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Abstract

Thermal convection of fluids with temperature-dependent viscosity is of partic-
ular interest in understanding mantle convection in terrestrial planets. Dynamical
structures of convection with temperature-dependent viscosity driven by bottom
heating have been extensively investigated, revealing characteristics relevant to geo-
dynamics such as mobile, sluggish lid, and stagnant lid regimes. While internal heat-
ing is recognized as a significant heat source driving mantle convection, its influence
on convective structures and transitions among regimes remains less understood.

We study the dynamical regimes of internally heated thermal convection with
temperature-dependent viscosity. The viscosity is given by an exponential function
of temperature. Two-dimensional steady-state convective solutions are obtained
using the Newton method across a range of the Rayleigh numbers and the strengths
of the temperature dependence of viscosity.

By classifying the steady solutions according to the top surface mobility, the
sluggish lid regime is identified between the mobile and stagnant lid regimes with
an intermediate range of the mobility. The solutions of the sluggish lid regime are
characterized by a large viscosity contrast across the convective region and a steep
increase in the height of the convective region with respect to the Rayleigh number.
This feature likely reflects a transition in the effective boundary condition at the
top of the convective region, from the stress-free condition for the mobile regime to
the rigid condition for the stagnant lid regime.

The regime classification in this study is consistent with the difference in the scal-
ing relations of each regime. The solutions of the mobile and stagnant lid regimes
follow power-law functions of the Nusselt number with respect to the Rayleigh num-
ber, whose exponent is 1/4 for low Rayleigh number cases, and 1/6 for high Rayleigh
number cases. The exponent 1/6 can be theoretically derived by taking into account
the effect of strong, narrow downward plumes in the steady convection cells.

Stability of representative steady solutions is evaluated by time integration cal-
culations. In the unstable steady solutions, additional downward plumes grow from
the boundary layer and are transported by the background convective flow. The
stability is explained theoretically by comparing two timescales: the timescale of
the Rayleigh–Taylor instability for the thermal boundary layer between the lid and
the convective core, and that of horizontal entrainment by the background flow.

In addition, steady convective solutions with Arrhenius-law viscosity are calcu-
lated for several values of the parameters. The resulting regime diagrams qualita-
tively agree with that for convection with the exponential temperature-dependent
viscosity. There are slight shifts in locations of the regime boundaries, which may

i



depend on the absolute temperature.
This study provides fundamental insights into the fluid dynamics underlying the

diversity of structures and their transitions in thermal convection with temperature-
dependent viscosity. The regime classification obtained through this study will help
to understand the interior structures of various solar and extrasolar planets.
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Chapter 1

Introduction

1.1 Geophysical background — Mantle convection

in terrestrial planets

Thermal convection is a fundamental problem that plays a pivotal role in the thermal
and dynamical states of the interiors of the Earth and other terrestrial planets (e.g.
Schubert et al., 2001; Turcotte and Schubert, 2014; Ribe, 2018). It leads to efficient
spatial heat transport and material movement in a horizontal fluid layer. When
a fluid layer is heated from below or within, and cooled from above, the diffusive
temperature gradient can cause a buoyancy-driven instability, whereby hot, buoyant
fluid rises and cold, denser fluid sinks. This mechanism gives rise to circulating fluid
motion enhancing heat transport by advection, in contrast to hydrostatic thermal
conduction (Chandrasekhar, 1961). The onset of convection is demonstrated by a di-
mensionless parameter, known as the Rayleigh number, which describes the strength
of buoyancy relative to the viscous force scale. When the Rayleigh number exceeds a
critical threshold, the conductive state becomes unstable and buoyant plumes begin
to develop. Once instability occurs, circular convective flow is formed resulting in
stationary convection cells with characteristic thermal and dynamical patterns (e.g.
Bénard, 1900). The Rayleigh number still governs the intensity of finite-amplitude
convection, which is related to the pattern formation. When the Rayleigh number in-
creases further, the cellular pattern becomes unstable and time-dependent patterns
come to emerge (e.g. Busse, 1967a,b). This can be interpreted as manifestations
of stable steady solutions of the nonlinear partial differential equations that govern
fluid dynamics and heat transport.

The interiors of terrestrial planets like the Earth are generally in a convectively
unstable state. They have substantial heat sources inside themselves due to radioac-
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Chapter 1: Introduction

tive decay, cooling from the surface (secular cooling), and, in some cases, residual
heat from planetary accretion or core formation (Jaupart et al., 2015). The mantle
is a solid layer between the planetary core and the crust, and it is heated from the
bottom and within itself, and cooled from the top. Estimates of the Rayleigh num-
ber based on the Earth’s parameters, for example, suggest that it greatly exceeds
the critical value required for the onset of convection (Schubert et al., 2001). Since
the mantle is the outermost solid layer in which thermal convection occurs, man-
tle convection should influence heat transport and surface dynamics in terrestrial
planetary bodies.

Mantle convection exerts a profound influence on various geophysical processes
at the planetary scale. McKenzie et al. (1974) performed numerical experiments of
thermal convection to illustrate the thermal and dynamical states that are related
to geophysical observations both qualitatively and quantitatively. Convective flow
is closely coupled with surface tectonic activities, such as plate motion, crustal
deformation, and the formation and evolution of topography (e.g. Tackley, 2000).
Thus surface tectonics is associated with the underlying mantle convection patterns,
and both of them are characterized by the same set of planetary properties. The
intensity of convection is also linked to the total heat transport from the core to the
surface. Scaling laws of heat transport as functions of planetary properties are useful
for providing quantitative estimates of planetary cooling processes (e.g. Thiriet et al.,
2019). Furthermore, mantle dynamics can indirectly influence planetary climate
and the generation of the intrinsic magnetic fields through interactions with the
atmosphere and the core (Foley and Driscoll, 2016). Therefore, understanding the
thermal and dynamical characteristics of mantle convection is essential for exploring
the environment and thermal evolution of planets.

In this context, theoretical studies of mantle convection provide a framework for
understanding geophysical phenomena and long-term evolution of terrestrial planets.
By analyzing mathematical models of mantle convection, we can extract general
insights that are applicable to a wide range of planetary conditions and properties.
Such an approach is essential for identifying key parameters to establish a predictive
foundation for planetary sciences.

1.2 Mathematical modeling of mantle convection

Mathematical modeling of mantle convection based on physical governing equations
is essential for the analyses of the dynamics. The primitive model of mantle con-
vection has been established as the Rayleigh–Bénard convection with the infinite
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1.2 Mathematical modeling of mantle convection

Prandtl number (e.g. Schubert et al., 2001). In this model, the inertia term is negli-
gible in the equation of motion, since the mantle materials can be considered to be
a highly viscous continuous medium in which momentum diffusivity is about 1023

times larger than thermal diffusivity. Mantle convection models have been developed
based on this model, incorporating characteristics specific to the mantle materials.

One of the typical features of mantle convection models is strong spatial variation
in viscosity. Studies of mantle rheology have shown that mantle viscosity depends
on temperature, pressure, and composition, and it can vary by several orders of
magnitude across the mantle (Ricard, 2015). The viscosity variation significantly
influences the pattern formation in thermal convection. In particular, temperature
has the most significant effect on the viscosity variation in the mantle. Based on the
microscopic properties of mantle materials, viscosity η is modeled by the Arrhenius
law, given by the following (dimensionless) function of temperature T (e.g. Grigné,
2023):

η(T ) ∝ exp

(
Ea

T + To

)
, (1.1)

where Ea is the activation energy normalized by the universal gas constant and a
characteristic temperature scale of the system, and To is a reference value of absolute
temperature. The viscosity variation is primarily controlled by Ea, while To accounts
for the absolute temperature and does not directly affect the viscosity variation.
When we parameterize the viscosity variation by temperature, a simplified rheology
model called the Frank-Kamenetskii approximation has been commonly employed
so far (e.g. Christensen, 1984):

η(T ) ∝ exp (−γT ) . (1.2)

The parameter γ, called the Frank-Kamenetskii parameter, describes the tempera-
ture dependence in this equation. Different convection patterns have been observed
in numerical simulations using various values of Ea or γ (e.g. Moresi and Solomatov,
1995).

Another essential effect to be included in mantle convection models is the pres-
ence of internal heat sources. While classical Rayleigh-Bénard convection considers
a configuration with heating from below, the mantle of terrestrial planets is actually
heated both from below and within. In fact, heat production in the Earth’s mantle
is estimated to be larger than heat supplied from the core (Jaupart et al., 2015),
and many other terrestrial planets, satellites, and exoplanets may also have internal
heat sources (Jain and Solomatov, 2022). While bottom heating induces strong up-
welling columnar flow (plumes) originating from the thermal boundary layer along
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the bottom boundary, internal heating distributes thermal buoyancy throughout the
mantle, often resulting in more diffuse upwelling flow rather than columnar plumes.
The mode of heating can significantly influence patterns of convective flow and heat
transport (e.g. Parmentier et al., 1994; Sotin and Labrosse, 1999; Parmentier and
Sotin, 2000).

For the purpose of revealing fundamental properties of thermal convection with
the features described above, some practical assumptions have been introduced in
the modeling of Earth-like mantle convection. Incompressibility and the Boussinesq
approximation are usually employed, under which density variation is neglected
except for buoyancy caused by thermal expansion (Chandrasekhar, 1961). In ad-
dition, modeling often assumes that thermophysical properties are constant except
for viscosity. Although these assumptions do not always hold for planets with ex-
treme conditions such as exoplanets (e.g. Kameyama, 2025), they are considered
reasonable for capturing fundamental behaviors of Earth-like planets. In the follow-
ing sections, we will focus on the two types of features specialized for the mantle:
temperature-dependent viscosity and internal heating.

1.3 Convection with temperature-dependent viscos-

ity

Thermal convection models with temperature-dependent viscosity have been inves-
tigated mainly with the bottom heating condition, which is an extension of the
classical Rayleigh–Bénard problem (e.g. Christensen, 1984). The temperature de-
pendence, described by eqs. (1.1) or (1.2), generally causes the separation of a cold,
highly viscous upper region and a hot, less viscous lower region within a fluid layer.
As a result of this viscosity contrast in the vertical direction, the highly viscous
upper layer becomes stiff and thermally conductive, while the lower layer main-
tains vigorous convection. By interpreting the conductive lid as the lithosphere (the
upper rigid layer of the mantle) and the convective sublayer as the asthenosphere
(the lower, relatively soft layer), we recognize temperature-dependent viscosity as
an important property for mantle convection in terrestrial planets.

Dynamical structures of this system are characterized by the viscosity contrast
across the fluid layer. The linear stability analysis (Stengel et al., 1982), the bound-
ary layer analyses (e.g. Morris and Canright, 1984; Fowler, 1985), and the scaling
analyses of finite-amplitude solutions (e.g. Solomatov, 1995; Moresi and Soloma-
tov, 1995) have been performed so far. Solomatov (1995) succeeded in classifying
the structures into three regimes depending on the viscosity contrast. When the
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1.3 Convection with temperature-dependent viscosity

Figure 1.1: Schematic illustrations of a convection cell for three dynamical regimes.
Convective region and conductive lids are indicated by grey shading and no-shading,
respectively, for (a) mobile, (b) sluggish lid, and (c) stagnant lid regime convection.
Adapted from Okuda and Takehiro (2023), licensed under CC BY 4.0.

viscosity contrast is small, convection occurs in the whole layer as in the case of con-
stant viscosity (Small viscosity contrast regime, or Mobile regime). When viscosity
contrast is large, a conductive lid is formed just below the top surface that is not
involved in the convection (Stagnant lid regime). In addition, there is an interme-
diate regime with moderate viscosity contrast (Transitional regime or Sluggish lid
regime), in which the conductive lid exists and drifts horizontally because the lid is
not viscous enough to become stagnant. Figure 1.1 shows schematic illustrations of
convective structures of each regime by Okuda and Takehiro (2023). As viscosity
contrast increases from the left panel to the right, a conductive lid gradually emerges
above the convective region, which drifts more slowly than convective flow. When
viscosity contrast increases further, the lid becomes immobile.

Convective regimes can be distinguished in the parameter space to diagnose con-
vective structures by the parameters. Solomatov (1995) presented a regime diagram
on the parameter set of the Rayleigh number and viscosity contrast. The division of
three regimes strongly depends on the viscosity contrast rather than on the Rayleigh
number. Kameyama and Ogawa (2000) showed a regime diagram based on numer-
ical solutions with horizontally wide boxes, in which the regime division is mostly
independent of the Rayleigh number.

Reflecting the transitions of regimes, the scaling behaviors of key quantities such
as lid thickness, interior temperature, and heat transport are expected to change as
functions of input parameters. Solomatov (1995) derived scaling relations for each
regime based on the conservation laws of energy and momentum. The presence or
absence of a stagnant or sluggish lid changes the height of the convective region.
This leads to different scaling functions for the output variables depending on the
input parameters such as the temperature dependence of viscosity or the Rayleigh
number. Figure 1.2 shows an example of the scaling functions for dimensionless heat
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Chapter 1: Introduction

Figure 1.2: An example of the scaling function of heat transport to viscosity contrast
for temperature-dependent viscosity convection driven by bottom heating (Okuda
and Takehiro, 2023). Three curves show scaling functions of each regime (red: mo-
bile, green: sluggish lid, blue: stagnant lid). The functions are derived theoretically
and their arbitrary coefficients are obtained by fitting to numerical steady solutions
shown by plots. Reproduced from Okuda and Takehiro (2023), licensed under CC
BY 4.0.

transport (Nusselt number) to the strength of temperature dependence of viscosity
proposed by Okuda and Takehiro (2023), in which Solomatov’s scaling relations are
extended to include the dependence on the horizontal wavelength for bottom-heated
convection with temperature-dependent viscosity. The scaling functions are derived
based on the momentum and energy conservations in each regime, and fitted to the
steady-state solutions with different values of the wavelength. It is an interesting
point from a mathematical point of view that different scaling relations arise even
though heat transport and convective structures change gradually depending on the
parameters.

1.4 Convection driven by internal heating

For iso-viscous fluids, internally heated convection has been studied as well as the
bottom-heated convection. For convection of the iso-viscous fluid, Tritton and
Zarraga (1967) and Roberts (1967) investigated the formation of convection cells in
a purely internally heated fluid experimentally and theoretically. A scaling relation
has been derived as a power-law function of the Rayleigh(–Roberts) number based
on the boundary layer theory (e.g Parmentier et al., 1994; Turcotte and Schubert,
2014):

Nu ∼ Ra1/4, (1.3)
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1.4 Convection driven by internal heating

where Nu is the Nusselt number, which is the dimensionless heat flux at the top
surface, and Ra is the Rayleigh number. This scaling relation is in contrast to that
of the bottom-heated convection, which gives Nu ∼ Ra1/3. Eq. (1.3) was derived
assuming the typical configuration of internally heated convection in which convec-
tion with prominent downward plumes is the primary mode. The same exponent to
Ra in the scaling function was obtained by numerical simulations in spherical shells
(Deschamps et al., 2012), who included a factor that depends on the radius ratio
of the shells. McKenzie et al. (1974) reported a slightly lower exponent than 1/4

by numerical calculations in two-dimensional boxes with aspect ratios of 1 (square)
and 2.

In contrast, studies of internally heated convection of temperature-dependent vis-
cous fluids have been less extensive than that of bottom-heated convection. Davaille
and Jaupart (1993) conducted laboratory experiments of convection driven by cool-
ing from above and no heating from below or within. This configuration is analo-
gous to the internally heated convection system. They observed convection in the
stagnant lid regime, and found that the viscosity contrast between the base of the
stagnant lid and the isothermal core of convection becomes nearly constant. They
suggested that this feature is a characteristic of the stagnant lid regime for the inter-
nally heated problem. Based on this result, the scaling functions for the stagnant lid
regime have been proposed by numerical simulations in two-dimensional Cartesian
boxes (e.g. Solomatov and Moresi, 2000) and three-dimensional spherical shells (e.g.
Reese et al., 1999, 2005; Hüttig and Breuer, 2011).

The convective regimes for internally heated convection have been studied to
some extent. Grasset and Parmentier (1998) performed numerical simulations in a
two-dimensional Cartesian box with an aspect ratio of 2, and identified convective
solutions of the no-lid regime and the conductive-lid regime, corresponding to the
previously described mobile and stagnant lid regimes, respectively. The character-
istics of convective structures of both regimes are basically consistent with those of
bottom-heated convection, except for the absence of a thermal boundary layer along
the bottom surface due to the insulating boundary condition. Grasset and Parmen-
tier (1998) also found that scaling functions of the Nusselt number agree with that
of the iso-viscous case (eq. 1.3) for both regimes by incorporating the viscosity con-
trast into the coefficients and rescaling to the effective values for the convective layer
below the conductive lid. Choblet and Sotin (2000) described these two regimes by
three-dimensional numerical calculations and examined regime transitions during
cooling history of planets.

However, the regime classification of the structures of internally heated convec-

7



Chapter 1: Introduction

tion remains incomplete compared to the cases of bottom-heated convection. The
regime diagram for internally heated convection also remains incomplete. In partic-
ular, the sluggish lid regime between the mobile and stagnant lid regimes has not
been fully identified. Hüttig and Breuer (2011) performed numerical experiments for
convection in spherical shells, and reported an intermediate regime that was char-
acterized by the formation of horizontally elongated convection cells, rather than by
the existence of a drifting conductive lid. Since similar cell widening was reported
in sluggish lid convection of bottom heating models (Kameyama and Ogawa, 2000;
Okuda and Takehiro, 2023), the existence of sluggish lid convection driven by in-
ternal heating is thus conceivable. We will clarify the nature of the intermediate
regime by a systematic exploration of convective solutions in the parameter space.

1.5 Motivation and thesis outline

Constant viscosity Temperature-dependent viscosity
Bottom Studied since around 1900s e.g. Solomatov (1995)
heating Whole layer convection Mobile, Sluggish lid, Stagnant lid
Internal e.g. Roberts (1967) This study
heating Whole layer convection Mobile, ?, Stagnant lid

Table 1.1: A summary of studies on thermal convection modeled for mantle convec-
tion.

We have reviewed the current status of the studies on fundamental mantle con-
vection models, which is summarized in Table 1.1. The dynamical regimes and
characteristics of solutions to the problem of internally heated convection with
temperature-dependent viscosity have not been fully explored, especially for the
sluggish lid structure in the intermediate parameter range. Therefore, in this study,
we aim to understand different convective patterns of an internal heating system
in each regime including the possible intermediate regime. Extensive parameter
studies will help us understand how different structures of convection arise. Regime
classification and characterization are of particular interest for this purpose. It is
also interesting that different scaling relations are expected among the regimes, as
well as in the bottom-heated system.

We use the Newton method to calculate steady-state solutions of finite-amplitude
convection with internal heating (Okuda et al., 2025). This method is distinctively
different from the time-integrating simulations employed in the previous studies.
While it is sometimes difficult to judge whether time-dependent solutions obtained
by time integration have reached steady state or not, solutions obtained by the
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1.5 Motivation and thesis outline

Newton method are analyzed more easily to be classified and characterized in terms
of convective structures systematically. Moreover, we can obtain both stable and
unstable steady solutions, providing insights into the framework of dynamical sys-
tems. For example, we can observe the transition from unstable fixed points to
stable attractors. Actually, Okuda and Takehiro (2023) adopted this method for
the bottom-heated convection problem and succeeded in developing the regime di-
agram of Solomatov (1995) to include the dependence of the horizontal wavelength
in scaling relations.

This study mainly investigates the rheological model of the Frank-Kamenetskii
(FK) approximation (1.2) to describe the effect of temperature dependence for the
system with a single parameter about the variable viscosity. Then we examine the
problems with the Arrhenius-law viscosity (1.1), and compare the results between
these models.

Chapter 2 describes the mathematical model and the numerical method used in
this study. Chapter 3 presents the steady-state solutions and their regime classifi-
cation. Scaling relations are examined for each regime, and especially, solutions of
the sluggish lid regime are characterized in detail. Chapter 4 discusses the following
topics: the scaling relations for steady solutions explained by modifying the classical
boundary layer theory; the stability of steady solutions; the effect of the top surface
boundary conditions on the convective regimes; and a comparison of the regime
diagrams with different viscosity systems. Chapter 5 presents the conclusion of this
thesis.
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Chapter 2

Governing equations and numerical
method

2.1 Governing equations

We consider thermal convection of an incompressible fluid in a two-dimensional
horizontal layer. The Prandtl number is taken as infinitely large and the Boussinesq
approximation is adopted, as general assumptions of the planetary mantle. The
domain is horizontally periodic with a length λ, and bounded by an adiabatic (i.e.
zero heat flux) boundary at the bottom and an isothermal boundary at the top.
Dimensionless variables are defined using the layer thickness d, thermal diffusion
time d2/κ, the viscosity at the top surface η0, and the temperature scale Hd2/k, with
κ the thermal diffusivity, k the thermal conductivity and H the uniform volumetric
heating rate. Because of the two-dimensional incompressible system, we can take a
stream function ψ satisfying horizontal and vertical velocity u and v as

(u, v) =

(
−∂ψ
∂y
,
∂ψ

∂x

)
. (2.1)

The dimensionless equations governing stream function ψ(x, y, t) and temperature
T (x, y, t) are (e.g. Christensen, 1984):

∂T

∂t
=
∂(T, ψ)

∂(x, y)
+∇2T + 1, (2.2)

(
∂2

∂x2
− ∂2

∂y2

)η(T )( ∂2

∂x2
− ∂2

∂y2

)
ψ

+4
∂2

∂x∂y

(
η(T )

∂2ψ

∂x∂y

)
= −Ra0

∂T

∂x
, (2.3)

η(T ) = exp (−γT ) , (2.4)
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Chapter 2: Governing equations and numerical method

T = ψ =
∂2ψ

∂y2
= 0 at y = 1, (2.5)

∂T

∂y
= ψ =

∂2ψ

∂y2
= 0 at y = 0, (2.6)

T (0, y, t) = T (λ, y, t), ψ(0, y, t) = ψ(λ, y, t), (2.7)

where ∇2 =
∂2

∂x2
+

∂2

∂y2
is the two-dimensional Laplacian, and

∂(T, ψ)

∂(x, y)
=
∂T

∂x

∂ψ

∂y
−

∂T

∂y

∂ψ

∂x
is the Jacobian of T and ψ. The Rayleigh(–Roberts) number is defined as

(Roberts, 1967)

Ra0 =
αρgHd5

κkη0
, (2.8)

where α is the thermal expansion coefficient, ρ is the density, g is the gravitational
acceleration, and k is the thermal conductivity.

The definition of the Rayleigh number Ra0 is consistent with the classical ex-
pression for bottom-heated convection (e.g. Chandrasekhar, 1961)

Ra =
αρg∆Td3

κη
, (2.9)

using temperature scale Hd2/k instead of ∆T . ∆T is temperature difference defined
by bottom and top isothermal boundaries. In our problem, since temperature at
the bottom surface is not fixed, temperature scale is given by internal heating rate.

2.2 Definitions of output parameters

We have defined two dimensionless input parameters Ra0 and γ in the governing
equations. We will calculate and examine solutions controlling the parameter set
(Ra0, γ). On the other hand, some variables will be useful that are defined using
output quantities of T and ψ.

Viscosity contrast is a key parameter to characterize dynamical regimes as de-
scribed in previous studies (see Section 1.3). Compared to the situation when the
total temperature difference is imposed across the layer, the parameter γ is insuffi-
cient to quantify the viscosity contrast across the layer. We rather use the output
value of T at the bottom surface to define viscosity contrast ratio rη:

rη =
η0
ηb

= exp(γTb), (2.10)

where ηb = η0 exp (−γTb) is (dimensional) viscosity at the bottom boundary and Tb
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2.3 Numerical calculation of steady-state solutions

is temperature averaged on the bottom boundary. Tb is close to the temperature of
the isothermal well-mixed convection core since there is no thermal boundary layer
along the adiabatic bottom surface.

At large viscosity contrast, convection is in the stagnant lid regime where most
of the temperature and viscosity contrasts are concentrated in the conductive lid.
Since the Rayleigh number Ra0 (2.8) is constructed using the viscosity at the upper
boundary, it does not properly characterize the dynamics of the layer where con-
vection actually occurs. We therefore introduce the bottom Rayleigh number, Rab,
defined using ηb:

Rab =
αρgHd5

κkηb
= Ra0

η0
ηb

= Ra0rη. (2.11)

The Nusselt number is the dimensionless heat flux on the top surface per unit
horizontal length. As seen in eq. (1.3), scaling relations of it to parameters are
useful to describe finite-amplitude convection. We define the Nusselt number using
dimensionless output variables as

Nu =
1

Tb
, (2.12)

which is the same definition as Solomatov and Moresi (2000). This is simply the
reciprocal of the internal temperature of the convective region. Scaling relations of
Nu are therefore essentially equivalent to that of the interior temperature in previous
studies (e.g. Grasset and Parmentier, 1998; Hüttig and Breuer, 2011). Note that
Nu = 2 corresponds to the hydrostatic state, because the conductive temperature
profile, solving eqs. (2.2, 2.6, 2.5) with ψ = 0, is T = (1− y2)/2.

2.3 Numerical calculation of steady-state solutions

2.3.1 Numerical formulation

Second-order finite differences are used for the numerical formulation of the equa-
tions (2.2)–(2.7). In particular, the finite difference equation proposed by Andrews
(1972) is used for the momentum equation (2.3), which is successful for discretiz-
ing the fourth order derivative of in the two-dimensional diffusion equation with a
non-uniform diffusion coefficient.

The domain is discretized into square grids of lengths 1/32 or 1/64 for all nu-
merical calculations. Most calculations in this study use the resolution of 1/32. For
some cases for which iterative calculations do not converge, the resolution of 1/64
is used.
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2.3.2 Numerical method for solving steady-state solutions

We obtain numerical steady-state solutions using the Newton method in the same
procedure as that of Okuda and Takehiro (2023). Let the right hand side of the
energy equation (2.2) be F (T ), so that a steady solution satisfies F (T ) = 0. When
T (x, y) is given, ψ(x, y) is obtained by solving the linear equation (2.3). F (T ) is
thus a function of T (x, y). The nonlinear equation F (T ) = 0 is solved iteratively. At
each iteration, a new estimate Tnew of the steady solution is computed by solving the
first-order Taylor expansion of F (T ) around the previous value Told at each position
r⃗ = (x, y) in the domain:

0 = F (Told)(r⃗) +
dF

dT
(r⃗, ξ⃗) ·

(
Tnew(ξ⃗)− Told(ξ⃗)

)
. (2.13)

The derivative of F (T ) by T is calculated by finite numerical differentiation as

dF

dT
(r⃗, ξ⃗) =

F (T + δTξ)(r⃗)− F (T )(r⃗)

∆
, δTξ(r⃗) =

∆ (r⃗ = ξ⃗),

0 (r⃗ ̸= ξ⃗).
(2.14)

Here, ξ⃗ is a position at which a small perturbation ∆ is added to T . The value of ∆
is given as 10−6 in this study. We set the convergence criterion for the calculation
of the Newton method to ensure that the update of temperature for one iteration
step max|Tnew − Told| becomes less than 1× 10−6, which is small enough compared
to the typical amplitude of T variations of the order of ∼ 10−1.

Steady-state calculations are computed for the ranges of the parameters of 1 ≤
Ra0 ≤ 106 and 0 ≤ γ ≤ 40. Solutions for 20 ≤ γ ≤ 30 are explored in detail in
order to focus on the solutions around the intermediate (sluggish lid) regime. Only
solutions with horizontal wavelength λ = 2 are considered.

Figure 2.1: Example of convergence of the Newton method calculation. The maxi-
mum norm of temperature update Tnew −Told by one step of iteration (left) and the
averaged values of F (T ) (the right-hand side of eq. 2.2) over the whole layer (right)
are shown for every ten steps of iteration.
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2.3 Numerical calculation of steady-state solutions

2.3.3 Convergence of steady-state calculations

The convergence of an iterative calculation for a steady solution is shown in Fig-
ure 2.1. The calculation runs until the maximum norm of max|Tnew − Told| (shown
in left panel) drops below the chosen convergence criterion, 1 × 10−6. The right
panel shows the averaged values of F (T ) in the whole domain. As the calculation
converges, F (T ) decreases by several orders of magnitude. All steady solutions that
will be shown in Chapter 3 successfully converge in this manner.
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Chapter 3

Convective structures of steady
solutions

3.1 Steady-state solutions and regime classification

We calculate steady-state finite-amplitude convective solutions by the method de-
scribed in Section 2.3. Setting the resolution of 1/32, 610 cases of parameter sets
successfully converge to finite amplitude solutions with the wavelength of λ = 2,
and 27 cases at the resolution of 1/64. The left panel of Figure 3.1 shows the steady
solutions on the controlled parameter space (Ra0, γ) with colored plots (colors are
described later). Black solid circles represent the neutral values of the linear sta-
bility analysis for the hydrostatic state, derived in Section A.1. The right panel of
Figure 3.1 shows the diagram of Rab and rη, both of which are output parameters
defined in Section 2.2.

The obtained steady solutions are classified into three regimes, mobile, sluggish
lid, and stagnant lid regimes with the top surface mobility M (Tackley, 2000), which
is defined as the ratio of the root mean square of horizontal velocity at the top surface
usurface,rms to that in the whole layer urms, where

urms =

√∫ λ

0

∫ 1

0

u2dxdy/λ, usurface,rms =

√∫ λ

0

u(y = 1)2dx/λ.

Then we define mobile, sluggish lid, and stagnant lid regimes as M > 0.90, 0.90 ≥
M > 0.02, and 0.02 ≥ M , respectively. The threshold values are somewhat arbi-
trary. The different regimes are expected to follow different scaling relations be-
tween the Nusselt number and the parameters such as the Rayleigh number and
the temperature-dependence strength of viscosity. Scaling laws for the stagnant lid
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Chapter 3: Convective structures of steady solutions

Figure 3.1: Steady solutions on the Ra0–γ diagram (left) and the Rab–rη diagram
(right). Red, green, and blue symbols correspond to steady solutions classified into
mobile, sluggish lid, and stagnant lid regimes, respectively. Black circles represent
the neutral stability values for the hydrostatic conduction state (see A.1). Three
red circles on each panel identify the cases whose convective structures are shown
in Figures 3.2 and 3.3. The grey lines indicate the rough regime boundaries.

and mobile regimes are presented in Figure 3.6 in Section 3.3, and we adjust the
threshold values of M such that they also match the validity limits of the scaling
laws.

In both regime diagrams in Figure 3.1, three regimes appear to be clearly sep-
arated, in which regimes of each solutions are indicated by color. In the Ra0–γ
diagram (left), regimes are in banded forms in the direction from small Ra0 and γ

to large Ra0 and γ. The mobile regime occupies a region with low γ or high Ra0, the
stagnant lid regime for high γ or low Ra0, and the sluggish lid regime is in between.
The regime boundaries in the Rab–rη diagram (right) appear nearly constant values
of rη, rη ≈ 1 × 101 for the mobile–sluggish lid boundary, and rη ≈ 3 × 103 for the
sluggish lid–stagnant lid boundary. The latter slightly changes from rη ≈ 3 × 103

to 1× 104 for Rab ranging from 4× 104 to 1× 107. The value of rη for the sluggish
lid–stagnant lid boundary is similar to that obtained by Hüttig and Breuer (2011)
of rη ≈ 104 for internal heating convection in a spherical shell with a radius ratio
of 0.55. As shown by Javaheri et al. (2024), viscosity contrast can strongly depend
on the length ratio of spherical shell, at least for the bottom heating situation they
considered.

The distribution of the three regimes for internal heating convection shown in
the right panel of Figure 3.1 qualitatively agrees with previous results for the bottom
heating, although the values of the regime boundaries are slightly different. Solo-
matov (1995) and Kameyama and Ogawa (2000) studied bottom heating convection
of a two-dimensional temperature-dependent viscous fluid. They showed that the

18



3.2 Structures of convection in each regime

sluggish lid–stagnant lid boundary is at rη = 104. The mobile–sluggish lid boundary
in Solomatov (1995) increases slightly with the Rayleigh number, from rη ≈ 100 at
Rab = 103 to rη ≈ 103 at Rab = 1011, and that in Kameyama and Ogawa (2000)
is independent of Rab but the value rη ≈ 103.5 is different from the one we get,
rη ≈ 101. Okuda and Takehiro (2023) showed the regime boundaries of steady-state
bottom heating convection with a horizontal wavelength of 2 as rη = e1.5 ≈ 5 for the
mobile–sluggish lid boundary and rη = e8.0 ≈ 3 × 103 for the sluggish lid–stagnant
lid boundary.

3.2 Structures of convection in each regime

Temperature Stream function
Mobile regime (Ra0 = 3× 105, γ = 27)

Sluggish lid regime (Ra0 = 3× 103, γ = 27)

Stagnant lid regime (Ra0 = 1× 102, γ = 27)

Figure 3.2: Examples of steady solutions of mobile (top), sluggish lid (center), and
stagnant lid regimes (bottom). Temperature and stream function are shown in the
left and right panels, respectively. Parameters Ra0 and γ are indicated above each
pair of panels.
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Chapter 3: Convective structures of steady solutions

Mobile regime (Ra0 = 3× 105, γ = 27)

Sluggish lid regime (Ra0 = 3× 103, γ = 27)

Stagnant lid regime (Ra0 = 1× 102, γ = 27)

Heat flux Temperature urms

Figure 3.3: Vertical profiles of several variables of steady solutions in mobile (top),
sluggish lid (middle), and stagnant lid regimes (bottom). The left panels show
horizontally averaged advection heat flux vT (red solid lines), diffusion heat flux
∂yT (blue broken lines), and total heat flux (green dash-dotted lines). The middle
column displays the horizontally averaged temperature T (red solid line) and the
static conductive temperature (blue dashed line). The right panels show the root
mean square urms of the horizontal velocity u for each height. The horizontal dashed
and dotted lines in each panel show the boundaries between the conductive lid,
active boundary layer and convective core. They are obtained as a crossing between
straight-line fits to the advection profile in each region (see text for details). The
thicknesses δl and δ of the lid and active boundary layer, respectively, are defined
on the right-hand-side of the figure.

Typical solutions of finite-amplitude convection in each regime at the points indi-
cated by red circles in Figure 3.1 are shown in Figures 3.2 and 3.3. Figure 3.2 shows
temperature (left) and stream function (right) fields of mobile regime (top), slug-
gish lid regime (middle), and stagnant lid regime (bottom). Only a cold plume with
strong downward flow develops because the thermal boundary layer exists along the
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3.3 Scaling functions of mobile regime and stagnant lid regime

isothermal surface. The thickness of the thermally conductive layer above the con-
vective region increases from the mobile regime solutions to the stagnant lid regime
solutions.

The vertical profiles of the horizontally averaged advection flux vT (red solid
lines) and diffusion flux ∂yT (blue broken lines) are shown in the left panels of
Figure 3.3. The over-line means horizontal average that is f(y) = (1/λ)

∫ λ

0
f(x, y)dx.

The green dash-dotted lines are total heat flow across each horizontal plane. By
virtue of the conservation of energy (eq. 2.2) in steady state, it is vT+∂yT = y, which
is equal to the total heat production below height y. Two horizontal thin dashed
lines for each left panel divide from top to bottom a conductive lid (of thickness δl),
an active boundary layer (of thickness δ), and an isothermal core. To objectively
determine the height of these boundaries, the advection heat flux is approximated as
a piecewise affine profile. Let vT in the active boundary layer vT = ay+b be defined
by the tangent line at the inflection point (thin black solid lines). The stagnant lid
being defined as a region where vT = 0, its bottom boundary is the contact point of
the advection heat flux on the y axis (ay+b = 0, shown by + in the left panels). The
bottom of the active boundary layer is defined as the intersection of the advection
tangent with the total heat flux, so the height is where ay + b = y is satisfied (∗ in
the left panels). The conductive lid, boundary layer, and isothermal core defined in
this way can be considered as regions where vT = 0, vT and ∂yT are comparable,
and ∂yT = 0, respectively.

The middle and right panels of Figure 3.3 show the horizontal mean temperature
T (red solid lines in the middle columns), the conductive temperature T0 (eq. A.1,
blue dashed lines), and the root mean square urms of horizontal velocity at each
height (red lines in the right columns). From the profiles of urms, we can find that
the velocity gradient in the conductive lid is small regardless of whether the lid moves
or not. The velocity gradient is large in the boundary layer and in the isothermal
core, but the temperature gradient driving the convective flow is concentrated in
the boundary layer.

3.3 Scaling functions of mobile regime and stagnant

lid regime

Here, we examine whether the steady solutions obtained in the mobile regime and
the stagnant lid regime are consistent with the scaling relations proposed by the
previous studies. Grasset and Parmentier (1998) (hereafter GP98) analyzed the data
obtained by their numerical time integrating simulations and obtained the following
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Chapter 3: Convective structures of steady solutions

relations, with replacement of the notation, for the solutions in the no-lid regime
(eq. 14 in GP98) and in the conductive lid regime (eq. 29 in GP98), respectively.

Tb = amr
αm
η Ra−βm

b , (3.1)

T̃b = asR̃a
−βs

b . (3.2)

Here αm, βm, and βs denote the exponents that are determined later by fitting
these functions to our numerically obtained steady solutions. The tilde expresses
the rescaled variable for the stagnant lid regime using a length scale equal to the
height of the convective region 1 − δl, expecting the same scaling relation inside
the convective region as for iso-viscous convection, where δl is the thickness of the
conductive lid defined by the advection flux profile (see Figure 3.3). Specifically, the
viscosity ratio across the convective region, rηeff , is assumed to be constant according
to GP98. Applying the energy balance in the conductive lid, the hight of convective
region is written as (eqs. 23 and 28 of GP98)

1− δl =
√

1− 2(Tb − ln(rηeff)/γ), (3.3)

and other rescaled variables are as follows.

T̃b =
ln(rηeff)

γ(1− δl)2
, R̃ab = Rab(1− δl)

5, δ̃ =
δ

1− δl
, ũ = u(1− δl). (3.4)

Using the scaling functions (3.1) and (3.2), Tb is related to the input parameter Ra0
and γ with the following equations, respectively for the mobile and stagnant lid
regimes:

Tb exp (−αmγTb) = amRa
−βm

0 exp(−βmγTb), (3.5)

ln (rηeff)

γ

[
1− 2

(
Tb −

ln (rηeff)

γ

)] 5
2
βs−1

= asRa
−βs

0 exp (−βsγTb) . (3.6)

Alternatively, the right hand side of both equations can be written as aRa−β
b , which

means that the scaling laws can be written in terms of either Ra0 or Rab.

In order to examine the consistency of our results with the scaling relations of
GP98. We fitted the function (3.1) to mobile regime solutions to obtain the best
fit values of αm, βm, and am. As a result, two different sets of coefficients are
derived depending on the value of Rab: αm = 0.167, βm = 0.255, and am = 1.82 for
Rab < 105, and αm = 0.159, βm = 0.164, and am = 0.652 for Rab ≥ 105. Figure 3.4
shows solutions in the Tbr−αm

η –Rab space for the mobile regime. The value of Tbr−αm
η
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3.3 Scaling functions of mobile regime and stagnant lid regime

Figure 3.4: Tbr
−αm–Ra−β

b diagram for the solutions in the mobile regime. Two dash-
dotted lines are the functions of eq. (3.1) fitted to solutions of Rab < 105 (orange)
and Rab > 105 (blue). The best fit values of coefficients in eq. (3.1) are explained
in Section 3.3. Value of Tbr−αm

η for each solution is calculated using αm = 0.167 for
Rab < 105 and αm = 0.159 for Rab ≥ 105.

for each solution is calculated using obtained value of αm depending on Rab. Two
dashed lines correspond to function (3.1) with different sets of coefficients. The
results with different values of γ collapse on either of them.

Figure 3.5 shows the T̃b-R̃ab plot for the solutions in the stagnant lid regime.
rηeff in eq. (3.4) is fixed to 5.4 based on the observation of our stagnant lid regime
solutions, which will be described in Figure 3.8 in Section 3.4. We performed the
power law fitting to obtain the best fit values of coefficients as βs = 0.167 and
as = 0.929. The value of βs is very close to the exponent of mobile regime for
Rab ≳ 105. The dashed line in Figure 3.5 shows the obtained power function. The
power-law fitting explains well the solutions with R̃ab ≲ 106. On the other hand,
there appears to be a misfit for the solutions with R̃ab ≳ 106 (γ = 40), possibly due
to the loose regime classification with mobility M (see Section 3.1). These solutions
are close to the boundary with the sluggish lid regime and could be classified in that
regime if a different threshold value of M was chosen.

We obtained a power function with the exponent of βm = 0.255, which mobile
regime solutions for Rab ≲ 105 follow. This exponent is consistent with the classical
scaling relation Ra−1/4

b for internally heated iso-viscous convection (e.g. Parmentier
et al., 1994; Turcotte and Schubert, 2014) and no-lid regime convection of GP98.
On the other hand, solutions of Rab ≳ 105 follow the power law functions with
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Chapter 3: Convective structures of steady solutions

Figure 3.5: T̃b-R̃ab diagram for the solutions in stagnant lid regime. The dash-
dotted line is the result of the power-law fitting of the function (3.2) to data of
stagnant lid regime solutions with different values of Ra0 and some fixed values of
γ. rηeff in eq. (3.4) is set as a constant value 5.4 based on our observation of rηeff
(see Figure 3.8).

β ≈ 1/6 for both the mobile and stagnant lid regimes. The difference between
time-dependent and steady solutions may cause this smaller exponent. Section 4.1
discusses this issue in detail.

Using the coefficients obtained above, Figure 3.6 shows the scaling relation curves
for γ = 20 of the mobile regime (eq. 3.5) and γ = 30 of the stagnant lid regime
(eq. 3.6) in the Nu–Rab space together with steady solutions for several values of
γ as examples. Nu and Rab are given by Eqs. (2.12) and (2.11). The functions of
the mobile and stagnant lid regimes fit well to the solutions of respective regimes,
including other setting of γ. Note that solutions in the sluggish lid regime do not
follow any of the scaling functions obtained for the mobile and stagnant lid regimes,
for any fixed value of γ, even though the curves for other values of γ are not displayed
in Figure 3.6. The data of sluggish lid regime solutions show that Nu increases
rapidly with a small change of Rab for each value of γ. To explore each γ branch, we
vary monotonically the input control parameter Ra0, but Rab, which depends on the
value of Tb actually realized, does not necessarily increase monotonically. Solutions
in the sluggish lid regime are characterized in detail in Section 3.4.
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3.4 Characterization of sluggish lid regime

Figure 3.6: Steady solutions for several values of γ on Nu–Rab plane. Colors repre-
sent the regime of each solution. The Nusselt number Nu and the Rayleigh number
Rab are defined by eqs. (2.12) and (2.11). The scaling relations of the stagnant lid
regime (dash-dotted, eq. 3.6) and the mobile regime (dashed, eq. 3.5) are overlaid.
The coefficient and exponents in these equations are determined in Section 3.3, and
γ is fixed as indicated values near each curve. Note that Rab does not necessarily
increase monotonically even if Ra0 increases.

3.4 Characterization of sluggish lid regime

To specify different characteristics of the sluggish lid regime, two variables that
are related to thermal structures of convection are shown in Figures 3.7 and 3.8.
Figure 3.7 shows the height of the convective region, 1 − δl, as a function of Rab
for several values of γ, where δl is the thickness of the conductive lid defined in
Section 3.1 (see Figure 3.3). For any given value of γ, starting in the stagnant lid
regime at low values of Rab, the height of the convective region increases steadily
with increasing Ra0 and therefore with Rab. This corresponds to an increase of
intensity of convection. When entering the sluggish lid regime, increasing Ra0 leads
to a rapid increase of 1 − δl (decrease of δl toward 0) at a nearly constant value of
Rab. Upon further increase of the Rayleigh number, the system enters in the mobile
regime where the height of the active convective region gets close to unity. However,
1− δl does not reach 1 and saturate at ysat, contrary to the physical insight that the
conducting lid should disappear in the mobile regime. This stems from our definition
of the conductive lid by approximating vT with the piecewise linear profile, while
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Chapter 3: Convective structures of steady solutions

Figure 3.7: The height of the convective region 1− δl as a function of Rab for the
solutions of γ = 20, 24, 27, and 30. δl is the thickness of the conductive lid defined
by advection heat flux profile (see Figure 3.3). The dashed line shows the maximum
value of 1− δl.

vT actually behaves as a quadratic function of the distance from the top surface
near y = 1.

Figure 3.8 shows the viscosity contrast across the convective region rηeff , as a
function of Rab for the same solutions as used in Figure 3.7. The value of rηeff for
each data is calculated as a ratio of viscosity η

(
T (y = 1− δl)

)
/η
(
T (y = 0)

)
. We

observe that the viscosity contrast is almost constant, rηeff ≈ 5.4, for the solutions
in the stagnant lid regime, which is consistent with the results of previous studies.
Davaille and Jaupart (1993) found a constant viscosity contrast ratio across the
convective region below the conductive lid. GP98 analyzed the solutions of stagnant
lid regime and obtained the best-fitted value of e2.23 ≈ 9.3, which is about twice
our result. Mobile regime solutions have smaller values of rηeff than 5.4 because
temperature difference Tb decreases (or the Nusselt number increases) when the
Rayleigh number increases.

The most remarkable feature in Figure 3.8 is the high values of rηeff for the
solutions in the sluggish lid regime compared to those for the solutions in the mobile
and stagnant lid regimes. When the solutions change from the stagnant lid regime
to the sluggish lid regime, the values of rηeff increase at first, and reach a maximum
in the middle of the sluggish lid regime for each value of γ. Upon further increase
of Rab, rηeff decreases and the system leaves the sluggish lid regime for the mobile
regime, where rηeff reaches the one in the stagnant lid regime.
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3.4 Characterization of sluggish lid regime

Figure 3.8: Viscosity contrast ratio across the convective region rηeff , as a function
of Rab for the solutions of γ = 20, 24, 27, and 30. The dashed line expresses the
average value of rηeff for stagnant lid regime solutions.

From these results, convection in the sluggish lid regime can be characterized
as a rapid increase of Nu with Rab compared to the scaling relations of the mobile
and stagnant lid regimes, where the height of convection increases and Rab remains
almost constant even if Ra0 is changed. In the sluggish lid regime, a larger value
of rηeff is reached compared to the nearly constant value obtained in the stagnant
lid regime. The assumption of constant rηeff for the stagnant lid regime by GP98 is
based on the existence of a motionless conductive lid, so that the feature of larger
rηeff for the sluggish lid regime may relate to the mobility of a conductive lid, which
will be discussed in Section 4.3.
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Chapter 4

Discussions

4.1 Scaling relations for steady convection with a

strong downward plume

Table 4.1 summarizes the results of the fitted scaling functions obtained in Section
3.3 in the “δ, Tb” and “ δ̃, T̃b” rows of the “Numerical results” column. The functions
of bottom temperature Tb and rescaled one T̃b are referred to Figures 3.4 and 3.5,
respectively. In Section 3.3, we found that the power of the Rayleigh number, βm
and βs, in eqs. (3.1) and (3.2) for the high-Rab mobile regime and the stagnant lid
regime are different from those proposed by GP98 (“GP98” column). The exponent
βm = 0.255 of our low-Rab mobile regime is almost the same as 0.227 of GP98,
while βm and βs are about 1/6 for other cases of our calculations. The power law
with β = 1/4 can be explained by the classical boundary layer theory (Turcotte
and Schubert, 2014), while β = 1/6 has not been obtained in previous studies. We
propose the following discussions for the cases of the lower exponent scaling law of
internal heating convection.

Figure 4.1 compares the flow structures and viscous dissipation distribution for
small and large values of the Rayleigh number, Rab = 1 × 104 and Rab = 1 × 106,
in the mobile regime. Distribution of viscous dissipation is one of the key points
for obtaining scaling relations (e.g. Solomatov, 1995). Viscous dissipation Φ(x, y) is
defined as

Φ(x, y) =
∑

i,j=x,y

η

(
∂ui
∂xj

+
∂uj
∂xi

)
∂ui
∂xj

. (4.1)

Steady convection with high Rab ≳ 105 typically has a strong and thin downward
plume (right panel of Figure 4.1), while convection with Rab ≲ 105 has almost
symmetric stream lines (left panel of Figure 4.1). Such a symmetric shape of the
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Symmetric cell type Strong downward plume type
(Ra0 = 1× 104, γ = 0) (Ra0 = 1× 106, γ = 0)

Temperature

Stream function

Viscous dissipation

Figure 4.1: Examples of solutions with two types of convection; symmetric cell
convection (left panels, the solution of γ = 0 and Rab = 1.0× 104), and convection
which has strong downward plume (right panels, γ = 0 and Rab = 1.0 × 106).
The temperature, stream function, and viscous dissipation are shown from top to
bottom.
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4.1 Scaling relations for steady convection with a strong downward plume

Numerical results Theory GP98
Mobile regime (Rab < 105)

δ, Tb r0.167η Ra−0.255
b r0.155η Ra−0.227

b

Mobile regime (Rab > 105)
δ, Tb r0.159η Ra−0.164

b r
1/6
η Ra

−1/6
b r0.155η Ra−0.227

b

u r−0.30
η Ra0.339b r

−1/3
η Ra

1/3
b∫

ΦdV ∼
(
u/δ
)2

r−0.92
η Ra1.01b r−1

η Ra1b
Stagnant lid regime

δ̃, T̃b R̃a
−0.167

b R̃a
−1/6

b Ra−0.227
b

ũ R̃a
0.371

b R̃a
1/3

b∫
Φ̃dṼ ∼

(
ũ/δ̃
)2

R̃a
1.07

b R̃a
1

b

Table 4.1: Summary of scaling functions for the mobile and stagnant lid regimes. δ
is the active boundary layer thickness (see Figure 3.3). u is RMS of the horizontal
velocity taken at the height where the maximum of u locates. Total viscous dissi-
pation

∫
ΦdV scales ∼ (u/δ)2. Variables with a tilde are rescaled for the stagnant

lid regime defined by eq. (3.4) using a length of the height of the convective region
1 − δl. The functions of the “Numerical results” column are derived from Figures
3.4, 3.5, and 4.2, while those of the “Theory” column are derived in Section 4.1.

convection cell has been assumed in the theory leading to the 1/4 power law for
iso-viscous internal heating convection (Turcotte and Schubert, 2014). The differ-
ence in the viscous dissipation distributions is clearly seen in the bottom panels of
Figure 4.1. Similar asymmetric flow has been observed by McKenzie et al. (1974)
with an internal heating configuration, and they found a lower exponent than 1/4

as well. Solomatov and Moresi (2000) investigated stagnant lid convection by time
integration, however, they did not find a solution with asymmetry, and suggested
that such solutions are unlikely to be stable. The stability of steady solutions in
time-dependent calculations will be discussed in Section 4.2. Based on these flow
and viscous dissipation distributions, we will follow and revise the derivation of scal-
ing relations of the classical boundary layer theory. In order to include the effect
of the thinner plumes, the typical length scale of the horizontal velocity gradient is
considered to be the boundary layer thickness rather than the entire wavelength of
the convection cells.

First, in the mobile regime, in the upper thermal boundary layer, the balance
between horizontal thermal advection, u·∇T ∼ uT/λ, and vertical diffusion, ∇2T ∼
T/δ2 is assumed. This gives u ∼ δ−2, where u and δ are the typical amplitude of the
horizontal velocity and the thickness of the boundary layer below the top surface or
conductive lid. Taking into account the thin downward plume, we assume that the
lateral variations of velocity concentrate on a width proportional to δ rather than
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Figure 4.2: (Left) u/r−0.3
η versus Rab diagram for the solutions in the mobile regime,

where u is the root mean square of the horizontal velocity taken at the height where
the maximum of u is located. The dashed line shows a power law function fitted
to the solutions for Rab > 105. (Right) ũ versus R̃ab diagram for the solutions in
the stagnant lid regime. The tilde indicates rescaled variables (eq. 3.4) in the active
convective region. The dashed line shows a power law function fitted to all plotted
solutions.

on a width proportional to the wavelength of the convective cells. The amplitude of
the velocity gradient is evaluated as u/δ, and the total viscous dissipation

∫
ΦdV ∼

η(u/δ)2 ∼ δ−6. Finally, the energy balance relation
∫
ΦdV = Ra0

∫
vTdV = r−1

η Rab

holds exactly, and δ ∼ r
1/6
η Ra

−1/6
b is obtained. Tb follows the same scaling as δ (δ, Tb

of the “Theory” column for “Mobile regime (Rab > 105)” in Table 4.1). We can follow
the same procedure for the stagnant lid regime using the variables rescaled by the
height of the convective region (eq. 3.4). It can be seen that the lower exponent of
the power of the Rayleigh number for Tb and δ, −1/6, is successfully derived (δ̃, T̃b
of the “Theory” column for the stagnant lid regime in Table 4.1). The theoretical
scaling relations for other variables are also described in the “Theory” column as
well.

To confirm the scaling relations of the horizontal velocity, Figure 4.2 shows the
relations of the horizontal velocity u to the Rayleigh number Rab and ũ to R̃ab. u
and ũ are calculated as the root mean square of the horizontal velocity at the height
where it is largest. For the mobile regime (left panel of Figure 4.2), the solutions for
Rab > 105 are fitted to a power law function of rη and Rab, and they successfully
collapse on a single function u ∼ r0.30η Ra0.339b with different values of γ. Note that
the scaling laws developed in this section is for large values of the Rayleigh number,
since they require the flow to be characterized by a thin plume. This explains the
discrepancy observed between the scaling laws and the numerical results at low
values of Rab < 105. For the stagnant lid regime (right panel of Figure 4.2), all
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4.2 Stability of steady solutions

solutions lie on a fitted line ũ ∼ R̃a
0.371

b .
The scaling relations of the horizontal velocity and total viscous dissipation es-

timated from our numerical steady solutions are additionally summarized in the
column “Numerical results” of Table 4.1. The scale of the total viscous dissipation
is obtained as (u/δ)2. Comparing the columns “Numerical results” and “Theory”
of Table 4.1, the theoretical scaling relations of these variables are consistent with
those obtained from the numerical steady solutions, although there is a slightly
larger discrepancy in the exponent of ũ of the stagnant lid regime compared to
other variables.

4.2 Stability of steady solutions

High Rab convection observed in laboratory experiments (Davaille and Jaupart,
1993) and time-dependent simulations (e.g. GP98; Solomatov and Moresi, 2000)
is intermittent with chaotic plumes. It seems that the width of convection cells
for time-dependent convection is narrower than that of high Rab steady solutions
presented here (e.g. Figures 3.2 or 4.1). Moreover, we have seen the high values
of rηeff in the sluggish lid regime presented by Figure 3.8 in Section 3.4. This
implies that sluggish lid regime solutions have large temperature difference and
thick boundary layers compared to the other regimes, and might become unstable
due to the Rayleigh–Taylor instability. In this section, we examine the stability
of steady solutions to evaluate convective structures that appear in time-evolving
situations.

We perform time integration calculations starting some steady solutions. The
time-dependent equations are eqs. (2.2) to (2.7). Each calculation is started from
the given steady solution adding a small pointwise disturbance with the amplitude
of T ×10−3 for T at the center of the domain. Time integrations are performed until
t = 10 with a time step of ∆t = 10−6. Steady solutions are qualified as stable if they
evolve back to their initial steady state, and unstable if they become time-dependent
or reach a steady state that differs from the starting one.

The results in terms of stability are presented in Figure 4.3. Stable and unstable
steady solutions are found in all regimes. The stability threshold looks to be located
at Rab ≈ 106; steady solutions with Rab ≲ 106 remain stable, and those with
Rab ≳ 106 become unstable regardless of the regimes. For all the cases of unstable
solutions, periodic growth of cold plumes from the active boundary layer is observed.

A typical time evolution of the temperature field of an unstable solution (Ra0 =
104 and γ = 40) is shown in Figure 4.4. It can be observed that a small downward
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Figure 4.3: Stability of steady solutions. Black circles and crosses express stable
and unstable solutions, respectively. A red circle identifies the solution which is
shown in Figure 4.4.

Figure 4.4: Snapshots of temperature distributions obtained by time integration
for Ra0 = 1× 104 and γ = 40. The left panel shows time evolution of temperature
near the bottom of the boundary layer, at y = 0.68. t is dimensionless time, and t0
is the time of plume growth initiation. Two cold plumes can be observed; the larger
one corresponds to that of the steady solution and stays at x = 0.6. The smaller
one grows due to the Rayleigh–Taylor instability and is carried from left to right by
convective flow. The right panels show the evolution of temperature for the same
time sequence as in the left panel.
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4.2 Stability of steady solutions

Figure 4.5: Results of time-dependent calculations on a diagram of Rab and a ratio
of time scales of horizontal entrainment to the Rayleigh–Taylor instability. Circles
and crosses denote stable and unstable solutions, respectively.

plume grows in the boundary layer and is carried by the convective flow to the
location of the cold strong plume. Previous numerical models have found a similar
behavior in which newly formed plumes are carried away by the horizontal flow
generated by existing plumes. Merging of plumes leads to irregular patterns (e.g.
Travis and Olson, 1994; Kameyama and Ogawa, 2000). Following these observations,
we assume that the border between stability and instability is set by the relative
speed of two processes: growth of a boundary layer instability and its entrainment by
the preexisting convective flow. The mechanism for the growth of a plume instability
in the boundary layer is explained by the Rayleigh–Taylor instability (e.g. Ribe,
2018), which can be used to determine the growth rate of plumes. The time scale
for the entrainment is set by the horizontal velocity of the steady solution.

Figure 4.5 compares two time scales for the time integration solutions, and
presents their importance for stability. The vertical axis, τu/τRTI, represents a ratio
of time scales: the time scale of horizontal entrainment by convective flow τu, and
the growth time scale of a Rayleigh–Taylor instability at the boundary layer between
the isothermal core and the conductive lid τRTI. They are obtained by the following
equations:

τu =
λ

2u
, τRTI =

[
Rabr

−1
ηeffδ∆Tefff

(
rηeff , 2πδ/λ

)]−1

. (4.2)

Here, ∆Teff is temperature difference across the active boundary layer, which is asso-
ciated to rηeff as rηeff = exp(γ∆Teff). f(rηeff , 2πδ/λ) is the dimensionless growth rate
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of the Rayleigh–Taylor instability derived by Whitehead and Luther (1975) (their
eq. A15), based on a linear stability analysis of an interface between a fluid layer and
a fluid in an infinite half-space with different density and viscosity. The function f
is expressed in terms of two arguments with simple notations: the viscosity contrast
r and the horizontal wavenumber k,

f(r, k) =
r

2k

(
r
(
cosh(2k)− 1

)
+ sinh(2k)− 2k

r2
(
sinh(2k) + 2k

)
+ 2r cosh(2k) + sinh(2k)− 2k

)
. (4.3)

The other factors in τRTI of eq. (4.2) account for the translation to the dimensionless
time scale from that in Whitehead and Luther (1975). The growth rate τRTI is
evaluated by substituting the values of rηeff , δ, and λ obtained from our convective
solutions to the function f .

From Figure 4.5, it can be understood that the stability of the steady solutions
is determined by the ratio between the growing time scale of the Rayleigh–Taylor
instability and the horizontal entrainment speed. The stable and unstable solutions
are divided at τu/τRTI ≈ 6.67. Note that the stability of the solutions does not
depend on their regime. Therefore, sluggish lid regime solutions whose time scale
ratio is estimated less than the threshold can exist stably, even if they have large vis-
cosity contrast across the boundary layer. Moreover, there are steady solutions with
a thin strong downward plume and broad slow upward flow (Section 4.1) between
105 < Rab < 106 in the mobile regime.

4.3 Effect of the boundary condition of the top sur-

face

In Section 3.4, we found that the solutions in the sluggish lid regime have larger
viscosity contrast across the active convective region rηeff than that of the solutions
in the stagnant lid or mobile regimes. During the sluggish lid regime, the top
surface mobility changes drastically between fully mobile to motionless. In order
to investigate the cause of large rηeff during the change of mobility, we consider a
totally motionless condition on the top surface and compare it to the initial problem
in this section.

We performed steady-state calculations with a rigid boundary condition on the
top surface instead of the stress-free condition. The top surface boundary condition
(2.5) is replaced by

T = ψ =
∂ψ

∂y
= 0, at y = 1. (4.4)
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4.3 Effect of the boundary condition of the top surface

Figure 4.6: A plot of viscosity contrast rηeff as a function of the Rayleigh number
Rab for steady solutions with the rigid top boundary condition. The dashed line
shows constant rηeff , which is the same as in Figure 3.8.

Using other governing equations and the same calculation method as described in
Chapter 2, 156 solutions are obtained for this problem. Parameters are taken in the
range of 1× 10 ≤ Ra0 ≤ 1× 106 and γ = 20, 24, 27, and 30, by which the parameter
range of all regimes are covered for the stress-free problem.

Figure 4.6 shows the Rab–rηeff diagram for the steady solutions with the rigid top
boundary condition. The regimes of the solutions cannot be distinguished by the
mobility criterion used above, because the horizontal flow vanishes at the top surface.
To compare with Figure 3.8 for the stress-free condition, the same dashed line with
constant value of rηeff for the stagnant lid regime is overlaid. From Figure 4.6, rηeff
is almost constant or smaller than the constant value depending on Rab. However,
no ‘high rηeff ’ solution is found for solutions of the rigid top surface.

To clarify the situation further, we examine the behavior of the horizontally
averaged bottom temperature Tb, the horizontally averaged temperature at the top
of the active boundary layer Tl, and their difference ∆Teff = Tb − Tl. Figure 4.7
shows the dependence of the temperatures on Ra0 for the solutions of γ = 27 with
different boundary conditions. In the left panel with the stress-free top boundary,
the steep Tb curve in the sluggish lid regime appears due to the large difference in
the scaling of Tb in the stagnant lid regime and the mobile lid regime. The Tl curve
of the stagnant lid regime is almost parallel to the Tb curve, resulting in a constant
∆Teff , which is consistent with the findings of previous studies (e.g. Davaille and
Jaupart, 1993; Grasset and Parmentier, 1998). Since Tl in the mobile regime is close

37



Chapter 4: Discussions

Figure 4.7: Dependencies of Tb (circles), Tl (squares), and ∆Teff = Tb−Tl (triangles)
on Ra0 are shown for the solutions of γ = 27. The cases with a stress-free top surface
(left panel) and a rigid top surface (right panel) are shown. Dash-dotted lines are
the scaling function for the stagnant lid regime (eq. 3.6) and a dashed line is that
for the mobile regime (eq. 3.5). The color code on the left panel is the same as in
the previous figures.

to 0 by definition, the Tl curve in the sluggish regime in a range 103 ≲ Ra0 ≲ 104 is
steeper than that of Tb, in order to reach ≈ 0 for Ra0 ≳ 104. Then ∆Teff becomes
larger than those of the stagnant lid regime and the mobile regime, resulting in the
prominent profile of rηeff shown in Figure 3.8. On the other hand, on the right panel
for the case of the rigid condition, a single scaling of Tb as a function of Ra0 seems
to be applied over the entire range. Moreover, the Tl curve is smooth and almost
parallel to the Tb curve. As a result, ∆Teff is almost constant, resulting in the rηeff
plot without protrusion (Figure 4.6).

The comparison of the solutions between the different top dynamical boundary
conditions elucidates that the prominent rηeff in the sluggish lid regime is due to
the differences in the scaling relationship of Tb between the stagnant lid regime
and the mobile regime. In the case of the stress-free upper boundary condition,
the convective motion is affected by the stress-free condition in the mobile regime,
where no lid emerges. In the stagnant lid regime, the upper boundary of the active
convective layer is adjacent to the conductive lid without motion, meaning that
the effective dynamical condition is close to the rigid one. Therefore, the large
discrepancy of the scaling relations between the stagnant lid regime and the mobile
regime can be attributed to the effective upper boundary condition. In contrast,
when the rigid condition is applied at the upper surface, the effective upper boundary
condition for the active convective motion would not change drastically along the
evolution of the conductive lid.
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To = 1.0 To = 0.5

Figure 4.8: Steady solutions with Arrhenius viscosity on Ra0–Ea diagram. Left
and right panels are for To = 1.0 and To = 0.5, respectively. Colors indicate the
regimes of the solutions, meaning of which are the same as those in Figure 3.1. The
regime classification is based on mobility described in Section 3.1.

4.4 Comparison to model of the Arrhenius viscosity

We have adopted the Frank-Kamenetskii (FK) approximation viscosity (eq. 1.2)
for the internal heating convection problem discussed so far, because it has been
widely used for many numerical studies as a fundamental rheological model of mantle
convection. However, it is useful to see the effects of different rheological models for
applications to planetary problems. Here, we briefly perform numerical calculations
of internal heating convection with the Arrhenius law viscosity (eq. 1.1) and compare
their results with those with the FK approximation viscosity.

The dimensionless form of the Arrhenius-law viscosity is given by (e.g. Grigné,
2023)

η(T ) = exp

[
Ea

(
1

T + To
− 1

To

)]
= exp

[
−EaT

To(T + To)

]
, (4.5)

where Ea is dimensionless activation energy and To is temperature offset. To is
usually selected as the absolute temperature at the reference location. The variable
corresponding to the FK parameter γ in eq. (2.4) can be written as

γA(T ) =
Ea

To (T + To)
. (4.6)

The FK approximation assumes that γ is independent of temperature while γA

depends on the absolute temperature T + To.

We seek steady solutions with the Arrhenius viscosity (4.5) instead of (2.4) for
various values of Ea and Ra0 using the Newton method described in Section 2.3.2.
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Arrhenius law (To = 1.0)

Arrhenius law (To = 0.5)

Figure 4.9: Regime diagrams for the Arrhenius viscosity solutions on the param-
eter planes with Ra0–γA(Tb) (left) and Rab–rη (right). The colors of each solution
indicate the regimes distinguished in the same way as described in section 3.1. Grey
lines and black dots show the same regime boundaries and neutral values as those
for the FK viscosity cases indicated in Figure 3.1, where γ is used in the vertical
axis of the left panels instead of γA(Tb). Upper and lower panels show the cases with
To = 1.0 and To = 0.5, respectively.

The first estimate for the iterative calculation is given by a FK viscosity solution
whose value of γ is equal to γA(0). Two values of the temperature offset To = 1.0

and 0.5 are taken to evaluate the effect of the absolute temperature on the Arrhenius
system. 240 solutions for To = 1.0 and 97 solutions for T0 = 0.5 are successfully
obtained. Figure 4.8 shows the steady solutions with their regime classification
on the Ra0–Ea diagram. It can be seen that even when the Arrhenius viscosity
is applied to the internal heating convection problem, three different regimes are
identified similar to the ones obtained with the FK viscosity law.

Figure 4.9 compares the regime diagrams of Arrhenius viscosity convection with
those of FK viscosity convection shown in Figure 3.1. The values of γA(Tb) are eval-
uated using Tb from the solutions of Arrhenius viscosity convection to project them
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to the γA(Tb) axis of the left panel. We examine the consistency of the regime clas-
sification between Arrhenius viscosity convection and the FK viscosity convection.
The same regime boundaries and neutral curve on each panel as shown in Figure 3.1
are represented by grey lines and black circles, while γ is used instead of γA(Tb) on
the vertical axis of the left panels. The regime boundaries with the Arrhenius law
viscosity agree fairly well with that obtained for the FK viscosity, even though, for
the mobile–sluggish lid boundary, it appears to be at a slightly lower value of γA(Tb)
(left panels). The agreement in the Rab–rη space (right panels) seems to be even
better than in the Ra0–γA(Tb) space.

We also investigate the effect of the temperature offset To, the additional pa-
rameter for the Arrhenius law viscosity. Comparing the diagrams for To = 1.0 (top
panels) and To = 0.5 (bottom panels) of Figure 4.9, the sluggish lid–stagnant lid
boundary is not influenced by the value of To in that range, while the change of
the mobile–sluggish lid boundary is not clear, which should be examined further
by obtaining more steady solutions. In addition, we should investigate the cases
with smaller To, since the difference between the Arrhenius viscosity and the FK
viscosity would become significant when To < T . Indeed, looking at eq. (4.6), we
see that for T ≪ To, γA(T ) tends to a constant value, similar to the FK viscosity
law. Grigné (2023) showed that, in the case of bottom heating convection, different
results are obtained for To = 0.2 and To = 1, a value often used in previous studies.
The situation is rendered more complex in the case of internal heating where the
temperature difference Tb decreases with the Rayleigh number. In our calculations,
we typically have T < To, which limits the effects of the temperature offset of the
Arrhenius law. More work will be needed to investigate this question systematically,
in particular with lower values of To < 0.5.
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Conclusions

We have investigated the dynamical regimes of thermal convection in a temperature-
dependent fluid driven by internal heating within a horizontal layer bounded by
stress-free boundaries. Finite-amplitude steady solutions have been computed in
a two-dimensional laterally periodic domain with an aspect ratio of 2, using the
Newton method. We have obtained convective solutions in a wide range of the
parameter set of the Rayleigh number defined using the top surface viscosity Ra0,
and the strength of temperature dependence of viscosity γ.

By classifying the steady solutions according to the top surface mobility M , we
identify the sluggish lid regime in an intermediate range of the viscosity contrast be-
tween the mobile and stagnant lid regimes. The convection structure of the sluggish
lid regime is characterized by two features: (i) the height of the convective region
increases with the increase of Ra0 while Rab, the Rayleigh number defined using the
bottom viscosity, remains nearly constant, (ii) the viscosity contrast within the con-
vective region is larger than the other regimes, whereas it is nearly constant in the
stagnant lid regime and small in the mobile regime. When the stress-free boundary
condition of the top surface is replaced by a rigid one, no solution with the large
viscosity contrast is observed. This result suggests that the sluggish lid regime is
caused by the change in the effective dynamical boundary condition at the top of
the convective region. In the case of stress-free boundary condition, temperature
at the top of the convective region Tl and that in the interior Tb depend on the
Rayleigh number Rab differently due to the transition of the effective boundary con-
dition between the mobile and stagnant lid regimes, which makes the prominent of
temperature difference in the sluggish lid regime.

We have derived scaling relations for the Nusselt number as functions of the
Rayleigh number defined using the bottom viscosity for the steady solutions in the
mobile regime and the stagnant lid regime. The scaling law for the mobile regime at
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moderate Rayleigh numbers (Rab ≲ 105) is obtained as Nu ∼ Ra
1/4
b , which agrees

with that of Grasset and Parmentier (1998). However, a different scaling law with
a lower exponent, Nu ∼ Ra

1/6
b , is obtained for high Rayleigh number solutions in

both regimes (Rab ≳ 105). Our theoretical derivation of scaling relations shows
that the 1/4 power law is originated from an assumption of a symmetric shape of
convection cells, whereas the 1/6 power law is derived from an asymmetric structure
of steady convection with high Rayleigh numbers that is dominated by a strong thin
downward plume for each convection cell. Note that the scaling relations proposed
by Grasset and Parmentier (1998) were examined by time-dependent simulations,
in which the width of convection cells varied with time.

We have investigated the stability of steady solutions through time integration
calculations. Thanks to the Newton method, we have succeeded in obtaining both
stable and unstable steady solutions across all the regimes. The stability threshold
locates at Rab ≈ 106. The results of stability is consistent with the theoretical ex-
amination of the Rayleigh-Taylor instability, where the timescales for plume growth
and entrainment by the background convective flow are compared quantitatively.
Some cases of sluggish lid convection remain stable in time-dependent systems, even
though a large viscosity contrast arises across the boundary layer.

Finally, we have briefly examined steady solutions of internally heated convec-
tion with the Arrhenius-law viscosity. As in the case of the Frank-Kamenetskii (FK)
approximation, three regimes are identified using the same method of the regime
classification. By converting the Arrhenius viscosity parameters into the FK viscos-
ity parameter, the regime diagrams obtained for the Arrhenius viscosity solutions
are qualitatively consistent with the regime diagram for the FK viscosity solutions.
There is a slight discrepancy in the location of the regime boundary between the
mobile and sluggish lid regimes. This discrepancy may depend on the absolute tem-
perature, which is an additional parameter for the Arrhenius viscosity. It is expected
that the results obtained with the FK approximation would be useful for extending
the Arrhenius viscosity convection problem and perhaps other problems involving
more complex viscosity.

Different convective structures are successfully observed depending on param-
eters in this study. By the analyses of these structures, the convective regimes,
distinguished by the surface mobility, are confirmed to be reflected in the different
scaling behaviors among three regimes as well as shown in other convection problems
with temperature-dependent viscosity. It is indicated that thermal convection prob-
lems with temperature-dependent viscosity exhibit essentially different patterns in
their solutions, even though a simple function with only one parameter for viscosity
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is applied.

From the geophysical perspective, the regime diagrams obtained in this study
will serve fundamental insights into the interior structures of terrestrial planets,
which are closely related to their dynamical states and surface environments. For
example, the sluggish lid and stagnant lid regimes are considered to correspond to the
drifting and motionless plates covering the Earth’s surface (Bercovici et al., 2000).
As sluggish lid convection exhibits the dynamical coupling of mantle convection and
plate tectonics, this study will help understand the essential mechanism underlying
the formation of drifting and stagnant lids, even though more realistic models of the
mantle rheology will be required to reproduce Earth-like behaviors.

This study may also be useful to deduce the evolution of interior structures over
thermal histories of terrestrial planets. During the evolution of terrestrial planets,
they are expected to follow a path in a parameter space of heat flow and thermal
states, which is constrained by scaling laws associated with the convective regimes
(e.g. Sleep, 2000). The regimes usually considered are the magma ocean, plate tec-
tonic, and non-plate-tectonic states, which correspond respectively to the mobile,
sluggish lid, and stagnant lid regimes. The latter two states are currently applied to
the present-day terrestrial planets in the Solar System. Transitions between regimes
may occur back and forth, leading to episodicity (Fowler and O’Brien, 1996; Sleep,
2000). If a planet is far from the conditions for the plate tectonics to arise, the
relevant regimes can include all of the mobile, sluggish lid, and stagnant lid regimes,
covering both the past and future states. By using the regime diagram obtained in
this study and a one-dimensional thermal evolution model, we can predict the styles
of mantle convection throughout the evolution, tracking the transitions of parame-
ters of the convection problem over the planetary time scale. Moreover, it may be
possible to estimate the interior states of terrestrial exoplanets from observations of
their surfaces realized in the future.

Based on the present study, we should investigate the effect of the horizontal
length scale of convection on the scaling relations and the regime classification. The
aspect ratio may influence the emergence of asymmetric convection cells described
in Section 4.1. For bottom-heated convection, the aspect ratio affects the scaling
relations (Okuda and Takehiro, 2023), which showed horizontally elongated solu-
tions are preferred in the sluggish lid regime. Horizontally extended convection has
also been observed in time-dependent models driven by internal heating (Vilella and
Deschamps, 2017) and secular cooling (Morison et al., 2021). A systematic investi-
gation of aspect ratio dependence could provide a further insight into the formation
of convective patterns.
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Moreover, for geophysical application, the present results should be extended to
three-dimensional spherical geometries and realistic rheological models. For exam-
ple, Javaheri et al. (2024) suggests that the spherical geometry has a significant ef-
fect on the regime boundaries for bottom-heated convection. Our brief investigation
for Arrhenius viscosity convection has suggested slight shifts in regime boundaries
depending on the additional parameters. Since Grigné (2023) also suggested that
the absolute temperature affects the emergence of solutions in the stagnant lid and
sluggish lid regimes, the characteristics of the solutions in each regime should be
examined. Looking toward further development to the geophysical and planetary
sciences, thermal convection problems with stress-dependent rheology may exhibit
the plate-tectonic behavior (e.g. Ogawa, 2003), and thermal convection involving
compressibility may also become important in the context of the super-Earth (Ri-
card et al., 2022). The mathematical analyses will help understand these complex
systems.
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Appendix A

A.1 Linear stability problem of hydrostatic state

The linear stability analysis of the hydrostatic state is performed to specify a range
of controlled parameter sets (Ra0, γ) in which convection is expected to occur. We
follow a classical approach (e.g. Chandrasekhar, 1961; Stengel et al., 1982; Labrosse
et al., 2018). The hydrostatic state of the governing equations (2.2)–(2.7) is

T0 =
1− y2

2
, ψ0 = 0. (A.1)

Linearized equations of infinitesimal perturbations θ, ψ from the static state (A.1)
are derived substituting T0 + θ and ψ to the nonlinear governing equations and
omitting higher order terms:

∂θ

∂t
= y

∂ψ

∂x
+∇2θ, (A.2)

(
∂2

∂x2
− ∂2

∂y2

)η(T0)( ∂2

∂x2
− ∂2

∂y2

)
ψ

+ 4
∂2

∂x∂y

(
η(T0)

∂2ψ

∂x∂y

)
= −Ra0

∂θ

∂x
,

(A.3)

θ(y = 1) =
∂θ

∂y
(y = 0) = ψ(y = 0, 1) =

∂2ψ

∂y2
(y = 0, 1) = 0. (A.4)

We assume that the perturbations θ and ψ are written as the product of a
function of the vertical coordinate θ(y), ψ(y), a harmonic function of the horizontal
coordinate exp(2πix/λ), and an exponential time evolution function exp(σt), where
σ is a growth rate of perturbations. Substituting them in the linearized equations
(A.2)–(A.4), and using first and second order derivatives of η by y

dη

dy
= γyη(T0) +O(θ),

d2η

dy2
=
(
γ + γ2y2

)
η(T0) +O(θ), (A.5)
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the ordinary differential equations are obtained:

0 = −2π

λ
yψ +

(
d2

dy2
− k2 − s

)
θ, (A.6)

Ra0θ = −η(T0)
λ

2π

[
d4

dy4
+ 2γy

d3

dy3
+
(
γ + γ2y2 − 2k2

) d2

dy2

− 2γyk2
d

dy
+ k2

(
γ + γ2y2 + k2

) ]
ψ,

(A.7)

θ(y = 1) =
∂θ

∂y
(y = 0) = ψ(y = 0, 1) =

∂2ψ

∂y2
(y = 0, 1) = 0. (A.8)

These equations describes an eigenvalue-eigenfunction problem. The neutral
stability with horizontal wavelength of 2 is obtained solving this problem with σ = 0,
λ = 2, and each fixed value of γ. The lowest eigenvalue that gives a non-trivial
eigenfunction is selected to give the neutral stability of each setting of γ. The
neutral values are thus written as Ra0n(γ). We calculate Ra0n(γ) using a finite
difference method, varying the value of γ from 0 to 40. This results are plotted in
Figure 3.1.
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