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Abstract 

Let E be the ideal generated by the Fu measure zero subsets of the reals. The 
purpose of this survey paper is to study the cardinal characteristics (the additivity, 
covering number, uniformity, and cofinality) of E. 

1 Introduction 

Let M and N, as usual, denote the CJ-ideal of first category subsets of艮andthe CJ-ideal 
of Lebesgue null subsets of恥 respectively,and let £ be the ideal generated by the Fu 
measure zero subsets of罠． Itis well-known that£~ N n M. Even more, it was proved 
that£ is a proper subideal of N n M (see [BJ95, Lemma 2.6.1]). 

For f,g Eばvdefine 

fぐ giffヨm<wVn2m:f(n):Sg(n). 

Let 

b := min{IFI: Fこwwand,ヨyEwバな EF: Xぐ y}

the bounding number, and let 

il := min{IDI : Dこwwand Vx E wwヨyED: Xぐ y}

the dominating number. As us叫， c:= 2w denotes the size of the continuum. 

Let I be an ideal of subsets of X such that { x} E I for all x E X. Throughout this paper, 

we demand that all ideals satisfy this latter requirement. We introduce the following four 
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cardinal characteristics associated with工：

add(I) = min｛い： jこエU］口｝，
cov(I) = min{げ|：J <:::: I, LJ J = X}, 
non(I) = min{IAI: AこX,A叫I},and 

cof(I) = min{IJI: J <:::: I, VA EIヨBEJ:A<::::B}.

These cardinals are referred to as the additivity, covering, uniformity and cofinality of 
工， respectively. The relationship between the cardinals defined above is illustrated in 
Figure 1. 

COV（エ）） cof（エ）

N。一add(／皿（口|Xl;III

Figure 1: Diagram of the cardinal characteristics associated with I. An arrow ~→り

means that (provably in ZFC) ~ ::::;り・

Over the years, research on the relationship between the cardinal characteristics associated 
with £ and other classical cardinal characteristics of the continuum has been conducted 
by many people, e.g. [Mil81, BS92, BJ95, Bre99, Car23, CM23, GM23]. Most of them are 
illustrated in Figure 2, except for those that appear in Theorem 1.2: 

Theorem 1.1 ([BS92], see also [BJ95, Thm. 2.6.9]). 

(1) max{ cov(M), cov(N)}S cov(£) S max{c>, cov(N)}. 

(2) min{b, non(N)｝さ non(£)さmin{non(M),non(N)}. 

(3) add(£)= add(M) and co£(£)= cof(M). 

See [BlalO] for the definitions of the following cardinals. Denote by 

• e the evasion number. 

• t the reaping number. 

•,s the splitting number. 

Theorem 1.2. 

(1) [BJ95, Lem. 7.4.3],s:::; non(£) and cov(£):::; t. 

(2) [Bre95] eさnon(£).
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cov(N) -----> non(M) - cof(M) = cof(E)---+cof(N)-------> c 

~1 —add(N) • add(M) = add(£) ------> cov(M)------>non(N) 

Figure 2: Cicho丘'sdiagram and the cardinal characteristics associated with £. 

The goal of this survey paper is to prove that the next diagram of the cardinal charac-

teristics of £ can be distinguished at each position by constructing a model using the 
forcing technique. In this diagram, a dotted line means that we can obtain a model in 
which the cardinal characteristics of the left side are strictly smaller than the cardinal 

characteristics of the right side. The result attached to a dotted line is the lemma in 
which the consistency of the inequality is proved. 

(a) Lemma 4.4 Lemma 2.5 (b) 
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cov(E) 

non([) 

cof (E) ------+-----> c 
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.:J. 

Lemma 3.8 

In this diagram, there are two results that we won't be proved. These are represented by 
(a) and (b) in the above diagram. (a) is the consistency of ~1 < add(£) and (b) is the 
consistency of cof(£) < c. Both consistencies hold in the model]]JJ1r, which is obtained 
by a FS iteration of length 1r =入K,of Hechler forcing where ~1 ::; K, ::;入＝入凡。 with

K, regular (see e.g. [Mej13, Thm. 5]). There, add(M) = cof(M) = K, and c =入， soby 
using Theorem 1. 1,]]JJ1r forces add(£) = cof(£) = K,. 

Notation. A farcing notion is a pair〈四こ〉whereIP -=J 0 and ::; is a relation on IP satisfying 
reflexivity and transitivity. We also use the expression pre-ordered set (abbreviated p.o. 
set or just poset) to refer to a forcing notion. The elements of IP are called conditions and 
we say that a condition q is stronger than a condition p if qさp.

Definition 1.3. Let IP be a forcing notion. 
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(1) Say that p, q E『arecompatible (in JPl), denoted by p IIIP'q, ifヨrE JPl : r -<::: p and r -<::: q. 
Say that p, q E JPl are incompatible (in JPl) if they are not compatible in JPl, which is 

denoted by p..lIP'q. 

When JPl is clear from the context, we just write p II q and p..lq. 

(2) Say that A~ ]ID is an antichain if p, q E JPl: pヂq⇒p..lq. A is a maximal antichain 
on JPl iff A is an antichain and ¥:/p E JPlヨqEA: PIIJP'q. 

(3) Say that D ~ JPl is dense (in JPl) if p E四 qED: q-<::: p. 

(4) Say that G ~ JPl is a JID-filter if it satisfies 

(a) Gヂ0;

(b) for all p, q E G there is some r E G such that r -<::: p and r -<::: q; and 

(c) ifpE『,qE G and q::; p, then p E G. 

(5) Let'D be a family of dense subsets of JPl. Say that G匡JPlis匝genericover V if G 
is a JPl-filter and ¥:/ D E'D n V: G n D -:/ 0. Denote by GIP'the canonical name of the 
generic set. When JPl is clear from the context, we just write G. 

Fact 1.4 ([Gol93]). Let JPl be a forcing notion. Let p, q E JPl. 

(1) p..lq iff q If--p ~ G. 

(2) GこJPlis a JID-generic over V iff for eve可 maximalantichain A EV, IG n Al= 1. 

Let I be a set. Denote by (C1 be the poset that adds Cohen reals indexed by I. 

Here, as usual, given a formula ¢, ¥:/(X)n < w: ¢ means that all but finitely many natural 
numbers satisfyの；ヨ(X)n< w: ¢ means that infinitely many natural numbers satisfy ¢ 

2 The consistency of cov(E) < non(£) and non(£) = 
cov(£) < cof (£) 

Throughout this section, assume that CH holds in the ground model V. 

One of the fundamental properties of forcing is the Laver property: 

A forcing notion lP'E V has the Laver property if for any lP'-generic G over V, 

any function f E ww n V and any lP'-name g for a member in ww such that 
1卜り::;;*f, there exists a function cp E ([w]<wt n V such that|卜り(n)E cp(n) 
and lcp(n)I ::; n + 1 for every n E w. 

Example 2.1. 

(1) Mathias forcing (see e.g. [BJ95, Sec. 7.4A]). 

(2) Miller forcing (see e.g. [BJ95, Sec. 7.3E]). 
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(3) Laver forcing (see e.g. [BJ95, Sec. 7.3D]). 

We now show that any poset with the Laver property preserves covering families of the 
ideal £. The following is a combinatorial consequence of the Laver property. 

Lemma 2.2. Assume that JP has the Laver property. Let允bea name for a real in 2叫
and p E JP. Then there are qさpand a closed null set C ~ 2w such that q|トi;EC. 

Proof. Let〈In: n E w〉bea partition of w into finite inte~vals such that min(I0) = 0, 
max(In) + 1 = min(In+i), and IInl = 2n + 1. Define a name h for a function with domain 
w such that the trivial condition forces h(n)＝か「In.In particular, h(n) is forced to be 
an element of 2いBythe Laver property, there are qさpin]IDandcp E Tin<w P(2In) such 
that lcp(n)I :S 2n and q|卜h(n)E cp(n) for all n < w. Hence q|卜釘InE cp(n) for all n, so 
let C := {y E 2w : Vn < w: y「InE cp (n)} (coded in the ground model). It is not hard to 
prove that C is a closed set, so it remains to see that Chas measure zero set. Indeed, 

Lb(C) = IlLb({y E 2w: yfln E cp(n)}) 
nEw 
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By Lb we denote Lebesgue measure zero on 2w. Since q|←:i; EC, we are done. ロ

Employing the earlier result: 

Corollary 2.3. Assume that]IDhas the Laver property. The叫P'preservescovering families 

of the ideal E. 

As a direct consequence, we obtain: 

Lemma 2.4. Let鼠 2be a CS (countable support) iteration of length吟 ofMathias 
forcing. Then in VMw2, add(£) = cov(£) = N1, and non(£) = co£(£) = N2. 

Proof. It is well-known that閏w2forces cov(N) = cov(M) = N1 and,s = b = () = 
non(£) = N2 = c. (see e.g. [BJ95, Sec. 7.4A]). In addition to this, since,sさnon(£)
by Theorem 1.2, we have that閏w2forces non(£) = N2 and閏w2forces cov(£) = N1 
thanks to Example 2.1 (1) and Corollary 2.3. ロ

Lemma 2.5. Let閏llw2be a CS iteration of length心 ofMiller forcing. Then, in V叫，

add(£)= cov(£) =non(£)= N1, and co£(£)= N2. 

Proof. It is well-known that閏llw2forces b = non(M) = non(N) = N1 and () = N2 (see 
e.g. [BJ95, Sec. 7.3E]). Additionally, since b = non(M) = N1, by using Theorem 1.1, we 

get that non(£) = min{non(M), non(N)}, so M][w2 forces non(£) = N1. On the other 
hand, by using Example 2.1 (2) and Corollary 2.3,閏llw2forces cov(£)＝州 Lastly,since 
co£(£)= cof(M) by Theorem 1.1,閏llw2forces cof(£) =応ロ
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In comparison to Lemma 2.4, the upcoming result is stronger, since it can be forced 

non([)>(). 

Lemma 2.6. Let lP'be a CS iteration of length吟 ofthe tree forcing from [Bre99, Lem. 2}. 

Then, in V巴"=cov(E) = N1 and non(E) =殴

Proof. We just are going to give only a brief outline of the proof. Details can be found in 

the references. The forcing from [Bre99, Lem. 2] we iterate belongs to a class of forcing 

notions introduced by Shelah [She92] (see also [BJ95, Sec. 7.3B]). This forcing is ww-

bounding and does not add random reals. Furthermore, Brendle proved that this forcing 

increases non(E) (see [Bre99, Lem. 2]). We therefore have that, in VIP, cov(N) = () = N1 

and non([)=応 Sincecov(M) = () = N1, by applying Theorem 1.1 cov(E)＝灼 □

3
 
The consistency of non(£) < cov(£) 

Before delving into the specifics, we provide all of the necessary to prove the consistency 

of non(£) < cov(£). This section is based on [CM23, Sec. 7] and [Car23, Sec. 5]. 

Definition 3.1. For an increasing function b E w竺definethe following sets of slaloms: 

(1) Sb:= {cp E ITn<w P(b(n)): Vn E w: ~(」旦乳(n）三歩｝．

(2) Sb := { cp E Tin<w P(b(n))：ヨ°°n€ w: 2b（どり以n）三討｝

Note that SbこS'(;and that 

'P E S'(; implies lim inf 
l'P(n)I 
< 1 

n→oo |b(n)| 

'P E Sb implies lim sup 
炉(n)I

く 1.
n→oo |b(n)| 

Also observe that, if bis a function with the domain w such that b(i) -1-0 for all i < w, 
and h E w竺then

(R) liminf 
h(n) 

n→oo |b(n)| 
く 1iff V m < w: II ~ = 0, 

n>m 
lb(n)I 

h(n) h(n) 
limsup~ < 1 iffVAE [wt0: IT 
n→00 |b(n)| 

nEA 
lb(n)I 
=0. 

We can construct sets in £ using slaloms in the following way. 

Lemma 3.2. Let b E ww be increasing and b(n) := 2h(n+1)品(n)for all n E w. 

ITn<w P(b(n)) and liminfn→□網 <l,then the set 
Hr,,'P := { x E 2w : ¥:/00 n E W: X f位(n),b(n + 1)) E叩(n)}

belongs to £. 

If <p E 
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Proof. Notice that Hb,'P is a countable union of the closed null sets 

閃：＝｛xE2w: ¥/n2:m: x「[b(n),b(n + 1)) E cp(n)} form E w. 

Indeed, 

Lb(B悶~)=II Lb ({x E 2w:贔（n),b(n + 1)) E cp(n)}) 
nこm,

=II ～炉（n）|
2b(n+1)-b(n) =0, 

n;:::m 

where the latter equality holds by(@). Hence Lb(Bf'P) = 0 for all m < w, so 

加＝ LJB悶'P
m<w 

is an.F,。nullset and thus belongs to £. 

Corollary 3.3. Let b E WW be increasing. If cp E sr then Hb,<p E £. 
口

Thanks to the foregoing lemma, we obtain a basis of E. 

!,emma 3.4 ([BS92, Thm. 4.3]). Suppose that C E E. Then there is some increasing 
b E ww and some cp E Sr, such that CこH鯰

Proof. Let us assume wlog that C ~ 2w is a null set of type Fu. Then C can be written 

as UnEw Cn where〈Cn::nE叫isan increasing family of closed sets of measure zero. 

Note that each Cn is a compact set. It is easy to see that, if Kこ2wis a compact null 
set, then 

ITI 
咋＞ 0V00nヨT~ 2n: K ~ [T] and ~ < E 

2n 

where [T] := UtET[t]. Hence, we can define an increasing b E ww by b(O) := 0 and 

b(n + 1) := min{m > b(n)：ヨTnこ2叫 Cnこ[T』and叩 1
~<戸了｝ for n > l. 

Next, choose Tnこ21>(n+l)such that Cn こ [T』 and~< ¾i· Now define, for n E w, 
rp(n) := {s「[b(n),b(n + 1)) : s E Tn}-

It is clear that lrp(n)I ~ IT,』forevery n < w, hence 

|¢(n)| 1 1 
く くー・

2b(n+l)-b(n) ~ 2b(n) --= 2n 

Thus, rp E Sr, and, by Corollary 3.3, Hr,_w EE. We also have C <:;;; Hr, bゃ b,'P. 口

The following is a technical lemma that connects the structure of ww with £. Before 

stating it, for each increasing f E ww define the increasing function J*: w→w such that 
f*(O) = 0 and J*(n + 1) = J(J*(n) + 1) for n > 0. 
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Lemma 3.5 ([CM23, Lem. 7.5]). Let b。,b1E ww be increasing functions, let b! E ww be 
as above, and let cp E $如・

(1) If b1ダ b。thenthere is some cp* E S符suchthat Hbo，'P ~ Hbi,'P*・
(2) If b。::;*b1 then there is some cp* E sbi such that Hbo,'P ~ H的ふ・

As a result of the previous, we infer: 

Lemma 3.6 ([BS92, Lem. 5.1]). Suppose that IP is a ccc forcing notion. Let C be a 
IP-name for a member of£. 

(1) If IP does not add dominating reals, then there exists b E ww n V and a IP-name cp 
such that cp E Sb and|卜‘‘¢こ Hbゃ”.

(2) If IP is ww -bounding, then there exists b E ww n V and a IP-name cp such that cp E Sb 
and|卜‘‘CこHbゃ”.

The previous lemma is essential for proving the consistency of non(£) < cov(£). 

Lemma 3. 7 ([BS92, Thm. 5.3], see also [Car23, Thm. 5.2]). Assume that JIB is a complete 

Boolean algebra with a strictly positive a-additive measure μ and let C be a匝nameof a 
closed measure zero subset of 2w. Then there is a closed measure zero subset C* of 2w (in 

the ground model} such that 

Vx € 2W ＼ぴ： If-x (/_ C. 

Proof. By em~loying Lemma 3.6, _choose b _E ww in V and a匝name({J of a member of Sb 
such that I五CこHb,ip・ Fors E 2[b(n),b(n+l)) set Bn,s := [s E ({J(n)] E JIB. 

Now, for n < w, define 1/;(n) by 

ゆ(n):= { S E 2[b(n),b(n+l)) : µ(Bn,s)~2― l~」}

We claim that 
位(n)I

く 2―L号」
2b(n+l)-b(n) _: 

Suppose that for some n。Ew,

I的(no)| > 2―l閉J
2b(no+l)-b(no) 

For Sこ心(n)set 

t(S) ＝ max{|X| XこS,I'ピ＼Bns)＞ 0} 
By [Kel59, Prop. 1], 

2―l 1}」:=:;inf{μ(Bn,s) : S E心(n)｝:::;inf 『~:0£;;S こ心(n)},
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in particular, 

2b(no+l)-b(no)-noく加(no)|
2L架」
::; i（心（no)).

Choose X ~的(no) such that IXI > 2b(no+l)-b(no)-no and μ(l¥sEX Bno,s) > 0. Hence, 
八sEXBno,s I卜Xこ如o),SO l¥sEX Bno,s化怜(no)I> 2b(no+l)-b(no)-no, which is a contra-
diction. 

Thus 
C* := {x E 2w: V00n E w: x「[b(n),b(n + 1)) E心(n)}

is a member of£ by Lemma 3.2. 

To end the proof, let us argue that if x (/. C*, then I五x(/. 6. Suppose that x (/. C*. 
Towards a contradiction assume that p If-JIB x E C for some p E JIB. Since|トJIBC <;;;; Hb,rp, we 
can assume wlog that there is some m E w such that p|卜Vn2: m: x「[b(n),b(n + 1)) E 
cp(n)) and μ(p) > 2―匹

On the other hand, since x (/. C*, we can find an nミ2msuch that xf[b(n), b(n + 1)) (/. 
心(n).In particular, 

1 
μ(B nぶ[b(n),b(n+1))< i;;;-2m・ 

Now define q := p "-Bn,x「[b(n),b(n+l))・ Then μ(q) > 0 and q|卜x「[b(n),b(n + 1)) (/. cp(n), 
which is a contradiction. ロ

We are ready to prove the consistency of non(£) < cov(f). 

Lemma 3.8. Assume N1さ V'.S入＝入N。withv regular. Let llll1r be a FS iteration of 
random forcing of length 1r =入v.Then, in Vエ， non(£)= b = N1, cov(N) = non(M) = 
cov(M) = non(N) = v, and cov(f) = () =入

Proof.恥 forcesb = N1, cov(N) = non(M) = cov(M) = non(N) = v, and() =入 isa 
well-known fact (see e.g [Car23, Thm. 5.4]). Furthermore, by employing Lemma 3.7, we 

can ensure that llll1r forces non(£) = N1 and cov(f) =入口

As an immediate consequence of the foregoing, we obtain as well: 

Corollary 3.9 ([BS92, Thm. 5.5 and 5.6]). It is consistent with ZFC that non(£) < 
min{non(N),non(M)} and cov(E) > max{cov(N),cov(M)}. 

We close this section by displaying another model where the consistency of non(£) < 
cov(f) holds. 

Theorem 3.10 (see e.g [Bre09]). Let入bean infinite cardinal such that 入~o =入． Then
C>. forces non(M) = ~1 and cov(M) = c =入（Figure3). In particular, C入 forces
non(£) = ~1 and cov(f)＝入．
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cov(N) ---------> non(M) 

！ 
l N1 -------. add(N) —add(M) 

cof(M) ----------> cof(N) --------> c 

］ 
l 
cov(M) -------> non(N) 

Figure 3: The constellation of Cichoがsdiagram after adding A =入Nomany Cohen reals. 

4 The consistency of add(£) < non(£) 

In this section, we shall use a FS iteration of (b, h)-localization forcing (denoted by JLOじ，h)
proposed by Brendle and Mejia [BM14] to prove the consistency of add(£) < non(£) = 
cov(£). We first start by introducing lLOCb,h that we want to iterate. 

Definition 4.1. Given a sequence of non-empty sets b =〈b(n):n E w〉andh: w→w, 
define 

IIb := II如），
nEw 

S(b, h) := Il[b(n)］:Sh(n). 
nEw 

For two functions x E TI band r.p E S(b, h), we define 

x E* r.p iff ¥/00n E w: x(n) E r.p(n). 

We define the localization cardinals 

叩＝min{IFI:F ~ ITb&--,ヨr.pE S(b,h)¥/x E F: x E* r.p}, 

叩＝min{IGI:GこS(b,h)&¥/x E Ilbヨr.pE G: X E* r.p }. 

Using the notion of Definition 4.1, we define the following poset meant to increase non(£). 

Definition 4.2. Fix b and h as in Definition 4.1. Define the localization forcing JL()Cb,h 
by 

JL()Cb,h := {(p, n) : p E S(b, h), n <wandヨm< w¥;/i < w: IP(i)I::; m}, 

ordered by (p', n')::; (p, n) iff nさn',p'「n= p, and Vi < w: p(i)こp'(i).

Let G ~ JL()Cb,h be a JL()Cb,h-generic filter over V. In V[G], define the generic slalom by 

臼 (i)= LJ{p(i) : (p, n) E G}, 
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and for any x E IT b n V, there is some n E w such that for any m 2: n, x(m) E tpgn(m). 
Consequently, lLOCb,h increases bは
lLOCb,h is c,-m-linked for all 2::; m < w when h diverges to infinity and b(n) is countable 

for all n < w. 

Why does lL([)い increasenon(£)? Because there exists a connection between non(£) 
and bはIndeed,we have: 

Lemma 4.3 ([CM23, Fact. 7. 7 and Lem. 7.8]). If b E ww and lim sup 包n→oo b(n) く l,then 

cov(£) :S ()は andb~仇 :s; non(£). 

We now prove the consistency of add(£) < non(£) = cov(£). 

Lemma 4.4. Assume ~1 :S r.,'.S入＝入N。withr., regular. Let lP'1r be a FS iteration of the 
(b, h)-localization forcing of length 1r =入r.,_ Then, in VlP'", b = ~1, non(£) = cov(£) =,-,,, 
and c =入．

Proof. In V, find increasing functions h, b in ww such that lim supn→00翌 <1,so 
by Lemma 4.3 cov(£)さ＂は andbはさ non(£).In view of [CM22, Lem. 2.9]，巳 forces
non(£)= bは＝ cov(£)＝叩＝"'・ Moreover, IP'1r forces c =入． Itremains to prove that 
巳 forcesb =灼 Forthis, it suffices to show that JL{)Cb,h is(J-Fr-linked. ロ

Before attempting to prove that JL{)Cb,h is(J-Fr-linked, we begin with some notation: 

• Denote by Fr:= {w-...... a: a E [w]<No} the Frechet jilter. 

• A filter F on w is free if Fr ~ F. A set x ~ w is F-positive if it intersects every 
member of F. Denote by p+ the family of all F-positive sets. Note that x E Fr+ 
iff x is an infinite subset of w. 

For not adding dominating reals, we have the following notion. 

Definition 4.5 ([Mej19, BCM21]). Let IP'be a poset and F be a filter on w. A set QこlP'
is F -linked if, for any j5 =伽： n<w〉EQ竺thereis some q E IP'forcing that 

qi卜{n E w : Pn E G} E p+. 

Observe that, in the case F = Fr, the above equation is "{n E w: Pn E G} is infinite". 

We say that Q is uf-linked (ultra.filter-linked) if it is F-linked for any filter F on w con-
taining the Frechet jilter Fr. 

For an infinite cardinal μ, IP'is μ-F -linked if IP'= Ua<μ Q °'for some F-linked Q °'(a < μ). 
When these Q°'are uf-linked, we say that IP'is μ-uf-linked. 

For ccc posets we have: 

Lemma 4.6 ([Mej19, Lem 5.5]). If IP'is ccc then any subset of IP'is uf-linked iff it is 
Fr-linked. 
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Our objective is to demonstrate that lLOICb,h is び—Fr-linked, witnessed by 

Lぃ(s,m) := {(p, n) E lLOICb,h : sこp,n = Isl, and Vi< w: IP(i)I::::; m} 

for s E S<w(b, h) = ukEw ITn<k[b(n)］岱(nl,and m < w. 

In order to see that Lb,h(s, m) is Fr-linked, it suffices to prove: 

Lemma 4. 7 ([Mej19], see also [Car23]). Let b, h E ww be such that Vi < w: b(i) > 0 and 
h goes to infinity, let D be a non-principal ultrafilter on w and (s, m) E S<w(b, h) x w. If 

j5 =〈（Pn,IS I) : n < W〉isa sequence in Lb,h(s, m) th_en there is a (q, n) E Lb,h(s, m) such 
that if a E D, then (q, n) forces that { n E w : Pn E G} n aヂ0is infinite. 

Proof. Assume that p =〈（Pn,Is I) : n < W〉isa sequence in Lb,h(s,m). For each i 2 Isl, 
since [b(i)] :C:::m is finite, we can find q(i) E [b(i)]:C:::m and an ai ED  such that Pn(i) = q(i) for 
any n E ai. To get (q, n) E Lb,h(s, m) we define n := Isl and q(i) := s(i) for all i < n. It 
remains to show that (q, n) forces { n E w : Pn E G} n a -1-0 whenever a E D. To see this, 
assume that (r, n*) ::; (q, n) and a E D. Since (r，が） EJL([)Cb,h, we can find k, m。<W 
such that k 2 n* 2 n = Isl, lr(i)I :Sm。forany i < w, and for any i 2 k, m。+mさh(i).
Choose some no E n<k ai n a (put ai := w for i < Isl). Note that Pno(i) = q(i) for all 
i < k. 

Now we define q'(i) by 

q'（i) ={ r(i) if i < k, 
r(i) U Pn0(i) if i 2 k. 

Since lq'(i)I :S m。+m:S h(i) for all i 2 k, (q', k) is a condition in JL{)Cb,h・ Moreover, 
(q', k) is a condition stronger than r and Pno, so it forces n。E{ n E w : Pn E G} n a. ロ

The next step now is to indicate that Fr-linked behaves well regarding preserving un-

bounded families on ww, which helps to keep b small in generic extension. This will be 

proved in a sequence of lemmas. 

Lemma 4.8 (The author and Mejfa). Let lP'be a poset and Q ~ JP'. Then Q is Fr-linked 
iff, for each lP'-name ii of a natural number there is some m < w such that Vp E Q (p IY 
m<れ）．

Proof. The direction from left into right is due to Mejfa [Mej19, Lem 3.26]. Assume that, 

for any n E w, there is ~ome Pn E Q such that Pn廿m_:S ii Then, if G is匝genericover 
V, then { n E w : Pn E G} must be finite because Pn E G⇒ n :S m[G] < w. Therefore, in 
V, Q cannot be Fr-linked. 

On the other hand, assume that Q is not Fr-li1;1ked, accordingly pick some sequence 

伽： n<w〉inQ such that|卜“{n E w : Pn. E G} finite", so there is a lP'-nameれofa 
natural number such that I卜{nE w: Pn E G}こii.Towards a contradiction suppose 
thatヨmVq E Q: q IY m < ii. Choose m E w such that Vq E Q: q IY m < ii. For any 
n E w, Pn IY m < ii. Next, find r'.S Pm such that r I卜m2: ii, on the other hand, since 
r |卜PmE G, r I卜m< ii. This is a contradiction. ロ
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Lemma 4.9 ([Mej24]). Let IP'be a poset and Q be an Fr-linked subset of匝 Ify is a 
『-nameof a member of w竺thenthere is y'E ww {in the ground model) such that, for 
any x E ww 

X 1_* y'⇒Vn E wVp E Q: p 1,fl Vm 2: n: x(m)さy(m).

Proof. By applying Lemma 4.8, for each m E w find y'E ww such that, for each m < w 
no member of Q forces y'(m)＜的(m).

Now suppose that x E ww and x・タ y'.Towards a contradiction assume that there is a 
n E w and p E Q so that 

p |ト¥/m2 n: x(m) ::=;的(m).

Choose m 2 n so that x(m) > y'(m). On the other hand, p If y'(m)＜y(m), so there is 
some q :S p such that q|卜y'(m)2 y(m). Then 

q卜り(m)2 x(m) > y'(m) 2 y(m), 

which is a contradiction. 口

Using the earlier results about Fr-linkedness, we infer that已 forcesb＝図 Sowe are 
done with the proof of Lemma 4.4. 

We now provide another proof for the consistency of add(£) < non(£) = cov(£). 

Theorem 4.10 (The author and Mejia). Assume N1 ~ t,, ~入＝入N。 with t,, regular. Let 
lE1r be a FS iteration of eventually different real forcing lE of length 1r =入代． Then, in 

v門 cov(N)= b = N1, non(£) = cov(£) = t,, and non(N) = () = c =入（seeFigure 4)-

cov(N) cof(M) = cof(E)一cof(N)一C
l ＼＾ 

N1 
cov(£) 

＼ 
cov(M) 

Figure 4: Cichon's diagram after adding K,-many eventually different reals with lE. 

Proof. It is well-known that lE1r forces cov(N) = b ='.N1, non(M) = cov(M) = r;, and 
non(N) = il = c =入（seee.g. [CM22, Sec. 3.1]). Moreover, we know that lE is匠 linked
by [Mej19, Lem. 3.29]. It remains to prove that lE1r forces non(£)= cov(£)＝氏． Forthis, 
it suffices to see that lE forces all ground model reals belongs to £. 

Think of lE as 

lE= {(s，ゃ）： sE w <w and cp E 旦~S(w,m)}
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Ordered by (s', cp'):::; (s, cp) iff s <;;; s'and cp(n)<;;; cp'(n) for all n E w, and s'(n) tf. cp(n) for 
any n E ls'I, Isl-Let G be a lE-generic filter over V. In V[G], define 

egn = LJ{s:ヨcp:(s,cp) E G}. 

Notice that for any X E WW n V, ¥;/00n E w: x(n)ヂegn(n).

Claim 4.11.|トlEww n vこ{xE WW: V00n E w: x(n) # egn(n)} E £. 

Proof.It is clear that {x € ww : VOOn € w: x(n） ＃知（n）｝ ＝ UmEw n亨m{x€ w“: 
x(n)ヂもgn(n)}is an F" set and|卜凹 wwnvこ{xE WW : V00n E w: x(n) # egn(n)}, so it 
remains to prove that in V[e], Lbw({x E ww: V00n E w: x(n) # egn(n)}) = 0 (by Lbぃwe
denote Lebesgue measure zero on ww). Indeed, note that 

瓜 ({xE WW: V00n E w: x(n) # egn(n)}) = limn→OO I1mこn(1 -2egnい） and

II (1 -2egn]m)＋1)< H e―2egn（は）＋1 さe―Em2n2egn(し)＋1.
m>n m>n 

To conclude the proof, let us argue 

(III) 

For this, it suffices to see that 

1 
1トlEI;nEw 2egn(n)+l = 00. 

1 
Vn Vp E lEヨq::;pヨm2: nヨm'>m:q|卜戸＋1 ＞ 1. 

i=m 2知 (i)+l

Let n and p = (s, cp) E lE, with M := sup{lcp(i)I : i < w }. Wlog assume that Isl 2: n. 
Extend p to q = (t, cp) such that t ;;2 s and Vi E ltl'---Isl: t(i)::; M and ltl -Isl > 2M+1. 
Put m := Isl and m':= ltl. Then it can be proved that q is as desired. 

Utilizing (III), we conclude that in V[e], Lbw({x E ww : V00n E w: x(n) -/c eg0(n)}) = 
0. ロ

By employing Claim 4.11, it can be proved that lE1r forces non(£) = cov(£)＝K,. ロ

We will conclude this section by presenting an additional concept related to not adding 
dominating reals, which indeed matches Fr-linked. 

Brendle and Judah [BJ93] presented the property that helps us not add dominating reals. 
Given a partial order P, a function h: ]pi→w is a height function iff qさpimplies 
h(q) ~ h(p). A pair〈P,h〉fulfillsthe property（唸）iff: 

given a maximal antichain {pn : n E w}こ]piand m E w, there is an 
滋） nE w such that: whenever p is incompatible with {pj : j E n} then 

h(p) > m. 

They proved that FS iterations of ccc posets with the property（唸）donot add dominating 
reals. Inspired by（唸），in[Car24], the author introduced the following linkedness property: 
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Definition 4.12 ([Car24, Def. 3.1]). Let IP'be a poset. A set Q ~ IP'is leaf-linked if, for any 

maximal antichain {pn : n E w}こ匝thereis some n E w such that Vp E Qヨj<n:pllPj・

For an infinite cardinal 0. Say that IP'is 0-leaf-linked if IP'= Ua<O仏 where仏 isleaf-
linked (a<μ). 

Indeed, Fr-linked and leaf-linked coincide for ccc posets. 

Lemma 4.13 ([Car24, Lem. 3.6]). Let]IDbe a ccc poset and a set QこJID. The fallowing 
statements are equivalent: 

(1) Q is旺 linked.

(2) Q is leaf-linked. 

(3) for each]ID＿name ii of a natural number there is some m < w such that Vp E Q: p IY 
m<れ．

Proof. (1)⇒(2). Let {pn : n E w} be a maximal d n E w} be a maximal antichain in JP'. Towards a contradiction 

assume that VmコqmE Q向 <m:qm l_ Pn・ By Fr-linkedness, choose q E lP'such that 
q |卜“ヨ00rry,E w:伽 EG". Since each 9m ful且lls而 <m:qm l_ Pn, q|トヨ00mVn< 
m: Pn (/_ G. Hence, q卜Vn< w: Pn (/_ G. On the other hand, since {Pn : n E w} is a 
maximal antichain, by using Fact 1.4, If-ヨnE w: Pn E G, which reaches a contradiction. 

(2)⇒ (3). Assume that ii is a lP'-name of a natural number and assume towards a 
contradiction that for each m E w, there is some qm E Q that forces m < ii. Let 
{Pk : k E w} be a maximal antichain deciding the value ii and let nk be such that 

Pk仕 “ii= nk". By soft-linkedness, choose m E w such that Vp E Qヨk< m: P II Pk・ 
Next, let k* be larger than max{ nk : k < m }. Then Pk* I卜k*< ii and since q* E Q, 

there is k < m such that Pk* 11 Pk. Let r'.S qk*, Pk・ Then r|トii=k < k*＜れ， whichis a 
contradiction. 

(3)⇒(1). This implication follows by Lemma 4.8. 口

As an immediate consequence, we infer: 

Corollary 4.14. If JID is ccc then any subset of JID is leaf-linked iff it is Fr-linked. 

Next, we establish some consequences of our leaf-linked property: 

Lemma 4.15 ([Car24, Lem. 3.9]). Let IP'be a poset and 0 be a cardinal number. Consider 
the following properties of『:

(1) IP'is 0-leaf-linked. 

(2) There is a dense set Q C:::: IP'and a function h: Q→0 such that, for every a < 0, 
the set {p E Q : h(p) = a} is leaf-linked. 

(3) There is a dense set Q c:::: IP'and a function h: Q→0 such that, for every a < 0, 
the set {p E Q : h(p)~ a} is leaf-linked. 

Then (3)⇒(2); (1)⇒(2); (3)⇒(l); and (l)⇔ (2)⇔ (3) for 0 = w. 
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Proof. The implication (3)⇒(2) is trivial. 

(1)⇒(2). Let〈QaI a<  0〉bea sequence of leaf-linked subsets of]IDwitnessing that 
]IDis 0-leaf-linked. The set Q := Ua<O仏 isa dense subset of ]ID_ For p E Q define 

h(p) = min{a < 0: p E Qa}-It is clear that every set {p E Q: h(p) = a} is a subset of 
the leaf-linked set Q°'and is therefore leaf-linked. 

(3)⇒(1) for regular 0. For every a < 0 the set Q°'= {p E Q : h(p)さa}is leaf-linked 
and Q = LJ→仏 isa dense subset of匝
(2)⇒(3) for 0 = w. Note that {p E Q : h(p)さn}is a finite union of leaf-linked sets 
{p E Q : h(p) = k} for k :S n and is therefore leaf-linked. ロ

We now give a useful sufficient condition under which the pairs〈IP',h〉 are び—leaf-linked.

We begin by considering the following property of pairs〈IP',h〉whereIP'is a poset and h 
is a height function on IP': Say that〈IP',h〉hasproperty（贔） if:

（晶）

(I) if {pn : n < w} is decreasing and :3m E w Vn E w (h(Pn)さm),
thenヨpE IP'Vn E w (p ::; Pn); 

(II) Vm E wVP E [JP']<w'--{0}ヨRE[JP']<w (R l_ P) and Vp E lP'(h(p) S 
m) ［pJ_ P⇒ヨrER(p'.Sr)];

The following lemma justifies the introduction of the property（贔）：

Lemma 4.16 ([BJ93, Lem. 1.2], see also [Car24, Lem. 3.13]). A ccc poset]IDwith a height 

function h:]ID→w satisfying （贔） is び—leaf-linked.

Proof. For m E w let 

Qm := {p E]ID ：h(p):::;叫 andQ := LJ Qm, 
mEw 

We show that each広 isleaf-linked, so assume that {pn : n E w}こ]IDis a m訟 imal
antichain in]IDand show that there is some n E w such that ¥:/q E Qmヨj< n (q IIPj)-
Suppose not. So for each n E囚 let凡 bea finite subset of]IDobtained by employing (II) 
of（贔）tothe family P ={Pi: i < n}. For each n E凶， enumerate凡 as{q'j : jく似｝
for knくは

By assumption, none of these sets can be empty and we can assume that q'j E Qm for all 
j, n. By applying (II) of（贔）theyform an 凶—tree with finite levels concerning‘ ：ヽ：：：：”． Then

by Konig's lemma, there is a function f E ww such that qJ(o)：：：：： q}(l)：：：：： q}(3)：：：：：．．．． By (I) 

of（贔）thereis a condition q：：：：：仇n)for all n, contradicting the fact that {pn : n E w} is 
am邸 imalantichain. 

Finally,]IDis CY-leaf-linked by (3) of Lemma 4.15 applied to 0 = w and for the height 
function h. ロ

We also consider the following property of pairs〈JID,h〉where]IDisa poset and h is a height 
function on]ID：Say that〈匝h〉hasproperty（兼）if:

given m E w and a finite non-m訟 imalnon-empty antichain P S::::巳
滋） thereis some finite subset R of『suchthat R..lP and ¥:/p E]ID ［（p..l P 
and h(p)：：：：： m)⇒ヨrE R(p：：：：：り］．
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Lemma 4.17 ([ Car24, Lem. 3.11]). A ccc poset lP'with a height function h: lP'→ W 
satisfying （寵） is び—leaf-linked.

Proof. Form E囚 let

Qm := {p E lP': h(p)~m}andQ:=LJQm, 
mEw 

We prove that every set Qm is leaf-linked. Let P = {Pk : k E w} be arbitrary maximal 

antichain in JP'. Denote Pn = {Pk : k :S n }. By using（壼）， forevery set Pn there is some 
finite subset凡 oflP'such that Rn l_ Pn and Vp E Qm [p上凡 ⇒ヨrE凡 (p:S r). We 
can assume that凡 E[Q叫<“because(p E Qm and pさr)⇒rE Qm, Therefore, 

（田） ¥:/nEw ヨ凡€ [Qm]<W ¥ {O}［凡上 Pnand Vp E Qm (p l_ Pn⇒ヨrE凡 (r:Sp))]. 

Employing（田）forevery p E凡叶1there is r E凡 suchthat r :S p (because p E Qm 
and pl_ P,砂 Inthis way, by induction, we prove that Vn E w ¥:/p E凡ヨrE Ro) (r :Sp). 
Denote by R~ the set { r E R。::3pE凡（r:S p)}. Then（田）holdswith the sets R~ 
instead of Rn and therefore without loss of generality, we can assume that凡こ R。for
all n E w. Since Pis a maximal antichain, there ism。Ew such that ¥:/p E R。(p/-Pm0). 
Then it follows that加。＝ 0 because加。 l_Pm。and加。こ R。.Thenby（田）for
n=m。weget ¥:/p E Qm (p /-Pm0). This finishes the proof that Qm is leaf-linked. Then, 
lP'is(l-leaf-linked by (3) of Lemma 4.15 applied to 0 = w and for the height function 
h. ロ

Example 4.18 ([BJ93]). 

(1) Consider random forcing匝as

JIB= {Bこ2w:Vs E 2<w: [t] nBヂ0⇒Lb([t] n B) > O}. 

We define h: JIB→w by h(B) = min{ n E w : Lb(B) 2:計． Brendleand Judah 
established that〈匝，h〉satisfiesthe property（贔）． Hence,by using Lemma 4.16, JIB 
is(l-leaf-linked. 

(2) For m E w put 
B n 2m := {t E 2m: [t] n B-=/ 0}. 

We define the poset JIB* as {(B,n): BE JIB and n E w}. This forcing is ccc and it is 
used to add a perfect set of random reals. Now, define JIB0 by 

駕＝｛（B,n):Vs E 2nnB: Lb([s] nB)2'. 2dom(s)+l }. 

It is clear that JIB0 ~ JIB* and闊isdense in屈＊ （recall the Lebesgue density). We define 
a height on匝； asfollows: For (B,n) let h1((B,n)) = n. In [BJ93, Lem. 1.5], it was 
demonstrated that〈闊，hりfulfillsthe property（贔）， soby using Lemma 4.16 again, 
we obtain that JIB0 is(l-leaf-linked. Since JIB0 is dense in屈＊9B。isstill(l-leaf-linked. 

Example 4.19 ([Bre95]). Given a b E ww define the forcing lP'艮bas the poset whose 

conditions are of the form p = (A,〈7rn:n EA〉,F)such that 
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(i) A E [w]<N。,

(ii) VnEA:冠： ITm<nb(m)→b(n), and 

(iii) F is a finite set of functions and V f E F :3kさw:f E ITn<k b(n), i.e., F is a finite 

subset of seq<w(b) U seq(b). 

The order is defined by (A'直',F')さ(A,1r, F) iff 

(a) AこA',7r ~汀',

(b) if A'-:/ A and A-:/ 0, then max A<  min(A''-A), 

(c) ¥/f E FヨgE F': fこg,and 

(d) VJ E F¥/n E (A''-A) n dom(f): 1r~(f 「n) = f(n). 

Furthermore, JPl股bis u-centered (and thus ccc). Let h : JPl恥b→w be defined by h(p) = 
max(ApU{IFpl}), which can be easily seen that is a height function where p = (Ap, Jrp, Fp)-
Brendle proved that the pair〈P股b,h〉satisfiesthe conditions of the property（贔）． Therefoe
it is u-leaf-linked (u-Fr-linked). 

Motivated for all the discussions in the preceding sections, one could ask the following: 

Problem 4.20. Are each one of the following constellations consistent with ZFC? 
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Figure 5: Possible models where the four cardinal characteristics associated with £ can 
be pairwise di廿erent.

We have solved Problem 4.20 (2), concretely, we proved: 

Theorem 4.21 ([Car23, Thm. 5.6]). Assuming入。三入1さ入2::;入3::;入4are uncounatble 
cardinals satisfying certain conditions. Then there is a ccc poset forcing the constellation 

of Figure 6. 
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cov(N) ---------> non(M) 

l>on(C)

cof(M) = cof(E)一cof(N)一C
l ふ

N1十 add(N) cov(M) -------> non(N) 

Figure 6: Constellation forced in Theorem 4.21 

We conclude this section by presenting several problems related to Theorem 4.21, which 

we are interested in: 

Problem 4.22. Are each one of the following constellations consistent with ZFC? 

(1) Constellation of Figure 7. 

(2) Constellation of Figure 8. 

(3) Constellation of Figure 9. 

(4) Constellation of Figure 10. 

(5) Constellation of Figure 11. 

(6) Constellation of Figure 12. 

(7) Constellation of Figure 13. 

(8) Constellation of Figure 14-

(9) Constellation of Figure 15. 

(10) Constellation of Figure 16. 

(11) Constellation of Figure 17. 



37

入4

f(M) = cof(E)一cof(N)一C

入2

~1 卜 add(N) 卜 add(M) = add(£) cov(M)------>non(N) 

Figure 7: Constellation forced in Problem 4.22 (1) 

入4

f(M) = cof(E)一cof(N)一C

入1

~1 十 add(N)r add(M) = add(E) cov(M)----> non(N) 

Figure 8: Constellation of Problem 4.22 (2) 

入4

of(M) = cof(£) —→ cof(N) 一 C

ふ

N1卜 add(N)卜add(M)= add(E) cov(M)------>non(N) 

Figure 9: Constellation of Problem 4.22 (3) 
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入5

f(M) = cof(E)一cof(N)一C

~1 cov(M)------>non(N) 

Figure 10: Constellation of Problem 4.22 (4) 

入5

f(M) = cof(E)一cof(N)一C

~1 cov(M)----> non(N) 

Figure 11: Constellation of Problem 4.22 (5) 

入5

of(M) = cof(£) —→ cof(N) 一 C

N1 cov(M)------>non(N) 

Figure 12: Constellation of Problem 4.22 (6) 
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入5

f(M) = cof(E)一cof(N)一C

~1 cov(M)------>non(N) 

Figure 13: Constellation of Problem 4.22 (7) 

入5

f(M) = cof(E)一cof(N)一C

~1 cov(M)----> non(N) 

Figure 14: Constellation of Problem 4.22 (8) 

入5

of(M) = cof(£) —→ cof(N) 一 C

N1 cov(M)------>non(N) 

Figure 15: Constellation of Problem 4.22 (9) 
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入5

f(M) = cof(E)一cof(N)一C

~1 cov(M)------>non(N) 

Figure 16: Constellation of Problem 4.22 (10) 

入5

f(M) = cof(E)一cof(N)―→ C 

~1 cov(M) -------> non(N) 

Figure 17: Constellation of Problem 4.22 (11) 
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