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Abstract

Nowadays, maintaining and improving bridge structures have become keen technical issues, since any
light structural damage or defects in a bridge can potentially result in fatal accidents. Preventive
maintenance is also essential to increase the life spans of the bridges and to avoid long-term traffic
interruption. Vibration based structural health monitoring provides a research field for nondestructive
evaluation based on physical measurements and computer analyses to complement existing visual
inspection methods. Especially for short and middle span bridges, the traffic loading excites the bridges
continuously, and thus vibration monitoring is available without interrupting the traffic. Most of the
existing studies examined modal properties such as natural frequencies, damping ratios and mode shapes
to assess the bridge condition. Several other studies examined damage indicators that are promptly
generated from the measured data without identifying the modal properties. Although great number of
studies showed validity of vibration based structural health monitoring for the bridges, the following two
obstructions remain to be solved: Firstly, precise modal identification requires experience on data
processing, and thus more concise decision rule is required to realize screening method for the numerous
existing bridges. Secondly, the existing damage indicators dismiss most of information included in the

original data to generate simple indicators, and thus they are less reliable than the modal properties.

Aiming at efficient inspection based on the vibration monitoring, this thesis proposes a damage
indicator by unsupervised machine learning. That is, the healthy condition of a bridge is learned at first
from the vibration actually monitored on the healthy bridge. Bayesian statistics enables the machine
learning with a suitable stochastic model to represent random bridge vibration. The stochastic model is
formulated as a parametric model based on the dynamical equation of motion of the bridges. The
parametric models are investigated through the operational modal analysis theory. To quantify the
uncertainty involved in the decision-making for bridge management, the validity of the Bayesian statics
for modal analysis is examined. To distinguish damage from huge amount of data, damage sensitive
features are investigated based on the modal analysis theory. The Bayesian inference and the Bayesian
hypothesis testing provides reliable and concise damage indicators to detect changes in modal properties.
Each step of the above investigation is verified by considering a field experiment on an actual steel truss
bridge whose truss members were artificially severed. The validity of the proposed damage indicator is

also examined through one-year monitoring and damage test on a steel plate girder bridge.
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Chapter 1

Introduction

1.1 Backgrounds

1.1.1 Motivation

Management of aging infrastructures is a crucially important issue confronting civil engineering
professionals. Aging bridges have revealed deterioration leading to serious accidents. The collapse of the
[-35W Mississippi River Bridge in Minneapolis, Minnesota, USA on August 1, 2007, was an
unprecedented shock to the civil engineering community. National Transportation Safety Board [1]
reported that the accident was caused by a design error in the loading capacity of its gusset plates.
Although several structural deficiencies were discovered by inspection in advance to the collapse, the
retrofit project was delayed while evaluating reinforcement plans. Severe damages of bridges in service
were also discovered in Japan. Figure 1.1 shows the pictures of the ruptured diagonal truss member on
Kisogawa Bridge for instance [2]. The lack of anti-corrosion performance on the member caused severe

corrosion leading to the rupture. The urgent restoration required traffic control for 115 days.

Nowadays, maintaining and improving bridge structures have become keen technical issues, since any
light structural damage or defects in a bridge can potentially result in fatal accidents. Preventive

maintenance is also essential to increase the life spans of the bridges and to avoid long-term traffic

Figure 1.1 Photographs of the ruptured member on Kisogawa Bridge [2]



interruptions. In Japan, more than 720 thousand highway bridges are in service, and most of the bridges
were intensively constructed in 1960s and 1970s, when the high economic growth were raised [3]. Thus,
over 50 % of the bridges will get older than 50 years old until 2020s. Road Bureau of MLIT (Ministry of
Land, Infrastructure, Transport and Tourism in Japan) therefore provided guideline for inspection of the
highway bridges, where visual inspections once in 5 years are required for each of the bridges. The recent
annual report provided by MLIT [4] shows that effort made by the bridge owners has provided steady
improvement in those management tasks. However, there is still concern with financial problems and
limitation of human resources for sustainable management of the bridges [5]. Furthermore, the rapid
economic growth arising in the developing countries will possibly engender further issue to maintain their
bridges in several decades. Damage detection for screening the structural health condition is therefore a

challenging task to realize effective management of the bridges.

Structural health monitoring (SHM) provides a research field for nondestructive evaluation based on
physical measurements and computer analyses to complement existing visual inspection methods. Local
deteriorations of structures can be detected or evaluated by nondestructive testing measuring strain,
displacements, acoustics, electric currents, hardness, magnetic fields, X-rays, and so on [6]. Those local
testing methods enable detailed inspection on a specific part of the structures. For assessment of the whole
structure, however, the local methods require cautiously planned inspection to avoid risk of overlooking
failures. In order to realize a convenient screening method in practice, it is desirable to develop a technique
to find the integrity of the whole bridge through its global mechanical properties. Techniques of SHM
based on vibration measurements have been attracting bridge owners because of their potential feasibility
for effective inspection. The main advantage of the vibration based SHM is that measurements at one or
several locations are sufficient to assess the condition of the whole structure. In practice, however,
decision-making for bridge maintenance involves difficulty caused by the uncertainty of natural
phenomena. This study therefore aims to investigate methodologies to handle the uncertainty and to

propose strategy how to utilize SHM to bridge maintenance in practice.

1.1.2 Overview of existing studies

The vibration based SHM relies upon the fact that a local stiffness change affects the global dynamic
characteristic of the structure [7]-[9]. That is, changes in structural integrity of bridges engender changes
in their modal properties such as natural frequencies, damping ratios and mode shapes. Analytical
researches showed relationships between local stiffness and the global dynamic characteristic of the
structure [10]-[12]. Numerical and experimental investigations have made to justify the feasibility of the
vibration based SHM for various structures [13]-[21]. Los Alamos National Laboratory [7] summarized
fundamental researches that have made up to 1990s. Consequently, vibration-based SHM is a useful
technique to detect stiffness changes in structures if they can be excited easily. Recent studies adopt

statistical approaches to vibration-based SHM aiming at reasonable decision-making [22]-[26].



Especially, improvement in computational performance in these days has developed a novel research area
adopting Bayesian statistics. Pattern recognition and machine learning based on the Bayesian theory have

produced innovative studies for the statistical SHM [25]-[32].

The modal properties of structures are estimated from vibration responses of the structures by means
of numerical inverse problem [7], [33]-[36]. Two commonly used means are forced vibration tests and
ambient vibration tests [35]. In the forced vibration test, by a shaker, impact hammer or other means are
required to excite the bridges. In the ambient vibration test, the bridges are excited using various natural
sources such as wind and ground motion. The ambient vibration based SHM enables monitoring without
interrupting traffics on the bridges. Especially for short and medium span bridges, the traffics can be
source of ambient vibration. Thus, for SHM of those bridges, ambient vibration tests using the traffic-
induced vibration can be a more convenient method than the forced vibration test. The ambient vibration
based modal identification are called operational modal analysis or output-only modal analysis since it
enables to identify modal properties of the mechanical system under operation only from the measurable
outputs of the system. Studies given in recent decades [36]-[48] enabled more reliable operational modal

analysis methods.

Aiming to maintain structural safety of actual bridges in field, a lot of studies have adopted the
operational modal analyses [22], [24], [46], [49]-[53]. For instance, Zhang [22] showed statistical
feasibility of vibration based SHM by numerical model-based analysis. Chang et al. [50] showed that
stochastic changes of modal properties caused by the damages on bridges can be detected using traffic
induced vibration considering field experiments on actual bridges with artificially severed members.
Long-term monitoring on actual bridges in service is operated in [24], [52], [53] for practical decision
making. Most of those precedent studies specifically examine the change in modal parameters of

structures.

In ambient vibration tests conducted on actual bridges, however, existing operational modal analysis
methods require experience to identify the modal parameters since random natural phenomena involves
unexpected effect onto measured data (for instance, see [9], [54]). To avoid the uncertainty on the modal
identification, several existing studies have developed damage indicators directly extracted from the
acquired time series of bridge vibration [51], [55], [56]. Although those damage indicators enabled prompt
feature extraction, a reasonable standard for damage detection is not established yet. A reliable damage
indicator with concise decision rule is therefore desirable to realize ambient vibration based SHM for

bridges in practice.

1.2 Objectives

The following four levels of damage identification are usually discriminated [9] among the numerous

existing studies.



Level 1 — detection: Is the structure damaged or not?
Level 2 — localization: Where is the damaged area located?
Level 3 — quantification: What is the extent of damage?

Level 4 — prediction: What is the remaining service life of the structure?

Several studies have reported successful results not only detection but also localization and quantification,
if the modal properties are properly identified (e.g., [24], [50]). However, ambient vibration-based SHM
of bridges still involves the following two obstructions in the damage detection: Firstly, precise modal
identification requires experience on data processing, and thus more concise decision rule is required to
realize screening method for the numerous existing bridges. Secondly, existing damage indicator [55]
dismisses most of information included in the original data to generate a simple indicator, and thus it is
less reliable than the modal properties. In practice, the reliability and the simplicity should be compatible
for effective bridge management. Here, a room for improvement is remained in the statistical decision
making procedure. For instance, Bayesian statistics provides convincing inference method for uncertain

parametric models, and well-organized hypothesis testing enables reliable decision-making.

This thesis merely focuses on damage detection using vehicle-induced acceleration data measured on
bridges. To provide a practical scale for prompt decision-making, the following features are required for

the damage indicator:

Simplicity: The damage indicator directly derives from acceleration time series, and does not require
troublesome procedure for identification.
Sensitivity: The damage indicator is sensitive to damage as well as the modal properties.

Objectivity: The damage has objective decision rule based on stochastic hypothesis testing.

This thesis proposes damage detection based on unsupervised machine learning [57]. That is, the healthy
condition of a bridge is learned at first from vibration actually monitored on the healthy bridge. The

procedure of the proposed damage detection method comprises following two steps:

Step 1  Acquire time series of acceleration from a vibrating bridge under healthy condition and describe
its features by a mathematical model.
Step2  Acquire new time series from bridge as well as Step 1 and examine statistical changes in the

modal properties through the mathematical model.

To enable this 2-step damage detection, this thesis involves following contents: For Step 1, how to

describe bridge vibration and its uncertainty are investigated through modal analysis theory. A parametric



model describing bridge vibration is formulated as a stochastic regressive model. For Step 2, how to find
statistical change is investigated through probability theory. Feature extraction method on the parametric
space is investigated, instead of the modal identification in the conventional SHM. Especially, Bayesian
statistics provides simple and reliable framework to make decision about bridge management. Each of the

investigations is validated by a case study on bridges in field.

1.3 Outline of the Thesis

This thesis consists of 8 chapters including Chapter 1 for the introduction and Chapter 8 for the
conclusion. Chapter 2 introduces the theoretical background of this thesis. Chapter 3 and Chapter 4
provide discussion about modal identification methods aiming at application to the bridges in field. In
Chapter 5 and Chapter 6, novel damage indicators are investigated. In Chapter 7, feasibility analysis for

the proposed method is discussed using one-year monitoring data.

Figure 1.2 describes the organization of the thesis. The contents in Chapter 2 to Chapter 7 are

summarized as follows:

Chapter 2 Mathematical tools to investigate damage detection method are introduced. The
probability theory is provided to describe random phenomena. The equation of motion
representing vibrating bridges is transformed into linear parametric models such as a state

space model and an autoregressive (AR) model.

Chapter 2
Mathematical Description

! !

/Modal Analyses 0 /Damage Indicators 0
Chapter 3 Chapter 5
Operational Modal Analysis Damage Sensitive Features
v — v
Chapter 4 Chapter 6
Unceitainty of Modal Analysis Bayes Factors
o ¢ ) o ¢ %
Chapter 7
Application

Figure 1.2 Organization of the thesis.



Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Three existing modal analysis methods, namely, Yule-Walker (YW) method, stochastic
subspace identification (SSI), and Bayesian operational modal analysis (BAYOMA) are
reviewed. Brief case study for the YW method and SSI is given using traffic induced

vibration of a truss bridge.

Further investigation on the uncertainty involved in the modal identification is also
provided for application of the modal analysis methods. SSI and BAYOMA are adopted
to analyze experimental data on a long span cable-stayed bridge, where its modal
properties vary with the wind speed blowing upon the bridge. The uncertainty of the

identified modes is investigated by inspecting the modal analysis results.

This chapter mainly aims to improve existing damage sensitive features in their sensitivity
and reliability. To overcome disadvantages of a previously investigated damage indicator
based on a univariate AR model, a novel damage indicator based on a multivariate AR
model is proposed. Hypothesis testing is formulate to distinguish changes in the proposed

damage sensitive features and to support decision-making.

Based on the observation given in the previous chapters, the Bayesian statistics gives
advanced damage indicator. The damage detection method presented in Chapter 5 is
expanded and generalized. A probability distribution function for parameters of the AR
models are investigated. Feature extraction method based on the distribution is presented
for damage detection. Hypothesis testing for decision-making is simplified using a

generalized likelihood ratio.

The discussion given in above chapters are verified through a case study on an one-year
long term monitoring. The proposed damage indicator is adopted to the monitored data to
track changes in modal properties during the monitoring. Feasibility of the damage
detection method is also investigated through vehicle loading tests introducing artificial

damage imitating a fatigue crack to the bridge girder.

1.4 Target Bridge

This thesis provides case studies on a specific bridge throughout Chapter 3, Chapter 5 and Chapter 6

to investigate the modal analysis and the damage indicators. For convenience, this section provides a brief

introduction of the field experiment in advance to those case studies.

The field experiments were conducted with a moving vehicle on an actual bridge. The target bridge for

the experiment is a single lane simply supported through-type steel Warren truss bridge as presented in



Figure 1.3. The bridge has 59.2 m span length, 8§ m maximum height, and 3.6 m width. The vehicle used
for the experiment is a two-axle recreation vehicle (Serena; Nissan Motor Co. Ltd.) with total weight of
about 21 kN. During the experiment, all traffic except the loading vehicle was prohibited. Two
photoelectric switches were installed at the respective ends of the bridge to detect the vehicle entrance
and exit. Eight uniaxial accelerometers were installed on the deck of the bridge to measure vertical
vibrations as presented in Figure 1.3c. The sampling rate of each sensor was set as 200 Hz. The data is
pre-processed with an antialiasing low-pass filter at cutoft frequency as 100 Hz before the sampling. Each
of the sampled time series are de-trended, namely, the mean values and the linear trends of the acquired

time series are removed in advance.

Five scenarios were considered in this study as shown in Figure 1.4. Initially, The INT scenario
represents the intact bridge without damage. For the DMG1 scenario, a half cut damage was applied to
the vertical truss member at the mid-span (see Figure 1.3¢), and for the DMG2 scenario, a full cut damage

was applied to the same member. After examining DMG?2, the damaged member was repaired, which is

Vehicle path >

A1 P1 P2 A

| H Observation span: 7.4X8=59.2—>|
b) | 80.0

DMG1
DMG2 DMG3

q

g [0 : Photoelectric switch

B : Wired accelerometer
(A1-A8: sensor ID)

0 — : Vehicle path

Figure 1.3 The target bridge: a) photograph; b) approximate size; c) sensor deployment.



denoted as the RCV scenario. Finally, for the DMG3 scenario, full cut was applied in a vertical member
at 5/8th-span (see Figure 1.3c) after examining the RCV scenario. For the INT scenario, the vehicle was

passed over at three different speeds; 30km/h, 40km/h, and 50km/h. Let INT30, INT40, and INT50

Table 1.1 Scenarios considered in the field experiment.

Description Vehicle Speed Number of
(km/h) Samples

INT30 Intact bridge 30 11
INT40 Intact bridge 40 10
INTS50 Intact bridge 50 5

DMG1 Half cut in vertical member at mid-span 40 12
DMG2 Full cut in vertical member at mid-span 40 10
RCV Recovery of the member at mid-span 40 10
DMG3 Full cut in vertical member at 5/8th-span 40 10

a)
A A A A
\ N v \
M M
cut > cut > < cut weld weld cut > & cut
VA VA VA
INT DMG1 DMG2 RCV DMG3
Healthy Half cutin  Half cutin Recovery of Full cut in
member memberat memberat the member at member at
b) mid-span mid-span mid-span 5/8th-span

Figure 1.4 Artificial damages: a) Photographs; b) Schematic diagram



respectively represent the scenarios at the three kinds of vehicle speed. For the other scenarios, the vehicle
was only passed at 40km/h. Table 1.1 summarizes the vehicle loading scenarios. Note that the sample

numbers of the scenarios are deferent each other because of experimental limitation.

Figure 1.5 presents the time series and power spectral density (PSD) curves of the acquired
acceleration at sensor A3 for the INT, DMG1 and DMG2 scenarios. Here the PSD curve is estimated as
Welch’s overlapped segment averaging estimator [58]. That is, the time series are divided into 8 segments
with 50% overlap, each segment is windowed with a Hamming window, and the modified periodograms
obtained by the fast Fourier transform are averaged to estimate the PSDs. The moments at the vehicle

entrance and exit monitored by the photoelectric switches are depicted as vertical dashed lines in
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Figure 1.5 Examples of acquired time series at A3 sensor and their PSD curves:

a) For INT40; b) For DMG1; ¢) For DMG2.
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Figure 1.5. According to the record of the photoelectric switches, the time series are separable at the
moment of the vehicle exit. The time series after the vehicle exit can be interpreted as a free vibration
data because no external loading significantly affected the bridge vibrations. Empirically, free vibration
data are known to enable stable modal parameter identification because external loading can be a source
of uncertainty for identification. However, the whole time series including excitation produced by a
passing vehicle is still convenient for practical application because it requires no knowledge about the
exit moment of vehicles. Therefore, this study examines both free vibration (FV) data and whole vibration

(WV) data. Each of the intervals of the FV and WV data are depicted in Figure 1.5a.

The PSD curves in Figure 1.5 are estimated for both of the FV and the WV data. Those PSD curves
provide instant view to grasp natural frequencies of the bridge as peaks in the curves. Note that the FV
data gives more highlighted peaks since unwanted noise caused by the external forces is less than the WV
data. Here, several dominant natural frequencies can be roughly examined by means of peak picking.
However, there is still trouble to make decision about the possibility of damage in the bridge merely from
those PSDs. That is because it is difficult to distinguish the changes caused by a damage from stochastic
variance involved in the peaks appearing in the PSD curves. The following discussion investigates an

effective methodology to find subtle changes caused by the damage in those data.
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Chapter 2

Mathematical Description

2.1 Introduction

To develop a damage detection method of vibrating structure, this thesis investigates a method to detect
stochastic changes in the vibration data. This chapter therefore provides mathematical description to
investigate the damage detection method. As mentioned in Section 1.2, this study focuses on damage
detection merely from vehicle induced acceleration data of bridges. Thus, the damage detection method

should include methodologies to deal with following problems.

*  How to describe random vibration of bridges.

*  How to distinguish damage from huge amount of data.

Both of the above two problems are generally involved in the probability theory that enables to investigate

uncertain phenomena.

The first problem is one of targets of modal analysis theory [35], which provides methodology to
identify valid models of vibrating bridges, namely, modal models consisting of modal properties. In
practice, however, inverse problems to estimate the modal properties involve difficulties caused by
unexpected disturbance derived from uncertain natural phenomena. Several existing methods on modal
analysis provide possible ways to reduce uncertainty from acquired data from vibrating structures [37],
[46], [47] (see also Chapter 3). Most of the ambient vibration based modal analyses consider the
probability theory to produce estimators of the modal properties. They usually adopt parametric models
to describe random vibrations of the structures since their modal properties are represented by parameters
in probability density functions (PDFs) describing the stochastic model. Referring the existing studies

investigating modal analyses, how to make a convincing parametric model is one of their central tasks.

The second problem is involved in stochastic anomaly detection. Here, the main purpose of damage
detection is to find changes in the modal properties through the parametric model representing the bridge
vibration. The existing modal analysis methods are one of valid ways to enable convincing feature

extraction since they provide plausible estimators of the modal properties. However, the problem of the
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unexpected disturbance have not been totally solved yet. That is because the natural excitation tends to
violate mathematical assumptions given in modal analysis theory (For further discussion, see also
Chapter 3 and Chapter 4). To realize the detection of change in modal properties, an efficient feature
extraction method and statistic hypothesis testing method are needed. According to the machine learning

theory [57], Bayesian statistics possibly provides effective feature extraction and hypothesis testing.

This chapter therefore establishes foundation for making a reliable decision on bridge safety based
upon probability theory and modal analysis theory. Following discussions are included in this chapter:
Firstly, the probability theory is introduced in Section 2.2 to describe the random phenomena. Bayesian
and frequentist viewpoints are mutually reviewed. Especially for a linear regressive model, which are
essential for identification of modal properties, estimation and inference procedures are provided.
Secondly, Section 2.3 provides basic models of vibrating structures. Time invariant state space model
enables to describe vibrating structures as a parametric model with modal properties. The state space
model can be approximated to a simplified model, which is so-called an autoregressive (AR) model. These

models are essential to the modal analysis.

2.2 Probability Theory

2.2.1 Basic properties

Since vibrations of bridges are resulted from complicated relation with natural phenomena, it is usually
impossible to describe the responses exactly. The probability theory provides a consistent framework for
the quantification and manipulation of those uncertain phenomena. The term of ‘probability’ is formally
defined by the Kolmogorov’s axioms [59] based on the set theory and the measure theory. This section
merely gives brief outline of the probability theory. The Kolmogorov’s axioms justify the following well-
known characteristics of the probability: Letting a set £ denote one of random events for which
probability is evaluated, and a set Q0 denotes the sampling space including the random events (i.e., £ €
Q) and Pr[&] represents a probability such that the random event € occurs. According to the definition,

the probability satisfies the following conditions.

0<Pr[e] <1 (2.1)
Pr[Q] = 1. (2.2)
Pr{ui2; &] = E2,Pr[&;] (2.3)

where, £;,&,,... denote mutually exclusive random events. The above conditions ensure that the
probability measures uncertainty of random events onto the scale from 0 to 1. That is, an event never

occurs produce probability 0 and an event always occurs produce probability 1.

Let A and B respectively represent random events, Pr[A,B] denotes a joint probability
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representing “the probability such that both of A and B occur”, and Pr[A|B] denotes a conditional
probability representing “the probability such that <A occurs supposing B is given in advance”. For the
joint and conditional probabilities, this thesis only equips following two elementary rules to manipulate

uncertainty, which are respectively known as the sum rule and the product rule [57].

sum rule  Pr[A] = Y5z Pr[A, B]. (2.4)
product rule Pr[A,B] = Pr[B|A]Pr[A]. (2.5)

Here, X5 denotes summation over all exclusive events included in the sample space. The sum rule is
directly produced from the Kolmogorov’s axiom and the product rule is the definition of the conditional
probability itself. In particular, if the relationship that Pr[A, B] = Pr[A] Pr[B] is given, the events A

and B are said to be independent.

Assuming Pr[A] # 0, the product rule immediately produces the following relationship between

conditional probabilities.

Pr[A|B|Pr|B
Pr(BlA] = T (2.:6)

The above relationship is called Bayes’ theorem, which has a central role in the Bayesian statistics.

Practically, the random events are quantified by some random valuables, which is defined as mapping
from the sample space (1 to a real number. For example, regarding bridge vibrations as random events,
the acceleration monitored at a specific moment on a specific point of the vibrating bridge can be regarded
as one of random variables representing the uncertain bridge vibration. This thesis adopts only continuous
random valuables. Unless otherwise noted, PDF are presumed to exist for the random variables (For

further discussions, see [59]). Letting ¢ be a random variable, the PDF for ¢ is defined as

pe(x) = —Prl¢ € (—o0,x)]. @.7)

Accordingly, the probability such that ¢ lies in an interval (a, b) is given as
b
Pr[¢ € (a,b)] = [, p(x) dx. (2.3)

Since the value of the random variable must lie somewhere on the real axis, the PDF must satisfy

following condition.
[ pe(oydx = lim [T pe(yde =1 (2.9)

where the integral without notation denotes the integral over the whole of the real axis. In this thesis, for

simplicity, integrals without notation represent the integrals taken over whole domain of the relevant
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variables as well as Eq. 2.9. Let &;,&,,...,&p denote D random variables, and let a vector § represent
the collection of those random variables such that & = [§;,&,, ...,&p]T. The joint probability for those
random values is then functionally described by a joint PDF. The joint PDF pg(X) = pg(x4, X5, ..., Xp) is
defined by joint probability for &;,¢,,...,&p as

pf(x) = Pr[fl € (_oo:xl)' ""fD € (_OOJ xD) ] (210)

0x4..0xp

If the joint PDF of two random variables x and y satisfy relationship such that p(x,y) = p(x)p(y),

then the x and y are said to be independent to each other as well as random events.

According to the product rule given in Eq. 2.5, a conditional PDF is defined under a specific random
event. The conditional PDF for & under a random event £ is defined by the following relationship as

well as Eq. 2.7.

pe(x|€) = =-Pr[¢ € (—o0,x)|E]. @.11)

A conditional probability under a condition represented by a random variable is formally defined using
the abstract Lebesgue integral [59]. For simplicity, this thesis adopts the following narrow definition for

those conditional probabilities instead of the formal definition.

1= pe(x|E)Pr[E]

Pr[€|¢ =
rl€f§ = x —

(2.12)

where the PDF pg(x) is assumed as pg(x) # 0. Accordingly, a conditional PDF for another random

variable 1 under the condition such that & = x is defined as
d
Py(VI§ = %) = - Prly € (—o0, )| = x]. 2.13)
Hereafter, random variables and their realized values are denoted by same letters and the suffixes put to

the PDFs are omitted for simplicity. For instance, p,(y|¢ = x) in Eq. 2.13 is shortly noted as p(y|x).

The sum and product rules of probability are equally applied to the random variables represented by

joint and conditional PDFs as follows [57].

sumrule  p(x) = [ p(x,y)dy. (2.14)
product rule p(x,y) = p(x|y)p(). (2.15)

Accordingly, the Bayes’ theorem for random variables is given as

1463821167 (2.16)

pOIx) ==
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For multivariate PDFs, the sum and product rules are also formed in a similar way as Eqs. 2.14 and 2.15.
Thus, Bayes’ theorem for two vectors X and y is given as follows.

ply)p(y) 2.17)

p(ylx) = HEE

Letting f(x) is some function for a random variable x following a PDF p(x), the expectation of the

function is defined by

E.[f]1= ] f(x)p(x)dx. (2.18)

Expectations with respect to multivariate random variable are also definable in a similar way, i.e.,

E.[f] = [ f(x)p(x)dx. For a conditional distribution, so called conditional expectation is defined as

Ex[flyl = J f()p(x|y)dx. (2.19)
According to the expectation, variation of the univariate function is defined by
Var[f] = E,[(f(x) — Ex[f(x)D?]. (2.20)

In particular, the expectation and variance of the random variable x itself, which are conventionally

denoted as u and o2, are given as follows.

u=E,.[x] = [ xp(x)dx. (2.21)
02 = Var[x] = E, [(X — u)?]. (2.22)

For two random variables x and y, the covariance is defined by
Covlx, y] = Exy[{x — Ex()}y — E,0)}] (2.23)

which expresses the extent to which x and y vary together. If x and y are independent, their

covariance must be 0. Similarly, for two vectors of the random variables X and y, a covariance matrix is

defined by

T
Covlx,y] = Eyy |(x - ExO}y — E,)} | (224)
For simplicity, let Cov[x] shortly denote Cov[x, X].

2.2.2 Frequentist and Bayesian statistics for modal analysis

Classically, the probability is regarded as a scale to measure how frequently the random events occur.

This viewpoint is sometimes referred as frequentist view comparing to the Bayesian view [57]. The
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Bayesian view is fundamentally based upon the Bayes theorem. For instance in Eq. 2.6, the Bayes’
theorem enables transformation from the probability Pr[B] to the conditional probability Pr[B|.A]. This
property therefore provides following application: Letting A4 be one of the observable random events,
and letting the Pr[B] describe the subjectively predefined probability of the event B prior to the
observation, then Pr[B|A] describes the probability of the event B posterior to observation of the event
A. Here, the probabilities provides scale to measure subjective uncertainty of the event B. The Bayesian
viewpoint allows such subjective interpretation of probability. This allowance therefore provides more
general framework to statistic, which is referred as Bayesian statistics. In the Bayesian statistics, the
probabilities Pr[B] and Pr[B|A] are respectively referred as a prior probability and a posterior
probability for the event B with respect to the event A.

Aiming at engineering application of the probability theory, parametric models are common tools to
describe randomly occurring natural phenomena. In most cases, those random events are mathematically
described using parametric model, which is conditional PDFs for observable random variables with
adjustable parameters. For instance, random vibration of bridges can be described as a function of modal
properties [44]. Here, let D is a dataset of random variables observed from a repeatable event, and 0 is
a vector consisting of parameters for the parametric model. The parametric model representing the
randomly observed dataset D is formulated into a conditional PDF as p(D|0). This PDF is also regarded
as a function for the adjustable parameters @ with fixed D since the actually observed dataset D is
invariant. In this case the PDF p(D]|0) is referred as the likelihood function for 6, which evaluates how

likely the observation of dataset D occurs with respect to the parameters 6.

Especially for the operational modal analysis, the unknown modal properties are identified from the
monitored vibration data, i.e., the parameters @ are inferred from observed dataset D. The frequentist
and the Bayesian paradigm provide different strategies for the inference. In the frequentist paradigm, the
parameters O are supposed to have specific values that are statistically determined by ‘estimators’. One
of the widely used estimators is a maximum likelihood that maximizes the likelihood function p(D|8).
On the other hand, in the Bayesian paradigm, the parameters @ are regarded as random variables
expressed through a probability distribution as follows: Assuming that a PDF p(@) represents the
subjective uncertainty of the parameter 8 before observing data, and then a conditional PDF given as
p(8|D) evaluates the uncertainty after observing the data. The probability distributions relevant to p(0)
and p(0|D) are respectively referred as a prior distribution and a posterior distribution. The following

Bayes’ theorem is used to convert the prior distribution into the posterior distribution.

_ p(DI)p(6)
p(8|D) == — (2.25)

The denominator in Eq. 2.25 is the normalization constant, which ensures the sum rule upon the posterior

PDF, i.e., the integral of p(@|D) over 0 is ensured to be 1. From the sum and the product rules, the
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denominator is expressed as follows using the prior distribution and the likelihood function.

p(D) = [ p(D|6)p(0)d6. (2.26)

In Bayesian statistics, the normalization constant in Eq. 2.26 is usually regarded as fixed constant. Thus,

Eq. 2.25 can be simplified to the following proportional form.

p(6|D) =« p(D|6)p(0). (2.27)

where o denotes the both hand sides of the notation are proportional to each other. Since the integral of
p(0|D) over O is ensured to be 1, Eq. 2.27 enables to infer the posterior distribution of 8 only from the
prior distribution, the likelihood function, and the observed dataset D. This statistical inference method

is referred as ‘Bayesian inference.’

The Bayesian inference allows the inclusion of subjective prior knowledge naturally. This property can
be one of benefit of the Bayesian viewpoint if a reasonable prior distribution is available. However, this
property also means that the posterior distribution depends on the subjective choice of the prior
distribution, and thus poor choice of the prior distribution results in an unreliable posterior distribution.
To avoid subjective choice of the prior distribution and to enable objective analysis based on observed
data itself, noninformative priors are often adopted, which are designed to have as little influence on the
posterior distribution as possible. For instance, Jeffreys [60] proposed one of widely used noninformative
priors, so-called Jeffreys priors, whose functional forms are modified to be invariant with any
transformation for their parameters. Once a posterior distribution is obtained from observed data, the
posterior distribution can act as the prior distribution when additionally observed dataset is available.
Thus, using the sequentially observed datasets, each of the datasets updates the current posterior
distribution to the revised one. This approach, which is known as a sequential algorithm or an on-line
algorithm, can be an efficient way to process large amount of data such as time series of acceleration
obtained from long term monitoring of bridges. To realize objective analysis for decision-making, this

thesis aim to utilize the Jeffreys prior and sequential algorithm for damage detection.

2.2.3 Linear regressive models

This section provides linear regressive models, which plays an important role in modal analysis theory.
The regressive model provides prediction of a target variable t¢ € R under a given D-dimensional vector
x = [x,%,,...,xp]T as input variables. One of the simplest form of the regressive models is linear

function of the input variables as
t=wix; +Wyx, + -+ wpxp+e=wlx+e (2.28)

where, € denotes a random variable representing additive noise. The coefficients denoted as w =
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[wy,wy, ...,wp]T are referred as ‘regressive coefficients.” Hereafter, the relationship given in Eq. 2.28 is

simply referred as ‘linear regressive model.’

Assume that the additive noise € is a zero-mean Gaussian random variable. Letting § denote a

precision parameter defined as f = (Var[e])™}, then Eq. 2.28 produces conditional PDF for ¢t as

p(tlx,w, B) = N(tjwTx, 1) = (ﬁ)E exp -2t - wTx)?| (2.29)

21

Here NV (t|jwTx, B~1) denotes the PDF of the univariate Gaussian distribution with expectation w'x and

variance f~1, and exp[-] denotes the natural exponential function.

Now let a dataset of input variables X = [x1, X5, ..., xy]T € R¥*P with a vector of corresponding
target variables t = [t;,t,, ..., ty]T be given. Assuming that the target variables are drawn independently
from the distribution given in Eq. 2.29, the likelihood function for the adjustable parameters w and f is

obtained as

p(EIX,w,B) = [T=1 NV (talW 2y, B~1). (2.30)

The input variable X will always appear in the set of conditioning variables, and thus from now on, the
input variables will be omitted from expressions for simplicity. Taking the logarithm of the likelihood

function shown in Eq. 2.30, following relationship is obtained.
Inp(tlw,B) = ¥N_ In NV (t,|wTx,, B~1) = %lnﬁ - %ln(Zn) - %ﬁE(w). (2.31)

Here, In denotes the natural logarithm function, and E(w) denotes the sum-of-squares error function

defined as
E(w) = Yn_i(t, —w'x,)? = ||t — Xw||? (2.32)
where ||]| denotes the Euclidean norm of a vector. The logarithm of the likelihood function given as

Eq. 2.31 is referred as the log likelihood function.

As mentioned in Section 2.2.2, in frequentist paradigm, parameters representing stochastic models are
statistically determined by estimators. The maximum likelihood of w is defined as the estimator that
maximize the log likelihood function given in Eq. 2.31. Thus, the maximum likelihood is obtained by
means of the least-squares method that minimizes the error function E(w) shown in Eq. 2.32. Assuming

that N > D and the matrix X is full rank, the maximum likelihood is given as
w=XTX)"1xTt = x't (2.33)

where W denotes maximum likelihood of w, and XT denotes the Moor-Penrose pseudo-inverse of the
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matrix X. Accordingly, the maximum likelihood of the precision parameter S is obtained as

5 N
g = @ (2.34)
In Bayesian paradigm, on the other hand, the prior distributions of the parameters w and [ are
beforehand assumed, and then their posterior distributions are obtained by the Bayesian inference based

on the Bayes’ theorem as follows.

p(w, flt) = LRl (2.35)

where p(w, B) stands for a prior joint PDF for w and 8, which is predefined prior to the observation of
t, p(t) is a constant in manner of Bayesian inference, and thus the posterior PDF p(w, B|t) is obtained

only from the observed data t and the prior PDF p(w, ).

As mentioned in Section 2.2.2, when no valuable information is available before observing data,
noninformative priors can be a reasonable choice to reduce the dependence on the prior and to realize
objective investigation. In general, letting @ denote a vector consisting of parameters representing a

parametric model, the PDF of a multivariate Jeffreys prior m(@) satisfies following condition [60], [61].
m(0) o |H(0)|/? (2.36)

where, | - | denotes determinant of a matrix. H(@) in Eq. 2.36 is the Fisher’s information matrix whose

(i,j) element is defined as

[H©®)];; =~ p(x16) 5555 Inp(x|6) dx (2.37)

26,0
where, p(x|0) denotes the PDF representing the parametric model. According to the Fisher information

matrix for the parameters w and [, the Jeffreys prior satisfies following condition.

n(w, B) o f* (2.38)

See Appendix to find the detailed expansion leading to Eq. 2.38. Note that the prior w(w, 8) given in
Eq. 2.38 is an improper distribution, i.e., the prior cannot be correctly normalized because the integral
over the parameters diverges. Thus, in strict sense, the parameters w and f represented by the improper
distribution are not random variables. In practice, however, improper priors can often be used when the
corresponding posterior distribution is supposed to be proper [57], i.e., the integral over the parameters
for the posterior distribution is correctly converges to 1. According to the Bayes’ theorem, the Jeffreys
prior (w, B) given in Eq. 2.38 and the likelihood function given in Eq. 2.30 provide the following
proper posterior distribution p(w, 8|t) if N > D and the dataset of the input variables X is full rank
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(see also Appendix).
P, B16) = N (Wi, (BX"X)™)6am (6|53 E@) (2.39)

Here, V' (-) and Gam(-) are respectively denote the PDFs of the multivariate Gaussian distribution and

the gamma distribution defined as

NG D) = g ew(-1@- Wl - ) (2:40)
Gam(|a,b) = %b“l‘l‘l exp(—bA) (2.41)

where d is the dimension of a vector x and I'(+) is the gamma function. The PDF given in Eq. 2.39 is
referred as the Gaussian-gamma distribution. Here, the full-rank assumption of X is presumably satisfied

as long as n > mp, i.e., as long as sufficient length of the time series is provided.

Note that the conditional expectations of the parameters relevant to the posterior PDF p(w, B|t) in

Eq. 2.39 are correspond to the maximum likelihoods of the parameters. That is,

Ey,g[w|t] = [f wp(w, Blt)dwdp = [ WGam (ﬁ %,%E(W)) dg =w (2.42)

N
E(W)

Ew s 816] = Jf Bpw, BlO)dwdp = [ fGam (6|5, 3E®))df = 0= 6. 4

Thus, the posterior distribution led from the Jeffreys prior is compatible to the conventional maximum
likelihood method. This relationship therefore justifies in adopting Bayesian statistics to extend modal

analysis methods that is based on the maximum likelihood method.

The Gaussian-gamma distribution is so-called a conjugate prior for the parameters w and f [57]. That
is, if the prior follows the Gaussian-gamma distribution, the posterior also follows the Gaussian-gamma
distribution with different hyperparameters. For instance, let following prior distribution be assumed

before obtaining data.
p(w,B) = N (wlm, (BL)"")Gam(B|a, b) (2.44)

where, L € RP*P is a symmetric and positive definite matrix, a > 0 and b > 0. The parameters m, L,
a and b are referred as hyperparameters, which determine the form of the PDF for the parameters w

and S. Then the following posterior PDF is obtained based on the Bayes’ theorem (see also Appendix).
p(w,p) = N (wlm',(BL")"")Gam(Bla',b") (2.45)

where, m', L', a' and b’ are the hyperparameters of the posterior PDF.
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L'=L+X"X (2.46)
m' = L"1(Lm+ XTt) (2.47)
d=a+7 (2.48)
b'=b +§||t—Xm'||2 +§(m'—m)TL(m'—m) (2.49)

Note that the prior and the posterior PDFs have same functional form. Hence, the sequential algorithm
can be numerically realized by calculating hyperparameters given in Egs. 2.46-2.49 step by step.
Numerically, the posterior PDF complying with the non-informative prior is produced by substituting
[L];j=0 (i,j=1..mp ),a=0 and b =0 to Egs. 2.46-2.49. Once the posterior PDF is obtained
from the non-informative prior, the posterior PDF is adoptable as the prior PDF for a newly observed data.
Therefore, the sequential algorithm is easily realized by updating the hyperparameters of the posterior

PDF using Egs. 2.46-2.49 in a recursive manner whenever a newly observed dataset is available.

2.3 Models of Vibrating Structures

2.3.1 General description

According to the Newton’s law, the dynamic behavior of a vibrating structure can be formulated by the
proper equation of motions (EOMs). Especially for ambient vibration of a bridge, the displacement
induced by the vibration is expected to be small enough. This study thus presumes that only elastic
deformation occurs on the bridge and focuses on linear EOMs to describe their mechanical behavior.
Finite element (FE) models are widely used to approximate the mechanical properties of the structures
where the structures are divided into elements with proper material properties. Supposing mechanical
system with n degree of freedom (DOF), the linear EOM for the FE model is described as following

differential equation.
Mz(t) + Cyz(t) + Kz(t) = f(t) (2.50)

where M,C,; K € R™™ are the mass, damping and stiffness matrices. z(t), f(t) € R" are the
displacement and external force vectors at continuous time t. The dots over z(t) denote the derivative
with respect to time. The mass matrix M and stiffness matrix K are generated from the geometry and
the material properties of the each element. The damping matrix €, is employed to model the decay in

the dynamic response.

The following discussion briefly describes the relationship between the FE model and the modal
properties. The further discussions are given in [9], [35], [62]. Assuming that the initial displacements
and velocities are zero, the time domain equation given in Eq. 2.50 is transformed into the Laplace domain

[62], [63] as follows.
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(s’M +sCy4 + K)Z(s) = F(s) (2.51)

where Z(s),F(s) € R™ are the Laplace transforms of z(t) and f(t), and s € C denotes the

frequency parameter of the Laplace domain. Accordingly, following relationship is given.

Z(s) = H(s)F(s) (2.52)
where

H(s) = (s?M +sC,; + K)™1. (2.53)

Here, H(s) is referred as the transfer function matrix. According to the control theory, the poles of this
transfer function, which are referred as the system poles, define the natural frequencies and damping ratio

of the mechanical system. The system poles are equivalent to the roots of following equation.
IsP+Q|=0 (2.54)

where P,Q € R?™*2™ are respectively given as

P= [zﬁ ’g , (2.55)
Q=['(§ —(;w]' (2.56)

Here, O denotes zero matrix with proper size. The roots of Eq. 2.54 are given by solving the following

eigenvalue problem.

PYA+ Q¥ =0 (2.57)

CZnXZn

where ¥ € C?™*2" contains the 2n complex eigenvectors as its columns. A € is a diagonal

matrix containing the following eigenvalues.

/‘{i,/‘{;E< = —fia)i ij ’1 - ELZO.)L (l = 1, ...,n) (258)

where the index ‘*’ denotes complex conjugate, and 4 denotes the imaginary unit. w; and &; are
respectively angular natural frequencies and damping ratios. Letting diag[-] denote a diagonal matrix,

and letting A = diag[A4,4;, ..., 4, 41, 13, ..., A ], the corresponding eigenvectors are given as

R A
""[zl Lo A N A;qb;a] 2:59)

where ¢p; € C" (i = 1,..n) is referred as mode shape vectors, modal displacement vectors or modal
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vectors. According to Eq.2.57, each of the eigenvalues and the eigenvectors satisfies following

relationship.
(M +2,C,+K)p; =0 (2.60)

where 0 is a zero vector with a proper size.

Although the FE model provides good representation of a vibrating structure, it is not possible to
measure all DOFs of the FE model in practice. The measurement in continuous time domain is not so
practical either since the digital signal processing on computers requires discrete signals. Thus, most of
the existing time domain modal analyses [35]-[37] are based upon the discrete state space model given

in the following discussion.

2.3.2 State space model

The EOM in Eq. 2.50 and matrices in Egs. 2.55 and 2.56 generate the following first order differential

equation.
x(t) = Acx(t) + Bf(t) (2.61)
where
x(t) = [Zgg] (2.62)
Ac=-P7Q= [_Mo—lK _Mflcd], (2.63)
B, =P [(I)] = [Mo_l] (2.64)

where I is an unit matrix with a proper size. x(t) € R?" is called the state vector and Eq. 2.61 is called

a state equation. Egs. 2.57 and 2.63 show that the eigenvalue decomposition of the matrix A, is given as
A, =PAPL, (2.65)

In a practical vibration experiment, the dynamic behavior of the structures are partially measured on
several locations. The sensors for the measurement can be either accelerometers, velocity or displacement
transducers in general. Assuming that the measurement are taken at m locations on the structure, the

observation is given as following equation
Y(£) = CaecZ(t) + Cpe2(t) + Cyyz(t) (2.66)

where y(t) € R™ are the measured outputs of the system. Cgcc, Cpep, Cais € R™ ™ are the output

location matrices for acceleration, velocity and displacement respectively. Using Egs. 2.50 and 2.61 to
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eliminate Z(t) and x(t), Eq. 2.66 can be transformed into

y(t) = Cx(t) + Df(¢) (2.67)
where
C= [Cdis - Cach_lK Coer — Cach_lcd]a (2'68)
D=C, .M (2.69)

Eq. 2.67 is referred as an observation equation. A mathematical model noted by the state and observation

equations, which are respectively shown in Egs. 2.61 and 2.67, is referred as a state space model.

The continuous-time equations are discretized by choosing a certain fixed sampling period At with
the discrete time instants k € N, where t = kAt. Under the zero-order hold assumption [62], the state

space model shown in Egs. 2.61 and 2.67 is discretized as follows.

Xh.1 = Ax} + Bfy, (2.70)

where x;, = x(kAt) is the discrete-time state vector. Similarly, y, = y(k4t) and f, = f(kAt). The
matrices A and B in Eq. 2.70 are related to their continuous-time counterparts in Egs. 2.63 and 2.64 as

follows.

A = exp(A4.4t) (2.72)
B=(A-DA;'B, (2.73)

The matrix A is referred as the (discrete) state matrix of the system. Eqgs. 2.65 and 2.72 show that the

eigenvalue decomposition of the state matrix has following relation to the system poles.
A =Wexp(AAOP 1 =wA, P71 (2.74)

where A; = exp(A4t) is a diagonal matrix consisting of the eigenvalues of A. Thus, each of the
eigenvalues of A is relevant to the natural frequencies and the damping ratios through Eq. 2.58. Letting

X; = W lx3, the discretized state space model shown in Egs. 2.70 and 2.71 is transposed as

Xis1 = AaXy + PBfy (2.75)

where V = C¥ is referred as modal output matrix that is essential to identify mode shapes using the
operational modal analyses. Hereafter, assume that y(t) = C,..Z(t) for simplicity, i.e., only

acceleration are measured at m locations on the structure. The Eqgs. 2.59, 2.60 and 2.68 accordingly
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generate modal output matrix as
V= _Cacc[M_lK M_lcd]q’ = Cacc [/&d’l /131¢Tl Aizd’i /1;12(#:1] (2.77)

Since the system poles A; appearing in Eq. 2.77 are just alter the scale of each column, Eq. 2.77 shows
that each of the columns of the modal output matrix V denotes the part of the mode shape vectors ¢;
that can be observed from data. In practice, it is difficult to identify geometry constructing the FE model
merely from observed output data. Thus, the columns of the V are usually regarded as the observed mode

shapes instead of ¢; in Eq. 2.59 for the operational modal analyses.

The interest for this thesis is ambient vibration based modal analysis and damage detection as
mentioned in Section 1.2, and thus the external force f} are supposed to be not measured. The following
stochastic state space model approximately substitutes the deterministic formulation of the state space

model given in Egs. 2.70 and 2.71.

Xpyr = AXxy +wy (2.78)
Yi = Cx;, + vy (2.79)

where w;, € R" and v, € R™ are zero-mean white noise vectors. The external force is implicitly
modelled by the noise terms. Although this white noise assumption sometimes does not provide proper
representation of the external force, the assumption is necessary for the system identification [9]. When
the with noise assumption is violated, for instance external force contains some dominant frequency
components, these frequency components cannot be separated from the natural frequencies of the system

and they will appear as spurious poles of the state matrix A (see also Chapter 4).

An alternative model for stochastic systems is more suitable for some application, which is so-called
forward innovation model. It is obtained by applying the steady-state Kalman filter to the stochastic state-

space model as follows.

xl,, = Ax] + K e, (2.80)

yi = Cx] + e (2.81)

where the elements of the sequence e is called innovations, which also can be interpreted as the
f

prediction errors of the Kalman filter. x; is the state vector of the forward innovation model. The matrix
K, is so-called forward Kalman gain, which can be alternatively transformed from the covariance

matrices of the noise vectors w;, and v, [47].

2.3.3 Autoregressive models

The state vector is eliminated from the forward innovation state-space model to the following
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autoregressive moving average (ARMA) model.
Ve =Q1Ygp-1t -+ QY pt+ etV 1+ - +Vp€pq (2.82)

where a;,y; € R™™ (i =1,..,p) are respectively AR coefficient matrices and moving average
coefficient matrices, and p isthe AR order. The AR coefficients are obtained by solving following linear

system of equations for a; [64].
la, ay_; .. ]I, = CAP (2.83)
where I',, € R™P*2" js so-called observability matrix defined as

C
cA
r,=| “ (2.84)

car-

If the system is observable [62], i.e. rank(F p) = 2n, the AR coefficients are uniquely determined by

Eq. 2.83. The moving average coefficients also can be determined by the following equation.

1 [} eee 0
CK, I 0

vy Ypor v Il =[-ap —ap_y.. —ay I] : : . (2.85)
CAVIK, CAP2K, - I

Assuming mp = 2n, the similarity transformation for the state matrix A using I', is produces

following relationship

A=rAr;' =g, o .. (2.86)
ap ap_l A 0(1

Since CI'}, 1= 1[I 0 ...0], the forward innovation state-space model is transformed as

&, =A%l + K e, (2.87)

yi =11 0..01%] + e, (2.88)

where x£ =T, x{z. Since the eigenvalues are invariant under similarity transformation, the system poles
and mode shapes can be identified by the eigenvalue decomposition of A. Therefore, the p-th order
ARMA model is a good representation of a vibrating structure with pm modes assuming the white noise

excitation.
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AR models are defined as ARMA model without moving average part, namely, as the following form.
Vi = Q1Y Tt 0pYip + € (2.89)

The modal properties are identified from eigenvalue decomposition of A as well as ARMA models (see
also Section 3.2.1). Although the AR model is not merely equivalent to the ARMA model, He and De
Roeck [36] showed that the finite order ARMA model can be approximated by a high order AR model.
Note that the AR coefficients are easily estimated by means of the least square problems since the AR
model can be regarded as one of the linear regressive model mentioned in Section 2.2.3. The prompt
estimation method for the AR coefficients motivated the use of AR models in system identification of
vibrating structures. This thesis mainly adopts the AR model to realize prompt damage detection method.

The application for the damage detection is stated in Chapter 5 and Chapter 6.



28

Chapter 3

Operational Modal Analysis

3.1 Introduction

This chapter reviews several existing modal analysis methods aiming at vibration based damage
detection of bridges under traffic. As mentioned in Section 1.1.2, most of existing studies have adopted
operational modal analysis methods for vibration-based bridge health monitoring. Advantages and

disadvantages of the operational modal analysis are summarized as follows [35]:

Advantages:

*  During operational modal analysis, the structure remains in its operational conditions. Thus, the
mechanical properties in actual loading condition is to be obtained.

¢ Operational modal analysis does not require the use of any artificial excitation devices to excite
bridges since it makes use of the naturally available excitation.

»  Thanks to the natural presence of the ambient excitation, operational modal analysis is suited for use

in continuous monitoring of systems.

Disadvantages:

*  Operational modal analysis assumes that the input signal is a white noise sequence. A violation of
this assumption yield extra spurious poles in identified mechanical system.

* In some cases, the overall level of the ambient excitation can be quite low. Thus, resulting data will

be noisy and the estimated modal parameters will be uncertain.

The operational modal analysis methods are roughly divided into time domain analyses and frequency
domain analyses [35], [62]. The time-domain analyses directly utilize time series data to identify the
modal properties. The frequency domain analyses, on the other hand, utilize data transformed into the
frequency domain. In practice, the fast Fourier transform (FFT) is widely adopted to obtain the frequency
domain representation of the original time series. Since this thesis investigates a damage indicator directly

observed from time series of acceleration, time domain analyses are mainly investigated in following
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discussions. Additionally, to investigate feasibility of Bayesian statistics, the operational modal analysis

adopting Bayesian inference is also introduced.

The parametric models given in Section 2.3 provide the foundation of time domain modal analysis
methods. To establish a concise damage detection using time series of acceleration, one of the simplest
time-domain analysis called Yule-Walker (YW) method is firstly reviewed. To make advanced discussion
involved in feature extraction, data-driven stochastic subspace identification (SSI) which provides a
powerful tool for noise reduction is secondly reviewed. To investigate the validity of the Bayesian
approach, a frequency domain Bayesian modal analysis method that is called Bayesian operational modal
analysis (BAYOMA) thirdly reviewed. Each of the time domain modal analysis methods provides a case
study utilizing the experimental data given in Section 1.4. For the BAYOMA, a case study will be given
in Chapter 4.

3.2 Methodologies

3.2.1 Yule-Walker method

Let y;, € R™ denote a column vector of the discrete time series of measured acceleration data whose
components respectively correspond to m measurement locations. The time series obtained from a linear
structural system excited by white noise can be approximately modeled as an autoregressive (AR) model

of sufficient model order p as

Vi =X, € Vk—i + € (3.1

where a; denotes the i-th AR coefficient matrix and e;, denotes a white noise vector as described in
Section 2.2.3. The autoregressive moving average (ARMA) model, which is relevant to the state space
model, is asymptotically equivalent to the AR model in Eq. 3.1 as p — oo [36]. Thus, the AR model with
a higher AR order generates approximated estimators of the modal properties. This high order assumption
however means that the AR model produces many numerical poles to obtain reasonable modal properties

as discussed later.

The autocorrelation matrices of the measured data y,, are defined as R(s) = Cov[yy, Yi_s] € R™™,
Because of the white noise assumption, Cov[ey,y,_s] = O is satisfied for s > 0. Thus, multiplying
(Yk—s)T fromrightin Eq. 3.1, and taking the expectation, the following relationships called Yule—Walker

equation is obtained.

R(s) =X, ;R(-D) + W (s =0) (3.2)
R(s) =Y aR(s—i) (s=1,2,..) (3.3)

where, W € R™™ js a covariance matrix defined as W = Cov[e;]. From a measured time series of
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finite data length N, autocorrelation matrices are estimated as follows.

R(s) =~ ZH s idiesT (s =01,-) (3.4)
R(s) =R(-s)T (s<0). (3.5)

Existing studies [48], [50], [65] provides a least square estimation method with simultaneous equations
for s =0,1,--,Smax in Eq. 3.3. Here, sp,,x is defined empirically. To avoid an arbitrary decision, this
thesis merely adopts the simplest case such that s, = p. For that case, Eq. 3.3 can be summarized as

the following equations using the autocorrelation matrices in Egs. 3.4 and 3.5.

[a; a,..a,]T =[R(1) R(2)..R(p)] (3.6)
[ RO) R - Rp-1)]

_— Tz(:—1) Tz(:O) T?(p:— )| (3.7)
lfe(l'—p) R2-p) - R(0) J

The AR coefficient matrices a; are accordingly estimated from an actually measured time series by
solving Eq. 3.6. Assuming that y, = 0 is satisfied for k < 0, the estimators of the AR coefficients
resulting from Eq. 3.6 correspond to the most likelihoods mentioned in Section 2.2.3. The estimated
autocorrelation matrices given in Egs. 3.4 and 3.5 provide the positive definite matrix T for which the
inverse matrix is assured to exist. Note that R(s) in Eq. 3.4 is a biased estimator, i.e., the expectation of
R(s) is biased from the true value of R(s) since the term Y N_ ¥, ¥i_sT is divided by N instead of
(N — s + 1). This biased estimators ensure that the matrix T is positive definite if sufficient length of the
data satisfying N > p is obtained, and thus the AR coefficient matrices are uniquely determined only
from the observed time series and the predefined AR order p. That is why the biased autocorrelation

matrices are adopted as the estimators.

As mentioned in Section 2.2.3, the system poles of the transfer function are obtainable by solving the

eigenvalue problem represented by the following characteristic equation with respect to z.

[Iz— 4| =0 (3.8)
0 1 [}

A= 0 0 e Il (3.9)
o, o, 4 aq

Since the roots of Eq. 3.8 correspond to eigenvalues of A, the system poles are determined through

following eigenvalue decomposition.

A=wA,p 1. (3.10)
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where A, € C™PX™P s a diagonal matrix consisting of the eigenvalues and ¥ € C™P>*™P is a matrix
containing the relevant eigenvectors as its columns. According to Egs. 2.58 and 2.74, the modal properties

and the eigenvalues have the following relationship.

228" = exp [(—fiwi +4]1- é‘?wi>ﬂt] (3.11)

where /1? and /1?* are the conjugate pairs of the eigenvalues contained in the matrix A;. w; and ¢&;
denote respectively angular natural frequencies and damping ratios as mentioned in Section 2.2.3.

Therefore, the w; and &; are estimated as follows.

abs(In /1‘-1)
w; = TL

& = —cos(angle(In 1)) (3.13)

(3.12)

where abs(-), angle(:) and cos(:) respectively denote an absolute value, a phase angle and its cosine.
According to Eqs. 2.74 and 2.86, ¥ =T p ¥ is satisfied where I}, is the observability matrix defined in

Eq. 2.84. Thus, the following modal output matrix is estimated.
V=[I 0 -- 0]¥eCc™mr, (3.14)

That is, the modal output matrix V is given as the submatrix consisting of the first m rows of ¥. Each
column of V is the estimated mode shape that corresponds to each of the eigenvalues contained in the
A,. According to the above discussion, the AR model of p order produces estimators of modal properties

for at most mp/2 DOF mechanical system.

3.2.2 Stochastic subspace identification

The YW method mentioned in Section 3.2.1 has simple estimation process for modal identification.
However, the asymptotical assumption requires sufficiently higher AR order p in the analysis, and thus
the estimators of modal properties contain spurious results. The data-driven SSI [47] enables reduction of

the DOF of the system model to a reasonable one. This procedure is called model reduction.

The SSI generates estimators of the system matrices A, € and the Kalman gain K in the following

forward innovation model.

xl,, = Ax] + K e, (3.15)

yi = Cx] + e (3.16)

System matrices 4 and C, which can be converted to the modal properties, are estimated by means of
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least-squares method that minimizes prediction errors of the state vector x£ produced by the forward

Kalman filter.

The algorithm for the SSIis described briefly as follows: Firstly, the projection matrix 0,, is generated

as
.I.
0, =YY} (Y, Y)) 'Y, (3.17)

Therein, Y¢ and Yy, which respectively represent the block Hankel matrices of the future and past outputs,

are defined as follows.

Yo Y1 Yn'-1
Yo = y;—z Yp-1 - yp-k.;\ll'—S € RmP (3.18)
Yp-1 Yp = Yp+N'—2
Yp Yp+1 - Yp+n'-1
_| - ——
Yf Yop-2 Yop-1 - y2p+1v’_3 €R : (3.19)
Yop-1  Y2p - Yopin'-2

Here, N' is determined as N' = N — 2p + 1, and p is a predefined parameter determining the size of the

Hankel matrix. Similarly, the following projection matrix is also defined.
- t
0, =Y Y (YY) Y (3.20)

where Y and Yf are respectively defined as

Yo Yi - VN1
vt = c Rm(p+1)><N’ (3.21)
P Yp-1 Yp - Yp+n'-2
| Yp Yp+1 - Ypan'—1
[ Vp+1  Yp+2z = Yp+N'
- m(p—-1)xN’
i=lyo ) oy Yaprnr—s| € R . (3.22)
[ Yop-1 Y2p - Yop+n'-2

The singular value decomposition (SVD) is then applied to factorize 0,, as
T St 0 T T
W,0,W, =USV" = (U;Uy) ( 0 Sz) (V1V)" = U84V, (3.23)

where W, and W, are user-defined weighting matrices such that W, is full rank and W, obeys
rank(Yp) = rank(Y,W,). For simplicity, the SSI discussed in this thesis only adopts unit matrices as

those weighting matrices. In that case, the SSI algorithm is also referred as unweighted principal
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component analysis [47], [66]. U and V are unitary matrices with an appropriate size; S is a diagonal
matrix with non-negative real elements. Diagonal elements of S are referred as singular values of 0.
Supposing that those singular values in S are listed in descending order, the projection matrix is
approximately reproduced by the dominant singular values and the corresponding vectors as U;S; V.

Components in U,S, V5 are regarded as trivial components and ignored in the estimation. The optimal

f f

- f
state sequence X, =[x, Xp4q o X

piN'—1] predicted by the Kalman filter in a least-squares sense.

The observability matrix I', and optimal state sequence X,, are respectively obtained as shown below

[47].

1/2
r, =u,s;/ (3.24)
X, = S1/2vf (3.25)

Here, the significant components in the state sequence are extracted by applying SVD to O,,. The one-

f

p+ y’] 18 estimated as

step-ahead state sequence X, = [x;'?c 1 x£ 42 e X
Xps1 =T} _10, 4 (3.26)

where I',_; is obtained as I',, without last m rows according to the definition of the observability matrix
given in Eq. 2.86. Consequently, Eqgs. 3.15 and 3.16 generate the least square estimators of the system

matrices A and C as

A= Xp+1X;r; (3.27)

€ =YX} (3.28)

where Y=[Yp Yp+1 -+ Yp+n'-1] isobserved time series relevant to the state space. Note that the
f

dimension of the state vector x;, is reduced by means of the SVD. The number of the system poles thus
corresponds to the number of the singular values consisting the matrix S; in Eq. 3.23. Therefore, the
significant modal response of the bridge is presumably extracted from the measured acceleration using
the SVD. The modal properties are identified from the system matrices A and C by means of the

eigenvalue analysis as well as the YW method.

3.2.3 Bayesian operational modal analysis

The Bayesian inference method for modal identification is formulated by Yuen and Katafygiotis in
both of the time and frequency domain [42], [43], [67]. Au [44]-[46] proposed a fast computation
algorithm to solve those Bayesian inference problem, which is called BAYOMA in this thesis. Hereafter,

brief introduction of the BAYOMA is provided.
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The BAYOMA is based on the following modal model in time domain.
yj = Xi-10iii(t) + € (3.29)

where, €; € R™ is the measurement noise in j-th discreet time step, t; = jAt is the relevant time, ¢;
is the i-th mode vector, and 7 is the number of modes composing the modal response. The measurement

noise €; is modeled as a white noise vector. 7;(t) is the modal displacement that satisfies following

relationship.

i (8) + 2& w0 (8) + win; (t) = pi(t) (3.30)

where p;(t) is the modal force corresponding to the i-th mode. Note that Eq. 3.30 is easily generated

from the equation of motion in Eq. 2.50 assuming the proportional damping [35].

For computational convenience, the following FFT is adopted as an observed dataset for the Bayesian

inference.

24t 2mi(k—1)(j—1)
F, = szzlyjexp[—%]. (3.31)

F;, is the FFT relevant to the frequency f, = (k — 1) /NAt. Accordingly, Eq. 3.29 can be transformed

into the frequency domain as
Fie = X2 i + €k (3.32)

where 7', and €'} are respectively the FFTs of ﬁi(tj) and €; relevant to the frequency fj. Similarly,

Eq. 3.30 is transformed as

fi'ie = —hixp' ik (3.33)

hae = [(B% — 1) + Q&8 (3.34)

where p';, is the FFT of pi(tj), hy is the transfer function in frequency domain relevant to the i-th

mode, and B;, is defined as B, = w;/2nf.

To formulate the likelihood function for the Bayesian inference, the following vectors consisting of the

real and imaginal parts of the FFTs are introduced.

Re Fk

2m
m Fk] eR (3.35)

7=

where Re and Im respectively denote the real and imaginary part of a complex matrix. If the sufficient
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length of the data is available, the vectors Z are formulated as Gaussian vectors whose covariance

matrices are given as follows [43].

_1|®Re H®T —®Im H,®T

CoVZid = C =3 | om H,®T  ®Re H @

Se
-1 (3.36)

where @ = [y, P, ..., P, ] € R™" is a matrix consisting of the modal vectors and S, is the power
spectrum density (PSD) of the €;. Note that S, is a constant because of the white noise assumption. Hy,

is the PSD matrix generated from Eq. 3.33 as
Hk = diag[hlk, hzk, "-'hrk] S dlag[h;k, h;k’ . ‘;k] (337)

where S € C™*" is the PSD matrix of the modal forces pi(tj) (i = 1,...,r), which are also assumed as
white noise. The above discussion shows that the covariance matrix Cj is a function of the modal
properties w;, & ,¢; (i =1,..r) andthe PSD constants S and S,. Therefore, the likelihood function
for the parameters 8 = {w;, &;, ¢;,S,S.|i = 1,...7} is given as the following conditional PDF for Z,.

P({Z:}16) = (2m)"™Vexp[—L(8)] (3.38)
L(8) = > % In[C(0)] +5 Xk ZEC, (0) 72 (3.39)

where {Z,} represents the dataset consisting of available data vectors Z,. L(@) is the negative log
likelihood function of 6. Assuming the uniform prior distribution, the posterior distribution is

proportional to the likelihood function as
P(Ol{Zi}) o exp[—L(6)]. (3.40)

Thus, the most provable value of the posterior distribution function p(8|{Z;}) is produced as the most

likelihood function that is minimize L(8).

Letting & denotes the most provable value minimizing L(8), the negative log likelihood function is

approximate to the following form by the Taylor expansion [45].
L(6) ~ L(B) +3(6—8) H,(6 - B). (3.41)

where Hj is the Hessian matrix of L(Q) at 8. Accordingly the posterior distribution approximately

satisfies

p(8l{Z,)) o exp|—3 (6 - 8) H,(0 - )] (3.42)
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That is the posterior distribution p(@|{Z,}) is approximated to the Gaussian distribution with the

expectation 8 and the covariance matrix H; .

The most probable value @ is obtained by numerical optimization for minimizing the negative log
likelihood function L(@) because of its nonlinearity. The computational procedure for the numerical
optimization is given in [44]. To avoid complexity in the computational process, frequency band of the
FFT need to be limited. The BAYOMA therefore requires preliminary analysis to find the frequency band
to be analyzed in advance to the modal analysis [46], [68]. This problem is discussed in Chapter 4.

3.3 Case Studies

Although the methodologies cited in Section 3.2 enable to estimate the mechanical system model
generating the dynamic responses, the estimators contain spurious system poles derived from the violation

of the white noise assumption. The following two problems have to be settled for modal identification:

*  Which is the suitable size of the model to describe the bridge vibration?

*  Which poles are physically meaningful in the estimated model?

The first problem is so-called model selection problem [57]. For instance in the AR model, the AR order
p should be predefined for the estimation. For the model selection problems, information criteria possibly
provide scales for the goodness of the models. The second problem is one of feature extraction problem.
That is, the modal properties of the structure are to be extracted from numerical estimators of the system
poles. The stabilization diagrams [35] is one of the widely used methods to distinguish the physically

meaningful poles.

Hereafter the model selection and feature extraction problems are investigated for the time domain
operational analysis methods, namely, YW method and SSI. Let the ten samples of the time series in

INT40 scenario given in Section 1.4 be investigated for this case study.

3.3.1 Model selection

This section adopts two widely used information criteria, namely, Akaike information criterion (AIC)
and Bayesian information criterion (BIC). Firstly, feasibility of information criteria is examined for the
AR model. The AIC scales goodness of a model according to a Kullback-Leibler divergence between the

estimated model and an unknown real model [69]. Generally, the AIC is formulated as
AIC = —21Inp(D|8) + 2M (3.43)

where D is the observed dataset and Inp(D|@) is the log likelihood function mentioned in
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Section 2.2.3. @ is the most likelihood estimator of the parameter @ that maximizes the likelihood
function. M is the number of the variable parameters contained in the parametric model. The likelihood
term —2In p(D|§) in Eq. 3.43 evaluates the fitting performance of the model, and the term 2M is
regarded as a penalty term to avoid adopting complicated model leading to overfitting. Thus, the lower
AIC presumably produces the better model to generate the observed dataset D. Assuming the Gaussian

white noise for the AR model, the likelihood function is given as
Inp(ida, ., @y, E) = B n N (yel Bilg @i¥i-i, E) (3.44)

where X = Cov[e;]. The most likelihoods of the AR coefficients are approximately obtained by the YW

method. Accordingly, the maximized log likelihood function is given as

Inp(yi|ay, .., @, ) = =2 (mIn 2m + In|Z | +m) (3.45)
where X, is the most likelihood of the covariance matrix of e; estimated as follows.

T, =R0)-YF  a;R(-D) (3.46)

The variable parameters in the AR model are given as the components of &y, ..., @y, X. Note that X' is a
symmetry positive definite matrix, and thus m(m+1)/2 parameters are variable in the matrix X.

Accordingly, the AIC for the AR model is given as
AIC = N(mIn2m + In|Z 4| + m) + 2m?p + m(m + 1) (3.47)

The BIC is derived from the model evidence approximated as follows [57].

-3
2 @
© 35 3
= =
S G
S -4 5
=] ]
@ ©
E E
|- A
L-45 2
= =
75 1 L i i 75 i L I L
0 20 40 60 80 100 0 20 40 60 80 100
a) AR order b) AR order

Figure 3.1 Information criteria for the AR models with respect to the model orders:

a) for WV data; b) for FV data
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p(D) = [ p(D|6)p(6)dd ~ p(D|8) —MInN (3.48)

where p(@) represents a broad prior. The model evidence produces the marginalized likelihood of the

model. According to Eq. 3.48, BIC is generally formulated as
BIC = —2Inp(D|@) + MInN. (3.49)

Thus, the BIC for the AR model is given as
BIC = N(mIn2m + In|Z4 | + m) + (mzp + %m(m + 1)) InN. (3.50)

In Figure 3.1, the AIC and BIC for the AR model is evaluated with respect to the AR order p. The solid
and dashed lines in Figure 3.1 respectively show the AIC and BIC relevant to the 10 samples of the vehicle
loading tests contained in INT40. Both of the information criteria do not converge when p is lower than
100. That is possibly because the higher order AR models asymptotically approximate the mechanical
system as mentioned in Section 2.3.3. Those results show the higher order AR models give the better
models to minimize the measurement errors. However, the higher order AR models produce the more
spurious poles, and thus the lower order AR model is actually reasonable to describe vibrating bridge as
discussed later. Because of the difference in the penalty terms, the slopes of the BIC tend to be smoother
than the slopes of the AIC. Each of the slopes of the BIC in Figure 3.1 gets smoother as the AR order
increases. That is, for the higher order AR model, the increase of the AR order is less informative than the
lower order AR model. For instance, the slopes of the BIC in Figure 3.1a show that the AR coefficients
with AR order lower than 20 are more informative than the coefficients with order higher than 20.

Similarly, the slopes in Figure 3.1b show the models with order lower than 40 is informative.
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Figure 3.2 Information criteria for the ARMA models with respect to the model orders:

a) for WV data; b) for FV data.
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The information criteria for the state space model is also evaluated for the SSI without model reduction.
As mentioned in Section 2.3.3, the forward-innovation state space model for SSI is relevant to the ARMA
model of p order. Note that the ARMA order corresponds to the predefined size of the Hankel matrix of
the SSI. Since the variable parameters in the ARMA model appear in the ARMA coefficients and the
covariance matrix of ey, the AIC and BIC for the ARMA model is given as

AIC = N'(mIn2m + In|Z4gpa| + m) + 4m?p + m(m + 1) (3.51)
BIC = N’ (mIn2m + In|Z 44| + m) + (2m2p +>m(m + 1)) InN’. (3.52)

where Z4pua isacovariance matrix of e, estimated in the ARMA model, which is determined by using

the estimators of the state space model as follows.
—~ 1 T
2 irma = m(Y - CX,)(Y—-CX,) . (3.53)

Figure 3.2 shows the information criteria for the ARMA model as well as Figure 3.1. The BICs in Figure
3.2a provide the optimal values of the ARMA order around 20. That is, the ARMA model with 20 order
is the most reliable according to BIC. Apparently, the AICs in Figure 3.2a are converged as the ARMA
order are higher than 20. This observation shows the ARMA models with higher than 20 order are less

informative. Similarly, the BIC in Figure 3.2b shows the optimal values around 30 and 40 order.

The results given in Figure 3.2 are relevant to Figure 3.1 where the informative AR orders are 20 and
40 respectively for the WV data and FV data. The AR models with higher order approximate the moving
average terms rather than the autoregressive terms appearing in the ARMA models. Since the modal
properties are estimated from the AR coefficients, the AR models with 20 and 40 order are enough to
estimate the modal properties. The above observations also demonstrate the BIC is more suitable than the
AIC to find informative model order to describe vibrating bridge in practice because of its strict penalty
term. That is, a reasonable choice of the AR order is possibly observed from the slope of the BIC curves
for the AR models. The minimum value of BIC for the ARMA models produces the optimal size of the
Hankel matrix for the SSI.

3.3.2 Feature extraction

Here, feature extraction using stabilization diagram is examined for one sample chosen from INT 40
scenario at first for simplicity. The stabilization diagram is known as a scatter diagram depicting estimated
natural frequencies with respect to the model order of the linear system model. For instance, the natural
frequencies relevant to the system poles estimated by the YW method are depicted as dots in the scatter
diagram, where the horizontal axis represents the estimated natural frequencies and the vertical axis

represents the AR order. A physically meaningful modes yield similar natural frequencies even if the
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model order is over-specified. Therefore, the meaningful modes display a nearly vertical line in the
stabilization diagram. Furthermore, stability criteria with respectively predefined thresholds for the
natural frequencies, damping ratio, and mode shapes are usually adopted to assist the feature extraction

procedure [35]. This study considers the following stability criteria to extract stable modes.

forx = fen < fp < fpic + fin (3.54)
Sprre — §tn < &p < Epux + Stn (3.55)
MAC, < MAC(¢,, dpix) (3.56)
(kK = =1y 0, =11, 0 Kep)

In those expressions, fp, $p, ¢, respectively denote the estimated natural frequency, damping ratio, and
modal shape with model order p. MAC((])p, ¢p+,c) stands for the modal assurance criterion (MAC) value

between modal shapes ¢, and ¢, which is defined as

2
_ llgpepl

MAC($p, p+x) = g Tmel (3.57)

Parameters fiy, &p, MAC:, in Eqs. 3.54-3.56 are thresholds for the tolerable range of the modal

properties; kg, is the range of model order to evaluate the inequalities.

Figure 3.3 shows the stabilization diagram for the AR model estimated by the YW method respectively
for the WV data and FV data. The black dots in those diagrams represent the system poles estimated by
the YW method. The red circles describe the stable poles extracted by the stability criteria given as Egs.
3.54-3.56, where, the thresholds are respectively predefined as f;, = 0.05Hz, &, = 0.5%, MACy, =

95% and k., = 3. As shown in Figure 3.3, stabilization diagram promptly enables to find the physically
meaningful mode among numerous estimated poles. Note that whether the poles are extracted or not relies
on the stability criteria. Thus, the thresholds should be modified manually referring the results appearing

in the diagram.

The dashed vertical lines in Figure 3.3 show the identified natural frequencies as the stable poles.
Apparently, the poles relevant to the natural frequencies distributed as AR order are over 20. This
observation is possibly relevant to the results given in Figure 3.1. That is, the AR coefficients below the
20 order are essential to represent the observed acceleration. Since the ARMA models relevant to the
actual mechanical systems are asymptotically approximated by the higher order AR models as mentioned
in Section 2.3.3, the stable poles tend to appear in the AR model with model order over 20. The higher
order AR models however tend to produce spurious poles since the higher DOF is assumed for the system
model. In the stabilization diagrams given in Figure 3.3a, four natural frequencies are identified, namely,
3.0 Hz, 6.9 Hz, 9.6 Hz, and 10.5 Hz. Additionally the fifth natural frequency is given as 13.4 Hz in Figure
3.3b. More stable poles appear to be observed in FV data than the WV data. This observation is discussed
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later.

The stabilization diagram can be also defined for the SSI. The SSI requires SVD in its computational
processes, and thus it is reasonable to adopt the singular value order of the SVD as the vertical axis of the
stabilization diagram. In advance of operating the SSI, the size of the Hankel matrix should be predefined.
This study adopted p=20 and p=40 respectively for the WV and FV data according to the information
criteria shown in Figure 3.2 to ensure that informative regressive models are provided before the model

reduction by the SVD. Figure 3.4 shows the stabilization diagrams for the SSI obtained from the same
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time series used in Figure 3.3. The thresholds for the stability criteria are not altered from the ones used
in Figure 3.3 for comparison. In Figure 3.4, the five natural frequencies are stably extracted from both of
the WV and FV data. The FV data also shows stable results for the SSI as well as the YW method.
Figure 3.4b describes even higher modes are observed in a frequency range over 15 Hz. The stabilization
diagrams in Figure 3.4 shows that the SVD operated in the SSI analysis enables plausible feature

extraction.

In fact, the natural frequencies are not always identified by the stabilization diagrams even though
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proper critical values are predefined for the stability criteria. That is because uncertain vibration of the

bridges possibly violates the mathematical assumptions. Table 3.1 shows the numbers of the correctly

extracted poles by means of the stabilization diagrams for the ten samples observed as the INT40 scenario.

Therein the 1st to Sth modes represent the identified modes shown as the vertical dashed lines in Figure

3.3 andFigure 3.4. For both of the YW method and SSI, the FV data provides better results. That is because

the free vibration is more suitable for modal identification in general since unexpected external force is

less affected from the vehicle loading [50], [S1]. This observation also corresponds to the results of the

power spectrum densities shown in Figure 1.5, where the more significant peaks are observed for the FV

data than for the WV data because of the low noise level. For the 1st, 2nd and 3rd modes, both of the YW

method and SSI show stable results since the low order modes are dominantly exited in general. On the

Table 3.1 Numbers of the correctly extracted poles.

Modes (Frequency)
Methods Inputs Ist 2nd 3rd 4th 5th
(3.0Hz) (6.9 Hz) (9.6Hz) (10.5Hz) (13.4Hz)
YW WYV data 10/10 9/10 9/10 7/10 2/10
method FV data 10/10 10/10 10/10 9/10 4/10
- WYV data 10/10 9/10 9/10 9/10 9/10
FV data 10/10 10/10 10/10 10/10 10/10
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other hand, the SSI shows better results for the 4th and 5th modes than the YW method. Thus, the SSI
appears more suitable to find modal properties of the higher modes avoiding the spurious poles. That is,

the model reduction procedure by SVD stably enables feature extraction for the higher modes.

Although the stabilization diagram enables to extract plausible modal properties, those results do not
always ensure that the extracted properties actually describe the mechanical characteristics of the bridge.
That is because the spurious poles are possibly involved in the extracted poles by the stability criteria in
spite of the properly predefined thresholds. Fundamental knowledge based upon structural dynamics is
required to obtain reliable results. For instance, a finite element (FE) model enables to estimate modal
properties beforehand, based on proper assumptions about the mass, stiffness, boundary condition and
geometry of the structure. Numerically, eigenvalue analysis on the FE model promptly provides the
estimated modal properties even for structures with complicated geometry. For experimental aspect, the
reliable modal identification is realized by examining the experimentally estimated mode shapes. Note
that only the multi-point measurement enables to estimate the mode shape in operational modal analysis.
The five mode shapes identified by the SSI for the FV data are listed in Figure 3.5 for instance. Therein,
the Al to A8 in the diagrams represent the measurement locations shown in Figure 1.3c. P1 and P2
represent the locations of the bridge piers shown in Figure 1.3b. The lateral axis shows longitudinal
location where the sensors are equipped. The curves in those diagrams are depicted by connecting the
estimated values of the mode vectors. Apparently, those diagrams schematically describes bending modal
deformations. Those observations demonstrate that the extracted modal properties represent the

mechanical characteristics of the actual bridge.

3.4 Summary

This chapter reviewed modal analysis methods for the discussions in the following chapters. Two well-
known time domain modal analysis methods, namely Yule-Walker (Y W) method and stochastic subspace
identification (SSI), were introduced. For advanced investigation given in Chapter 4, frequency domain
analysis method which is so-called Bayesian operational modal analysis is promptly introduced. Brief

case studies for the YW method and the SSI are provided for the target bridge mentioned in Section 1.4.

Information criteria, which is widely used for model selection, are examined for the regressive time
domain models through the case study. For AR model, slope of the Bayesian information criteria (BIC)
promptly demonstrates informative model order. However, it is difficult to find a reasonable AR model
only from the information criteria since the mathematical assumptions mentioned in Chapter 2 require
excessively high order AR models to describe bridge vibrations. For SSI, the information criteria appears

useful to find suitable size of the Hankel matrix before the model reduction.

The stabilization diagram provides feature extraction procedure to identify the physically meaningful

poles. For the dominant bending modes, namely the 1st, 2nd, and 3rd modes are stably extracted by both
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of the YW method and SSI. On the other hand, for the higher modes, namely the 4th and 5th bending
modes, the SSI produced more stable results than the YW method. This observation demonstrates that the
singular value decomposition given in the SSI enables model reduction to extract the physically
meaningful modes especially for the higher modes. Thus, for precise modal identification for the higher
modes, the SSI is more helpful than the YW method. For the identification of the dominant modes, the

YW method is still useful in practice because of its prompt numerical procedure.

Especially for precise modal identification including the higher modes, the procedure for operational

modal identification in time domain is summarized as the following three steps:

Model selection: According to the information criteria, determine the size of the Hankel matrix for
the SSI.

Feature extraction: Estimate system poles for several singular value orders, and then extract stable
modal properties by observing a stabilization diagram.

Validation: Observe the extracted modal properties and verify their physical meanings. The

estimated mode shapes will be helpful to examine their validity.

The above three-step modal identification procedure is applied again in Chapter 4. This procedure also

provides further application for damage detection, which is mentioned in Chapter 6.
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Chapter 4

Modal Analysis of a Cable-Stayed Bridge

4.1 Introduction

Aiming at preparation for the damage detection mentioned in Chapter 5 and Chapter 6, this chapter
introduces an applicative case study. Hereafter, the uncertainty involved in mode identification of a multi-
span cable-stayed bridge is investigated through a benchmark study. Especially, efficacy of the feature
extraction utilizing stochastic subspace identification (SSI) and Bayesian operational modal analysis

(BAYOMA) mentioned in Chapter 3 are investigated.

Among many applications used for real bridge monitoring, Ni et al. [53] reported that the modal shape
of the second mode (deficient mode) of a cable-stayed bridge named Ting Kau Bridge is not identifiable
under weak wind conditions, although it can be identified clearly under typhoon conditions. The second
mode was also observed in a FE model analysis. Prof. Y.Q. Ni of Hong Kong Polytechnic University has
proposed a benchmark study in which bridge vibration data under different find conditions were offered.

Investigations were conducted to assess the mode identifiability of operational modal analysis methods.

This study was conducted to investigate the mode identifiability of a cable-stayed bridge, particularly
addressing its linear system model. On Ting Kau Bridge, the Yule-Walker method mentioned in
Section 3.2.1 is not applicable to this investigation because the number of the measurement locations are
higher and the disturbance from uncertain ambient effects is severer than the case study given in
Section 3.3. This chapter thus utilizes the SSI and BAYOMA to investigate the mode identifiability. For
SSI, stabilization diagrams and cumulative contribution ratios (CCRs) [49] are particularly addressed.
The use of CCRs enables to describe how much information is included in each singular value. This study
adopts CCR to investigate the quantity of modal information included in the identified linear system
model. For BAYOMA, the signal to noise ratio and posterior distributions for the modal properties are

particularly examined to assess uncertainty involved in modal identification.

4.2 Target Bridge and Benchmark Data

Ting Kau Bridge is a three-tower cable-stayed bridge with two main spans of 448 m and 475 m,
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respectively, and two side spans of 127 m each as presented in Figure 4.1 [53], [70]. The bridge deck is
separated respectively into two carriageways with a width of 18.8 m each. Between them are three slender
single-leg towers with heights of 170 m, 194 m, and 158 m. Each carriageway comprises two longitudinal
steel girders along the deck edges with steel cross girders at 4.5 m intervals, with a concrete slab on top.
The two carriageways and their intervening 5.2 m gap are linked at 13.5 m intervals by connecting cross
girders. The deck is supported by 384 stay cables in four cable planes. As part of a long-term health
monitoring system devised by the Hong Kong Special Administrative Region Government Highways
Department, more than 230 sensors were installed permanently on the Ting Kau Bridge after completing
bridge construction in 1999 [71]. The detailed information about the sensor deployment and monitoring

is available in [72]-[74].

The layout of the sensors at eight deck sections on Ting Kau Bridge is presented in Figure 4.2. In each
section, two accelerometers were installed on the east side and the west side of the longitudinal steel
girders respectively to measure the vertical acceleration. One accelerometer was installed on the central
cross girder to measure the transverse acceleration. The sampling frequency of accelerometers was
25.6 Hz. Data acquired by the accelerometers deployed on the bridge deck are considered in the
benchmark study.

This study investigates 10 samples given in the Benchmark study. Table 4.1 presents the time duration

and wind conditions of the benchmark data. Data from Sample 1 to Sample 6 were measured under weak
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Table 4.1 Benchmark data.

Sample Time duration Mean hourly wind speed Remarks
(m/s)

Sample 1 15:00-16:00, 28 Dec. 1999 2.00

Sample 2 15:00-16:00, 18 Feb. 1999 3.40

Sample 3 15:00-16:00, 01 Mar. 1999 3.34

Sample 4 15:00-16:00, 21 June 1999 341

Sample 5 15:00-16:00, 24 July 1999 6.17

Sample 6 15:00-16:00, 12 Aug. 1999 4.20

Sample 7 03:00-04:00, 07 June 1999 12.11 Typhoon: Maggie

Sample 8 02:00-03:00, 23 Aug. 1999 15.62 Typhoon: Sam

Sample 9 06:00-07:00, 16 Sep. 1999 21.72 Typhoon: York

Sample 10 15:00-16:00, 16 Sep. 1999 15.91 Typhoon: York

wind conditions. Data from Sample 7 to Sample 10 were measured under typhoon conditions. Traffic was

blocked during the typhoons.

4.3 Preliminary Analysis

4.3.1 Stochastic subspace identification

As discussed in [53], the frequency range of interest of Ting Kau Bridge is below 0.5 Hz. A concern
related to modal identification below 0.5 Hz is that higher-frequency information interferes with it because
of the white noise assumption mentioned in Section 2.3.2. To avoid the effects of high-frequency vibration
to the time domain data, this study thus adopts a decimation filter [75] and each of the time series was
down-sampled by following procedure: Firstly, the lowpass Chebyshev typel infinite impulse response
filter of order 8 [76] was used with cut-off frequency 0.924 Hz and passband ripple 0.05 dB. Secondly,

the time series were resampled by every 20-th point from the interior of the filtered signal.

For quantitative evaluation of the optimal size of the block Hankel matrix, this study considered the
Akaike information criterion (AIC). The AICs of each system model estimated from the time series of
Sample 1 to Sample 10 are presented in Figure 4.3 with respect to the block Hankel matrix size, in which
the optimal model order providing the best estimation of each measurement is marked with a circle. No
clear correlation between AIC and wind condition was found from Figure 4.3. The order p=9, which is
the mean value of the optimal size of the block Hankel matrix of 10 samples, was obtained from Figure 4.3,

and used throughout this study.

The stabilization diagram is adopted to extract stable modes as described in Section 3.3.1. To avoid the



49

spurious system poles, this study adopted a strict rule to extract the stable modes: they must satisfy all the
stability criteria in Eqs. 3.54-3.56 with thresholds as f;;, = 0.005 Hz, &; = 0.5 %, MAC, = 0.95,

and k;, = 3. The results for the stabilization diagrams are given in Section 4.5.

4.3.2 Bayesian operational modal analysis

As mentioned in Section 3.2.3 the BAYOMA requires preliminary analysis to find the frequency band
of the FFT data to be analyzed in advance to the modal analysis. This study provides singular value
spectrum (SVS) [77], which is defined as singular values of the cross power spectral density matrices,
calculated from the time series of the measured acceleration. Each of the cross power spectrum densities

for calculating the SVS is estimated as the Welch’s overlapped segment averaging estimator [58], where
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the time series are divided into 400 sec segments with 50% overlap, and windowed with the Hamming
window. Figure 4.4 shows the SVS averaged for the every 10 samples. From the first to third SVS curves
are depicted in Figure 4.4 to examine existence of close modes. Figure 4.4 shows that 8 peaks are observed
in the first SVS curve, and no predominant peaks are observed in the second or third SVS. This study
therefore adopt 8 initial values of natural frequencies for BAYOMA, which are depicted as black circles

on the horizontal axis in Figure 4.4. The frequency bands for the optimization is selected as their ranges

Table 4.2 Identified natural frequencies (Hz) and coefficient of variance (%)

Mode Weak wind Typhoon
Method

no. S1 S2 S3 S4 S5 Se6 S7 S8 S9  S10
MPV 0.159 0.158 0.158 0.160 0.156 0.158 0.165 0.162 0.160 0.163

BYOMA
1 c.ov. 03 0.3 0.3 0.4 0.5 0.4 0.3 0.3 0.4 0.3
SSI 0.161 0.161 0.162 0.163 0.162 0.164 0.167 0.164 0.165 0.165
MPV 0.227 0.227 0.221 0.230 0.231 0.224 0.227 0.227 0.227 0.226

BYOMA
2 c.ov. 0.2 0.5 1.7 23 1.5 0.7 0.1 0.1 0.1 0.1
SSI - - - - - - 0.227 0.227 0.227 0.226
MPV  0.257 0.259 0.259 0.258 0.258 0.260 0.263 0.264 0.259 0.260

BYOMA
3 cov. 02 02 01 01 03 0.1 0.1 01 03 02
SSI 0.255 0.255 0.258 0.257 0.258 0.260 0.263 0.264 0.257 0.260
MPV 0.288 0.290 0.283 0.288 0.285 0.287 0.290 0.292 0.287 0.290

BYOMA
4 cov. 02 01 02 01 02 05 02 02 02 02
SSI 0.287 0.287 0.284 0.286 0.282 0.285 0.289 0.292 0.287 0.289
MPV 0303 0.300 0.299 0.298 0.299 0.297 0.301 0.298 0.300 -

BYOMA
5 c.o.v. 0.1 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 -
SSI - 0.294 - - - 0.293 0.297 0.301 0.300 0.300
MPV 0310 0314 0311 0.316 0.313 0.319 0.322 0.323 0.319 0.317

BYOMA
6 c.o.v. 0. 0.1 0.2 0.1 0.2 0.2 0.2 0.2 0.2 0
SSI 0.307 0310 0.308 0.315 0.312 0.318 0.323 0.324 0.319 0.317
MPV 0.357 0362 0.363 0.357 0.357 0.359 0.363 0362 0.364 0.359

BYOMA
7 cov. 02 02 02 0.1 02 02 0.1 0.1 03 0.
SSI 0.358 0.364 0.360 0.358 0.357 0.358 0.361 0.368 0.358 0.359
MPV 0.370 0.370 0.368 0.371 0.368 0.371 0.369 0372 0.367 0.373

BYOMA
8 c.0.v. 0. 0.1 0.1 0.1 0.1 0. 02 0.1 03 0.
SSI 0.373 0.374 0.374 0.372 0.372 0.374 0.374 0.373 0.374 0.372

*S1, Sample 1; ... S10, Sample 10; c.o.v., coefficient of variance
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cover the peaks. If the natural frequencies are close to each other, the modal responses can be affected to
the other one [46], [78]. Thus, the close modes are optimized in a same frequency band. This study adopts
6 frequency bands as the black thick lines on the horizontal axis separated into the 6 parts by the vertical
dashed lines in Figure 4.4.

Table 4.3 Identified damping ratios (%) and coefficient of variance (%)

Mode Weak wind Typhoon
Method
no. S1 S2 S3 S4 SS S6 S7 S8 S9 S10
MPV 190 239 294 361 5.67 476 222 224 526 292
BYOMA
1 c.o.v. 139 131 120 11.0 10.0 10.6 125 125 94 114
SSI 082 069 101 093 095 1.10 1.57 1.72 338 1.54
MPV 092 3.03 555 1027 6.40 3.28 0.60 0.50 037 0.62
BYOMA
2 c.0.v. 465 234 356 61.6 415 2638 212 228 257 21.0
SSI - - - - - - 0.81 051 0.62 0.71
MPV 1.12 1.16 0.83 0.76 2.42 0.58 087 073 246 1.14
BYOMA
3 cov. 178 183 196 193 182 213 180 19.0 174 17.2
SSI 175 183 143 137 376 130 0.82 074 312 139
MPV 091 072 1.01 076 135 3.55 1.04 155 138 1.71
BYOMA
4 cov. 185 195 181 188 174 213 17.0 166 167 16.3
SSI 195 176 285 194 3.15 4.14 1.19 147 135 1.59
MPV 0.65 097 073 138 0.89 1.34 1.13 128 1.39 -
BYOMA
5 c.0.v. 243 255 252 208 252 213 194 17.7 19.6 -
SSI - 0.67 - - - 1.95 1.68 1.08 090 1.58
MPV 045 0.64 0.84 0.85 124 1.02 0.70 0.87 2.00 0.94
BYOMA
6 c.o.v. 235 207 205 195 193 19.1 192 19.0 204 183
SSI 234 236 326 230 2.62 2.08 091 0.87 1.18 0.89
MPV 143 174 210 0.72 147 0.54 2.00 071 1.17 0.66
BYOMA
7 cov. 112 94 9.2 172 094 289 8.5 156 17.0 16.1
SSI 0.82 121 095 096 0.77 0.81 120 251 1.04 091
MPV 046 050 0.63 050 0.66 1.10 1.09 097 212 0.66
BYOMA
8 cov. 197 197 211 179 148 175 151 138 107 17.1
SSI 1.16 1.52 125 099 134 1.13 1.90 0.87 143 0.84

*S1, Sample 1; ... S10, Sample 10; c.o.v., coefficient of variance
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4.4 ldentified Modal Properties

Identified natural frequencies are presented in Table 4.2. The identified damping ratios are presented
in Table 4.3. For BAYOMA, the coefficient of variance (c.0.v.), which is defined as the expectation
divided by its standard deviation, is also calculated based on the posterior distribution. The mode with
blanks in Table 4.2 and Table 4.3 were not identified by the SSI or BAYOMA. That is, for SSI, the poles
of these modes are too unstable to satisfy the stability criteria, and thus they are expelled from the
identification. The identified results are comparable to results reported in [53], i.e. the second mode (0.23
Hz) is not identified under weak wind conditions. The fifth modes for Sample 1 and Samples 3—5 were
not identified for SSI. For BAYOMA, the fifth mode for Sample10 was not identified because of the

objective function was not converged in the numerical analysis.

The identified frequencies showed similar results between the SSI and BAYOMA except the deficient
second mode. The identified damping ratios did not agree to each other, though both of the results
describes low damping such that the damping ratios are around 1% or 2%. In fact, this observation is
reasonable since the precise identification of the damping ratios are difficult only from ambient vibration

[50], [S1]. Most of the coefficients of variance are lower than 1 % for the natural frequencies identified

Mode No. BAYOMA SSI

1 — S :*\'/\,

2 == o N = Not Identified

Figure 4.5 Example of identified mode shapes under weak wind (Sample 1)
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by BAYOMA except the second mode, whereas the coefficients of variance for the damping ratios are
around 10% or 20%. These results describe that the identified natural frequencies are more likely than the
damping ratio. This observation also shows that the variance of the posterior distribution provides a scale

to measure how reliable the identified results are.

Mode shapes from the first to the fourth modes obtained from Sample 1 (weak wind condition), and
Sample 7 (typhoon condition), are respectively presented in Figure 4.5 andFigure 4.6 for instance. In each
of the diagram, the horizontal axis represent the longitudinal sensor locations and the vertical axis
represent the modal displacements. The color of those lines are relevant to the colors of the arrows
depicted in Figure 4.2. For SSI, the dotted lines show the identified modal shapes obtained by the stability
criteria. The solid lines show their mean values. The mode shape of the deficient second mode under weak
wind condition resulted in vague shape even for BAYOMA. Actually, the identified modal properties of
deficient mode were less reliable from the viewpoint of the Bayesian statistics as discussed later. The
other mode shapes in Figure 4.5 and 4.6 provide similar results as well as the natural frequencies. The

further discussion about the mode shapes of higher modes are given in [49].

Mode No. BAYOMA SSI

Figure 4.6 Example of identified mode shapes under typhoon (Sample?7)
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4.5 Investigation of the Uncertainty

Here, further investigations are provided to examine how to describe uncertainty involved in modal
identification, especially in the feature extraction process. The stabilization diagrams for the SSI are
examined at first. Figure 4.7 and 4.8 respectively portray stabilization diagrams of data obtained under
weak wind, and typhoon conditions. The model order for the singular value decomposition is considered

from 1 to 80 for each of the diagrams.

The stabilization diagrams portrayed in Figure 4.7 demonstrate that the second mode (at 0.23 Hz) was
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not identified under weak wind conditions. The diagrams show that unstable poles are scattered widely in
the frequency band below 0.23 Hz. No clear stable poles were observed on the frequency of the second

mode (0.23 Hz). However, under typhoon conditions, fewer unstable poles were observed in the frequency
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band below 0.23 Hz as presented in Figure 4.8. In other words, the typhoon condition led to stable poles
related to the second mode. The observation described above from the stabilization diagrams in Figure 4.7
and 4.8 demonstrated that lower modes were contaminated easily by unknown noise under weak wind

conditions. However, under typhoon conditions, structural modes were well excited.

The mean values of the PSD of lateral accelerations for each sample are presented in Figure 4.9, where
each of the PSD is estimated by the Welch’s method as used in Figure 4.4. Those PSD curves show that
the bridge vibrations of the frequency band below 0.23 Hz in the transverse direction under weak wind
conditions showed higher PSD than those under typhoon or critical conditions. Especially for the lower
frequency band below 0.18 Hz, most PSDs of the transverse accelerations under the weak winds exceed
the PSDs of the typhoon and critical conditions, even though the exciting wind speed is less than that in
typhoon conditions. A possible reason might be the influence of traffic that was controlled during the

typhoon.
To investigate differences of identified systems under different wind conditions, the CCR of singular
values of the system is considered. The CCR of model order # is defined as

i s

CCR = b 4.1)

i=15i

Therein, s; is the i-th singular value obtained by the singular value decomposition in Eq. 3.23. ¢ is the
number of the singular values adopted to the estimation of the state space model. The CCR estimated
from all samples is shown with respect to the model order as presented in Figure 4.8. The results show
that, in considering the same model order, the typhoon condition led to higher CCR than the weak wind

condition did. In other words, in considering same model order, the CCR under the typhoon condition
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Figure 4.8 Cumulative contribution ratios of singular values calculated in SSI.
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includes more information about the system than that under the weak wind condition. Therefore,
vibrations of the bridge under typhoon conditions can be modeled as a dynamic system with lower model
order. For example, a system model containing 90% of the measurement information can be described by
the model order of 50 under a typhoon condition (see the vertical broken lines at the model order of 50 in
Figure 4.8). However, a model order of 85 is necessary to include 90% of the system information under
weak wind conditions (see vertical broken lines near the model order of 90 in Figure 4.8). The observation
described above implies that the spurious poles observed in Figure 4.7 disturb the effective model

reduction by means of the SSI.

The feature extraction process for the modal properties are numerically realized in the Bayesian
inference. The coefficients of variances of the identified natural frequencies and damping ratios are
summarized in Figure 4.9. The results show that the variances of natural frequencies and damping ratios
of the second mode are higher under the weak wind condition comparing to the other modes. This

observation describes the uncertainty of the identified model is quantified through the posterior

distribution.
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Furthermore, the BAYOMA enables to quantify the PSD matrix modal responses as H; in Eq. 3.37.
A signal to noise ratio is thus definable as a ratio of the PSD of the modal response to the PSD of the
estimated measurement error. The diagonal elements of H,, are simplified at the resonant frequencies of
the i-th mode as

.. 2 Sii
Hi (i, 0) = [hul*Su = 7 (4.2)
where S;; isthe i,i elements of the PSD matrix of modal forces S. Accordingly, the signal to noise ratio
[44] is generated as
Sii

V= (43)

Since most provable values of S;;, S, and ¢; are identified through the Bayesian inference, the signal
to noise ratios are also identified from those values. Figure 4.10 summarizes the identified signal to noise
ratios for the modal responses. The results show the signal to noise ratios of the second mode under the
weak wind condition are lower than the other modes as well as the coefficient of variables. Thus, the

signal noise ratio also provides a scale to quantify the uncertainty of identified modes.

4.6 Summary

The uncertainty involved in mode identification of a multi-span cable-stayed bridge under different
wind conditions was investigated as a benchmark study. To investigate the complex dynamic behavior of
the target bridge, multiple measurements with 24 accelerometers are operated. In this case, Yule-Walker
method, which is one of well-known time domain analysis method introduced in Chapter 3, is not suitable
for modal analysis since the multiple measurements with higher degree of freedom produce many spurious
poles in the estimated mechanical model. This chapter therefore adopted stochastic subspace
identification (SSI) and Bayesian operational modal analysis (BAYOMA) to identify modal properties.
Stabilization diagrams of given data were examined to extract stable modes for the SSI. For the BAYOMA,
the posterior distributions of the modal properties were briefly investigated through their coefficients of

variance.

Identified modal properties compared with results of earlier studies: a deficient second mode whose
identifiability depends on wind conditions was observed. The stabilization diagrams of data measured
under weak wind conditions showed widely scattered unstable poles in the frequency band below 0.23
Hz, but no clear stable pole at the frequency of the second mode (0.23 Hz). However, under typhoon
conditions, less unstable poles were observed in the frequency band below 0.23 Hz; stable poles were
observed on the frequency of the second mode. In other words, lower modes might be contaminated easily

by unknown noise under weak wind conditions. Under a typhoon, structural modes were well excited and
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the system matrix was dominated by modal response rather than noise, which might link with the mode

identifiability of the second mode.

Observations from PSD curves of lateral acceleration showed that, especially in the low frequency band
below 0.18 Hz, most PSDs of the lateral accelerations under weak winds exceed the PSDs of the typhoon
condition, even though the exciting wind speed is less than that under typhoon conditions. A reason for
stronger PSDs appearing under the weaker wind conditions than those of a typhoon below the frequency
range of 0.18 Hz might be the influence of traffic. Observations also demonstrated that the cumulative
contribution ratio reaches a higher ratio with less model order under typhoon conditions than under weak
wind. This observation implies that spurious poles observed in stabilization diagrams reduced the quantity

of the information contained in the identified system models.

The posterior distribution obtained by BAYOMA briefly provided relevant results to the above
observations. The coefficient of variances of the natural frequency and damping ratio showed that the
most probable values of those properties are less reliable for the second mode under weak wind condition
than the other modes. This observation demonstrates feasibility of the posterior distribution to quantify
uncertainty involved in modal identification. Signal to noize ratio, which is defined as a ratio of a modal
response to measurement error, also quantify how reliable the identified modal properties. Although
Bayesian inference can be a way to describe modal properties as uncertain random valiables, BAYOMA
requires preliminaly analysis in frequency domain to extract proper frequency band to be analysed.
Aiming at practical uses, more concise Bayesian analysis method is desiable. The further discussion about

Bayesian inference for structural health monitoring is given in Chapter 6.
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Chapter 5

Damage Sensitive Features

5.1 Introduction

This chapter mainly aims to improve existing damage indicators by investigating damage sensitive
features involved in the system models. Several existing studies have investigated feasibility of the
autoregressive (AR) coefficients as damage sensitive features since they are easily obtained from the
observed time series. For instance, Nair [55] proposed so-called Nair’s damage sensitive feature (NDSF),
which consists of univariate AR coefficients. NDSF was investigated as a damage indicator for a model
building. A laboratory experiment conducted on a model bridge shows the feasibility of NDSF for health
monitoring of bridges based on traffic-induced vibrations [56]. In that laboratory experiment, a damage
detection method evaluating stochastic distance by the Mahalanobis distance (MD) [79], [80] was
proposed to evaluate the statistical distance between groups of samples of NDSF. The validity of this
damage detection method has also been verified from results of field experiments conducted on real steel
truss bridges with artificial damage to its truss members [51]. It is noteworthy that the NDSF includes
information about vibrations of each sensor, but information about relationship between the measurement

locations is not included because it is derived from the univariate AR model.

Chang and Kim [50] investigated the MD sensitivity to modal parameters attributable to damage. They
concluded that considering all the modal parameters including modal frequency, damping ratio, and the
modal assurance criterion from the mode vector demonstrated that the inclusion of the more parameters
in outlier analysis might engender the more sensitive features. That is because any statistical change in
those features would be reflected in the MD, which indicates that the mode vector, which is a kind of
correlation between sensors, would provide useful information related to the bridge health condition.
However, it is not straightforward to decide damage sensitive modes as well as relevant mode vectors for
healthy bridges. Therefore, aiming at a pattern recognition approach to estimate damage sensitive modes
or damage locations, a novel damage indicator is derived directly from a multivariate linear system to

include spatial information between sensors.

This chapter thus proposes a damage indicator based on the MD of damage sensitive features that are

extracted directly from a multivariate AR model using principal component analysis (PCA) [81]. The
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proposed damage indicator evaluates stochastic changes in modal information contained in the
multivariate AR model, whereas the NSDF is merely based on univariate AR model. Therefore, the
damage indicator is expected to detect changes in modal properties related to correlation among
measurement points and improve damage detection performance. This study also proposes a damage
detection approach based on the hypothesis test to enable stochastically appropriate decision-making.
Acceleration data from the field experiment in Section 1.4 is examined to validate the feasibility of the
proposed method. This study investigates the efficacy of the presented damage indicator and hypothesis
testing for three damage patterns considered in the experiment. The NDSF is also examined using the

field experiment data and compared to the proposed damage indicator.

5.2 Damage Indicator from Multivariate Linear System

5.2.1 Damage detection flow

This study investigates an unsupervised change detection method for changes between a reference
dataset obtained from a bridge under healthy condition and a newly observed dataset monitored from the
same bridge under artificial damage. The former dataset is designated as the “reference set”, and the latter
is as the “test set.” An outline of the calculation of the novel damage indicator and damage detection is

presented in Figure 5.1. Outline of each process is as follows.

( Measured acceleration )
~ L

Estimation of multivariate AR model

L ~
( Training set C, ) ( Test set C

<1

Feature extraction

~

@rincipal components Dl)=>
Evaluationof MD
(Principal subspace U, )=>
~ L
(Damage indicator)
~_ -
Hypothesis test

Comments
AR: Autoregressive
MD: Mahalanobis Distance

Figure 5.1 Flow of damage detection utilizing the proposed damage indicator
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*  Parameter vectors related to modal properties of the structure are estimated from measured
acceleration data using the multivariate AR model (see Section 5.2.2).

*  Damage sensitive features and the corresponding subspace are extracted by application of the PCA
to the reference set (see Section 5.2.2).

e The proposed damage indicator is defined using MD between the reference set and the test set with
respect to the damage-sensitive features (see Section 5.2.3).

*  Damage detection is formulated as a hypothesis testing based on the probability distribution of the

damage indicator (see Section 5.2.3).

5.2.2 Feature extraction

Let y; denote a column vector of the discrete time series of measured acceleration data whose
components respectively correspond to m measurement locations. As mentioned in Section 2.2.3, the time
series obtained from a linear structural system excited by white noise can be modeled as an (multivariate)

AR model of sufficient model order p.

Vi =2, ¥ + ey (5.1

The system poles of the transfer function of the above linear system are obtainable by solving the

eigenvalue problem represented by the following characteristic equation with respect to z

l1z—A| =0 (5.2)
A= 0 0 e Il (5.3)
o, a, 1 -

The AR coefficient matrices appearing in Eq. 5.3 is obtainable by means of the Yule-Walker method (See
Section 3.2.1). The characteristic equation in Eq. 5.2 can be rearranged to the following polynomial

equation with the appropriate polynomial coefficients c;:
! -1 1 —
zt+czm + etz + =0 5.4

where [ = mp. Since the roots of the above polynomial are equivalent to eigenvalues of A, each of the

polynomial coefficients has the following relationship with system poles [55].

— pole

€= Zr1=1zr1 (5'5)
— Vv l pole _pole

C2 = Xr=1%r=r,+1%r, Zr, (5.6)

vl 1 1 pole _pole _pole
C3 = Xpy=1Xry=ry +1 2ry=ry+1%r,  Zr, Zp, (.7)
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where z} ole (r = 1...1) corresponds to any of the eigenvalues of 4, i.c.,

ZfOIe = exp [(—fiwi +j /1 - Eiza)i>At] (5.8)

where w; and ¢; are respectively angular natural frequencies and damping ratios mentioned in
Section 2.3.1. Therefore, changes in modal properties of the structure alter the polynomial coefficients.
The transformation from the time series of acceleration to the AR coefficients easily realized by the Yule-
Walker method mentioned in Section 3.2.1, and transformation from the AR coefficients to polynomial
coefficients is realized in the characteristic equation. Thus, each of the polynomial coefficients can be
regarded as random variables, namely, mapping of random events onto a real value. This study assumes
a coefficient vector ¢ = [c; ¢, ..c]T is a vector consisting of random variables that follow a
multivariate Gaussian distribution produced from an independent observation of the bridge vibration.
These coefficients presumably change their statistical characteristics when damage on a structure causes
any change in the modal properties. Therefore, the proposed damage detection method is formulated to

detect changes in these coefficients.

To formulate the change detection method, the coefficient vectors ¢ obtained from measurement data
are classified into a reference set and a test set. Let ¢; (i=1,2 ...,n)and ¢ (i = 1, 2 ..., ny) respectively
denote the reference samples and the test samples of the coefficient vectors. Each of the sets is described

as a matrix comprising the sample vectors, i.e. the reference set and the test set are described as follows.

C.=[c; ¢;...cp ] (5.9
Cc=[c] ¢;...cp] (5.10)

Damage-sensitive features are extracted using the PCA with respect to the reference set. The PCA is
definable as the orthogonal projection of the data onto a lower dimensional linear space, known as the
principal subspace, such that the variance of the projected data is maximized [81]. Kim et al. [82] reported
that the damage sensitivity of the NDSF is improved by application of the PCA to the estimated AR
coefficients of a univariate AR model. The polynomial coefficients are relevant to the AR coefficients in
univariate case, and thus the PCA is expected to extract damage-sensitive features from the reference set.
For the reference set, the PCA provides a lower order orthogonal vector space in which variances among
the samples contained in reference set are maximized. The orthogonal space, which is referred as principal
subspace, thus represents feature on the reference set. The sample vectors projected onto the principal
subspace are referred as principal components. This study presumes that the principal components
represent damage-sensitive features. The orthonormal basis of the principal subspace is defined by the ¢
eigenvectors corresponding to the g largest eigenvalues of the data covariance matrix. The PCA is

performed by means of the singular value decomposition (SVD) to a matrix comprising deviation vectors
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of the reference samples as
Cdev = [Z‘l Z‘Z E—n] (511)

where, €; represents the deviation vectors defined as

¢ =c;— %z;@zlck (=12, ..,n). (5.12)
The basis of the principal subspace is provided as the sub-matrix U; using the SVD.

Cyey = USVT = [U, U,]SVT (5.13)

Therein, § € R™*™ denotes diagonal matrix whose diagonal entries are non-negative real numbers listed
in descending order. U € R*! and V € R™*™ stand for the corresponding orthogonal matrices. U; €
R4 represents the sub-matrix which consists of the first ¢ columns of U, and U, represents the sub-

matrix excluded U; from U.

Using the basis of the principal subspace U,, the principal components of a vector composed of

polynomial coefficients ¢ is given as
d=U,"c (5.14)

Thus, the principal components of the reference and the test sets are respectively given as following

matrices.

D,=UC.,=[d; d,.. dy] (5.15)
D.=UlC.=[d; d.. dp] (5.16)

In the above equation, each of the column vectors included in D, and D; respectively corresponds to

principal components of the reference data in C, and C;.

5.2.3 Damage indicator and hypothesis testing

Let dy,d;, ..., d, independently follow Gaussian distribution with expectation p, and covariance
matrix X, where the true values of the parameters are supposed to be unknown. Similaly, let
1, d3, ..., dy, independently follow Gaussian distribution with expectation g, and covariance matrix
Z. Supposing that the reference dataset {d;,d,, ...,d,_} and one of the test sample d; are given, this
study provides hypothesis testing to assess whether p,. = p; or u,. # u,. The following (normalized)

MD is traditionally used to detect an anomalous sample referring to a set of normal samples [79], [80].



65

MD(d)) =% (d; — )27} (d; ~ ), (5.17)

where i, and X respectively signify the most likelihood estimators of the expectation and the

covariance matrix estimated from X as defined as follows.

~ 1 on,
A= S d; (5.18)
T=— i (di— ) di - )" (5.19)

The MD given in Eq. 5.17 evaluates a sort of ‘distance’ between the reference dataset and the test sample.
If the hypothesis u,. = u; is satisfied, and if a sufficient number of the reference samples is available,
the expectation of the MD asymptotically converges to 1 [80]. Otherwise, the stochastic distance between
the reference dataset and test sample is scaled onto the MD. Several existing studies thus adopt the MD

to find anomalies among damage sensitive features [50], [56], [82].

The hypothesis testing is formulated by means of the likelihood ratio test of null hypothesis p, = p;
against alternative hypothesis g, # p. The following T? statistic proposed by Hotelling [83] provides
hypothesis testing for the expectations of multivariate random variables.

2 _ Nr—q ’
T = ) MD(d)). (5.20)
This study proposes T2 given in Eq. 5.20 as a damage indicator. According to the assumptions, the

likelihood ratio test with significance value « is given by following rejection region [84].
T? > Fp _q(a) (5.21)

where Fy, _,(a) denotes the upper 100a % point of the F distribution of (q,n, —q) degree of
freedom. The PDF of the F' distribution is defined as follows.

nr—q

(1— ax )2 x1 (5.22)

qx+ny—q

© 1S

_ 1 qx
Fani—q () = B(g %) (qx+nr—q)

where B(:,-) denotes the Beta function. The expectation of the F distribution is given as

Ex[Fyn,—q(®)] = n"_—;fz (5.23)

Eq. 5.21 provides the critical value for the hypothesis testing as Fj, _q (@), which is relevant to the

predefined significance value «a.

Note that this chapter only provides hypothesis testing with respect to the reference dataset
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{dy,d;, ...,d, } and one of the test sample d; for simplicity, though the Hoteling’s T? statistics even
enables the comparison between the datasets {dy,d>,...,d, } and {d},d5, ...,d; } by means of the
likelihood ratio testing. Assuming that sufficient number of reference samples are available, the
comparison between the two datasets are easily formulated as hypothesis testing using the y?
distribution. Damage detection using this approximated hypothesis testing is discussed in [85] by the

author.

5.3 Case Studies

Here, validity of the proposed method is examined with the target bridge mentioned in Section 1.4.
This chapter only investigates the scenarios where the vehicle passes over the bridge by 40km/h. Further

studies with unsteady vehicle speed are given in Chapter 6.

Considering over-fitting in statistical models, the performance of a stochastic model on the reference
set does not always satisfy predictive performance on newly observed data. One effective approach
adopted to confirm the validity of the stochastic model is the use of validation samples, which are
independent from a reference dataset and have identical stochastic properties to the reference dataset.
However, in this experiment, the number of the samples is limited, so leave-one-out cross validation (CV)
technique [57] is applied to assess the validity of the damage indicators. For example, letting a set
containing n, samples of time series of target variables {ty,t,, ..., t, } be obtained from a bridge without
damage, take one of the time series (e.g., t;) out from this set as a test data, and then refer the set excluded
the test sample {t;, ..., ¢, } as the reference dataset. The n, damage indicators are thus calculable only
from the n, samples of time series. In this study, the CV samples are checked if they are not in the rejection

region to ensure the validity of damage detection.

5.3.1 Preliminary investigation

Before starting damage detection, the order of the AR model should be ascertained because the higher
AR order is the more precise the dynamical model would be, but requires more parameters to describe
the model. Especially when the number of reference samples is limited, a feature extraction by the PCA
will be difficult for a higher order AR model as the dimension of the vector space to be investigated is
higher than that of the reference samples. Nevertheless, finding the suitable AR order before monitoring
the bridge is troublesome. In this study, sensitivity analysis with respect to the AR order is carried out
first. However, it is difficult to extend this approach to other bridges without information about damage.
Therefore, for the practical health monitoring, it is recommended to examine several damage indicators

according to different AR orders.

Figure 5.2 presents the sample means of the MD of the test samples and the CV samples obtained from

the FV data of each scenario with respect to the AR order. Here, the dimension of the principal subspace
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Figure 5.2 Sample means of MD with respect to AR orders: a) For WV data; b) For FV data.

g was fixed to 2, and demonstrated that the AR model that comprises 5 to 11 order is suitable for the
damage detection. Therefore, in the following discussions, the AR order is fixed to 8, which gives
maximum sample means of MDs for every damage scenario (see the vertical dashed lines in Figure 5.2).
Note that this model selection procedure may introduce bias to the following hypothesis testing procedure
since the AR order producing larger MDs is arbitrarily picked up. Unfortunately, the information criteria
or stabilization diagrams mentioned in Chapter 3 are not feasible. That is because the AR orders sensitive
to damage are not high enough for modal identification. This problem is possibly solved if sufficient
amount of reference data is available since the PCA allows feature extraction on a subspace with higher

degree of freedom so that anomalies in higher order AR models can be investigated.

5.3.2 Hypothesis testing

Plots of the T statistics of the CV samples and test samples and their sample means in a logarithmic
scale are depicted in Figure 5.3, where g is fixed to 2. For simplicity, the T2 statistics lower than 0.1 are
expelled from the diagrams in Figure 5.3. The expectation given as Eq. 5.23 and the critical values of the
rejection regions given as Eq. 5.21 are also presented in the figure for the hypothesis test, where
significance level a is set to 5%. That is, when the bridge is not damaged, only 5% of the T? statistics
expected to exceed the critical value. Note that the critical values and expectations are slightly different
between the CV samples and the test samples because of the number of the samples in their reference
datasets. For every damage scenario, more than 5% of the T? statistics exceed the critical values and the
sample means are located in the rejection region. On the other hand, for both scenarios of INT and RCYV,
no CV samples are in the rejection region. These results show the stochastic changes in the modal
properties caused by damage are successfully detected by the proposed damage indicator. Figure 5.3b
shows that the sensitivity of the T? statistics for DMG1 and DMG2 was improved considerably

comparing to the results from WV data in Figure 5.3a. The sensitivity for DMG3 was also improved
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slightly. This observation showed that using free vibration data improves performance of the proposed

damage detection method.

The first and second principal components of the polynomial coefficients that are obtained from both
of WV and FV data are shown as presented in Figure 5.4, where the dataset obtained from the INT scenario
is referred as the reference set and the dataset from the other scenarios are referred as the test set.
Apparently, the principal components of each scenario formed groups. For example, the blue circles
plotted in Figure 5.4, which is relevant to INT scenario were distinguished from every other scenario for
both of WV data and FV data, which demonstrated that the changes in the modal properties attributable
to severing and recovering the members of the bridge are well extracted using the AR model and PCA.
Especially, the FV data caused smaller variation of the principal components from the INT scenario and
more sensitive T2 statistics for DMG1 and DMG2 than the WV data. Furthermore, apparently, the
sample groups are mutually separated, especially in the FV data. It is noteworthy that the data measured

from bridges under traffic during testing is still useful to detect damage even though the free vibration
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will provide better accuracy.

5.3.3 Comparison with existing studies

A brief description about the NDSF is given as follows in advance of making a comparison between

the proposed damage indicator and NDSF. Let y,El) denote time series of local acceleration at /-th
measurement point. Vibration data can be modeled using a univariate AR model described as the

following equation, which is a univariate version of Eq. 5.1.

l l l l
v = S0yl e (5-29)

In that equation, al@ denotes the i-th AR coefficient with respect to the /-th measurement point. Also,

e,El) represents a white-noise time series. The AR coefficients are identified by solving the Yule—Walker
equations derived from the univariate AR model. Each of the AR coefficients, especially the lower order
AR coefficients, are presumed to include the modal information of the target structure. The following

NDSF has therefore been investigated to detect bridge damage [55], [56].

d, = abs(a?)/ Y3, a®. (5.25)

Therein, d; stands for the NDSF with respect to the /-th measurement point. The AR order p is determined

by minimizing the following Akaike information criteria for the univariate AR model.

AIC = NIn(2163) + N + 2(p + 1) (5.26)

where 67 is the variance of the noise term e,&l) for AR model with p order.

Kim et al. [56] proposed to use MD to evaluate changes in NDSFs monitored on multiple measurement
location. The feasibility of this MD is examined through damage experiment using an actual bridge in
field [51]. In that experiment the measurement locations for producing MDs are divided into small groups

to avoid bias appearing in MD with high degree of freedom. To compare NDSF with the proposed one,

Table 5.1 Sensor groups to calculate MD.

A B C D E F
Al A2 A3 A4 A6 A7
Measurement
) & & & & & &
Locations

A2 A3 A4 AS A7 A8
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Figure 5.6 Mean values of MDs for FV data: a) INT, DMG1, and DMG2; b) RCV and DMG3.

the measurement locations are divided into the six groups consisting of two locations as listed in Table 5.1

such as the existing study. Therein, the A1 to A8 represents sensor numbers in Figure 1.3c.

Figure 5.5 shows the mean values of the MDs calculated from the WV data both for the NDSFs and
for the proposed damage sensitive features, where the results are depicted in a log scale and the values
lower than 1 are ignored. Figure 5.6 shows the mean values of the MDs calculated from the FV data in
the same way. Those diagrams show that the proposed method improves damage detection performance
of the damage sensitive features for every damage scenario. For reference scenario, namely for INT and
RCV, the proposed damage indicator stably produces low values. Especially, the FV shows considerable
improvement for DMG1 and DMG2. Those observations demonstrate that the multivariate AR model
enabled more reasonable feature extraction than univariate AR model. That is possibly because the
multivariate model enables to describe spatial relationship between the measurement locations through
the estimated modal response. The troubles involved in the sensor grouping also can be avoided in the
proposed method. Although the proposed method shows advantages in multipoint measurement, the

previous method appears still useful to single point measurement in practice.
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5.4 Summary

This study proposed a damage detection method for a bridge structure using the novel damage indicator
obtained from ambient vibrations of bridges. The damage indicator was derived from a multivariate
autoregressive (AR) model to evaluate the stochastic distance between a set of reference samples obtained
from healthy bridge and unknown test samples using the Mahalanobis distance (MD). Principal
component analysis (PCA) was also applied to extract damage sensitive features from the AR model.
Statistical hypothesis testing based on a probability distribution of the damage sensitive features was
applied for damage detection using Hotelling’s T? statistics. Field experiments were conducted on an
actual steel truss bridge with truss members that were severed artificially to investigate feasibility of the

proposed damage detection method.

Observations from sensitivity analysis showed that performance of the MD for damage detection
depends on the AR order. The proposed damage detection method enabled detection of three damage
patterns clearly. Especially using the free vibration data after the vehicle exits the bridge improved damage
detection performance of the T? statistics. However, the forced vibration data are still useful because
damage was also detected. The presented damage sensitive features were compared with the existing ones,
named Nair’s damage sensitive feature. The comparison demonstrated that the modal information
included in a multivariate system might help to improve damage detection performance by the proposed

method.

Although the proposed method shows advantages in multipoint measurement, the previous method
appears still useful to single point measurement in practice. The proposed method also involve
disadvantage in model selection, i.e., information criteria are not helpful to choose sensitive features. That
is, the proposed method only enables to extract feature from roughly estimated mechanical model. This

problem is tackled in Chapter 6 using Bayesian statistics.
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Chapter 6

Bayes Factors

6.1 Introduction

The damage indicator mentioned in Chapter 5 requires feature extraction from the roughly estimated
regressive parameters to reduce their uncertainties. Bayesian approach introduced in Chapter 2 possibly
enables to handle those uncertainties directly by adopting a probability distribution function (PDF) for
the parameters, according to the results given in Chapter 4. This chapter therefore introduces Bayesian
statistics to investigate feasible damage indicator for bridge health monitoring. Furthermore, a more
reasonable feature extraction method can be investigated based on the PDF for the parameters is

investigated.

The multivariate autoregressive (AR) models spontaneously provide the expansion toward the
Bayesian approach. This chapter thus investigates damage detection method by means of Bayesian
statistics as follows: Firstly, the AR model provides a likelihood function for observed bridge
accelerations, and thus the Bayesian inference method for the AR model provides the posterior
distribution for the parameters composing the AR model. Accordingly, time series of acceleration acquired
from a healthy bridge statistically provide a reference model describing the vibration of the healthy bridge.
Secondly, Bayesian hypothesis test is formulated to distinguish whether a newly observed time series is
acquired from healthy bridge or not. As a novel damage indicator, this study investigates a Bayes
factor [86], that is, a ratio of marginal likelihood of two different hypotheses. One of the hypotheses
represents the reference AR model produced from the vibration of the healthy bridge, and another one
represents an uncertain AR model. When the modal properties of the bridge are changed due to damage,

the Bayes factor will produce anomalies compared to the healthy condition.

This study provides two types of Bayes factors, namely, with and without feature extraction. The
features are extracted as independent random variables based on the posterior distribution, which are
presumably related to the modal properties of the bridge. Feasibility of the proposed method is discussed
utilizing field experiment data mentioned in Section 1.4. The damage indicator investigated in Chapter 5

is also compared with the proposed Bayes factors.
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6.2 Methodology

This study proposes a damage detection method with following two steps: Firstly, the posterior
distribution for model parameters composing an AR model is determined by means of the Bayesian
inference, by using dataset obtained from a bridge without damage. Secondly, Bayes factors calculated
from newly observed data provide an indicator for damage detection according to the Bayesian hypothesis

testing. Figure 6.1 shows the outline of the proposed damage detection method.

6.2.1 Bayesian inference

Suppose that synchronized time series of the acceleration are measured on a bridge at m measurement
points. As discussed in Chapter 3 and Chapter 5, letting y, € R™ denote a column vector at k-th time
step of the discrete time series of measured acceleration, the following AR model with model order p

approximates the time series obtained from a linear structural system excited by white noise.

Vi =2, Y + ey (6.1)

where, a; € R™™ denotes the i-th AR coefficient matrix and e, € R™*! denotes a white noise vector.

Focusing on j-th row in Eq. 6.1, the following regressive model is obtained.

v =3 alyi i +e) (62)
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@ M

where, y,’’,e,)” € R? respectively represent j-th element of y, and ey, and a’}

;€ R™™ represents

Jj-th row of «;. Assuming that elements in e;, are statistically independent each other and following the

Gaussian distribution with expectation 0, y,ij ) also follows the Gaussian distribution with expectation
. _ 0 . .

P aly ;. Letiing tp =yd , w=[al, .., al1T e R""*1 and x; = [y,_,T, v Yi—p 1T €

R™P*1 for simplicity, probability distribution function (PDF) of # is given as follows.

1

P(telx W, B) = W (bW xi., 1) = () exp {5 (6 — wTx,)?} (63)

where, [ represent the precision parameter of the regression, which is the inverse of the variance of the

noise term e,E] ).

According to Eq. 6.3, the sequential algorithm using Bayesian inference for w and f is formulated
as mentioned in Section 2.2.3. The discussion in Section 2.2.3 is summarized as follows. Assuming that
independent and identically distributed (iid) n samples of t, and x; are observed and letting t =
[ty . ,tn] E R and X = [x; ..x,]T € R™™P the likelihood function for the parameters w and

B is given as

p(tlw, B) = [Tg=1 NV (tilW" xy, B7H). (6.4)

With the observed t, the Bayes theorem provides the posterior joint PDF for w and f in the form of the
following conditional PDF.

p(w, BIt) = p(tlw, Bp(w, Bp(®)~* (6.5)

where p(w,B) stands for a prior joint PDF for w and B. p(t) is a constant in manner of Bayesian
inference, and therefore the posterior PDF p(w, 8]t) is obtained only from the observed data t and the
prior PDF p(w, B). The prior PDF is formulated as the following conjugate prior as mentioned in
Section 2.2.3.

p(w, B) = N (wlm, (BL)"")Gam(B|a, b) (6.6)

where, L € RP*P is a symmetric and positive definite matrix, a > 0 and b > 0. The parameters m, L,
a and b are referred as hyperparameters, which determine the form of the PDF for the parameters w

and f5. According to the Bayes theorem given in Eq. 6.5, the following posterior PDF is obtained.

p(w,p) = N(wlm',(BL) ")) Gam(Bla’, b") (6.7)

where,
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L'=L+X"X (6.8)
m' = L"1(Lm+ XTt) (6.9)
d=a+7 (6.10)
b = b+§||t—Xm'||2 +§(m'—m)TL(m'—m) (6.11)

The sequential algorithm can be numerically realized by sequentially calculating hyperparameters given
in Egs. 6.8-6.11. In the first step of the sequential algorithm, the posterior PDF relevant to the non-
informative prior is produced by substituting [L];; =0 (i,j=1..mp ),a=0 and b =0 to
Egs. 6.8-6.11.

6.2.2 Hypothesis testing

Bayesian hypothesis test is conducted by assessing the Bayes factor, which is defined by a ratio of
marginal likelihoods [57], [86], [87]. Assuming that dataset D is obtained from statistical hypothesis

the marginal likelihood for the hypothesis H is produced as
p(D|H) = [ p(D|6, H)p(6|H)d6 (6.12)

where @ is a vector composed of parameters comprising the parametric model given by the hypothesis.
Thus, p(D|0,H) and p(B|H) respectively represents likelihood function for @ under given dataset
D and hypothesis H and prior distribution for @ under hypothesis H'. According to the Bayes theorem,
the posterior probability of the hypothesis is obtained as follows.

Pr[3{|D] = p(D|#) Pr[#]p(D)~* (6.13)

where probabilities are denoted as Pr[-] to distinguish from the PDFs, which are denoted as p(-). Letting
H, and J; are possible hypotheses, the odds is defined as Pr[#;]/Pr[H,], i.e., the ratio of
probabilities for the two hypotheses. Eq. 6.13 produces following relationship concerning the odds.

Pr(31|D] _ Pr[%#4]
Pr[#o|D] — Pr[ﬂo]B (6.14)

where, B is the Bayes factor defined as a ratio of the marginal likelihoods, i.e.,

— p(D|H,)

p(D|Ho) 6.15)

The relationship given in Eq. 6.14 enables to update the odds using dataset D to the odds posterior to
observing the dataset. Assuming the prior probabilities are equivalent (i.e., Pr[H,] = Pr[H}]), the Bayes
factor is correspond to the updated posterior odds. Therefore, the Bayes factor provides the indicator

assessing whether observed data D supports the hypothesis H, or the hypothesis Hj.



76

Bayes factor for the AR model of vibrating bridges can be formulated based on the proposed Bayesian
inference method. Let t; represent a test sample of the time series of the target variables, which is
observed for the hypothesis testing. From now on, let the set {t;, X;} be referred as a test dataset where
X, represents input variables corresponding to the t; as discussed in Section 6.2.1. Substituting Eq. 6.12

into Eq. 6.15 provides the following Bayes factor.

_ plry) _ [Ip(tw, Blp(W, B|H1)dwds
p(t|Ho) [ p(te|w, B)p(W, ﬁ|}[0)deﬁ

(6.16)

where, intervals of the integrals are whole domains for w and f. The likelihood function p(t;|w, ) is
given in Eq 6.4. H,, denotes null hypothesis that provides undamaged evidence, and H; denotes
alternative hypothesis that provides damaged evidence. Kass and Raftery [86] suggested interpreting the
Bayes factor on the natural logarithm scale. For example, if 2InB is over 10, then the evidence against
null hypothesis H,, is interpreted to be ‘very strong’. According to the scale suggested by Kass and

Raftery, this study adopts 2InB as an evidence assessment index for anomaly detection.

Let D, represents a reference dataset consisting of time series of acceleration observed from a bridge
under healthy condition. That is, a set consisting of time series of target variables {t;,t,, ...} and the
corresponding input variables {X;, X, ...} are given as the reference dataset representing the healthy
bridge. Accordingly, the hyperparameters m,,L,,a,, and b, composing the posterior distribution
p(w, B|D,) are determined by Egs. 6.8—6.11 and the non-informative prior. To formulate a hypothesis
testing for damage detection, it is reasonable to adopt stochastic model of the bridge for the null hypothesis.
The PDF complying with the null hypothesis is therefore modelled with respect to the reference dataset

as
p(w, B|3o) = pw,BID,) = N (wlm,, B~ L; ) Gam(Blay, by) (6.17)

Egs. 6.4 and 6.17 lead to the marginal likelihood for H|, as follows in log scale (see also Appendix).

Inp(t;|#,) = In [[ p(t:Iw, Bp(w, BID,)dwdp (6.18)
_ l M o 1 F(a;) _ e
=3 In ] a;Inb; +a,.Inb, +In T 2 In27

where, n; stands for the sample size of the time series t, and L, a, and b, are hyperparameters
representing p(w, B|D,, t,), i.e., the posterior PDF updated by the t, from the prior PDF p(w, 8|D,)
using Egs. 6.8-6.11. Supposing a, is large enough, Eq. 6.18 is asymptotically approximated as follows
(see also Section 6.2.3).

ILr|
|L7|

a 1, a ng 1
b—r—Elna—r—7ln2ﬂe+0(a—T) (6.19)

Inp(t;|H,) = %ln +a, an—Z —a,In
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Bayes factor without feature extraction

An exact PDF for the parameters representing damaged bridge is undefinable because of uncertainty
of damage itself. It is reasonable to adopt a broad prior PDF to describe uncertain changes in the
parameters. Kass and Raftery [86], [87] mentioned that the Schwarz criterion [57], [88] can be applied as
a standard procedure when the priors are hard to predefined precisely, since the Schwarz criterion can be
formulated as roughly-approximated marginal likelihood according to the broad prior PDF. If all of the
parameters are assumed uncertain under the alternative hypothesis, then natural logarithm of the marginal

likelihood for #; is approximated by the Schwarz criterion as follows.

Inp(t;|H;) = In p(tt|v’l7t,,[?t) —%(mp + D Inn, (6.20)

=2 (nf,—In2r—1) = (mp + 1) Inn,

where W, and f, represent maximum likelihood estimators with respect to the test dataset. Thus, the

scaled Bayes factor is given as

2InB =n,Inf, — ln% — 2a, ln% + 2a, ln% - ln% —(mp+1Inn, (6.21)
Note that the Bayes factor is numerically obtainable only from the reference and test datasets. The
computation is realized only by means of basic algebraic operations (see also Section 6.2.3). Let the Bayes

factor provided as Eq. 6.21 be named as “BFver.1”.

From one time series, m Bayes factors are obtainable since each of the measurement points provides
their regressive models (see Eq. 6.2). Assuming each of the Bayes factors is independent, the product of
those Bayes factors represents the Bayes factor for the whole observation. That is, letting BY) represent
Bayes factors obtained from the j-th measurement point the Bayes factor for whole observation B, is

defined as
2InB, =Y, 2InBY) . (6.22)

Hereafter B,, given in Eq. 6.22 is named as the “global Bayes factor”, and let BY) relevant to each of

the measurement points is named as the “local Bayes factor” to avoid confusion.

Bayes factor with feature extraction

The Bayes factor defined in Eq. 6.22 will indicates the stochastic changes in any of the parameters.
However, some of the AR coefficients are composed of parameters irrelevant to modal properties of the
bridges as discussed in Chapter 3 and Chapter 4. Thus, it is desirable that the alternative hypothesis is

related to damage sensitive features of a bridge. This study proposes damage sensitive features based on
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the posterior distribution for the reference dataset D,..

Since the matrix L, is real, symmetric and positive definite, its singular value decomposition (SVD)

is given as

L. =ULUT = [U, Uz][ 21 7?2 ] [g] (6.23)
where, L € R™P*™P ig the diagonal matrix consisting of the singular values in a descending order
and U € R™*™MP s the orthogonal matrix consisting of the singular vectors. L; € R%*? and U, €
R™P*4 respectively represent the ¢ largest singular values and the corresponding singular vectors; L,
and U, represent the other singular values and singular vectors. Let W denote the orthogonal
transformation of w such that w = UTw, and let W, and W, respectively denote components of W
such that Ww; = UTw and W, = UZw. Then Eq. 6.17 can be rewritten in the form of the posterior

distribution of Wy, W, and S as follows.

p(W, B|D;) = N (w|i, B~*L~")Gam(B|a,, by) (6.24)
= N (W, |y, B~ LT 1)V (W, |y, 71 L3 ) Gam(Blay, by.)

where, . = UTm,., fii, = UTm, and i, = Ulm,. From the Bayesian viewpoint, the uncertainty of
the parameters is expressed through the posterior distribution. In the posterior distribution, the parameter
W, has less variances than the W,, hence the W; represents the parametric subspace that is certainly
inferable from the observation. This study presumes the W; is related to modal properties of bridges and

conducts hypothesis testing to detect stochastic changes in the w;.

The alternative hypothesis represents that the parameters contained in W, change due to damage, by
adopting a broad prior PDF for ;. This study adopts covariance matrix n,8~ 1871 for W, to describe
the broad prior. Therein n,. denotes number of the target variables in the reference dataset. The other
parameters except w, are not altered from the null hypothesis. In this case, the prior can be formulated

as following PDF.
p(W, B1Hy) = N (W, |fy, n, f71LTH) NV (W, |fy, B~ L1 )Gam(Bla,, b,) (6.25)

Note that the formulation in Eq. 6.25 does not require any approximation such as the Schwarz criterion.

According to Eq. 6.25, the marginal likelihood is given as

|Lalt|
LGl

T(ap)
I'(ay)

Inp(t,|H;) = ;Inz*“ + a, Inb, — a In by, +In “In2m (6.26)

where
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_ i, o
Lye=|™ } (6.27)
o 1L
Ly =Ly +UTXTX U (6.28)
' = Ly (L + UTX(t,) (6.29)
’ 1 ~ 1.~y ~\TF ~ 7 ~
alt = br + 2 ”tt - Xtum ”2 + 2 (m - m)TLalt(m - m) (6-30)
Thus, the scaled local Bayes factors are given as
2InB =1In lfjr' + 2a; In lzr —qlnn, (6.31)
|Lalt| balt

The Bayes factor provided as Eq. 6.31 is named as “BFver.2”. The global Bayes factor for BFver.2 can
be defined just in the same way as Eq. 6.22.

6.2.3 Computational strategies

Aiming at fast and robust computation, auto-correlation functions are introduced for the Bayesian

inference. Letting R(s) denotes estimator of auto-correlation function of y, (k =1,...,n), i.e.,

R(s) = = I iYi—sT) (s> 0) (6.32)

Assuming y, =0 for k <0 and n < k, following relationships are obtained.

}’k.—1
XTX =3%p, L R L, P (6.33)
k-p
R(0) R(1) -~ Rp-1)
_a| ROT RO - RG-2)
Rp-1T RG-2T -  R(0)
Yk-1 [R(l)T]
XT=3p,| ¢t |n=n|R@ (6.34)
Vi R
T'T = X3_1 yiyi" = nR(0) (6.35)

where T = [y, ..., y,]7, i.e., a matrix composed of target variables on all measurement points. Letting
the reference dataset contain target variables {T¢,T5, ..., T;} and input variables {X{, X, ..., X;}, and
letting n4, ..., n; denote the data length of the each samples, Eqgs. 6.8-6.11 and the noninformative prior

lead the following hyperparameters.

L. =3, XTX; (6.36)
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M, = L' S, X{T) (6.37)
1 1

a, = Ezleni =-n, (6.38)
1 . .

b, =1 (dlag(zleriTTi) - dlag(MILrM,)) (6.39)

where M, € R™P*™ and b, € R™ respectively represent a matrix whose column vectors are consisting
of m,. and a vector consisting of b, relevant to each of the measurement points. Eq. 6.36 shows that the
SVD given in Eq. 6.23 provides principal component analysis for the vectors x contained in reference
dataset because L, is related to the covariance matrix of x. Accordingly, the updated hyperparameters
are given just adding the newly observed X{ X, X; T, T{T, and n, to the summation part appearing

in Egs. 6.36-6.39.

To compute the Bayes factors, the gamma functions and the determinants should be properly
manipulated since they are sometimes so huge that it can lead to the arithmetic overflows. Fortunately,
the log scale enables robust computation as follows. Firstly, the log-scaled gamma function InT'(:) is

given for large x as
1 1 1
InT(x) = (x—z) lnx—x+zln 2w + 0(;) (6.40)

where x is a positive real number, and O(:) denotes the asymptotic notation [89]. In this study, the
hyperparameter a, ispresumably large enough since the sample size of the reference dataset corresponds
to the sample size of the measured time series as the reference. Thus, the gamma functions appearing in

Eq. 6.21 are approximated as

I'(a;)
In Ty

=a;1na’r—arlnar——ln—r—— t+0(r) (6.41)

Secondly, the determinant of a matrix can be expanded as the product of eigenvalues consisting the matrix.

Thus, the determinant part appearing in Eq. 6.21 is expanded as

|L‘r|

= In |Ly L7t = In|I + XTX,L;7Y| = In[T72% eig; (I + X{X,L;1) (6.42)

—In+—

= 2% Ineig; (I + XX, L) = X7 In (1 + eig; (X[ X L))

where eig;(-) denotes i-th eigenvalue of a matrix. For Eq. 6.31, the determinant part is given as follows

considering g eigenvalues relevant to the feature extraction.

I
T

Lt

= In|L L5 | = In

("T__l L, o
nr 0o O

In

+ i’w) Lyt (6.43)

atel
alt

1.1~
~in|[ 9| Lalte 01t + By =10

- 1
L,[I; OlL;} [Oq] +Iq|
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=¥! . In (1 + eig; (Z1[Iq O]Lg} [qu])>

6.3 Relationship with Existing Methodologies

The proposed Bayes factors are compared to a conventional hypothesis testing. Suppose that infinite
sample size is given in the reference dataset, i.e., a limit such that n,, = oo is under consideration. Now,
assume that the input variables are iid for both of the reference and the test datasets, and that the following

covariance matrix is exists.
X, = Cov|[x]. (6.44)
The central limit theorem justifies following asymptotic approximations.

L, =3[, X[X; ~ n. 2, (6.45)
XTX, =~ n.Z,. (6.46)

Accordingly, the updated hyperparameter m,,. is approximated as

m,=L"'(Lm, +X't)=m,+ 0 (%) (6.47)

r

As n, — oo, the 0(n,/n,) is supposed to be ignored. Thus,

bj. ~ by + 5 E(m,). (6.48)
Since lnM =0 (ﬁ) and lna—; =0 (ﬂ) Eq. 6.19 leads to the following approximation

|L7| n, ar n. )’ q- ©- & app ’

Inp(t;|H,) = a; ln% —a, ln% - %ln 2me (6.49)

ar ng

~ad lnh. — g Mt "p—_
~a,InfB, —a,Inf, 21n2n+arlnar+1/zﬁrE(mr) >

~Sngt =24 E(m,) = Inp(tc|m,. B,)

where ,[?r = a,/b, corresponds to the maximum likelihood estimator of the precision parameter with
respect to the reference data. Eq. 6.49 shows that the limit n,, = oo provides the null hypothesis whose
parameters are exactly fixed to the maximum likelihood estimators derived from the reference dataset.

Note that m,. is the maximum likelihood of w.

Here, the BFver.1 is considered for simplicity. then Eq. 6.49 leads the Bayes factor to the following

relationship.
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2InB =~ 2InA—(mp + 1)Inn, (6.50)
Here, A denotes the following likelihood ratio

_ p(telweBy) Swl.lg{p(ttlw'ﬁ)}

- P(ttlmrﬁr ) - p(tt|mr:Br )

(6.51)

According to the Wilks’ theorem [90], the PDF of the statistic (21nA) asymptotically equals to x?
distribution as the test dataset {t;, X;} is iid to the reference dataset and the sample size n; approaches
oo, The degrees of freedom of the y? distribution equal to the difference in dimensions of the free
parameters in the likelihood function. For instance, the likelihood ratio in Eq. 6.51 provides (21nA)
which follows y? distribution of (mp + 1) degree of freedom. The statistic (2InA) is therefore
classically regarded as a test statistic for a hypothesis testing to find whether each of the samples of the
t; follows p(t|mr, [?r); this hypothesis testing is referred as likelihood ratio test. The Neyman-Pearson
lemma states that the likelihood ratio test provides the most powerful test among for any significance
levels on which probability of the Type I error is considered tolerable. However, in practice, the likelihood
ratio test often leads to the Type I error rather than the given significance level. That is because the
hypothesis test requires that the parameter w and f are fixed to the specific constants, though it is almost
impossible to find exact parameters only from an estimation. Thus, the significance level does not always
ensure a reliable rejection of the null hypothesis. This problem causes practical difficulties on decision-
making; false alert may occur more frequently than the designed significance level even though the bridge

is not damaged.

The proposed Bayes factors therefore provide following two benefits: Firstly, the Bayes factors possibly
provide results such that support the null hypothesis when the bridge is not damaged. For instance, the

asymptotical relationship given in Eq. 6.50 leads following expectation according to the Wilks’ theorem.
E[2InB] = E[2InA] — (mp + 1) Inn, = —(mp + 1) ln% (6.52)

In other words, supposing the test dataset exactly follows p(t|mr, ﬁr), the Bayes factor is expected to
support the null hypothesis. Secondly, the proposed Bayes factors enable to handle the uncertainty of the
parameters. The null hypothesis does not require infinite reference samples to give an exact estimation of
the parameters, and thus the proposed method presumably considers the uncertainty involved in the

reference data.

6.4 Case Studies

Here, the target bridge introduced in Section 1.4 is investigated as in Chapter 5. For simplicity, only

the WV data is under investigated in the following discussion. This chapter also considers a case such that



83

passing vehicle speed is altered, i.e., not only INT40 scenario but also INT30 and INT50 scenarios are

investigated.

6.4.1 Preliminary investigation

In advance of the hypothesis testing, the AR order p and the number of the damage sensitive features ¢
should be predefined. The orders are determined by following steps: Firstly, assuming all of the
parameters are uncertain, the Schwarz criterion evaluates the relevant AR orders using the reference
dataset. The AR order providing the highest Schwarz criterion is adopted as the p for the hypothesis testing.

The Schwarz criterion is easily calculated using hyperparameters of the posterior PDF p(w, 8|D,) as

Inp(D,) =In p(Dr|mr, ﬁr) - % (mp + D Inn, (6.53)

ny ny 1
= 7( no,- anne) —E(mp + 1) Inn,.
Here, b, is derived from the auto-correlation functions. Secondly, using the hyperparameters reproduced

by the AR model with the p-th order, the ¢ is determined by stabilization diagram.

From now on, supposing the INT40 scenario provides reference dataset, the p and the g are investigated.
Figure 6.2 shows Schwarz criteria for every measurement points. Note that those Schwarz criteria
correspond to the inverse of Bayesian information criteria given in Figure 3.1. Thus, according to the
discussion given in Chapter 3, the proper model order is determined by observing the slope of the Schwarz
criteria. The criteria appear almost converged with p=20. However, they slightly increase while they
approach to around p=150. This observation shows that most of the signal can be explained by the 20

order model, although the higher order model gives more precise regression. The discussions in Chapter 3
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Figure 6.2 The Schwarz criteria with respect to the AR orders.
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indicate that the higher order AR model contains unwanted spurious poles in their transfer function
coefficients such that identification of the modal properties is getting troublesome. However, the higher
order model is still worth to be investigated for the feature extraction. That is because a precise model are
expected to lead reliable features as well as the stochastic subspace identification (SSI). Therefore, this
study investigate both of the lower order model (p=20) and the higher order model (p=150). The AR
orders p=20 and p=150 are respectively depicted by the dashed line in Figure 6.2.

To find reasonable singular value order ¢ for the feature extraction, this study proposes following
procedure using stabilization diagrams: Firstly, find the posterior distribution from reference dataset for
a specific AR order. Secondly, reproduce the AR model consisting of only most probable values of the
damage sensitive features for each of the singular value order. Thirdly, estimate modal properties from
each of the reproduced AR models respectively relevant to the singular value order. Fourthly, depict the
stabilization diagram and find the reasonable model representing actual modal properties of the bridge.
Though the fourth step requires an experience in modal identification, this procedure is possibly much
concise than the conventional modal identification methods. That is because the proposed feature
extraction method automatically provides reasonable choice of a model to describe bridge vibrations
observed as reference dataset.

The AR model in Eq. 6.2 is representable as follows according to its definition.

Xpyz = A'xpqq + € (6.54)
Y= 0 - Olxps, (6.55)

where e}, € R™P*1 and A’ € R™P*™P respectively represent following matrices.

0(1 0(2 b ap_l (Zp
I o0 -- (0] 0o
A= o 1oy (6.56)
lo o - I 0J
€r+1
e, = ? . (6.57)
0

Note that the matrix A’ given in Eq. 6.56 has same eigenvalues as the matrix A in Eq. 2.86, and thus the
eigenvalues are relevant to the modal properties of a structure. The regressive model consisting of the
damage sensitive features is derived from the following relationship according to the AR model given in
Eq. 6.2.

D _yp U

Vi boaly i red =wix, +e? (6.58)

= WlTUka + WZTU’;x,( + eIEJ)
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In the above relationship, the term Ww," UTx, represents the regression term relevant to the damage

sensitive features. Supposing Ul x; ~ 0 such as the SSI mentioned in Chapter 3, the AR model given in

Egs. 6.54 and 6.55 is approximately simplified to the following relationship.
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Figure 6.3 Stabilization diagrams with respect to the ¢ order:

a) for low order AR model (p=20); b) for higher order AR model (p=150).
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%k+1 = Z%k + ék (659)
Y = CXy (6.60)
where ¥, = UTx;,,, A=UTA'U;, C=[I 0 - O0]U,, and &, = UTe},. The matrices 4 and C

appearing in Egs. 6.59 and 6.60 provide estimators of modal properties as well as the SSI. The most
provable values of the modal properties with respect to the reference dataset are approximately obtained
by substituting m,., wich is the most probable values of AR coefficients given in the posterior distribution,

to A" in Eq. 6.56.

Figure 6.3 shows the stabilization diagrams derived from the lower and higher AR order models. The
vertical axis represents the g order for the proposed feature extraction, and the horizontal axis shows the
modal frequencies estimated from each of the AR model reproduced from the features. Aiming at practical

use, in this chapter, the stability criteria are simplified as follows instead of Eqs. 3.54-3.56.

abs(fy — fo-1) < fin (6.61)
abs(fq - Eq—l) < Eth (6-62)
MAC(¢g, Pg-1) > MAC, (6.63)

where f,,$4, and ¢, € R™*1 respectively represent any of modal frequencies, damping ratio, and
modal vectors estimated from the feature extraction with ¢ order. fy,, &5, and MAC,;, are predefined
thresholds. The stable modes satisfying Eqs. 6.61-6.63 are depicted as red circles in the diagrams. The
thresholds fip, &, and MAC,, indicates the modal properties that are stably estimated regardless the
order g. That is, the red circles standing in lines in the stabilization diagrams shows the physically
meaningful modes. Note that the thresholds have to be defined manually in advance. In this study, f;, =
0.005 Hz, &, = 0.005,and MAC;,, = 0.99 are respectively adopted. Apparently, Figure 6.3 shows that
the proposed feature extraction method succeeds to extract some stable modes from the AR coefficient.
Figure 6.3b especially describes stable feature extraction; the five stable modes appearing on g =10
correspond to the physically meaningful modes identified in Chapter 3. This study therefore adopt ¢ =10,
which is depicted as dashed horizontal lines in Figure 6.3, in the following discussions. Comparison in
Figure 6.3 demonstrates it is beneficial to use higher AR order model for the proposed feature extraction

method.

6.4.2 Damage detection

The INT scenario and RCV scenario are regarded as reference scenarios for DMG1 and DMG2
scenarios and DMG3 scenario, respectively. Especially, the RCV scenario is adopted as the reference
scenario for DMG3 as the modal characteristics of the bridge might be changed after repairing the

damaged member. The vehicle speed can also affects the estimated AR coefficients. Thus, following two
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cases are considered: For Case 1, INT40 is adopted as a reference scenario for DMG1 and DMG2; and
RCV is adopted as a reference scenario for DMG3. For Case 2, INT30, INT40 and INT50 are adopted as
a reference dataset for DMG1 and DMG2. Note that RCV scenario was conducted only under speed of

40 km/h, and is not investigated for Case2. Table 6.1 summarizes the conditions mentioned above.

According to the suggestion of Kass and Raftery mentioned in Section 6.2.2, this study adopts 2InB
as a test statistic, and a pre-defined threshold for the hypothesis testing is fixed to 2lnB = 0, where the
model evidences for the null and the alternative hypotheses are equivalent. From now on, let the threshold
2InB = 0 be referred as ‘critical value’ for the hypothesis testing. Leave-one-out cross validation (CV)
technique is applied to assess the validity of the Bayes factors. For example, letting a set containing [
samples of time series of target variables {t;,t,, ..., t;} are obtained from a bridge without damage, take
one of the time series (e.g., t;) out from this set as a test data, and then refer the set excluded the test
sample {t,,...,t;} as the reference dataset. The ! Bayes factors are thus calculable only from the [
samples of time series. From now on, the Bayes factors calculated by CV technique are referred as CV
samples of the Bayes factors. The validity of the Bayes factors is confirmed by checking whether the CV

samples support null or alternative hypothesis.

To begin with, the global Bayes facotrs for BF ver.1 provide general view to grasp feasibility of the
proposed method. Figure 6.4 shows the global Bayes factors respectively for Case 1 and Case 2. Each of

Table 6.1 Cases considered for the damage detection.

Reference Scenarios Damage Scenarios
INT40 DMG1 and DMG2
Casel
RCV DMG3
Case2 INT30, INT40 and INT50 DMG1 and DMG2
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Figure 6.4 Global Bayes factors for BF ver.1:
a) for Casel; b) for Case 2 (30, 40 and 50 denote vehicle speed in km/h).
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the depicted plots are relevant to each of the samples of vehicle loading tests. Both of the results calculated
from the lower AR order (p=20) and the higher AR order (»p=150) models are provided on the diagrams.
Figure 6.4 shows that BF ver.1 appears to detect anomalies on the AR model since most of the Bayes
factors exceed the critical values for damage scenarios (i.e., DMG1, DMG2 and DMG3). The figures also
suggest that the Bayes factors indicate severity of the damage since the Bayes factors given under the full-
cut scenario (DMG2 and DMG3) are tend to provide higher values than under the half-cut scenario
(DMG1). Most of the Bayes factors even exceed 2InB = 10 for damage scenarios, which represents

‘very strong’ evidence against the null hypothesis according to the interpretation of Kass and Raftery.

However, especially for Case 2, the Bayes factors tend to exceed the critical value even for INT scenario,
and thus they are not reliable as a damage indicator. That is possibly because the vehicle speed affects the
AR coefficients. As mentioned in Section 6.2.2, some of the AR coefficients are composed of parameters
irrelevant to modal properties of the bridges, the anomalies appearing in Case 2 are possibly caused by
those spurious coefficients. This observation suggests that BF ver.1 is likely to lead a false alert in practice
such that the speed of passing vehicle is not constant. For Case 1, the Bayes factors are tend to be lower
than the critical values, and thus BF ver.1 is still useful when the vehicle speed is constant. Comparing
the lower and higher AR order model, the numerical results from the lower order model seems to be more
stable. For instance in Figure 6.4a, variances appearing in the reference scenarios (INT and RCV) are
smaller for the lower order model. Thus, for BF ver.1, the lower order model provides more practical to
damage detection since its stable numerical result is expected to enable trustworthy interpretation of the
condition of the bridge. This observation is also due to the spurious parameters contained in the higher

order model because the higher order AR coefficients tend to be contaminated by unexpected noise.

Similarly, the global Bayes factors for BF ver.2 are given as Figure 6.5. Figure 6.5a shows each of the

Bayes factors are more stable compared to BF ver.1. Those results show that BF ver.2 also indicates

<10t
- 10000
2l f EE iﬂ: ,’3;?20 ® @ © BF for P =20 .
——Critical Value o * BF for P =150
riti fee, 8000 | | — Critical Value o )
& ° % © ©
°
151 6000 | °
@ o> °
= =~ 4000| o
1 £
N ; =
o ;
e 2000 | + bt ey
o + A+ +
05F 0,00 o o o°
5 ° 0 o o e el
b SRR T TR0
0 o Oldert it 10 40 50
[T T ; ; EEnRiEET) R ~2000 X
INT DMG1 DMG2 RCV DMG3 INT DMG1 DMG2
a) b)

Figure 6.5 Global Bayes factors for BF ver.2:
a) for Casel; b) for Case 2 (30, 40 and 50 denote vehicle speed in km/h).
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damage severity for the damage scenarios. It is noteworthy that damage detection for scenario DMG1 is
more effective for the higher order model than the lower order model. That is possibly because the higher
order model reproduced by the proposed feature extraction method describes more reasonable model of
the vibrating bridge. According to Figure 6.3, the reproduced higher order model enables to identify not
only the dominant modes but also the higher order modes. Thus, the improvement appeared in Figure 6.5a
for DMGT1 is possibly contribution of the higher order modes described in the reproduced higher AR order
model. Generally, it is more difficult to identify the higher order modes than the dominant ones. The
proposed feature extraction method therefore expected to be one of effective ways to identify modal
properties. Figure 6.5b shows the stability of the Bayes factors resulting from INT scenario is considerably
improved, comparing to Figure 6.4b. It is also noteworthy that the higher order model gives more stable
results than the lower order model. That is possibly because the proposed feature extraction method
reduces unexpected effect caused by the vehicle speed and reproduces the AR models to reasonable
models purely describing the vibrating bridge. The above observation shows the higher AR model is more

practical for BF ver.2.

Table 6.2 summarizes the percentages of the correct answers with respect to the global Bayes factors
mentioned above, namely, Bayes factors satisfying 21In B,, < 0 are regarded as correct answers for the
reference scenarios; Bayes factors satisfying 21n B, > 0 are regarded as correct answers for the damage
scenarios. The greyed out cells in Table 6.2 represents the scenarios whose ratios of correct answers are
less than 50 %, and thus the grey area briefly shows unreliable Bayes factors with respect to each of the
scenarios. As mentioned above paragraphs, BF ver.1 with lower AR model and BF ver.2 with higher AR
model are respectively reasonable for Casel. For Case2 where the vehicle speed is altered, BF ver.1
provides unstable results on INT scenario, whereas BF ver.2 provides stable results. Aiming at practical
use, since traffic load is not induced by vehicles passing at a constant speed, BF ver.2 can gives a more
reliable way for damage detection if a reasonable ¢ order is given according to stabilization diagrams as
Figure 6.3b. Note that the reasonable choice of the ¢ order however requires interpretation owing to
experienced engineers. From now on, the discussions are given only for BF ver.1 with the lower order AR

model and for BF ver.2 with the higher order AR model, which are respectively noted in boldfaced type

Table 6.2 The ratios of correct answers for the global Bayes factors (%).
AR Case 1 Case 2
order INT DMG1 DMG2 RCV DMG3 | INT DMG1 DMG2

BF p=20 90 83 100 70 100 23 100 100
ver.l | p=150 | 50 67 100 80 100 23 100 100
BF p=20 80 42 100 100 100 73 100 100

ver2 | p=150 | 80 100 100 100 100 96 100 100
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in Table 6.2.

Figure 6.6 gives the local Bayes factors for BF verl, and similarly, Figure 6.7 gives the local Bayes
factors for BF ver2. The points depicted in the figures relevant to the measurement points appearing in
Figure 1.3c. Each of those figures shows that the local Bayes factors have significance values that are
considerably higher than the Bayes factors of the other measurement points for DMG2 and DMG3. For

DMG?2, the significance values appear at the measurement point A3 in every cases. For DMG3, on the
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Figure 6.6 Local Bayes factors for BF ver.1 (P=20):
a) for Casel; b) for Case 2 (30, 40 and 50 denote vehicle speed in km/h).
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other hand, the significance values appear at A4. The A3 and A4 are the closest measurement points to
the damaged member respectively for scenarios DMG2 and DMG3. For the half-cut scenario, significant
values do not appear. Those observations suggest that the local Bayes factors indicates the severity of
damage at each of the measurement points if the damage is considerably serious such that one of the
members thoroughly ruptures. Therefore, the proposed local Bayes factors can be one of feasible

indicators to localize damage for severe damage.
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6.4.3 Comparison to the previous damage indicator

This section provide comparison of this study to the damage indicator (DI) investigated in Chapter 5.
In the hypothesis testing, the null and alternative hypothesis respectively represent healthy and damaged
bridge as well as the proposed method in this chapter. The hypothesis testing accordingly provides damage
detection method based on Mahalanobis distance, which evaluates a stochastic distance among damage
sensitive features extracted from estimated AR model coefficients. Here, the damage detection
performance of the DIs considerably affected by the AR coefficients contaminated by unexpected noise,
and thus the AR order should be carefully predefined. In fact, the previous study showed p=8 is suitable
AR order for the hypothesis testing as mentioned in Section 5.3.1. That AR order is less sufficient to

describe the vibrating bridge.

Figure 6.8 shows the results of the previous method, where the order of the principal subspace is fixed
to 2 and the significance value for the hypothesis testing is fixed to 5%. The red horizontal line represents
the critical value of the hypothesis testing. The sample means are depicted as the black dashed horizontal
lines. The sample means and the critical values are also evaluated for the CV samples derived from the
reference scenario (INT and RCV). Figure 6.8a shows that the previous method succeeds to detect damage
for Casel, though each of the DI is not so stable comparing to the results appearing in Figure 6.4a and
Figure 6.5a for the full-cut scenarios. However, Figure 6.8b shows the previous method is not helpful for
Case2. That observation suggests it is difficult to avoid uncertainty resulting from unexpected noise
affecting on the estimated AR coefficients by means of the previous feature extraction method. It is
noteworthy that the feature extraction method provided in this study enabled to avoid the unexpected
noise. That is presumably because the singular values decomposition, which is relevant to the principal
component analysis for the vectors x, results in more reliable feature extraction than the principal

component analysis onto the evaluated coefficients.
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Figure 6.8 Previously investigated damage indicators:
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Therefore, the proposed methods provide following three advantages comparing to the previous method:

*  The AR order can be easily determined with the Schwarz criterion. That is, the degree of freedom of

the parametric model can be determined based on the quantified information.

»  Using the proposed feature extraction method, the unexpected noise affecting the AR coefficient can
be reduced. The reproduced AR model enables reasonable choice of damage sensitive features by

means of the stabilization diagram.

« Itisexpectable that the Bayes factors demonstrate severity of damage. The local Bayes factors even

enable to localize damage for serious damage such as ruptures on a member.

6.5 Summary

This study investigates damage detection method for bridges based on traffic-induced vibration to cope
with difficulties in decision-making for bridge maintenance. The Bayesian hypothesis testing is adopted

to detect subtle changes in modal properties caused by damage.

A time series of actually observed accelerations of a bridge provides a likelihood function of a
multivariate autoregressive (AR) model. The likelihood function and the non-informative prior
computationally produce the posterior distribution of the regressive parameters composing the AR model.
Using accelerations measured from a bridge under healthy condition, the posterior distribution provides
a stochastic reference model representing healthy bridge vibrations. Based on the posterior distribution,
the Bayes factor is formulated for anomaly detection. This study proposes two types of Bayes factors: one
evaluates anomaly appearing on the AR model, and the other evaluates anomaly on damage sensitive
feature extracted by means of the singular value decomposition onto one of the hyperparameters
composing the posterior distribution. The extracted features reproduce the AR model to a relevant state
space model in which unexpected noise derived from environmental effects is eliminated. Bayesian

hypothesis test for damage detection is conducted utilizing the Bayes factors.

To investigate feasibility of the proposed approach for damage detection, this study examined
experimental data on an actual steel truss bridge whose truss members were artificially severed. The
efficacy of the model selection and feature extraction mentioned in Chapter 3 are experimentally
investigated. The AR order is statistically determined referring the Schwarz criterion, which is relevant to
the Bayesian information criterion. The feature extraction enables model reduction as well as the
stochastic subspace identification. A stabilization diagram composed from the AR models reproduced by

the extracted features helps reasonable choice of the features.

The two types of the proposed Bayes factors detected three different damage levels successfully when
the given reference data is derived from vehicles passing by a constant speed. Although the Bayes factor

without feature extraction provides unstable results if the vehicles are passing by various speed, the Bayes
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factor with feature extraction succeeds to reduce the effect from unexpected noise caused by the vehicle
speed and to provide stable results for the hypothesis testing. Both of the proposed Bayes factors appear
to evaluate severity of the damage. For serious damage scenarios, where the truss members were
thoroughly ruptured, the Bayes factors showed significant values at the measurement points that are
closest to the damaged members. This result suggests possibility of damage localization for severely

damaged members.

Compared to the damage detection method investigated in Chapter 5, the newly proposed methods
show advantages in practical use. Especially, the proposed feature extraction method enables to reduce
the unexpected noise effect, whereas it is not possible in the previously proposed feature extraction
method. It is therefore expectable that the proposed method provides effective strategy enabling reliable

health monitoring for bridges.
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Chapter 7

Application to a Steel Plate Girder Bridge

7.1 Introduction

The above discussions enable to detect change in modal properties directly from the monitored
acceleration. Especially, the Bayes factor with feature extraction possibly gives reliable damage indicator
to make decision for bridge maintenance if the modal properties of bridges are not altered in their healthy
condition. However, the modal properties of bridges in field are actually changed by the seasonal
temperature fluctuation. In fact, how to handle the temperature fluctuation is one of the challenging tasks
on which many existing studies have tackled (e.g., see [30], [52], [91]). The proposed method in this
thesis does not completely solve those problems at this moment since the regressive model presented in
Chapter 6 does not consider the temperature fluctuation. For further studies, it is desired to establish a
regressive model describing the seasonal fluctuation in the modal properties to realize a more practical
damage indicator. Although this ideal regressive model requires further investigations on much more
monitoring data from actual bridges through years, it is worth to describe the present stage of the study to
lay the foundation for the further practical studies. Especially, experimental studies investigating how to

process the monitored data are expected for practical applications.

This chapter therefore presents a case study utilizing one-year monitoring data on a plate girder bridge.
Accelerations and strains on the bridge girders are monitored. In addition to the dynamic response of the
bridge, static changes in its boundary condition are also monitored to investigate influences of the seasonal
fluctuation to the modal properties. Finite element (FE) model of the target bridge is established through
an experimental model update to investigate its modal properties. One-year monitoring data is
investigated utilizing a damage indicator developed in Chapter 6. The seasonal fluctuation of the
boundary condition is also discussed. Additionally, the feasibility of the damage detection method is
examined through artificial damages after the one-year monitoring. The artificial damage imitate a fatigue
clack propagating on one of the main girder. Changes in the natural frequencies due to damage is also
examined through stochastic subspace identification (SSI) and eigenvalue analysis of utilizing the updated

FE model.
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7.2 Target Bridge and Finite Element Model

7.2.1 Target bridge

The field experiment was conducted on a single span steel plate girder bridge shown in Figure 7.1. The

span length is around 40m. Figure 7.2 shows the photographs of the supports. The plate shoes fixed onto
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Figure 7.1 The target bridge: a) photograph; b) sensor deployment.

Figure 7.2 Photographs of the supports: a) on Ab1 abutment; b) on Ab2 abutment.
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the Ab1 abutment shown in Figure 7.2a. On the other hand, the Ab2 abutment has cantilever-like supports
as shown in Figure 7.2b. This member allows longitudinal deformation of the bridge caused by thermal

expansion as will be discussed later.

On the bridge, 10 accelerometers, 6 strain gauges, 4 thermometers and 4 displacement transducers were
installed as shown in Figure 7.1b. Each of the accelerometers and strain gauges monitors dynamic
response of the bridge at sampling rate 200 Hz. The thermometers and the displacement transducers record
the static changes every 30 minutes. Each of the accelerometers measures vertical acceleration. The strain
gauges settled on the middle of the span, namely S5 and S6 measure longitudinal strain on the bottom of
the lower flange. The arrows in Figure 7.1b demonstrate the directions of measuring displacement. The
monitoring is operated from September 2016 to August 2017. The ordinary traffic was blocked at 28th
March 2017 as new bridge was opened. After the stoppage of traffic, only vehicles for a tunnel
construction were permitted on the bridge. The acquired time series are stocked into data loggers equipped
nearby the bridge. The dynamic data for the measured acceleration and strains were collected from the

data loggers around every two weeks because of the limitation of the data storage.

After the one-year monitoring, artificial fatigue cracks (hereafter called artificial damage) at the girder
end near the base plate of supports on the Ab1 abutment are considered in the experiment by severing the
lower flange and the web plate by an Oxyacetylene cutting torch. The location of the artificial damage is
at the lower flange and the web plate of the east main girder (the G1 girder) on the Ab1 abutment as shown
in Figure 7.3. The artificial damage comprises two damage levels. One is the lower flange cut (hereafter
called DMG1) and another one is the web plate cut (hereafter called DMG2) as shown in Figure 7.3. To
prevent any possible bridge collapse due to the artificial damage on the girder, a protection device was
installed near the damage location before introducing the artificial damage. In addition, a stop hole was

drilled to prevent the crack propagation. The bridge condition before introducing the artificial damage is

Stop hole

) b) DMG 1 DMG 2

Figure 7.3 Artificial damages on the G1 girder near the base plate of Ab1:
a) Schematic diagram; b) photographs.
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assumed as the intact condition (hereafter called INT).

The vehicle used for the moving vehicle test was a passenger car and the speed of car is about 20km/h.
Higher speeds were not considered since the accelerating and decelerating distances were too short to
increase the vehicle speed. The vibration test is conducted 60 times (30 round trips) for the intact condition,
and 30 times (15 round trips) for each of the damage conditions. Sampling rate and length of the vibration

data set were 200Hz and 15s, respectively.

7.2.2 Finite element model

To investigate the structural characteristics of the bridge, the eigenvalue analysis using the FE model
of the bridge was conducted by utilizing ABAQUS 6.14. The bridge model, shown in Figure 7.4, was
built based on the documents of periodic inspection and information obtained from the field experiment
as the design documents of this bridge were not available. The bridge consists of concrete deck, main
girders, vertical stiffeners, cross frames and lateral bracings. The concrete deck, main girder and vertical
stiffener were modeled with shell element, and cross frame and lateral bracing were modeled with beam
element. For the boundary condition, fixed support was assumed for the support at the Ab1 abutment and
roller support was assumed for the support at the Ab2 abutment. Specific gravity of steel and concrete are
7.85 and 2.40, respectively. Young's modulus of steel was assumed as 210 GPa. The Young's modulus of

concrete was assumed as 22.02 GPa that was obtained from compression test of the concrete core.

Since the bridge model has some differences from the actual bridge due to deterioration, lack of design
documents and so on, the bridge model needs model updating for calibrating parameters of the bridge
model. The cross entropy (CE) method was applied to update the bridge model so that the natural
frequencies of the bridge model become comparable to those of the actual bridge. The CE method involves

an iterative procedure where each iteration is divided into two steps [92]. First step is to generate a random

Ab2(Roller supported with spring in
the longitudinal direction)

G2 girder

G1 girder ~

Crack width: A1(Fixed)

Tmm

Damage
Location | Abl1(Fixed)

Figure 7.4 FE model of the bridge and pseudo cracks on plate girder.
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data sample according to a certain probability distribution. Second step is to update the parameters of the
probability distribution based on the data generated in the first step in order to produce better samples in

the next iteration.

The structural characteristics of the bridge was slightly different from those before the damage
experiment because of the protection device installed on the bridge for the damage experiment as
previously stated. However, any possible influence caused by the protection devices was not considered
in the model. To update the bridge model, an elastic spring in the longitudinal direction was introduced
into the roller support, and the spring stiffness was calibrated by the model update. In addition, to

investigate the change in structural characteristics, the artificial damage was modeled as pseudo cracks in

e) f)

Figure 7.5 Modal deformations identified in FE model for the INT scenario:
a) 1st bending (3.08 Hz); b) 1st torsional (5.08 Hz); c¢) 2nd bending (9.36 Hz);
d) 2nd torsional (10.84 Hz); e) Asymmetric bending (15.49 Hz); f) 3rd bending (21.57 Hz).
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Table 7.1 Natural frequencies identified in the FE model (Hz).

Mode INT DMGI1 DMG2
1st bending mode 3.08 3.08 3.07
1st torsional mode 5.08 5.02 4.69
2nd bending mode 9.36 9.33 9.27
2nd torsional mode 10.84 10.82 10.60
Asymmetric bending mode 15.49 15.02 13.47
3rd bending mode 21.57 21.37 20.63

the FE model. The crack was created by removing the connection of elements in the FE model (see Figure

7.4).

The eigenvalue analysis was conducted for each of the damage scenarios on the updated FE models.
Observation from the identified mode shapes showed that the 1st, 2nd and 3rd modes were related to the
bending and torsional modes respectively. Additionally, an asymmetry bending mode shape which is
similar to the 2nd bending mode was also observed. That is possibly because the boundary condition in
the FE model is not symmetric. Note that the boundary condition is modeled considering the asymmetric
supports as shown in Figure 7.2. Figure 7.5 shows the modal deformations identified from eigenvalue
analysis in the FE model for the INT scenario for instance. Table 7.1 summarizes the identified natural
frequencies. These results show that the natural frequencies decrease as the fatigue crack propagates. This
observation is reasonable since the global bending stiffness of the bridge girder will decrease as the
moment of inertia decreases at the damaged location. For the 1st bending mode, the change in the natural
frequency is smaller than the other modes. That is possibly because the modal deformation of the 1st

bending mode cause less stress on the damaged part of the girder.

7.3 One Year Monitoring

7.3.1 Vibration monitoring

As mentioned in Section 7.2.1, the monitoring data are collected from the data loggers equipped nearby
the bridge around every two weeks because of the limitation of the data storage of the loggers. Aiming at
practical bridge management, remote monitoring is desired to realize continuous long-term health
monitoring. However, in reality, it is almost impossible or not practical transmit the entire huge amount
of the acquired time series of the monitored acceleration. On-site data processing such as data
compression and transition is therefore impotent. That is, the signal processing to reduce the amount of
data is to be operated in the field at first. This study aims to design an on-site data processing procedure.

Since the proposed Bayes factor enables direct transformation from time series to the damage indicator,
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the main target of the on-site data processing is how to pre-process the acquired time series for damage
detection. Aiming at general use for a plate girder bridge, this study merely utilizes strain gauges equipped
on the lower flange at the middle of the span for detecting vehicle loading promptly. In the monitoring,

the strain gauges installed at S5 and S6 in Figure 7.1b detect the vehicle loading.

For instance, Figure 7.6 shows 5 minutes time series measured by the strain gauges and the
accelerometer. Therein, the time series of the strain are smoothed with low-pass filter of 1 Hz and averaged
together for clarity. The peaks appear in the time series of the strain, which is marked as circles in Figure

7.6a as the vehicles pass on the bridge. Those peaks and their widths are easily detected by means of peak
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picking analysis. Accordingly, the moment at the entrance and exit of the vehicle can be roughly estimated
from the peak width. This study experimentally obtains time series data for damage detection by following

rules:

. The vehicle-induced vibrations between vehicle entrance and 5 seconds after vehicle exit are

extracted from long term monitoring data.
e If'the extracted areas coincide with each other, those time series are discarded.

*  The extracted time series are normalized by dividing root mean square of the all acceleration data

points contained in the time series.

The first rule roughly enables to choose vehicle-induced vibration. The second rule is experimentally
adopted to extract vibration induced by a single vehicle. The third rule is adopted to realize white noise
assumption approximately, i.e., the loading forces are roughly regarded to be steady. The vertical lines
depicted in Figure 7.6 represent truncation window in the time series for instance. Figure 7.6b describes
that the vehicle-induced vibrations are correctively identified from the raw time series data. Although the
pre-processing sometimes fails to extract vehicle induced vibration data correctively, this study utilizes
all of the extracted data aiming at an automatic on-site signal processing. Figure 7.7 shows the first time
series of acceleration extracted from the acceleration time history shown in Figure 7.6b for instance. The
extracted time series data are utilized for the Bayesian inference and damage detection proposed in

Chapter 6.

Following discussions adopt time series obtained from September 1st to 3rd as a reference dataset for

damage detection. The latter time series after September 3rd are regarded as a test data set. The model
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choice process and feature extraction process are operated following methodologies in Chapter 6. The
procedures are summarized as follows: Firstly, sufficiently large AR order is adopted to the Bayesian
inference. Secondly, Schwarz criterion, which is relevant to Bayesian information criterion, is examined
to find a proper AR order. Thirdly, the hyperparameters of the posterior distribution are reproduced for
the proper AR order. Fourthly, the damage sensitive feature is extracted by the singular value

decomposition. The degree of the freedom of the damage sensitive feature is determined by examining a
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stabilization diagram.

Figure 7.8 shows the Schwarz criteria with respect to the AR order. This study adopt the 80 order AR
model as the dashed vertical line depicted in Figure 7.8. Figure 7.9 shows the stabilization diagram for
the feature extraction process. The threshold to extract stabilized poles are same as the case study in
Chapter 6, namely, f;;, = 0.005 Hz, {;; = 0.005, and MAC;;, = 0.99 for Egs. 6.61-6.63. This study
adopts g=12, which is depicted as the horizontal dashed line in Figure 7.9, for the damage sensitive feature.
The natural frequencies identified in Figure 7.9 is relevant to the frequencies appeared in the eigenvalue
analysis as listed in Table 7.1. Figure 7.10 shows the six mode shapes identified from the state space
model of 12 degree of freedom, which is relevant to the damage sensitive features. Apparently, those
mode shapes are also comparable to the modal deformation obtained in the eigenvalue analysis produced
in Figure 7.5. That is, the extracted damage sensitive features are relevant to the modal properties of the
six modes listed in Figure 7.5 and Table 7.1. It is noteworthy that the asymmetry second mode is also
identified in the field experiment. Thus, the Bayes factor discussed hereafter evaluates changes in modal

properties of those six modes.
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Figure 7.11 Observed global Bayes factors measured in one day: a) On September; b) On January.
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Figure 7.12 Global Bayes factors monitored through a year (Sep 2016- Aug 2017).
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Figure 7.13 Local Bayes factors monitored before the traffic limitation (Sep 2016-Mar 2017).

Figure 7.11 shows the observed global Bayes factors respectively on September 4th and January 5th
for instance. Each of the dots in the diagrams represents the Bayes factor calculated from each of the
extracted time series as shown in Figure 7.7. The red horizontal lines are the critical values, i.e., 2InB,, =
0. On September, most of the Bayes factor below the critical value except several outliers. This result
shows that the modal properties are not altered just after starting monitoring. On the other hand, the Bayes
factors on January are positively exceed the critical value even though no source of drastic change in
structural integrity has been reported. That is, the modal properties are altered from the reference dataset.
Note that the reference dataset is time series obtained from September 1st to 3rd. Those observations

demonstrate that seasonal fluctuation of the modal properties are detected by the Bayes factors.

Figure 7.12 shows the global Bayes factors monitored through a year, where each of the dots depicted
in the diagram is median of the Bayes factors monitored on each day. The vertical dashed line represents
the date when the ordinary traffic was blocked. Note that after the traffic control, only the vehicles for the
tunnel construction is permitted. Thus, the number of samples of time series is strictly limited and the
traffic condition is quite different. The Bayes factors appearing in Figure 7.12 are therefore not reliable
after the traffic control. The Bayes factors monitored before the traffic limitation gradually increase
possibly because of the seasonal temperature change. For further investigations, the local Bayes factors
observed before the traffic limitation are shown in Figure 7.13, which shows the local Bayes factors at
A10 are mostly affected by the seasonal fluctuation. The ones at A5 and A6 are secondly affected. Details

about these observations are discussed later.

7.3.2 Seasonal fluctuation of boundary condition

Figure 7.14 shows longitudinal displacements measured on both side of the bridge, namely, the records

of the D1 and D2 transducers in Figure 7.1b. The horizontal axis in Figure 7.14b adopts the max value of
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the temperature measured at the four thermometers to avoid outliers. Note that displacement over 9 mm
is truncated for D2 because of the capacity limitation of the transducer. Those results show that the
cantilever-like supporting members on the Ab2 abutment allows the longitudinal deformation caused by
thermal expansion. Note that the displacements are monitored in compression direction, and thus the
positive deformation is relevant to the shrinkage of the bridge girder. Thus, it is reasonable that the
displacement measured by D2 transducer has negative correlation with the temperature. This seasonal
fluctuation appeared in displacement of the supports on the Ab2 abutment possibly alters the modal
properties.

It is noteworthy that the local Bayes factors at A5 and A10, which are nearest to the Ab2 abutment, are
simultaneously altered with the seasonal fluctuation as shown in Figure 7.13. The ones at A6 that is near
to the Abl abutment is also altered together. That is possibly because the changes in the boundary

conditions affect to the modal deformation nearby the abutment. According to those results, it is perhaps
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Figure 7.14 Deformation of the supports:
a) Time series (Sep 2016-Aug 2017); b) Scatter diagram with respect to the temperature.
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possible to describe relationship between the damage sensitive features and the temperature through the
local Bayes factors. Furthermore, advanced machine learning algorithms are feasible to search out this
relationship automatically. Further fundamental investigations are also desired considering the seasonal
fluctuation of boundary conditions through the experimental model updating in the FE model to realize a

reliable damage detection method for long-term health monitoring.

7.4 Damage Experiment

7.4.1 Bayes factors

The Bayes factors are also examined for the damage experiment on the target bridge. Time series are

extracted from the vehicle entrance to 5 seconds after the exit as the same way as mentioned in
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Figure 7.15 Bayes factors for the damage experiment: a) Global Bayes factor; b) Local Bayes factor.
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Section 7.3.1 for each of the vehicle loadings. The adopted AR order and the order for feature extraction
are also same as discussed in Section 7.3.1, i.e., p=80 and ¢=12. The first 30 samples measured under the
INT scenario are adopted as the reference dataset. The latter 30 samples are adopted as test samples for
validation. Note that the cross variation method mentioned in Chapter 5 and Chapter 6 is not adopted in
this experiment since sufficient amount of reference data is available. The time series measured under

DMG1 and DMG2 scenarios are also adopted as the test samples.

Figure 7.15 shows the observed global and local Bayes factors. The global Bayes factors in Figure
7.15a promptly enable to detect changes in modal properties due to damage like the case study mentioned
in Chapter 6. Furthermore, the severity of the damage is successfully quantified in the results. It is also
noteworthy that the local Bayes factors at A1 and A6, which are nearest to the Ab1 abutment, are relatively
higher than the others are as shown in Figure 7.15b. Although the precise location of the damage is not
identified from those results since the local Bayes factors at A6 provides relatively higher values than A1l
that is nearer to the damage location, rough estimation of the damage location is still possible. According
to the discussion in Section 7.3.2, this result are probably not due to the daily temperature fluctuation

since the local Bayes factors at A10 provide lower values than the others.

7.4.2 Natural frequencies

Hereafter the natural frequencies identified from the SSI are examined. The feature extraction for the
torsional modes are more difficult than for the bending modes in this study. The 1st, 2nd and 3rd bending
modes are thus examined for instance. Mean values of the identified frequencies for the 1st, 2nd and 3rd
bending modes before damage experiment were 3.16Hz, 9.55Hz and 21.88Hz, respectively. The identified
frequencies were slightly different from frequencies identified from the monitoring data before the
damage experiment, as the identified frequencies from the damage experiment can be influenced by the

protection devices on the bridge.

Histograms of the identified frequencies from the monitoring data in each bridge condition are shown
in Figure 7.16 with normal distribution fits, where the bin width was chosen as 0.01Hz. The histogram
was created utilizing 30 samples of the identified frequencies. The statistical distribution showed that
frequency distributions for the 2nd and 3rd bending modes moved to lower frequency region as damage
becomes severe, i.e. those distributions for the DMG1 and DMG2 scenarios moved to the lower frequency
region from the distribution of the INT scenario. It demonstrates decrease of bending stiffness of the plate
girder due to the artificial damage. Those results are comparable to the results of the eigenvalue analysis
listed in Table 7.1. However, for the frequency distribution of the 1st bending mode moved toward higher
frequency region. Aiming at detailed FE model-based inspection, further investigations are needed to

establish reasonable FE models representing mechanical properties of actual bridges.
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7.5 Summary

This chapter showed a case study utilizing one-year monitoring data on a plate girder bridge aiming at
further investigations for practical long-term health monitoring. After the one-year monitoring, a damage
experiment was conducted with artificial damages imitating fatigue crack at the girder end. Finite element
model were firstly established through a model updating method using the experimental data. The modal

properties for intact and damaged state were examined by eigenvalue analysis.

The Bayes factor proposed in Chapter 6 was applied throughout the one-year monitoring. On-site signal
processing method was experimentally established to monitor the Bayes factors. The feature extraction
procedure using the stabilization diagram ensued that the experimentally extracted features are actually
relevant to the modal properties by comparing the extracted modal deformation to the eigenvalue analysis
resulted from the FE model. The monitored Bayes factor clearly indicated seasonal fluctuation appeared
in the modal properties. The local Bayes factor, which is calculated for each of the measurement locations,
were especially sensitive to the seasonal fluctuation at specific locations. The displacement monitored at
the both end of the girder suggested the seasonal fluctuation is possibly due to the deformation of its

cantilever-like support.

Anomaly due to the artificial fatigue cracks were successfully detected by the proposed Bayes factor.
The local Bayes factor roughly describe the damage location. Additionally, natural frequencies for the
dominant bending modes are identified by SSI. The results were mostly comparable to the results of
eigenvalue analysis. Further investigations are desired both from theoretical and experimental aspects.
For instance, model updating of the FE model by the experimental data possibly enables to investigate
relationship between the modal properties and the boundary condition. Those fundamental investigations
will expectedly lead to the further studies to handle temperature effect and to establish a more practical

long-term health monitoring strategy.
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Chapter 8

Conclusion and Open Problems

8.1 Conclusions

Aiming at efficient inspection based on the vibration monitoring, this thesis investigated a damage
indicator by unsupervised machine learning. The healthy condition of a bridge is learned at first from the
vibration actually monitored on the healthy bridge. Newly observed data is secondly examined whether
the bridge is healthy or not. Bayesian statistics enabled the machine learning with a suitable stochastic
model to represent random bridge vibrations. Technically, the following two problems lay in the above

damage detection procedure:

*  How to describe random vibration of bridges

*  How to distinguish damage from huge amount of data

This thesis focused to investigate damage detection method dealing with the above problems. The

contents of this thesis briefly can be summarized as follows:

In Chapter 1, the background involved in the bridge health monitoring is introduced reviewing the
former related studies. The objective of this research is settled to damage detection using vehicle-induced
acceleration data measured on bridges. The proposed damage detection is investigated through
unsupervised machine learning by means of Bayesian statistics. A target bridge for case studies is

introduced in this chapter for the following discussion.

In Chapter 2, the mathematical framework for the Bayesian damage detection is provided. This chapter
therefore establishes the foundation to make reliable decision for management of bridge safety based upon
probability theory and modal analysis theory. The probability theory is introduced to describe the random
phenomena. Bayesian and frequentist viewpoints are mutually introduced. Especially for a linear

regressive model, which are essential for identification of modal properties, estimation and inference
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procedures are provided. This chapter also provides basic models of vibrating structures. A dynamical
finite element (FE) model was assumed to describe vibrating structure. Form the FE model, time invariant
state space model was transformed to. The state space model was approximated to simplified models,
which is so-called autoregressive (AR) model. These models are essential to the modal analysis appearing

in the following chapters.

Chapter 3 reviewed modal analysis methods for the following chapters. Brief case studies for the Yule-
Walker (Y W) method and the stochastic subspace identification (SSI) are provided. Information criteria,
which is widely used for model selection, are examined for the regressive time domain models. Bayesian
information criterion is suited for the model selection to determine an informative regressive model. The
stabilization diagram provides prompt way for feature extraction to find physically meaningful poles.
According to the case study of the truss bridge, for precise identification of higher modes, the SSI is more
useful than the YW method. However, the YW method is still useful for identification of dominant modes

in practice because of its prompt numerical procedure.

In Chapter 4, the uncertainty involved in mode identification was investigated through a case study on
a multi-span cable-stayed bridge. SSI and Bayesian operational modal analysis (BAYOMA) were applied
to identify modal properties. Y W method was not suitable because of the high degree of freedom multiple
measurement. Stabilization diagrams of given data were examined to extract stable modes for SSI. For
BAYOMA, the posterior distribution of the modal properties were briefly investigated through their
coefficient of variance. The stabilization diagrams of data measured under weak wind conditions showed
widely scattered unstable poles in the frequency band below 0.23 Hz. The posterior distribution obtained
by BAYOMA briefly provided relevant results to the above observations. This observation demonstrated
feasibility of the Bayesian inference to quantify uncertainty involved in modal identification. Although
BAYOMA enables to produce reliable results quantifying the uncertainty involved in the identified mode,

it requires preliminaly analysis in frequency domain to choose proper frequency band to be analysed.

Chapter 5 provided a damage detection method using the novel damage indicator obtained from
ambient vibrations of bridges. The damage indicator was derived from a multivariate AR model by
evaluating the stochastic distance between a set of reference samples obtained from healthy bridge and
unknown test samples using the Mahalanobis distance (MD). Statistical hypothesis testing based on a
probability distribution of the damage sensitive features was applied for damage detection using
Hotelling’s T? statistics. The proposed damage detection method enabled to detect three damage
patterns clearly. Especially using the free vibration data after the vehicle exits the bridge improved damage
detection performance of the T? statistics. Note that the forced vibration data are still useful since data

truncation is easier in practice than the free vibration data. Although the proposed method improved
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damage detection performance of the damage indicator compared to previous studies, the proposed
method involve disadvantage in model selection. That is, the proposed method only enables to extract

feature from roughly estimated mechanical model.

In Chapter 6, the Bayesian hypothesis testing is adopted to the damage detection. A time series of
actually observed accelerations of a bridge provides a likelihood function of a multivariate AR model,
which enabled Bayesian inference to find the probability distribution for the regressive parameters. The
model selection for the AR order is statistically provided by the Schwarz criterion, which is relevant to
the Bayesian information criterion. Feature extraction using a SSI-like procedure is also proposed.
Bayesian hypothesis test for damage detection is conducted utilizing the Bayes factors, namely,
generalized likelihood ratio from the viewpoint of Bayesian statistics. The proposed Bayes Factors
detected three different damage levels successfully. The proposed Bayes factors appear to evaluate
severity of the damage. For serious damage scenarios, where the truss members were thoroughly ruptured,
the Bayes factors locally provide significant values at the measurement points closest to the damaged
members. This result suggests possibility of damage localization for severely damaged members.
Compared to the previously examined damage indicator in Chapter 5, the proposed methods shows
several advantages in practical use. Especially, the proposed feature extraction method enables to reduce

the unexpected noise effect.

Chapter 7 showed a case study utilizing one-year monitoring data on a plate girder bridge aiming at
further investigations for practical long-term health monitoring. The Bayes factor proposed in Chapter 6
was applied throughout the one-year monitoring. On-site signal processing method was experimentally
established to monitor the Bayes factors. The feature extraction procedure ensued that the experimentally
extracted features are actually relevant to the modal properties by comparing to a FE model. The
monitored Bayes factor clearly indicated seasonal fluctuation appeared in the modal properties. The local
Bayes factors at specific locations were especially sensitive to the seasonal fluctuation. After the one-year
monitoring, a damage experiment was conducted with artificial damages imitating fatigue crack at the
girder end. Anomaly due to the artificial fatigue cracks were successfully detected by the Bayes factor.
The local Bayes factor roughly describe the damage location. This observation suggests possibility to

distinguish whether the changes in the modal properties are due to damage or fluctuation of temperature.

From the above discussions, the following outcomes are provided concerning damage detection:

*  The proposed Bayes factor can be a feasible damage indicator at least for simply supported truss
bridges and plate girder bridges with multiple measurement of accelerations on their bridge decks.

Ruptures on truss members and fatigue cracks on a main girder are successfully detected.
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*  Feature extraction method mentioned in Chapter 6 is possibly competitive with SSI since the

stabilization diagram enables prompt modal identification.

*  The proposed Bayesian inference provides the probability distribution of the AR coefficients. This

distribution quantify the uncertainty involved in the parameters as well as BAYOMA.

*  Quantification of damage level for the rupture and fatigue cracks is probably realized by the global

Bayes factor.

*  Damage localization appears sometimes possible by examining the local Bayes factors. For truss
bridges, when one of the member is completely ruptured, the localization will be available. For girder

bridges, fatigue cracks on their main girder may roughly localized.

Additionally, observations about modal identification in this thesis are summarized as follows:

*  The YW method, which is one of the simplest time domain operational modal analysis, is suited for
a brief identification of dominant modes. For higher modes, identified results tend to be unstable
because of the spurious poles that obstruct feature extraction for physically meaningful poles. The
YW method is not suited for higher degree of freedom multiple measurement either because of the

spurious poles.

e The SSI provides reliable results for higher order modes since its model reduction procedure by
singular value decomposition enables to provide stable feature extraction. The information criteria
such as Akaike information criterion and Bayesian information criterion for the autoregressive
moving average model are possibly helpful to find proper size of the Henkel matrix before the model

reduction.

*«  The BAYOMA also provides reliable results except damping ratios. Furthermore, the BAYOMA
enables to quantify uncertainty of the identified results through the probability density. Since the
optimization algorithm operated on a extracted frequency band, it is expected that the identified
results are less affected by the signal coming from the other frequency bands. This characteristic
however requires preliminary analysis to find proper frequency band. Singular value spectrum is

recommended for the multiple measurement to grasp the proper frequency band.

8.2 Open Problems

Although this thesis provides a statistical framework to find changes in modal properties, there

remained several tasks for practical use. The open problems are summarized as follows:
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Scope of application

This thesis shows the proposed damage detection is suitable for short span bridges with simple
geometry such as single-span plate girder bridges and Warren truss bridges. However, structures with
more complicated geometry producing complicated modal response may involve difficulty for application.
Further investigations for various kinds of bridges are thus desirable to settle scope of application. The
optimization of the sensor location is one related problem. Although multipoint measurement is better for
damage detection, the number of available sensor may be limited in practice. Further discussions are

needed to determine how to optimize the sensor location according to the geometry of the structure.

Fluctuations in long term monitoring

As mentioned in Chapter 7, seasonal fluctuation can considerably alter the modal properties.
Furthermore, as mentioned in Chapter 4, large scale structures sometimes show complicated behavior
relying on the ambient excitation. These fluctuations should be handled in long term monitoring to support
decision making for bridge management. The discussion in Chapter 7 suggested possibility to distinguish
whether the changes in the modal properties are due to damage or merely the fluctuation. However to
make reasonable decision rule for damage detection in long term monitoring, further investigations are
necessary both from theoretical and experimental aspects. Model updating of the FE model by the
experimental data possibly enables to investigate relationship between the modal properties and the

boundary condition.

Further investigation for modal analysis

The proposed Bayesian inference provides the probability distribution of the AR coefficients. The
probability densities of the modal properties also can be obtained since they are transformed from the AR
coefficients. Furthermore, the modal properties are promptly observed by the proposed feature extraction
using stabilization diagrams. These outcomes suggest that the probability densities of the modal properties
enable to quantify the uncertainty of the properties as well as BAYOMA. Furthermore, the regressive
models are possibly expanded to autoregressive moving average model, which is relevant to SSI. Thus,
the proposed Bayesian inference may possibly provide a novel framework competitive with SSI and

BAYOMA for modal analysis.
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Appendix

Noninformative prior

According to Eq. 2.29, the log likelihood function of linear regressive models for univariate target

variable t € R and input variables x € RP*?

is given as follows.
1np(t|w,[3) =%lnﬁ —%ln(zn) _g(t_wa)z (AD)

Letting p(x) represent the PDF for x, the joint PDF for t and x is given as

p(t, x[w, B) = p(t|lx,w, B)p(x) (A2)

Note that x is independent from w and f. Thus, log function of the joint PDF is given as follows.
=1 _1 _ B T2
Inp(t,x|w,B) = zln[f 2ln(27r) > (t—w'x)* +Inp(x) (A3)

Accordingly, the Fisher’s information matrix is given as

Hy (w,p) H12(W,,3)]
Hw,pB) = A4
w.5) Hi,(w,$)" Hy(w,p) (A9
where,
92 ..
[Hyy W, D))y = ~Eex [ I p(ew, ) (W, 8] G = 1,.0.,D), (45)
iowWj
92 .
[Hix(w, )i = ~Eee |52z Inp(eiw, ) [w,B], (i = 1,...,D), (A6)
62
Hy,(W,B) = —Eve |72 np(tiw, B) |, 8] (A7)
The first order partial derivatives of Inp(t|w, B) with respect to w is given as
2 Inp(t, xlw p) = B0t —wTx)? = Bt —wTx)x; (A8)
an' p ’ ! 2 aWi t

Thus, the second order partial derivatives are given as follows.
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2 i
aw-aw-ln p(t,x|lw,B) = 'Bxia_wj(t —w'x) = —Bxx;, (A9)
F [.,B Inp(tlw,f) = (t —w'x)x; (A10)
aﬁz Inp(tiw, ) = Zaﬁzl np=—p" (A11)

Noting that the expectation of t is wTx, following relationship is obtained.

[H11(W»3)]ij IEtx[ Bx; lew ﬁ] BEx[x; x]] (A12)
[H1o(w, B)]; = —Ey[(t — wx)x|w, ] = 0, (A13)
Hy, (W, ) = —Epy [—3872|w, 8] =572 (A14)

Therefore, the Fisher’s information matrix is obtained as

BE,[xTx] O
Hw,p) = [ _ ] (A15)
0 I

Accordingly, the Jeffreys prior satisfies following condition.

n(w, B) o [HW, B)Iz = |BE (") (172)F o 2 (A16)

The likelihood function for the data set of input variables X = [x4, X5, ..., xy]T € RV*P and target

variables t = [ty,t,, ..., ty]T € RV*1 is given as Eq. 2.31 and Eq. 2.32, which are reproduced as follows.

N

p(tiw, §) = (£)" exp (-2 pEwW) (AL7)

Ew) = It — Xw]||? (A18)

Thus, the Bayes theorem produces the posterior distribution with respect to the Jeffreys prior satisfying

the following condition.

p(w, B18) o p(tlw, B)m(w, B) o« B3~ exp (=2 BEW)) (A19)
According to Eq. 2.33, the term X Tt satisfies following relationship with most likelihood of w.

XTt = XTXw. (A20)
Thus, Eq. 2.32 leads following relationship.

E(w)—EW) = =2t"X(w — W) + wTXTXw — wTXTXw
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= 2wIXTXWw + wIXTXw + WTXTXWw
=w-w)TXTX(w-w). (A21)

Assuming N >» D, then rank(X) =D and E (W) > (0 are presumably satisfied. Therefore, the
posterior distribution satisfies following relationship.
MP_y B
pow Bl o feexp (=5 (E@) + w - )X "X (w = )))

o N(w|w, (BXTX)~1)Gam (/3 e E(\’/‘V)). (A22)

Accordingly,
pw, B16) = NwI®, (BX"X0))Gam (5|3 3 E®) ). (A23)

Although the noninformative prior cannot be correctly normalized as mentioned in Section 2.2.3, the
posterior PDF given as Eq. A22 can be properly normalized when rank(X) = D and E(W) > 0 are

satisfied.

Conjugate priors and marginal likelihood

Conjugate priors produce posterior distributions whose functional forms are same as the priors [57].
This part provides the proof that the conjugate prior for model parameters in AR models has functional

form given as Eq. 2.44. The PDF can be expanded as
p(w,B) = N(w|m, (BL)"Y)Gam(B|a, b) (A24)

— C(L a,b)B™+™P/2-1 exp (— L ((w-m)TLw —m) + 2b)>

where C(-) represents the following constant to normalize the PDF, which is referred as normalization

factor.
C(L,a,b) = (2m)"™/?|L|*/?b%/T(a) (A25)
Thus, Eq. 2.35 and Eq. A17 provides following relationship

p(w, BIt) = (2m)™2C(L, a, b)p(£) =1 g% +mp/2-1 (A26)

X exp (—g(E(w) +w—m)TL(w—m) + 2b)>

where a’ and E(w) are respectively given as Eq.2.48 and Eq. A18. Egs. 2.46 and 2.47 produce
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following relationship.

EW)+ (w—m)TL(w—-—m) = tTt - 2wT (X"t + Lm) + wT(X"X + )w + m"Lm (A27)
=tTt —2wTL'm' + wTL'w + m"Lm

=tTt+ (w—m)TL'(w—m') —m'"L'm' + m"Lm
Eq. 2.49 produces following relationship.

2(by — by) = E(m') + (m' —m)TL(m' —m) (A28)
=tTt—2m"" (X"t + Lm) + m" (XX + L)m' + m"Lm

=tTt—-m'"L'm + m"Lm
Therefore, Eqs. A26-A28 provide the posterior distribution satisfying following relationship.
pw, F18) o B P> exp (£ (w — m)TL/(w — m') + 2" (A29)

Note that the left hand side in Eq. A29 has same functional form as left hand side in Eq. A24 except the
normalization factor. Since the p(w, B|t) is PDF, it should normalized properly, i.e. the integral over
whole domain for w and £ should be 1. The normalization factor is thus given as similar way as the

prior PDF, namely, the following posterior PDF is given.
POw.BIO) = CQ' @' BB /2 exp (= (v = )L/ = ') + 201 (A30)

Accordingly, Eq. A26 provides the constant p(t) as follows.

_ @em™2cLab) _ /2 (IL\Y? b® (@)
p() = c(L',a' b’ = (2m) (|L'|) b'a’ T(a) (A3D)

Thus, in log scale,

Inp(t) =%1nﬂ+alnb —a’lnb’+lnLa’)

n
o ro ~sIn2m (A32)

According to the definition of PDFs, the constant given as Eq. A31 is equivalent to the marginal likelihood

as follows.

p(®) = [[ p(tlw, )p(w, B)dwdp (A33)



