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On a direct product decomposition related to the
Grothendieck-Teichmiiller group
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Abstract

In this article, we announce our results on the Grothendieck-Teichmiiller group GT obtained
in the joint work with Yuichiro Hoshi and Shinichi Mochizuki. Let n > 2 be a positive integer
and k an algebraically closed field of characteristic zero. Write II,, for the étale fundamental
group of the n-th configuration space of P}, \ {0, 1,00} and &,,43 for the symmetric group on
n + 3 letters. Then our main theorem asserts that we have a direct product decomposition
Out(Il,) = GT X S,43. The detail of the arguments appearing in this article may be found
in [2].
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00,0000000000000 GOO00, GO0 (000)000000000
Aw(G)000000,000,G0 (000)00000000000 Inn(G) 0000
0000. 0000, Aw(G)0000000000000000000000, 00,
Out(G) € Aut(G)/Inn(G) 0 Aut(G) 00 0000000000000 0000000
000 ([10, Corollary 4.4.4)000). 000,11, 00000000000000000

00 ([7, Proposition 2.2, (ii)] O O O), Aut(Il,,), Out(ll,) OO OOOOOOOOO.

oo 1.1. n>2000.

(i) 1<m<nO0000,n-m000000000000D0DO0D0DOOCCODO X, —Xn
gool, -1, 000000000000. 000000boboobobobg
I, -1, 00000 I, 000 n—m 0000000000 0O0O.

(i) I, 00000 o € Aut(ll,) 00O O,
00000000000 FCIL, 0000, a(F)=F

0000000000000000 Awtf(IL,)00000000. 00000000
0000000, ()0 Aw'(IL,)000000000. 000,0000,

Oout™ (I,,) % AutF(IL,)/Inn(II,) (C Out(Il,))

gogoooodad.

00000000000 000000000000000000000000000
0,n000006,000000,000,r>4000,4k000000 (0,n)000
-~ 00,k000000000000000000000000»00(CO000000)
000000000 — 00000000000 M,,00000000.00, (k000
00)00000

~

Mon = (PL\{0,1,00})n_3

—000,P;,0 k000000 —0O0O0OO0DOOOOOOO.
000000,0GOO0O0O0OO0 HOOOO,HO GOOOO0O0OO0O0O0O Zg(H)O
gboooggg.

00 1.2. XO0OOOO (Oooooo)oooooooo.

() 100000000000 0D0oO0oooobDDD X,y —» X, 00000000
Out™(I1,.41) — Out™(II,,)

0,000000000000000.000,00000000000,7,>300
0,00000.
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(i) n>2 X =PL\{0,1,00} 000. 000, Spy30 Mons =X, 0000000
0,00000 6,43 Out(ll,)000000000000. 00

GTZ X Out'(IL,) N Zow,)(Snts) (C Out™(IL,))
O00.0000,30)0(0O0)000 Out?(Il,41) — Out™(I1,) 0O O
GT.., > GT)

ggooo.odgdg,bboodgd (n22)DDDD,GT§DDDDDDDD.

O0. (00000000 [3, Theorem A, ()]0, (1)) 00000000 [4, Theorem
A, (1)]O00O0O. (i) O [6, Corollary 4.2, (ii)] O [4, Theorem A, (ii)] D OO O. O

0O0. 0012 ()00000 “00000070,X000000000000 ([3,
Theorem A, (1)) J00). 00, X0000000,000000 n>2000,n>40
00000000000000 ([4, Theorem A, (1)) DO 0).

b 12000000,00000b00b000000020.

00 1.3. n>2 X=P:\{0,1,00}000.0000,0X0000000000
000000000

GT® ¥ GT% = Owt' (IL,) N Zow,)(Snts) (C Out(IL,))

gooogo. GTED,Out(Hn)DDDDDDDDDDDDDDDD,DDDDDDDD
go.

O00. 00,0000000000000000000C00D JODOO0O (OO 1.3
0000000 0)00000. U0 (D0DU0DU0D0DO0)DODUODOoDOoDOoooooOoooOoo
0000000,000 GTY —000,¥000000000 —00000.0000
O, [6, Remark 1.11.1], [6, Corollaries 1.12, (ii); 4.2, (i)], [4, Theorem A, (ii)] 00 O O.

D00000000000000 ([2, Corollary C] OO 0).
00 1.4. n>2, X=P.\{0,1,00}000. 0000, Out(IT,) O
Out(Il,) = GT* x G,43
DOoooO0DOoooo.

00000000000 0000000000.
00,00000000000000. 0000,0000 GOOOO, 2°4G) &
lim, . Ze(H)—000,HDGOODO00O0D —000000000
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01.5. n>2 X=P\{0,1,00}000.0000,000000.
(1) Snys = Z'°°(Out(Il,)).
(i) GT” = Zouy,)(Z2"°¢(Out(IL,)))

00,00001L, 000000 GT*, 6,43 COut(ll,) 000000000O0.
00. 00 ()00000. GT®0 Ow(l,)0 (00)0000000000000
000 14000). 00, Guss C Z%(Out(ll,)0000.000,00000000
0.000¢€ 2% (Ou(ll,)0000,s0 Out(l,) 0000000 HOOOOOOO
0000.000000,H0 HNGT 000000000 HCGT 0000000
0000000.00,001400,0=a-b—000,a€GT>, be&,5— 000

0.000,
a = o-bt € Zgps(H) = {1}

00000 (000 “=’00000, [5, Corollary 6.3]000), 0 € G,y3 100
)0, (Q),00 14,000, 6,,30000000000000. O

O00. X000000000000.00000000000000 (11joog):
Oooo00 Gg = GT* DO0O0DO0O000

— 000,Ge00000QO000000.0000000000000000,00
14,0 1.5, () 00000000000 (000,n>2 X =P.\{0,1,00}000):

Out(IT,,) = Gg X Gj4s, Gg = Zout(nn)(Zloc(Out(Hn))).

§2. 000000

0000,000000(0014)0000000000.000000000000
oooooo,ooo,

n>2 00 X =P\ {0,1,00}

goood.
gob,u0gdbbooobooogbbo,oobboobbooobbboaboo.

oo 2.1.

()1<m<nOO0O00,n-mO00000000000000O0O0O00OO X, S
Monis = Momes = X, 0001, -1, 000000000000. 0000

1T = {it,i0, ... yimes} 0 {1,2,...,n+3} 00000000 (000, 41 <ig < -+ < imys). kO
ooooo p12M07n+3—>M07m+3DDDDDD:M07n+3DDD (C—)S,{Sl,...,anrg})fDD
0,C—-S0O k0000 SO000o0O00OO0DOO0OO (0O), {s1,-.-,sn43}0 C—>S0O000000
O, 51(S), ..., sn+3(S) 0000000000 — 0 Momes 000 (C— S, {siy,..,8i,,,,}) OO

0000 (DboooooUOoO00).pr0n—mUO0000000O00OO0O0OOOOOOOOOOO.
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goooooooooooo 1, »1L, 00000 1L, 000 n—m0O000000
ggboooboogoon.

(i) I, 00000 o € Aut(ll,) 00O O,
00000000000000 FCIL,0000, afF)=F

0000000000000000 Awtt¥(IL,)00000000. 0000000
00000000, (L) 0 Auwt®(IL,)000000000. 000,0000,

Out?¥ (I1,) &

Aut®¥(I1,,) /Inn(II,) (C Out(Il,))
oooooooo.

0o. I,,000O00O00O00O000O0,IL000000000000000. 00
0, Autg¥(II,,) C Aut™ (I1,,), Outt¥ (II,) C Out"(I,,) DO 0D ODO0O0D0O000O.

0000000000000,0000000 ([2, Theorem A, (i) 00 0).

00 2.2, o€ Aw(Il,)000. O0D0D0,00n—m0O000000000000
FCI,0000,«F)0IL, 000 n—m0O00000000000O00ODODO.

O0. 00220000,«F)0 FOOOOOOODODOO.
00 2200000,00000 (00 14)000000.

oooooo. ow(ll,) O (ooO)OoOo,I,00010000000000000
0000000000 (00 22000).00,000000000000

1 —— Outt™(II,) —— Out(Il,) —— Spp3 —— 1

— 000,00000 Spys = Out(l,) (00 1.2, () 000)0 “Out(ll,) — Spys”
00000000000000.000,00000230000000000,0000

Out(Il,) = Outt™(II,) x &,43
000.000,6,,00000000 Out!™(IL,) = Zoww, ) (Gnss) 00000,
GT” = Owt"(IL,) N Zow,)(Snts) = Out®™ (II,)
0D00,000,00000000000. O

00 2.3. 0000 G,43 C Zowar) (Outt™(IL,)) DOODOO,
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O0. 640000000 OutgF(Hn)DDDDDDDDDDDDDDDD. ad,
S,+30000000,007=(1,2) 6,43 —00,X,0k0000

010000 20000000
—

X, 3 (z1,22,...,2,) (xo,21...,2,) € X,

0000000 Ou(Il,)00 — 0 6,,300000.000,00230000000,
T € Zowm,)(Out®"(11,)) 00000000, (000, Ow® (1I,) O Out(ll,) 00 OO
000000000000, ¢cOuts™(I,)000. 0000,00000000000
0oo00,7-0-77'cOutt™(I,)000. 00,000000000000000,00
1.2, () 0000000 Ouwt"(II,) — Out"(I,_,) 000 o, 7-0-7- ' 0000000,
000,00 1.2, ()00000000,c=7-0-77'00000000. O

goo,d0d220000000000.00,00b0b000000.

00 24. UO0O0OO0O0O0OODOO XODOODOO,DbD0D0O00000O0DODODO.
O00,H#{1}0 GOOODODODOOOOO0OO,0000000000000O0. 0000,
HOGOOOoODOoOoOo.

O00. [7, Theorem 1.5]000. O

000,0022000000000000000000,0000000000. O
000,0000 GOOOO0OO0 HOOOO,HO GOOOOOO (GO0)000
[H,G)cGoO0000000.00,6*Y¥¢/G,6glooooooon.

000000,0000

[ € ¥

0O0000.000,0000 GOO000,000001!00GO0O0000O0O0.

0o 25 IL,00000,00,

— 000, M(i+1) ¥ [,.6),0,) (>1)— 00000 (QO00)00000000

D3 (M (4) /T (i +1) ®z, Qi) O Gr,(IL,) 00000000, 00, Grg,(IL,) O (Q O
0)000000000000000000000 Aut(Grg,(IL,)) 00000000. O
000,00

Aut(Grg, () = S,43 x QF

goood.

O0. [8, Lemma 4.1.2), 000, [9, Theorem D00 O. O
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0022000. acAut(ll,)00000 Aut(Gre,(IL,)) 000 a0000000
0.00,a0 a-f—000,8€Aut(L,)00000 €S,y3C Out(ll,)0 (O00) 0
000 —000000000,&a00000 (eQ)0000000000O0O00O0
000 (0025000).0000,00220000000,00000000

FCI,O(OO)O0Opr:X,—»X00000,00r,-1000000000
000000 (00 21,()000). 0000,«F)=FO00000.

(000 “00n-mO0070,00 “00n-10007000000.0000000,
2, Theorem 2.5, (v)]000.) 0000, pr0000000001L, »1, 0 p0000
0000. (00,F=Ker(p)000.) 00,000000:

001 pO0000O0D0T ®,Q -1, ®,Q000,0000000
I, » I T 8,000 FOOOOOODO QOODO0ODO0OODN

gb10,0000000004a0:

1 —— F " 1L, SN 11, — 1
—ab —ab —ab
1 — F —_— I1,, i I, — 1

l l l

—ab —ab —ab
1l — = F@,Q —— I, ®,Q —— I, ®,Q —— 1

— 000,000000000000000,00,000000000000. (000
000000000000, [2, Proposition 2.2, ()] 000 .)
00,00000000000:

11, TN 11, P ]

Jen Je. [+

—ab 3 —ab 5 —ab
I, ®z Q ﬁ I, ®z, Q —2— II, ®z, Q
— 000,000000000000. 00, p@($a(F)={0}0000000000
(DD 1DDD).DDDDDDDD:

002 0000 oF) C F OOOOO.

00, pla(F) £ {1}00000.000,00 2400, ple(F)0 I, 0 (00)000
0000, (000,FO00000000000O0O0000000. 0000000000
00, [2, Theorem 2.5, (iv)] D00 000.) OO0, ¢1(p(a(F)))={0}0000000,

Im(¢p) DOO0OODOO
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0000000000000. 000,000 Im(¢y) =00 2242 00000.
00,00200,00000000000:

l —— F/a(F) —— II,/a(F) —— II,/JF —— 1.

00, I,/a(F) (&1L,/F 3 1I,)000 20000 £0 (00,000)00000, O
0002400000000, F/a(F)={1}000.000,«(F)=F000. O

§3. OO

Oo0,0b00b0 “o0ooobobobob 2017 obbobobobooooooo.
goboboooboboboodoooog,goooboboboobbboddgog. gg,0o00on
goobooo,bbbobotbdgooooobbobobb. boddooooog,ooon
g,gggobboboobotbdodg. ggooobobobo,bbbobbobooduooooon
gbboboogoobbbuoooobbooooooo.
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