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Abstract

DeConcini-Procesi and Tanisaki show that the cohomology rings of Springer fibers of
type A are isomorphic to the coordinate rings of scheme-theoretic intersections of some
nilpotent orbit closures and a Cartan subalgebra. In this thesis, we give some variants of
their result to other situations by reinterpreting them as certain isomorphisms between the
cohomology rings of some symplectic varieties and the coordinate rings of some schemes
coming from another symplectic varieties, which are known as symplectic duality. In
particular, we show that the cohomology ring of the Hilbert scheme of n-points in the
affine plane is isomorphic to the coordinate ring of the G,,-fixed point scheme of the n-th

symmetric product S"C? of C? for a natural G,,-action on S"C2.
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CHAPTER 1

Introduction

One of the celebrated results in geometric representation theory is the localization
theorem of Beilinson-Bernstein [1] and Brylinski-Kashiwara [5]. This theorem states that
a certain category of U(g)-modules is equivalent to a certain category of (twisted) D-
modules on the flag variety. This gives a connection between the representation theory of
g and the perverse sheaves on flag variety via the Riemann-Hilbert correspondence, which
yields a proof of the Kazhdan-Lusztig conjecture on the character of irreducible highest
weight representation. This theorem has some variants to other situations. One of such
variant is given by the work of Gordon-Stafford [13] and Kashiwara-Rouquier [25] on a
connection between the representation theory of rational Cherednik algebras (RCA) of
type A and the quantizations of structure sheaves of Hilbert schemes of points in the affine
plane. In some cases, this gives algebro-geometric realizations of associated graded modules
of representations of RCA with respect to some filtrations [14], like filtered D-modules on
a smooth variety X give quasi-coherent sheaves on the cotangent bundle T*X by taking
its associated graded. For example, the ring of diagonal coinvariants DR,,, which is the
associated graded of the unique finite dimensional representation LinTle of RCA when the
parameter equals to —”T“ [12], is isomorphic to the global section of some vector bundle
(called the Procesi bundle) restricted to the punctual Hilbert scheme [21]. This connection
between diagonal coinvariants and Hilbert schemes of points yields a celebrated result of

Haiman [21] on the determination of bigraded characters of DR, in terms of a certain
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operator (called the V operator) on symmetric functions. This is one side of the story
about geometric approach toward the combinatorics of DR,,.

Another celebrated result in geometric representation theory is the proof of the Deligne-
Langlands conjecture by Kazhdan-Lusztig [26] on the classification of irreducible reresen-
tations of affine Hecke algebras. The point is that affine Hecke algebras can be realized by
the equivariant K-theory of Steinberg varieties with its product structure given by the con-
volution product. Then one can construct standard representations of affine Hecke algebras
by considering the K-theory of Springer fibers. General formalism on the classification of
irreducible representations of convolution algebras was developed by Chriss-Ginzburg [6]
and applied in other situations such as quiver varieties [36]. Among them, Vasserot [43]
gives an affine analogue of the above theory of Kazhdan-Lusztig and classified irreducible
representations of double affine Hecke algebra (DAHA) in terms of the homology of affine
Springer fibers (see also [41] or [37]). Since the representation theory of DAHA and the
representation theory of RCA are similar, one can give another construction of some finite
dimensional representations of RCA via the homology of affine Springer fibers. For type A,
we can get another geometric realization of L nit > LinTJrl ®sgn. In our previous work [23],
we construct certain filtration on the homology of certain affine Springer fibers of type A,
which gives a bigrading on its associated graded. We can give a combinatorial description
of its bigraded character which is quite different from the formula obtained by the geometry
of Hilbert schemes. In fact, the coincidence of these two formulas is known as the shuffle
conjecture [18] in the combinatorics of diagonal coinvariants. Hence if we can prove the
coincidence of bigradings coming from Hilbert scheme of points and affine Springer fibers,

then the shuffle conjecture follows. Conversely, the shuffle conjecture suggests that there
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should be some relations between algebraic geometry of Hilbert of points and topology of
affine Springer fibers.

The aim of this thesis is to find some other examples of this kind of phenomenon,
that is, equalities between algebro-geometric objects and topological objects. One hint
already exist in the work of DeConcini-Procesi [8] and Tanisaki [40]. They proved that
the cohomology rings of Springer fibers of type A are isomorphic to the coordinate rings of
scheme-theoretic intersections of certain nilpotent orbit closures and a Cartan subalgebra.
Another hint is implicit in the work of Lusztig [32] on bases in equivariant K-theory of
Springer fibers. It suggests that the cohomology rings of partial flag varieties are isomor-
phic to the coordinate rings of certain explicit closed subschemes of Slodowy slices. The
nilpotent orbit closures appeared above can be resolved by cotangent bundles of partial
flag varieties, and Slodowy slices can be resolved by Slodowy varieties which are homotopy
equivalent to Springer fibers. That is, the cohomology rings of Springer fibers of type A
can be written as the coordinate rings of some schemes related to partial flag varieties, and
conversely, the cohomology rings of partial flag varieties can be written as the coordinate
rings of some schemes related to Springer fibers of type A. We remark that the Slodowy
varieties and the cotangent bundles of partial flag varieties appearing here are examples of
symplectic duality in the sense of Braden-Licata-Proudfoot-Webster [3]. Main results of
this thesis is to show that this phenomenon occurs in other examples of symplectic duality.

Let us explain the contents of this thesis. First two chapters are motivational, and
discuss two geometric approaches toward the combinatorics of diagonal coinvariants. In
chapter 2, we review some results of Haiman on the geometry of Hilbert schemes of points

in the affine plane and combinatorics of diagonal coinvariants. In chapter 3, we review our
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previous work on the relation between affine Springer fibers of type A and the shuffle con-
jecture of Haglund-Haiman-Loehr-Remmel-Ulynaov. In chapter 4, we review some parts
of symplectic duality and reformulate the result of DeConcini-Procesi and Tanisaki using
symplectic duality. This reformulation leads to a proposal on the equality of the cohomol-
ogy rings of conical symplectic resolutions and the coordinate rings of some schemes coming
from dual conical symplectic resolutions. In later chapters, we illustrate this proposal by
some other examples. In chapter 5, we check it for the cohomology rings of Spaltenstein
varieties of type A. In chapter 6, we deal with hypertoric varieties. In chapter 7, we prove

it for Hilbert schemes of points in the affine plane.



CHAPTER 2

Combinatorics of diagonal coinvariants

This chapter is a review of some results of Haiman on the combinatorics of diagonal

coinvariants. This and the next chapters are included here for motivational purposes.

2.1. Symmeric functions

Let A = (A, A9, .., N), A1 > Ay > -+ > N > 0, be a partition. We denote its size
by [A| = >, A and its length by ¢(\) = [. If |\| = n, then we write A - n. We may also
write A = (1*12%2 .. .) to indicate the partition with its a; parts equal to i. The conjugate

partition of X is denoted by A” which is defined by A\ =" ... a;. We set

Jji

n(A) = (i—1)\.

The Young diagram of A is the set {(i,7) € Nx N | 0 < j < Aj1}. One pictures
elements (i, j) € N x N as boxes arranged with the i-axis vertical and the j-axis horizontal.
A skew Young diagram A/ is the difference of Young diagrams A and p satisfying pu C A.
For two partitions A, p - n, a semi-standard Young tableaux of shape A and weight u is
amap T : A — N from the Young diagram of A to N with its multiset of entries equal to
{1m2#2 .} which is weakly increasing on each row and strictly increasing on each column.
We denote by SSYT(A, i) the set of semi-standard Young tableaux of shape A and weight
. Its cardinality K, is known as the Kostka number.

Let Ag == lim Q|z1, - - -, 2,)%" be the ring of symmetrce functions [33]. For a partition
A, we denote by my(z) € Ag the monomial symmetric function associated with A, that

is, the sum of all distinct monomials in the z; whose multiset of exponents equals the

5
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multiset of parts of A. Let e,(z) = muny(2) be the n-th elementary symmetric function
and p,(2) = m)(2) be the power-sum symmetric function of degree n. It is well-known

that {py }nen is algebraically independent and generates Ag as a Q-algebra. Let us write

pa(z) = HPA@-(Z)-

Let
sa(2) 1= D Kaumy(2)
ukn
be the Schur function associated with A. We write (—, —) for the Hall inner product on

Ag characterized by
(82, 8u) = O
It is well-known that irreducible representations of n-th symmetric group &,, over C
are parametrized by partitions of n. We denote by L, the irreducible representation of &,
parametrized by A - n. For example, L, is the trivial representation and L~y is the sign

representation. Let V' be a finite dimensional representation of &,, over C. We denote by

./_"(V) = Zdim(HOHlGn (L,\, V))S)\<Z) € AQ

AFn

its Frobenius characteristic. Let u = (u1, po, ..., ) be a partition of n. We define the

parabolic subgroup &, of & by
G6,=6,, xG,, x - xG,.
Lemma 2.1. For V a finite dimensional representation of &,, over C, we have

F(V) =Y dim(V)m,(2).

ukn

Here, V' denotes the space of & -invariants in V.

For its proof, see for example [23].
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2.2. Modified Macdonald polynomials

Let us recall the notion of plethystic substitution. Let E(t1,%s,%s,...) be a formal series
of rational functions in the parameters t1, to, . ... We define the plethystic substitution py[FE]
of E into py by

For example, we have pi[Z] = pr(z) for Z = 21 + 25+ -+ and

Z 2 pi(2)
pk[l—q]_zi:l—q’“ 1"
For any symmetric function f € Ag, we extend the definition of plethystic substitution

fIE] by first expressing f as a polynomial in py, say f = >, eapy for ¢y € Q, and then

defining
fIE) =Y e HPAZ- [E].

Proposition 2.2 ([19]). For any p b n, there exists H,(z;¢,t) € Ag ®g Q(g,t) such
that
o Az 0t) € Qe Hsn[Z/(1— )] : A = ),
o H,(2:4,t) € Qa.){s\[Z/(1 — )] : A = u"},
o (Hyusm) =1

These conditions characterize H x(2; ¢, t) uniquely.

The H , are called modified Macdonald polynomials. The set of modified Macdonald
polynomials form a basis of Ag ®g Q(q,t). We define a linear operator V on Ag ®q Q(g, t)
by

Vﬁ# — tn(u)qn(uT)ﬁu.

This is called the nabla operator.
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2.3. Diagonal coinvariants

Let C[x,y] = Clz1,...,%n,Y1,--.,Yn| be the ring of polynomial functions in 2n vari-
ables. We consider the diagonal action of &, on C[x,y]. Let m be the homogeneous
|8

maximal ideal in C[x,y]|°". The ring of diagonal coinvariants DR, is defined by

DR, = C[x,y]/mC[x, y].
The natural G,,-action on DR, respects the bigrading

DR, = (DR,);,
i,J
given by the z-grading and the y-grading. Let
F(DRy;q,t) =Y '/ F((DRy)i )
i,J
be the bigraded Frobenius series of DR,,. It turns out that F(DR,;q,t) and its specializa-
tions are related to various combinatorial objects such as modified Macdonald polynomials,

Dyck paths, parking functions, etc.

Let
Clq,t) = (en, H,)

be the bigraded Hilbert series of &,-alternating part of DR,. Then it follows from the

1 2n
Cn(l’l):n—i—l(n)’

hence C),(q,t) gives a q,t-analog of the n-th Catalan number. It is well-known that the

next proposition that

Catalan number is equal to the number of Dyck paths. Garsia-Haglund [10] gives a formula
for the ¢, t-Catalan number C,, (g, t) by a sum over Dyck paths with some weights given by

certain statistics on Dyck paths.
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Parking function is a map f: {1,...,n} — {1,...,n} satisfying #f71({1,...,k}) > k
for all 1 < k& < n. We denote by PF,, the set of parking functions and CPF,, the C-
vector space spanned by PF,. The weight of f is defined by wt(f) = >  (f(i) —¢). The

symmetric group &,, acts on PF,, or CPF,, by permuting the domain of f and this action

preserves the weight. Let CPF,, = ®,CPF,, ; be the grading given by weight.
Proposition 2.3 ([21]). We have

F(DRy;1,t) =Y t*F(CPF,,®sgn).
d

This proposition follows from the formula for F(DR,;q,t) given in the next section.

Since it is known that the number of parking functions is given by (n + 1)"~!, we have
dim(DR,) = (n+1)"",

2.4. Hilbert schemes of points in the affine plane

In this section, we briefly review the work of Haiman on a relation between the com-
binatorics of diagonal coinvariants and the geometry of Hilbert schemes of points in the
affine plane.

Let Hilb"(C?) be the Hilbert scheme parametrizing 0-dimensional subscheme of C? of

length n. Therefore, the set of C-valued points of Hilb"(C?) is given by
{I CClz,y] | I: ideal, dim(C[z,y|/I) = n}.

Let V(I) C C? be the closed subscheme of C? defined by I. The multiplicity of a closed

point P € V(I) is the length of the Artin local ring (Clz,y]/I)p. Let

o : Hilb"(C?) — S"C* = C*"/6,
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be the Hilbert-Chow morphism. On closed points, it is given by o(I) = Y. m; P, € S"C?,
where P; runs over all closed points of V(I) and m,; is the multiplicity of P,. We set

Z, = o 1(0).

Proposition 2.4. The Hilbert scheme of n-points in C? Hilb"(C?) is irreducible and
nonsingular of dimension 2n, and the Hilbert-Chow morphism o : Hilb"(C?) — S™"C? is a

resolution of singularities.

Proof. See for example [35]. O

Let X,, be the reduced closed subscheme of Hilb™(C?) x (C?)" whose closed points are
the tuples (I, Py,. .., P,) satisfying o(/) = >, P;. This is called the isospectral Hilbert
scheme. We have a commutative diagram

X, — C*™
le l
Hilb"(C?) & S~C2
It is known that P = p,Oy, is a vector bundle of rank n! on Hilb"(C?) with an &,-action

affording the regular representation on each fiber. This is called the Procesi bundle.
Theorem 2.5 ([21]). We have

. DR, i=0,
Hi(Z,,P) =

0 v > 0.

The two-dimensional torus T? = G2, acts on C? by (t,q) - (z,y) = (t7'z,q7y) for
(t,q) € T? and (z,y) € C?. This action induces a T?-action on Hilb"(C?), Z,, X,, and

p: X, — Hilb"(C?) is T*-equivariant. For u - n, we associate a monomial ideal

I, =C{a'y’ | (i,5) ¢ n} C Clz,y],
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where we identified p with its Young diagram. Then the T?-fixed points of Hilb"(C?) are
given by the ideals [, for p = n. Let P(I)) be the fiber of P at I,. Then P(I,) has a

T2-action and hence is bigraded.

Theorem 2.6 ([20]). We have

F(P(L,);q,t) = H,(2;q,1).

By Theorem 2.5, we can calculate the bigraded Frobenius series F(DR,,; q,t) by using

the Atiyah-Bott type formula and a Koszul type resolution of Oy, .

Theorem 2.7 ([21]). We have

(1 —q)(1 = t),(q,t)B.(q,t)H,(2;9,t)
Hmeu(l - tlﬂ(x)q*a(x))(l — t*l(z)qlﬂl(w)) ’

F(DR,;q,t) =

pukn

where a(z) and () denote the number of points in u strictly to the right of x and above

x respectively, and

Bﬂ(qat) = Z tiqja

(,5)€n

Hu(q,t) = H (1 —tiqj).

(4,5) €1\ (0,0)

It is known (see for example [17]) that

(1_ )(1_t)Hu( 7t)Bu( vt)Hu(Z; at)
en(2) = Z szu<qa(x) _ tl—gl(ac))(tl(Z) _ q1+a(gg)

pkEn

Hence the above theorem can be stated as follows.

Corollary 2.8. We have

f(DRn;Q7t) = V@n(Z)






CHAPTER 3

Affine Springer fibers of type A

This chapter is a review of our previous work on a relation between the combinatorics

of diagonal coinvariants and the geometry of affine Springer fibers of type A.

3.1. Affine Springer fibers

Let G be a simple simply connected algebraic group over C. Let g be its Lie algebra.
We fix a Cartan and a Borel subgroup 7' C B C G with their Lie algebras t and b. Let W
be the Weyl group of G. Let R be the set of roots and let g = t ® (Bacrfa) be the root
space decomposition of g. For each o € R, we fix a nonzero element e, € g.. Let Q be the
coroot lattice of G. Let p be the half sum of positive coroots. Let F' = C((¢)) be the field
of formal Laurent series in € and let O = C[[¢]] be the ring of formal power series in €. Let
ev : G(O) — G(C) be the map defined by taking € to 0 and let I := ev ! (B(C)) C G(F)
be an Iwahori subgroup of G(F). Let B := G(F)/I be the affine flag variety and let
X :=G(F)/G(O) be the affine Grassmannian.

Let h = 1+ (0, p) be the Coxeter number of G, where 6 is the highest root and (—, —) is
the natural pairing. We fix a positive integer r which is coprime to h. We write r = mh+0b

with 1 < b < h. We set

v =€"| € Z €o + Zea € g(0).
€R

aER «
(e.p)y=b=h (e,p)=b

This is a regular semisimple nil elliptic element in g(F'). In this paper, we only consider

affine Springer fibers associated with v,.

13



14 3. AFFINE SPRINGER FIBERS OF TYPE A

Definition 3.1 (Affine Springer fibers). Affine Springer fibers associated with v,

are defined by

B, = {91 € B| Ad(g)(v,) € b +eg(0) .

X,, = {9G(0) € X | Ad(g) *(v,) € 9(0)} .

r

Proposition 3.2. Affine Springer fibers Bvr and X, have a structure of finite-dimensional
algebraic varieties with finite number of irreducible components. The Borel-Moore homol-

ogy group HPM(B,  C) of B,, has a W-action and it is isomorphic as a W-module to
Q/rQ.

Proof. The first part of the statement is a special case of [27], the second part is a

special case of [31], and the third part is [39]. O

We remark that in type A, it is known that
Q/(n+1)Q = DR, ® sgn.

Our aim in this chapter is to understand the bigrading on DR,, in terms of the geometry

of affine Springer fibers at least conjecturally.

3.2. Affine pavings

In this section, we review some results of Goresky-Kottwitz-MacPherson [15] on a
paving of affine Springer fibers. Let B C P C G be a standard parabolic subgroup with
its Lie algebra p. Let Wp C W be the Weyl group of a Levi subgroup of P. We take

y € Q ®yz R satisfying

p=te P g

a€ER
(e,y)>0
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and (0,y) < 1. We set

gy = @ ga€.

aERMEZ
(o) +m>0

There is a conected pro-algebraic subgroup Gy C G(F) of G(F) with its Lie algebra g,
[34]. For example, if y = 3p, then @y = I and if y = 0, then éy = G(O). We set

F, = G(F)/G, and
Fy(or) = {9G, € F, | Ad(g) "' (v,) € 8 }-

This is a parahoric analogue of affine Springer fiber associated with v,. Let us recall the

Bruhat decomposition:

Fy = |_| Iej‘wéy/GAy.

AeQweW/Wp

Theorem 3.3. If (F,(v.) N [eXwCA}’y/CAJy) is nonempty, then it is an affine space of

dimension

1 .
#{(a,kz)ERmeg(E/B,a>+k:<%,(w-y—/\,a)+k<0}.

Proof. This is a special case of [15]. O
Corollary 3.4. Odd degree part of the Borel-Moore homology of F,(v,) vanishes.

This theorem enables us to calculate the dimension of each graded piece of H*(F,(v,), C).

Since we have (see for example [23])
HEM(B,,, C)"" = HM(F, (v:), C),

we can obtain some information on the W-module structure of HFM(BW, C). In type A,

this information is enough to determine the W-module structure by Lemma 2.1.
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.....

3

FIGURE 1. An example of semistandard Young tableau of skew shape \ +
(1")/A, where n = 5 and A = (3,1). In this case, d-inversions are the pairs
(1,2),(1,3),(2,3),(3,4). Hence dinv = 4.

3.3. Combinatorics

In this section, we briefly recall the conjectural combinatorial formula for F(DR,;q,t)

given by Haglund-Haiman-Loehr-Remmel-Ulyanov [18]. Let
Su=(n—1,n—2,...,1,0)

be the staircase partition. Let A = (A1,...,\,) C 4, be a partition contained in d,. For
every box z = (i,7) € N x N, we set d(z) = i+ j. Let T € SSYT(X + (1")/)) and
consider two entries © = (4,7),y = (7, j") € A+ (1")/A. We say that the pair (z,y) forms

a d-inversion if T'(x) < T(y) and either
e d(y) =d(x) and j > j' or
e d(y) =d(x)+1landj<j
holds. We denote by dinv(7") the number of d-inversions of T'.

We set

Z q,t Z Z t|5n/)\|qdinv(T) ZT,
AC8n TESSYT(A+(17)/N)
where

ZT = H ZT(x)~

zEAH(17)/A
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Conjecture 3.5 (Shuffle conjecture). We have
Ve, (2) = Dy(z;q,t).

This conjecture include Garsia-Haglund’s formula for the ¢,¢-Catalan number and
Proposition 2.3 as a special case. Note that partitions contained in 9, are in bijection
with Dyck paths and standard Young tableaux on A + (1")/\ for A C 6, are in bijection

with parking functions.

3.4. Main result

In the rest of this chapter, we assume G = SL,(C). Let Wog = W x @ be the affine
Weyl group and sg, s1, ..., s,_1 be its simple reflections. We extend the index of s; to all

i € Z by Sitn = 8;. For c € N, we set cyc, := 5.-15.—2 - 5150 € Wag. We set

x=:= || IwG0)/GO)cX.
weWaff/W
WECYCoyq

This is a closed subset of X. Let 7 : Bvr — X, be the natural projection. We set
ngf =71 X, NX=%) CB,.
This gives a stratification of B, . By Corollary 3.4, we have F, := HEM(BEC,C) C

HBM(B,,,C) and

0CF,CF,C-C Fonuey = HM(B,,  C)
2

gives a filtration of HPM([S’W, C). This filtration is stable under the W-action.

Definition 3.6. We define a symmetric function D, ,y(2;q,t) € Ag ®q Q|g, t] by

(n—=1)(r—1) _ i q A~
¢ 2 Dun(zq¢t) = Zt q”f(grz-Hij(Bw, C) ®sgn).

1]
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Then our main result in [23] is the following.

Theorem 3.7. We have

Dn<2, q, t) = D(n,n—l—l)(fz; q, t)

Therefore, the symmetric functions D, ,) generalizes the one defined by Haglund-
Haiman-Loehr-Remmel-Ulyanov to any coprime (n,r). Left hand side of the shuffle con-
jecture is generalized to any coprime (n,r) by Gorsky-Negut [16]. Also, there is a gener-
alization of shuffle conjectures for not necessarily coprime pair (n,r) by Bergeon-Garsia-
Leven-Xin [2]. Since the left hand side of the shuffle conjecture can be understood by the
algebraic geometry of Hilbert schemes of points and the right hand side can be understood
by the topology of affine Springer fibers of type A, this conjecture suggests that there
should be some relations between two very different geometries. Understanding this kind
of relation in other examples is one motivation for the results in the remaining chapters.

We have introduced the stratification of X in an ad hoc way, but we have the following

simple formula concerning this filtration. Note that the stratification also gives a filtration

on HPM(X,C).

Theorem 3.8. We have an equality

1
(I—qt)(1 —q?t)--- (1 —gn1t)

Z t'q’ dim(grinjM(X, C)) =

i,
Since a proof of this result does not appear in the literature, we give a proof of this

theorem in the next section.

3.5. Proof of Theorem 3.8

As in [23], we take an auxiliary set A = Zggl. For an element (aq,as,...,a, 1) of A,

we make the convention that a, = 0 and a;,, = a; + 1 in order to extend the index to all
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integers. We set a(a;) = a1 +as + -+ + a,_1. We often abbreviate a(a;) by a if there is no

confusion. For (a;) € A, we set

)\(al) = (al—a’ a/2—(l7 A 7an—a) E Q C Zn

In [23] Proposition 4.1, we show that this gives a bijection between A and Q.
By the length formula, the dimension of the cell IeX®)G(O)/G(O) corresponding to

(a;) is given by

FNa)) = D aica — ajoal = #{(6,4) | 1 i < j <nyai-0 < aj_a}.

1<i<j<n

Lemma 3.9.

CMa))=a+ Y ai—a| —#{(i,§) |1<i<j<n-—1la<a;}

1<i<j<n—1

Proof. Let x be the characteristic function. It suffices to note that for 0 <i < j < n,
a; = anyil — x(aj < anyi) = |a; —a; = 1| = x(a; < a;)
a; — a; it a; <ay
a;—a;—1 ifa; > a

= la; — a;| — x(a; < a;)

By this lemma and [23] Lemma 4.6, we have

5" 6 il K, €)= 3 s s ool

We have to show that this is equal to

Z qb1+2b2+'“+(n*1)bn71tb1+b2+“'+bn71

b1,....bn—120
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We take B = Z%;' to be the set of parameters for (b;)’s. We will give an explicit
bijection between A and B which preserves the two grading respectively. In order to do
so, we divide the summation over A or B into (n — 1)! parts respectively.

For A, we divide it into subsets A,, for every w € &,,_1, where

for any 1 <17 < n,

Ay = (ala ce e 7an71> €A Qo (4) > QAu(i+1) if UJ(Z) < ’LU(Z + 1)

A (i) = Qu(i+1) if w(z) > w(i -+ 1) )

It is easy to see that A = Uyee,_, Aw. For (a;) € Ay, we have

F(Nay)) =a+ Z (Quw(i) — Au(jy) — L(w)

1<i<j<n

i
L

= (n+1—=2)a,u — lw).

=1

For B, we divide it according to the values of b; mod n—i. We set C' = {(¢1,...,¢n-1) |
0 < ¢ <n—i}. Note that ¢, 1 = 0 for every element in C. For ¢ = (¢1,...,¢,.1) € C,

we set
Be ={(b1,...,by_1) € B|b; =¢; mod n —i}.
Obviously, we have B = U¢ec Be.

We construct a bijection between &,,_; and C. For 1 <[ < n, we take o; to be the

cyclic permutation as follows:
l ifi=1
) =9i-1 ifl<i<l-

l ifi>1
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Let 0 : C'— G&,,_1 be the map defined by

Cn—2

o(c) =0, 107505

It is easy to see that o is bijective.

For w € 6,1, we set L(w) = >, ysw(irn) Hn—1) —l(w) and M(w) = 37, i)sw(itn) b

Lemma 3.10. Let 1 <k <n—1,0<c¢, <n—k, and w € &,,_;. Assume that we

have w(n — k) > ¢, and w(l) = [ for any [ > n — k. Then we have

L(c* ,w) = ki, + L(w)

M (0% ) = e+ M(w).

Proof. By induction on c¢y, it suffices to prove the assertion for ¢y = 1. Let 1 <1 <
n — 1. If w(i) and w(i + 1) are not equal to 1, it is easy to see that w(i) > w(i 4+ 1) is
equivalent to o,_rw(i) > o, rw(i + 1). Hence the contribution of this i to L(w) (resp.
M(w)) and L(o,_xw) (resp. M(o,_xw)) are the same.

If w(i) = 1, then we have by assumption 1 < ¢ < n—k. Hence we have w(i) < w(i+1)
and o,_rw(i) =n—k > o,_pw(i+ 1). If i > 1, then we also have w(i — 1) > w(i) and

Op—rw(i — 1) < op_pw(i). Therefore, we have M(o,_rw) — M(w) =i — (i—1) =1 and

L(opyw) — L(w) =i(n—1i) — (i —1)(n—i+ 1) — l(op_sw) + {(w)
=n+1-—2i— (o, pw)+ {(w)
Concerning the length, all j < i contribute to ¢(w) and not to ¢(c,_jrw), and all i < j <

n — k contribute to (o, _rw) and not to ¢(w). It is easy to see that the contributions of

pairs j < j’ with j, j' # i to the lengths are the same. Hence we have ((o,_jw) — {(w) =



22 3. AFFINE SPRINGER FIBERS OF TYPE A
(n—k—14)—(i—1) =n+1—2i— k. Therefore, we have L(o,_yw) — L(w) =n+1—2i —

(n+1—2i—k) = k. This proves the lemma. O

Corollary 3.11. We have L(o(c)) = ¢1 + 2¢c2 + -+ + (n — 2)¢,—2 and M(o(c)) =

C1+C+ -+ Cpha.

Let w = o(c). We give a bijection between A, and B.. We do this inductively by

setting a,(m—1) = % and

(i) + LG if wn—1i—1) <w(n—1)
Qy(n—i—1) =

sy + ZEZGL 11 ifw(n — i — 1) > w(n — 1)

n—i—1

for 1 < i < n—1. Then it is easy to see that this gives a bijection between B, and A,,.

Let us compare the two grading. For the g-grading, we have

n—1

F(May) =D (=04 1+ 2i)aym—ry — L(w)

=1

n—1 n—1 J
= Zb]fcj (Z(—n+1+2i)) + Z (Z(n+1—2i)) — L(w)
j=1 n=J i=j Jw(j)>w(j+1) \i=1

_ ij@j )b Y )~ tw)

Jw(i)>w(i+1)

=3 (b~ )+ Lw

n—1
j=1



For the t-grading, we have

This proves Theorem 3.8.
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Jw()>w(+1) =1

DO
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CHAPTER 4
Symplectic duality

In this chapter, we give a general proposal for a generalization of DeConcini-Procesi and
Tanisaki’s theorem. This formulation involves symplectic duality in the sense of Braden-

Licata-Proudfoot-Webster [3].

4.1. Symplectic duality

Let 97t be a smooth algebraic variety over C with an algebraic symplectic form w and
an action of S = G,, such that s*w = slw for some integer [ > 1 and s € S. This collection

of data is called conical symplectic resolution if

e the canonical morphism 9t — 9 := Spec(C[M]) is projective and birational,
e S acts on C[9N] with only non-negative weights and the space of S-invariants C[9)]°

is one-dimensional, consisting only of constant functions.

We also assume that there exists a Hamiltonian action of T = G,, on 91 commuting
with the S-action such that 97 is finite. By using S-equivariant quantization of 9t and T-
actions, we can associate category O for (9, T). For example, if 9t is the cotangent bundle
of a flag variety, this category O is equivalent to the (principal block of the) usual BGG
category O. Symplectic duality is a duality between (9, T) and another pair (9, T') of
conical symplectic resolution 9" with a Hamiltonian T'-action. It is expected for example
that the category O for (9, T) and the category O for (9, T') are Koszul dual to each

other.

25
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Let us give some examples of symplectic duality. The cotangent bundle of the flag
variety of a reductive group G is symplectic dual to the cotangent bundle of the flag variety
of its Langlands dual “G. The Slodowy varieties of type A and the cotangent bundles of
partial flag varieties are symplectic dual (see section 4.2). More generally, S3-varieties
of type A are symplectic dual to another S3-varieties of type A (Chapter 5). Smooth
hypertoric varieties are symplectic dual to hypertoric varieties associated with Gale dual
hyperplane arrangement (Chapter 6). Hilbert scheme of points in the affine plane is self-
dual (Chapter 7). For more examples and properties of symplectic duality, see [3] section

10.

4.2. Proposal

In [8] and [40], DeConcini-Procesi and Tanisaki show that the cohomology rings of
Springer fibers of type A are isomorphic to the coordinate rings of scheme-theoretic inter-
sections of some nilpotent orbit closures and a Cartan subalgebra. The purpose of this
thesis is to generalize their result to wider situations by reinterpreting them as a certain
isomorphism between the cohomology rings of some symplectic varieties and the coordinate
rings of some schemes coming from another symplectic varieties.

First we recall the result of DeConcini-Procesi and Tanisaki. Let G = GL,(C). We fix
a Borel subgroup B C G and a Cartan subgroup T C B. We take a parabolic subgroup
B C P C G and its Levi subgroup L. We denote by g, b, t, p, and [ the Lie algebras of
G, B, T, P, and L respectively. Let n and np be the nilpotent radicals of b and p. Let
N C g be the nilpotent cone of g and let Np = Ad(G) - np C N a closed subvariety of N.
If A\ F n is the partition of n corresponding to P, then Np is the closure of the nilpotent

orbit whose Jordan block is of type AT.
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We take a regular nilpotent element e in [. Consider the Springer resolution
T(G/B)={(9B,X) € G/B x g| Ad(g)""(X) en} = N

given by u(gB, X) = X. We call B, := ~!(e) the Springer fiber associated with e.

Theorem 4.1 ([8],[40]). There is an isomorphism of graded algebras
H*(B.,C) = CINp Nt

Here, Np Nt is the scheme-theoretic intersection of Np and t in g and the grading on
C|Np N1 comes from the G,,-action on ANp Nt induced by the scaling action ¢ - X = t72X

fort € G,, and X € g.

We summarize the above theorem in the following diagram:

TNGIP) & G/P=up(0)
(4.1) [
Np > Npnt & SpecH*(B.,C).

Here, pup is the parabolic analogue of Springer resolution
T(G/P) = {(9P, X) € G/P x g | Ad(g)"(X) € np} =5 Np

given by pp(gP, X) = X. For type A, up always gives an resolution of singularities of Np
and Np is normal ([29]). Hence Np can be understood as the affinization of T*(G/P). We
also note that 7*(G/P) is homotopy equivalent to G/ P.

On the other hand, we will give an algebro-geometric realization of H*(G/P,C) in the
next chapter. Let us take a sly-triple {e, h, f} containing e. Let Z;(f) (resp. Zi(f)) be the
centralizer of f in g (resp. [). Consider the Slodowy slice S, := N N (e + Zy(f)). There is

a G,,-action on S, given by t - X =t 2Ad(t")X for t € G,, and X € S..
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Proposition 4.2 (Theorem 5.1 for P = B, Q = P). There is a graded algebra

isomorphism

H*(G/P,C) = C[S. N (e + Z([))]-

Here, S, N (e + Zi(f)) is the scheme-theoretic intersection of S, and e + Zi(f) in g and the

grading on C[S. N (e + Z(f))] comes from the G,,-action on S, above.

We summarize this proposition in the following diagram:

Se < B.=puzl(e)
(4.2) e

Se < S.N(e+ Zi(f)) = SpecH*(G/P,C).

Here, S, := p~1(S,) is the Slodowy variety and g, is the restriction of u to S.. It is known
that p. gives a resolution of singularities of S, and S is the affinization of S,. Moreover,
S. is homotopy equivalent to B,.

Note that there is some similarity between the above two diagrams (4.1) and (4.2),
where the roles of B, and G/P are exchanged to each other. Recall that 7%(G/P) and
S. are related to each other by symplectic duality. The aim of this thesis is to generalize
the above theorem of DeConcini-Procesi and Tanisaki to other cases of symplectic duality.
For this purpose, we have to understand the scheme-theoretic intersections Np Nt and
Se N (e + Z(f)) more intrinsically.

Let us recall the notion of fixed point scheme (see [9]). Let H be an algebraic group
over C and let X be a scheme over C with H-action. Consider the contravariant functor

hiL from the category of C-schemes to the category of sets given by

RE(Y) = (the set of H-equivariant morphisms ¥ — X),
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where Y is a C-scheme equipped with trivial H-action. This functor is known to be
representable by a closed subscheme X* of X, which is called the H-fixed point scheme of
X. For X = Spec(A), the ideal of definition of H-fixed point scheme X* in X is generated
by all h- f — f for h € H(C) and f € A.

Let us consider the adjoint action of 7" on Np. One can easily see that the scheme-
theoretic intersection Np Nt is isomorphic to the T-fixed point scheme N7Z of T' (or G,,-
fixed point scheme for some generic subgroup G,, C T'). Similarly, the scheme-theoretic
intersection S, N (e + Zi(f)) can be understood as the Z(L)-fixed point scheme SZE) for
the adjoint action of the center Z(L) of L on S,.

Therefore, the above results can be considered as examples of the phenomenon that the
cohomology ring of a conical symplectic resolution is isomorphic to the coordinate ring of a
Gy,-fixed point scheme of the affinization of symplectic dual conical symplectic resolution.
Main result of this thesis show that this phenomenon occurs for Hilbert scheme of points
in the affine plane.

Let us explain the main result of this thesis. Let Hilb"(C?) be the Hilbert scheme
of n-points in the affine plane. The affinization of Hilb™"(C?) is given by n-th symmetric
product S"C? of C? and the Hilbert-Chow morphism Hilb"(C?) — S™C? gives a resolution
of singularities. Let us consider the action of T = G,, on S"C? induced by its action on
C? given by t - (z,y) = (t 'z, ty) for t € T, (z,y) € C?. Since Hilb"(C?) is symplectic dual
to itself, we come to the following statement by applying the above consideration to this

case:

Theorem 4.3. There is an isomorphism of graded algebras

H*(Hilb™(C?),C) = C[(S"C?)T].
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Here, the grading on C[(S"C?)"] comes from the G,,-action induced by the its action on

C? given by s - (z,y) = (s 'z, s71y) for s € G,,, (z,y) € C%

This theorem is proved in Chapter 7. We also prove in Chapter 5 and 6 that the above
phenomenon also occurs for the case of S3-varieties and hypertoric varieties. It would be
interesting to find some conditions under which this kind of phenomenon can be expected

to hold for more general symplectic dual pair of conical symplectic resolutions.



CHAPTER 5

Spaltenstein varieties

In this chapter, we check the proposal in Chapter 4 in the case of S3-varieties of type

5.1. Main result

Let G = GL,, and g = gl,. We fix a Cartan subalgebra t and a Borel subalgebra
bDOt Let b Cp,qgC g betwo standard parabolic subalgebras and P, ) be the parabolic
subgroups of G with Lie algebras p, q. We denote a Levi and the nilpotent part of p (resp.
q) by [p and np (resp. lp and ng). Let Lg be the Levi subgroup of G' with its Lie algebra
[o. We take a regular nilpotent element ep of [p. We also take a regular nilpotent element
eg of lg and fix a sly-triple {eq, hq, fo}. We denote the centralizer of fg in Iy (resp. in
g) by Zi,(fq) (resp. Zy(fq). Let Np = Ad(G) - np and consider the scheme-theoretic
intersection Np N (eq + Zi,(fq)) of Np and eq + Zi,(fg) in g. Then there is a G,-action
on NpN(eq+ Zi,(fo)) induced from the G,,-action on g given by ¢- X = ¢t~2Ad(t"?)X for
t € Gy and X € g. Let X2 = {gQ € G/Q | Ad(g) 'ep € ng} be the Spaltenstein variety

associated to ep and Q).

Theorem 5.1. There is a graded algebra isomorphism

H*(X2,C) = CINp N (eq + Ziy (fa))]-

ep?

Here, the grading on C[Np N (eq + Zi,(fo))] comes from the G,,-action above.
31
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If @ = B and eg = 0, then Xe% coincides with the Springer fiber B., and the above

description of its cohomology ring reduces to Theorem 4.1.

Remark 5.2. Spaltenstein variety ng is contained in and homotopy equivalent to some
S3-variety. Affinization of the symplectic dual S3-variety is given by Np N (eq + Z4(fq)).
Let Z(Lg) be the center of Lg. Then Z(Lg) acts on Np N (eg + Zy(fg)) by the adjoint
action. One can easily prove that the scheme-theoretic intersection Np N (e + Zi, (fq)) is

isomorphic to the Z(Lg)-fixed point scheme (NpN(eg+Zy(fo)))? L) of NpN(eq+Z,(fo))-

For the proof of Theorem 5.1, we use the presentation of the cohomology ring H* (ng ,C)

by Brundan-Ostrik [4] and the defining equations of Np in g which was conjectured by

Tanisaki [40] and proved by Weyman [44]. We first recall some result from [4].

5.2. Cohomology rings of Spaltenstein varieties

Let A = (A > ... > A\, > 0) be the transpose of the partition corresponding to P
and g = (p1,...,pn), s > 0, the composition of n corresponding to ). Then ep is the
nilpotent matrix whose Jordan block is of type AT, and Np is the closure of the nilpotent
orbit whose Jordan block is of type A.

Let R := Clzy,...,x,] be the polynomial ring in n-variables. We define its grading by
deg(z;) = 2. Let 6, :== &,, x --- x &, be the parabolic subgroup of n-th symmetric
group &,,. For 1 <i <[ and r € Z>, we denote by e,(u;7) the r-th elementary symmeric
polynomial in the variables {zy | g1 + -+ pi1 +1 < k < pug + -+ + p;}. We also set
eo(p;i) = 1. Then the algebra of & -invariant polynomials R, := R®* is freely generated

by {e.(p;7) |1 <i<n,1<r<u}.
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Form>1, 1< <--- <1, <nandr >0, let

er(fyin, .. yim) == Z e (p501) -+ - €y, (145 0m)-

rit+rm=r
Let I /;\ be the ideal of R, generated by

( )
m>1,1<4 < - <ipy <n,

(K501, oy im) | > A i, — At — = An

where a := #{i | u; > 0,4 # i1,...,im}

\ /

Theorem 5.3 ([4]). There is an isomorphism of graded algebras

H*(X2,C) = R,/I.

ep?
5.3. Defining equations of nilpotent orbit closures

Next we recall the defining equations of nilpotent orbit closures of g. We have Clg] =
Clwxij], where x;; (1 <i,j < n) is the (i, j)-th coordinate of matrices. Let {g,}, be the set
of coefficients of t* in s-minors of (tI — (z;;)) with s =1,...,nand k < \y_sy1+ Apsi2 +

A
Theorem 5.4 ([44]). The defining ideal of Np in g is generated by {g},.

5.4. Proof of Theorem 5.1

First we prepare some notation. We define u; x p;-matrices E; and F; as follows:
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Ow—1 0 - 0

0 0 2(u—2)

We set Z;(2W) = Zi(xgi), . ,x,(f)) = F+ 2T+ 20 F, + xé”f«? +- 4 :c,(fi)Fi“i_l. Then we

1

may assuine

E; 0
eq =
0 E,
and
F 0
fo=
0 F,

Any element of eq + Zi,(fq) can be written as

Zl(l’(l)) O

0 Zp (™)

(@),

for some x;"’s. We regard xy)’s as coordinates on eq + Zi,(fq) and define é,.(u;i) €

Cleq + Zi,(f@)] for 1 <7 < p; by

det(tT — Z;(x'D)) = " — &) (i) t" = 4 - (=1)"E,, (u; ).
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Then é,(u;) is homogeneous of degree 2r and {€,(u;i) | 1 < i < n,1 < r < p;} freely
generate the ring Cleg + Zi,(fg)]. We denote by ¢ : R, = Cleq + Zi,(fq)] the graded
algebra isomorphism given by #(e,(u;7)) = é.(u;7). We denote by é,.(u;i1,...,14,) the
image of e, (u; i1, ..., 4,) under 1.

In order to prove the assertion, it suffices to show that the defining ideal I l’) of NpN
(eq + Zi,(fq)) in Cleq + Zi,(fg)] coincides with 1(I}). By Theorem 5.4, I} is generated
by coefficients of t* of various s-minors of tI — Z(x) with k < My_gy1 + -+ + X\, If we
remove the first row and the last column of Z;(z(V), then we obtain a upper triangular
matrix with diagonal entries 1. Hence for s < ju;, there is an s-minor of ¢/ — Z;(x®) which
equals to +1.

Let | = #{i | i > 0}. Consider an s-minor of t/ — Z(x). Note that nonzero s-minor
of tI — Z(x) is certain product of s;-minors of tI — Z;(x™) with s; 4 --- + s, = 5. We set
m =1— (n—s). Then we have #{i | s; = u; > 0} > m.

First we assume m < 0. Then there is an s-minor of ¢t/ — Z(x) which equals to
+1. If \ysy1 + -+ + Ay = 0, then s-minors of ¢/ — Z(x) do not contribute to f;‘ If
An—si1+ -+ Ay > 1, then we have 1 € fl’) On the other hand, there exists 7 such that

p; = 0 by the assumption m < 0 and 1 = eg(p;1) € Iﬁ since we have

,ui_>\l+1_"'_/\n__)\n—s+m+1_"'_)\n
§_>\n73+1_"'_)\n

< 0.

Hence we have INL\ = (1) in this case.
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Next we consider the case of m > 1. Let 1 <1y < --- < 1, <[ be some labels satisfying

s; = p;. Then this s-minor of ¢t/ — Z(x) is a product of some polynomial and
det(tI — Z;))---det(t] — Z;, ) = (t'1 — & (p;iy)thn ' 4+ - 4 (=1)Fn €, (1571)):

s (= Ey (G U T A (1) E, (p5m)
Ni1+"'+uim

- Z <_1)Tér(/ub; T ,im)t'u'il—"_"'_".u‘im_r'

r=0

Hence the coefficients of t* with k& < A\,_s41 + - -+ A, are contained in the ideal generated
by {&-(;91, .. im) | 7> iy + -+ 4 i, — N—ms1 — -+ — An}. Conversely, if we choose
s;i = pi — L for i #4y,..., 4, and s;-minors of t/ — Z; which are +1, then £é,(pu; i1, ..., 4m)
appears as a coefficient of t* for some s-minor of (t/ — Z(x)) with k < X\p_oi1 + -+ + M.

This proves iﬁ\ = w([;})



CHAPTER 6

Hypertoric varieties

In this chapter, we check our proposal for hypertoric varieties.

6.1. Hypertoric varieties

We briefly recall the definition and some properties of hypertoric varieties following
[38]. Let T" = (G,,)™ be the n-dimensional complex torus and " its Lie algebra with a
full lattice t} and its basis {¢;}. Let t¥ be a complex vector space of dimension d with a
full lattice t2. Let {ay,...,a,} C t§ be a collection of nonzero vectors which spans tJ. Let
a : t" — t¢ be the linear map defined by a(g;) = a; and let t* be the kernel of a with a full

lattice t5. Then we have the following exact sequences

a

0=t S50
and
0=t - -t 0.
This gives an exact sequence of tori
0—=TF—=T" =T 0.
T" acts on T*C™ symplectically by
AL A - (21, 2 W1, W) = (A121, ey AnZn, AL W, .. Ay,

for (A,..., ) € T" and (z1, ..., zp, w1, ..., wy,) € T*C". The moment map p, : T*C" —

(t")* for this action is given by g, (21,..., 2, w1,...,w,) = (z1w1, ..., Z,w,). Then the

37
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moment map for the action of T on T*C" is given by u = 1* o u,. For a € (t£)* a

character of T%, we define the hypertoric variety associated to A = {ay,...,a,} and a by
Mo (A) = :u_l(o)//aTk-

Here the quotient above is the GIT quotient with respect to a. For r = (rq,...,7,) € (t*)*

a lift of a along +* and ¢+ =1,...,n, we set
Hi={xec (D |z a; +r; =0}

Hyperplane arrangement {H,,..., H,} is called simple if every subset of m hyperplanes
with nonempty intersection intersects in codimension m and A is called unimodular if every

collection of d linearly independent vectors {a;,,...,a;,} spans t& over Z.

Proposition 6.1. Hypertoric variety 9, (A) associated with A4 and « is smooth if and

only if {Hy,..., H,} is simple and A is unimodular.
The torus T naturally acts on 9, (A) and preserves the symplectic form.

6.2. Main result

We set * = (%)%, ¢ = (t9)*, and t* = (t*)*. We denote by T", T% and T* the dual
tori of T, T, and T*. Set b = 1* and set b; € t to be the image of the standard basis of
2 under b. Let B = {b,...,b,} be the Gale dual configuration of A. Let us fix a basis of
tCZl =~ 74 and its dual basis {ch >~ 74, Let us write a; = (a1, . .., aiq) using this basis. Then

the moment map fi : T*C" — t¢ for the T%action on T*C" is given by

(61) ,[L(Zl, ey Rn, Wy ... ,wn) = (Z A;12; Wiy« v @y Zaidziwi> .



6.3. COHOMOLOGY RINGS OF HYPERTORIC VARIETIES 39

The action of (\1,...,\q) € T% on C[T*C"] is given by
(/\1, ey )\d) 2y = )\(11“ s )\gidZi,
()\17 SRR )\d) CWw; = A;ail e )\;aidwi-

We consider the hypertoric variety 9 (B) = Spec(C[a~1(0)]7") associated to B and
0 € (t9)5. The torus T% = 7™ /T naturally acts on M, (B) and there is another G, action
on My(B) induced from its action on T*C™ given by ¢ - (z,w) = (t7'2,t7'w). This G,,-
action induces an G,,-action on the fixed point scheme 9% (B)Tk The aim of this chapter

is to prove the following.
Theorem 6.2. If M, (A) is smooth, then there is an isomorphism of graded algebras
H* (M (A), €) = CMo(B))
Here, grading on C[90,(B)7"] comes from the G,,-action above.

6.3. Cohomology rings of hypertoric varieties

Let A4 be the matroid complex associated to A, that is, the simplicial complex con-

sisting of all sets S C {1,...,n} such that {a; | : € S} are linearly independent. Let

SR(AL) :=Cley,. .., enl/ (H ei|S ¢ AA)

ieS
be the Stanley-Reisner ring of A 4. We define its grading by setting deg(e;) = 2. Then the

cohomology ring of M, (A) can be described as follows.

Theorem 6.3 ([22],[28]). If M, (.A) is smooth (or has at worst orbifold singularities),

then there is an isomorphism of graded algebras

H* (M, (A),C) = SR(A,)/ (Z age; |j=1,... ,d) .
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6.4. Proof of Theorem 6.2

For x € Z, we write [z]; := max(x,0). We set u; := zw; for 1 < ¢ < n and
Vi = Z.zl[mi]*wz[*mibr for m = (mq,...,m,) € Z" with >, m;a; = 0. Then we have
Ui, v € Clzg, ..., Zmywy, .. w,)T = C[T*C"/T9. If a monomial [],2%w* is con-

tained in C[T*C"/T9), then we have >, (c; — ¢))a; = 0. Hence we can write [, zf"wf; =
v [ L uinin(ci’cé) by setting m; = ¢; — ¢,. Therefore, C[T*C"/T% is generated by {vs |
> mia; = 0} as a Cluy, . .., u,]-module and the defining ideal of the T*-fixed point scheme
(T*C™/TT" in T*C"/T? is generated by v,’s for i # 0. It follows that C[(T*C"/T%)T"]
is generated by wuq,...,u, as a C-algebra.

Let S C {1,...,n} be a circuit of Ay, i.e. minimal among the subsets of {1,...,n}
which is not in A 4. There is a relation Zie g pia; = 0, where all p; € Z are nonzero. For
any ig € S, @iy = — Y _.c S\{io} g—_;ai and {a;}ics\ (i) is linearly independent. Hence from the
unimodularity of A, we have ;—_; € 7Z. Therefore, we can take p; = +1 for all i € S. We set
pi=0fori¢ Sand j= (p1,...,pn) € Z". Then we have [[,_gu; = vyv_z in C[T*C"/T
and hence [[;,.qu; = 0 in C[(T*C"/T*)T"]. On the other hand, if a monomial [Lw inw
is zero in C[(T*C"/T%T™"], then there exists & m,m’ € Z" with 3., ma; = ., mia; = 0

and m # 0 such that
H ul = vHvm H (8
i i

Hence the subset {i | ¢; # 0} C {1,...,n} contains {i | m; # 0} which is not in A4.
Therefore, [ ], uf* is contained in the ideal of Cluy ..., u,] generated by [],cqu; for S ¢ A 4.

It follows that we have an isomorphism of graded algebras

CUT*C*/TH™) = Clu, . . ., un]/ (H ui | S ¢ AA> ~ SR(AL)

€S
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by sending u; to e;. By (6.1), we have
C[M,(B)] = C[T*C"/TY)/ (Z agui | j=1,... ,d> .

It follows that

Cm(B)™] = C[(TC /T ™)/ <Z agui | j=1,... ,d)

gSR(A_A)/ (Zauel ’]: 1,,d> .
i=1

By Theorem 6.3, this implies Theorem 6.2.

41






CHAPTER 7

Hilbert schemes of points in the affine plane

In this chapter, we prove Theorem 4.3.

7.1. Cohomology rings of Hilbert schemes of points

In [30] and [42], Lehn-Sorger and Vasserot independently give an description of the
cohomology ring of Hilb"(C?) as the center of the group ring of the symmetric group
Z(C[&,))). In this section, we recall some results of [30] and [42].

For a partition )\ of n, we denote by €5 C &, the conjugacy class of G,, consisting of

permutation whose cycle type is A. If A = (191292 ), then we have

n!

#&5

We define the characteristic function x; € Z(C[&,]) by

X;\:ZU.

UE@;\

Then {x;}s., forms an basis of Z(C[&,]). For o € &, of cycle type A, we define its

~

degree by deg(o) = 2(n — ¢(\)). Let C[&,]4 be the subspace of C[&,,] spanned by o with

deg(o) = d and

FdC[Gn] = @ C[Gn]d/

d'<d

Then FIC[&,] defines a filtration on C[&,] compatible with the product. The induced
product on gr”” C[&,,] is called the cup product and denoted by U. Since x; is homogeneous,

Z(C[6&,,]) inherits from C[&,,] the gradation, filtration, and the cup product.
43
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Theorem 7.1 ([30],[42]). There is an isomorphism of graded algebras
H*(Hilb™(C?), C) = grf Z(C[S,]).

We prove Theorem 4.3 by identifying gr” Z(C[&,]) and C[(S"C?)"]. For later use, we
give a formula for the cup product with X (441,1n-+-1y for 1 <k < n —1. For two partitions
fo=(192% ) and 0 = (1M2% ), we write 4 < 0 if B; < 4; for any i. Note that this

partial order is not related to the usual partial order on the set of partitions.

Lemma 7.2. For A = (142% ) n, we have

Z ko (6 + 1)XA
Hi ! .

X(k+1,1m-k-1) U X3 =
p=(17M127%2..))
0(D)=k+1,0<\

Here, © runs over partitions with £(2) = k+ 1 and # < A, and Ay = (172% ) F nis

defined by

Gi— % QD
ap +1  ifi= ||

Proof. For an element 0 € €y yqqn-s-1) (say 0 = (123...k + 1)) and 7 € &, the
equality deg(o7) = deg(o) + deg(7) holds if and only if 1,2,...,k + 1 are contained in
different cycles for the disjoint cycle decomposition of 7. If the number of elements of
{1,2,...,k+ 1} which are contained in cycle of length 7 is 4;, then the cycle type of o7 is
given by Xs. For a fixed o € € (41,11, one can see that the number of 7 € &5 such that

the cycle type of o7 equals to A is given by

(k+1Dl(n—k —1)!
[L a4l (6 — 4:)!

Hence we have
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Z (k+1Dln—k—1) #Q:(kJrl 1n—k=1)

X(k+1,m-4-1) U X5 = [1, 4% %%-(az W e,

p=(1112%2...)

Z (k+1)! n—k—l)! n! [1,7%3!
I3 & — ) (k+1)(n—k—=1)! n! hoy

Z k[ (G + I)XA
[T %! Ao

which completes the proof. 0

7.2. MacMahon symmetric functions

In this section, we study the ring structure of C[(S"C?)T]. First we prepare some
notations on symmetric functions in two set of variables (called MacMahon symmetric
functions in [11]). For an element (a,b) € N x N, an unordered sequence of vectors
A = (a1,b1)(az,bs) ... (a;,b) is called a bipartite partition of (a, b) if (a;,b;) € NxN\{(0,0)}
for any i and Y0, a; = a, Y'_, b; = b. We set £(A) = and |A| = (a,b). We have a natural

surjection
C[Sn+1(:2] = (C[xl) vy 1, Y1, - - ,?Jn+1]6"+1 - C[SRCZ] = (C[Jfl, ey Ty Y1ye s ’yn]Gn

induced by z;,y; — x;,y; for 1 < ¢ < n and z,:1,Yynr1 — 0. We consider the projective
limit

S = lim C[S"C?]

with respect to these surjections. This is the ring of MacMahon symmetric functions.

For a bipartite partition A = (ay,b1)...(a;,b;), we define the monomial symmetric

function my € S by symmetrization of the monomial xi”yi’l -y ybl with coefficients 0 or
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1. For example, we have

manan = Z LilYiZjYs-
i<j
It is clear that the monomial symmetric functions form an basis of S. Just as power sum

symmetric functions freely generate the ring of symmetric functions, m,)’s generate S as

a C-algebra and they are algebraically independent ([7]). Hence we have
S = Clmia | (a,8) € Nx N\ {(0,0)}]

The kernel of the natural surjection S — C[S™C?] is generated by {my | £(A) > n} as an
ideal or a vector space. If |A| = (a,b), then the weight of m, with respect to the T-action
induced by t - (z,y) = (t ', ty) for (z,y) € C? is a — b. Hence the ideal of definition for
the T-fixed point scheme (S"C?)" in C[S"C?] is generated by {m(.y) | a # b}. Therefore,

we have the following.
Lemma 7.3.
cl(s"cHT = s/ (mA,m(a,b) | 0(A) > n,a # b) .
In particular, C[(S"C?)"] is generated as a C-algebra by m,,q’s.

For (a,b) € NxN\{(0,0)} and A = (a1, b1) ... (a;, b;), we denote by (a, b)A the bipartite
partition (a,b)(ay,b1)...(a;,b). If (a,b) = (a;,b;) for some i, we denote by A\ (a,b)
the bipartite partition (aq,b1) ... (ai—1,bi—1)(@iy1,bi41) - .. (a;,b;). We have (A \ (a,b)) =

(A) — 1 and |A\ (a,b)| = |A] — (a,b).
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Lemma 7.4. Let A be a bipartite partition. For any (4, j) € NxN\{(0,0)}, we denote
by c(; ;) the multiplicity of (4,7) in A. Then for (a,b) € N x N\ {(0,0)}, we have

Map)Ma = (Cap) + 1)M@apyn + Z Clatip+i) T 1)M(agibri)A\ (i) -

(4,9)
C(i,5) >0

Proof. For ¢ = ¢(444p+j) + 1, we consider the monomial

b o .
2000 @iy b (monomial in x; and y; for i > ¢)

I Matipt+j)a\i,) and its coefficient in the expansion of m,pmy. In the expansion, this

monomial appears as

a. b a+i, b+j a+z b+j

1Y -2 191552 Yo " o Ye )
a, b a+z b+j i a+i, b+j a+z b+j |

LoYs Y1 x2y2x3 Yz " Ye )
a, b a+z b+j, .a+i, b+7 a+z b+j i

T.Y. - Y1 "Ly Yg e 1Yo 1$cyc

Hence the coefficient of mq1ip4j)a\(i,j) I M@apyma is given by ¢ = cqyipsj) + 1. The

coefficient of m,5)a can be understood in the same way. O
We denote by m, the image of my under S — S := S/(map) | @ #b). For a partition
A= (A, Ay, ..., \), we denote by (), 0) the bipartite partition (A1,0)(A2,0)... (A, 0).

Lemma 7.5. {1 (1)~ } forms a basis of S.

Proof.  We first prove that the monomial symmetric functions of the form mq,q).p)(cc)...
span S. If A does not contain (a, b) with a # b, then 1m, is already of the form M (a,a)(b,b)(cc)...

If A contains (a, b) with a # b, then we can expand m, in terms of mg with £(®) = ¢(A)—1
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by Lemma 7.4 and m(,) = 0. By induction on the length of A, we get an expansion of 1,
in terms of monomial symmetric functions of the form m 4 a) () (c,c)

We next prove that we can expand M4 q)(b,b)(c,c)... in terms of m(,\vo)((),l)m’s. More gen-
erally, we show that monomial symmetric functions of the form mq, p,)...(a;,5:) 0,1y With
a; > b; for any i can be written as a linear combination of m(,\’o)(o’l)m’s. We prove this
claim by induction on d = ). b;. If d = 0, then there is nothing to prove.

Assume d > 0 and the claim holds for smaller d. Then at least one of b; is positive. We

can assume b; > 0. By Lemma 7.4, we have

m(a1,b1fl)m(ag,bg)...(al,bl)(O,l)mH = COm(al,bl—l)(ag,bg),..(al,bl)(071)m+1 + Clm(a1,bl)...(al,bl)(o,l)m

l

+ E CiTM(ay,by)...(a1+ai,b1+bi—1)...(az,by) (0,1)m+1
i=2

for some ¢y, c1, ..., € Z with ¢; # 0. Hence by m,, 5,—1) = 0 and the induction hypoth-
esis, we can expand M, p,)...(a;,b,)(0,1)m 0 terms of m(/\vo)(()’l)m’s.
Since we have S = Clm,q) | @ € Zo|, the dimension of the degree 2k-component

of S is given by the number of partitions of k. Hence Moo | [Al =k} is linearly

independent. This proves the lemma. [l

In order to simplify some formulas, we understand that 1/z! = 0 for x < 0 in the below.

Lemma 7.6. For £k > 1 >0 and A = (1*2%2...), we have

$ (=D T (B jugrr + 1) _
(=€) + () T (e — Bi)! - A R0G00.1)

T (k1) (A,0) (0, 1) M +h—1 = A+

p=(1P12P2..)

Here, p runs over all the partitions. By the above convention, only partitions satisfying

() —€(p) <l and p < X contribute.
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Proof. We prove this formula by induction on [. Assume [ = 1. By using Lemma 7.4

for (a,b) = (k,0) and m,0) = 0, we have
Mk, 1)(0,0)(0,)M+5-1 = — (4 1) 5 0)(2,0)0,1) M+ — Z (Qhpi + 1) 1.0y (0\6,0) (0,1) M+5
0, >0

The first term is equal to the contribution of ;4 = A and the second term is equal to the
contribution of p = A\ 4.

Assume [ > 2 and the formula holds for smaller [. By using Lemma 7.4 for (a,b) =
(k,l — 1) and the induction hypothesis, we have

T (1o 1) (0,0)(0,1) -1 = Tk 1—1)(X,0)(0,1) Al +h—t+1 — Z TN (Jo,1—1) (A\,0) (0,1) A +E 141
Jia; >0

- Z m N (=)' = DY Bir ek + 1)
i (1A= |g2]+%,0) (12,0)(0,1) (L= + () — DT, (i — B)!

(=)' = DB jufx + 1)
+z%wwm+amw%—@—mnwmrwm}

l' (Biai—lul+k + 1) )
Z + £(w))! H (o — Bi)! TV (I =[] +K,0) (11,0)/(0,1) M+ -

I

Here, in the last equality, we used the formula

(n0+---+na)!_i(n0+---na—1)!

(7.1) =
ng! -+ ng! P (nj — D! Ty, ni!

for ng,...,ng € Zso with ng+---+n, > 0. We applied this formula for ng =1 —£(\)+ ()
and n; = a; — B; for v > 1. O
For = (1M2%..)), v = (1M272..)), and = € Z5,), we set

(z — vz — [l +1)

(@ =[] =€) + £(p) + DL (v = B)Y

fi(x) =

Remark that we have f/(z) = 0if p A v and f¥(z) = 1. We denote the partition

(1P (j = P15+ 1)P ) by pUj.
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Lemma 7.7. For p = (17127 ..), v = (1M27...), and & € Zs,|, we have

fila+1) = fi) = ().

J

Proof. We calculate as:

(z — |v])!
(@ —[v] =€) + €(p) + 2 TT; (v — B)!

) (@ 1= ) — lul +2) = (@ — o] — €w) + () +2) (@ — ] + 1)}
(o= D (W) ~ L) =l + 1) = o] + Jul)
(& — o] — 60 + €) + ) T, — B!
= D0 = B = Ll =+ 1))
(& — o] — €v) + €() + 2L 0 — B!
s (x — IW)!e — U 4] + 1)
(&~ o]~ ) + U ) + Dl — B — D Ly (i — 51!

=Zﬁ%}

(@ +1) = fi(z) =

Lemma 7.8. For u = (1727 .. )) < X\ = (1°12°2 . ), we have

1))+ (EA) =€) + A= vD! _ k!
,,(1;72_.)( 1> fo (kA (Al =) Hz(az —3)! (k—0(\) +0(p))! Hz‘(ai — Bi)!
p=v=A

Proof. We prove this formula by induction on ¢ = ¢(\) — £(u). If ¢ = 0, then the
formula is trivial since p = v = X and f/(x) = 1. Let us assume ¢ > 0 and the formula

holds for smaller /. We set

A V)N £ (L) = L(v) + [A] = [v])!
F)\ (k) V:(lgz:w)( 1) fu (k + |)‘|) (|)\| _ |V|>' Hz(az _ 7@)' :

HRV=A
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By Lemma 7.7 and the induction hypothesis, we have

Fl'(k+1) }:1ﬂw3

k!
= 2 (a0 + G0+ iy — B~ 1T, = )

(k+1)! k!
~ (k1= 000 + LGN T (i — BT (b — €0 + () T, (e — B)!

Here, the last equality follows from (7.1). Hence it is enough to prove the case of k = 0,
that is, F§'(0) = 0 since we assumed ¢(\) —(p) > 0. We set n; = oy — §; and m; = o — ;.
Then

01— Sy (A= DI il + D) — ) + A — o)
KO = 2, OV =) + 00 + DN = I TLO: — Ao =)

o e (i ym)
L O ST S 1) e ey
Al — +1 ini_ll . S0+ 1)m; n;

AT 5 e ()

Let us consider the coefficient of 22-i"~1 in the expansion of [[,((x+1)"* —1)". Since
we have [[,((z + 1) — 1)" = [[,(i + 1)™a%i" + (higher order terms), the coefficient of

22i"~1 {5 0. On the other hand, we calculate as:

H((x + 1) 1) = H ( Z

7 7 0<m;<n;

n; .
7 1 (i+1)m;
R ICER

o

0<m;<n;

(o
=5 3 (pElmem) <Zf(i ’]';1 mi) 11 (Z) -

) . (x + 1>ZI(Z+1)mZ
)
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Hence we have

This implies F}'(0) = 0. O
Lemma 7.9. For any £ > 0,1 > 0, and A = (1*2%2...) with |A\| + k£ —1 > 0, we have

T (1 1) (A,0) (0, 1) M +h—1 = Z (Bx=fu+k T 1)ToN = f +£.0)(11,0) 0, 1) A+

u=(1%12P2..)
HRA

ot () = ) + L = ]+ = D)
" {MZ =) J D =+ % = DT L (as — ) }

171272..))
PRV
VI<IA[+E—I

Proof. 'We prove this formula by induction on || + ¢(\) +k — 1 > 0. Assume || +

l(A\)+k —1=0. It implies that A = () and k& = [. Then the formula reduces to

(7.2) My = (=1 Mk 0) 0,1

This is a special case of Lemma 7.6.
Let us assume |A| + ¢(A\) +k —1> 0. If £ =1, then by Lemma 7.6 and Lemma 7.8, we

have

3 (=1 RN Bk + 1) .
(k— C(N) + () T, (o — Byl (A=l k0 (0O DI

T (e k) (A0)(0,1) M| =
p=(11202...)

= D Btk DM ko) ey 0,1+

u=(181262_.)
H=A
(LA) = L) + A = [v])!
LT IRNCR R AURE) .
{uz(lﬂzw...) (Al = [T Ti (e = )t
pRv=A

This implies the formula.
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If k£ # [, then by Lemma 7.4 and the induction hypothesis, we have

T (k1) (A,0) (0, 1) N+H=1 = T 11 1)(X,0)(0,1)AI+E—1-1 — Z T (g 5,1) (A\,0) (0, 1) A |+5—1
Jia;>0

=D Btk + DIk 0) (00 0.1) 4
o

" Z (=1 IO 1k + A[)(EX) = L) + [\ = |v|+ k= 1= 1)!
(AT =TT+ k= 1= DI o = 70!
<A R -1

(1) IO (e 1 A (L) = €07) + A = || 4k — 1= 1)!
P> (= o+ k= e — 5 — DLy (05— )] }

T u=u=a

[v[<|Al+k~1

=) Btk + DM(a - ul0)0) 0,1 A1+
I

L NEW) )+ (LA = L) + A = [v[ + k= 1)
" { 2 T A DT L o) }

14
H=v=A
[v|<|A|+E—1

Here, the last equality follows from (7.1). This completes the proof of the formula. O

Lemma 7.10. For k € Z-o and X\ = (1*12%2...), we have

Z (=DFENE + A = |l + 1) (Baj—jugr + 1) _
(k=€) + €0) + D (e — )l b0 Geo @R

(k&) T (1 0)(0,1) 1M =

p=(1P1202, )<x
LN)—L(p)<k+1
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Proof. By using Lemma 7.4 and Lemma 7.9, we calculate as:

TR0 01N = Tk 0O.D T kD01 + D Tk iy G0)0.)N
J

= D Btk F DM k0) o) 0.0+
u=(181202 )<\

st g ) = €0 3] = o)
X{HZ S A O M = 0

171272..)
[t Zn?)

B L NEW) ) K pp (L(A) =€) + A = [v] = D)!
2 Fo b D X o = D s — 0!

v=(171272...)
HEv=SA
[VI<IAl-1

B L NEW) ) K (L(A) =€) + A = [v| = 1)!
2. 2, (1 FA b+ PO =it — 2 — DML (o —w!}

i v=(171272..)
p=v3A\j
(=D £k + AD B +1)
= 2 IT.(c: — 53)! TH N =11l +8,0) (1,0) (0,1) A+

p=(1%12P2. )=\

Here, the last equality follows from (7.1).

Corollary 7.11. m k)M )0,y i contained in the linear span of m, ) 1)~ With

L)+ || = LN + |-

Proof. In Lemma 7.10, the coefficient of 7|y _|,/4,0)(.0)0,1)1+5 18 zero if & — £(A) +

£(p) +1 < 0. Hence if 17— u11£,0)(4,0)(0,1)A++ APPEATS i 1Mk k)12 0y(0,1)13, then we have

U (A = | +E) + (U (A = |p] +E)| = () + 1+ ] + A = |p| + k&

> U(N) + | A

This implies the corollary.
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7.3. Proof of Theorem 4.3

Lemma 7.12. The image of {m, g .1y | £(A) +[A] < n} in C[(S"C?)"] forms a basis

of C[(S"C2)T].

Proof. By Lemma 7.3, the kernel of the natural surjection S — C[(S"C?)T] is spanned
by {ma | ¢(A) > n}. By Lemma 7.5, it suffices to show that each m, can be written as
a linear combination of m, ) 1ya With £(A) 4+ [A] > £(A). Set deg(ma) = 2d(A) and set
e(A) to be the number of (0,1) in A. We prove this claim by induction d(A) — e(A). If
e(A) = d(A), then there is nothing to prove. If e(A) < d(A), then A contains (a,b) with

b >0 and (a,b) # (0,1). Let us write A = (a,b)A’. By Lemma 7.4, we have

M(a,b—1)1(0,1)A" = C0M(a,b—1)(0,1)A’ T C1TNA + Z CATM(0,1)A”

G
for some coefficients ¢, with ¢; # 0. By the induction hypothesis, we have m,4-1y0,1)a’,
Mo € <m(m)(0m| |60 + A > E(A)>. If b # a + 1, then this implies the claim since
we have mqp—1) = 0. Let us assume b = a + 1. Since we have d((0,1)A") —e((0,1)A") =
d(A) —e(A) —a—1and £((0,1)A") = £(A), the induction hypothesis implies that mo1)a €
<ﬁl()\70)(0,1)u| | L) + [N > E(A)>. Then Corollary 7.11 implies that m(qqe)M o018 €
<m(,\70)(0’1)m | LN + A > E(A)>. Therefore, we have m, € <m()\70)(0,1)m | LN + A >
E(A)> as required.

O

PROOF OF THEOREM 4.3. For a partition A = (11292 ..) with £(\) + |\ < n, we
denote by A = (1941282 ) - n the partition given by &; = n—£(\) — |A| and &; = a;_; for

i > 2. Let ¢ : C[(S"C*)T] — gr’” Z(C[&,]) be the linear map defined by

b onn) = (1) ;.



56 7. HILBERT SCHEMES OF POINTS IN THE AFFINE PLANE

By Lemma 7.12, v is well-defined and an isomorphism of graded vector spaces. Since we
have deg(o) < 2(n — 1) for any o € &, {mu) | 1 <k < n — 1} generates C[(S"C?)"] as

a C-algebra by Lemma 7.3. Hence it suffices to prove

Qﬁ(m(lak)m(x,o)(o,l)\*I) = @Z)(m(k,k)) U ¢(m(/\,0)(071)‘*‘)

for 1 <k <n—1. By Lemma 7.10, w(m(k,k)m(w(o,l)w) is given by

—D*EN(k + |\ — D(Bia—1u 1
Z {( (2—(6(;;|+|£(u;ur;)!)1‘(€(ﬂyi !Z; )qﬂ(m(lkl—u+k70>(u,0)(0,1)*+k)}-

u=(191262. )<\
LA)—L(p)<k+1

Since
U (A = [p] +F) + [p U (A = |pl + F)] = A +0p) + k+1,

we have 1y u/4+5,0)(u,0) 0,13+ = 0 if [A|+£(u) + k41 > n. Hence in the above sum, only
w’s satisfying |A| + €(u) + k + 1 < n contribute.
For a partition u = (1%12%2 .. ) with £(\)—€(p) < k+1, u = X, and |\ +4(p)+k+1 < n,

we associate a partition &(u) = (111272, ..) with £(£(u)) = k + 1 and by

k+1— 00\ +0p) ifi=1

1 — Bifl le Z 2.

We have 41 < &; and hence () < A. This ¢ gives a bijection between the set of partitions
pwith 6(N) —€(u) < k+1, p < X, and |A|4+£€(u) +k+1 < n and the set of partitions 7 with
((0) = k+1and # < X\. We have |€(p)| = k+ 14|\ — || and Y (M7= |4l 4.0) (1,0) (0, )M+ ) =

(—1)“'*’“){;\5(“), where \¢(,) F n is defined as in Lemma 7.2. By €(&(u)) = k+1 > 1, we
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have 4, = 0 and hence ag(u)—1 = Be(u)—1- Therefore, by Lemma 7.2, we have

(=DMELE + A = ol + DB + 1)
(k=) + &) + DT — B)E o

V(M k) M 0)(0,1) M) = E
p=(1%12P2. )<
£ — () <k+1
[A|+L(p)+k+1<n

— )M D| (&) + 1
-3 (=1) H’|7('| )X%

p=(1712%2. )<
0(D)=k+1

= (—1)|)\‘X(k+1’1n7k71) U X;\
= (M) U (M 0)0,1)0)-

Here, in the last equality, we used (7.2). This completes the proof of Theorem 4.3.
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