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Abstract 

In this paper, we consider resolvent operators of convex functions with various 
perturbation functions. We prove that there are many resolvent operators which 
are spherically nonspreading of sum-type in a geodesic space with curvature 
bounded above by one. 

1 Introduction and preliminaries 
For an admissible CAT(l) space X, a mapping T from X into itself is said to be 
spherically nonspreading of sum-type [3] if an inequality 

2cosd(Tx,Ty) 2: cosd(x,Ty) +cosd(y,Tx) 

holds for any two points x and yin X. This concept is a special case of vicinal mappings 
withゆdefinedby Kajimura and Kimura on an admissible CAT("') space. 

Definition 1.1 (Kajimura-Kim.ura [2]) 

Let X be an admissible CAT(l) space and心： ［0,1r/2[→ ］0, oo[ a right-continuous 
function at 0. Then a mapping T from X into itself is said to be vicinal with心(for

"'= 1) if 

（ゆ(d(x,Tx))十ゆ(d(y,Ty))) cos d(Tx, Ty) 

ミゆ(d(x,Tx)) cosd(x, Ty)十ゆ(d(y,Ty)) cos d(y, Tx) 

for any x, y E X. 
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Note that its original definition in [2] is in an admissible CAT(li) space for every 
Ii E恥； however,this paper only considers the case where Ii = l. Let 1: [O, 7f /2[→賊
be a constant function defined by 1 (t) = 1 for any t E [O, 7f /2[. From Definition 1.1, 
we know that a mapping T is spherically nonspreading of sum-type if and only if it 
is vicinal with the constant function 1, or equivalently, it is vicinal with any positive 
constant function. 
We say that a sequence {yn} on an admissible CAT(l) space Xis spherically bounded 
if there exists u EX  such that supnEN d(yn, u)く7f/2. Now we introduce the following 
theorem. 
Theorem 1.2 (Kajimura [1, Theorem 5.15]) 

Let X be an admissible complete CAT(l) space and T: X→X a vicinal mapping 
with心． ThenT has a fixed point if and only if there exists x E X such that {T四｝::'=1
is spherically bounded and supnEN心(d(Tn+iX,Tnx)) < 00. 

In Theorem 1.2, the condition supnEN心(d(Tn+1X,Tnx)) < oo follows automatically 
whenever T is vicinal with 1. Hence, the following holds: 

Corollary 1.3 

Let X be an admissible complete CAT(l) space. Then a spherically nonspreading 
mapping T of sum-type has a fixed point if and only if {T万｝~=l is spherically 
bounded for some x E X. 

Consequently, to check whether a spherically nonspreading mapping T of sum-type 
has a fixed point, we only need to examine the spherical boundedness of {T旺｝for
xEX. 
Let X be an admissible CAT(l) space, and f a proper convex function from X into 
]-oo, oo]. We call a mapping JJ a resolvent operator off if it is a signle-valued mapping 
from X into itself and its fixed point set F (Jf) coincides with the set argmin f of all 
minimizers off. From previous studies, such as [3, 5, 6, 7], we know that a set-valued 
mapping Jf : X→2x defined by the formula 

J戸＝ argmin(f(y)+ <I>(d(x, y))) 
yEX  

= { z EX  I 1}g1(f(y) + <I>(d(x, y))) 2: f(z) + <I>(d(x, z))} 
yEX 

for x E X becomes a resolvent operator of f on X by using a perturbation function 
屯［O泣／2［→罠 undercertain assumptions. Now we consider set-valued mappings Qゎ
Rf, and S1 from X into 2x defined by 

Q戸＝ argmin(f(y)-logcosd(x,y)); R1x = argmin(f(y) + 1-cosd(x,y)); 
yEX yEX  

S戸＝ argmin(f(y)+ tand(x, y) sind(x, y)) 
yEX  

for x E X, respectively. If X is complete and f is lower semicontinuous, then QJ 
and SJ can be defined as a single-valued mapping on X; see [3, Theorem 3.2] and [5, 
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Theorem 4.2], respectively. Moreover, if X is complete, f is lower semicontinuous, and 
f has at least one minimizer, then Rf becomes a single-valued mapping, see [7, Lemma 
5.2.1]. Furthermore, we know that QJ and RJ are spherically nonspreading of sum-type; 
however, we do not know whether SJ is so or not. 
In this paper, we show that there exist resolvent operators other than QJ and R1 
that satisfy the spherical nonspreadingness of sum-type. Specifically, we prove that the 
following resolvents T_炉 andU1 are spherically nonspreading of sum-type: 

1-cos d(x,y) 
T戸＝ arygE悶in(f(y) + ll-cosd(x,y) (l +入． 1sこ）ds),

uf1 = arygE芍in(!(y) +凶1-cosd(x,y))(-logcosd(x,y))) 

for x EX,入E[O, 1], and n E [1, oo[. 
The following is a crucial notion that describes a behavior of resolvent operators: 

Definition 1.4 (Kajimura-Kimura [2]) 

Let X be an admissible CAT(l) space and T a mapping from X into itself. Let 
心：［0,1r/2[→］0, oo [ be a function which is right-continuous at 0. Then, T is said to 
be firmly vicinal with心(forK, = 1) if 

（心(d(x,Tx)) cosd(x, Tx) +心（d(y,Ty)) cosd(y, Ty)) cosd(Tx, Ty) 

こゆ(d(x,Tx))cosd(x,Ty)+心（d(y,Ty)) cos d(y, Tx) 

for any x, y EX. 

In Definition 1.4, since X is admissible, we know that every firmly vicinal mapping 
withゆisvicinal with the same似

Lemma 1.5 (Kajimura-Kimura [2, Theorem 4.1]) 

Let X be an admissible CAT(l) space and f a proper convex function from X into 
]-(X), (X)].Let <j5: ]O, 1]→[O,(X)[ be a nonincreasing and differentiable function such 
that <j51 is continuous on ]O, 1]. Suppose that a set-valued mapping Ji: X→2X 
defined by 

J戸＝ argmin(f (y)＋<j5(cos(d(x, y)))) 
yEX 

for x E X is well-defined as a single-valued mapping on X. Then, Ji is firmly vicinal 
withー翠 0cos. 

Lemma 1.6 ([6, Theorem 6.5]) 

~ma 1.5 satisfies F(J1) = argminf. 

Lemma 1.7 ([6, Theorem 6.8, Theorem 5.30]) 

Let X be an admissible complete CAT(l) space and f: X→ ]-(X), (X)]a proper lower 
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semicontinuous convex function. Let戸： ］0,1]→[O, oo[ be a strictly decreasing and 
differentiable function such that <151 is nondecreasing and continuous on ]O, 1]. Suppose 
that lim八o<j5(t) = oo. Define a set-valued mapping JJ: X→2X by 

J戸＝ argmin(f(y)十罰(cosd(x,y)))
yEX 

for x E X. Then the following hold: 

(i) JJ is well-defined as a single-valued mapping on X; 
(ii) JJ is firmly vicinal withー<151o cos: [O, 1r /2[→ ］0, oo[ (by Lemma 1.5); 
(iii) F(JJ) = argminf (by Lemma 1.6). 

2 Main results 

In this section, we investigate the nature of several resolvents. Let X be an admissible 
CAT(l) space, f: X→ ]-oo, oo] a proper convex function,入E[O, 1], and n E [1, oo[. 
L~t us consider mappings QJ,RJ, Sf, r;,n, and Uf defined in Section 1. Define functions 
習，n五： ］0, 1]→[O, oo[ by 

よ(t)= ll-t(1十入・ b)ds and 西(t)=凶1-t)(-logt) 

゜fort E ]O, 1], respectively. Then, T)'nx and Ufx are figured by 

argmin(f(y)十豆;,n(cosd(x,y))) and argmin(f(y)十西(cosd (X'y))) 
yEX yEX 

for x EX, respectively. Consider the case where Xis complete, f is lower semicontinu-
ous, and入キ 0.Then Lemma 1.7 ensures that each mapping QJ, SJ, Tf叫扉 X→2x 
becomes a single-valued mapping on X. In contrast, Lemma 1.7 does not guarantee 
the well-definedness of Rt as a single-valued mapping. However, as mentioned before, 
Sudo [7, Lemma 5.2.1] showed that Rt is well-defined if argminfキ 0.
Now we prove the following result, which provides a sufficient condition for a firmly 
vicinal mapping T with心tobe spherically nonspreading of sum-type. 

Theorem 2.1 

Let x: ]O, 1]→ ］0, oo[ be a left-continuous function at 1. Let X be an admissible 
CAT(l) space and T: X→X a firmly vicinal mapping with心＝ xo cos. Suppose 
that there exists k > 0 such that 

1 1 
1 -s i x(t) -s了 (2.1) 

for any t E ]O, 1[. Then, T is spherically nonspreading of sum-type. 

Proof. Suppose that T: X→X is firmly vicinal with心＝xo cos and that (2.1) holds 
for any t E ]O, 1]. Then we haveゆ(d)cos d :s; k :s;ゆ(d)for any d E [O, 1r /2[. Hence, 
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putting Kx = d(x, Tx) and Ky=  d(y, Ty), we get 

2kcosd(Tx,Ty) 2:（ゆ(Kx)cosd(x, Tx) + 1/J(Ky) cosd(y, Ty)) cosd(Tx, Ty) 

ミゆ(Kx)cos d(x, Ty)＋心（Ky)cosd(y, Tx) 

2: kcosd(x, Ty)+ kcosd(y, Tx) 

for any x, y EX, which is the desired result. 口

From the following result, we can construct many functions <j5 which make a resolvent 
defined by the perturbation戸ocos spherically nonspreading of sum-type. 

Theorem 2.2 

Let X be an admissible CAT(l) space and f a proper convex function from X into 
]-oo, oo]. Let X1: ]O, 1]→恥 bea continuous function such that 

1 
1さx1(t):::::f 

for any t E ]O, 1]. For arbitrarily fixed k > 0, define <j5: ]O, 1]→[O, oo[ by 

詞＝『知(s)ds (2.2) 
t 

fort E ]O, 1], and J1: X→2x by 

J1x = argmin (f (y)十罰(cosd(x,y))) (2.3) 
yEX  

for x E X. Suppose that J1 is well-defined as a single-valued mapping on X. Then 
the following hold: 

(i) J1 is firmly vicinal with x1 o cos: [O, 1r /2[→ ］0, oo[; 
(ii) F(J1) = argminf; 
(iii) J1 is spherically nonspreading of sum-type. 

Theorem 2.3 

Let X, f, Xi, k, and戸bethe same as in Theorem 2. 2. We additionally suppose that 
the following conditions hold: 

• X is complete; 
• f is lower semicontinuous; 
• X1 is nondecreasing; 

•『x1(s)ds= oo. 
゜Then, J1: X→2x defined by (2.3) becomes a single-valued mapping on X. 

Proof of Theorem 2.2. Let x :=―阿＝ kx1-Then Theorem 1.5 implies that J1 is 
firmly vicinal with x o cos, and hence (i) holds. Moreover, (ii) is proved by Lemma 1.6. 
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We also deduce that 1::::; (1/k)x(t) ::::; 1/t for any t E ]O, 1[, and therefore Theorem 2.1 
implies (iii).ロ

Proof of Theorem 2.3. We can see that戸isstrictly increasing,戸＇isnondecreasing, 
and lim八 0戸（t)= oo. Therefore, from Lemma 1. 7, we obtain the conclusion. ロ

We also obtain the following: 

Corollary 2.4 

Let X and f be the same as in Theorem 2.2. Let M: ]O, 1]→[O, 1] be a continuous 
function, and define x1: ]O, 1]→艮 by

1-t 
x1(t) = 1 + ~M(t) 

t 

for t E ]O, 1]. For arbitrarily fixed k > 0, define VJ and JJ by formulas (2.2) and 
(2.3). Then the following hold: 

(I) If JJ is well-defined as a single-valued mapping on X, then the same statements 
(i)-(iii) as in Theorem 2.2 hold; 

(II) if the same four conditions as in Theorem 2. 3 hold, then Jf becomes a single-
valued mapping on X. 

Proof. Since 1::::; x1(t)::::; 1/t for any t E ]O, 1[, we obtain the conclusion. ロ

In what follows, we always assume that X is an admissible CAT(l) space and 

f: X → ]-oo, oo] is a proper convex function. Consider the resolvents'I',,□ Qゎ
and Rt defined in Section 1, and we assume that these are single-valued mappings on 
X. Using Corollary 2.4, we can show that these resolvents are spherically nonspreading 
of sum-type. 

Theorem 2.5 

For fixed real numbers入E[O, 1] and n E [1, oo[, the resolvent Tf'n is spherically 
nonspreading of sum-type. 

Proof. Put M(t) =入（1-tt-1 if n > 1, and M(t) =入ifn = l. Moreover, let 
1 -t (1 -t)n 

x(t) = 1 + ~M(t) = 1 +,¥ ・ 
t t 

fort E ]O, 1]. Then we can see that M(t) E [O, 1] for any t E ]O, 1], and 

戸杓(t)= Ial-t(1十入・ 18こ）ds=『x(s)ds
for any t E JO, 1]. Hence, Corollary 2.4 implies the desired result. 

Theorem 2.6 (Kajimura-Kimura [3, Theorem 3.5]) 

The resolvent QJ is spherically nonspreading of sum-type. 

ロ

Proof. Consider the case where k = 1 and M(t) = 1 fort E ]O, 1] in Corollary 2.4.ロ
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Theorem 2. 7 (Sudo [7, Remark 11, Remark 16]) 

The resolvent Rt is spherically nonspreading of sum-type. 

Proof. Consider the case where k = I and M(t) = 0 fort E ]O, 1] in Corollary 2.4.ロ

For入E[O, 1] and n E [1, oo[, consider the perturbation <I>い：＝戸炉ocos of T_戸
which is represented by 

い (d)= fol-cos¥ l十入 ・6)ds
for each d E [0,1r/2[. Then we see that <I>1,1(d) = -logcosd for any d E [0,1r/2[. 
Moreover, for fixed n E [1, oo[, we obtain <1>0,n(d) = 1 -cosd. Furthermore, for fixed 
入E[O, 1] and d E [O, 7f /2[, it follows that limn→00 <I>入，n(d) = 1 -cos d. These mean 
that the perturbation of the resolvent Tf'n connects smoothly those of QJ and Rt・
Recently, Kajimura et al. [4] showed that the resolvent竹： X →X defined by 

竹x= argmin (f (y) + 1 -cos d(x, y) -log cos d(x, y)) 
yEX 

for x E X is spherically nonspreading of sum-type. It is obtained by considering the 
case where k = 2 and M(t) = 1/2 for t E JO, 1] in Corollary 2.4. Moreover, we also 
know that VJ is ideltical to刀喜叫・
Finally, we show the resolvent operator的isspherically nonspreading of sum-type. 
Before that, we introduce the following lemma. 

Lemma 2.8 

Let f,g: ]O, 1[→恥 bedifferentiable functions having the following properties: 

• 0 < f(t) :S g(t) for any t E ]O, 1[; 
• f'(t) :S 0, g'(t) :SO for any t E JO, 1[; 
• f'(t)g(t) -J(t)g'(t) 2 0 for any t E ]O, l[. 

Let h(t) =、/]言forany t E ]O, 1[. Then, g'(t) :S h'(t) :S f'(t) for any t E ]O, 1[. 

Proof. Fix t E ]O, 1[. Then we have O < f(t) :S h(t):S g (t), which yields 

2h(t)g'(t)さ 2J(t)g'(t)さJ'(t)g(t)+ J(t)g'(t) = (f(t)g(t))'. 

Similarly, it follows that 

2h(t)J'(t)2 2g(t)J'(t) 2 J'(t)g(t) + f(t)g'(t) = (f(t)g(t))'. 

Therefore we obtain 

g'(t)三（f塁闊））＇:S J'(t). 

Since 

~ = ~ = h'(t), 
2h(t) 2~ 
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we get the conclusion. 

Assume that功iswell-defined as a single-valued mapping on X. 

Theorem 2.9 

~t U1 is spherically nonspreading of sum-type. 

Proof. Define x: ]O, 1]→[1, oo[ by 

x(t) =―況(t)= 
1 -t -tlogt 

2t~ t) 

fort E ]O, 1[, and x(l) = limい1x(t) = 1. Then U1 is firmly vicinal with x o cos. Let 

f(t) = 1-t and g(t) = -logt fort E JO, 1]. Then西(t)= JKt玩Wfor any t E ]O, 1]. 
Therefore, from Lemma 2.8, we conclude that g'(t)三戸以t):SJ'(t) for any t E JO, 1[, 
from which it follows that 

口

1 
1::; x(t) ::; f 

for any t E ]O, 1[. Consequently, Theorem 2.1 implies the desired result. 口
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