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LOCAL SOLVABILITY OF SECOND ORDER FUCHSIAN TYPE

EQUATIONS (Collaboration with C.PARENTI)

FERXK B WA K I

(Hidetoshi TAHARA)

$1. DISCUSSION IN A EXAMPLE.

Let (t,x)ERthg and let us consider
2_
t
near the origin, where Ax is the Laplacian, at=a/at and 8i=a/axi

- n
P=t3 Ax+a(t,x)at+zj=1bi(t,x)ai+c(t,x) (1.1)
(1£i€n). Note that P is hyperbolic on {t>0} and elliptic on

{t<0), that is, P is so-called a mixed type operator.

To illustrate our argument, let us treat here the above
operator P and show the local solvability of Pu=f in

hyperfunctions & distributions.

1-1. Solvability in hyperfunctions. Let P be the operator
in (1.1) and assume that al(t,x), bi(t,x) and c(t,x) are analytic
functions near the origin. Let B be the stalk of sheaf of
hyperfunctions at the origin. Then, we have:

Theorem 1. If 1-a(0,x)¢{1,2,...}, themap P : B— B
is surjective.

Sketch of proof. To prove this, it is sufficient to show

the following:
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(i) P: @A— @ is surjective, |

(ii P: B/@a — :B/d is surjective.
(1) is clear from the Cauchy-Kowalewski type theorem for
Fuchsian type equations. (ii) follows from the following two
facts:

(ii-1) when p(x)=(0,05t=*1,%=0), P : Cp(_t)"” Cp(‘_“.) is

surjective,

| (1i-2) when q=(0,03t,§#0), P : (C > (C, is bijective,
where C:p denotes the stalk of sheaf of microfunctions at p.

Q.E.D.

1-2. Solvability in distributions. Let P be the operator
in (1.1) and assume that a(t,x), bi(t,x) and c(t,x) are c”
functions near tﬁe origin. Let D' be the stalk of sheaf of
distributions at the origin. Then, we have:

Theorem 2. 1f 1-a(0,x)¢Z, the map P : B — D’ is
surjective.

Sketch of proof. Putv

& |50 = L Ulgyg ¢ uED” ),

= { 5 uED” 3.
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Then, Theorem 2 follows from the following three facts:
(1) P2 8| yg— D |y IS Surjective,
(11) P 2 @ |4cg— D|tcp 15 suriective,
(iii) for any S’(x)E@’ , there exists a unique solution
ult,x)EC (I0,T1, H’) such that

Pu=0 on t>0, uj,_4=f(x).
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In fact, we can get Theorem 2 as follows. Let fed’ . Then,
by (i) and (ii) we can choose v€«” such that Pv=f+3 (t)eyp(x).
By (iii) we solve
Pw=0 on t>0,
{ Wy og= (a0, -1 w0,

Then, we have P(Y(t)w)=d(t)ep(x). Thus, by putting u=v-Y(t)w

we get a solution ued’ of Pu=f. Q.E.D.
Remark. By the same argument as in the proof of Theorem

1, we can easily get that P : &/C° —> B°7¢c” is surjective.
But, unfortunately. we do not know whether P : C°° —> C°° is
sur jective or not. This is the reason why we proved Theorem 2

in a different way from the proof of Theorem 1.

§2. FURTHER RESULTS.

Let us treat here somewhat more general Fuchsian type

operators. Let Pl’ P2 and P3 be of the form

I
Py = tai-t A(t,x,ax)+a(t,x)at
+"ED_ b, (b8, tettx),
= $+2,2_,P
P2 =t 9 -t A(t,x,ax)+a(t,x)tat
qeh
+t 2i=1bi(t’X)ai+C(t’X)’
= $2,2,4P
P3 = t7ai+t7Alt, X, 8 )+alt,x) ta,

deh
v +t Zi=1bi(t,x)ai+c(t,x),
where 5,=3/st, 9;=9/9x; (lsisn), k,h,p,q€Z (={0,1,2,...}),

. - ¢h : .

i,j=13 ,
is a real elliptic differential operator such that

ACt,x,E/IE1) > 0 for v(t,x), vEeR™{0},
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and aij(t,x), a(t,x), bi(t,x) and c(t,x) are c” functions near
the origin. Let p(x)=1-a(0,x) and let Pl(x).Pz(x) be the roots
of p(p-1)+a(0,x)P+c(0,x)=0. Note that p(x) is the non-trivial |
characteristic exponent of P1 and that Pl(x),Pz(x) are the
characteristic exponents of Pzand P3. - Then, we have:

Theorem 3. (1) In case Pl’ if k20, hx(k-1)/2 and p(0)¢Z

hold, the map P B — B’ is surjective. .

1
(2) In case P2, if p21, gq=2p/2 and 91(0),92(0)¢{—1,—2,...},

the map P, : @ — " is surjective.

if p21, q2p/2 and ¢, (0),9

(3) In case P (0)¢{-1,-2,...3,

3’ 1 2

the map Pg : G — D’ is surjective.

The proof of this result is quite similar to that of

Theorem 2.
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