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1 Introduction 

Skein modules were introduced by Przytycki [31] and Turaev [37], and enjoy numerous 
connections to different areas of mathematics including quantum field theory [1], character 
varieties [4, 33], and cluster theory [2, 28]. It was conjectured by Witten and proved by 
Gunningham-Jordan-Safronov [13] that skein modules of closed, compact, oriented 3-
manifolds are finite-dimensional over C(q112 ). However, the proof is not constructive and 
the computation of the dimensions of skein modules remains a problem of interest. 

The earliest computations of skein modules were for lens spaces and 8 2 x 8 1 [17, 18]. 
Since then, skein modules have been computed for integer Dehn surgeries along a trefoil [3], 
the quaternionic manifold [11], some prism manifolds [27], and some families of hyperbolic 
manifolds obtained by Dehn filling of knot complements [7]. The dimension was computed 
for the 3-torus by Carrega [5] and Gilmer [10], and this was generalized to the trivial 81-

bundle over any closed surface in [12, 8]. In [22] the skein modules of mapping tori of the 
2-torus were computed, and the purpose of this article is to give an expose of some of the 
key ideas used in the proof. 

If 'Y E Mod(11'2

) ~ SL
2
(Z) ~ (8, Tl84 = 1, (8T) 3 = 8 2

) is a mapping class, we denote 
the corresponding mapping torus by M,. The result of [22] can be stated as follows. 

Theorem 1.1. Let 'r = ( ~ : ) E SL2 (Z). Then dim Sk( M"I) is as follows: 

• ltr('Y)I = 0: then dimSk(M"I) = 6. 

• ltr('Y)I = 1: then dimSk(M"I) = 4. 

• ltr('Y)I = 2: then 'r is conjugate to ±Tn, and 

dim Sk(M ) = { g + k n = 2k 
"Y 6 + k n = 2k + 1 

• ltr('Y)I > 2: then 
dimSk(M"I) = ltr('Y)I + 2ch)+1 

where 
c('Y) = #{m E {gcd(a - 1, b, c, d - 1), tr('Y)}: m even}. 
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The above theorem has the advantage that within each case, the formula for the skein 
module dimension is elementary to state. In [22], a single formula was given which does 
not require the mapping classes to be separated by the absolute value of their trace. 

Theorem 1.2. Let 'YE SL2 (Z). Then dimSk(M,) is given by 

n r+ + + 2P+ nr- - + 2P-
dim Sk(M) = s + i=l ai + i=l ai 

' ' 2 2 

where r ± is the rank and a; are the invariant factors of Id =f 'Y, and 

and 

P± = #{ a; even: 1 ::; i ::; r ±} 

{
4 1 = Id 

s, = 2 tr(1) = 0 

1 tr(1) = 1 

mod 2 and 1 i- Id 
mod 2 

for 1 the matrix of 'Y taken mod 2 in each entry. 

One advantage of the formula of Theorem 1.2 is that it reflects the structure of the 
calculation, which we will describe in this article. It was not noticed by the author that 
the alternative statement, Theorem 1.1, can be obtained from Theorem 1.2, until after 
the publication of [22]. 

The dimensions of Theorem 1.2 lead to the observation, due to R. Detcherry, that there 
does not exist an oriented (3 + 1)-TQFT which assigns skein modules to 3-manifolds and 
yields the natural actions of mapping class groups on skein modules. Essentially, a TQFT 
would allow us to calculate traces of mapping class group actions on 3-manifolds, and in 
particular the dimensions of Theorem 1.2 will appear as traces of the mapping class group 
of the 3-torus. But in the case of the 3-torus the natural mapping class group action is 
already well-understood due to work of Carrega [5], and the dimensions of Theorem 1.2 
do not appear as traces. 

Another implication of Theorem 1.2 is as follows. For the lower bound on the dimen­
sion of the skein modules of circle bundles over closed surfaces obtained in [12] Gilmer­
Masbaum introduced the so-called evaluation map, which takes a Kauffman bracket skein 
and produces an almost-everywhere-defined C-valued function on the set of even order 
roots of unity. Their lower bound is obtained by finding skeins which are linearly inde­
pendent under the evaluation map. Injectivity of the evaluation map would allow one to 
conclude the lower bound is optimal. However, it was shown in [23], using the computa­
tions of Theorem 1.2, that the evaluation map is not injective in general. In the case of 
circle bundles over a surface, optimality of the bound from [12] was shown by different 
means in [8]. 

In the remainder of this article we will explain some key elements of the proof of 
Theorem 1.2. To complement the paper [22], we will try to emphasise important results 
used in the proof in different language to that of the original paper. In particular, in [22], 
results of [15] are used which can be phrased in terms of skein categories. In this article, 
we avoid mention of skein categories and aim to give a sketch of the main ideas which are 
accessible to a reader unfamiliar with the skein category construction. 
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In Section 2 we recall skein modules. As well as the Kauffman bracket skein module, 
which is the main object of Theorem 1.2, we also introduce and give some remarks on 
the SLN and GLN-skein modules, to which some of our techniques can be extended. In 
Section 3 we point out the key observations in the proof of Theorem 1.2 in non-categorical 
terms. For completeness we describe how Theorem 1.1 is obtained from Theorem 1.2. We 
also remark on generalizations of our calculations to SLN and GLN skein theory. 
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2 Skein modules 

In this section we recall the definition of Kauffman bracket skein modules, to which our 
main results apply. We also describe their generalization to and SLN and GLN skein 
modules, to which some of our techniques can be generalized. 

2.1 Kauffman bracket skein modules 

The Kauffman bracket skein module Sk(M) of a 3-manifold Mis the <C(q112)-vector space 
spanned by isotopy classes of framed links embedded in M, modulo the Kauffman bracket 
relations shown in Fig. 1, which are applied in any embedded ball in M. The equivalence 
class of a given link is called a skein. 

1 
=q'i 

,...c;;,\ 

\~/ 

Figure 1: The Kauffman bracket skein relations. 

The Kauffman bracket skein module of S 3 is 1-dimensional: given a knot K, this 
evaluates to a scalar multiple of the empty link, where this scalar is the Kauffman bracket 
polynomial of K [21]. In this sense, skein modules allow us to generalize the Kauffman 
bracket polynomial to study links embedded in an arbitrary 3-manifold. 

Let us remark that skein modules can be considered as modules over the ring Z[q±1/2] of 
Laurent polynomials (indeed this is why they are called skein modules) or over <C where 
q112 is specialized to some specific complex number, often a root of unity. However in 
this work, we will only ever consider skein modules over <C(q112), i.e. when the quantum 
parameter is generic. 
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2.2 SLN and GLN skein modules 

The Kauffman bracket is closely related to the representation theory of quantum S12 . It 
follows from work of Rumer-Teller-Weyl [35] that the tensor category generated by the 
vector representation V of Uq(.s[2 ) is equivalent to the Temperly-Lieb category, whose 
objects are collections of points and morphisms are planar 1-manifolds connecting them, 
with the relation that a circle can be erased at the cost of ( -q - q-1). The category 
generated by V has a ribbon structure, and the Kauffman bracket can be seen as promoting 
the Temperly-Lieb diagrammatics to a 3-dimensional calculus for this ribbon category. 
This allows us to regard Kauffman skeins as embedded 1-manifolds which locally look like 
morphisms between tensor powers of the vector representation. 

In general, any ribbon category A has a ribbon calculus: morphisms can be depicted 
as framed graphs in 3 dimensions labelled by objects, with vertices labeled by morphisms 
from the incoming to the outgoing edges. It is then possible to talk of A-skein module 
of M as being spanned by isotopy classes of such graphs embedded in M, where we 
impose the relations which would hold in A within any ball embedded in M. This very 
general notion of skein module is implied by the generality of the Reshetikhin-Turaev 
construction [34]. Taking A to be the category Repf.d.Uq(£J) of all finite-dimensional type 
1 representations, for g the Lie algebra of SLN or GLN, gives a definition of SLN- or GLN 
skein module. 

It is interesting to ask if there are diagrammatic presentations for these skein modules 
similar to the Kauffman bracket. There was early work in this direction by Kuperburg 
[24], who showed how to give a calculus based on trivalent graphs (called webs) for the 
category generated by the fundamental representations ( exterior powers of the vector rep­
resentation) of Uq(.s[3). Around the same time, it was noticed in [29] that the HOMFLYPT 
polynomial can be computed by resolving a knot into a linear combination of trivalent 
planar graphs, which suggested a relation with the representation theory of Uq(,s[N ). 

These ideas were developed in work of Sikora [36] and Cautis-Kamnitzer-Morrison [6]. 
In [36], a bracket invariant is defined for graphs which contain only N-valent sources or 
sinks, corresponding to the tensor category generated by the vector representation V of 
Uq(,s[N) with the sinks and sources corresponding to the projection to and inclusion of 
the (trivial) N-th exterior power. In [6], a category of trivalent ,s[N-webs is defined, with 
strands labeled by integers. It is shown that this is equivalent to the category generated 
by fundamental representations of Uq(,s[N), thus giving a diagrammatic calculus for this 
category. 

We therefore have two diagrammatic theories where skeins are embedded graphs which 
locally look like morphisms in some category of Uq(,s[N )-representations. It was shown in 
[30] that the diagram category implicit in [36] is equivalent to the subcategory of ,s[wwebs 
with strands labeled by the vector representation, and moreover that the skein modules 
associated to the category of N-valent graphs and the category of ,s[N-webs are isomorphic. 
Clearly the former skein module embeds in the latter, and the proof of the isomorphism 
amounts to observing that any exterior power is a retract of a tensor power, i.e. there 

exists a factorization /\ k V ~ V®k ➔ W = I\ k V of Id/\ k v · By inserting Id/\ k v = ri 

into a strand labeled by /\ k V and isotoping r and i to the ends of the strand, it suffices 
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to consider only webs with strands coloured by V, establishing that the inclusion is also 
surjective. 

Since every finite-dimensional representation of Uq(,s[N) is a retract of a fundamental 
representation, an identical argument shows that the skein module defined via _s[N-webs 
and the skein module more abstractly associated to Repr.d·Ug(_s[N) are isomorphic. We 
may therefore speak unambiguously of the SLN-skein module, which admits diagrammatic 
descriptions based on either the N-valent calculus of [36] or the trivalent one of [6] as 
preferred. 

There is a generalization of _s[N-webs to g[N-webs [26]. As observed in [25, Theorem 
6A.l], the proofs of [6] essentially show that g[N-webs give a diagrammatic description 
of the tensor category generated by the fundamental representations of Uq(g[N ). Again, 
since every finite-dimensional representation of Uq(g[N) is a retract of a fundamental one, 
it follows that these diagrammatics can be used to calculate the GLN-skein module. 

3 Elements of proof 

Here we will sketch some key ideas used to prove Theorem 1.2. We will explain how 
to decompose the skein module Sk(M'Y) into a direct sum, from which the summands of 
Theorem 1.2 are seen to count the dimensions of each direct summand. 

3.1 Parity grading and cutting torus method 

The first observation is the following. 

Lemma 3.1 ([5]). For M a 3-manifold, Sk(M) is graded by H1(M; Z/2Z). 

The grading, which featured in the computations of [5, 10, 12, 8], is given by viewing 
skeins as homology I-cycles with Z/2Z-coefficients. This is well-defined since the Kauff­
man bracket skein relations become null in H1 (M; Z/2Z). The upshot in the case of 
mapping tori is that any skein wraps the monodromy direction either an even or an odd 
number of times, i.e. 

Sk( M'Y) ~ { even skeins} EB { odd skeins}. (1) 

This decomposition can be even further strengthened by the following powerful result. 

Lemma 3.2 ([15, Corollary 1.7]). Let M be a 3-manifold, and fix 1f2 C M. Then Sk(M) 
is spanned by skeins which intersect 1f2 at most once. 

By fixing a copy of 1f2 inside a mapping torus transverse to the monodromy direction, 
(1) can be strengthened to the following: 

(2) 

where W0 is the space of skeins which wrap the monodromy direction zero times, and W1 

the space of those which wrap once. 
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3.2 Twisted Hochschild homology 

Recall that the skein module of any cylinder~ x [O, 1] has an algebra structure, by stacking 
skeins in the interval direction, and considered with this structure is known as the skein 
algebra, denoted SkAlg(~). 

Considering the map 11'2 x [O, 1] ----+ M1 , there is an induced linear map SkAlg(11'2) ----+ W0 . 

Of course, there is a kernel given by identifying a skein with the result of wrapping it 
around the mapping torus and applying the monodromy. Since the source is an algebra, 
we can write this kernel as 

(ab - 1 (b)a: a, b E SkAlg(11'2)) 

where I acts in the obvious way on SkAlg(11'2). The resulting quotient is denoted 

HHJ (SkAlg(11'2)) 

and called twisted Hochschild homology, since for 1 = Id this is the usual zeroth Hochschild 
homology space of an algebra. Clearly this space is isomorphic to W0 . 

Similarly, let us fix a marked point x E 11'2 and consider an algebra E(l,l) spanned by 
framed tangles in 11'2 x [O, 1] ending at {x} x {O} and {x} x {1}, modulo the Kauffman 
bracket relations. As before, the algebra structure is given by stacking, and I acts in the 
obvious way, and we see that just as described above we have 

W1 ~ HHJ(E(l,1))-

It is shown in [22, §4.1], using observations about the skein theory of 11'2 going back to 
P. Samuelson, that 

E(l,1) ~ <C( ql/2) [IF~] 

for IF 2 the field with 2 elements. This is a 4-dimensional algebra, and the action of I can 
be described explicitly. It is then straightforward to calculate that 

dimHHJ(E(l,1)) = s1 

for s1 the number appearing in Theorem 1.2. 

3.3 Decomposition of W0 

We have now explained the summand s1 from Theorem 1.2, which counts the dimension 
of the direct summand W1 ~ HHJ(E(l,1)) of the skein module. To explain the other two 
summands of Theorem 1.2, we must give a further decomposition of the space W0 ~ 

HHJ (SkAlg(11'2)). Our starting point is the following important description of the skein 
algebra. 

Theorem 3.3 ([9, Theorem 2]). There is an algebra isomorphism 

SkAlg(11'2) ~ A 2 l22 

where 
A= <C(q112)(X±1, Y±1)/(XY - q½YX) 

and Z/2Z acts by inverting X and Y. 
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The zeroth Hochschild homology of an algebra is a Morita invariant. It is well-known 
that there is a Morita equivalence between Aw and the so-called smash product algebra 
A#W. Moreover, it is known that the zeroth Hochschild homology of a smash product has 
a direct sum decomposition. Tracing through the ry-twisted versions of these statements 
carefully is the content of [22, §3.1], yielding the decomposition 

HHJ(A2l22) ~ E9 HHJw(A)z;2z-
wEZ/2z 

Here the Hochschild homologies on the right are further twisted by a sign, and the sub­
script indicates that we take coinvariants with respect to the natural Z/2Z action on 
this space. The two direct summands here explain the appearance of the two remaining 
summands in the formula of Theorem 1.2. 

It is explained in [22, §3.2] that HHJw(A) is isomorphic to the vector space supported 
on the torsion part of coker(Id - ryw) where Id - ryw acts on H1 (11'2) ~ '11.,2. We recall that 
the cokernel of a map of Z-modules has a canonical form: 

Tw 

coker(Id - ryw) ~ z 2-rw E9 E9z/afZ 
i=l 

where rw is the rank of the map and the integers a'f are the so-called invariant factors of 
the map. 

The natural Z/2Z-action on this space is by negation in each coordinate. The orbits 
are generically of cardinality 2, and the dimension of the space of coinvariants is therefore 
approximately ½ IL a'f. Whenever a'f is even, there will be a fixed-point for the Z/2Z­
action, so that the approximate dimension needs to be corrected and the true dimension 
is 

I1Tw W + 2Pw 
dimHHJw(A)z;2z = i=l a; 

where Pw counts the number of even invariant factors. This explains the remaining terms 
of the formula of Theorem 1.2. 

3.4 Derivation of Theorem 1.1 

Firstly, we note that two mapping tori M,, M</J are oriented-diffeomorphic if and only if 
')' and ¢ are conjugate in SL2(Z) [16, Theorem 2.6]. 

We recall (see, e.g. [20, Chapter 7]) that: 

• ltr('Y) I = 0: then ')' is conjugate to ±S for S = ( ~ ~ 1) . 

• ltr(')') I = 1: then ')' is conjugate to ±E±l for E = G ~ 1 )-

• ltr(ry)I = 2: then')' is conjugate to ±Tn for T = (~ ~) , n E Z. 
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• ltr(,)I > 2: then conjugacy classes are classified via continued fractions in a way we 
do not recall here. 

We recall the following elementary facts about the invariant factors of an integer matrix 
P. The invariant factors satisfy ailai+1 and can be calculated by ai = di/di-I where di 
is the i-th determinant divisor, the greatest common divisor of the determinants of all 
i x i minors of P ( we take the convention that d0 = 1). Moreover if P is full rank, then 
IL ai = dr = I det(P)I. 

In the cases where ltr(,) I :S 2, the description of the invariant factors given above 
is sufficient to verify the claimed formula in Theorem 1. 1 directly from the formula of 
Theorem 1.2. 

Now assume ltr(,)I > 2. We see that Id =f I has full rank since 

det(Id =f 1 ) = x,(±1) = 2 =f tr(,) -::J 0. 

We write a;, d; for the invariant factors and determinant divisors respectively of Id=r=,. 
We have 

1 1 
2(JJ at+ IT a;)= 2(1 det(Id - ,)I+ I det(Id + ,)I) 

1 
= 2(12 - tr(,)I + 12 + tr(,)I) 

= ltr(,)1-

Let us consider the numbers P± from Theorem 1.2. Writing at as the greatest common 
divisor of the matrix entries, we notice that 2laf ¢==? 2la1. Then since at lat we see 
P+ = 2 ¢==? P- = 2. 

Assuming 2 f at, it follows that 2 I at ¢==? 2 ldt. In this case, writing dt = I 2 =f tr(,) I, 
we see 2lat ¢==? 2ltr(,) ¢==? 2la2, and so P+ = 1 ¢==? p_ = l. It then follows that 
P+ = 0 ¢==? P- = 0. 

Then we see that 
2P+-1 + 2P--l = 2c(1 ) 

for c(,) the number in Theorem 1. 1. It is also easy to see that s, = 2c(,). Then it follows 
that 

= 2c(,) + 2c(,) + ltr(,)I 

= 2c(,)+1 + ltr(,) I 

which verifies the formula of Theorem 1.1 in the case ltr(,) I > 2. 

3.5 Generalizations for SLN and GLN 

Now we discuss the aspects of our calculations which admit a generalization to the SLN 
and GLN cases. The first step in our proof was to decompose the skein module of the 
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mapping torus into skeins which wrap the monodromy an even or an odd number of times, 
using the grading by H1 (M'Y;Z/2Z) (Lemma 3.1). This grading admits a generalization 
due to D. Jordan. 

Lemma 3.4 ([19, §3]). For any G, the G-skein module of a 3-manifold M admits a 
grading by H1(M; Z(G)Y) for Z(G)Y the Pontryagin dual of the centre of G. 

Then it follows that for mapping tori, 

N-1 

and 

SksLN(M'Y) ~ E9{skeins wrapping the monodromy n times mod N} 
n=O 

SkGLN(M'Y) ~ E9{skeins wrapping the monodromy n times}. 
nEN 

These gradings can be strengthened by a more general form of Lemma 3.2. 

Lemma 3.5 ([15, Corollary 1.7]). Let M be a 3-manifold, and fix 11'2 CM. Then 

1. The SLwskein module is spanned by skeins which intersect 11'2 at most N - 1 times. 

2. The GLN-skein module is spanned by skeins which do not intersect 11'2 . 

This allows us to write the GLN-skein module of a mapping torus in terms of skeins 
which do not wrap the monodromy direction. In particular, SkcLN(M'Y) is the twisted 
Hochschild homology of SkAlg0 LN(11'2). In the case of SLN, Lemma 3.5 combined with 
the above decomposition yields 

N-1 

SksLN(M'Y) ~ E9 Wn 
n=O 

for Wn the space of skeins wrapping the monodromy direction n times. Then, just as 
before, we have Wn ~ HHJ(E(n,n)) for E(n,n) the algebra of (n,n)-tangles modulo the 
SLN-skein relations. 

In both the GLN and SLN cases we must understand the twisted Hochschild homology 
of the skein algebra. A generalization of the presentation as an algebra of invariants in 
the SL2 case (Theorem 3.3) is given in [14, Corollary 1.12] (see also [14, §4]). Then a 
direct sum decomposition of the twisted Hochschild homology is possible via the smash 
product, and is given in [22, Corollary 3.6]. In the GL1 case, with trivial Weyl group, 
it is straightforward to calculate the dimensions and show that they agree with those of 
[32], and this is done in [22, Theorem 3.13]. More generally, giving the dimension for the 
twisted Hochschild homology of the skein algebra will amount to counting the orbits of 
(subgroups of) the Weyl group acting on various twisted Hochschild homologies. 

In the SLN case, to understand the whole skein module we will need a description of 
the algebras E(n,n), and the author does not know of an immediate generalization of the 
description of E(l,l) given in [22, §4.1]. 
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