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Integrals associated with 2-posets and applications to
multiple zeta values

By

SHuJI YAMAMOTO*

Abstract

This is a survey article on the study of multiple zeta values based on a certain type of
multiple integrals, which is a combinatorial generalization of the well-known iterated integral
expression of multiple zeta values. Elementary computations of such integrals lead to a class
of linear relations among multiple zeta values, called the integral-series identity. We discuss
the relationships of the integral-series identity with several other classes of relations.

§1. Introduction

In the study of the multiple zeta values, the iterated integral expression is a source
of various developments, including the geometric understanding of them. Even at an
elementary level, the integral expression has important consequences such as the duality
relation and the shuffle relation.

The author [17] introduced a combinatorial generalization of the iterated integral,
the integral associated with a 2-poset. Since then, it has been used to study the multiple
zeta values by several people, e.g. [9, 10, 14]. In particular, Kaneko and the author [9]
obtained a new class of linear relations of the multiple zeta values, called the integral-
series identity, and showed its equivalence (in a certain sense) with the regularized
double shuffle relation.

In this article, we give an overview of these developments, mainly focusing on the
results in [17, 9]. Roughly, §2 is based on [17] and §3 on [9].
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In §2, the notions of 2-posets and associated integrals are defined, and then several
kinds of multiple zeta values which can be expressed by the 2-poset integrals are de-
scribed. Moreover, the formula which we call the integral-series identity (Theorem 2.10)
is presented as a simultaneous generalization of the integral expressions of the multiple
zeta and zeta-star values. In §3, we regard the integral-series identity as a class of lin-
ear relations among the multiple zeta values, and discuss its relationships with several
other classes of relations, namely, the shuffle and harmonic relations, the regularization
theorems and the Kawashima relation. These results are summarized, in a rough style,

as follows:

Theorem 1.1 (Theorems 3.6, 3.10, 3.12 and 3.18).

(1) Assuming the integral-series identity, the shuffle relation and the harmonic relation
are equivalent.

(2) Assuming the shuffle and harmonic relations, the regularization theorem, the star-
requralization theorem and the integral-series identity are mutually equivalent.

(8) The shuffle relation, the integral-series identity and the duality relation imply the
Kawashima relation.

§ 2. 2-posets and associated integrals

In this section, we introduce the integrals associated with 2-posets, the main object
of this article. Then we explain how multiple zeta values of several types are expressed
by these 2-poset integrals. From such identities of the form “an integral = a series”,

one deduces linear relations among the multiple zeta values.

§2.1. Definition and basic properties
Definition 2.1. A 2-poset is a pair (X, J) of a finite partially ordered set (poset)
X = (X,<) and a map 6: X — {0,1} (we often say “a 2-poset X” omitting the map
9). A 2-poset is said admissible if §(z) = 0 for all maximal x € X and d(x) = 1 for all
minimal z € X. When X = (X,4) is an admissible 2-poset, we define the associated

I(X) = /A H wé(m)(tx)7

X reX

integral

where

dt

Ax = {(ts) € [0, | t, < t, if 2 <y},
t —_—
’ 1t

wo (t) = w1 (t)

t

As a convention, we put I(@) = 1.
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It is convenient to express a 2-poset by a colored Hasse diagram, where an element
x with §(z) = 0 (resp. 1) is depicted by a vertex o (resp. ®). For example, the diagram

A

expresses the 2-poset consisting of five elements x1, ..., x5 with the order
1 < T < T3 > Ty > Ty, T2 > Ts
and the map
d(z1) =1, 6(x2) =0, d(z3) =0, 6(xqg) =1, 0(x5) = 1.

This 2-poset is admissible, and the associated integral is
I B / dty dtydts dtgy dts
S Al =ty ty tg 1—ty41—t5’

A:{(tl,...,t5)€[0,1]5‘t1<t2<t3>t4>t5,t2>t5}.

where

Here we list basic constructions on 2-posets and elementary properties of the asso-
ciated integrals.

Definition 2.2.
(1) For 2-posets X and Y, the direct sum X 1Y is defined obviously.

(2) If two elements a, b of a 2-poset X are non-comparable (i.e., neither a < bnor b < a
hold), we denote by X? the 2-poset obtained by adjoining the new relation a < b.

(3) For a 2-poset X, we denote by X' the transpose of X, i.e., the 2-poset with the
same underlying set as X, with the reversed order and the map dx«(z) = 1—0dx(z).

Proposition 2.3 ([17, Proposition 2.3)).
(1) If X and Y are admissible 2-posets, then X I1Y is also admissible and

I(XTY)=I(X) I(Y).

(2) If X is an admissible 2-poset and a,b € X are non-comparable, then both X? and
Xy are admissible and
I(X) = I(X?) + I(X{).
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(3) If X is an admissible 2-poset, then its transpose X* is admissible and

I(XY) = I(X).

§2.2. Multiple zeta values expressed by 2-poset integrals

We explain the relations of certain 2-poset integrals with various types of multiple

zeta values.

2.2.1. Multiple zeta values Let us begin the well-known case of the multiple zeta
value of Euler-Zagier type (MZV for short)

(2.1) 30 E Y —

O<my<--<m, e M

Here k = (k1,...,k,) is an indexz, i.e., a tuple of positive integers. Moreover, for the
convergence of the series, we assume that k, > 2 (such an index is said admissible).
For an index k = (k1,..., k), its length r and the sum k; + - -+ + k,. of the entries are
called the depth and the weight, and denoted by dep(k) and wt(k), respectively. As a
convention, we consider the empty index @ of depth 0, regard it as an admissible index
and set ((@) = 1.

The iterated integral expression of MZVs, first noticed by M. Kontsevich, is the
following (cf. [19, p. 510]):

Proposition 2.4.  For an admissible index k = (k1, ..., k), we have

kr o

by
k?(/'ﬁ
(2.2) C) =1 ye

ko
ﬁ

Proof. This is obtained by expanding %t = 1+t+1t>+ ... for each ® and
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integrating term by term. For example, we have

7 /f B / dty  dty dts
O<ti<ta<ts<1 L —T11—1t2 t3

= > / £ ey 102 dt g ty L dts
0<t1<ta<t3<1

ni,ne>0

1
— Z —nl(n1+n2)2:g(1,2).

n1,n2>0

The general case follows the same pattern. U

Corollary 2.5.  For any admissible 2-poset X, the associated integral I(X) can
be written as a finite sum of MZVs.

Proof. This is done by induction on the number of non-comparable pairs in X:
Proposition 2.3 (2) decreases the number. When the number is zero, which means that
X is totally ordered, the associated integral is just like the right hand side of (2.2) and
is equal to a single MZV. U

The following relation of MZVs, called the duality, is an immediate consequence of

the iterated integral expression (2.2).

Corollary 2.6. We write an admissible index k as
k=(1,...,1,14+0b;,1,...,1,14+by,...,1,..., 1,1+ by)
—— —— ——
a1—1 as—1 as—1
with positive integers ai,bi,...,as,bs and then define its dual index k' by
kl=@1,...,1,14as,...,1,...,1,1+as,1,....,1,1+ay).
—— —— ——
be—1 by—1 bi—1

Then we have

¢(k) = ¢(k').

Proof. Apply Proposition 2.3 (3) to (2.2). O
2.2.2. Multiple zeta-star values The next example is the multiple zeta-star value

(MZSV)
U IR DE———

O<my<<m, ml e mT‘T
defined for an admissible k = (kq,...,k,). For the empty index, we put (*(&) = 1

again.
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Proposition 2.7 ([17, Corollary 1.3]).  For an admissible index k = (k1, ..., k),
we have

(2.3) (k) =1 .kﬁx .k/.ﬁ\.k/.ﬁo .

Proof. 'This is obtained by expanding ﬁ =1+4+t+1t2+ .- for the leftmost e,

and then integrating term by term, using the expansion ll__t;n =14+t4---+tmlat

other o. For example, we have

dty dty dts

()= -
/O\' O<ty<ta<1,0<ts<t, L — 11 t2 1 —13
B Vodts Mty [,
o Z v t dtq
o 1—=1t3 )y, t2 Jo

m1>0
1 [t oat !
-3 o [t
mi1>0 mi 0 1- t3 ts
1 (-t
-y L / 5y
m1>0 ml 0 R
>y [ e
=Y = t>
2 / 3 3
m1>0 my mo=1 0
1
= 2 Lot
0<ma<my 2 1
The general case follows the same pattern. O

2.2.3. Mordell-Tornheim multiple zeta values The multiple zeta value of Mordell-
Tornheim type (cf. [13, 16]) is defined by the series

1
ki,... kr;kr = )
CMT( 1, ? +1) Z m’fl . mng (ml _|_ e _|_ mr)k'r+1

mi,...,m.>0

for positive integers ki, ..., kq11.

Proposition 2.8 ([17, §3.2]).  For positive integers ki,. .., ky+1, we have

(2.4) CMT(k17~~'7kr;kr+1) =1 A
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In particular, (v (k1 - .- ks krg1) 48 a finite sum of MZVs.

Proof. 'This is obtained similarly to Proposition 2.4. A typical example is
1 u u
d dt dt
() = / du / 1 / 2
o U Jo 1— tl 0 1— t2
1 u u
d
= ¥ / —“/ tTl_ldtl/ tm2=1dt,
o U Jo 0

m1,ma>0

1 1
— Z / um1+m2—1du
mimsa Jo

mi,m2>0

1
= > mlmz(ml+m2)=cMT(1,1;1>-

m1,m2>0

In the general case, the pattern is the same. Ol

Remark.  Bradley-Zhou [2] proved by a different method that (v (k1 -« - krj Krg1)
belongs to the Q-vector space generated by MZVs. Moreover, Kamano [7] obtained an
explicit formula

Cur (K1, ks krgr) = C((epy m- - - m ekT)egTH)

using the algebraic language which will be introduced in the next section. In fact, this
formula is equivalent to (2.4) through the repeated use of Proposition 2.3 (2).

2.2.4. Arakawa-Kaneko multiple zeta values The Arakawa-Kaneko multiple
zeta function (see [1]) is defined as

L1 * Lig(1—e™™) ,_
i) = g | e

for an index k = (kq,..., k), where

Lic(t)= ) e

0o<my < --<m my

is the multiple polylogarithm.

Proposition 2.9 ([17, §3.1]).  For an index k = (k1,...,k,) and a positive in-
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teger n, we have

oy

ky._
(2.5) Ekin)=1 /.ﬁ

5
Proof. 'The change of variable 1 — e™® =t shows that

¢lim) = 5y [ Lilo)(- tog(1 — )1

Then, by substituting the usual iterated integral expression of Lix(¢) (similar to (2.2),

with the integral up to t instead of 1) and

st =t = gy ([ 1d_uu)nl

. / du1 dun_l
= ’
O<uy < <up_1<t L = UL I —up—

we obtain the equality (2.5). O

Remark.

(1) In the depth one case k = (k), one sees that

N——

n—1

ki) = I ./]“"(O/O\'\n\. — (L Lk )

by (2.5) and (2.3). This formula was obtained by Ohno [15, Theorem 2] with a
different proof.

(2) By applying Proposition 2.3 (3) to (2.5), one sees that

%
e

(2.6) Ehn) = 1 N
N

2/
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Then, by using Proposition 2.3 (2) repeatedly, one deduces

(2.7) Eksn) = Y b((k)E)C((k)T +]).
J=(j1,--ds)EZS
Jittis=n—1

Here k; = (ki,...,ky_1,k, + 1) with the dual index (k;)" = (I,...,l), and the
coefficient b((k4)T;j) is defined by

b«kﬁﬂﬁZJE(h+£_l>

The formula (2.7) was first proved by Kaneko-Tsumura [8, Theorem 2.5] by a dif-
ferent method. The proof based on (2.6) was given by Kawasaki-Ohno [10].

§2.3. Integral-series identity

Now let us state a formula which we call the integral-series identity.

Theorem 2.10 ([9, Theorem 4.1]).  Let k = (k1,...,k.) and 1 = (Iy,...,ls) be
non-empty indices (possibly non-admissible). Then we have

1
- E: k1 Ky 11 ls "

. . (s DY
o<mi<---<my my My Ny Tvs

0<ni<--<n
kl -O Mmy=nNg s

»

Note that this theorem is a simultaneous generalization of Proposition 2.4 and

Ls S g Qo
L
b

Proposition 2.7. In fact, these propositions are obtained by putting 1 = (1) or k = (1),

respectively. Moreover, its proof is also an amalgam of the proofs of these propositions;

that is, expansion ﬁ = 14t+4+t>+--- at each e in the k-part, and term-by-term

integration from the left side using 11_5:1 =1+4t+---+t™ ! at each e in the [-part.

From Theorem 2.10, one can deduce various linear relations among MZVs. For

example, for k =1= (1,1), we have

O D

0<mi<mao=ng>ni >0

By Proposition 2.3 (3), we see that

I(//A\):SI = 3¢(1,1,2).
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On the other hand, we also have

> 1 >
mM1Mmaning mim3n

0<mi<mao=ngz>n1>0 0<mi<meo>n>0

SRR YN D S ol P

0<mi<mao=n 0<mi<n<msg O<mi=n<ms 0<n<mi<me

=((1,3) +¢(2,2) +2¢(1,1,2).
From these equalities, we deduce that

¢(1,1,2) =((1,3) + ¢(2,2).

By generalizing this computation, we can prove the sum formula

>, (k) = ¢(k),

wt(k)=k,dep(k)=r

and its generalization (the restricted sum formula) by Eie, Liaw and Ong [3] (see [9,
Proposition 7.1]). For a further generalization, see also a recent paper by Murakami-
Murahara [14].

Supported by such results and Theorem 3.10 in the next section, we conjecture
that this method gives all linear relations among MZVs over Q ([9, Conjecture 4.3]).
This is confirmed up to weight 17 by numerical computation.

§3. Relationship with other classes of relations

In the previous section, we observed that a class of linear relations of MZVs is
deduced from the integral-series identity (2.8). In this section, we will consider im-
plications among some classes of (linear or algebraic) relations of MZVs. To discuss
such a relationship among relations, we first introduce a formal setup due to Hoffman
[4]. Then we formulate in this formal setting several classes of relations including the
integral-series identity, and state the results on the relationships among them.

§3.1. Formal setup of the integral-series identity

Let $ = Q(ep, e1) be the non-commutative polynomial algebra over Q with two
indeterminates eg, e;. Thus, $) has a basis consisting of the words in the letters ey and
e1, including the empty word denoted by 1. We define its subalgebras $° C $' € § by

9 =QaerhH, H =Q eiHeo.
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In other words, ! (resp. H°) is the subspace of § spanned by the words in eg, e; that
begin with e; (resp. that begin with e; and end with eg) together with 1. By setting
e = elelg_l for positive integers k, they are also written as

9= P Qe er,, 9= &b Qer, - - - ek,

(k1ye.eskr) (k1,..skr)
index admissible index

The latter description of ° allows one to define Q-linear maps (,(*: $° — R by

C(ekl te 'ekr) = C(kh s 7k7’)7 C*(ekl te 'ekr) = C*(k;h . wkT}

for all admissible indices (k1,. .., k). Moreover, there is a natural linear automorphism
()*: 9t — 9! which preserves $° and satisfies that (*(w) = ((w*). Up to depth 3, this
is defined by

* =1,

*
€r = €k,

(exer)” = exer + epti,

*
(ererem)” = exerem + erti€m + €xeitm + Ehtitm.

In the following, by abuse of notation, we often identify the word ey, - - - e, in H!
with the index (ki,...,k,). Hence we write, e.g., (k,1)* = (k,1) + (k+1), (k) x (]) =
(k,0)+ (L,k)+ (k+1), etc.

To treat the 2-poset integrals in the above setting, we consider the Q-vector space
B generated by all isomorphism classes of 2-posets. Just like §, this has the subspaces
PO P! P: P! is spanned by the isomorphism classes of 2-posets (X, §) such that
5(z) = 1 for any minimal z € X, and *B° is spanned by the isomorphism classes of
admissible 2-posets. Then, like ¢, the map I which assigns the integral I(X) to an
admissible 2-poset X is extended to a Q-linear map I: B° — R.

Corollary 2.5 says that the map I: % — R factors through the map ¢: $H° — R.
More precisely, there is a Q-linear map W: ¢ — §, which transforms a 2-poset to a
finite sum of words in eg, e, characterized by the conditions:

e For a totally ordered X = {x1] < o < -+ < a3},
W(X) = €5(2,)€5(xs) " " * €5(z1)-

e If a and b are non-comparable in X,

W(X) =W(X5) +W(XP).
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This W sends ‘Bl and ‘BO onto $H and $H° respectively, and satisfies
I=CoW: P’ =R

In the following, we consider Q-linear maps Z: $° — R, where R is any commuta-
tive Q-algebra, keeping (: H° — R in mind as a typical example. Then we may regard
a class of relations among MZVs, e.g. the integral-series identity, as a condition on
such Z. We note that, though Kaneko-Yamamoto [9] treat only the case R = R, their
arguments may be applied to any commutative Q-algebra R.

§ 3.2. Shuffle and harmonic relations

There are two natural ways to write a product of MZVs as a finite sum of MZVs,
one of which is based on the iterated integral expression (2.2), and another on the
multiple series expression (2.1) defining MZVs. They are formulated by two kinds of
products on $°.

Definition 3.1.

(1) A Q-bilinear product m: $x$ — 9, called the shuffle product, is defined recursively
by
lmw=wml=w,

vam wb = (vmwb)a + (va m w)b,
where v, w are any words in eg,e; and a,b € {eg,e1}.

(2) A Q-bilinear product *: H! x $! — H!, called the harmonic (or quasi-shuffle)
product, is defined recursively by

lxw=wx*x1=w,

ve x wep = (v * wey)e, + (veg x w)ep + (v * w)eg4y,
where v, w are any words in e, e, ... and k,[ are any positive integers.

$ is a commutative Q-algebra with respect to the shuffle product, for which we write
Hu- H and H° form subalgebras of £, written H1 and HY respectively. Similarly, $H1 is
a commutative Q-algebra with respect to the harmonic product and $° is a subalgebra,
written .‘7)1 and 5’)2 respectively.

We equip the vector space P8 generated by 2-posets with the product given by

X]-[Y] = XTIV
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for any 2-posets X and Y (here [X] denotes the isomorphism class of X). Then P
becomes a commutative Q-algebra, and B! and B are subalgebras. Moreover, the map
W: B — 9y is an algebra homomorphism. Indeed, the definition of the shuffle product
m is an inductive description of the way to compute W (X I1Y) for totally ordered X
and Y using the characterizing properties of W.

Definition 3.2. A Q-linear map Z from $° to a commutative Q-algebra R is
said to satisfy the shuffle relation (resp. harmonic relation) if Z: 2 — R (resp.
Z: 9 — R) is a homomorphism, i.e.,

Z()Z(w) = Z(vmw) (resp. Z(v)Z(w) = Z(v *w))

holds for any v,w € $H°. If Z satisfies both the shuffle and harmonic relations, we say
that Z satisfies the double shuffle relation.

Proposition 3.3.  The MZV map ¢: $H° — R satisfies the double shuffle relation.

Proof. The harmonic relation follows from a computation using the definition (2.1)

of MZVs. For example, one can compute as follows:

c<ek>c<ez>=2$25=( 2 Tt )ﬁ

m=1 n=1 0<m<n o<n<m 0<m=n

(k1) + C(L ) + C(k +1) = Clex x er).

The shuffle relation follows from a similar computation using the iterated integral expres-
sion (2.2). Alternatively, one may note that W: % — §9 is a surjective homomorphism
and (oW = I: % — R is a homomorphism (Proposition 2.3 (1)). O

We also reformulate the integral-series identity (2.8) as a condition for a linear map
on $Y.

Definition 3.4.  For non-empty indices k = (k1,..., k) and 1 = (I1,...,1s), we
put

L ¢ . Ke)
AN
%% .@ e nY.

k

&

We also define a Q-bilinear product ® on e1 (the space spanned by the non-empty

n(k,1)

indices) by
ver ® wep = (v * w)epi.
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With these symbols, we can write the identity (2.8) simply as

C(puk, 1) =((kel).

Definition 3.5. A Q-linear map Z: $° — R is said to satisfy the integral-series
identity if
Z(pk, 1) =Zkol")

holds for any non-empty indices k and 1.

Now let us observe the following example. For integers k,[ > 2, one can verify the
equalities in $°

k—1D®{, 1) =k +(k+1)=(k) () — (k]I

and

Then it is easy to see that, among the three conditions

Z(k)Z(1) =Z((k)= (1),  Z(k)Z(l) = Z((k) m (1)),
Z(p((k-1),1,1))=2Z((k-1)® (I,1)*),

any two implies the other. This simple observation suggests that there are some relation-
ships among the harmonic relation, the shuffle relation and the integral-series identity.
In fact, we have:

Theorem 3.6 ([9, Theorem 4.8]).  Assume that a Q-linear map Z: H° — R sat-
1sfies the integral-series identity. Then it satisfies the shuffle relation if and only if it
satisfies the harmonic relation.

Notice that, in the above example, the integral-series identity ,u((k —1), (1, 1)) =
(k—1)®(l,1)* has a meaning even if [ = 1, while the corresponding shuffle and harmonic
relations are meaningless since Z(1) is undefined. This suggest that the double shuffle
relation is not enough to imply the integral-series identity. To fill this gap, we next
introduce the regularizations, the method to extend certain maps on $° to those on H'.
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8§ 3.3. Regularizations

Let Z: H° — R be a Q-linear map to a commutative Q-algebra R. In this subsec-
tion, we assume that Z satisfies the double shuffle relation.

Definition 3.7.  The shuffle reqularization of Z is the homomorphism Z : 1 —
R[T] of Q-algebras such that

Imlgo =2, Zy(er) =T,

where T is an indeterminate. In fact, such Z uniquely exists since $1 = f)?u[el].
Similarly, the harmonic regularization of Z is the homomorphism Z,: ! — R[T]
of Q-algebras such that
Zigo =2, Z.e1)=T.

Such Z, uniquely exists since $1 2 $%[eq].

Applied to the MZV map (: $° — R, the above constructions define the shuffle
and harmonic regularizations (y, (s : $1 — R[T]. In general, they do not give the same
element of R[T] for a non-admissible index, e.g.

T° 2 ((2)

Cm(lvl):77 C*(Ll):?_ 9

To state the precise relation of (, (w) and ¢, (w) for general w € $H!, we need an R-linear
map p: R[T| — R[T] by

p(eTu) — A(U)T‘TU,
which is an identity in the formal power series algebra R[T'][[u]] on which p acts coeffi-

cientwise. Here

n=2

A(w) = e T(1 + 1) = exp <Z (_1)nC(n)u"> € R[]
Theorem 3.8 ([6, Theorem 1]).  For any w € H', we have

G (w) = p(Cu(w)).
We formalize this theorem as a condition on Z.
Definition 3.9.  Define a Q-linear map pz on R[T] by

pz(e™) = Az(u)e™,

(3.1) Az(u) = exp (Z (_:L)n Z(n)u") € R[[u]].
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Then we say that Z satisfies the reqularization theorem if
Zw(w) = pz(Zi(w))
holds for any w € $!.

Theorem 3.10 ([9, Theorem 4.6]).  Assume that Z: $H° — R satisfies the double
shuffle relation. Then Z satisfies the reqularization theorem if and only if Z satisfies

the integral-series identity.

§ 3.4. Star-regularization theorem

Here we state the star-version of Theorem 3.10. We continue to assume that
7. $HY — R satisfies the double shuffle relation.

Recall that there is a map w + w* on $H! such that (*(w) = ((w*) if w € HY. For
general Z, we put

Z*(k) = Z(w*) for w e H°.
The star-harmonic regularization is defined by the same formula
Z¥(w) = Z,(w*) for w € H.

On the other hand, the star-shuffie regularization is defined by

25(K) = Zu oW .’%\ .... .’%\kﬁ

for (not necessarily admissible) index k = (kq, ..., k).
Definition 3.11.  Define a Q-linear map p} on R[T| by
py(e™) = Ag(—u)~te™,

where Az(u) is given in (3.1). Then we say that Z satisfies the star-regularization

theorem if
Z3y(w) = py (2 (w))
holds for any w € Ht.
Theorem 3.12 ([9, Theorem 4.6]).  Assume that Z: $° — R satisfies the double

shuffie relation. Then Z satisfies the star-reqularization theorem if and only if Z satisfies
the integral-series identity.
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In conclusion, under the assumption of the double shuffle relation, the three con-
ditions 1) the regularization theorem, 2) the star-regularization theorem and 3) the
integral-series identity, are equivalent to each other. In particular, through this equiv-
alence, the regularization theorem (Theorem 3.8) and the star-regularization theorem
(Corollary 3.13 below) for the map ¢ are deduced from Theorem 2.10, which is proved
by an elementary computation of the multiple integral.

Corollary 3.13 ([9, Corollary 4.7]).  For any w € $, we have
G (w) = p* (¢ (w)),

where p* denotes p7, for Z = C.

Remark.  Corollary 3.13 is applied to a study of certain symmetric sums of reg-
ularized MZSVs by Machide [12].

§ 3.5. Kawashima relation

Lastly, we discuss a class of algebraic relations of MZVs proved by Kawashima [11].

Definition 3.14. For an index k = (kq,..., k), define its Hoffman dual index
kY = (l,...,ls) by the conditions

wt(k) = wt(k"),
{1,2,...,wt(k) = 1} = {k1, k1 + ko,.. ., k1 + -+ kr—1}
O{ly,lh+loy..oyly 4+ -+ 151}
Recall that the dual k' of an index is used in Corollary 2.6 to describe the duality

relation ((k) = ¢(k'). Similarly, the Hoffman dual k" is used to describe the ‘duality’
of finite sums (see [5, 11])

N N
(3.2) Z s*(k,n) = Z(—l)"_ls*(kv,n) (]Z),

n=1

where

N 1
S ((k17"'7k1')7n): Z k1 Ky

0<my < <mp<n ML
One of the motivations to consider the 2-poset integrals was to understand the equation
(3.2) in terms of a change of variables in some integral; see [17, §1].

Kawashima [11] introduced a one-variable complex function

R = 31 ()

and proved:
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(1) For any non-empty index k, Fi(z) has the Taylor expansion

:Z m 1< )@(kv)*)z

m=1
m

(2) For any non-empty indices k and 1, the harmonic relation
Fy(2)F(z) = Fxai(z)
holds. Here * is the star-version of the harmonic product defined by
(kx1)* =k* %1%,
and the map k — Fy(z) is linearly extended.

(For further information on Kawashima’s function Fx(z), see also [18]). By combining

these properties, one obtains:

Theorem 3.15 ([11, Corollary 5.4]).  For any non-empty indices k and 1 and
any integer m > 1, we have

> < ® (k)*)¢((1, ..., ) ® 1)) = —¢((1,..., ) ® (kx])¥)*).

p,g>1 m
ptg=m p 1

Definition 3.16.  We say that a Q-linear map Z: $° — R satisfies the Kawashima
relasion if

> 2(( ®(kv) )Z((1,..., D)@ 1)) =-Z((1,...,1) ® (kx])¥)*).

p,q>1 p q m
pt+qg=m

holds for any non-empty indices k and 1 and any integer m > 1.
Kawashima also showed that his relation implies the duality:

Theorem 3.17 ([11, Corollary 7.2]).  If Z: $° — R satisfies the Kawashima re-
lation, then it also satisfies the duality relation, i.e., Z(w) = Z(w') holds for any
w e HY.

On the other hand, it is an open problem that whether the double shuffle relation
with the regularization theorem implies the duality. Hence, so far, we have not been able
to deduce the Kawashima relation from the double shuffie relation and the regularization

theorem. Nevertheless, we can prove:
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Theorem 3.18 ([9, Theorem 6.7]).  Let Z: $H° — R be a Q-linear map satisfying

the double shuffle relation and the regularization theorem (or, equivalently, the shuffle

(or harmonic) relation and the integral-series identity). In addition, assume that Z

satisfies the duality relation. Then Z satisfies the Kawashima relation.
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