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In [5], H.Maass showed that the dimension of a space of
generalized Whittaker functions satisfying certain system of

differential equations on Siegel's upper half space H, of degree

2
2 is three. First of all, we shall investigate the structure
of a space of generalized Whittaker functions which are eigen
functions for the algebra of invariant differential operators on
H2. The theory of generalized Whittaker functions is discussed
in Yamasita {1231, (131, [14]1, [15] with full generality. We
can get an outlook of the space of generalized Whittaker
functions by using elementary calculus instead of representation
theory of Lie groups. Generalized Whittaker functions
naturally appear in the theory of indefinite theta function.

We shall show commutation relations between the invariant
differential operators on H2 and those on the product Hle of

1

two copies of the upper half plane H, with respect to a theta

1
function. The relations are analogues of commutation relations
for Hecke operators in [11, [1%]1, [16]1 and are proved in some

cases for Laplacian in [81, [21. We essentially use the result
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in Nakajima [10]1 where the generators of the center of the
universal enveloping algebra of Sp(2,R) are explicitly given.

By commutation relations we can construct an automorphic form F
on H2 corresponding to L-function with Grossencharacter of a
certain biquadratic field. Generalized whittaker functions
investigated appear in the Fourier expansion of F with respect
to translations in H2 and so we can define a "Fourier"”
coefficient which is a constant by ratio the Fourier coefficient

to a generalized Whittaker function. A certain "Fourier”

coefficient of F is given in 2.

1. We denote, as usual, by Z, @, R, and € the ring of
rational integers, the rational number field, the real number
field, and the complex number field. We denote the algebra of

invariant differential operators on Ho by 9 and the center of

the universal enveloping algebra by €. Nakajima calculated
generators of 2, ¢ in [91, [101. The generators of 92 are
3 _ _ o _
Ay =i §=1 yiyjaiaj -d(9,9, + 8,8, - (1/2)8,3,)
and

2 _ 2. .5 & _ = 2
A, = d7(8,9, (1/1>8, ) (8,8, (1/4)8,%
3 :
+/ST/0)dC S y.0.)(B.5. - (1/0)5.%)
RS Ae 1%3 2
. 3 _ ' 5
+/-1(1/4)d(C 2 y.98.)(8.8, - (1/4)3.%)
i=1'1 i 13 2
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+(1/16)d(8 8, + 8,8, - (1/2)8,3,)

where we put

zi=xi4\/-—1yi (1£i1<£3),

_ 9 _ 9 e .
81— 5;; = (1/2)(5§; J-1 ayi) (1£i<3),
5.= 2 - (/)2 .+ /-1 2., (1<i1<£3),
i 53 ox, oy .
z i i
2 21 %
and d=y,y.,~y for ( )GH . For two complex numbers d,,
173 "2 22 23 2 . 1

d2, we consider the space ¥ formed by functions f(Z)=g(Y) of

Z=X+1Y€H satisfying A, f=d,f and A,f=d,f with some functions g

2° 1 1 27 72
of Y, which we call generalized Whittaker functions. If
g:(Y)ezm;trX belongs to ¥, g has to satisfy
2 2 2
1 2 9 2 9
(1.1) =4y, ¥, 77— + 4y — + 2y -
8 372 8y39y2 2 8y38y1 3 8y32
2 2 2 2
] ] 2 9 2 9
+ 4y, Y, mAm— t YoV, /=5 + ¥ + 2y
271 8y28y1 371 oy 2 2 oy 2 1 dy 2
2 2 1
2 2 2.2 2.2, .
- 8n y3 16~ yz 8n yl )g—dlg
and
d 2 82 2 2
(1.2) - ———(2(16dn + 1) —= - 32(8dn"-1)m
256 3 2 ‘
Yo
4 4 2
¢ d(g —2 —— - 16 ———%———5 + 6an? -2 -
Gyleyz 8y3 9Y1 8y3 Sy1
4 2
-2y eam? 2,
ay. 2 8y. 2
2 3
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| 53 A3 o3
+ 16y, =—F—=— - 4y, ——— +16y
| 2 8y18y28y3 1 dy. 9y 2 3 dy.dy 2
e 97197 °Y19%3
2 3
2] 9 2 9
- 8 =—m— + 16y, —— -64N"y, =
9y, 8y, 1 oy 2oy, 3 9y,
3 3
E)y2 8y2 8y3 2
2 o _
64 y1 ayl)g—dzg
with d= ~y. 2 Put
1ih d=y1¥37Yy
: |y y _ t 0 )[ cos 8 -sin 6 ]
SRS Yf[ Y; Y% )_( ol t, sin 6 cos 0 |°

‘g(Y)=h(t1,t2,9).

Then h is periodic with respect to 8, so that h has Fourier

expansion

(1.4) h(t )= 3 B_(t yentlo

P , t
1’772 nez 1’72

where Bn(tl,tz) is a solution of differential egquations

a1, -2 2 2. . . 222
(1.5) - 47N -t (4(t1 v, %) (b -t % ean e
2 2
R S P L & A - M,
17t (Y 7 by 2
ot ot,

3] 9 _
‘_tltZ(ﬁl_tQ)(atl 57:))B—d1B

4

and
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ot
12 4(2(16(t1-t2)2n?t1t2+5t12
64Ct ~t,)] | o

2) 2
(1.6) -18t1t2+5t2 )n

+8(8n2t1t2-1)(tl—t2)4n2+4n4t1t2

. 2, . 2.2, 2
(tl-tz)(4(2t1—t2)n t2-16(t1—t2) n tl -
2 2 2
—3t1 +8t1t2—3t2 ) -a_t—;
2 2 2 82
—(tl—tz) tz(lﬁ(tl—tz) n tl+3t1-2t2) —
8t2
2.2, 2 2 2
(tl-tz)(lﬁ(tl—tz) n t2 +4(t1 2t2)n t1+3t1
2 9
"8t 1,438, ) 5t
2 2.2 2 . 82
—tl(tl-tz) (lﬁ(tl-tz) 18 t2 —2t1+3t2) 5——5
, tl
- . 3 3
+4t22(t1-t2)3———§——5 74t12(t1-t2)3 ———%———
atlatz ayl 8y2
2
2 2 9
+2(4n +1)t1t2(t1 tz) 51 51
. 1772
4
4 9 _.
+4t1t2(t1—t2) 5 2)Bn—dan.
ot.“ot
1 2
Now we introduce variables x=t1—t2, y=t1+t2 and put
(1.7) "Bn(tl,t2)=cn(x,y)
where y>0; -y<x<Ky. Then the differential equatibns for Bn
yield the condition for Cn’
1 22 2 2. 2 2 2 2 2 2382 2 2 2 9%
(1.8.1) - ———(4n XT(XT+y )+ (y X" In"T-x"(XTHyT)—s X" (X" +y )—F
2 2 2
8x oy ax
2
2 .2.9 3.9 _
-xX(y " -x )ax -4X yaxay)cn'dlcn’
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Put C_(x, y)—(x —y )y S.°

integer m20 and am(y)¢0.

(1.9.1)

especially

Am+1
(1.8.2)

(1.9.2)

ol-x®) 4
256x 2

4 93

(n +16mM "X )(y -X )+2(4n2x y -4n"x —2y +7x )n

3

2

2
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2 2_4

—8n2x +4x3y(x 5
oydx

94 9

—x2)(

* 9x9y

-X —3)

+x4(y2 ! -2
oy

3
—2x3(y2+x2)( 9

8x28y2

8x8y2

-X (2n2y2-2n X +8n2y2x2

2 2 2.2

8n"x +y " -3x" )/

2

2

2.4 2 2.9

8x2
2.9

4. 2

+xX(2n y2~6n x2—8n X y2—8n X +y -7X )5§

2 2 2.2 2

—4x y{(n +4n2x2)g

2

where a

2

al(y)x1

]z~

(12+21+n2—4n2y2-2)a1+((1+2)2

)

((m+1)2

(

oo

r a4

=d, a

2
ay_,*yay +(41+1)vya 1210

2

(m2—n2)y am=0, 2yy?

-n )y a

1

implies

. : o
- Egg[Z(l +n + 2)(1 - n + 2)xy
(1

2, 161222 2

16n27t2y2 -

2n2

2
n

212n
4—

61

1On2

_ 4n2y2
4n2 y2

161 + n

2(212

+

21

£ 2012 4+ 21 - N + )

1

+2x2(n y2—n2x -4n" X"y +4n2x +xX7 ) —=

Cn=d Cn

4 2 82
2

oy

(y)=0 if 1<m with an

Then the equation (1.8.1)

—nz)y a

m+1

3

=0 and therefore a,=0 unless 1=m mod 2.

(ya

+

+ 16y

2

Dy a

implies

2 2

-4n"a

1+2 1-2

=0 which result m=n,

The equation

o I

1+2%228742)
2 2

161n y

4 4 2

+ 401 y2

+ 12)al

o

1



146

(1 +n+ 2)(1 - n + 2)y%a

1+2
+ 8017 - 21 - n? + an®y® - Bona
+ 2(12 - 21 - n2 - 87t2y2 + 7)a1_2
- 4(12 - 81 - n2 - 47t2y2 - 8)yal
- Qe n e DA 0+ DA =0+ DA -0+ Dy,
(4) 2 "7 2 (4) (3)_ 27
a; _4* 8n a; _,* 2y a;_,* 4ya1_2 16m ya;_,
4 _(4) _ 3,_(3)_ 4 z
Yy a, 4y a; 167 a1_4)—d2a1
for all integers 1. Since we especially have
(1.10)  a_,,= S — (2(4d1—n2—n+2n2y2+1)an—4(n+1)yan—yzan ),
4(n+1)y -
an+4= ———l———E (2(4d1-n2—3n+2n2y2-3)an+2 -4(n+3)ya;+2
8(n+l)y
2 rr o p 2
y an+2 an + 4R an),
and
(1.11) 4(64d2 + 4n2 - 4nn2y2 + 4n - 47t4y4 - 10n2y2 - 3)an
+ 8y’2n + an®y® + T(n + Da_,, + 16¢2n + n’y% + 2)ya_
2 2 2 L 4
2(2n An"y Dy an - 32(n + 2)(n + 1)an+4y
: 3 S g 4 _(4)_ 3_(3)_
+ 8y (n + 1)(yan+2 + 2an+2) y an 4y an =0,

by (1.9.1), (1.9.2), we obtain an ordinary differential equation

(1.12) 8(n®* + n + 1)d, - 164, + 64d, - n* - 2n° + n?
+ 2 n + 8n2y2)an ‘
+ 4C4n + Dd, - n3 - 3n? - 2n + an? yz)yan
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+ 2044, - 3n2 - on + 2n’y? - 6)y°a_
- 4(n + 2)y3a(3) _ y4a(4) =0,
n n
for an. It is more convenient to introduce parameters Al, 12
defined by
A +X, =2 (X, -X )2 X+
(1.13)  d,= —2 4=—21_-2 12,3
: 17 8 * 2- 256 32 64

to describe the solutions of (1.12). With these 11,12 (1.12)
becomes
(1.14) - (1112— n(n + l)A1 - n(n + 1)).2

+ n4 + 2n3 + n2 - Snzyz)an

+ 20 + A0 + 1) = 20° - 6n° - 6n + sn’y? - 2rya_

s+ A, - 6n’ - 18n + 4n’y?® - 14)y2an

- 4(n + 2)y3 a;S) - y4a;4) =0.

For vel, m€Z, denote the associated Legendre function of the

first kind by PS (z) and that of the second kind by QE (z) as

usual . Then we have
(1.15) PP (z)= Luimrl) fn (z+(z2—1)1/zco§ t)vcos mt dt
: v - T C(v+l) JO ’
m _ 1 M __T(u+m+l) 2_ m/2 1 (1- %)Y
Qv (z2)Y= (-1) _U:T_—_—_- (z I YY) dt

2 F{v+1) (z-t)

for z not on the real axis between 1 and ® where we assume

o
Z
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w“‘:e‘lJllog ¥ log w=log |wl+iarg w, -n< arg w <m for w, nec. We

put
S oom g 3mi/2 _m C o . mri/2 _.m s
(1.16) Pv (X)‘ylimo e Pv (x+zy)-yl$mo e Pv (x-1y),
m _ 1. -mRi/2 m o _mri/2 mo )
Qv (x)= 5 yLATo(e Qv (x+1iy)-e Qv (x-1y)

m

for -1<{x<1. Pv (z) and Qg (z) are independent solutions of

Legendre's differential equation

2

1—22

2

(1.17) %E((l—z )g—)u+v(v+1)u- u=0.

dz

Put
(1.18) ¢, .=-@" (0)=/m2™ 1M
11 vz
v,-m v, +m+1 v,-m -
. 2 2 2
51n( 5 )F( 5 )/ r( 5 +1),
. V,.-m -y, -m+1
_ph - m mii 2 2
C1z>‘Pv2(°)‘/Ez e /(r( 3 +1)r( 3 ))’
__d .m — m _mri
Cyy= dZsz(O)- /m2"e
- Y. +m Vv, +m Vv,-m+1
2 2 2
cos( 5 )F( 5 +1Ji F( 5 ).
_d om _am+1l mri
022— dZPVZ(O)—Z e
v, +m v, +m Vv, -m+l
A : 2 ! 2
s1n( 5 n)r( 5 +:1:),/(‘/7_t~ l‘( —=— ))
Then c12¢0, 022¢0 for -1<Re v2<0. Put
I m C m m
(1.19) Rv (z)= clva (z)+012Qv (z2),

2 2 2



149

s™ (z)= .. P" (2)+c..Q™ (2).

Vz 21 v2 | 22 v2
Then we obtain
—1+\/1—4A1 —1+/1-411
Proposition 1. bPut v, = 5 B and assume
-1<Re v1<0, -1<Re v2<0. Then there exist polynomials hl’h2 of
y—l of degree n-1,n such that
f” ( f” PO (2 H)R® (z.) (-2nyz. > "
0 1BV R )
 =2nrz. 2.y
2 n/2 172
(z2 1) e dz2 )dz1 hl’
L o 0 n -n
IO ( fl Pvl(zl)svo(ZZ)( 2ny22)
-2nz,z2.Y
2 n/2 172
(z2 1) e dz2 )dz1 hz,
o fo _n n 2 n/2
fl Il Pv (zl)Pv (22)(21 -1)
1 2
-2nz.z,.Y
) 2 n/2 172
(22 -1) e dzldzz,
are linearly independent solutions of the equation (1.14).
Note that polynomials h,,h, can be given explicitly. By the

1’72
recurrence relation (1.10) we obtain especially

Theorem 1. The functions of x,y

n

2 _ 2 o [ n
Cn(x,y)-(x y )Il fl Pvl(zl)Pv (z,)

9 2

-2nz.z2,y
2_,y1/2, 2_1)1/2XJe 172

Jn(Zni(zl 2 dzleZ’

are sotutions of the equations (1.8.1), (1.8.2) where Jn denotes

the Bessel function of first kind.

o
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2. Here we introduce a certain thefa function and show the
commutation relations of invariant differential operators and
explain their connection with the generalized Whittaker
functions. we deal with L-function of biquadratic fields with
Grossencharacter at the end.

For (g,,#,)€SL, (RIXSL,(R), put

01 -1
-1 o] &, I a,E |°2E 111 o]

10 10
'0 1 lgl b, E 'd E I

(2.1) D(gl,g2)=

with E=[10), g =(82b2). Then p(g,,&,) is an element in the
01 2 Czdz 1’2

orthogonal group for (g g). For an odd squarefree integer N,

we define a lattice £ by

M1 M2 m, .€Z for (i,j)=(1,2),
(2.2 2= { P21 M2 N ’JGZ }.
231 332 M2
41 ™42

For Z=X+iY€H2 and a Dirichlet character x modulo N, put

(2.3) GX(Z,(gl,gz))

_ 0E
=ly| S x(lez)e“LNtr(x([E 0)[p(g1,g2)m]))
| M2

¥ i

€L

e'“Ntr(Y((g gJ[p(gl’gz’m]))

a
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where S[T] means tTST, which is usually called theta function.

1/2
(1x) (v’ 0 ), )
Put gx+£y'(01)(0 y—1/2 for x+iy€H,, the upper half plane and
put
2.4 9(2,21,22)= @X(Z,(gzl,gzz))

then we have

Theorem 2. For 21X Y, 255X, 4 1Y,

AIG(Z,ZI,ZB)

2 2 2 2
a2 (L 2 Yo (2 8 V)acziay ey,
le ayl axz 9y2
A29(2’21’22)
(ke ?( e & )2 (2 2, )Y
256 71 2 2 2 2 2
axl Syl 8x2 E)y2
_o1f, 2( 8%, @? 2( 92 %
3271 ox. 2 gy 2 Yo 5 2" oy 2
X oY Xy Yo
3
+a)9(z,21,22).

Note that Al,A2 defined in 1 are differential operators with

respect to Z not to 21,22. Let wl,wz be Maass wave cusp forms
a9 B2 2
with the character x satisfying y ( —_—t — )¢ (z)=x,0,(z2), ¥y (
2 2 1 171
ox oy
9%  9? -2
2+ 2 )w2(2)=12w2(2). Put doz=y dxdy for z=x+iy, and
ox dy

define
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(2.5) F (Z)
, ?1:99

=fF\H|IF\H|e(Z’21’22) wl(zl)(pz(zz)dozldoz2

with F=FO(N). Then we have

(2.6) A, F (Z) = d; F (z), A, F (Z) = d, F (2,

with dl’d2 defined by the equalities (1.5) for Al

12, and
(2.7) F (0Z) =x(d)F (zZ),
% o)k %
% o]k %
hold for o= ¥ %12 5 €F2 where
% kx]c d
a..a a ogESP(2,Q),
11712 413214
r={ o=|221222%23%4 911837 183518,1,8,,6NL ,
a31832333a34 Nalsel, other a,. . €7
42%43%44 1
There exist a lattice 7 in {(§ 2)|a,b,c€®} containing (g ?) such
that F (Z) is expanded as follows:
(2.8) F (Z)= S ACT,Y)e2tttr(TX)
. wl,wz

TET

' OWOR | *
Hence W(Y)=A((g ?),( g g) ( 0 ?) is a generalized Whittaker

function. A direct calculation shows that W(Y) is equal to
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nif . .
nglbn B (t . ty)e and b, is equal to
h -1 . -1
(2.9) 2 x(a e ( )w ( — ]
: sz 91 ch+/—N 2 ch+J-N
a. a

J J
up to a constant multiple, where ﬂj=ajl+(ch+/:N)Z runs over the

full set of representatives of the ideal class group of ®(/-N)
with class number h and Bn(tl’tz) is defined by (1.3),(1.7) with
Cn(x,y) in Theorem 1,

Note that the corresponding L-function (the spinor L.-function)

of F (Z) is the product L(s,9 )L(s,¢,) of L-functions of ¢
29, : 1 2 1

and @,. Let Ki=®(JE:) be a real quadratic field with

discriminant di for 1=1,2,3. Let d3=d1d2 and assume the class

number of K=K3 is one. Let b be the ring of integers in K and

E+ the group of all totally positive units in o. Put

(2.100 g (z.8 )= 3 E_wwayl/?

ueo/E+
uEQ
KimK(zn!NK/@“|Y)COS(ZHXNK/®M)’
g.(z,E )= 2 £ (u)'lf(au)zyl/2
2 m . m
uGU/E+
uEQ

Kimx(2ntNK/@“ly)COS(anNK/Qu)

4

K/Q

fundamental unit, KimK the modified Bessel function. Then

| LK ), £ the

where Zm(u)=|u/u' , K=2n/log €, w(u)=( N

gl,gd are Maass waveforms and. we can take g],g2 as w1,¢2 in

(2.5). In this case L-function corresponding to Fw 0 is
1°72

14
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-8
Z £ (Ng ,, @Ng o0

Q

where a runs over all integral ideals in F=®(Jd1, sz) such that

(0,d1d2)=1.
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