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Chapter 1 Theory of Centrifugal Type Impeller 

with Vanes of Arbitrary Form 

This chapter deals with the theory of the impeller of centrifugal type hydraulic 
machinery with vanes of arbitrary form. The theory contains a method of con­
formal mapping based on a mapping function, which maps conformally an impeller 
with logarithmic spiral vanes into a unit circle. The calculated results were 
compared with the experimental ones of impellers with three types of vanes. 

1. Introduction 

As is well-known, Spannhake1
), Sorensen2 l, and Busemann3 l have treated the 

theory of centrifugrl type impeller and have developed the theory of the impeller 
with vanes of logarithmic spiral forms under the assumption that the flow in the 
impeller is a two-dimensional potential one. The calculated results are the exact 
solutions and show that the theoretical head obtained by the impeller is affected 
by the vane angle, number of vanes and inner-outer radii ratio. They did not, 
however, deal with the flow in the impeller, especially the pressure distributions 
along the vane surfaces. Recently J. D. Stanitz'), Chung-Hua Wu5

l, J. A. Jhonson6
l, 

A. Ginsburg6l, J. T. Harmick7l, W. H. lsay8l and H. Krilger9l have developed the 
two-dimensional and the three-dimensional theory from the standpoint of hydro­
dynamics, and A. J. Acosta10J experimentally measured the pressure distribution 
along the vane surfaces of the impeller. 

The authors have performed already the measurement11J of the pressure 
distributions along the vanes of logarithmic spiral forms and investigated the 
effects of the vane angle and number of vanes upon them. Our tests were 
performed on the impellers with constant breadth, in which the flow may be 
considered to be two-dimensional. The test results showed that the measured 
pressure distributions were nearly equal to the ones calculated by the theory12J. 

Therefore it is very significant that the theoretical calculation of the impellers 
with vanes of arbitrary forms is developed and that the flow in the impeller, 
especially the pressure distributions, can be theoretically calculated. 
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2. Expression of the Impeller with 

Vanes of Arbitrary Forms 

As shown in Fig. 1, put the origin of 

the coordinates at the center of the im­

peller. Take the two points A and B, 
trailing and leading edges respectively, 

on the contour of the vane so that the 
length of logarithmic spiral, drawn from 
the origin through the above two points, 
may be maximum between these points. 
Denote the angle, as shown in Fig. 1, as 
... and the logarithm of the inner-outer 

245 

Fig. 1 

radii ratio as v. Using the polar coordinates (ro, rp0), the above-mentioned logari­
thmic spirals can be expressed as, follow; 

............... ( 1) 

These spirals can also be expressed by means of a parameter fl as follows; 

1 2v [ t h-1 2i. cos fl+ t - 1 2i. sin fl] 11 ( 2 ) ogr0 = ~~~cc- 11 an --- '!" an ---c--~ +- .......... .. 
N(',2 +112 ) l+i.2 1-i.2 2 

2... [ h- 2i. sin fl _1 2i. sin fl] .. 2n- ) <p0 = ---- vtan 1--~+'l"tan --- +-+m- ......... (3 N( ... 2 +v2
) l+i.2 1-i.2 2 N 

where N is the number of vanes, m positive integers, such as 0, 1, 2, · · · and N-1, 
and i. a constant determined by the following relations ; 

............... ( 4) 

and 

Now draw another spiral through the point C on the above spiral, so that 
the spirals may intersect each other at right angles. Then the other spiral can 
be expressed as 

............... ( 5) 

Denote the intersecting point of this spiral and the contour of the vane as D; 
then it is obvious that the point D corresponds to the point Con the basic spiral. 
Moreover, assume that the camber of the given vane differs a little from the 
basic spiral and that the thickness of it is quite small. Then the polar coordi­
nates (r, rp) of the impeller with the vanes of given forms will be as follows13

); 
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+ ao+ ~ (an cos nfl' +bn sin nfl') ............... ( 6) 
n=l 

'P = 2-r [ 11 tanh-12,c cos fJ +-rtan-1 2,c sin BJ+_!_ 
N(-r2 +112

) l+li'.2 1-/i'.2 2 

+ a6 + f (a~ cos nfJ' + b~ sin nfl') ............... ( 7) 
n=l 

where fl'=fJ-fJT, fJT=tan- 1 (~~$:) and the coefficients an, bn, a~ and b~ are the 

small quantities which represent the camber and thickness of the vane. 

Next, denote the angles between the radii of the corresponding points and 

the tangents to the above basic spiral and to the vane contour as r and r' re­

spectively. The so-called vane angle {1 is a complementary angle to this angle. 

From the assumption that the vane is a thin airfoil, the difference o=(-r is a 

small quantity. 

Hence tan r' = rdrp = drp/d log r 
dr dtJ dtJ 

so the following relation is obtained: 

,, _ Nl - 2/i'.2 cos 28 + IC' { ~ ( • fJ' b fl') u - -4 ✓, . f}' -r ""'-' n an sin n - n cos n 
Ii'. KSln 11-1 

-11 t]1 n(a~ sin ntJ' -b~ cos nfl')} ............... ( 8) 

3. Boundary Condition in Source and Vortex Flow 

As shown in Fig. 2 (a), the flow inside of the impeller can be expressed by 
a source Q and a vortex I'1 , which are put at the origin. The flow with I'1 =0 
shows the one without pre-rotation. Denote the normal and the tangential velo­
cities due to the above source and vortex, as Vn and Vt respectively, so that they 
are given as follows ; 

A 
I( 

{a) (b} 

Fig. 2 
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As 
Vn = _!}__ sin r'- I'i COS r' Vt = _!}__ COS r' + I'i sin r' 

21Tr 21Tr ' 21Tr 21Tr 
cos r' = cos r-a sin r, sin r' = sin r+ a cos r 

l ............ c 9) 

hence Vn = 
2
Q sinr-

2
I'i Cosr+a(

2
Q Cosr+

2
I'i sinr) 

1TY 1TY 1TY 1TY 

Vt = 
2
Q COS r+

2
I'i sin r-8 (

2
Q sin r-

2
I'i COS r) 

1TY 1TY 1TY 1TY 

} . . ... ··· (10) 

Now, from the above assumption that the vane is a thin airfoil and its camber 

differs a little from the basic spiral, the mapping function, which represents 

conformally the given impeller vane into a unit circle on the (-plane, can be ex­

pressed as 

Therefore the radial and the circumferential velocity components Vr and V9 at 

the corresponding point on the circle are given as follows; 

···············(12) 

where 

I dz \ - r 4A/Ki sin fJ' 
d( - -Nl-2tfcos2tf+tc4 ···············(13) 

and 
Ki = 1 + 2,.2 cos 2r + tc4 = Kl c-.2 + 1,1

2
) 

Vr = 2"N✓~ (Q sin r-I'1 cos r) {1,1 :E t,:2n sin (2n+ l)IJ--r :E t,:2n cos (2n+ 1)1/} 
1T ✓ K •=1 •=1 

- 1,1 (Q cos r+ I'1 sin r) {_!_ f: n(an sin nO' -bn cos nO') 
,/ ,.2 + 1,12 1,/ •=1 

- ~ n(a~ sin nO' -b~ cos nO')} ···············(14) 

To satisfy the boundary condition at the vane surface, put the doublets of higher 

order at the center of the circle. The complex potential F1 is expressed as 

..... · ...... , .. (15) 

where Cn=An+iBn, C~=A~+iB~, n positive integers, such as 1, 2, 3, ··· and('= 

(/ei8P, The radial and the tangential components vt and vf due to the doublets 

at the center of circle are obtained as follows ; 

vt = - :E nAn cos nO-:E nBn sin nO-:E nA~ cos nfl' - :E nB~ sin nfJ' · · · · · · · · · (16) 
n=l H=l n=l ff=l 

vf = - :E nAn sin ntJ + t nBn cos ntJ-:E nA~ sin n/J' + :E nB~ cos n/J' · · · · · · · · · (17) 
ff=l ff-=1 n=t H=l 
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From the boundary condition; v,.+vf = 0 

)I 
and t r 'Z" ., 

an = v' cos, = 

the unknown coefficients An, A~, En and B~ are determined as : 

Aw=O, 

............... (18) 

Aw+i = _2-r!-2n_+:_S,:._Q-vI'_,) 
(2n+l)rrN(-r2 +112

)' 

2vt.2n+ 1(-rQ-11I'1) 
(2n+ l)rrN(-r2 + 112

) f ·(19) 

I A~= _J1Q+-rI'1 ~-" (_'!__bn-b:,) 
2rrv -r2 +11· 11 ' 

Now the tangential velocity v6+v1 on the circle is not always zero at the 

point which corresponds to the trailing point A. So putting an unknown circula­

tion I' Q around the circle, the complex potential F2 is expressed as : 

F iI'Q 1 t;-,c 
2=-- og--

2rr C-1/,c 
............... (20) 

Hence the tangential component of velocity due to the circulation I'Q on the 

circle is given as follows ; 

- I'Q 1-t.2 
V6Q - - 2rr 1-2,c COS tJ + ,c2 

............... (21) 

From the Joukowski's hypothesis; 

(va+ vt + VBQ)a=aT = 0 ............... (22) 

the unknown quantity of circulation I'Q can be determined as follows: 

The velocity VQ on the circle is expressed as 

VQ = va+vf +v6Q 

_ vQ+-rI'1 
- 2rrN (-r2 t- 112) 

I'Q 1-,c2 
2rr 1-2,ccos0+,c2 

............... (23) 

······ .. ···· ... (24) 
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4. Boundary Condition in Displacement Flow 

Assuming that the impeller is at rest and that the fluid rotates at the angular 

velocity-w, as shown in Fig. 2 (b), the normal and the tangential velocity com­

ponents v~ and vf on the vane surface are given respectively as : 

v~ = -wrcosr+awrsinr, vf = wrsinr+awrcosr ···············(25) 

Therefore the radial and the circumferential components v; and v~, which corres­

pond respectively to v~ and vf, are given as follows; 

, , 1dz1 Vr = V,. dt;, , , , 1dz1 Vo= Vt dr;, ............... (26) 

The former is expressed as 

v' = wr
2 cos i' 41.:1/K sin fl' 

r N 1-21.:2 cos2/l+i.' 

-wr2 sin r {-i- f: n(an sin n/1' -bn cos n/11)-11 f: n(a~ sin nfJ' -b~ cos n/1') ... (27) 
n=1 n=l 

Developing the following terms in the Eq. (27) into the Fourier's series as follows; 

r 2 sin fl' ~ , ~ • , 
l 

2 2 20 
, = I:,. Cn cos nfl + I:,. dn sm nfl 

- Ii: COS +i. n-o n=l 
............... (28) 

r 2 {-i- f n(an sin n8' -bn cos nfl')-11 f: n(a~ sin nfl'-b~ cos n/J')} 
ff=l n=l 

= f: en cos n8' + f:tn sin n8' ······ .. ···· ... (29) 
n=O n=l 

the radial velocity component v; of the Eq. (27) can be expressed as 

v; = w CNOS r 4r.:v' K rf: Cn cos n8' + f: dn sin nfl'} -w sin r {f: en cos nfl' + f: In sin nfl'} 
n=O n-1 n=O n=l 

............... (30) 

Putting the doublets of higher order at the center of the circle to cancel the 

above component v;, the following complex potential F3 is expressed as 

···············(31) 

Then the velocity components v;* and v~* due to the doublets are as follows; 

v;* = - f: nDn cos n8' - f: nEn sin nfl' 
n=t n=l 

v~* = - f: nDn sin n8' + :E nEn cos nfl' 
} ............... (32) 

ff=l n=t 

From the boundary condition ; ............... (33) 

the coefficients Dn and En are determined as 
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Dn = Cn4r.:1/Kwcosr_ enwsinr 
n N n 

En = dn4"✓K (I) cos r In (I) sin r 
n N n 

···············(34) 

The velocity v~ + v~* at the point corresponding to the trailing edge is not always 

zero. 

So add an unknown circulation I' w around the circle, then the complex potential 

function F4 is expressed as follows ; 

iI'w (-IC F4 = - ~ log ··· · --
2n (-l/1C 

···············(35) 

then the tangential velocity component vrw due to the circulation is given as 

···············(36) 

From the J oukowski's hypothesis ; 

···············(37) 

the unknown magnitude of circulation I' w is determined as follows : 

I'.,= 2n-4",/Kcos i ·K' f dn+2ncos r·K' {-r f bn-1,i f b~) +2nsin r·K' ttn ... ···(38) 
W (1-IC2)N 1 l-1C2 n=l n=l l-1C2 n-1 

where 

Hence the velocity v., on the circle is expressed as 

v., = v~+v~*+vr., 

= _ 41C1/K w sin r r
2 
sin fl' - w'/,i cos r {:i: en cos nO' + f: In sin nlJ') 

N 1-21C2 COS 2/J + IC4 n=l n=l 

+ 41C✓K w cos 1 {:E dn cos nlJ' -f Cn sin nfJ') 
N -1 -1 

= = I' 1-1C2 
+ W'J,i sin r CE en sin nfl' - ~In cos nO') -

2 
"' 1 2 tJ + 2 

n=l n-1 IT - IC COS IC 
.. · .. · ......... (39) 

5. Hydrodynamic Characteristics of Impeller 

As shown in the preceding paragraphs, the circulations I' Q and I'., can be 

calculated by the Eqs. (23) and (38) respectively. Hence an impeller vane has 

the circulation I'= I' Q +I'.,. So the · theoretical head Hth of the impeller is 

calculated, as is well-known, by the following relation : 

Hth = NI'w 
2rrg 

Then the head coefficient ¢th is expressed as 

············ .. ·(40) 

... ············(41) 
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where rp ( = cm/ uz) is the flow rate coefficient, and the head versus flow quantity 

curve of impeller can be plotted in dimensionless form. 

The relative velocity w along the vane surfaces can be calculated by the 

tangential velocities vo and Vw, as given by the Eqs. (24) and (39) , follows : 

.. . ...... .. .... (42) 

From the shockless entrance condition at the leading edge: 

· ··· ·· .. ······· (43) 

the flow rate coefficient Cfe at the shockless entrance condition can be determined. 

At last the pressure distribution along the vane surfaces can be expressed as 

... ··· ···· ···· ·(44) 

6. Test Apparatus and Experimental Method 

Fig. 3 shows a photograph of the test apparatus and · Fig. 4 a diagramatic 

sketch. The main parts of the apparatus are made of transparent Acryl Resin. 

In Fig. 4, A indicates the rotating manometers for measuring the pressure 

distribution along the vane surfaces, which consist of glass tubes and rotate with 

I---< 
o 10cm 

Fig. 3 Fig. 4 
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the impeller. B is a test impeller, made of Aery! Resin, and it has an outer 

diameter of 200 mm, and an inner diameter of 120 mm. 

The holes for measuring the pressure have diameters of 0.5 mm and are 

drilled at the midsection of the impeller breadth. The vane has 11 holes on the 

front surface and 12 holes on the back surface. 

Hence one piece of the manometers A shows the total pessure at the inlet 

of the impeller and the other 23 pieces indicate the pressure distribution along 

the vane surfaces. Fig. 5 shows a photograph of joints between the pressure 

taps and manometers. 

Fig. 5 

The impeller rotates in the tank at 200 revolutions per minute, the tank 

having a plate C for regulating the flow quantity. The flow quantity Q is con· 
trolled by shifting of the regulating plate C, the fluid circulating in the tank in 
the direction of arrow as shown in Fig. 4. The direction and total pressure of 
flow at the inlet of the impeller can be measured by the cylindrical Pitot-tube D, 

and the flow quantity Q can be measured by the traversing of PitoHube E in the 
suction pipe. 

The experiments were performed at various discharges under a definite speed 
of revolution. The total pressures of flow at the inlet and exit of the impeller 
were measured with the PitoHube, and the pressure distribution indicated on 
rotating manometers was observed by a synchronized strobo-light. 

7. Comparison between the Theoretical and Experimental Results 

The calculations where performed on the following three impellers; 
(i) impeller with logarithmic spiral vanes; N = 6, /3=30° and r1/r2 =0.6 
(ii) impeller with circular arc vanes, based upon the logarithmic spiral of the 

impeller (i); N = 6, r,/r2 = 0.6, /31 = 21 ° and /32 =35° 
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(iii) impeller with airfoil vanes of modified NACA 6409 airfoils based upon the 
impeller (i); N=6, r 1/r2 =0.6 

The test models are shown in Fig. 6. The impellers were tested on the test bed, 
as shown in Figs. 3 and 4, and the characteristics and the pressure distributions 

along the vane surfaces were measured, as shown in Figs. 7, 8, 9 and 10 respec­

tively. The theoretical curve, calculated by the Eq. (41) and the shockless flow 
rate coefficient q;e by the Eq. (43) are plotted in Fig. 7, especially the latter being 

indicated by the mark @. The efficiency curve is also shown in Fig. 7. 

The pressure distributions along the vane surfaces are shown with respect 

to the radius ratio r /r 2 according to the Eq. ( 44), in Figs. 8, 9 and 10, and the di­

stributions along the front and back surfaces are indicated by the full and broken 

lines, respectively. Especially the pressure distributions at the flow condition of 

maximum efficiency are shown by the thick lines. As the impellers with the vanes 

of circular arc and airfoil are based upon the other impeller (i) with vanes of 

logarithmic spiral, the pressure distributions along them differ a little from the 

08 

N =6 
07 LOGARITHMIC SPIRAL VAN£ r,1 f2 = 0.6 

0.6 

7. 
10 05 

08 04 

0-6 0.3 

()4 02 

02 O.J 

0 0 
MODIFIED NACA SECTION VANE 0 0.1 0.2 o.:; 'f 

Fig. 6 Fig.17 
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t,H LOGARITHMIC SPIRAL 

.!!1 
g 

N=6 
03 t----1 

0 

- 04 ....._ _ _._ __ ...__~ __ _._ _ __. 

05 06 0.1 

Fig. 8 

MODIFIE.D NACA t:,H 
-!lil----+---+---4--?'f---,,#'j~ 

g 
N=6 

0 

/ 
/'f 

- 0 1 1----+1,1,,,_..~-¥-~'---"'~'<A'Y'-O. 0 3 2 
0045 
007 3 

- 0 2 l-----+......,,~+---.....4-->.--.<>.->.->.i-"0.10 0 
0.125 
0-15 3 

-OJ 1-----l---+-----+-__,,_,...i. o 1 '7 7 
0.202 
0.2 2 5 
0.258 - 0 4 ....._ _ _._ __ ..,__ _ __,_ __ ....._ _ __, 

0.5 0.6 0.1 08 0.9 L 1.0 
(2 

Fig. 10 

0 5 ,----,----,-----.--""T"""---:11 

i).J 

0 

- 0.4 ....._ _ __._ __ ..._ __ __,_ __ _.__~ 

0-5 0-6 0.7 

Fig. 9 

0.8 0.9 ...L 1.0 
r2 

0.5 r---,---,-----.---.--~ 

t.H 
U.{ 
T 

(J 

N = 6 

r;/ '2 = 0.6 

'P = 0.100 

LOGARITHMIC 
--o- SPIRAL VANE 

- 0.3 1-----1---11- -CIRCULAR ARC VANE 

-MODIFIED NACA 
SECT/ON VANE 

-0,4....._ _ __.__.__..,__ _ __.__,_.....L..---l 
0.5 0-6 0-1 OB 0-9 ....L J.O 

f2 

Fig. 11 
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0-5 r---"""T"---r----.--........ --

~ 
g 

0 

N =6 

r,/r.,=0.6 

Cf = 0.150 

_.L OGARITH_MIC SPIRAL 
VANE 

-OJ 1-----+-fj'f- -CIRCULAR ARC VAN£ 
-M0OIFIEONACA 

SECTION VANE 
-0.4 .._ _ _..11,,_-_...,_ __ .___-1..._---J 

0.5 0-6 0-7 0,8 0.9 L 1.0 r, 

Fig. 12 

0.5 .------,---.....----.----.----.. 

N = 6 
t:.H 

J:B- r,lr, = 0.6 
g 

Cp = 0.200 

0 

- o. J t----++-

-o- LOGARITHMIC 
SPIRAL VANE 

-CIRCULAR ARC VANE 
-MODIFIED NACA 

.SECTION VANE 
- 0.4 .__ _ _.._ __ ..._ _ __. __ _._ _ __. 

0 5 0.6 0.7 0.8 o.9 . ..L J.O r, 

Fig. 13 

other. But the distributions around the airfoil vanes show considerably lower 

pressure near the leading edge, especially on the front surface, because this 

impeller vane has the thick leading edge near the inner radius of impeller. 

Moreover the pressure at the holes, located near the leading edge, often shows 

the stagnation pressure because of the bluntness of the leading edge. 

On the other hand, Figs. 11, 12, and 13 show the theoretical pressure distribu­

tions, calculated by the above obtained theory, at the flow rate coefficients ,;o=0.100, 

0.150 and 0.200. The distributions are shown by the fine lines and compared 

with the above test results. As shown in another report of the authors"), the 

measured pressure distributions show lower values than the theoretical ones owing 

to the viscosity of the fluid. 

8. Conclusion 

A hydrodynamic theory of the centrifugal type impeller with the vanes of 

arbitrary form has been developed by using conformal mapping under the as­

sumption that the flow is a two-dimensional potential one. The calculated results 

by this theory agree well with the test results. 
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-Chapter 2 Theory of Centrifugal Type Impeller 
by Singularity Method 

This chapter deals with the two-dimensional theory of the impeller of cen­
trifugal type hydraulic machinery, which is based on the singularity method. 
This theory has such a merit that the vortex, velocity and pressure distribu­
tions can be calculated, even if the impeller has a great number of vanes, without 
difficulty. The calculations were performed with several impellers and their results 
were compared respectively with the experimental ones or the calculated ones by 
the conformal mapping method. 

1. Introduction 

As expressed in the former chapter, the two-dimensional theory of the impeller 

of centrifugal type hydraulic machinery has been investigated by many people 

and various methods. Though a method of conformal mapping is the most exact 

one of them, it can not produce desirable results in the case of a great number 

of vanes, small vane angle and small inner-outer radii ratio of the impeller. 

Therefore the theory of the two-dimensional impeller, explained here, deals 

with the singularity method which is resolved by distributing the vortices on 

the vane surface. 

As is well known, this method has been developed by Birnbaum15
) on the 

single airfoil and Schlichting'6) on the straight wing lattice. Recently W. H. Isay8
) 

has reported a theory of rotating circular wing lattices with a method similar to 

ours, but our method has the point of advantage that it can be applied to the 

theory of impeller with splitter vanes, without difficulty. 

In this paper, the theories of three kinds of impellers with vanes of logarithmic 

spiral forms, arbitrary ones and with splitter vanes are developed under the 

assumption that the flow in the impeller is a two-dimensional potential one. And 

the theoretical vortex, velocity and pres-

sure distributions along the vane surfaces 

of the impeller are calculated for several 

impellers. 

2. Theory of Impeller with Vanes 

of Logarithmic Spiral Forms 

As shown in Fig. 14, first consider 

one of the vanes with logarithmic spiral 

forms and vane angle {J. Take the two 

points A and B, leading and trailing edges, 

and denote r 1 and r2 , inner and outer 

radius, respectively, and T', the angle taken 

y 

X 

Fig. 14 
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for the leading and trailing edges to the center of the impeller. 

Now, assuming that the vortices are distributed along the vane surfaces, the 

induced velocity dw0 at a point D(r', r/J') on the vane surface due to the vortex 

r(</J)ds at an arbitrary point C(r, r/J) on the vane surface is expressed from Biot­

Savart's law, as follows. 

dwo = _!__ r(</J)ds 
2n- ✓ r 2 +r12 -2rr' cos (r/J-r/J') 

where r = ei/>tanfl, logr = r/Jtan0, dlogr/d</J = tan/1 

therefore the infinitesimal vane length ds is; 

ds = 1/ (dr) 2+ (rd</J) 2 = rd</J,Yl+ (d 1;:rr 
= ✓1+tan2 {1rdr/J = co! 0 rdrp 

so Eq. (45) is expressed as follows; 

Next, denote the normal and tangential 

velocity components of dw0 on the vane 

surface, as dvno and dv, 0 respectively, so 

that they are gived by Fig. 15 as follows: 

dVno = dwo cos (; -0-a) 
= dwo(sin{1•cosa+cos{1·sina) ... (48) 

dv, 0 = dwo sin (; -0-a) 
= dwo(cos a•cos 0-sin a•sin /1) ... (49) Fig. 15 

............... (45) 

............... (46) 

···············(47) 

Then put the Eq. (47) into the Eqs. (48) and (49), so dvno and dv,o are expressed 

respectively as follows : 

dv = 1 sin{1•cosa+cos0•sina r(r/J)dr/J ............... (50) 

no 2n- COS 0 J 1-2( ;') COS (r/J-r/J') + ( ;')2 
dv,o = 1 _ cosa•cos0-sina•sin0 r(r/J)dr/J ............... (5l) 

2n-cos0 ~1-2( ;') cos (r/J-r/J') + ( ;')" 

hence sin a and cos a are expressed as follows : 
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sin a= sin(</>-</>') 

j 1-2( ~') cos (</>-</>') + ( ;')2 
cos (</>-</>')-~ 

cos a= r 
j1-2( ~')cos(</>-</>')+ ( ~')2 f 

Therefore dvno and dv,o can be expressed ultimately as follows: 

1 
tan0{cos (</>-</>')-f}+sin (</>-</>') 

dvno = 2 ( ') ( ') 2 r(</>)d</> rr 1-2 !.._ cos (</>-</>') + !__ 
r r 

r' cos(</>-</>')-- -tan 0•sin (</>-</>') 

dVto = l ( ') r ( , 2 

rr 1-2 ~ cos(</>-</>')+~) 
r(</>)d</> 

............... (52) 

··············•(53) 

............... (54) 

So, denote the induced velocity at a point D by the distributed vortices on a 

vane surface, as w0 , and the normal and tangential velocity components of it, 

as Vno and Vto respectively. 

Their velocity components are expressed as follows: 

_ 1 rTtan0{cos (</>-</>')-f}+sin (</>-</>') 

Vno - 2 j ( ') ( ')2 r(</>)d</> rr O 1-2 !.._cos(</>-</>')+!__ 
r r 

............ (55) 

cos(</>-</>') - r' -tan0•sin (</>-</>') 
1 ~T r Vto = - 1 1 2 r(</>)d</> 
2n ° 1-2( ~)cos(</>-</>')+ ( ~) 

............ (56) 

Next, denote the number of vanes as N, then the velocity components Vn and 

Vt, which is induced at a point D on the No. 0 vane surface by the distributed 

vortices on the N sheets of vanes, are expressed respectively as follows: 

_ 1 ~T N-1 tan0{ cos(<1>-~-<l>')-f}+sin(<1>-~-<1>') 
Vn - -2 :E ( ') ( 2 ) ( ')2 - r(</>)d</> 

Tr 
O 

n~o 1-2 ~ COS </>- ;-</>' + ~ 
...... (57) 

(,1. 2nrr ,1.,) r' t r.i • (,1. 2nrr ,1.,) 
- 1 ~T N-1 cos .,,-N-.,, -r- an,-,•sm .,,-N-.,, 

Vt - -2 :E ( ') ( 2 ) ( ')2 r(</>)d</> 
Tr O n~O 1-2 ~ COS <p--1;-<p' + ; 

...... (58) 

where n is the vane number ; such as 0, 1, 2, .. · and N-1. 

Now, the fluid can not flow through the vane surface, so the boundary condition 

JllUi,t be s~tisfied between v!! and tpe nopn~l velocity components v~ upon tpe 
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vane surface, which is induced by displacement 

and source flow in the impeller, as follows: 

............... (59) 

From Fig. 16 v~ is expressed as 

v' = ..!L cos0-r'cosin0 
" 2rrr' 

= __g___ cos 0•e-4>' tan /!-co sin 0•e4>'tan ll ..... · (60) 
2rr 

~. 
Q r 

Fig. 16 
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Put the Eqs. (57) and (60) into the Eq. (59), and it can be expressed in 

dimensionless form as follows : 

sin 0-e4>'tan /l-rp cos 0•e-4>'tan/J 

= l rT ~l tan~{ cos (</J-~-</J' )-f}+sin(</J-~-</J' )r(</J) d</J 

2rrJo n-o 1_ 2(;') cos(</J-2;-</J')+(;'f U2 
...... (61) 

where u2 is the circumferential velocity at the outer radius of impeller, and rp is 

the flow rate coefficient. 
The Eq. (61) is a kind of integral equation in which the vortex r(</J) /u2 is 

unknown, and it can be calculated by numerical solution. 

Hence, from Joukowski's hypothesis r(</J)/u2, should be zero at the trailing 
edge of the vane. 

Next, putting the value r(</J)/u2 determined by the Eq. (61) into the Eq. (58), 

and integrate it numerically, the velocity component vt!u2 along the vane surface 
is determined. 

And the velocity component vUu2 along the vane surface, induced by the 

displacement and source flow in the impeller, is expressed as follows: 

............... (62) 

Therefore the required velocity w/u2 along the vane surface is determined 

ultimately from the following equation: 

!!!_ = ~+ v: +rC</J) 
U2 U2 U2 - 2U2 

···············(63) 

where the positive and negative signs in the third term indicate the back and 

front vane surfaces respectively. 

Next, the pressure coefficient, which expresses the pressure distribution along 

the vane surface, can be defined by Bernoulli's theorem in the flow of a rotatin~ 
tupe ;:is follows ; 
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~% = ~ {( ;J-(:J} ............... (64) 

Moreover, as an impeller vane has the circulation I' which is determined by 

the vortex distribution, the theoretical head Hth of the impeller is calculated, as 

is well-known, by the following relation : 

NI'w 
Hth= --

2n:g 
···············(65) 

3. Theory of Impeller with Vanes of Arbitrary Form. 

Next, when the impeller vane has the form which can be expressed by the 

polar coordinate (r, </J), the vane angle fJ is not constant generally. 

Thereupon the vane angle fJ at a point (r', </J') on the vane surface is 

expressed as, 

fJ _ t -1( 1 dr') 
- an r'd</J' ···············(66) 

By a similar procedure to the one applied to the impeller with the vanes of 

logarithmic spiral forms, the integral equation in order to determine the vortex 

distribution r(</J)/u2 is expressed as follows: 

dr' 'P 
d</J' r' 

and the velocity component vt!u., along the vane surface, which is induced at a 

point of the vane surface by the vortex distributions, is expressed as, 

and vUu2 is expressed as, 

v'/u - 1 ( 'P dr' + r') 
t 2 - f(~)2 r' d</J' 

'V r'd</J' +l 

···············(69) 

Therefore the velocity w/u2 , the pressure coefficient .dH/ (u1/ g) along the 

vane surface and theoretical head can be calculated by the Eqs. (63), (64) and 

(65) respectively. 
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4. Theory of Impeller with Splitter Vanes 

At first, we must deal with one of both the principal vanes and the splitter 
ones of the impeller, in the same way as before. 

Now, assume that both the vane 

forms consist of logarithmic spirals, 

and the splitter vanes are put one 

by one in the middle part between 

two principal vanes. Suffixing m 

for the splitter vane, denote A, B, 

Am, Bm, Yi, T2, Tim, Y2m, 'Z" and 'Z"m as 

shown in Fig. 17. 

Then the induced velocity dw00 

at a point D(r', </>') on the principal 

vane surface due to the vortex 

r(</>)ds at an arbitrary point C(r, </>) 

on the principal vane surface is the 

same as Eq. (47). 

Next, the induced velocity dwom 

y 

X 

0 

Fig. 17 

at a point D(r', </>') on the principal vane surface due to the vortex r mC</>m)dsm at 
an arbitrary point Cm(rm, </>m) on the splitter vane surface is expressed as follows: 

dwom = _!_ rmC</>m)dsm ............... (70) 
21r ✓ r;. + r12 - 2r mY1 cos (</>m-</>') 

(<l>m+~)tanl:3 ( 1t') dlogrm where rm= e N , log rm= </>m+ N tan0, d</>m = tan0 

therefore the infinitesimal length dsm of the splitter vane is, 

dsm = ✓ (drm) 2+ (rmd</>m) 2 = rmd</>m~l+ (d l~::mr 
1 

= ✓1+ tan2 0rmd</>m = cos 0rmd</>m ............... (71) 

So, Eq. (70) is expressed as follows ; 

dw = 1 rmC</>m)d</>m 

om 21r cos 0 ✓ 1 -2(;J cos (</>m - </>') + (;~ r ............... (72) 

Next, denote the normal and tangential velocity components of dw00 and dwom, 
as dvnoo, dvnom, dVtoo and dVtom respectively, so that they are given as follows: 

1 
tan 0{cos (</>-</>') - ~'}+sin(</>-</>') 

dVnoo = - -- , · T2 r(</>)d</> 
21r 1-2(;)cos(</>-</>')+(;) 

............... (73) 
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l tan 0{ cos Cr/Jm-r/J')-_c}+sin (r/Jm-r/J') 
dvnom = - -- --- _______ rm ____ ---~r (rf> )dr/, ···· .. ···(74) 

2n 1-2(:J cos Cr/Jm-r/J') + (:~r m m m 

cos(¢,-¢,')- r' -tan0•sin (r/,-r/,') 
dvtoo = 2~ -------.(~,)~r _____ (~,~)2~-r(r/J)dr/, 

1-2 ~ cos (r/, - r/,1 ) + ; 
···············(75) 

l cos (r/Jm-s6')-_c-tan0·sin (s6m-s6') 
dVtom=2n (r_'_\ Ym (r')2 rm(r/Jm)dr/Jm············(16) 

1-2 r-;;J cos Cr/Jm-r/J') + rm 

Now denote the induced velocity at a point D due to the distributed vortices 

on a principal vane and a splitter vane, as w0 , and the normal and tangential 

velocity components of it, as Vno and v,0 respectively. Their velocity components 
are expressed as · follows : 

1 rT tan11{cos (r/,-r/,')-f}+sin (r/,-¢,1
) 

Vno = 2 J ( / ( / 2 r(r/,)dr/, 
11: 

0 
1-2 ~)cos(r/,-r/,')+ ~) 

l (m-i tan/1{ cos (r/Jm-r/J')-,.~}+sin (r/Jm-r/J') 

+ 2n J n: ( r') , ( r' )2 r mCr/Jm)dr/Jm 
-N 1-2 - cos (r/Jm-r/J) + -

Ym Ym 

······(77) 

cos(¢,-¢,')- r' -tan/1•sin (r/,-r/,') 

Vto = in~: ( r') r , ( r')2 r(r/,)dr/, 
1-2 - cos(¢,-¢,)+ -

r r 

l ~Tm--% cos (r/Jm-s6')-_c-tan/1·sin (r/Jm-r/J') 
+- -------- I Ym______ I 2- rm(r/Jm)dr/Jm ·········(78) 2

7t --% l-2(;J COS (r/Jm-r/J') + (;J 
Next, denote both the number of principal and splitter vanes as N. Then 

the velocity components Vn and v,, which are induced at a point D on the No. 0 

principal vane surface by the distributed vortices on all the principal and the 

splitter vanes, are expressed respectively as follows: 

1 iT N-i tan 0{ cos(¢,-~-¢,' )-f}+sin(r/,-~-r/,') 
Vn = - :E ( ') ( 2 ) ( ')2 r(r/,)dr/, 2

7t O n=O 1-2 ~ COS r/,- ;-¢,' + ~ 

l !Tm-; N-t tan 11{ cos ( r/Jm-~-r/,' )-[:} +sin (~m-~-r/,') · 
+- :E ( , ) ( 2 ) ( ')g r mCr/Jm)dr/Jm 2

:rr - ; n=O 1-2 ;m COS r/Jm--;-r/,' + ;m 

···············(79) 
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where -r~4''~0, -r~4'<0, -rm-J:r~4'm~-J:r and N is the vane number, such 

as 0, 1, 2, ... and N-1. 

In the same way, the velocity components Vnm and Vtm, which are induced, 

at a point Dm on the splitter vane, by the distributed vortices on all the vanes, 

are expressed respectively as follows : 

cos. (,1._2nn _,1.,)_r:,._tan /.)·sin (,1._2nn _,1.,) 
1 ~T N-1 'I' N 'Pm r p 'I' N 'Pm 

Vtm = - ~ f 1 2 r(4')d4' 
. 2n o n=o 1_ 2(r;)cos(4'-~;-4':..)+(r;) 

cos ( 4'm-~-¢i:,.)-~-tan{1•sin ( 91,,.--~-¢1:,.) 

1-2(;:) cos ( 4'm-
2'J;-4i:..) + (~:r 

···············(82) 

where -rm- J:r ~ ¢1:,. ~ - J:r 

Now, the following boundary conditions must be satisfied in the same way 

as the former sections 2. 

Vn+V~ = 0, Vnm+v,'.,,. = 0 ···············(83) 

Then v~ and v:.,. are expressed respectively as follows : 

............ (84) 
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Then, put the Eq. (84) into the Eq. (83), and it can be expressed in dimen­

sionless form, as follows ; 

The Eqs. (85) are simultaneous integral equations in which the vortices 

r(r/J) /u2 and r mCr/Jm) /u2 are unknown, and they can be calculated by numerical 

solution. 

Hence, from Joukowski's hypothesis r(r/J)/u2 and rm('Pm)/u2 should both be zero 

at the trailing edges of the principal and splitter vanes. 

Next putting the values r(r/J) /u2 and r mC'Pm) /u2 determined by the Eq. (85) 

into the Eqs. (80) and (82), and integrating them numerically, the velocity com­

ponents vt!u2 and Vtm!u2 along both the vane surfaces may be determined. The 

tangential velocity components vUu2 and v:,,.lu2 are expressed respeotively as 

follows: 

Therefore ultimately the required velocities w/u2 and wm/u2 along the principal 

and the splitter vane surfaces are determined respectively from the following 

equation: 

_!!1__ = ~+ v: +rCr/J) 
U2 U2 U2 - 2u2 

Wm= Vtm+Vim+i'm('Pm) 
U2 U2 U2 - 2u2 l 

where the positive and the negative signs in the third term indicate the back 

and front vane surfaces respectively. 

Then the pressure coefficients dH /1 and dHmj~ can be calculated respectively 

as follows: 

dH/1 = ~ {(;J-( :J2} l 
dHm/1 = ~ {(::r-(r::r} ···············(88) 

Moreover, as the circulations I' and I'm of each of the principal and splitter 

vanes are determined by the vortices r(r/J)/u2 and rm(r/Jm)/u2 , the theoretical head 
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Hth of the impeller with splitter vanes is calculated by the following relation : 

H _N(I'+I'm)W 
th -

211:g 
............... (89) 

5. Theoretical Results 

Calculations were performed on the following three impellers : 

( i ) impeller with logarithmic spiral 

vanes; N=6, /3=30° and r1/r2=0.6 

(ii) impeller with splitter vanes of 

2/3 length of which the forms are 

logarithmic spirals, both N=6, 

/3=30° and r1/r2 = =0.6 

(iii) impeller with logarithmic spiral 

vanes; N=l2, /3=30° and r1/r2 =0.6 

They are shown in Fig. 18. 

The vortex, the velocity and the pressure 

distributions along the vane surfaces, calcu­

lated by the Eqs. (61), (63), (64), (86), (87) 

and (88), are shown in Figs. 19, 20, 21, 22, 23, 

24, 25, 26, and 27, respectively, and the experi­

mental pressure distribution of an impeller 

with 2/3 splitter vanes is shown in Fig. 28. 

Their vortex distributions were calculated 

by using the KDC-1 Digital Computer except 

for an impeller with splitter vanes. 

In the vortex distributions, the abscissas 

are the dimensionless vane length s/r2 , and 

in the velocity and pressure distributions, 

the ones are the radius ratio r/r2. The chain 

lines in these pressure distributions show the 

WITH 2/3 SPLITTER VANE 

N=l2 

Fig. 18 

pressure distribution curve l/2(r/r2)
2 in the case where the fluid rotates with the 

impeller. 

The impeller with 6 vanes is compared by the conformal mapping method, 

shown by the broken lines, and the results agree well as shown in these figures. 

Also on the pressure distribution of the impeller with 12 vanes as shown in 

Fig. 26, the flow rate coefficient q:,=0.25 is the nearly shockless one, so the theo­

retical curve is compared with the experimental results at flow conditions of 

maximum efficiency, indicated by the thick broken line. 
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f2 

Fig, 21 
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U2 
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0 
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1-6 -----------
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u, 

J.2 
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0 

-0.2 t------+~---1----, 

-0,4 ...._ ____ L-._ ......... _ __. 

06 0.1 aa 

Fig. 22 

0.9 L J.O r, 
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14 r----.---.-----.---, 
WITH 2/3 SPLITTER VANE 

w 
u, 

- 0.4 

N = •6 

fJ = Jo· 

--PR/NC/PAL VANE 

--SPLITTER VANE 

-0.6 ----------:--:-
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(J 

Fig. 23 
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g 

0 
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0 
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0 
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Fig. 26 
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N =6 

/J = 30° 

0 
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Fig. 27 
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Fig. 28 
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Though the forms of their distributions are both similar, the measured one 

shows lower value than the theoretical one owing to the viscosity of the fluid. 

And as shown in Figs. 27 and 28, the theoretical pressure distributions of 

the impeller with 2/3 splitter vanes differ from the experimental ones owing to 

the viscosity of fluid, as in the former case. 

6. Conclusion 

In this chapter, the two-dimensional theory of the impeller of centrifugal 

type hydraulic machinery has been developed by using the singularity method. 

Though the distributed vortices along the vane surfaces should be calculated by 

numerical solution, they can be determined exactly by using a digital computer, 

even if the impeller has a great number of vanes. 

The calculated results from this theory agree well with those from the theory 

of the conformal mapping method or from experimental results. 
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