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ABSTRACT

The two-dimensional elastic wave propagation in an infinite layered structure with nonlinear
interlayer interfaces is analyzed theoretically to investigate the second-harmonic generation due
to interfacial nonlinearity. The structure consists of identical isotropic linear elastic layers that are
bonded to each other by spring-type interfaces possessing identical linear normal and shear
stiffnesses but different quadratic nonlinearity parameters. Explicit analytical expressions are
derived for the second-harmonic amplitudes when a single monochromatic Bloch mode
propagates in the structure in arbitrary directions by applying the transfer-matrix approach and
the Bloch theorem to the governing equations linearized by a perturbation method. The second-
harmonic generation by a single nonlinear interface and by multiple consecutive nonlinear
interfaces are shown to be profoundly influenced by the band structure of the layered structure,
the fundamental Bloch wave mode, and its propagation direction. In particular, the second
harmonics generated at multiple consecutive interfaces are found to grow cumulatively with the
propagation distance when the phase matching occurs between the Bloch modes at the

fundamental and double frequencies.
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1. Introduction

Nonlinear acoustic wave propagation in layered structures was analyzed theoretically by
several researchers to explore the amplitude-dependent dispersion relation [1,2], the occurrence
of localized solutions or solitary waves, [3—11] and the higher-harmonic generation [12—14].
Recently, these findings have been utilized in practical applications, such as the so-called acoustic
diode proposed by Liang et al. [15,16], which rectifies acoustic wave propagation by combining
a superlattice with a nonlinear medium. These foregoing studies [1-16] dealt with the nonlinear
acoustic phenomena caused by material nonlinearity.

In the field of nondestructive testing, the nonlinear acoustics at the contact between two rough
surfaces of solid media have attracted much attention as a sensitive measure to assess interfacial
imperfections such as closed cracks and kissing bonds. In particular, the higher-harmonic
generation at these imperfect interfaces has been investigated theoretically and experimentally
[17-31]. These studies have demonstrated that the second-harmonic generation behavior at a
contacting interface or thin interphase layer between two solids can reasonably be described by
modeling it as a nonlinear spring-type interface [19,20,22,27-31], where the stresses are
continuous while discontinuities are allowed in the displacements with the resulting displacement
jumps related nonlinearly to the stresses. This modeling has also been utilized to analyze the
second-harmonic generation in double interface structures by Yan et al. [32,33] and Junca and
Lombard [34].

For the more general case of multiple interface problem, the authors [35-37] have analyzed
the second-harmonic generation in multilayered structures with nonlinear spring-type interlayer
interfaces by combining a perturbation analysis and the transfer-matrix method [38,39]. As a
result, the second-harmonic generation in the presence of multiple imperfect interfaces was found
to be influenced by the frequency in a more complicated manner in comparison with the single
interface problem, reflecting the band structure of periodic structures. The existing studies on

layered structures [32—37] are, however, limited to the simplest case of the one-dimensional
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longitudinal wave propagation in a direction perpendicular to the interfaces. When the interlayer
imperfections such as closed delaminations in composite laminates [40—42] are characterized
using nonlinear acoustic techniques, there are some cases where the normal incidence to the
interfaces is unavailable due, for example, to the surrounding environments. The second-
harmonic generation at nonlinear spring-type interfaces subjected to oblique incidence of
longitudinal or shear waves has been analyzed in the two-dimensional framework [20,22,43], but
these foregoing works dealt with a single interface problem. Therefore, understanding of the
corresponding issue for the multiple interfaces is important and expected to provide some insights
into the interface evaluation of multilayered structures using oblique incidence.

The aim of this paper is to theoretically elucidate the second-harmonic generation behavior of
elastic waves propagating in arbitrary directions in a multilayered structure with nonlinear spring-
type interlayer interfaces. To acquire fundamental understanding of the influence of frequency
and propagation direction on the second-harmonic generation, the present study focuses on the
two-dimensional Bloch wave propagation in an infinitely layered structure consisting of identical
isotropic linear elastic layers and nonlinear spring-type interfaces with identical linear interfacial
normal and shear stiffnesses. The problem is formulated in Section 2. The current analysis is put
forward by extending the procedure of the one-dimensional wave propagation case in Ref. [36].
Namely, the nonlinear governing equations are first linearized by a perturbation method, and the
problems for the fundamental and its second-harmonic components are then solved using the
transfer-matrix method [38,39] and the Bloch theorem to obtain explicit analytical expressions
for the second-harmonic amplitudes in the layered structure in Section 3. Numerical examples are
presented and discussed in Section 4 for the second-harmonic generation by a single nonlinear

interface and by multiple consecutive nonlinear interfaces.



2. Formulation

The present study considers the two-dimensional plane-strain wave propagation in an
infinitely layered structure consisting of identical isotropic linear elastic layers (thickness #,
density p, longitudinal wave velocity cL, and shear wave velocity cr) and spring-type interlayer
interfaces as shown in Fig. 1. The x1—x; Cartesian coordinate system is set in such a manner that
the layering direction coincides with the x; axis. The displacements, denoted by u; (x1, x2, ) where
j=1,2 and ¢ is the time, satisfy the following two-dimensional Navier equations with neglected

body forces in each layer.
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where X,, = mh (m € Z) represent the x; coordinate of the interfaces. The normal and shear stresses
in the layers, denoted by o11 (x1, X2, £) and o12 (x1, X2, ), are given by

ou, du, c')uz). )

du,
011 =pCEa—x1+p(CE —ZC%)a—xz, 012 =pC-% (a—xz+a—x1

At each interface, the spring-type boundary condition is adopted (i.e., stresses are continuous
while discontinuity is allowed in the displacements across the interface). Furthermore, the
interfaces are assumed to possess weak quadratic nonlinearity and to exhibit an orientation-
independent response in their plane (i.e., normal and shear stresses are assumed to be even and
odd functions of the tangential displacement jump, respectively). In this situation, the boundary
conditions at x| = X,, are given by [22,44]
011X X2, ) = 011 K, X2, 1) = Kn{Wim1 (02, 1) = Bt [Ym1 (%2, 1% = Bz [Yim2 (22, 17}, (3a)
012 (Xm4, X2, 1) = 012(Xm—, X2, t) = Kr[1 = Brnzym1 (2, )]yma (x2, 1), (3b)
where the subscripts “m+” and “m—" denote the limit of a field variable when x; approaches X
from x; > X, and x; < X,,, respectively. In Eq. (3), Kx and Kt denote the linear interfacial normal
and shear stiffnesses, respectively, which are assumed to be the same for all interfaces, and S, (k

=1, 2, 3) are parameters representing the nonlinearity of the interface at x; = X,,. Furthermore,



Ymj (X2, £) = Uj(Xmy, X2, 1) — Ui (X, X2, 1) 4)
denote the jumps of displacements at x; = X,.
In this paper, the dissipative nature of the layers and the interfaces is not incorporated. In other
words, the aforementioned material parameters are assumed to be {h, p, ¢, ct, Ky, K1} € Ry

and Bk € R, where Ryy = {x € R |x > 0}.

Isotropic linear elastic layer

Nonlinear spring-type interface
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3. Second-harmonic generation due to a monochromatic Bloch wave propagation
In this section, analytical expressions for the second-harmonic amplitudes in the infinite

layered structure when it is subjected to a monochromatic wave propagation in arbitrary directions

are derived by extending the procedure presented for the one-dimensional wave propagation

problem in Ref. [36] to the two-dimensional one.

3.1. Linearization of governing equation
Equations (1)—~(4) are first linearized using a perturbation approach. It is assumed that

r{lakXSLBmklao’ where ay € Ry, is a characteristic displacement amplitude, is sufficiently
m,1sk<

small and that the solution of Egs. (1)—(4) is given as
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where u}l)

()

is the fundamental solution and u; @ and

is the first-order correction. Then, u;

u® satisfy Eq. (1) with u; replaced by u]gl) and u}z)

; , respectively, and the boundary

conditions for them are given by

1
0-11 (Xm+: fo t) - 0-11)(Xm leJ t) - KNy‘,gn_l)(xZJ t): (63)
e DXt %0, 8) = 0P (X, x50, 8) = Kpy( 6b
12 m+r» 2 — Y12 —r A2 Tymz xZ!t); ( )

for u}l), and

02 i 12,8) = 02 Ui 12,8) = K 2000 ) = s R 0] = o [y B0}, )

2
03 Xms %2,8) = 013 K %2, 8) = Ko [0 (2 ) = B ez Dy (52, 0], (7b)

for u}z). In Egs. (6) and (7), 01(?, 01(2), and y(r) (r =1,2) are given by Egs. (2) and (4) with

u; replaced by u}r).

3.2. Transfer matrix of unit cell

The problem for u}l) (Navier equations and boundary conditions in Eq. (6)) governs the
linear wave propagation in a perfectly periodic structure of spatial period 2 whose unit cell
consists of one layer and one linearized spring-type interface. A solution to this problem when a

monochromatic wave with angular frequency w, € Ry, propagates in the structure is

considered here by introducing the complex-value expression as
" (a1, 22,0) = Re (U () expliCiea, = )]}, ®)
where 1 denotes the imaginary unit, and k, € R is the x, component of wavevector, which is

conserved throughout the layered structure due to Snell’s law. Furthermore, the following

displacement amplitude vector is introduced to employ the transfer-matrix formalism [38,39]:



T
AS,? = (AS%_,A%%_,A%L,AE)H) for Xpy, <x1 <Xt €

where the superscript “T” denotes the transpose. In Eq. (9), AE;)L + and A;?T + denote the
complex-valued time-harmonic displacement amplitudes of partial longitudinal and shear waves,

respectively, that propagate in the corresponding layer in the £x; directions. Namely, Uj(l) are

assumed to be expressed as a superposition of these partial waves as

<U1(1)(X1)> —4® (_le) exp [iwole(Xm+1 —Xx1)

Uz(l) (x) mL=\ pr2 CL

P12

1 (P12 iwopr1 Km+1 — x1)
+A, 7 (PT1) exp [ e
(10)
PL iwopr1 (X1 — Xim)
+A£,11i+( 1)exp[ m

CL

+4%)

mT+

( Pr2 )exp [iwopTl(xl - Xm)],

P11 CT

where pp; and pr; are the components of unit vectors representing the propagation direction

of partial longitudinal and shear waves, respectively, which are given from p;,/ci, = pr2/cT =

ky/wo, P = ’1 _pEZ’ and pr; = fl _P%z

The amplitude vectors in the adjacent layers are then connected as [45]

Bll B12 B13 B14-
B21 B22 B23 B24- (11)
B31 B32 B33 B34—
B4-1 B4-2 B4-3 B4-4-

A} = B(@)AY) B(Q2) =

m-—1’

where 2 = wyh/ct € Ry represents the normalized angular frequency, and B(2) is the 4 x 4
transfer matrix of the unit cell, whose elements can be expressed explicitly by
By = [1+10L (AN, ADIEL(=2), By = i2L,(Ay, Ar)EL(—0),
By3 = i02L; (Ay, —Ar), By = 0Ly (—An, AT)EL(—2)ET (1), .
Byy = i0L3(Ay, A7) Er(—12), By, = [1 +1i0L4(Ay, A7)]Er(—12), ()

By3 = i-QL3(/1N» —AT)EL(-Q)ET(—-Q)» Byy = i-QL4(—/1N'/1T),



B3y =i0Ly(—Ay, A1), B3z =i02L,(—Ay, A7),
B3z = [1 —iQL, (AN, AT)]EL(2), Bz4 = i2L,(Ay, AT)Er (),
By = i0L3(Ay, —At), Baz = 10L4(An, — A7),

By3 = iQL3 (AN, AT)EL(2), Bas = [1 —iL,(Ay, Ap)]ET (),

where
__ ¢ 2 \2 2
LAy, Ar) = — L [(1 —2p%,) " An + (2PLapT2) AT], (13a)
1
2¢pt2
Ly(An, A7) = y (1 - 2p%,)Cpr1dN — PLaAT), (13b)
1

PrL1

Ly (AN, A1) = Ly(An, A )
3(An, Ar) 2(AN T){pT1 (13¢c)
1
Ly, Ar) = == 2Gprapra)*An + (1 = 208,) e, (13d)
EL(@) = exp(ipLy),  Er(2) = exp(ilpry). (13¢)

In Egs. (12) and (13), the non-dimensional parameter { = ct/c, € R, represents the ratio

between the shear and longitudinal wave velocities, and

2 2
pcy, pCt
NE= g ERee Ar =g €Roo, (14)

represent the relative linear normal and shear compliances of the interfaces.

3.3. Application of Bloch theorem
Application of the Bloch theorem to the present periodic structure gives
A = explik(2)n] ALY, (15)
where K(f2) € C denotes the x; component of the Bloch wavevector (referred to as the Bloch
wavenumber hereafter). Note that the x, component of the Bloch wavevector is assumed to
coincide with k> mentioned above in Eq. (8).
A comparison between Egs. (11) and (15) indicates that A(£2) = exp[iK(2)h] is an

eigenvalue of the transfer matrix B(#2). Using the property that the reciprocal of the eigenvalue



of B(£2) is also an eigenvalue of B(2) [46], the characteristic equation of B(£2) becomes

M =LA+ L,(2)A%2 — 1,(2)A + 1 = 0, which then reduces to a simpler form as

cos[2K ()R] — I,(2) cos[K(2)h] + =—— = 0, (16)

where I;(2) and I,(2) denote the first and second invariants of B({2), respectively. Equation
(16) has four solutions for K(£) in the range of —/h < Re[K(2)] < m/h, corresponding to
two pairs of Bloch waves propagating or decaying in the opposite x; directions. As Eq. (16)
reduces to a quadratic equation for n(2) = cos[K(2)h] with the aid of the cosine double-angle
identity, K(2) can be obtained as

2qm + arg[A(2)] | In|A(Q)]

KW) = — €T 17
() A i—— €L (17)
where

A2 =n2) £iy1-n(2)?, (18)
and

L0 1;(2 | n) — 2
4
In. Eq. (19), the invariants of the transfer matrix are given explicitly from Egs. (12) and (13) as
L@ 1 - L 12 —
e E{COS(Q(PLD —0°¢ [(1 —2p%;) Ay + (2pLaPr2) AT] sinc(2¢pr.1)

2 .
+ cos(pr1) — 02 | (24pripra)?An + (1 = 2p%,) Ar| sinc(pry)},

L,(Q) -2
4

2
= 8-(22(219%2(1 - ZP%Z) AnAt
2
+ [1 - SQZ(ZP%Z(l - 2p%2) ANAT] cos(£2{py1) cos(2pr1)
4 27 . .
+04 2 Ay [(1 - 20%,)" + (46pLap1apts)” | sinc(0¢pL) sinc(@pry)

2 .
—02? [(1 —2p$,) Ay + (ZlepTZ)ZAT] sinc(£2{py1) cos(2pr1)

2 .
—02 | (24p11p12)?An + (1 = 2p%,) A cos(2¢pLy) sinc(@pry).

(20a)

(20b)



From Eq. (17), K(2) becomes real when |A(2)| =1 (i.e., when |Re[n(2)]| <1 and
Im[n(Q2)] = 0 from Eq. (18)), which corresponds to the propagating Bloch mode. In any other
cases (i.e., either when |Re[n(2)]| > 1 and Im[n(2)] = 0 or when Im[n(2)] # 0), K(2)
possesses non-zero imaginary parts [46], indicating that the corresponding Bloch wave decays in
the x; direction as it propagates in the periodic structure. In particular, it is found from Eq. (20)
that 1,(2) and I,(2) are always real because the non-dimensional parameters
0,7, AN, A1, pL2, and pr, are real while p;; and pr, are either real or pure imaginary. Thus,
Im[n(2)] # 0 is equivalent to I;(2)? — 41,(2) + 8 < 0 from Eq. (19), resulting that all four
Bloch waves become decaying modes.

In what follows, the wavenumbers of Bloch waves propagating (or decaying) in the positive
and negative x; directions are denoted by K?*(Q) and K?~(Q) (b = 1, 2), and the
corresponding eigenvectors by vP*(2) and vP?~(), respectively. They, hence, satisfy the
following relation.

B(Q)vP*(02) = exp[+iKP* (2)h] vPE (), (1)
where the double sign applies in the same order, and v?* are assumed to be normalized in such
a manner that ||vbi|| = W = 1, where the superscript “t” denotes the Hermitian
transpose.

Note that in the case of the one-dimensional Bloch wave propagation in the layering direction,
the Bloch modes propagating in the opposite directions can explicitly be distinguished from their
dispersion relation [36]. In the present case of arbitrary propagation directions, however, such
distinction is not straightforward only from Egs. (17)—(20). Hence, K?*(2) and K?~(2) are
determined in this paper as follows. When the Bloch waves are decaying modes, those decaying
in the positive and negative x; directions are simply identified as Im[K?*(2)] > 0 and
Im[K?~(2)] < 0, respectively. On the other hand, when the Bloch waves are propagating modes

(i.e., when Im[KP%(Q)] = 0), their propagation directions are determined by the sign of the time-

10



averaged energy flux density in the x; direction [47] given by —Re [23:1 %(1) (xl)Z'S) (xl)] /2,

where “~” denotes the complex conjugate and Vj(l) and ZS) are the components of time-

harmonic particle velocity and stress of the corresponding Bloch wave, respectively. Specifically,

the Bloch modes propagating in the positive and negative x; directions are identified as
Re [(Vb+)TWvb+] > 0 and Re [(vb_)TWvb_] < 0, respectively, where W is a 4 x 4 matrix

given by [48]

_ [R@®) T H@) H(n)(P-)H*]
W= [ (PH)TH@) ®Hy -
In Eq. (22), P%, J*, and H are the 2 x 2 matrices given by
[P Pr2 ] x| 1-2p%2  £2{pripr2 _ [EL(@) 0
P = [ PL2 $PT1]' - [iZ(lepTz -1+ Zp%z]'H(Q) B [ 0 Ep(@)r (23)

where the double sign applies in the same order.

3.4. Second-harmonic amplitudes in the layered structure

Now, the solution to the problem for u}l) is assumed to be a single Bloch mode propagating

(or decaying) in the positive x; direction. Furthermore, without loss of generality, the magnitude

of displacement amplitude vector in the layer occupying Xo < x; < X; is assumed to be ”A%l) ” =

ay, where ag is the characteristic displacement amplitude used in Section 3.1, i.e., A%l) =
apvP*t ().
The problem for u]@ (Navier equations and boundary conditions in Eq. (7)) governs the

linear wave propagation in the same periodic structure as in the case for u]@, except for the

presence of driving terms that consist of the direct current and double frequency components on
the right-hand side of Eq. (7). Note here that since the present interest is in analyzing the second-
harmonic generation, the direct current components of driving terms are omitted below. A solution

to this problem is sought in the frequency domain again by introducing the complex-value
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expression as
w? (e, 25, 8) = Re {U2 (xy) expl2i(kyx, — wob)]}. (24)

Let us first consider an auxiliary problem that the interface at x; = X, (n € Z) solely possesses
the nonlinearity. In this situation, the displacement amplitudes of second harmonics in the layers

on both sides of the nonlinear interface can be connected as
A% = B20)AY | — B, a2 exp[2ink P+ (Q)h] bL* (Q), (25)

699

where Asiz) is given by Eq. (9) with the subscript “m” and superscript “(1)” replaced by “n” and

“(2)”, respectively, with A;ZL) + and A;ZT) 4+ representing the complex-valued second-harmonic

amplitudes of the partial longitudinal and shear waves propagating in the +x; directions,
respectively. In Eq. (25), b2*(Q) is given by

1 — 2p?

2p

1— 2
{ZPTZ {[o2* @] +wlat* @]} + T“mf*(mgé’*(m} Er(-20)

bi* (@) = = 23
- T2

Pr1

1-2pt
2pr2 {[92* (D] + vl g+ @]} - mengf+(ﬂ)gé’+(ﬂ)

{[a7* @] +1algs* D]} + 2¢praang? (D g8* (@)

(26)

where y, = Bu2/fut, Yn = P31 (B # 0 is assumed), and
b+ 0
(9}”( )) -0
gz ()

% [(1 - ZP%Z)AN(EL(-Q) —28*pr1pr2ANEr(2) (1 - ZP%Z)ANZ 20%pr1Pr2AN v+ ()
—2pL1pr2ATEL(2) —(1 - Zp%z)ATET(-Q) 2pLipr2 At —(1 - 2P12‘2)/1T
27)

From a physical reasoning that the second harmonics generated at the nonlinear interface

should propagate away (or decay with the distance) from it, the second-harmonic wave fields for

x1> X, and x; < X, are assumed to be a superposition of Bloch waves propagating (or decaying)
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in the positive and negative x; directions, respectively. Therefore, A&f) and Aglzzl are expressed

as
AY = —py1a3 exp[2inK P (Q)h] [FE5,vi*(2Q) + F25,v3* (20)), (28a)
AD | = —Boya exp[2ink P+ ()R] [Fl,v'™(20Q) + F25,v?~(20)], (28b)
where F np+ and F, b + are complex constants to be determined by solving the system of
equations given by

Fabs
F%+
Vi*2o) v*ee) vit@eo) v eo)l| expl— Klﬁla!))h] nb+ = bb* ().
— exp[—iK?* (20)h] Fip4
(29)
Since ag exp[inK?* (2)h] represents the amplitude of fundamental Bloch wave impinging
on the nonlinear interface and ||[v*(22)|| = ||[v?*(202)|| = 1 as mentioned above in Eq. (21),

the factors |F b +| and |F 2+ b +| in Eq. (28) represent the modal amplitudes of the corresponding

second-harmonic Bloch waves generated at the nonlinear interface per unit nonlinearity parameter
and unit squared incident amplitude. These factors are thus referred to as generation efficiency of

the second-harmonic Bloch waves hereafter.

Once Aﬁf) and quzzl are determined, the second-harmonic amplitudes in the layer
occupying X, < x; < X+ due to the fundamental Bloch wave propagation with wavenumber

KP*(Q) are given from Egs. (11) and (21) with 2 replaced by 22 and Eq. (28) as

AS?} = fp1ai exp[2inK " (Q)h]

2
Z expli(m — n)K** (2Q)h] E; . (20), m=>n, (30)

s=1
2

z exp[—i(m — n)K** (22)h] E; . (20), m<n-1,

s=1

X

where
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Enb+ (20) = Fab vt (20), (31a)
E; 4+ (20) = —exp[—iK*T (20)h] F v~ (202). (31b)

Since the problem for u}z) is linear, the solution to the original problem involving multiple

nonlinear interfaces at x; = X, (m € Z) is formally written by superposing the above auxiliary

solution in Eq. (30) for different # as

2 m
Asfl) = —a? Z {exp [imKS*(202)h] Z Bn1 explinAK; (Q)h] ESY . (202)

s=1 n=-—oo
(32)
— exp[—imK**@Dh] ) o exp[4inksT(@)h] 55, 2O,
n=m+1
where
~ 1
AKSE() = 2KP*(Q) — K5t (20), Kit(Q) = 7 [2KP*H () + KST(20)]. (33)

4. Numerical examples and discussions
4.1. Dispersion relation of Bloch waves

Equation (32) indicates that the second-harmonic amplitudes in the infinite layered structure
with nonlinear interfaces are influenced by the propagation characteristics of Bloch waves. These
are first examined here to ease the interpretation of the second-harmonic generation behavior to
be discussed in Sections 4.2 and 4.3.

The x; component of the Bloch wavevector can be calculated from Egs. (17)—(20) with given
x> component k,. Note that k, is assumed to be real as stated in Section 3.2, indicating that the
x> component of the unit vector representing the propagation direction of partial shear waves,
given by pry, = kyh/0 from Snell’s law, is also real.

In terms of pr,, the domain of k, can be divided into three cases according to the
propagation characteristics of partial waves in the layers: first, when |pr,| < ¢, both partial

longitudinal and shear waves are the propagating modes with real p;; and prq. Their

14



propagation angles relative to the x; axis are given by 6, =sin™!py, = sin"!(prp/{) and
61 = sin"! pp, forlongitudinal and shear waves, respectively. Second, when { < |pp,| < 1, the

partial shear waves are the only propagating mode since the longitudinal waves become

evanescent with pp; = iy/(pr2/¢)? — 1. Third, when |pr,| > 1, not only p;, but also pp; =
i /p%z — 1 becomes pure imaginary, resulting that all partial waves become evanescent.

The Bloch wave is generally given as a linear combination of partial waves propagating or
decaying in the constituting layers. For the periodic structure considered in the present study,
however, each Bloch wave is dominated either by the partial longitudinal or shear wave [46], and
the Bloch wave propagation characteristics can reasonably be classified into the aforementioned
three cases: both Bloch modes, only the shear-dominated Bloch mode, and no Bloch modes can
be the propagating modes in the first, second, and third cases, respectively, except in the vicinity
of their boundaries |pt,| = ¢ and 1. The boundaries where the number of possible propagating
Bloch modes changes deviate slightly from |pr,| =¢ and 1 depending mainly on the
interfacial compliances (they strictly coincide with |pr,| = ¢ and 1 when the interfaces are
perfectly bonded with Ax = A1 = 0).

In the following numerical examples, the ratio of shear to longitudinal wave velocities is fixed
as {= 0.5, for which in terms of &r the aforementioned first and second cases correspond to |fr| <
30° and 30° < |61 < 90°, respectively. Note that the third case is not considered below, because
the present interest is in examining the frequency dependence of the second-harmonic generation
when the fundamental Bloch wave propagates in the infinite layered structure.

The dispersion relation of two Bloch modes propagating or decaying in the positive x;
direction when An = 0.1 and A1 = 0.1 is shown in Figs. 2(a) and 2(b) for the special case of 1 =
0°, corresponding to the Bloch waves propagating perpendicularly to the interfaces. Likewise, the
results for Ot = 20° and 40° as representative values for |fr| < 30° and 30° < |6r| < 90° are shown

in Figs. 3 and 4, respectively. In Figs. 2—4, the longitudinal- and shear-dominated Bloch
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wavenumbers are denoted by K'* and K?', respectively. The frequency ranges in which
Im[K**(2)] = 0 (s =1, 2) are the pass bands, and those in which Im[KS*(2)] > 0 with finite

bandwidth are the stop bands.

E R 3 T ‘ ' Py B R 0.3 T ' '
= = F—Re[K' (@lhix e == —Im[K" (D) ]/ ’,\
@ @ 2| ===Re[K*(Q)]hin ’,__,’ _ ,g? @T\ 0.2 -=-Im[K* (D)]h/x ) / \|‘r
= S AU
<k ST T S A
& & E 5 A A
0 1 2 3
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Fig. 2 Dispersion relation of Bloch waves when /An = 0.1, A7 = 0.1, and 6t = 0°. (a) Real part
and (b) imaginary part of Bloch wavenumbers.
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When 61 = 0° in Fig. 2, the propagation angle of longitudinal wave is also 6. = 0°. Namely,
all partial waves propagate perpendicularly to the interfaces. In this case, two solutions to Eq.
(19), denoted by n,(22) and n,(£2), are given explicitly by

7,(2) = cos(2() — N{Ay sin(¢) for K1T(0), (34a)

7,(2) = cos2 — NArsin2 for K?T(0). (34b)
The Bloch modes governed by Egs. (34a) and (34b) consist only of the longitudinal and shear
waves, respectively, due to the absence of mode conversion at the interfaces. Equation (34a)
coincides with the one derived in Ref. [36] for the one-dimensional longitudinal wave propagation
in the layering direction of infinite layered structures. As mentioned earlier in Section 3.3, the
periodic structure considered in this paper generally has two types of stop bands: one associated
with Im[n(2)] # 0 and the other with |Re[n(2)]| > 1 and Im[n(2)] = 0. In the present case
of Or = 0°, however, n,(2) and 7n,(2) in Eq. (34) are both real, resulting that only the stop
bands associated with |Re[n(2)]| > 1 and Im[n(2)] = 0 appear at around Q/z= 0.9, 1.8, and
2.7 in Fig. 2(b). In these frequency bands, the real parts of the Bloch wavenumbers in Fig. 2(a)
become Re[K’T(Q)]h/m =1 (I € NT) [46].

When 6r =20° in Fig. 3, the propagation angle of partial longitudinal wave is 6. = 43.2°, and
the Bloch modes now consist of both longitudinal and shear waves due to the occurrence of mode
conversion at the interfaces. In Figs. 3(a) and 3(b), not only the stop bands associated with
[Re[n(2)]] > 1 and Im[n(2)] = 0 centered at around /7= 1, 2, and 2.4 but also the ones with
Im[n(2)] # 0 are formed at around Q/7 = 1.4 and 2.8, wherein Re[K'*(2) + K?*(2)|h/m =
[ and Im[K'*(Q)] = Im[K?*(Q)] [46].

The stop bands shown above in Figs. 2 and 3 are caused by the constructive interference of
the partial waves scattered from the interfaces [46]. On the other hand, when fr = 40° in Fig. 4,
the partial longitudinal waves become evanescent. Accordingly, the longitudinal-dominated
Bloch wave becomes a decaying mode (Im[K1*(22)] > 0) without wave interference in the entire

frequency range. The other Bloch mode is dominated by the propagating shear waves, and only
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the stop bands associated with |Re[n(Q2)]| > 1 and Im[n(2)] = 0 appear at around Q/z = 1.2

and 2.5 in Fig. 4(b).

4.2. Second-harmonic generation by a single nonlinear interface

On the basis of the Bloch wave propagation characteristics shown in Section 4.1, the
frequency dependence of the second-harmonic generation due to a single nonlinear interface is
examined here.

As a numerical example, the second-harmonic amplitudes in the layer occupying Xio < x1 <
X1 (m = 10) are calculated from Eq. (30) when Ax = 0.1, A7t = 0.1, and the interface at x; = X7 (n
= 7) solely possesses the nonlinearity of S, = 8 € Ry, y» =1, and y, = 1. All other interfaces
are assumed to be linear, i.e., i1 = yx = yx = 0 for k # n. The results for 6r = 0°, 20°, and 40° when
the fundamental Bloch wavenumber is K?*(2) (b =1, 2) in Figs. 2—4 are plotted as functions
of the normalized frequency in Figs. 57, respectively. In these figures, the factors governing the
second-harmonic amplitudes as well as the resulting second-harmonic displacements at x; = Xjo+
that are calculated from
T

U (X,,) = [P"H22) P*]1AD, U(Z)(xl)E(Ul(z)(xl),Uz(z)(xl)> (35)

are also shown. It is noted here that the second-harmonic generation when 6r = 0° with the
fundamental Bloch wavenumber K1* () has been analyzed by Biwa and Ishii [36]. In this paper,
these results are also shown to examine the influence of 9r on the second-harmonic generation

behavior.
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Fig. 5 Frequency dependence of the second-harmonic generation by a single nonlinear interface
whenn=7,m=10, Ax=0.1, 47 = 0.1, and 87 = 0°. (a) and (b) Propagation characteristics of the
fundamental and the second-harmonic Bloch waves. (c) and (d) Generation efficiency of the
second-harmonic Bloch wave at the nonlinear interface. () and (f) Second-harmonic amplitudes
in the layer occupying X, <xi < Xyu+1. (g) and (h) Second-harmonic displacement at x; = X,,+. The
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and K**(Q), respectively.
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Fig. 7 Frequency dependence of the second-harmonic generation by a single nonlinear interface
when n="7,m =10, Ax= 0.1, Ar = 0.1, and &r = 40°. (a) and (b) Propagation characteristics of
the fundamental and the second-harmonic Bloch waves. (¢) and (d) Generation efficiency of the
second-harmonic Bloch waves at the nonlinear interface. (e) and (f) Second-harmonic amplitudes
in the layer occupying X, < x1 < Xp+1. (g) and (h) Second-harmonic displacements at x; = X+
The left and right columns correspond to the cases when the fundamental Bloch wavenumber is
K'"(Q) and K**(Q), respectively.

When 6r = 0° and the fundamental Bloch wave has the wavenumber K'*(Q) that is
governed by the longitudinal waves, the second-harmonic generation at the nonlinear interface
depends only on the nonlinearity parameter S, and is influenced neither by y, nor y, since
g3t (@) =0 in Eq. (26). Likewise, when #r = 0° and the fundamental Bloch wave with
wavenumber K2t () consists only of the shear waves, the second-harmonic generation depends

only on By, (= fr2) since g2t (2) = 0 in Eq. (26). In both cases, the factors F,f_% + Vanish from

Egs. (26) and (29). Hence, the second harmonics in Figs. 5(e)—5(h) consist only of the longitudinal
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waves with the associated displacement components only in the x; direction, and reflect the band
structure of the corresponding fundamental and second-harmonic Bloch waves as discussed in
Ref. [36]. It should be noted here that the coincidence of stop band locations between the
fundamental shear and the second-harmonic longitudinal Bloch waves in Fig. 5(b) is due to a
particular choice of {=0.5 and Ay = At (see Egs. (34a) and (34b)).

By contrast, when 6r = 20° (Fig. 6), not only F,fl;+ but also F,%L generally become
nonzero as shown in Figs. 6(c) and 6(d), indicating that the second-harmonic wave fields consist
of both longitudinal- and shear-dominated Bloch modes with their propagation characteristics
represented by |exp[i(m —n)K'*(22)h]| and |exp[i(m — n)K?*(22)h]|, respectively, in
Figs. 6(a) and 6(b). This leads to the appearance of more stop bands in Figs. 6(a) and 6(b)
compared to Figs. 5 (a) and 5(b) for &r = 0°. The resulting second harmonics in Figs. 6(e)-6(h),
hence, exhibit more complicated frequency dependence than those in Figs. 5(¢)-5(h), whereas
their generation mechanism can be explained in the same manner as in the case of 1 = 0°.

When 6r = 40° (Fig. 7) and the fundamental Bloch wave has the wavenumber K1 (), which
is dominated by the evanescent longitudinal waves, the factor |exp[2inK1*(Q)h]| in Fig. 7(a)
rapidly decreases to a vanishingly low level as the frequency increases from € = 0. Hence, the
second-harmonic generation at the nonlinear interface is allowed only in the low frequency range
of about Q/z < 0.5. In this range, however, the generation efficiency of second harmonics at the
nonlinear interface is very small in Fig. 7(c). As a result, the observed second harmonics become
very small as can be seen in the vertical scales in Figs. 7(e) and 7(g). On the other hand, when the
fundamental Bloch wave is the other shear-dominated mode with K2*(12), either or both of
generation and propagation efficiency of the second-harmonic longitudinal-dominated Bloch
mode with K'*(202) (i.e., |Fii,| in Fig. 7(d) and |exp[i(m — n)K'*(202)R]| in Fig. 7(b))
are vanishingly small in the pass bands of fundamental wave. Therefore, almost only the shear-
dominated Bloch mode with K2%(20) isinvolved in the second harmonics in Figs. 7(f) and 7(h),
resulting that their frequency dependence becomes as simple as that for 6r = 0° in Fig. 5 again.
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It should be noted that the generation efficiency of the second harmonics at the nonlinear
interface in Figs. 5(c), 5(d), 6(c), 6(d), 7(c), and 7(d) and the resulting second-harmonic
components in Figs. 5(e)-5(h), 6(e)-6(h), and 7(e)-7(h) have sharp peaks when the double
frequency 22 is at the boundaries between pass and stop bands. This trend was also presented
by Biwa and Ishii [36] regarding the longitudinal Bloch wave propagation in the layering direction.
This can be attributed to the fact that at such frequencies, the transfer matrix B(2£) has repeated
eigenvalues and the 4 x 4 matrix consisting of its eigenvectors on the left-hand side of Eq. (29)
becomes rank deficient. The present perturbation analysis, hence, loses its validity at these

frequencies where the second-harmonic wave fields exhibit diverging behavior.

4.3. Second-harmonic generation by multiple consecutive nonlinear interfaces
Consider next the second-harmonic generation due to multiple consecutive interfaces having

identical nonlinearity. The interfaces are assumed to possess the following nonlinearity

parameters.
ﬂkl = ﬂ’ Vi = 1’ Xk = 1 for 1 < k < N, (363')
Bki=0,  y¢=0 x,=0 for k<0,k>N+1, (36b)

where N € Nt denotes the number of nonlinear interfaces. In this situation, Eq. (32) reduces

to

2
A® = pq2 Z W (4K (2, N) exp[—imK S+ (22)R] ES 5, (20) form < 0, (37a)

s=1
2
AD = gg2 Z{w(zu?g: (@)h, N — m) exp[—imK* (2Q)h] ES3, (22)
L (37b)

—W(AKST (Dh,m) exp[imK St (2Q)R] Ef}, (20)} for 1 <m < N — 1,
2
A® = _pq2 Z W(AKSH(Q)h, N) exp[imK s+ (202)h] 5%, (202) form = N, (37¢)
s=1

where ¥ is the function defined by [36]
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M, §=2qm(q €D),
v M) = —ix;:i(?;)mj?, otherwise. (38)

It is seen from Eq. (37b) that the second-harmonic wave field for 1 <m < N — 1 consists of the
Bloch waves propagating in the positive and negative x; directions. As represented by the factors
Y(AKpE(2)h,m) and '1”(4R§I (Dh,N — m), their amplitudes generally oscillate against m
with the wavenumber governed by AKST(2) and Kjf(R), respectively. On the other hand,
when AKS}(2)h = 2gm and Im[KSt(202)h] = 0, the corresponding second-harmonic Bloch
wave propagating in the positive x; direction grows linearly as it propagates in the region 1 <m
< N- 1. Likewise, the one propagating in the negative x; direction grows when K3 (Q)h = qmr/2
and Im[K*5*(202)h] = 0. These conditions indicate the phase matching between the fundamental
and the second-harmonic Bloch waves when they are both the propagating modes.

In Fig. 8, the frequency dependence of AKST(2) and K3t (2) when 6r = 0°, 20°, and 40°
is shown for fixed Ax = 0.1 and A7 = 0.1. Note that in Figs. 8(a) and 8(b) for r = 0°, AK}}(Q)

and K21(Q) are depicted only because the corresponding second harmonics consist only of the

longitudinal Bloch mode with wavenumber K1*(2/2) as mentioned in Section 4.2.
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lines.

In the case of the one-dimensional longitudinal wave propagation analyzed in the previous
study [36], the phase matching occurs only at Q/7 = 2¢ as shown in Fig. 8(a). At these frequencies,
however, no second harmonics are generated because of their null generation efficiency at the
nonlinear interfaces (see Fig. 5(c)). By contrast, when the fundamental Bloch wave is the shear
mode in Fig. 8(b), the frequencies satisfying the phase matching condition for K3 () are
numerically found at Q/z = 0.6 (Kifh = m/2), Q/x =123 (K}ih = m),and Q/r=2.42 (K} h =
2m), where F,%"Z*Jr becomes nonzero in Fig. 5(d). Such frequencies are also found when 61 = 20°
as indicated in Figs. 8(¢) and 8(d). Compared to the cases when 81 = 0° (Figs. 8(a) and 8(b)), there
exist more phase-matched frequencies when 6r = 20° (Figs. 8(c) and 8(d)) due mainly to the
presence of two relevant second-harmonic Bloch modes. When 6r = 40° in Fig. 8(e), no phase
matching occurs because the fundamental Bloch wave dominated by the evanescent longitudinal
waves becomes the decaying mode in the entire frequency range. As a result, the phase matching
can be achieved only between the shear-dominated fundamental and second-harmonic Bloch
modes in Fig. 8(f).

To demonstrate the above observation, the second-harmonic displacements are calculated for
each layer by

U®(x,) =[PLA—-%) PTLE)IAD for X, < x; < Xpmer, (39)
where X; = (x; — X;,)/h and

exp(2i2{py 1) 0

L) = [ 0 exp(2i2pr1$) 1 (40)

The spatial distributions of the second-harmonic displacements obtained from Egs. (39) and (40)
when the number of nonlinear interfaces is N = 30 are shown in Fig. 9 for several different

frequencies in Fig. 8(d).
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In Fig. 9, the spatial distribution of the second harmonics depends markedly on the
fundamental frequency due to the band structure of the fundamental and second-harmonic Bloch

waves [36]. Among them, when Q/z = 0.59 in Fig. 9(b), Q/z = 1.83 in Fig. 9(j), and Q/z = 2.41

in Fig. 9(1) where the phase matching condition is satisfied for AKZ}(2) (i.e., AKZf(Q)h =0
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from Fig. 8(d) and Im[K?*(22)h] = 0 from Fig. 6(d)), the second harmonics in 1 < (x;-Xo)/k
<30 grow cumulatively with the distance in the positive x; direction. This trend can also be seen
in Fig. 9(h) for Q/w = 1.69, where the phase matching occurs for AK1}(2) (i.e., AKIf (Q)h =
2m and Im[K'*(202)h] = 0). Furthermore, when Q/z = 1.51, K}f (Q)h=n (2K**(Q)h =
—2K?~(Q)h = 2.941 and K'*(20)h = 1.06m) meets the phase matching condition in Fig.

8(d). Hence, the second harmonics in Fig. 9(f) exhibit the cumulative growth in the negative x;
direction in 1 < (x;—Xo)/h < 30. It is noted here that |U1(2) (x1)| in Figs. 9(h) and 9(j) appear not

to increase monotonically with the distance in 1 < (x1—Xo)/# < 30. This is due mainly to the fact
that the phase matching occurs between the fundamental Bloch mode and only one of the second-
harmonic Bloch modes propagating in the positive and negative x; directions, and that the other
second-harmonic Bloch modes oscillate in 1 < (x1—Xo)/h < 30.

From Eq. (37c), the second-harmonic Bloch waves for m > N increase in proportion to the
number of consecutive nonlinear interfaces N when they satisfy the aforementioned phase
matching condition AK;{(2)h =2qm and Im[KS*(202)h] =0. In Fig. 10, the second-
harmonic displacements ||U(2) (x1)|| at x; = Xgor when N = 10, 20, 30, and 40 are shown as
functions of the normalized fundamental frequency for 6r = 0°, 20°, and 40° with fixed Ax = 0.1

and A1 =0.1.
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Fig. 10 Frequency dependence of the second-harmonic displacements at x; = Xgo+ for different
numbers of consecutive nonlinear interfaces N = 10, 20, 30, and 40 when Ax = 0.1 and At = 0.1.
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In Fig. 10, the second-harmonic displacements exhibit sharp peaks at the boundaries between

the pass and stop bands of the double frequency due to the diverging nature of the generation

efficiency at the nonlinear interfaces Fn 5, and FZ}, (b= 1,2) as discussed in Section 4.2.

When 6r = 0° and the fundamental Bloch wave has the wavenumber K2*((2), the frequencies

+

satisfying the phase matching condition for AK} () are not numerically found in the present

frequency range as shown in Fig. 8(b). As a result, the magnitude of the second-harmonic
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displacements in Fig. 10(b) is insensitive to N and exhibits fine oscillatory nature against the
frequency with the wavenumber governed by NAK;} (2). The influence of N is also insignificant
in Fig. 10(e) for 6t = 40° with the fundamental Bloch wavenumber K* (1), because the second-
harmonic generation is allowed only for the nonlinear interfaces near x; = X, due to the decaying
nature of the fundamental Bloch wave. On the other hand, in Fig. 10(a), the second harmonics
tend to grow with N when both fundamental and double frequencies lie in the pass bands except
near the boundaries between the pass and stop bands, because |AK11;_r (.(2)| in Fig. 8(a) is so small
that the approximate phase matching occurs in these frequency ranges. Likewise, AK{(2) in
Fig. 8(c), AKZ} () in Fig. 8(d), and AKZ}(Q) in Fig. 8(f) nearly meet the phase matching
condition except in the vicinity of the stop bands, wherein the second harmonics in Figs. 10(c),
10(d), and 10(f) increase monotonically with N. In particular, unlike in the case of 6r = 0° (at Q2/z
=2 1in Fig. 10(a)), the second harmonics exhibit almost linear growth with N when the exact phase
matching occurs for 8t = 20° and 40° (at Q/z = 1.08, 1.67, 1.70, and 1.84 in Fig. 10(c), at Q/w =
0.60, 1.69, 1.83, and 2.40 in Fig. 10(d), and at Q/z = 1.50 in Fig. 10(f)).

Finally, the frequency dependence of the second-harmonic displacements when 6r = 20° and
the fundamental Bloch wavenumber is K1*(0) is depicted in Fig. 11 for different non-
dimensional linear interfacial compliances, Ax and At. As discussed in Ref. [36], the monotonic
growth of the second harmonics with N is seen in each pass band for the smaller compliances in
Fig. 11(a), whereas it is limited to the low frequency range of about /7 < 0.5 and the immediate
vicinity of the phase-matched frequencies for the larger compliances in Figs. 11(b) and 11(c) due
to their more remarkable dispersive nature. Note that in contrast to the one-dimensional
longitudinal wave propagation case [36] where the phase-matched frequencies are fixed at Q/z =
2q, the ones for the two-dimensional case are generally influenced by the linear interfacial
compliances (and also by the ratio of shear to longitudinal wave velocities in the constituting

layers) as shown in Fig. 11.
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Fig. 11 Frequency dependence of the second-harmonic displacements at x; = Xgo+ for different
numbers of consecutive nonlinear interfaces N = 10, 20, 30, and 40 when &r = 20° and the
fundamental Bloch wavenumber is K'*(Q). (a) Ax = 0.02 and A1 = 0.02. (b) Ax=0.2 and A1 =0.2.
(c) An = 0.3 and At = 0.3. The frequencies satisfying the phase matching condition for AK} (s
=1, 2) are indicated by vertical lines.
5. Conclusions

The second-harmonic generation of the two-dimensional elastic wave propagation in an
infinite layered structure consisting of isotropic linear elastic layers and nonlinear spring-type
interfaces has been analyzed theoretically. Using a perturbation approach and the transfer-matrix
method, explicit analytical expressions have been derived for the second-harmonic amplitudes

when a single monochromatic Bloch mode propagates in the structure in arbitrary directions. The

influence of Bloch wave propagation direction on the frequency dependence of the second
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harmonics generated by a single nonlinear interface and by multiple consecutive nonlinear
interfaces has been explained based on the evanescent nature of partial waves in the layers. In
particular, the second harmonics generated at multiple consecutive interfaces have been shown to
grow monotonically with the propagation distance when the phase matching occurs between the
fundamental and second-harmonic Bloch modes.

The present study investigated the second-harmonic generation in infinitely layered structures
to gain fundamental understanding. The analysis presented here can be extended to the case of
finitely layered structures, which is an important issue to be explored from a practical point of
view for the nondestructive diagnosis of actual layered structures using nonlinear acoustic method.
The previous study [37] has shown that the one-dimensional second-harmonic generation in the
layering direction of finitely layered structures is closely related to that of infinitely extended
layered structures [36], and that the cumulative growth of second harmonics can occur even in
the case of a finite number of layers. In light of these results, the findings of the present study are
expected to be helpful when analyzing the second-harmonic generation in arbitrary directions of

finite layered structures, which is left for the future study.
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