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Numerical tables of finite multiple zeta values

By

Shingo SAITO*

Abstract

We review various relations among finite multiple zeta(-star) values and provide numerical
tables of the values of weight at most 8.

§1. Finite multiple zeta values

An indez is a finite (possibly empty) sequence of positive integers. For an index

k = (k1,...,ky) and a prime p, we consider modulo p multiple harmonic sums
1
Cp(k) = Z ——& € Z/DZ,
p>mi>>m,>1 1
¢y (k) Z T o € 7] pZ;
pemy > >m,>1 n

we then look at the sums collectively for all p in the Q-algebra

A= (@) /(Denm) = (@) s e

p p p

following the idea of Kaneko and Zagier [3]:

Definition 1.1.  For an index k, we define the finite multiple zeta value (FMZV)
Ca(k) and the finite multiple zeta-star value (FMZSV) (% (k) by

Ca(k) = (G(R))p € A, Culk) = (¢ (K))p € A
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Table 1. Conjectured dimensions of the vector spaces Z 4 .

koo 1 2 3 4 § 9

dimZu, |1 0 0 1 0 1 1 1 2 2

We say that each index k = (ki,...,k,) has weight wtk = ki + --- + ky; the
empty index is viewed as having weight 0. For k € Z>(, the dimension of the Q-vector

subspace
Za =span{Ca(k) | k is an index of weight k}
= span{C (k) | k is an index of weight k} C A

is conjectured to be given by the following formula (Table 1):
If (dk)kezs, is the sequence given by do = 1, di =

Conjecture 1 (Zagier [3]).
do = 0, and dp = dp_o + di,_3 for k € 2237 then dim Z.A,k: = dp.

§2. Relations among finite multiple zeta(-star) values

This section describes various relations among finite multiple zeta(-star) values.
Many of them have already been given in [1, 2, 4, 5] in equivalent forms, though some
statements and some proofs have not been given explicitly in the literature.

8§2.1. Zeta and zeta-star values

As in the case of ordinary multiple zeta(-star) values in R, each FMZSV can be
written as a Z-linear combination of FMZVs of the same weight and vice versa, as

illustrated by
Ca(ky, ko, ks) = Calky, ko, k3) + Calky + ko, k3) + Ca(ky, ko + k3) + Calky + k2 + k3),
Calky, ko, ks) = Ca(ky, ko, ks) — Ca(kr + ko, k3) — Ci(k1, ko + k3) + Ca(k1 + k2 + k3).

§2.2. Single zeta values

Lemma 2.1.  If k is an integer and p is a prime, then in Z/pZ we have

pzzl % —1 if p—1 divides k;
m e
0 otherwise.
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Proof. If p — 1 divides k, then Fermat’s little theorem implies that m* = 1 in
Z)pZ for all m =1,...,p — 1, so that

p—1 p—1
mf=> 1=p-1=-1
m=1 m=1

in Z/pZ. Otherwise, taking a primitive root @ modulo p, we have a* # 1 in Z/pZ and

SO
p—1 p=2 k(p—1) _1q
E_ ik @ -1
Y mt=) dt= —ax_71 0
m=1 7=0
in Z/pZ. O

We say that each index k = (ki,...,k,) has depth dep k = n; the empty index is
viewed as having depth 0.

Proposition 2.2.  If k = (k) is an index of depth 1, then (a(k) = (5 (k) = 0.

Proof. 1If pis a prime with p > k+1, then p—1 cannot divide £, and so Lemma 2.1
shows that Zﬁl_:ll m~% =0 in Z/pZ. We therefore have (4 (k) = (% (k) = 0. O

§2.3. Double zeta values and Bernoulli numbers
The Bernoulli numbers By,, where n € Zx>q, are defined by their generating function
xX

> x" Te

E B,— = .
n! et —1

n=0

The first few terms are By = 1, By = 1/2, and By = 1/6; we have B,, = 0 if n is odd
and n > 3, because xe® /(e — 1) — x/2 is an even function.

If a, € Z/pZ for each prime p, then we write (a,), € A simply as a,. Since finitely
many components do not matter in 4, it makes sense to consider such an element of A
even when a, is not defined for finitely many p; for example B,_3 makes perfect sense
as an element of A despite being undefined for p = 2.

Proposition 2.3 ([1, 5]).  If k = (k1,k2) is an index of depth 2, then

—1)kr (k4 k
Calk) = Cu(k) = ﬁ( 1;1 2) By ke —k,-

In particular, we have (a(k —1,1) = (4 (k —1,1) = Bp_y, for all k € Z>».
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Proof. Since (% (k) = Ca(k) + Ca(k1 + k2), we have (4(k) = (% (k) by Proposi-
tion 2.2.

If p is a prime with p > ky + ko + 1, then Fermat’s little theorem and Faulhaber’s
formula show that

p—1 1 mi 1

1
Glhiks) = > = Y k2

p>mi>me>1 ml m2

ik 1 =1 P& p—ky "
_ A P—FR2—]
-y e D Dl G L

mi1= 1 1 mo= 1 ml—l ml j—O j
p—1—ko p—1
_ 1 p— ko B. p—k1—ka—j
- . k j J ml
p=F2 =5 mi=1

in Z/pZ. Since —p+1 < —k1+1 < p—ki —ka—j < p—Fki —ky <p-—1for
7=0,...,p—1— ko, Lemma 2.1 shows that

1 p— ]{72
“(k1, ko) = — By i,
ool p—h<p—h—k9 e
_ (p—kf2—1)“‘(p—k1—k2+1>B
- - k! p—k1—k2
(—1)*r (kg + 1) (ky + ko — 1)
= k! Bp_kl_kQ
_EDE (it ke
 ky + ko k1 Pk
in Z/pZ, from which the proposition follows. U

Corollary 2.4. If k = (k1,ke) is an index of even weight and depth 2, then
Ca(k) = Cu(k) =

Proof. Proposition 2.3 implies the corollary because for all sufficiently large primes
p, the number p — k1 — ko is an odd integer at least 3, for which the Bernoulli number
is 0. U

Corollary 2.5. If k = (k1, ko, ks) is an index of even weight and depth 3, then
Ca(k) = Cu(k).

Proof. We have

Calk) — Ca(k) = Calky + ko, k3) + Calky, ko + k3) + Calky + k2 + k3) =0

by Proposition 2.2 and Corollary 2.4. Ol
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§2.4. Reversal

Proposition 2.6 ([1,5]). Ifk = (ki,...,ky) is an index and k' = (ky, ..., k1)
= (=1)V**Ca(k) and C4(K') = (=1)"*F¢4 (k).

is its reversal, then (a (k')

Proof. For each prime p, we have

G = > %

p>my>->my>1 T

RN RN ey e e

p>p—mp>-->p—m12>1
= (1) R (k)

in Z/pZ, from which it follows that (4(k') = (—1)"**C4(k). We may prove (% (k')
(=1)"**¢% (k) in the same manner.

ool

§ 2.5. Harmonic product

As in the case of ordinary multiple zeta(-star) values in R, FMZ(S)Vs obey the

harmonic (also known as stuffle) product rule, as illustrated by

Ca(k1)C(ka, k3) = Calka, ko, k3) + Calka, k1, ks) + Calkz, ks, k1)
+ Calkr + k2, k3) + Calke, k1 + ks3),

Ca(k1)C(k2, k3) = Cu(ka, ko, k3) + Cy(ka, ki, ks) + Cy(ka, ks, k)
— Calkr + k2, k3) — Ca(k2, k1 + k3).

Proposition 2.7 ([1]). Ifk = (k1,...,ky) is a nonempty index, then
Z C.A(ka(l)w"a U(n) Z C,A o(1)s- -+ U(n)) :07
occ6, oe6,

where &,, denotes the symmetric group of order n.

Proof. 1t suffices to prove that the sum for (4, written as S(k), always vanishes.
We proceed by induction on n. If n = 1, then the statement immediately follows from
Proposition 2.2. If n = 2, then Proposition 2.2 and the harmonic product rule show
that
0= Ca(k1)Ca(k2) = S(k) + S(k1 + ko)

and so we have S(k) = 0 by the inductive hypothesis. If n = 3, we similarly have

0 = Ca(k1)Calk2)Ca(ks)
— (k) + S(ky + ko, ks) + S (k1 + ks, ko) + S(ka + ks, k1) + S(k1 + ks + ks),
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and so we have S(k) = 0 by the inductive hypothesis. The same method works for any
n. U

Corollary 2.8 ([5] for the (4 case). Ifk = (k,...,k) is a nonempty index whose
components are all equal, then (a(k) = (% (k) =

Proof. If nis the depth of k, then Proposition 2.7 shows that n!{4(k) = n!(% (k) =
0, from which the corollary follows. O

Proposition 2.9 (e.g. [2]). Ifk = (k1,...,kn) is a nonempty indez, then

S (=1 (Kj, k) Cakisn, o k) = 0.
7=0
Proof. Set S; = (Ci(kj,... k1)Ca(kjs1,... kyn) for j = 0,...,n. Expanding

Ci(kj, ..., k1) in terms of FMZVs and using the harmonic product rule, we can write
S; as a sum of FMZVs. For j =1,...,n — 1, we write S; = T + U; by letting T} be
the sum of those FMZVs in which the component containing k; appears strictly left of
that containing k;11, and by letting U; be the sum of the other FMZVs. If we further
set Uy = Sp and T}, = S,,, then we may observe that U; = T4 for j =0,...,n—1; for
example, if n = 3, then

Uo =T1 = Ca(ky, ko, k3),

Ul - 2 - C.A(k27k17k3) +
Uy = T3 = Ca(ks, ko, k1) +

Calka, ks, k1) + Calkr + ko, k3) + Ca(ka, k1 + k3),
Calke + ks, k1) + Calks, k1 + k2) + Ca(ky + ka2 + k3).

It follows that

n n—1
> (=185 =) (1) (U; = Tjj1) =0,
§=0 5=0
as desired. O

Corollary 2.10 ([1]). If k = (ki,ka,ks) is an index of odd weight k and depth

3, then
(e (i) = o0 (1)) 5
(e (e) -0 ()5

Proof. Propositions 2.2, 2.6 and 2.9 give

0 = Ca(kr, k2, k3) — C(k1)Ca(ka, k3) + Cu(ka, k1)Ca(ks) — i (ks, ka2, k1)
= Ca(k) + Ca(k).

Ca(k)

Ca(k)
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Also, Propositions 2.2 and 2.3 show that

Ca(k) = Ca(k) 4 Calky + k2, k3) 4+ Calky, ko + k3) + Ca(ky + k2 + k3)
. P kY DR
—ca+ (ST ) S () B

e (e () (1) %

because k = k1 + ko + k3 is odd, from which the conclusion follows. O

Corollary 2.11.  Let k = (ky, ko, k3, k4) be an index of depth 4.
1. If k has odd weight, then (a(k) = (k).

2. If k has even weight, then (a(k) + (%(k) = Ca(ki,k2)Calks, ka). In particular,
Ca(k) + (k) =0 unless k1 + ka and ks + ks are both odd.

Proof. Propositions 2.2, 2.6 and 2.9 give

0= Ca(ki, ko, ks, ka) — Ca(k1)Ca(ka, ks, ka) + Ca(ka, k1)Ca(ks, ka)
— Calks, ko, k1)Ca(ka) + Caka, k3, ko, kr)
= Ca(k) + Calko, k1)Calks, ka) + (—1)V R (k).

If wt k is even, this gives the desired result because (4(ke, k1) = —Ca(k1, k2) no matter
whether ki + ko is odd or even; if wt k is odd, then the middle term vanishes because
either ki1 + ko or k3 + k4 must be even. O

§2.6. Duality

Definition 2.12 ([1]).  For each nonempty index k, we define its dual index k*
inductively as follows:

2. if (]{71, .. ,]{Im)* = (ll, .. .,ln), then

(LK, k) = (4 Loy ln)y (k4 L koy o k) = (L, ..y D).

Example 2.13. We have (1,2,2)* = (2,2,1) because successive use of item 2
gives (2)* = (1,1), (1,2)* = (2,1), (2,2)* = (1,2,1), and (1,2,2)* = (2,2,1), as desired.

Note that induction on weight shows that wt k* = wt k and dep k* = wt k—dep k+1
for all nonempty indices k.
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Theorem 2.14 ([1, Theorem 4.6]).  If k is a nonempty indez, then we have

Ca(k") = =Ca(k).

For indices k and 1 of the same weight, we write k < 1 if [ is a refinement of k,
namely if (4 (k) appears in the expansion of (% (I) in terms of FMZVs.

Corollary 2.15. If k is a nonempty index, then

(—1)%PRCa(k) = Call).

I~k

Proof. Observe that for indices ki and ko of the same weight, we have ki < ko
if and only if k] = k5. If k is a nonempty index of weight k and depth n, then
Theorem 2.14 shows that

(~1)"Ca(k) = Y (~D)®PC(m) = Y (~1)*PHG (m)

m=k m=<k
= Y (eI mt) = (<18 Y (~1)dPmey (m)
m* = k” m>=k*
= (CDF Y (Y ) = (-1 2( 3 (—1)depm)g4(l).
m>k* I<=m l m>k*

m>l

Here for indices ki and ko of weight k, writing ki V ko for their coarsest common

refinement, we have

Z (_l)depm _ Z (_1)depm _

mxk, m>k1 Vks 0 otherwise.
mrks

(-1)F ifkyVky=(1,...,1);

Since k* V1= (1,...,1) if and only if I > k, we obtain

(—1)"Calk) = (=1)" Y _(=1)FCalt) = Y Cald),

I~k I~k

as desired. O

Corollary 2.16.  Let k be an index satisfying depk = wtk — 1. Such an index
can always be written as k = (1,...,1,2,1,...,1) where 1 <i <k — 1, and we have
| N

i—1 k—i—1

]

qyitl
cath) = i) = = (5) By

In particular, if k has even weight, then (a(k) = (k) = 0.
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Proof. 1If we write k = (k1,...,ky), then Proposition 2.9 gives

Calk) + (=1)"Ci(kny. .. k1) =0

because for j =1,...,n — 1 either (k;,...,k1) or (kjt1,...,k,) is an all-one sequence.
It follows that

0= Cak) + (=1)"Ci(kn, - - k1) = Calk) + (1) "y (k) = Calk) — Ci(k).

Now Theorem 2.14 and Proposition 2.3 give

Vi1
catk) = ~catioh =) = = (%) By

from which the result follows. O

§2.7. Result of Pilehrood, Pilehrood, and Tauraso

Pilehrood, Pilehrood, and Tauraso [4] proved relations among FMZ(S)Vs of weight
7 and 9 that cannot be deduced from the relations described so far.

Theorem 2.17 ([4, Corollary 4.3]).  We have

27 1 1899
%(2,2,2,1) = =B, 1, ¢%(6,1,1,1) = — B3

2B .
16 Vi T

8§3. Numerical tables

§3.1. Weight 0
The only index of weight 0 is the empty index (). Since (4(0) = (%(0) = 1 by
definition, we have dim Z 49 = 1.
§3.2. Weight 1
The only index of weight 1 is (1). Since (4(1) = (% (1) = 0 by Proposition 2.2, we
have dim Z 41 = 0.
§3.3. Weight 2

The indices of weight 2 are (2) and (1,1). Since (4(2) = (%(2) = 0 by Propo-
sition 2.2 and (4(1,1) = ¢%(1,1) = 0 by Corollary 2.4 or Corollary 2.8, we have
dim 2,45 = 0.
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§3.4. Weight 3
The indices of weight 3 are (3), (2,1), (1,2), and (1,1,1). We have (4(3) = (%(3) =
0 by Proposition 2.2 and (4(1,1,1) = (%(1,1,1) = 0 by Corollary 2.8; we also have
Ca(2,1) = (4(2,1) = Bp—3 and (4(1,2) = ¢%(1,2) = —Bp_3 by Proposition 2.3. It
follows that dim Z 4 3 < 1; it appears open whether dim Z 4 3 = 1, i.e. whether B,_3 # 0
for infinitely many primes p.

§3.5. Weight 4

Let k be an index of weight 4. If k has depth 1 or 4, then (4(k) = (4 (k) = 0.
If k has depth 2, then (4(k) = (% (k) = 0 by Corollary 2.4. If k has depth 3, then
(k) = —C4 (k") = 0 by Theorem 2.14 and by the fact that k™ has depth 2. It follows
that dim Z4 4 = 0.

§3.6. Weight 5

Proposition 3.1.  Let k be an index of weight 5. Then the values of (4(k) and
Ca(k) are as given in Table 2 in terms of By_s.

Proof. 1If depk = 2, use Proposition 2.3. If depk = 3, use Corollary 2.10. If
dep k = 4, use Corollary 2.16. O

Table 2. FMZ(S)Vs of weight 5 in terms of Byp_5; e.g. (a(4,1) = (3(4,1) = Bp_s,

Ca(3,1,1) = Bp_5/2, and (%(3,1,1) = —B,_5/2. If wtk =5 and depk € {1,5}, then
Ca(k) = (k) = 0.
k. Ca=Ch k CA Ch k Ca=Ch
(4,1) 1 | 3.1,1) 12 —1/2] (21,11 1
3,20 -2 |(@21) -3/2 3/2|(@121,1) -2
(2,3) 2 (21,2 o 0 | (1,1,2,1) 2
1,4 -1 | (13,1 o0 o @112 -1
(1,2,2)  3/2 —3/2
(1,1,3) —1/2  1/2
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§3.7. Weight 6

Proposition 3.2.  Let k be an index of weight 6. Then the values of (a(k) and
Ci(k) are as given in Table 3 in terms of B}_.

Proof. 1If depk € {1,2,5,6}, then (4(k) = (% (k) = 0 (use Corollary 2.16 when
depk = 5).

Note that if dep k = 3, then (4(k) = (% (k) by Corollary 2.5.

We have (4(2,2,2) = (%(2,2,2) = 0 by Corollary 2.8, and so (%(1,2,2,1) =
—(%(2,2,2) = 0 by Theorem 2.14. It follows that

Q_A(l, 27 27 ]-) = _C;l(]-a 2,2, 1) + C.A(]-v Z)CA(Zv 1) =—-0+ (_Bp—S)Bp—S = _BI%_;J,

by Corollary 2.11.

Set a = (4(4,1,1) = ¢%(4,1,1). Then by Proposition 2.6, Corollary 2.11, and
Theorem 2.14, we have (4(1,1,4) = (5(1,1,4) = C4(3,1,1,1) = Ca(1,1,1,3) = a
and (%(3,1,1,1) = ¢%(1,1,1,3) = —a. Therefore Propositions 2.6 and 2.7 show that
Ca(1,4,1) = ¢4 (1,4,1) = —2a, Ca(1,1,3,1) = Ca(1,3,1,1) = —a, and ¢%(1,1,3,1) =
(4(1,3,1,1) = a. Corollaries 2.15, 2.16, and 2.8 show that

_CA(1747 1) = QA(L 47 1) + QA(L 3) 1) 1) + C.A(lv 27 2) 1) + C.A(lv 17 37 1)7

from which it follows that 2a = —2a—a—Bj_3—a,i.e.a = —B}_3/6. Then Theorem 2.14
gives (*(3,1,2), ¢*(2,1,3), and ¢%(2,1,1,2). Use Corollary 2.11 to obtain (4(2,1,1,2).

Table 3. FMZ(S)Vs of weight 6 in terms of B 3; e.g. (a(4,1,1) = (%4(4,1,1) =
—B? 3/6, Ca(3,1,1,1) = —B2 3/6, and (%(3,1,1,1) = B2 3/6. If wtk = 6 and
depk € {1,2,5,6}, then Ca(k) = % (k) = 0.

k Ca=Ch k Ca Ch
(4,1,1)  -1/6 | (3,1,1,1) —1/6  1/6
(3,2,1) 2/6 | (2,2,1,1) 2/6 —2/6
(3,1,2) 1/6 | (2,1,2,1) 3/6  3/6
(2,3,1)  =3/6 | (2,1,1,2) —4/6 —2/6
(2,2,2) 0/6 | (1,3,1,1) 1/6 —1/6
(2,1,3) 1/6 | (1,2,2,1) —6/6  0/6
(1,4,1) 2/6 | (1,2,1,2) 3/6  3/6
(1,3,2)  -3/6 | (1,1,3,1) 1/6 —1/6
(1,2,3) 2/6 | (1,1,2,2) 2/6 —2/6
(1,1,4)  -1/6 | (1,1,1,3) —1/6  1/6
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In a similar manner, if we set b = (4(3,2,1) = (%(3,2,1), then by Proposition 2.6,
Proposition 2.7, Corollary 2.11, and Theorem 2.14 we have (4(1,2,3) = (%(1,2,3) =,
a(1,3,2) = C4(1,3,2) = Ca23,1) = Ci2.3,1) = —b— B2y/6, (4(2,2,1,1) =
CA(1717272) = —b, Ca(2,2,1,1) = Ca(1,1,2,2) = b, C.A(2717271) = CA(1727172) =
b+ Bp_3/6, and (4(2,1,2,1) = C4(1,2,1,2) = —b + 5B 3/6. Corollary 2.15 shows
that

—Ca(3,2,1) = Ca(3,2,1) +Ca(2,1,2,1) + Ca(1,2,2,1) 4+ Ca(3,1,1,1),

from which it follows that —b = b+(—b+5B2_3/6)—B2 3—B2 3/6,ie.b= B2 3/3. O

§3.8. Weight 7

Theorem 3.3.  Let k be an index of weight 7. Then the values of (4(k) and
Cu(k) are as given in Table 4 in terms of By_r.

Proof. If depk € {1,2,3,6,7}, then it is easy to compute (4(k) and (% (k).

Apply Proposition 2.9 to k. If we write k as a concatenation of two nonempty
indices, then one of the two has weight in {1,2,4} and so its (4 and (% are zero. It
follows that Ca(k) + (—1)9°P*¢% (k') = 0, where k’ is the reversal of k, and therefore
we have (4(k) = (—1)4°P*¢* (k) by Proposition 2.6 because wt k = 7 is odd.

Suppose that k has depth 5. Theorem 2.14 allows us to compute (% (k) because
k™ has depth 3 and so we already know the value of (% (k™). We can then use (4(k) =
—(% (k) deduced above.

In what follows we shall compute (4 (k) and (% (k) for indices of depth 4. Note that
Ca(k) = (k) for all such indices k. Since Theorem 2.17 gives the value of (4(2,2,2,1),
it suffices to express the other FMZ(S)Vs in terms of (4(2,2,2,1) and B,_~.

Set « = ((4,1,1,1). Applying the harmonic product rule to {4(4,1,1){4(1), we ob-
tain (4(1,4,1,1) = —3a+3B,_7. Then Proposition 2.6 allows us to find (4(1,1,4,1) =
3a — 3Bp_7 and (4(1,1,1,4) = —a. Thus Theorem 2.14 gives (4(3,1,1,2) = —3a +
3B,_7 and C4(2,1,1,3) = 3a — 3B,_r.

Set B = Ca(2,2,2,1). We may similarly obtain (4(2,2,1,2) = =38 + 9B,_~,
Ca(2,1,2,2) = 38 — 9B,_7, Ca(1,2,2,2) = —B, Ca(1,3,2,1) = —38 + 9B,_7, and
C4(1,2,3,1) = 38— 9B,_.

Set v = C4(3,2,1,1), § = C4(3,1,2,1), and € = (4(2,1,3,1). Then Proposi-
tion 2.6 and Theorem 2.14 give all the remaining values. We look at {4(3,2,1){4(1),
€a(3,1,2)Ca(1), and Ca(2,3,1)Ca(1) to obtain v = —a+ 25 — 6B,_7, § = 2a — 3, and
e = —4a — 4+ 9B,_7. We then express (%(2,2,1,1,1) as a sum of FMZVs to get
a= 0. O
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Table 4. FMZ(S)Vs of weight 7 in terms of Bp_7; e.g. (a(6,1) = (%(6,1) = By_r,

Ca(5,1,1) = Bp_7, and (%(5,1,1) = —B,_7. If wtk = 7 and depk € {1,7}, then
Calk) = (k) =
Eoa=al K w oG k A &
(6,1) 1 |1, 1 -1 315,1,1,1) 1 —1
5,2) -3 | (4,21 -3 3|(221,11) -3 3
(4,3) 5 | @41,2 -1 1](@1,211) 2 -2
3,4 -5 | (331 2 -2|(21.1,21) -2 2
(2,5) 3] (3,2,2) —41(2,1,1,1,2) 0
1,6) -1 [(313 0 0](,3111) -1 1
(2,4,1) -2 2| (1,2,2,1,1) 4 -4
(2,32) 0 0] (1,2,1,2,1) 0 0
(2,2,3) -4 4] (1,21,1,2) 2 -2
2,1,4 1 -1](1,1,3,1,1) 0 0
(1,5,1) 0 0] (1,1,2,2,1) -4
(1,4,2) 2 -2 (1,1,2,1,2) -2 2
(1,3,3) -2 2| (1,1,1,3,1) 1 -1
(1,2,4) 3 -3 (1,1,1,2,2) 3 -3
(1,1,5) -1 1](1,1,1,1,3) -1 1
k Ca=Cx k Ca=Ch k Ca=Cx
(4,1,1,1)  27/16 | (1,4,1,1) —33/16 | (2,1,1,1,1,1) 1
(3,2,1,1) —69/16 | (1,3,2,1)  63/16 | (1,2,1,1,1,1) -3
(3,1,2,1)  27/16 | (1,3,1,2) — 9/16 | (1,1,2,1,1,1) 5
(3,1,1,2) —33/16 | (1,2,3,1) —63/16 | (1,1,1,2,1,1)  —5
(2,3,1,1)  27/16 | (1,2,2,2) —27/16 | (1,1,1,1,2,1) 3
(2,2,2,1)  27/16 | (1,2,1,3) —27/16 | (1,1,1,1,1,2)  —1
(2,2,1,2)  63/16 | (1,1,4,1)  33/16
(2,1,3,1)  9/16 | (1,1,3,2) —27/16
(2,1,2,2) —63/16 | (1,1,2,3)  69/16
(2,1,1,3)  33/16 | (1,1,1,4) —27/16
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§3.9. Weight 8

Theorem 3.4.  Let k be an index of weight 8. Then the values of (a(k) and
Ci(k) are as given in Tables 5-8 in terms of (4(6,1,1) and By_3B,_5.

Proof. If depk € {1,2,7,8}, then (4(k) = (5 (k) = 0. See [1, Theorem 7.4] for
how to get the values (% (k) when depk = 3. If dep k = 3, then Corollary 2.5 gives the
value of (4(k). If depk = 4, then since we can compute the value of (% (k) — Ca(k)
and Corollary 2.11 gives the value of (4(k)+ (% (k), we can get the values of (4(k) and
Ci(k). If depk € {5,6}, then Theorem 2.14 gives the value of (% (k) and we can get
the value of (4(k) by using Proposition 2.9. O

Table 5. FMZ(S)Vs of weight 8 and depth 3 in terms of (4(6,1,1) and B,_3B,_5; e.g.
CA(57 27 1) = C;l(57 27 ]-) = C.A(Gv 17 1) + Bp73Bp75'

C.A(67 17 1)_ Bp—3BP—5_ C.A(67 17 1)' Bp—3Bp—5_
k component  component k component component
of (u=¢4  of Ca=C} of Ca=C4  of Ca=C4

4/4 0

4/4 4/4
—14/4 — 2/4
—50/4 —18/4 —14/4 — 2/4

40/4 8/4 — 8/4 0

( ) ( ) —80/4 —16/4
(5,2,1) (2,3,3)
(5,1,2) (2,2,4)
(4,3,1) (2,1,5)
(4,2,2) (1,6,1)
(4,1,3) 10/4 2/4 | (1,5,2) 10/4 ~ 2/4
(3,4,1) (1,4,3)
(3,3,2) (1,3,4)
(3,2,3) (1,2,5)
(3,1,4) (1,1,6)
(2,5,1)

40/4 8/4
40/4 8/4

40/4 16/4 40/4 16/4
40/4 8/4 —50/4 —18/4
—80/4 ~16/4 4/4 4/4
10/4 2/4 4/4 0
10/4 — 2/4
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Table 6. FMZ(S)Vs of weight 8 and depth 4 in terms of (4(6,1,1) and B,_3Bp_s;
€.g. C.A(57 L1, 1) = 3C.A(67 1, 1)/4 - Bp73Bpf5/4 and le('('), L1, 1) = _BCA(67 1, 1)/4 +
B,_3B,_5/4.

QA(67 1, 1)_ Bp—3Bp—5' CA(67 L, 1)_ Bp—3Bp—5‘

k component component component component
of {4 of 4 of (% of (%4

(5,1,1,1) 3/4 - 1/4 — 3/4 1/4
(4,2,1,1) 3/4 5/4 — 3/4 — 5/4
(4,1,2,1) 18/4 8/4 —18/4 — 4/4
(4,1,1,2) —18/4 — 6/4 18/4 2/4
(3,3,1,1) —42/4 —12/4 42/4 12/4
(3,2,2,1) 18/4 — 6/4 —18/4 — 2/4
(3,2,1,2) 27/4 9/4 —27/4 - 1/4
(3,1,3,1) 0 0 0 0

(3,1,2,2) —45/4 — 9/4 45/4 9/4
(3,1,1,3) 30/4 6/4 —30/4 — 6/4
(2,4,1,1) 33/4 9/4 —33/4 — 9/4
(2,3,2,1) —27/4 - 1/4 27/4 9/4
(2,3,1,2) 27/4 1/4 —27/4 — 9/4
(2,2,3,1) 0 6/4 0 — 6/4
(2,2,2,2) 0 0 0 0

(2,2,1,3) —45/4 - 9/4 45/4 9/4
(2,1,4,1) —18/4 — 4/4 18/4 8/4
(2,1,3,2) 27/4 1/4 —27/4 - 9/4
(2,1,2,3) 27/4 9/4 —27/4 - 1/4
(2,1,1,4) —18/4 — 6/4 18/4 2/4
(1,5,1,1) — 3/4 1/4 3/4 — 1/4
(1,4,2,1) —18/4 —12/4 18/4 8/4
(1,4,1,2) —18/4 — 4/4 18/4 8/4
(1,3,3,1) 54/4 18/4 —54/4 —18/4
(1,3,2,2) 0 6/4 0 — 6/4
(1,3,1,3) 0 0 0 0

(1,2,4,1) —18/4 —12/4 18/4 8/4
(1,2,3,2) —27/4 - 1/4 27/4 9/4
(1,2,2,3) 18/4 — 6/4 —18/4 - 2/4
(1,2,1,4) 18/4 8/4 —18/4 — 4/4
(1,1,5,1) — 3/4 1/4 3/4 - 1/4
(1,1,4,2) 33/4 9/4 —33/4 - 9/4
(1,1,3,3) —42/4 —12/4 42/4 12/4
(1,1,2,4) 3/4 5/4 — 3/4 — 5/4
(1,1,1,5) 3/4 - 1/4 — 3/4 1/4
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Table 7. FMZ(S)Vs of weight 8 and depth 5 in terms of (4(6,1,1) and B,_3B,_5; e.g.

SHINGO SAITO

Ca(4,1,1,1,1) = C;l(él, 1,1,1,1) = 3¢4(6,1,1)/4 — Bp,ng,5/4.
Ca(6,1,1)- B, _3B,_5- (a(6,1,1)- B,_3B,_5-
k component component component component
of (4 of Ca of (i of 4

(4,1,1,1,1) 3/4 — 1/4 3/4 - 1/4
(3,2,1,1,1) 3/4 5/4 3/4 5/4
(3,1,2,1,1) —42/4 —12/4 —42/4 —12/4
(3,1,1,2,1) 33/4 11/4 33/4 9/4
(3,1,1,1,2) — 3/4 - 1/4 — 3/4 1/4
(2,3,1,1,1) 18/4 4/4 18/4 4/4
(2,2,2,1,1) 18/4 2/4 18/4 2/4
(2,2,1,2,1) —27/4 —15/4 —27/4 - 9/4
(2,2,1,1,2) —18/4 - 2/4 —18/4 — 8/4
(2,1,3,1,1) 0 2/4 0 0

(2,1,2,2,1) 0 0 0 6/4
(2,1,2,1,2) 54/4 18/4 54/4 18/4
(2,1,1,3,1) —18/4 — 8/4 —18/4 — 8/4
(2,1,1,2,2) —18/4 - 2/4 —18/4 — 8/4
(2,1,1,1,3) — 3/4 — 1/4 — 3/4 1/4
(1,4,1,1,1) —18/4 — 2/4 —18/4 — 2/4
(1,3,2,1,1) 27/4 1/4 27/4 1/4
(1,3,1,2,1) 27/4 9/4 27/4 9/4
(1,3,1,1,2) —18/4 — 8/4 —18/4 — 8/4
(1,2,3,1,1) —45/4 —11/4 —45/4 - 9/4
(1,2,2,2,1) 0 12/4 0 0

(1,2,2,1,2) 0 0 0 6/4
(1,2,1,3,1) 27/4 9/4 27/4 9/4
(1,2,1,2,2) —27/4 —15/4 —27/4 - 9/4
(1,2,1,1,3) 33/4 11/4 33/4 9/4
(1,1,4,1,1) 30/4 6/4 30/4 6/4
(1,1,3,2,1) —45/4 —11/4 —45/4 - 9/4
(1,1,3,1,2) 0 2/4 0 0

(1,1,2,3,1) 27/4 1/4 27/4 1/4
(1,1,2,2,2) 18/4 2/4 18/4 2/4
(1,1,2,1,3) —42/4 —12/4 —42/4 —12/4
(1,1,1,4,1) —18/4 — 2/4 —18/4 — 2/4
(1,1,1,3,2) 18/4 4/4 18/4 4/4
(1,1,1,2,3) 3/4 5/4 3/4 5/4
(1,1,1,1,4) 3/4 - 1/4 3/4 - 1/4
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Table 8. FMZ(S)Vs of weight 8 and or 6 in terms of (4(6,1,1) and B,_3Bp_s;
e.g. Ca(2,2,1,1,1,1) = C4(6,1,1) + By_3B,_5 and ¢%(2,2,1,1,1,1) = —C4(6,1,1) —
B,_3B,_s.

Ca(6,1,1)- B, _3B,_5- (a(6,1,1)- B, _3B,_5-
k component component component component
of (4 of Ca of (% of (%
( ) 4/4 0 — 4/4 0
( ) 4/4 4/4 — 4/4 — 4/4
( ) —50/4 —14/4 50/4 18/4
( ) 40/4 8/4 —40/4 —16/4
(2, ) 10/4 10/4 —10/4 2/4
(2, 2) — 8/4 — 8/4 8/4 0
( ) —14/4 - 2/4 14/4 2/4
(1, ) 40/4 4/4 —40/4 — 8/4
( ) 40/4 16/4 —40/4 — 8/4
(1,2,1,1,2,1) —80/4 —32/4 80/4 16/4
(1,2,1,1,1,2) 10/4 10/4 —10/4 2/4
( )
( )
( )
( )
( )
( )
( )
(1, )
(1, )
(1, )

3,1,1,1,1,1
2,2,1,1,1,1
2,1,2,1,1,1
2,1,1,2,1,1
2,1,1,1,2,1
1,1,1,1,
1,3,1,1,1,1
1,2,2,1,1,1

Y

1,2,1,2,1,1

Y

1,1,3,1,1,1 10/4 2/4 ~10/4 — 2/4
1,1,2,2,1,1 —80/4 ~16/4 80/4 16/4
1,1,2,1,2,1 40/4 16/4 —40/4 — 8/4
1,1,2,1,1,2 40/4 8/4 —40/4 ~16/4
1,1,1,3,1,1 10/4 2/4 ~10/4 — 2/4
1,1,1,2,2,1 40/4 4/4 —40/4 — 8/4
1,1,1,2,1,2 —50/4 —14/4 50/4 18/4
1,1,1,1,3,1 —14/4 — 2/4 14/4 2/4
1,1,1,1,2,2 4/4 4/4 — 4/4 — 4/4
1,1,1,1,1,3 4/4 0 — 4/4 0
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