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Ramified Cauchy problem for a class of Fuchsian operators
with tangent characteristics

FETK LR F] (Hideshi Yamane) *

In an open neighborhood of 0 € C?*! z = (z0,2') = (%0, Z1,- - ., Tn), We
consider the following second order partial differential operator with holo-
morphic coefficients:

n
a(z, D) = zo(Do + qz§ ' D1)Do + Y_ a;(z) D; + b(z).
J=1
Here q is an integer > 2 and D; denotes the differentiation with respect to
z; (0 < j < n). It induces the following isomorphism:
a(z, D) : 22C{z} 5 z,C{z},

where C{z} denotes the stalk at the origin of the sheaf of holomorphic func-
tions.
Following [7], we put

: T:.’E0=.’L'1=0, KoZ.Z'l:O, Klil'lf.’b'g:().
It is easy to see that Ky and K, are characteristic hypersurfaces of a(z, D)
and that Kg n K1 =T.
Define a function h(z) by h(z) = —zf/z; for x ¢ T. If z; = 0, we set
h(z) = oo by convention. Then it is easy to see that
S = {z;h(x)=0}UT,
Ko = {z;h(z) =00} UT,
K, = {z;h(z)=-1}UT.
We introduce two closed subsets Ag and A; of C™*! by
Ay ={z;-1 < h(z) <0 or h(z) =00} UT D SUKpUKj,
Ay = {z;h(z) > 0 or h(z) =00 or h(z)=-1}UT D SUK,U K.
*075-0023 HEHHZE 2-1-1 TETLRERREFEH=, yamaneQcc.it-chiba.ac.jp




We consider the following Cauchy problem:
(1) a(z, D)u(z) = zov(z), Diulsy=0 =0( =0,1).

Here we assume that there exists an open connected neighborhood Q of
the origin such that v(z) is holomorphic in the universal covering space of
0\ (Ko U K;). In a neighborhood of y € QN (S '\ T), the Cauchy problem
(1) admits a unique holomorphic solution.

Our main result is

Thecrem 1 There existe an open connected neighborhood O of 0 € C7H

such that for j = 0,1 the solution u(z) to (1) extends holomorphically to the
universal covering space of O\ A;.

Notice that the point y can be assumed to be arbitrarily close to the
origin by [1].

Remark The above theorem means that u(z) extends holomorphically
along any path v : I — O with y(0) = y and 7(t) € A; for t > 0. Here I is
the closed interval [0, 1].

Consider, for example, a path 7, with v5(0) = y such that h o y(t) =
4t (0 < t < 1/2) and that h o yo(t) € C rotates many times along the circle
|z| = 2 as ¢ increases from 1/2 to 1. This is a situation where yo(t) moves
around Kj,. So the theorem (j = 0) implies the ramification of the solution
u(z) around Kp.

Next, let € > 0 be sufficiently small and consider a path v : I — O with
71(0) = y such that h oy (t) = —2(1 — )¢ (0 < t < 1/2) and that h o 11()
rotates many times along |z + 1| = ¢ for ¢ > 1/2. This is a situation where
71 (t) moves around K;. So the theorem (j = 1) implies the ramification of
u(z) around K;.

Sketch of proof

Following [7], we will give an integral representation of the solution u(z).
Let A, (m > 1) be the standard m-dimensional simplex C R™:

Ap={te R 0<t; < <tm <1}, t=(t1, .. tm).

The system of coordinates of C™ is ¢ = (01,02,...,0m) and the singular
m-simplex Sy, = Sm(Zo), depending on the parameter zo € C, is defined by

Sm(xg) te Ay, — xt € C;n
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We set do(m) = doy A+ - Adop,.
We introduce multiphase functions following [7]. Put ko(z) = po(z) = =1,
ki(z) = z; — z§ and for m > 1,

QD(O‘.’I?—-]C Z +1q

where k,,, = kg if m is even and k,,, = k; if m is odd. They satisfy the eikonal
equation for a(z, D) and we have

§0m+2|0m+2=am+1=mo = Qom+1[0'm+1=.‘to = Pm (m Z 0)'

We give the solution u(z) to (1) near the point y in the form of a series
of the type
o0

(2) u(z) = z I, (x)

m=2

with
In(z) = /S U (01, om0, 2), 0", 2")do(m)
= A um(xotls (Pm($0t7 iL'), Zola, . - ’ $0tm—17 x”)mgndtl ARERIVA dtma

where uy, = uy({,0',2") is a holomorphic function.” As a matter of fact, if
m is odd, then u,, =0 and I,,(z) = 0.
We can prove that u, (m =4,6,8,...) is given by

(3) us(¢, 7") = v(¢,z"),

(4) Om—1Um (C7 02;+++3,0m~1, .T”) = R(O[, /83 C’ ‘T”’ 61’ D”)’U,m_g (m > 4)

for a = Om—1, ,6 = 1/)2,m_2(02, ce ,O'm._g), where R(O!, ,8, C, il?”, 81, .D”) is a first
order operator with holomorphic coeflicients in a neighborhood of the origin
Of (j2 B X C2 X C:L‘" s ” (xz, e ,mn).

Therefore we have

lum(xotl’ (pm(th, .CL‘), x0t2) R thm—h x”)mgnl

E mt1 M (m),

c
tatsty - t—3tm—1 2 2

Then the convergence of the series (2) is a consequence of the following
lemma.
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Lemma 1 For m =4,6,8,..., we have
. dtidty - - - dty_1dty, -2 =1
(5) ]m=/ L2 : ={(T)!} (ﬂ+1> .
Am t3t5t7 ce tm—3tm——1 2 2

We extend the solution u analytically by deforming the singular simplex
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