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Initial boundary value problem for nonlinear
Schrodinger equations

By

Nakao HAYASHI *

Abstract

We survey our recent results on inhomogeneous boundary value problem for the nonlinear
Schrédinger equation on the half-space [9],[10] and nonlinear Neumann boundary value problem
for nonlinear Schrédinger equations on the half-line [11].

§1. Introduction

We survey our recent results on inhomogeneous boundary value problem for the
nonlinear Schrédinger equation on the half-space [9], [10] and nonlinear Neumann
boundary value problem for nonlinear Schrodinger equations on the half-line [11]. In-
homogeneous boundary value problem is represented as

iOpu+ FAu =X\ lulP "t > 0,2 = (2, 1,) € R”
(1.1) u(0,2) = uo(x), z € RY,
Bu (t,2’,0) = h(t,z'),t >0, 2’ € R*71,

where R} = {x = (2/,2,) ;2 ¢ R 2, > O} denotes the upper half space, A # 0 is a

complex constant, R; = (0,00), B = d,, (Neumann boundary value problem) or B = I
(Dirichlet boundary value problem), p is the order of nonlinearity satisfying

(1.2) 1—|—n—<p<{
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ug = ug (', x,) and h (t,2) are given initial and boundary data. Nonlinear Neumann
boundary value problem is defined by

i0yu + %&%u = f(t,x),t > 0,2€R,,
U(O,%) = Uo(.f),x €R+7
_a’tu (tv O) =9 (u) (tv O) ;> 07

where f is a given data and

g () =g(u) (t.0) = plul"" u(t,0) or ulu(t,0)". peC,

q > 1 is the order of nonlinearity.
Nonlinear Schrédinger equation

(1.3) i@tu—l—%Au:)\|u|p_1u,t>O,xER”,
' u(0,z) = uo(z),x € R"”

was studied by many authors extensively. Let U (¢) be the free Schrédinger evolution
group on R™ defined by

|z —y|?

U (1) 6= cut ™2 / e~ (y) dy, 6 € L2 (R).

n

Then have the integral equation associated with (1.3)
t

(1.4) u(t) =U (t) uo —i)\/ Ut—7)u" u(r)dr
0

There are several critical exponents for (1.4). Equation (1.4) is called scattering crit-
ical for p = 1 + % (in the case of nonlinear heat equation, p = 1 + % is the Fujita
exponent), L? (R™) critical for p = 1 + %, energy critical for p = 1 + ﬁ, Strauss

critical if p is a positive root of %%p = l,namely p = "+2+Vgi+12"+4. Note that
_4

exponent 1 + is in the between scattering critical exponent and Strauss critical

n+2
exponent. Cazenave and Weissler [3] showed that (1.4) has a small global solution
uw e C([0,00); H (R™) N H*>! (R™)) when [woll g1 gy + w0l o1 gy 15 small and the

order of nonlinearity satisfies (1.2), where

H% (R") = {v; [0]] gro.« mry = H (1 + |x|2>§ ol < oo} ,8>0
L2 (Rm)

and H!(R") is the energy space

HY®") = {5 [l s gy = 102y + V0l oy < 00}

We let the exponent p =1+ anS be H! (R™) N H%* (R™) critical exponent.
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We put

( pr =1+ %, Fujita exponent,

pew =1+ ni“, Cazenave-Weissler exponent,
pg = "2ty §i+12"+4, Strauss exponent,

pr2 =1+ %, Mass critical exponent,

. pp=1+ n;127 Energy critical exponent.
We restrict our attention to the case
pr2 < p < pg,

then in [14], it was shown that (1.4) has a small global solution u satisfying the a-priori

estimate
HuHLq(Rt;le"(Rn)) + HUHLOO(Rt;Hl(Rn)) <C HuOHHl(R”) :

if the data are small in H' (R™), where

1 —1
(L5) Lo L 1 _np-l
r p4+1gq 4dp+1

and
Wl’r (Rn) = {U7 ||’U||W177‘(Rn) = ||U||Lr(Rn) + ||V’U||L”(Rn) < OO} .

The choice of an admissible pair (¢, r) of the Strichartz estimate satisfying (1.5) was use
by Strauss [14].

§2. Inhomogeneous Neumann boundary value problem

In [9] asymptotic behavior in time of small solutions for pow < p < pr2 was
studied. In order to state our results, we use the weighted Sobolev space based on

HOLRE) = {v3 ol oy = 10l oy + vl oy < 0}

We counsider the integral equation associated with (1.1) which is written as

(2.1) W) = Un ()1 + 2 (£) — M/O Un (¢ — 7) [ul’ " u (r) dr

when B = 9., , where
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and | ’ /|2
U(t)¢= Cn—lt_(”_””/ e E G (Y)Y, e = (2im) T
Rn—1

If the data (ug, h) are smooth, then solutions of (2.1) satisfies (1.1).

There are many results concerns with nonlinear Schrédinger equations on the half-
line or the half-space with inhomogeneous boundary value conditions. In [1], global in
time of small solutions to the boundary value problem for

iOu+ $Au = MulP " ut > 0,2 = (2, 2,) € R",
u(0,7) = ug(x), v € RY,
Bu (t,2',0) = h(t,z'),t >0, 2’ ¢ R*~1

was shown when p;2 < p < pg, B = I (Dirichlet problem),
(w0, h) € H' (R}) x L* (Rys HY/2 (R*) ) W42 (R 12 (R™)),
and (ug, h) is small in the norm
||“0||H1(R1) + ||h||L2(R+;H3/2(Rnfl))ﬁW?)/%?(RJr;LQ(Rnfl)) .
The estimate of solutions w such that
el poe s 12 (1)

< C (HUOHHl(Ri) + ||h||L2 (R+;H3/2(Rn71))QW3/4,Q(R+;L2(Rn71))> 5

was obtained, where the fractional derivatives in space and time are defined by

() OO}

(©*/* Fol

H3/2 <Rn—1> _ {’U € L2 <Rn—1> 7
and
W3/4,2 <R+7L2 <Rn—1>>

— {v € L* (Ry: L* (R"71)):

(8)2/ }"tv‘

< oo} .
L2(Rs; L2 (R 1))
Though nonlinear Neumann problem (1.1) is not discussed explicitly, Strichartz esti-
mates obtained in [1] are valid for

10pu + %Au = f,t> 0,2 = (z',2,) € RY,
U(O,%) = UQ($),$ S Riv
Op,u(t,x’,0) =h(t,z'),t >0, ' ¢ R*1

and can be applicable to (1.1) for pr2 < p < pg when h (0, 2") = 0. Therefore the results
in [1] are considered as the extensions from the results of [14] to the boundary value
problem.
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In papers, [4], [7], [8] we studied (1.1) with a critical power nonlinearity p =1+ 2
on R"} for n = 1,2. In [5], inhomogeneous Dirichlet boundary value problem was consid-
ered. In these papers sufficient conditions to show asymptotic behavior of solutions and
the optimal time decay estimates of solutions in L°° space were presented. As far as we
know, there are no results of time decay of solutions on the inhomogeneous (Neumann
or Dirichlet) boundary value problem of nonlinear Schrédinger equations on the upper
half space in general space dimensions n > 3.

Notations and main results. We use the following notations : For the spatial

variable # = (', 2,) , 2’ = (1,22, -, Tp_1) ER" L 2, €R, and j = 1,2,-- -, n, let
O, = 9 R e, L N L L B,
7 8:[;] 1 n 1 n—1

n n—1
V:(a$17"' 7a’tn>7v = <a’t17"' 78$n71> VA= Zazjvﬁz Zazjv
=1 =1

Jf)?j =y +Zta’tgv‘]: (JZJC17"' 7J$n)7‘]: <JZJC17"' 7J$n71>
n n—1
JO=Jgie I el =) ey, JU =gt Jo el = ) ay,
j=1 j=1

We define the Schrédinger evolution operator associated with the homogeneous
Neumann boundary value problem .

For ¢ € L? (Rﬁ) , let the evolution group for the linear Schrédinger equation to the
homogeneous Neumann boundary condition be

(2.2) Un(t) = Unn (0U(1),

where

o0 Tr—yn 2 Zntyn 2
(2.3) Uy (£) & = eyt =12 / <e—( e IPLLS O >(b(yn) dy,,

0

and

2

(2.4) ﬁ(t)¢=cn_1t—<n—1>/2/ = s 0 ay, e = @im) 2,
Rnfl

It is clear that the evolution operator Uy is a unitary operator from L? (Ri) to itself.
We also recall the Schrédinger evolution operator associated with the homogeneous
Dirichlet boundary value problem by

Up (£) ¢ = Unp (t) U(t)6,

where

o0 T —Yn, 2 TnTYNn 2
Unp <t>¢=clt‘1/2/ (e‘( T o )qb(yn)dyn.

0
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Weighted Sobolev spaces H™® (R) are defined as follows : For m, s € R, let

H™ (R) = v €L’ ®);[vlgmem = Y 0% 0] <oop,
|| <m,|B|<s

W™ (D) = v € LP D); [l ywmomy = D 10%0] oy < oo ¢

| <me

where D = R} or R"~1,9% = 991 - .92~ For simplicity, we write H™ (D) = H™° (D).

For time derivative, we denote

S i l .
WP (Ry5 X) = v € L Ry X) s [ollwpoge, ) = D || ) 0]

j=0

LP(Ry;X)

where X is a Banach space and 1 < p < oo. We call a pair of exponents (¢,r) as an
admissible pair for Strichartz estimates if

_-|-—:g,qu,rﬁoo,(q,r,n)7&(2,0072)~

To state our main results, we introduce the function space

Xor = {v € C Ry L (RY)) vy, < o0},

lollx,, = > <||J°‘U||Lq(R+;Lr(R1)) + ||J°‘U||LOO(R+;L2(R1))>
<1

Floleo e wrr @) + 10l (e ()
and
2, =W (R B (R71)) W (R, HO2 (£07))
NW> (Ry; L2 (R™1)) .

For simplicity, we write LYL" = L4 <R+; L" (Ri)) , LawbhT = L4 <R+; whr (Ri)) . We
use notation such that

1Pl x, e, = 100, + 1Al x, -

Now we give our result from [9].

Theorem 2.1. We assume that n > 3

pocw < p<PE
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and (q,r) is an admissible pair defined by

2 2 n—2
- T = p_17
i ;-1

(2.5)

7
r

o3

Suppose that the initial and the boundary data satisfy
ug €Y, h e Z,
with h (0,2") =0 and v > 2+ 3/4, where
Y - H(RY) 0 O (RY).
Furthermore we assume that for some € > 0
luolly <= k1l <.

Then there exists an € > 0 such that the integral equation (2.1) has a unique global
solution u € X, , satisfying

(2.6) lullx, . < V.

Furthermore we have the estimates of z defined in (2.1) such that

(2.7) S T e o + 2] oo g2 < CPP2
o] <2

We note that the additional technical assumption A (0,2’) = 0 is used to get the
estimate of (x,, + it&tn)Q z which is needed to prove asymptotic behavior of solutions,
where z is defined in the integral equation (2.1).

An admissible pair (gq,r) of Strichartz estimates defined in (2.5) is the same one
which was used in [3].

Strategy of the proof of the theorem. We have the integral equation
(2.1) by using the Fourier cosine transform formally and for (2.1), we have the following

result.
Proposition 2.2.  ([6]). Let
uo € L* (R}) . f € Li,. (Ry3 L% (RY))

and
heH, (Ry; L7 (R*Y))nLi,, (R H? (R)

loc

and set .
2
2 (t,z) = —icy / TV 2e U (1) h(t — 7, 2") dr,
0
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where U (1) is given in (2.4). Then
¢
u (t) :UN(t)uo—I—z(t)—i/ Un(@t—r71)f(r)dr
0

is well defined in C ([O,T) L2 (Ri)) and if ug € H? (Ri), then u solves the initial
boundary value problem

i+ 1Au= f,t>0z R},
(2.8) u(0,2) = ug (v), v € R},
Oy ult,z’,0)=h(t,z'),t>0,2 ¢ Rv!

in C ([0,T);L* (R})) .

Since the initial and 0-Neumann boundary value problem for (2.8) (h = 0) can be
solved by applying (2.2) to the Duhamel formula, we merely show that the inhomoge-
neous term z (t) solves the inhomogeneous Schrédinger equation (2.8) with ug = 0 and
f =0, formally,

iz + 3Az=0,t> 0,2 € R,
(2.9) 2(0,z) =0,z € RY,
Oy 2z, 2',0)=h(t,2'),t>02 € R"L

We put y = 2,772 in (1.3), then

t
arnz(t,x):cl/ ZL‘nT_%e_Q”U(T)h(t—T,ZL‘/)dT
0

m_ﬁ y2 ~ 2 2
(2.10) =—-2¢ e 27U x_;> h <t - x—;,ﬂ) dy
o Y Y
and
0,z (t,x)
G2 21, - (22 2
=—2¢ e 7 g; 0.2 <U <x—;>h<t—x—;,x’>>dy
o (7 Y Y
(2.11) —2c1t™ 23U (¢) h (0,2)) .

The first term of the right hand side of the above is equal to

= 2 9 o 2 2 .
—201/ Lo Tﬁm% <U <x—;>h<t—x—;,x’>>dx—
0 Ty B y y VT

t 2 .
= 201/ e~ 129, (U (r)h(t—, x’)) dr
0

t 2 . :
:201/ e~ V2 (1) <%A — 3,5) h(t—r2")dr
0
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Hence it follows
d;, % (t )
t 2 . o
=2¢; / e~ 12U (1) <%A — 8t> h(t—72)dr
0
eyt 27T T (£) h (0, 2)
t 2 .
=A <icl / e~ mr VAU (P h(t -7, 2) d7'>
0
t 22 .
—20, <01 / e~ V2O (P bt — 7, 2) d7'>
0
(2.12) 121tV 2T (1) B (0,27) — 2e1t 2" H T (1) h (0,27) .
By (1.3) and (2.12) we obtain
. ]- X 2
(2.13) 00z + (A + 3xn) 2=0.

On the other hand from (2.10), we substitute z,, = 0 and

2

(2.14) Dy, 2 (t,2',0) = 201/ e" 5T h(t,2")dy = h(t,2'),
0

where the y-integration is understood as the oscillatory integral. From (2.13) and (2.14),
z solves the problem (2.9) if the data h (t,2’) satisfy the assumptions.

Our method is based on the energy method and the generator of the Galilei trans-
form J., = z; + it@xj which commutes with the Schrodinger evolution operator. We
apply the operator J,, to the integral equation (2.1) and use Strichartz estimates to
evolution operators of homogeneous problems. In order to show the theorem we use the
commutation relation between the operator J, and the Schrodinger evolution group for
the homogeneous Neumann boundary problem which yields the evolution group of the
Schrédinger equation with the homogeneous Dirichlet boundary problem. Furthermore
the application of the energy method yields desired estimates of solutions z to (2.9).

§ 3. Inhomogeneous Dirichlet boundary value problem

We consider the integral equation associated with the homogeneous Dirichlet bound-
ary value problem which is defined by

(3.1) w(t) = Up (t)uo + 2 (t) - M/O Up (t — 7) [u|’ ™" (7) dr,

where
2

t
2(t,x) = cl/ 2ot e U (7) h(t — 1) dr,
0
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Up(t) = U,p()U(t) with

Unp (t) ¢ =ct™/? /

0

o _(mn*yn)Q _(mn+yn)2
e - ~

27t — € 21t > ¢ (yn) dy’l’b?

- i _|m/7y/|2
06 =cont™" % [ g0 ay

and ¢, = (Ziﬂ)_n/Q . We find that z is the solution of

iz + 302 =0,(t,z) € Ry xRy,
2(0,z) =0,z € RY,
2 (t,2',0)=h(t,2'), (t,2') e Ry x R*™L

As far as we know, there are no results of time decay of solutions to (1.1) in general
space dimensions n > 3. We are interested in higher space dimensions.
§3.1. Main result of [10].

We now state the main result in [10].

Theorem 3.1.  We assume that
pecw <p<pg,n =3,

(uo,h) €Y x Zy =H" (R})NH>" (R}) x Z,,v >3

with
0 <uolly <€,0< ||h||zW <p
and the compatibility condition h (0,x") = ug (2/,0) holds, where
ny — mizowj,oo <R+7 H4—2k <Rn—1>>
l,OO — n— o0 o0 n—

MW S5 (Ry; H 720 (RPTH)) N L™ (Ry; L (R*7)

Furthermore we assume that h (t) € C* (R”_l) and
0.,k (t2))| < C Jh (2]

for all (t,2') € Ry x R if p < 2. Then there exist p,e > 0 such that the integral
equation (3.1) has a unique global solution v € X, , where (q,r) is an admissible pair
of the Strichartz estimate such that

n 2 mn2 p-—1
4+ —=——=—(Mn—-2 > 3.

Moreover time decay estimates of solutions
< _%(1_%)
)l oy < € 41

are valid for 2 < o < 2+ ﬁ.
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3.1.1. Comments of the theorem of inhomogeneous Dirichlet boundary
value problem.
In [9], we have used the commutation relation

Je, OUN(@E—7)=Up({t—"71)Js, (7).

Then by using the Strichartz estimates, we get the desired results. However in the
Dirichlet case we do not have

Jo, ) Up (t=7) (1) =Un (t —7) Jo,, (7) ¢ (7)
if we do not assume ¢ (7,2’,0) = 0. Indeed, we have the commutation relation

Je, YUp t—7) 0 (1,2) =Un (t —7) Jo, (T) @ (7,1)

2

21 __®n _~
C T (t— 1) 7o (1,2, 0).

(3.2) —I-m

The identity is obtained by a direct calculation

Jo, ) Unp (t—7) g

Cl _‘mn*yn‘Q _\mn+yn\2

:mjxn (t—T)/O (6 W — e B >g(ﬂyn)dyn

o0 ‘mn* n‘Q ‘mn*‘r n‘Q
i [ (o (¢ ) Y g )
- 0

Cl _‘mn*yn‘Q _\mn+yn\2

= 7@ — 7—)1/2 /O <€ 2i(i—1) ¢ 27 > Je. (7) g (7, yn) dyn,

200 . __=®h
G izie T (n0),

_I_

since

‘mn*yn‘Q _\mn+yn\2

an (t — 7—) <€_ 2i(t—1) _— e 2i(t—T1) > g (7-7 yn)
_ ‘mn*yn‘Q _ \mn+yn\2
=2In e 2¢(t—7) e 2¢(t—T1) g (7-7 yn)

[Zn —yn] _\mn+yn\2

; (— (0 — g €~ BEH 1 (2, + o) e HEH ) g (o)




114 NAKAO HAYASHI

Hence we have

an(t)/o Up(t—71)¢(r,z)dr
:/o Un(t—71)Je, (1) ¢ (1, 2)dr

22

t
1 —_*n _~
(33) +2icq /O m@ 2-m) [J (t — 7—) Tqb (7_7 $/, O) dr.

It seems that it is difficult to control the second term of the right hand side of (3.3).
In order to avoid the commutation relation between J, (t) and Up (t), we use a

new integral form and prove a-priori estimate of

directly. More precisely, we use the equation of I¢ = f; Up (t — 7) ¢ (7, x) dr which is

I. () /O Up (t — 7) 6 (v, 2) dr

La(By ()

written as

1
10419 + SAI = ie™ ",

and the commutation relation between J, (t) and id;+ %A to get the desired estimates.

§4. Nonlinear Neumann boundary value problem

We consider the initial-boundary value problem for nonlinear Schrédinger equations
on the positive half-line

O+ $0%2u = f(t,z),t > 0,2€Ry,
(4.1) uw(0,z) = up(z),x €Ry,
—0u (t,0) = g (u) (£,0), £ >0,

where
feﬂ<&7 R+>——<s<—
g(t) =g ) (t,0) = plu"" u(t0) or plu(t0)?, ueC,q> 1,

H (R,) is defined as

. 8 B . 28/\ _1 l
H(Rw)—{u. o /|§| |d§<oo} <5<y

Our purpose in this section is to present a global existence in time of small solutions to
the integral equation associated with (4.1) when ¢ > 2 and a blow-up of solutions when
1<g<2.
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The integral equation associated with (4.1) is written as

¢
T . ]_ —_ 962
u(t,x)=Upn (t) up + e’ e 2= g(r)dr

1 . [ (2—y)? (2412
Un (t)ug = 6_11/ <€_ = e >Uo (y) dy.
0

We extend uo (), f (t,x) to R as even functions with respect to z variable and denote
the extensions by the same letters uo () , f (f, ) , respectively, then we have the problem

1 = [t 1 22
w(t,z)=U (t) ug + ezz/ e =) d
( ) () 0 \/% o \/m g(T) T

(4.3) —e%i/o U(t—7)f(r)dr,

1 e _(z—y)?
U (t)up = \/%/ e” 2t g (y)dy

is the free Schrodinger group. In what follows, we consider the Cauchy problem (4.3)
which is associated with (4.1). In order to state our result, we introduce the function
space. We define the homogeneous Besov norm by

ol o
oo,oo(RgmLB(Rt))

a>0

=l = s sw o) = Ol g,

b

We introduce the space of solutions as

Xa = C* (Rys L7 (R))) NGy (Re L7 (R)) NG, <Rt;H TR,
O<a<l,r>2,
where C'¢ (Rw; L7tar (RQ) implies the set of the Hélder continuous of order v in R, in

the norm L7 a7 (R¢) . Namely if v € C (Rx; L7tes (RQ) , then

lim ||v (z 4+ §) — v (x)| |67 =0,
§—0

27
L2+tar (Rt)

for any x € R,. For simplicity, we write

_2r
O (R L5 (Ry) ) = CELT™.
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Cy(Ry; LT (Ry)) =CNL™ (Ry; L (Ry)) = Ch o Ly

and

) x

< —(2-4) ) < —(2-4) ) —(2-4)
Cy | Ry H (R,) | =CNL® Ry H (R,) | = Cp H .

Then

~~
IS
[V

)

2r -
Xoé,r = Cg‘LfJWT N Cb,xL,Z: N Cb,tHx

2_1

_27r . T2
The norms of C¥L;/ ™" Cy L} and CyH, are defined by

ol =l e e =il | L
v o009, t 00,00,T
Wy .z = Nollpgp = ||Iolleg]|

ol ,(3@:ww|.@%):‘

C.H, LeoH

Therefore we define the norm of X, , as

24ar

lolix,, = llvlpeery + 110l o e Aol 2y
wr ng Lt oco,00,x "t LfOH (T 2)

We now state our main results obtained in [11].
D) ()

Theorem 4.1. We assumeug € H, ,feLlH, ,2< g <o0,0<
a < Z—j. Then there exists an € > 0 such that (4.3) has a unique global solution

for any (uo, f) satisfying

luoll . (1 -y +||f||L1,,( .

q—1
Hm ¢ th

We remark here that the solution constructed in the theorem is well defined at
x = 0 and the solution on the positive line satisfies (4.2). Our result says a global
existence result in a scale invariant space for f = 0. We put

__1 t =z
= 2(¢g—1) —_
UA(tvx) A u<>\7\/x>7

then if u is a solution of

1 o= [f 1 =
t) = U () ug + T B GD) L0)) d
ulta) = U o+ —=e¥ [ Ty (0 (r,0)) a7
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uy is also a solution. We have

lax OO a3y = ||uO||H,(ﬁ,%)

HZE X
and
Jux (0, )| pa—r = lluol a1
11
(2
which implies that H, and Lg_l are invariant spaces for 2 < ¢ < oo. We have

by the Hardy-Littlewood-Sobolev inequality
||¢|| ( 1-1) SCdllpg-r, for 2 <q <3,

Wollgr SCUA (1, p) Pr3< <

m

provided that the right hand sides are finite. Therefore ¢ = 2 and ¢ = oo are exceptional
points. Local or global existence results in a invariant space for ¢ = 2 are not known.

Next result says nonexistence of global in time of small solutions for 1 < ¢ < 2. We
assume that u is the solution of (4.3) with ¢ (t) = u|u (¢,0)]|? in the space

1
c(0.7):Hz), 8> 5.

In [2], it was shown that local in time of solutions of (4.3) exists in C' ([0,T); H), 3 <
s < % We define the maximal existence time of the solution

T* = sup {T: sup [|u ()] 0y < oo}.
T [0,77)
In [11], we have

Theorem 4.2. We assume 1 < ¢ < 2, \/1—Re< p) =0£>0,

(4.4) Im/ (t—7)f)(r,0)dr <0,

and there exists a p > 0 such that

(4.5) Re (U (t)uo) (£,0) > —L— t > 0.

Then T* < co. More precisely,

T* < (W‘l—l) —1forl<qg<?2,
eFr for ¢ =2.
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Remark 4.3.  For any € > 0, we define the initial function as

0'5132
up (r) =ce” 20 jo=1+41

which satisfies the condition (4.5). If we define f(t,x) as

Fltx) =ie" S h(t), h(t) > 0.

Then we find (4.4) holds. Indeed by a direct calculation we have

1 v2 [ otdl
U(t t,0)= e~ Mu y)dy = 5/6_7( z )d
(U (#)uo)( \/ZZtﬂ o (y)dy = N Y
1 2t €

e & e
V2itm Vot+1 140t

and
1
_ - 2, 42\* ile _ t
wruw_¢a+w+n_aym)+t)ez¢w9_1+f
Hence
€ 1 1 s
(U (t) up) (t,0) = —cos=f—isin=0),0<0< —
1 2 2 4
«LH)+§)
which implies
Re (U (t) up) (t,0)
€ 1 € 1 e 1
= —cos =0 > — — > =
P T ol Aot T2
«1+®2+ﬂ)4 21 /1+ 127 1+¢

Simalarly, we get

—Im/ Ut—7)f(r)dr

—Re/
V14o( t—T

from which we have (4.4). If we take p such that

1 1 ¢
> = /h(T)dTZO
2 0

>p>0

Do | ™

then we have (4.5).

Remark 4.4.  The lower bound of an existence time of solutions is not shown.
Therefore our result does not say the sharp estimate of the life span of solutions.



INITIAL BOUNDARY VALUE PROBLEM FOR NONLINEAR SCHRODINGER EQUATIONS 119

In the case of 3 < ¢ < 0o, we can consider the problem (4.3) with

F ) =yl () or y ful? T ().

1 __1
-1~ 2

In this case H, ’ is also an invariant space. In [12], we have

e C )
Theorem 4.5. We assume ug € H, ! 3< ¢ <00,0<a< 2 Then

q
there exists an € > 0 such that (4.3) with

[y

Ftx) =yt ) oryul7 (tx),y € C

has a unique global solution

for any (uo, f) satisfying
||Uo||H,(F11,%

x

Remark 4.6. For2 < q< 3, (4.3) with
Fta) =yt ) ory|ul7T (),

and g (t,0) is a given function satisfying some reqularity and decay conditions was stud-
ied by [9]. It seems that the boundary conditions used in [9] do not work for the nonlinear
problem.

There are few results on nonlinear Neumann boundary problem

O+ $0%u =\ |’ u,t > 0, 2€R,,
(4.6) uw(0,z) = up(z),x €Ry,
—0,u (£,0) = plu|* u (t,0), t > 0.

In [2], it was shown that if ug € H* (R) ,% < s < %,s #+ %, p,q > 2, where H* (R;)
is defined as the set of restrictions to Ry of functions in H® (R), with the restriction

Nnori
0l gy = 8 {180y 6 @)loer, = v}

then (4.2) has a unique local solution v € C([0,T); H®* (R)) for some T > 0 with
the zeroth order compatibility condition —d,uo (0) = g |ug (0)]9 " ug (0) for 3<s<
%. Blow up of solutions for large data was discussed in [13] in the case of A > 0
(defocusing), u > 0 (focusing). In [12], we showed if ug € L2 (R,),1 < p< 5,1 < ¢ < 3,
then (4.2) has a unique local solution w € C ([0,T);L? (R})) for some T > 0. In the

case of p = b, q = 3, there exists a global small solutions for small L? (R ) data.
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