3

[t —sinB-¢ ~0

%:‘ZL" +@cosf-e

The Eqgs. (85) are simultaneous integral equations in which the vortices
7(8)/u, and 7m(bm)/u, are unknown, and they can be calculated by numerical
solution.

Hence, from Joukowski’s hypothesis 7(¢)/u, and 7, ($.) /u. should both be zero
at the trailing edges of the principal and splitter vanes.

Next putting the values 7(#)/u, and 7m(9m) /4, determined by the Eq. (85)
into the Egs. (80) and (82), and integrating them numerically, the velocity com-
ponents v:/u, and v:,,/u, along both the vane surfaces may be determined. The
tangential velocity components v{/«#, and v/,/u, are expressed respeotively as

follows :
4 , ,
% = @sin B¢ ¥ tan P4 cos Bre¥ tanp
2
o -—(¢$,.+%)tans (d&’erl%)tanﬂ ............... (86)
- = gsinf@-e +cosf-e

Uz

Therefore ultimately the required velocities w/u, and w./u, along the principal
and the splitter vane surfaces are determined respectively from the following
equation :

_u;__ — V¢ + v; i7(¢)
U, U, Uy~ 2u,

edsararaaaeses (87)
Wm _ 'ﬁ'_”+gt,ln+i'm(¢m)
Uy Uy, U, 2u,

where the positive and the negative signs in the third term indicate the back
and front vane surfaces respectively.

2 2
Then the pressure coefficients 4H uf and 4H,, /—”E‘3 can be calculated respectively

g =31
y r\2 2y L e 88
sl - (o) ®

Moreover, as the circulations /' and 7’,, of each of the principal and splitter

as follows:

vanes are determined by the vortices y(9)/u, and 7,,($.)/u,, the theoretical head
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H;, of the impeller with splitter vanes is calculated by the following relation :

Hip = NI+ 1I'we
2ng

5. Theoretical Results

Calculations were performed on the following three impellers :

(i) impeller with logarithmic spiral
vanes ; N=6, 3=30° and r,/7,=0.6

(ii) impeller with splitter vanes of
2/3 length of which the forms are
logarithmic spirals, both N=6,
f=30° and r,/r,==0.6

(iii) impeller with logarithmic spiral
vanes; N=12, $=30° and »,/7,=0.6

They are shown in Fig. 18.

The vortex, the velocity and the pressure
distributions along the vane surfaces, calcu-
lated by the Egs. (61), (63), (64), (86), (87)
and (88), are shown in Figs. 19, 20, 21, 22, 23,
24, 25, 26, and 27, respectively, and the experi-
mental pressure distribution of an impeller
with 2/3 splitter vanes is shown in Fig. 28.

Their vortex distributions were calculated
by using the KDC-1 Digital Computer except
for an impeller with splitter vanes.

In the vortex distributions, the abscissas
are the dimensionless vane length s/r,, and
in the velocity and pressure distributions,
the ones are the radius ratio »/7,. The chain
lines in these pressure distributions show the

............... (89)
200%
120 i
== 3
}
60"

Fig. 18

pressure distribution curve 1/2(7/7,)* in the case where the fluid rotates with the

impeller.

The impeller with 6 vanes is compared by the conformal mapping method,

shown by the broken lines, and the results agree well as shown in these figures.

Also on the pressure distribution of the impeller with 12 vanes as shown in
Fig. 26, the flow rate coefficient ¢=0.25 is the nearly shockless one, so the theo-
retical curve is compared with the experimental results at flow conditions of
maximum efficiency, indicated by the thick broken line.
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Though the forms of their distributions ére both similar, the measured one
shows lower value than the theoretical one owing to the viscosity of the fluid.

And as shown in Figs. 27 and 28, the theoretical pressure distributions of
the impeller with 2/3 splitter vanes differ from the experimental ones owing to
the viscosity of fluid, as in the former case.

6. Conclusion

In this chapter, the two-dimensional theory of the impeller of centrifugal
type hydraulic machinery has been developed by using the singularity method.
Though the distributed vortices along the vane surfaces should be calculated by
numerical solution, they can be determined exactly by using a digital computer,
even if the impeller has a great number of vanes.

The calculated results from this theory agree well with those from the theory
of the conformal mapping method or from experimental results.
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