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CHAPTERIELECTRICALNETWORKSANDGRAPHS

1.1INTRODUCTION

ITheapplicationoflineargraphtheorytoelectricalnetwork

analysiscanbedatedbacktothemiddleofthenineteenth

century,whenKirchhoffappliedtopologicalconceptstoformulate

theloop-basisnetworkequations.Althoughinthefirsthalfof

thetwentiethcenturyKuratowskiandWhitneymadeimportant

contributionsinthedevelopementofgraphtheorybyintroducing

manyusefulconcepts,theapplicationoftopologicalmethodsto

networkanalysishadnotmadesignificantadvancementuntilthe

beginningofthesecondhalfofthecentury｡

In195O'sand196O'sagreatnumberofso-calledtopological

formulasweregivenforbothpassiveandactivenetworks.Many

elaboratetopologicaltechniqueswerepresentedtohandlenet-

workscontainingmutualinductors,transformers,gyrators.

controlledsourcesandsoon.Duringthatperiodthestate-

spaceapproachestonetworkanalysisalsobegantoattractwide

attentionofnetworktheorists.Theformulationofthestate

equationsforanRLCnetworkwaswellestablishedmakingfull

useoftopologicalpropertiesofthenetwork.Extensiveefforts

weremadetoderivethestateequationsforvarioustypesof

networks｡

工nrecentyearstheapplicationofdigitalcomputerstonet-

workanalysisacceleratedtheneedofsystematicmethod.Graph-

theoreticapproacheshavebeenfoundusefultothesystematic

formulationofthenetworkequationsandthestateequations,to

thereductionofcomputationtimeandmemorysize,ortothe

1



handlingofillbehaviorsencountedincomputing.

･Thepurposeofthisdissertationisnottopresentthefull

scopeofcomputer-aidednetworkanalysis,buttogivefundamental

investigationstothenetworktopologv,vjhichofferunderlying

principlestosolvethefundamentalproblemsarisingincomputer

applicationtonetworkanalysis.

工ntheremainingsectionsofthischaptertherestrictionson

thenetworksconsideredinthisdissertationareexplained,and

abriefdescription0fagraphicalmethod,calledthe2-graph

method,isgiven.

Someofthefundamentalpropertiesofmulti-colored-branch

graphs,whichcanrepresentelectricalnetworksinaveryconven-

ientwayfarediscussedinChapter2.Theresultsderivedin

thechapterareusedinthefollowingchapters.

ThenetworksconsideredinChapter3areRLCnetworks.which

containnomutuallycouplingelements.Thetopologicalproper-

tiesusefulforthemixedanalysisofsuchnetworksarederived.

So-calledactivenetworksareconsideredinChapters4and5.

Althoughtheadjective"active"isoriginallyconcernedwiththe

generationofenergyinthenetworks,nowitisoftenusedto

signifytheexistenceofmutuallycouplingelements,especially

controlledsources,whichmayormaynotgenerateenergy･

Theproblemofsolvability,oneofthemostfundamentaland

importantproblemsinelectricalnetworkanalysis,isstudiedin

Chapter4･andasolutiontothisprotjlemisgiven.Thetheorems

andalgorithmsobtainedinthechapterprovideafundamental

contributioninelectricalnetworkanalysis.

工nChapter5thestateequationsandtheorderofcomplexity

･.
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ofactivenetworksarestudiedfromatopologicalpointofview.

Thewayhowthenetworktopologyisrelatedtothefinalform

ofthestateequationsisclarified,andagraphicalsolutionto

theproblemoftheorderofcomplexityisgiveninaverycompact

form.

1.2NETWORKRESTRICT工ONS

Thegraphofanetworkisobtainedbyreplacingallits

elementsbysimplelinesegments.Wedenotethenetworktobe

consideredbyy'をanditsgraphbyG'ぐ.Theasteriskonthe

shoulderof7Vindicatesthatthenetworkcontainsindependent

sources.Thenetworkobtainedfromぶ4bycontractingindependent

voltagesoﾘrcesanddeletingindependentcurrentsourcesis

denotedby丿V.ThenetworkNisaso-calledfree-network.The

graphofⅣisdenotedbyG.

Forthesimplicityofthepresentationofthegraph-theoretic

approacheswhichwillbediscussedinthisdissertation,we

･imposethefollowingrestrictionsonN成.

(i)Restrictionsonthenetworkelements.

Thenetworky'をcontainsonlythoseelementsthatarelisted･.

below.Thesymbolsindicatingtheelementsandthenumbersof

theelementsarealsolisted.

工nChapter3z

elements

independentvoltagesources

independentcurrentsources

resistors-mい.､

symbolsnumbersofelements

ａ
.
J

『

?7a

り

≪r
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inductors

capacitors

Z

a

InChapters4and5,inadditiontotheabove:

elements

current-controlledvoltagesources

voltage-controlledcurrentsources

Z
a

M
阿

symbolsniombersofelements

a,e

Yj6

%

%

Acurrent-controlledvoltagesource[voltage-controlledcurrent

source】@isatwoportelementconsistingofacurrentsensor

[voltagesensor]andacontrolledvoltagesource[currentsource],

asshowninFig.1.1[Fig.1.2].Thevoltagevscurrentrelation

oftheelementisgivenby(1.1)【(1.2)].

句
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(b)

Fig.1.1(a)Current-controlled

voltagesource,a:current

sensor,6:controlledvoltage

source.(b)Graphicalrepre-

sentation.
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ﾄ
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(b)

Fig.1.2(a)Voltage-controlled

･currentsource.Y:voltage

sensor,6scontrolledcurrent

source.(b)Graphicalrepre-

sentation.

(1.1)

臼.幻

Therepetitionofthedualsentenceisavoided.Thewordsin

]Taretoreplacetheirprecedingwordsinthedualsentence.
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Theotherelementswhichmayappearinausualactivenetwork,

suchasmutualinductors,transformers,gyratorsandimpedance

convertors,canbereplacedbytheirequivalentcontrolled-source

representations.[1°1]Acurrent-controlledcurrentsourcecanbe

replacedbyacascadeconnectionofacurrent-controlledvoltage

sourceandavoltage-controlledcurrentsource.°2]Avoltage-

controlledvoltagesourcecanbereplacedsimilarly.Thusin

spiteoftheaboverestrictionswesuffern0lossofgenerality

ofthenetworkwhichweareconsidering･

(ii)Restrictionsonthenetworktopology｡

(ii-1)Thereisn0loopconsistingofindependentvoltage

sourcesand/orcurrentsensorsonly,norcutsetconsistingof

independentcurrentsourcesand/orvoltagesensorsonly｡

(ii-2)Acontrolledsourceiscontrolledbyasensor｡

Thefirstrestriction(ii-l)isimposedsothatthedefinitions

oftheindependentsourcesareconsistentwithKirchhoff's

voltageandcurrentlaws.Acurrentsensororavoltagesensor

isessentiallyashort-oranopen-circuitelementrespectively･

Thena100pconsistingofcurrentsensorsoracutsetconsisting

ofvoltagesensorshasnomeaninginausualelectricalnetwork｡

Thesecondrestriction{ii-2)isimposedsoastobethe･

network七〇pologyconsis七entwiththerestriction(i)onthe

networkelementsandthedefinitionsofthecontrolledsources

asgiveninFig.1,1andFig.1.2.Thusif,forinstance,many

voltagesourcesarecontrolledbyacurrentthroughanelement.

asmanycurrentsensorsasthesourcesareinsertedinseries

withtheelement･Theexistenceofacurrent[voltage]sensor

whichisnotinseries[parallel]withanelement,isallowed.

5



Thereforeweareconsideringquitewidevarietiesofnetwork

topology･

1｡3DERIVAT工ONヽOFVOLTAGEANDCURRENTGRAPHS

工nChapters4and5wewillusethe2¬graphmethod.]

The2-graphs,orthevoltageandcurrentgraphs,denotedby

穴

whicharederivedfromjV'‘ineitherofthefollowingtwoways.

Toderive7Vび 【N｡】fromjVり[1.1】
1.･

(i)ObtainjVljりjy£゛]jwhichrepresentsthevoltage[current】

relationsinN*,bydeleting[contracting】independentandcontrol-

ledcurrentsources[voltagesources],andcontracting[deleting]

currentsensors【voltagesensors】.Thencontract[delete]independ-

entvoltagesources[currentsources].

(ii)ObtainNfromN*,andthendelete[contract]controlled

currentsources[voltagesources】andcontract【delete]current

sensors[voltagesensors].

FromthederivationofNand7V£″itむanb6easilyseenthat

anelementinNappearsasabranch‘inGz7andG.｡'Thusabranch

inGandabranchinG｡haveaone-to-onecorrespondenceto
び1.

eachother.Thecorrespondingbranchesinﾀｼﾞandて;にareoften

●regardedasthesamebranchappearingindifferentgraphs,andare

usuallygiventhesameidentification.0fcourcethenumbersof

branchesofGびand夕ぞareequal°Anexampleofと7pandGifora

givennetworkisshowninFig.1.3.Thesuffixesofthesymbols

indicatethecorrespondingsensorsandcontrolledsources.

6
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1 ,

(a)(b)

Fig.1.3.Example1.1.(a)Network7V4.(b)Voltageandcurrentgraphs.

GandG..
ﾘt

Theaboveproceduretoderivethe2-graphsisapplicablet0,

networkscontainingcontrolledsources.Thederivationof

2-graphsfromactivenetworkmodelusingnoratorsandnullators

[1‘411sasfollows.

To゛derivejVぴ[//.:]fromN*:

(i)Obtainyび4【7Vぞ'゛】bydeleting[contracting]independentcurrent

sources[voltagesources].Thendelete[contract】noratorsand

contract【delete】nullators.･

or:

(ii)Obtainy､from7V4andthendelete[contract]noratorsand

contract[delete】nullators｡

The2-graphsderivedfromanetworkusingnoratorsand

nullatorscontainthebranchescorrespondingtoresistors､

inductorsandcapacitorsonly･

7



CHAPTER2PROPERTIESOFMULTICOLORED-BRANCHGRAPHS

2.1INTRODUCTION

Amulticolored-branchgraphIssuchalineargraphthatthe

branchesofthegrapharepartitionedintoseveralsets,anda

certaincolorisassignedtothebranchesbelongingtoeachof

thesetstosignifythenatureofthebranches.Forinstance,

ifthegraphrepresentsanelectricalnetwork,thesetsof

branchesmaycorrespondtoresistors,capacitorsandinductors,

ormaycorrespondtopassiveelementsandactiveelements.Two-

colored-branchgraphswereintroducedbyRezatoinvestigatethe

orderofcomplexityofelectricalnetworks.[2.1]Hattori

presentedatheoryofmu1七icolored-branchgraphsanduseditin

thederivationofthestateequationsofelectricalnetworks.[2.2]

[2.3】Heintroducedtheconceptofthedegreeofinterference

ofloopsorcutsetsinmulticolored-branchgraphs,asisdefined

insection2.2.Theorderofcomplexityofalinearpassiveor

activenetworkwasgivenintermsofthedegreeofinterference

ofloopsorcutsets.
【2.2][2.3]

2.2NOTATIONSANDBASICPROPERT工ES｡｀

Letusfirstgivesomenotationsconcerningmulticolored-

branchgraphs.GivenanarbitrarygraphG,wepartitionthe

branches:ofGintosets/12″/12″'゜･″j4?77°jAcoloringofbranches

ofG,orsimplyacoloring,isanassignmentofcolorstothe

branchesofG.工notherwords.acoloringisaspecificationof

thepartitionofthebranchesinto弓etsyZ″j12″‥゜″j,刀゜For

8
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simplicity,wedenotethecolorsofthebranchesinsets/1
2″ /12″

･'゜,andj4詞alsobyylj2″j42″"'″andA,respectively.Witha

particularpartitionofbranchesorcoloringthegraphisdenoted

by0(A^,j42j゛･‥j/1阿八工nthefollowingweoftendeleteor

contractallthebranchesinaset.工f,forinstance,allthe

branchesinset/ljaredeletedorcontracted,thegraphobtained

bythisoperationisdenotedbYG(0,A｡‥゜j゛4
777/orG臼jj42J‘‥j

ら77/respectively°ThusA,(k=l,2.‥゜j″ﾌﾉareregardedasvariables

takingoneofy1た″∂and2‘Furthermore″weoftenpayattention

toaparticularsetofbranchesonlv,anddeleteorcontractthe

restofthebranches.工nsuchcasesthepartitionoftherest

ofthebranchesisinsignificantandindicatingitmerelymakes

thenotaionunnecessarilycomplex.Thusifwedeleteorcontract

allthebranchesexceptthoseinaset,sayj4k″wedenotethe
･

lderivedgraphbyG(Aだj∂ﾉorG(A;2/respectively°Therankand

nullityofG(A PA23‥゜j/1r7JaredenotedbypM1jj2j‥゜j/1･7?ﾉ

andljryljjj12j‥゜jj4,7?Jrespectively.

-Thecomplementarysetof/lisdenotedbyj,andthenumberof

elementsofj4,by＼A＼.

Nowwegivesomebasicpropertiesofa2-colored-branchgraph

G(A,Z?ﾉ.工七isobviousthat[2‘2]

pM.B)≧pM,の≧p(A,1)≧∂

pMjB)≧μ(A,1)≧μM,の≧∂

Thefollowingtheoremismostfundamental.

Theorem2.1,

max{ntflnbei>oftree-braれahesofcolorA)=p(A,の

9
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min(manbev･ftvee-l･ranchesofaolorA)=pM,1)r2.り

max(numberofchordsofaolorA.)=pM,1)印.幻

�がnumberofahorゐofcolorA)=yM,の印.∂ﾉ

maximanhevoftree-braれahesofcolorB)=p(0,B)r2.り

min(nitmbev･/tree-bΓanchesofcolorZり=p(l.B)r2.剛

77･ax(numberofchordsofcolorZり=＼i(l,B)印.幻

minCm-onberofchordsofcolorB)=vCO,B,ﾄ…………(2.1の

wherethemaximumortheminimumintheaboveequationsistaken

overa11‘treesofG(A,.3八‥.-

Proof:.Wenoticethatatree[cotree]isasubgraphwhich

containsn0loop[cutset],andthatdeletion【contraction】of

branchesyieldsn0loop[cutset】.Hencethedeletion[contraction]

ofbranchesofcolorBleavesthetree-branches[chords】of･

colorj4to･formatreeorapartofatree【acotreeﾄora･partofl

acotree]inGM,刀[と;m,1月.工tisobviousthaねthereisa

tree[cotree]ofGM.幻which･containsthebranchesofatree

[cotree】ofG(A,O)[G(A.幻】.Thuswehave(2.3)[(2,5)].工f丿

thenumberoftree-branches[chords]ofcolorj4ismaximum,the

numberofchords【tree-branches]ofcolorAisminimum.HenceWe'

●●●●.have(2.6)from(2.3)【(2.4)from(2.5)].Wecanget(2.7)-(2.10)

from(2.3)-(2.6)bymerelyreplacingcolor/lwithcolorB.

にQ.E.D.

Theorem2.2
[2.2][2.4]

pM,B)=p(A^0)+p(l,B)=pMj刀十p佃.Zり

μ{A,B)=p(り1.のﾁがち坦=μMj刀十v(0^B)

(2.11)

(2.1幻

Equationsin(2.11)and(2.12)canbeinterpretedintermsof

10
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ﾀ

thenumbersoftree-branchesorchordsofspecialtreesof

CM,B).From(2.3)and(2.8)weseethatthefirstequation

in(2.11)correspondstoatreeofG(A,B)whichcontainsa

maximumofbranchesofcolor/1andaccordinglyaminimumof

branchesofcolorZ?.Theotherequationsin(2.11)and(2.12)

canbeinterpretedlikewise.

2｡3DEGREEOFINTERFERENCEOFCUTSETSANDLOOPS

Alooporcutsetin.と7rﾉ1P^2'･*゜j/1,77ﾉiscalledfe-chromatic

ifthetotalnumberofcolorsassignedtothebranchesin.the

100porcutsetisexactlyた.Thedegreeofinterferenceof

cutsets[100ps]inG(A^,A^,...,A
^),denotedbyβM,.j2j‥゜jj4,77/

[iiM
P j421j‥゜jj4,η月'Istheminimumnumberofm-chromatic

cutsets[loops】･inasetofpM
P
/1
2j°゛●j /lj[μMP/12j‥゛j/lj]

independentcutsets[loops],theminimumbeingtakenovera11

possiblesuchsets.

Fora2-colored-branchgraphthedegreeofinterferenceof

cutsetsorloopsisgivenasfollows゛.[2゛2]

p(A,B)=p(A,B)-pM,1)-p(2,Iり=pM,0)-p(A,1)

ﾛ(A,B)=m(A,IﾘｰpM,の-v(0,B)=m(A,1)-＼i(A,の.

Sincethenumberofbranchesofcolorかis,

＼A＼=p(A,の+Vi(A,の=p(A^1)+v(A,1),

(2.23)

(2.14)

(2.15)

thedegreeofinterferenceofcutsetsandthatofloopsin

G(A,Z?/areequal.Hence,bothofthemarecalledsimplythe

11



degreeofinterferenceinGM.B),andaredenotedbyvM.召J,

thatis.

βM.B)=a(A,B)=v(A.B) (2.1り

Nowthedistancebetweenapairoftreesisdefinedtobe

thenumberofbranchescontainedinoneofthetreesbutnotin

theother.FortreesT.and?i?″thedistancebetweenthemis

denotedbye(TrZ?八Thedegreeofinterferencecanbe

relatedtothedistancebetweenapairoftreesofG(A,B)as

follows.【2‘5][2.6】

Theorem2.3

ForagivengraphG(A,Z?/thereisapairoftreessuchthat

thedistancebetweenthemisequaltothedegreeofinteference

PI'゜Qf゛!:゛et?/1(r召lbeatree?fjM'刻containingamaximum

0fbranchesofcolorA[B].ThenumberofbranchesofcolorA

andZ?in!TAT召】are,from(2.3)and(2.8),p(A^0)andP(l.B)

[from(2.4)and(2.7),p(A.1)andp(0,B)]respectively.工n

generaltherearemanychoicesfor･"aand?召″butwechoosea

specialpair?jand?lwhichhassismanycommonbranchesas

possible.Suchapaircanbeobtainedasfollows.Letatree

9fと7臼･‾幻andC;M･刀beTand?ぶZrespectively.Then

chooseatreeofびMj∂/whichcontains'rA2anddenoteitby

r.-.Likewiselet5*beatreeofて;rり召/containing?2Z?゜

Thenconstructn°?jβびTandTぎ゜^AlUTOB゛Sinee?j

and.陥haveTand?jZ?incommon″thedistancebetweenT*and

●
7jisgivenas,I.

erり,Tp=p(A,0)-pM,刀=p佃,Zり-pりj刎=ヽjW,B),(2.1り

12
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●

andthetheoremholds.

Q.E.D

Fromtheprocedureintheaboveproofwealsoseethat

errT)≧゛Mj召八 (2.18)

sinceりand?jhavethemaximumnumberofcommonbranches.

Nextletusconsiderthefundamentalcutsetmatrix″Qf″

definedby?y1゛Wecan゛゛riteQfintheform

Qf゛[UQp]゜ "aOQAB.^AA

OUB%BO

(2.19)

whereuisaunitmatrixand%iscalledtheprincipalpart

ofQf°hand"bareunitmatricescorrespondingtothetree-

branchesofcolorﾉ1andcolorl?l°espectively.^AA'Qaband%B

aresubmatricesof%col°respondingtothetree-branchesof

colorspecifiedbythefirstsubscript,andtothechordsof

colorspecifiedbythesecondsubscript.Thelowerrowsof

(2.19)correspondtothemonochromaticcutsetsofcolorB,and

thuswehaveazero-submatrixattheright-lowercorner.We

have:f2.5][2.6]

Theorem2.4

TherankofQabisequaltothede9｢eeofinterferencein

G(A,I?九

Proof: Consideragraph″denotedbyGj″whichisobtained

fromGbycontractingallthetree-branchesofcolor召.The

fundamentalcutse!二matrixofら1 correspondstotheupperrowsof

(2.19).Sincetherearep(A,刀independentmonochromatic

13



cutsetsofcolorjinり″theupperrowsof(2.19)canbe

convertedtotheform

QA

-
‐
-
‐
-

一

‐
-
‐

0

0

一一

I
I
I

一一

^AB

byproperadditionsorsubtractionsamongtherows.Thezero-

submatrixaboveQab'haspM,刀rowsandthustherankoｷQAB

･
isnotmorethanpM,0)-^(A,l)=v(A,B).Nowdeletingthe･,

brancheisofcolorAinG.

chordsofcolorBofT.°

yieldsagraphconsisting0fthe

Notingthatthenumberoftree-branches

ofcolor3in?
j4
isp(2,B),weseethatatreeofthisgraph

containsprらB)-p(l,B)=りM,Z?ﾉbranches.Asthecolumnsof

^ABcontainthecolumnscorrespondingtothebranchesofsuch

゛ltree″therankof^ABisnolessthanVryl.Z?J.Hencewehave

thetheorem.△

Q.E.D.

Corollary2｡1｡.

Therankoftheprincipalt?artQpofafundamentalcutse七

matrixisequaltotherankofthegraphobtainedbydeleting

allthetree-branches,orisequaltothenullityofthegraph

obtainedbycontractingallthechords.

Proof:Assigncolorj4tothetreeandcolorZ?tothecotree.

ThenQabin(2°19)istheprincipalp°rtofthefundamental

cutsetmatriχ.Moreoverp臼jB)=0andpM.0)=0.Thus｡(A.B)

=prらB)=MΓA,1),andtheresultfollowsfromTheorem2｡3｡

Q.E.D.

Dualdiscussionsconcerningthefundamentalloopmatrixcan

14
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alsobegiven.Especiallywehave:

Corollary2｡2

Therankoftheprincipalpartofafundamentalloopmatrix

isequaltotherankofthegraphobtainedbydeletingallthe

tree-branches,orisequaltothenullityofthegraphobtained

bycontractingallthechords.

Corollary2｡2alsofollowsfromthefactthattheranksof

thesetwosubmatricesareequal｡

Theprecedingdiscussionsareconcernedwiththedegreeof

interferenceinagraphwithagiven,orfixed,coloring.Let

usnowconsidervariouscoloringofbranches.工ncontrastwith

Theorem2.3wehave:

Theorem2.5

Foragivenpairof七rees,T.andT^,thereisacoloringof

branchessuchthatthedegreeofinterferenceisequaltothe

distancebetweenthetree.

Proof:J^ssiqncolorAtothebranchesofT^-T^ andcolorB,

tothoseof?2‾?jZ°Thecoloringofthecommontree-branches･

andthatofthecommonchordsofTI and72 arearbitrary.The

numberofbranchesin?j‾?2ise汐2j?y'Thenumbersof

commontree-branchesandcommonchordsofcolor/1isnoless

thanp｢/1.刀and1｣陥.刀respectivelyfrom(2.4)and(2.6).

Thusfrom(2.15)wehaveP(A,0)゛＼i(A,0)≧e汐j'りﾉﾁﾞpM,1)

馬
十UM,0).Thenfrom(2.13)and(2.16)

15



゛M'幻≧o(TljT2)
(2.20)

Acoloringwhichgivestheequalityin(2.20)canbeobtained,

forexample,byassigningcolorZ?toallthecommontree-

branchesandthecommonchordsaswellastothebranchesof

?2'?j'

Q.E.D.

ForagivengraphG｡thedegreeofinterferencevaries

dependingonthecoloringofbranches､andtheremustbe､a

maximumofthedegreetakenoverallpossiblecolorings.We

denotesuchamaximumofthedegree･ofinterferencebyりmax'

andthemaximumofthedi･stancebetweenapairoftreesby

e｡[2゛7]/Then:㎜
max

Theorem･2.6

^max

Proof:

=e.
ma;

(2.21)

From(2'18)｀jmαz£en2z″andfrom(2.20)V･αz≧=e･αz

Hence(2.21)musthold.ﾄ

､Q.E.D.

'工fweapplytheproofsofTheorems‘2.3and2.5tothespecial

caseswhereacoloringtogivev?77αzisgivenandwhereapairof

maximally'distanttreesisgiven､wegetthefollowingtheorem.

Theorem2.7

､.工facoloringtogiveり77?αa;isgiven/amaximallydistanttree

paircanbeobtainedbyanyproceduretoobtain?4andr召inthe

16
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proofofTheorem2.3.Thebranchesof7/1‾TB □B‾?ﾉ1] areofcolor

･4[B1.Converselyifapairofmaximallydistanttrees?

?2 1sgiven.acoloringtogiveﾘ

color/ltoT-T

2
and

阿αZ
isobtainedbyassigning

andcolor3toT-T Thecolorofacommon

tree-branchoracommonchordisarbitrary･

Thecoloringofacommontree-branchdeterminesamonochro-

maticcutset,andthatofacommonchord,amonochromatic100p･

A11themonochromaticloopsandcutsetsareincludedinG^and

(72″respectively,whereC7yistheprincipalsubgraphwith

respecttocommonchordsandG2istheprincipalsubgraphwith

respecttocommontree-branches.■･']Theprincipalsubgraph

ofdisjoint七reesぐ7∂consistsofapairoftreesofdifferent

colors.Analgorithmtoobtainapairofmaximallydistanttrees

isgiveninreference[2.7],andthattoobtair･1acoloringto

giveﾘ
max
isgiveninreference[2.61

Asanapplicationoftheabovediscussionsletusconsider

anLCnetwork.ForanLCnetworkthenumberofnon-zeronatural

frequenciesistwicethedegreeofinterference,iftheinductor

branchesandcapacitorbranchesareregardedasbranchesof

colorj4and召respectively.[2°2][2°3]Thenwiththegivennet-

worktopologythemaximumofthenumberofnon-zeronatural

frequenciescanbeobtainedbyassigninginductorsandcapacitors

according,toacoloringtogiveり
max

Moreover,supposetheLC

networkhasnozero-naturalfrequency.Thenthenumberof

branchesofthegraphrepresentingthenetworkisequaltothe

numberofnon-zeronaturalfrequenciesif｡andonlyif,the

graphconsistsofapairofdisjointtreesofdifferntcolors,

17



thatis,atreeofinductorsandatreeofcapacitors.It

followsthatthegraphofanLCnetworkwhichrealizesarational

functionwiththeminimumnumberofelementsforthegivenorder.

must,whenthetwoterminalsareproperlyopen-orshort-

circuitedsothatthenumberofthenaturalfrequenciesagrees

withtheorder,consistofapairofdisjointtrees,plusa

branchcorrespondingtothezero-naturalfrequency,ifany･

RealizationsinFoster'sorCauer'sformclearlysatisfythis

condition.Wecanexpecttoconstructdifferentcanonicalforms'

usingthegraphsconsistingof4pairofdisjointtrees.し

similardiscussionscanbegivenforLRorCRnetworks.‘

2｡4CONCLUDINGREMARKS

Thedegreeofinterferenceofloopsorcutsetsinamulti-

colored-branchgraphshasnotbeensufficientlystudiedyet.∧

工ngeneralthedegreeofinterferenceofloopsinGrﾉ1jjA^,..゜jyl,77J

mayormaynotequaltothedegreeofinterferenceofcutsets

ifm>3.Moreoveritcannotbegivenintermsofﾚtheranksand
--

nullitiesofthegraphsobtainedbydeletingorcontractingall

thebranchesbelongingtosomeofthepartitionedsets.The

abovestatementcanbeverifiedbygivingtwographswithdif-

ferentdegreesofinterferenceandshowingthattheranksand

nullitiesofeverypairofthegraphswhicharederivedfromthe｀

twographsbydeletingorcontractingallthebranchesinoneor･

moreofthepartitionedsets,areequal.Wecan,however,give

anupperboundandalowerboundonthedegreeofinterference

ofloopso･rcutsetsintermsoftheseranksandnullities.[2.6]

18



Thedegreeofinterferenceisdefinedinthederivationof

thestateequationsforanelectricalnetwork.Undercertain.

conditionsitagreeswiththefunctionwhichisdefinedbyTutte

toshowMenger'stheoremformatroid,【2°8】andwhichisclosely

relatedtotheconnectivityofagraph.工tisexpectedthatthe

investigationsmadefromquitedifferentpointsofviewcanbe

combinedtogethertodevelopenewresults.

19



CHAPTER3MIXEDANALYSISOFLINEARNETWORKS

3.1INTRODUCT工ON

sincethecomputationtimetosolveasetofsimultaneous

equationsincreasesrapidlyasthenumberofequationsincreases.

itisdesirable,speciallyinhandlinglargesca:Lenetworks,to

obtainassmallasetofequationsaspossible.工thasbeen

shownthattherequirednumberofequilibriumequationsforthe

nodalorloopanalysiswherethevariablesintheequationsare

eitherallvoltagesorallcurrentsrespectively,can.incertain

cases,bereducedbychoosingasuitablesetofvariablescon-

tainingbothvoltagesandcurrents.Theanalysisusingsuch

variablesiscalledmixedanalysis.Theminimumnximberofegua-

tionsrequiredisequaltothetopo:Logicaldegreeoffreedomof

thenetwork.[3'1]Forthemixedanalysisthegraphrepresenting

thegivenelectricalnetworkispartitionedtotwobranch-

disjointsubgraphsassociatedwiththevoltagevariablesandthe

currentvariablesrespectively.Theoptimalpartitionings

(denotedPdforbrevity)whichleadtotheminimumnumberof

equilibrimnequationsarecloselyrelatedtomaximallydistant

treesandtheprincipalpartitionofthegraph
[2.7]

Therearethreesubgraphsuniquelydeterminedintheprinci-

palpartition,thoughsomeofwhichmaybeanemptygraph.工n

|ordertogetaPdtheprincipalsubgraphwithrespecttocommon

chordsofmaximallydistanttreesshouldbeincludedinthe

subgraphassociatedwithvoltagevariables,andtheprincipal

subgraphwithrespecttoconunontree-branchesshouldbeinthe

subgraphassociatedwithcurrentvariables."】Thethirdsub-

20



graphoftheprincipalpartitioniscalledtheprincipalsubgraph

ofdisjointtrees.工ngeneralitissubdividedintosmaller

subgraphscorrespondingtotheminimalgraphsconsistingofa

pairofdisjointtrees(abbreviatedasPDT)andapartialorder-

ingcanbegiventothesesmallersubgraphstogetherwiththe

othertwoprincipalsubgraphs.[3°2]AsforachievingaPd″

thesesmallersubgraphsmaybelongtothesubgraphassociated

withvoltagevariablesortothatassociatedwithcurrent

variables,providedacertainrestrictionarisingfromthe

partialorderingisobserV'ed.【3'31Thustheremaybemorethan

onePdforthegivengraphandtochooseoneofthemsome

criterionotherthanthenumberofequationsmaybeintroduced｡

Theabove-mentionedpropertiesofagraphconsistingofaPDT

arediscussedinsection3.2,andamethodwhichenablesus

easilytochoosetheoptimalPdforsomecriterionisgivenin

section3.3.

3｡2GRAPHSCONSISTINGOFAPAIROFD工SJOINTTREES

Wefirstdefinetheminimalgraphsamongthegraphsconsist-

ingofa"PDT,asthosewhichcontainnopropersubgraphconsist-

ingofaPDT.Theminimalitycanbedeterminedindependentof

thePDTofthegraphs.Theminimalgraphsforthenumberof

nodeslessthanorequaltosevenareshowninFig.3.1.

Consideraconnectedgraph刀consistingofaPDT.工f(7is

notminimal,itmaycontainoneormoreminimalsubgraphs.For

thesesubgraphswegetthefollowingtheorems.

21



Fig.3.1Minimalgraphswiththenumberofnodeslessthanorequalt07
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Theorem3.1

Anypairoftheminimalsubgraphsinと7hasneitherbranches

normorethanonenodeincommon.

Proof:
LetC7たandGz??bethepairofminimalsubgraphsinG

ConsidersubgraphsG°GjﾉG
z77°11d'Gy°Gた/つG･7･'NotingthatG

consistsofaPDT,wehaveb
:x:゜b,+b-b,a;x:゜ak‘fa-a,b.°2(a,-l)

b=2(゜,77‾2J″5z≦訂“z‾幻andZ)y≦訂%‾1),whereり.″‰″ゐzand‰

【(Zkl^r^･a:X:and°!ﾀﾞ)arethenumbersofbranches[nodes】ofGk゛

らｱﾌ″GzandGyrespectively.Fromthefirstfiverelations

゛゛eget町≧訂%‾刀andhence≒

ﾀﾞ゜2Γa-:,fromthelastrelation.

Then2)ymustbezeroifへ
ﾀﾞﾀぶらsinceGkandら?areminimal

subgraphsﾚｴtfollowsthatc2yisoneorzero(G°の゜

Q.E.D.

Supposeasetofminimalsubgraphs孔

G8k+11゛‥″･andC7s?7?inC7suchthatGskforた2j‘‥,m-lhasexactly

onecommonnodewitheachofGsﾇ(-2 and'^sk+1- Thenwecallthe

setachainofminimalsubgraphs.AchainisclosedifGsj

G

S?7?
alsohaveanodeincommon･

Theorem3.2

NoclosedchainoftheminimalsubgraphsexistsinG

and

TheproofofTheorem3｡2issimilartothatofTheorem3.1,

andhenceisomitted.

Theorem3.3

ThedualofaplanargraphconsistingofaPDTisalsoagraph

consistingofaPDT.

23



Proof:ConsideroneofthePDTintheoriginalgraph.There

isnocutsetconsistingonlyofthetree-branches.Hencethere

is,inthedualgraph,no100pconsistingofthebrancheswhich

correspondtothetree-branchesintheoriginalgraph.There-

forethePDTintheoriginalgraphcorrespondstoaPDTinthe

dualgraph｡

Q.E.D.

NextletusconsiderthegraphdenotedbyG(1)lwhichis‘

lderivedfromと7bycontractingallthebranchesoftheminimal

subgraphsinと7.工fGconsistsoftheminimalsubgraphsonly.

て;臼Jisasinglenode.otherwiseitcanbeshownthatC7

r幻also

consistsofaPDT.工tmaybeminimalorcontainsoneormore

minimalsubgraphs.Wecanrepeatthesamebranch-contracting

operations゛onGQJanddetermineG
r2/,andsoonuntilJk)is

asinglenode.工nthiscasewesaythatC7isた-compoundinthe

senseoftheminimalgraphsconsistingofaPDT.Wecangive.a

partialorderingtotheminimalsubgraphsintheaboveprocedure

accordingtotheorderofappearance.Anexampleisshownin

Fig.3.2.

八
‥
)

E
01

(a)(b)

Fig.3.2Example3.1(a)G｡(b)G(1)

ingofthesetsofbranches.
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Theorem3.4

Thedual0faplanarminimalgraphconsistingofaPDTis

alsominimal.

Proof:Supposethedualgraphisnotminimalandcontainsa

minimalsubgraph.Considerthegraphobtainedbycontracting

thebranchesofthisminimalsubgraph.Correspondingtothe

graphthereexistsasubgraphconsistingofaPDTintheoriginal

graph,whichisacontradictiontotheoriginalgraphbeing

minimal.ぺ

Q.E.D.

工nordertoobtainthoseminimalsubgraphsinC;zGQ/,‥･,

andG
rk‾jJandtherelationbetweenthem,weadoptthefollowing

algorithmsbasedonthealgorithmsgiveninreferences[2.刀and

[3.1]‘Weassume゛lpairofmaxi°allydistanttrees俘r?
2ﾉ

hasalreadybeenobtained.ByAlgorithm3｡1andAlgorithm3.2

givenbelowwearegoingtodeterminethesetsofbranches

denotedby£iandじyrespectively°

Algorithm3.1

step1°Chooseachord,saya;″ofT^.Set£z°(x).Findthe

fundamentalloopdefinedbya?andTI｀Addto£ごthe

branchesofthe100pbesidesz.

step2.Findthefundamentalloopsdefinedbythenewlyadded

branchesandT2゛Addto£zthebranchesintheloops

whicharenotin£zyet°工fnonewbranchisadded,

stop.otherwisegotostep3.

step3.Findthefundamentalloopsdefinedbythenewlyadded

branchesandTI゛Addto£zthebranchesintheloops

25



whicharenotin£z yet.工fnonewbranchisadded,

stop.otherwisegotostep2.

END

Algorithm3｡2

step1.Chooseatree-branchIsayulof?2°｀SetC!yT辿}゜

-
Findthefundamentalcutsetdefinedby!ﾀﾞ‘andthecot‘ree

step2

step3

ofr2‘ AddtoCthebranchesofthecutsetotherthan!ﾀﾞ
!/

Findthefundamentalcutsetsdefinedbythenewlyadded

branchesandthecotreeofT°Addtoethebranchesﾄ

inthecutsetswhicharenotinC7yet.Ifnonewbranch
!/犬

isadded,stop｡otherwisegotostep3.

Findthefundamentalcutsetsdefinedbythenewlyadded

branchesandthecotreeof!Z72°,Addtoでythebranches

inthecutsetswhicharenotinじyet.工fnonewbranch
y

isadded,stop.otherwise9otostep2.

犬END■

Supposeweobtainsetsofbranches^x'L
!j7nd£s[C:χ;lIIC7yland

じz]bystartingAlgorithm3‘1[Algorithm3'2]frombranchesZ･!j

andsrespectively.Wecaneasilyseethattheysatisfythe

axiomsofapartiallyorderedset.犬,.

Theorem3.5

(i)IfL^2L!/and£!ﾀﾞ⊇£z

(ii)工IL2Landt)―z

thenL=L
zy

″then£z2£z

ThedualtheoremforC,
a7

here.

CandCalsoholds,butisomitted
yZ
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Theorem3.6

ら ⊇Czifandonlyif£z⊇£!y

Proof: IfZ;z⊇£y″thentheremustbeastringofbranches

z°z2jz2j‘゜'jz友j^k+1'‘"jz77?゜!ﾀﾞsuchthatzﾇぐﾁﾌisincludedin

thefundamentalloopdefinedbyzk″andthusa;;
ぐ
isincludedin

thefundamentalcutsetdefinedbya;
k+1
.Tracingthestrin･g

backwardbyAlgorithm3.2,weseeC..⊇C_.Theproofforthe

converseissimilar

NowletLIつと7=S,£nc=Sand£りC=S.Then:
ZZZ'!j!jUZ"zz

Q.E.D

Theorem3.7

L=LandC°じify&Sorx&S.Theconversealsoholds.
a;yz!/zy

Proof:

then,C!j

Iiｼﾞ!j6S
a;

⊇CandL
a;

fthen£;r⊇£yandC7z⊇と7y°FromTheorem3.6,

!ﾀﾞ

⊇£
Z″

Theconverseisobvious.

andtheresultfollowsfromTheorem3.5

PI'゜゜μsinceZ;zｺy甘乖sz゛Thusy4C

Q.E.D

andご⊃C.
y£

Q.E.D'.

Corollary3｡3

工fy^soral呼ES!j″thenSzandSyaremutuallydisjoint

Proof: ｴfSzand町haveacommonbranch.z,thatis,Sa;3s

andS!/33″･thenSz°S2andS=5fromTheorem3｡7.Thisobviously
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contradicts!j孚Sa:ovX4S!ﾀﾞ

Q.E.D.

FromCorollary3.3weseethatthebranchesofthegraphcan

bepartitionedintoseveralsets.Firstwechooseabranchz

anddetermineSz゛ThenwechooSe祠ddetermineS″and

thenSforz嘩SzUS!y'and,soon.Apartialorderingcanbe

giventothesesetsbyuseofTheorem3.5｡

工七isnotdifficulttoseethateachofthesesetsS
Z″S!i'

Szandsoon″correspondstooneoftheminimalsubgraphs

appearinginGf･(7ﾘﾉ.f(7
r2ﾉandsoon.Toseethiswenotice

thatthegraphformedbythebranchesofSzisagraphconsisting

ofaPDT.Moreover,thenumberof,itsbranchesisminimumamong

thegraphsconsistingofaPDTandcontainingbranchz.Then

thelocallyleastsetsinthepartialorderingcorrespondto

theminimalsubgraphsinG,andthenextsetstotheleast,to

theminimalsubgraphsinこ;りﾉ,andsoon.TheHassediagram.･

likethatshowninFig.3.2(d),ofthepartialorderingofthe

setsofbranches,representsthestructureofthegraphinthe

senseofminimalsubgraphsconsistingofaPDT.

3.3GRAPH-PARTITIONINGFORTHEMIXEDANALYSIS

Thepartialorderingofthesetsofbranchesdefinedin

section3.2isnotnecessarilyrestrictedtothegraphsconsist-

ingofaPDT.工ngeneral,theprincipalsubgraphwithrespect

tocommonchordsisfurtherpartitionedintononseparable

components.Theprincipalsubgraphwithrespecttocommontree-

branchesispartitionedlikewise.工nthiscase,however｡the
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principal‘subgraphispartitionedaccordingtothenonseparable

componentsofthegraphwhichisobtainedbycontractingallthe

branchesnotbelongingtothesubgraph.Thesetsofbranches

inthesenonseparablecomponentsareaddedtothepartialorder-

ingofthesetsofbrancheswhichisderivedfromthepartition

oftheprincipalsubgraph'ofdisjointtrees･

工nordertodeterminethepartialorderingofthesets.

Algorithms3｡1and3.2needaminormodificationinhandling

thecommonchordsandcommontree-branches.工fAlgorithm3.1

1sstartedfromabranchinT″thecoiranonchordsarenot

■
includedinLZ'Thereforetheymustbeaddedto£z″ifanyof

thebranchesinthenonseparablecomponenttowhichtheybelong,

isincludedin£.Thecommontree-branchesraustbeexcluded
a;

ir!steps2and3,sinceitisnotpossibletofindthefundamen-

talloopsdefinedbythem.similarmodificationisnecessary

forAlgorithm3.2.Anexampleofagraph-partitioningandthe

partialorderingofsetsofbranchesareshowninFig.3.3.

yz

Z

E02

g

Z

E04

卵

(a) (b)

Fig.3.3Example3.2(a)Graph-partitioning･

(b)Partialorderingofthesetofbranches.

Thesetsofbranchesintheprincipalsubgraphwithrespect
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tocommonchords[commontree-branches】arealwaysthelocally

least[greatest]setsin七hepartialordering･

Nowletusdenotethesubgraphsassociatedwithvoltageand

currentvariablesinthemixedanalysisbyGI/andこ;Jrespectively.

ThesetsofbranchesbelongingtoG^andGlaredenotedbyy

●andJrespectively,sothatthewholegraphiswrittenasGrら･J八

Thenumberofequationstobesolvedinthemixedanalysisis

equaltothehybridrankofG(V.I),definedas

T!(V,I)=p(Vjの+v(2.刀

【3.1】

(3.1)

Theminimumofthehybridranktakenoverallpossibleparti-

tionsofGiscalledthetopologicaldegreeoffreedom.】

工tisdenotedby7T･.Anoptimalpartition･Ptoachieve7T｡
m.れdm^?2

isgivenbyacutoftheHassediagramshowingthepartial

orderingofthesetsofbranches,thatis:j△

Theorem3.81●

EveryPdisgivenbyacutoftheHassediagramsatisfying

thefollowingconditions..

(i)Gy[G]includestheprincipalsubgraphwithrespectto

commonchords【commontree-branches】.ﾆ

(i.i)Thecuttraversesthelinesofthediagraminthe｡same

direction.｀

Proofこ¥3eonlygiveaproofforthecondition(ii)here.For

thecondition(i)seereferences[2.71and[3.1].Contracting

thebranchesoftheprincipalsubgraphwithrespecttocommon

chordsanddeletingthoseoftheprincipalsubgraphwithrespect

totree-branches,wegetagraphconsistingofaPDT.Now(3.1)
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isrewrittenas

■n(V.刀=v(v.刀+P(V,の-＼i(V,0) 侶.幻

Sincetherankofaminimalsubgraphconsisting0faPDTis

equaltothenullity,theadditionofsuchasubgraphtoGyhas

noeffecton7TrらJ几asisseenfrom(3.2).Contractingthe

minimalsubgraph,weagainhaveagraphconsistingofaPDT.

Repeatingtheprocess,weseethatthecutspecifiedin(ii)gives

aPd'sincenosubgraphofaminimalgraphhastheproperty

thattherankislessthanorequaltothenullity,thereisno

finergraphpartitioningtoachieve7T

現有2otherthanthosespeci-

fiedby(ii).

Q.E.D.

AnexampleofaPdisshowninFig°3'4fortheHassediagram

inFig.3.3(b).

Nowifthediagramissuchthat

allthesetsareonastraight

vertical‘line,allthepossibili-

tiesforPdcanbeeasilyseen°

InordertobringaHassediagram

tosuchaformweusethefollow-

ingalgorithmsandgettwonew

diagramswhichhavelesslines

thantheoriginalone.

£
11

Pd

Fig.3.4Optimalpartitioning
forthemixedanalysis.

Algorithm3｡3

step1.Chooseasetinthediagram,towhichthegreatest

numberoflinesareincident.
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step2.Drawanewdiagramforeachofthefollowingtwocases.

,(i)づThechosensetandallthesetswhichareless,inthe

partialordering,thanthechosenset,areincludediny.

¶I･｀吸

Todrawthediagramforthiscase,contractallthe

directedpathsfromthechosensettothesetsof

branchesinC7j'

(ii)Thechosensetandallthesetswhicharegreater,in

thepartialordering,thanthechosenset,areincluded

｀″inj'.Todrawthediagramforthiscase,contr‘acta11

thedirectedpathsfromthesetsofbranchesinGtothe
2

chosenset.

step3.Ifanylineappearsinthenewdiagramswhichconnects

twosetswithsomeotherlongerpathbetweenthem.

deletetheline.

END

Werepeatedlyapplythealgorithmuntilthederiveddiagrams

becomesimpleenoughforustomakeadecision.Forexample,

゛゛epickZ∂JinFig°3°3(b)″andifweincludeZ∂3iny″weget

Fig.3.5(a),andifinI,wegetFig.3.5(b).

‘ZjjJ
E01゛EO?E

E
04

^21*^03

召

E04

●●●●･●●●(a)(b)

Fig.3.5Possibilitiesfortheoptimalpartitioning･

､｢rhedottedlinesshowninFig.3.5aredeletedinstep3.As
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showninFig°3.5(a)therearetwopossiblitiesforPdinthis

case.工nFig.3.5(b)wesee2x3=6possibilities,andthusthere

are2+6=8possibilitiesinall.Tochooseoneofthemwemay

introducesomeothercriterionsthanthenumberofequations.

3｡4CONCLUDINGREMARKS

Thegraphpartitioningdiscussedinsection3.2hasstrong

similaritytothepartitionofabipartitegraph,【3゛4H3°5】

ofamatrix.°6]ofamatroid【3°7】andalsoof2-graphswhich

willbediscussedinsection4.4.Thestructureofagraph

definedinsections3.2and3.3seemstobeafundamentalcon-

cept,whichhaswideapplicationtovariousobjects｡

AnoptimalpartitioningPdismucheasiertoseeontheHasse

diagramshowingthepartialorderingofthesetsofbranches

thantheoriginalgraph.Theoperationonthediagramin

Algorithm3.3isessentiallyafoldantalgorithm.Itiseasy

toperformbycomputersaswellasbyhands｡
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CHAPTER4SOLVABILITYOFLINEARNETWORKS

441INTRODUCTION

Theproblemofsolvabilityofalinearactivenetworkhas

beenapproachedfromvariouspointsofviewdependingonthe

restrictionsimposedonnetworkelementsandnetworktopology･

[4.1】-[4.5]Theproblemisespeciallyimportantincomputer-

aidednetworkanalysiswhenanumericalsolutiondoesnot

converge.Thedivergenceduetoimpropernumericalintegration

andthedivergenceduet0lackofexistenceofauniquesolution

mustbedistinguished｡

Althoughtheprobleminvolvesthevaluesofthenetwork

elementsandisthereforeanalgebraicone,thetopological

approachassumingthevaluesareindependenttoeachother,or

thevaluesarearbitrary,isimportanttoclarifythecauseand

thetypeofnetworksingularity.Whenthe2-graphmethodis･

used,itcanbesaid,aswillbeshowninsection4｡2,thatthe

topologicalconditionforthesolvabilityisthe･existenceofa

commontree@ofthe‘voltageandcurrentgraphs.工fthereisno

commontree,thenetworkshowssingularity,differnetfromthe

examplesgiveninreference[4.6],withoutanyspecialelement

valuesoranyspecialrelationsamong･them.Changingthevalues

6fnetworkelementshasnoeffectonthistypeofnetwork

instability｡

Anecessaryanc!sufficientconditionfortheexistenceofa

commontreeofthe2-graphsisderivedinsection4｡3.Ifthere

@Acommontreeisatreeinboththevoltageandcurrentgraphs
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isnocommontree,subgraphswhicharethecauseofthenon-

existencecanbedistinguished,andapartitionof2-graphscan

bedefined.Thepartitionhassimilarpropertiestotheprinci-

palpartitionofagraph[2.7][3.1][3.2]orthecanonicalform

ofabipartitegraph,[3‘4H3°5]butitismuchmorecomplicated,

since2-graphswhosetopologymaybequitedifferentfromeach

other's,aredealtwith.Analgorithmtoobtainthepartition

andatreeofoneofthegraphswhichhasasmamycominonbranches

aspossiblewithatreeoftheother,isgiven.Suchatree

mustbeacommontree,if°acommontreeeχists.Thereforethe

algorithmalsogivesanefficientwaytoobtainacommontree｡

工nsection4.4itisshownthatacertainstructureof2-

graphswhichissimilartothatdiscussedinsection3.2,and

whichisrepresentedbyapartialorderingofsetsofbranches.

canbedefined.Algorithmstodeterminethestructurearealso

given.

4｡2COMMONTREESOFVOLTAGEANDCURRENTGRAPHS

Therestrictionsonthenetworkconsideredinthissection

andtheproceduretoobtainthevoltageandcurrentgraphsfrom

thenetworkaregiveninsections1.2and1.3respectively･

Thenotationsofmulticolored-branchgraphsdefinedinsection

2.2areusedasneeded.

Nowweclassifytheunknownvariablesinthenetworkinto

twosetsasfollows.

Set1.

(i)
Thevoltagesacrosstheresistors,inductors,capacitors,
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controlledvoltagesourcesandvoltagesensors.Theirvoltage

vectorisdenotedby"r(ii)Thecur!rentsthroughtheresis-

tors,inductors,capacitors,currentsensorsandcontrolled

currentsources.TheircurrentvectorisdenotedbyyZ゛

Set2.

s
>

D
C
O
O

―

D

!y

D

S

D

Z

O
Q

"l

12

-
-

一

一

『

0

h

PD
C?

『

pDZ

0

万

万

U

6

U

C

D
6

0

0

D
6

U

6

(4.1)

阿.幻

(4.3)

(i)Thevoltagesacrosstheindependentandcontrolledcurrent

sources.Theirvoltagevectorisdenotedbyv2°(ii)The

currentsthroughtheindependentandcontrolledvoltagesources.

Theircurrentvector-isdenotedbyi2゛L

ForthevariablesinSetlwehave

where

and

U'IS'areunitmatrices″andDr″DZ″Dc″D6andD6arediagonal

matricesofelementvalues.B【Q】isafundamentalloop[cutset]



1

matrixobtainedfromC7
び
[と7£]'･-K＼and-C万万arethevoltage

andcurrentvectorsduetotheindependentvoltageandcurrent

sourcesrespectively.Therankandnullityofら7

byp
び

【‰】 aredenoted

andyy[p£andlj£]l°espectively.べ

fromGandGrZが幻IGぼSjり]″゛hereg6【Z6】isthesetof

branchescorresponding七〇thecon七rolledcurrent[voltage]

sources.[4'7]Therank[nullity]ofGisdenotedbyp[p]

Lemma4.1

1｣び゛1｣-u(EがU(4.4)

p^=p-p(E:0).り゜5ﾉ

Proof:ConsiderG(E�R
(xﾉ″whereg(χisthesetofbranches

correspondingtothecurrentsensors.Becauseofthetopologi-

c°1restriction(ii)insection1.2,μ(1,E

^
Jj'sequaltoμ″

butitisalsoequaltothesumofu
りand^s(E^J幻fro°(2°4)゛

Thuswehave(4.4).Equation(4.5)canbeproveddually｡

Q.E.D.

Nowpﾁμ゜njZﾁれ6ﾁ26where"7'れ｢‘り2ﾊﾞ'M
(?
ﾁれ6ﾁn(S″%ﾁ%゜p£れ)£゛れj″

prZが2り'-＼i(Eが刀゜れ6andp(E^;O)+＼i(Eび刀゜"EThenweget

Uび‾Ui°pi‾pび゜^^(E;の+,(E;が

μびﾁpf°?2jﾁUrZ6jのﾁp限が刀'

r4.り

匈.り

Fromtheseequationsweimmediatelyhavethefollowingtheorem

Theorem4.1【4°7】

Ifandonlyif,thereisnovoltage-source-onlyloopnor

currentﾆ爽source-onlycutsetinGりtheranks〔nullities〕ofら
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andG.are･equal,andthenumberofequationsin(4.1)isequal
2,.･'

totheniimberofunknownvariabﾕLesin(4.1).

Proof:

zero.

U(Es‘∂J°ねdlpほがぺけ･in･(4.-6)･and(4.7)shouldbe

●●IQ.E.D.

NotethattheconditioninTheorem4｡1Isanecessarycondi-

tionfortheexistenceofacommontree,sincetherecanbeno

coiranontreeiftheranksofthevoltageandcurrentgraphsare

different.

工ftheconditionofTheorem4.1issatisfied,thecoefficient

matrixof(4.1)issquareanditsdeterminantisexpandedasthe

sumofcommon-tree-iminittanceproductsasf0110ws.[4‘8]【4°9】

3
i

D
C
O
O

‘D
Z

O
Q

一

一

T

(8i卯T)n
lJ7ntt

匈.∂ﾉ

where?denotesacommonltreeofGandG£″and"sig?2?゜is

thesignpermutationofr‘immitsignifiesthe･common-tree-

immittanceproducts.(Thedetailofn｡.will､beshownin
｡1･mrmt

section5.2.)From(4.8)we･seethatthedeterminantbecomes

zeroifthereisnocommontreeofGびandC7£″orifthereare

commontreesbutthereeχistspecialrelationsamongthevalues

ofnetworkelementssothatallthecommon-tree-immittance

products､arecanceledout.IftheconditioninTheorem4｡1

isnotsatisfiedthereexistsnoconunontree.Thenwhetherthe

conditionIssatisfiedornot､itcanbesaidthatthetopologi-

calconditionforthesolvabilityistheexistenceofacommon

treeolf口Vandと7£‘ThenetworkshowninFig.1.3isactuallyan
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1

exampleofanetworkwithoutcommontree.Thenetworkis

singularevenifthereisnospecialrelationsamongthevalues

ofthenetworkelements.Thesingularityofthisnetworkis

causedbythenetworktopologyonly･

Weaddonemoretheoremfortheexistenceofacommontree

ofGandG‥[4゛7]
び2.

Theorem4.2

Asufficientconditionfortheexistenceofacommontree

ofG

び
andC;ぞisthatthereexistsnoloopconsistingofvoltage

sourcesandcurrentsensorsnorcutsetconsistingofcurrent

sourcesandvoltagesensors,beside七heconditioninTheorem

4.1thatthereisnovoltage‘source-only100pnorcurrent-

source-onlycutset,inG大.

Proof:工ftheconditionissatisfied,thereisatreeofC7'を

whichcontainsallthevoltagesourcesandcurrentsensorsbut

nocurrentsourcesorvoltagesensors.Correspondingtothis

tree,acommontreecanbeobtained｡

Q.E.D.

Thedeterminantin(4.8)canbeevaluatedbygeneratinga11

thecommontreesofと7

び
and(7£゜Wegiveanalgorithmforthe｀

generationofallthecommontreeswhichisbasedonthe

Minty'salgorithmforgenerationofallthetreesofone

graph.[4.10]Theexistenceofacommontreecan,ofcourse,be

checkedbythealgorithm.

Algol°i七hm4.1･

step1'Set;c°0.G

^°と7び
andG,=G..
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step2..Checkifthereisaself-loopin'uorど;11'Ifthere

.isone,gotostep3.otherwisegotostep4.

step'3°工fthecorrespondingbranchinG^orQ4totheself-

loopinGMorG,,respectively″isabridge″goto

step6.otherwisedeletetheself-loopanditscorre-

spondingbranchtoobtainanewpairofgraphs.Let

thenewpairbeC;z4andと77z″andgotostep‘2‘

step4.CheckifthereisabridgeinC;z40rGh゛工fthereis

one,contractitanditscorrespondingbranchtoobtain

anewpairofgraphs°LetthenewpairbeGandGね″

andgotostep2｡工fthereisnobridgegotostep5.

step5°工fGMandと7みarenullgraphs″printoutacommontree

formedbythecor!tractedbranches,andgotostep6.

otherwisegotostep7.

step6.Setk=k+l.Gotostep8.

stepl.Setk=k+l.SetGりk°Gu″GtlJGh″and'"kﾆ∂゜Choosea

branchsayZ)k″in‘(7びたContractZ)kanditscorrespond-

ingbranchinG.,toobtainanewpairofgraphs.Let

thenewpairbeC;MandGlz″andgotostep2°

step8.工fk=2,‘stop.otherwisegotostep9.

step9゛Setk°k-1.工f'"fe°0,gotostep10°工f177k°2″goto

step8.

step10°Setm,=l.Delete石几戸nditscorrespondingbranchin

と7

vk and^ik respectivelytoobtainanewpairofgraphs.

Letthenewpairbe(7uandG11;and90tostep4'

END

@'AbranchIsabridgeifthereisnootherpathconnecting

itsendpointsthanthebranchitself.
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ThegraphsGzJﾇ(andr7£IC(k=l,2....)instep7mustbestored

untiltheyarereusedinstep10.Thenumberofgraphpairsto

bestoredisatmosttherankoftheoriginal2-graphs.The

contractedanddeletedbranchestoderiveG
びｽcandr7ぞたarealso

toberecorded.

4｡3VOLTAGEANDCURRENTGRAPHSW工THOUTCOMMONTREE【4°11】

●

Firstweconsiderallpossiblepartitionsofbranchesinto

twosets/1and召,orinotherwords
″allpossibleG

び

M,Z?Jand

G(A,召八

Lemma4.2

AnecessaryconditionfortheexistenceofacoiTunontreeof

こ7びandC;£istha七thereexistsnopartitionofbranchessuch

that

O｢

p^r^,V>p(A,0)

P^(A,1)>p(A,の

り.幻

(4.10)

Proof:?heminimumnumberofbranchesofjthatshouldbein

atreeofと7
ぴ
isp
ぴ(A,1)by(2.4),andthemaximumnumberof

branchesofAthatcanbeinatreeofG.ispM,幻by(2
°3)゜

Thusifthereisapartitionsatisfvinq(4.9),therecanbeno

commontree.Theprooffor(4.10)issimilar｡

Q.E.D.

Nextweconsider2-graphswithoutconunontree.Foranytree,
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sav!'u'of(7zj″thereis″inG.,atleastoneloopconsisting

onlyofthetree-branchesof?z4″and/oronecutset″onlyofthe

chordsof!＼°.Thebranchesbelonqingtosuchloopsandcutsets

aredenotedby｡j?iand≪≪respectively″andthenumbersofinde-

pendentsuchloopsandcutsetsaredenotedbyとz4･andnz4respec-

tively°Atreecorrespondingto?z4isdefinedtobeatreeof

%whichisderivedfrom几4byremovingproperこ乙4branchesinj?z4

andaddingproper%branchesinQM'Wehave

ξZ4ﾁp£゜%'f%
(4.11)

Let?12beatreeofGI:correspondingto?z4.Thereare″in(71J″

loopsconsistingofthetree-branchesof!Z77zand/orcutsets″of

thechordsof!h'Thesetsofbranchesbelongingtosuchloops

andcutsetsaredenotedbyj?handQlzrespectively‘Nowassume

that‘asubset/lofbranchesisgiven°‘LetCzむland""uAbethe

numberofbrancheswhichareinAandalsoamongtheremoved

andaddedbranches.respectively″toobtain!Z7瓦from?z4″andlet

Kaand亡瓦ylbethenumberoftree-brancheswhich.areinAand

alsoin?uandrねrespectively.Thenwehave

●

‰≧^uA~''^uA~'^hA'^^uA≧=tuA-tkA≧■__p(A,1)-pJA,の゜り゜j幻

Thelastrelationin(4.12)canbederivedbyuseof(2.4)and

(2°3)'Nowifこz4isminimumforalltreesofG17″?z4iscalled,

amaximally-commontree(abbreviatedasMCT)ofGび'工tiseasy

toseefrom(4°11).thatとz4isminimvunifandonlyis＼isminimum‘4

AtreecorrespondingtoanMCTofGびiscalledanMCTofGi°
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Theorem4.3

ChoosetwoMCT･S,孔4and''w

尽4nら゜炉

心nQ^=0

Proof: 工tisobviousthatF?u

ofと7り゜Then

and≪u

(4.nり

(4.14)

aredisjoint.If尽4゛召IJ″

nothingmoretoprove'lfjl?z4ﾒj?l
jJ″chooseabranch″sayz″in

几Jwhichisnotin?M″andthenfind,inGり゛abranch″say!/″

whichisinthefundamentalcutsetdefinedbya;withrespectto

?IJ°Byanelementarytreetransformationwegetanewtreeof

G

IJ゛ U+1wしﾊj-X.since?り isanMCTandzisin召IJ″

beanMCT″and!ﾀﾞshouldbeinRI)+1｀

r几
J
UR

T

lj)+1

must

Besides″Qりﾁﾞjべ;?り,andthus

u+1 ﾉr?Q^=0°Repeatingtheoperationsfor?77timesand

obtaining?り,/weseethat

m
Q
゛ﾌﾁ″'゜Q゛ﾉand(UE十k)nQ゛)゛¢

Tree?z∂ﾁﾌﾌhasz71morecommontree-brancheswith?
z4thanrz,J″and

thustheremustbeafinite777suchthatR｡=R.Hencewehave
u+m"U

(4.13).Equation(4.14)canbeprovedsimilarly.

Q.E.D.

Corollary4｡1

unT=0 (4.15)

@Anelementarytreetransformationisatransformationfromone

treetoanotherwiththedistancebetweenthetwotreesbeing

exactlyone.
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where

Ω=

r=

ぴ一

心乙MCT's°fら

び

必tMCT's°fG｡

沢

Z4

‰

a.jり

り.2り

?hesetofbrancheswhichareneitherinΩnorinris

denotedbyA(Amaybeempty.).Thenthebranchesofthe2-

graphsarepartitionedintothreesubsetsΩ,ΓandA.An
-

exampleofsuchapartitionisgiveninFig.4.1.Forthis

2

3

4 7

G
び

Fig.4.12-graphs･forwhichnocommontreeexists

8

G｡

2.

exampleanMCTofGpisobtainedbychoosingtwobranchesfrom

branches1″2and3″abranchfrombranches4,5and6,anda

branchfrombranches1,8and9.ForinStance?z4°{1,2″4″7}is

anMCTof%″andthenj?z4べ1,2}″%べ8″9}″Q={1,2,3},r={7,8,9}

andA°{4,5″6}゜Acol°l:espondingMCTofQto!rz4is?lz°{1,4,7″8}'

.ForacorrespondingpairofMCT's″'?14ofG^

havethefollowing.theorem.

andT.ofC7i″we

Theorem4.4

(i)[(ii)].Thefundamentalloops[cutsets】inG£definedby

寸●thebranchesinFlz【?7z】andalso･inn【Γ】consistonlyofbranches

inIJ[r】゜
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(iii)[(iv)]Thefundamentalcutsets[loops]inGび

thebranchesin?z,[Fu]

branchesinΩ[r]..

definedby

andalsoinΩ【r】consistonlyof

Proof:(i)Supposethefundamentalloopdefinedbybranchx

inncontainsabranchnotinΩ.Weconsiderasequenceof

elementarytreetransformationsofMCT'sofG
び″aswasdescribed

intheproofofTheorem4.3,toobtain,fromT″suchanMCT″

TI)゛of‘C7び,thata;isin召り'工fthetree-branchesinthefunda-

mentalloopunderconsiderationremainasthetree-branchesof

?IJ″theloopcontainsabranchnotinΩ,andj?wcontainsa

branchnotinΩ,whichisacontradictiontothedefinitionof

Ω.工ntheothercase,supposeatree-branch,say!7,inthe'‘"｀"“'゛‾"゛゛

100pbecomesachordafteracertainelementarytreetransfor-

mation,andachord,say2,becomesatree-branch.Beforethe

transformationybelongs,inGｼﾞtoaloopconsistingoftree-

branchesofanMCTofG.Weseeafterthetransformationthe
り

fundamental100pdefinedbya;isalteredtocontain,insteadof

!/,apartofthe工oopoftree-branches,butthatitremainsto

containthebranchnotinΩ.SeeFig.4.2(a).Toascertain

thesewehavetochecktwomorecases;anelementarytreetrans-'

formationsuchthatthebranchnotinΩisbypassedbyapart･

ofthe100poftree-branchescontaining!y,asshowninFig.4.2

(b),andanelementarytreetransformationsuchthatthefunda-

mental100pdefinedbya;isalteredtocontainsomeotherpath

oftree-branchesinn,whichisformedbytheadditionofzas

atree-branch,asshowninFig.4.2(c).工nsuchcasestheloops

oftree-branchescontainabranchnotinΩ.beforeorafterthe

transformation.Thuseithercaseisimpossible.工nanystage
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匹二=ﾄ)=二に=(

(a) (b) (C)

Fig.4,2Elementarytreetransformationexchanging!yandZ.

Thethicklinesindicatethetree-branchesin(I,andthe

dottedlinesindicatethebranchnotinn.(a)Possible

case.(b)and(c)Impossiblecases.

ofthesequence,therefore,thefundamentalloopdefinedbyz

remainstocontainabranchnotinn,andweeventuallycomeup

toacontradiction.Thuswemusthavetheresultasgivenin

thetheorem｡

(iii)Supposethefundamentalcutsetdefinedby･abranch.say

X,inΩcontainsabranchnotinn.Weagainconsiderthesame

kindofelementarytreetransformationsdescribedabove.Ifan

MCT,Tり″ofGびsuchthat召ljcontainsa7″isobtainedwithout

changingthefundamentalcutsetdefinedbyX,acontradiction

canbecausedbyperformingone.moreelementarytreetransforma-

tionremovingzfrom,andaddingthebranchnotinΩto″!Z11jJ°In

theothercaseifthefundamentalcutsetdefinedbyzisaltered

nottocontainthebranchnotinΩafteranelementarytree

transformationwithabranch,say-!/flinthecutsetbecominga

tree-branch,thenthefundamentalcutsetdefinedby!jcontains

46
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令 .

thebranchnotinΩ.Hencewestillcomeuptoacontradiction,

andwemusthavetheresultasgiveninthetheorem.

(ii)and(iv).Dualproofstothosefor(i)and(iii)canbe

given.

Q.E.D.

Theorem4.5

The･setsofbranchesdefinedby(4.16)and(4.17)areidenti-

caltothesetsofbranchesΩandΓwhichsatisfiesthefollowing

Conditionsland2,respectively,withrespecttoapairofcorre-

spondingMCT゛s″?z40fGび″andT^ofG..

Condition1.

(i)G£薗j∂Jcontainsj?1,'

(ii)?みりと7£薗丿刀isaforestofG£(n;∂ﾄ

(iii)Gび(Q:1)containsQど

(iv)?z4/つGび薗丿幻isaforestofGび囚丿幻゜

(v)TheS色tofbranchesΩisaminimalonesatisfying(i)-(iv).

Condition2.こ

(i)GAY;1･)containsQz4°

(ii)?7z/'7と7£ぼj刀isaforestofG£ぼj刀゜

(iii)Gびぼj刀contains7?ど

(iv)?z4りC7びぼj刀isaforestofC7びぼj幻゜

(v)ThesetofbranchesΓisaminimalonesatisfying(i)-

(iv).･

Proof:?hesetdefinedby(4.16)isdenotedbyΩ'inthis

prooftodistinguishthetwodefinitions.First,fromTheorem

4.4wesee七hat(i)-{iv)inConditionlholdforn'.ThusΩ

whichalsosatisfies(v)inConditionlmustbeincludedinΩ'
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Second,letusregardUassetj4in(4.12)andthecorresponding

MGT'S"as!Z7z4andlr7zin(4‘12)゜Thenとz4sこz4Ωfrom(i)inCondition

1･Besides,sinceQ'doesnotincludeQfromTheorem4.3,Ω

doesnotincludeQ Thusnz4Ω゜∂'Furthermoretz4Ω゜plJrΩj1)and

%Ω゜pjΩj･0)from(iv)and(ii)･inCondition1.Consequently

alltheequalitiesin(4.12)holdforfi,andwehave

‰゜pj町刀‘pjΩj∂J (4.18)

Nextletrand?lcbeanarbitrarypairofcorresponding

MCT's.工fwereagrdQasAin(4°12)andちand?kasrz4and

瓦in(4°12)1°espectively.゛゛eseeth゛italltheequalitiesin

(4.12)musthold,sinceこIJ°とz4゛Thusとz∂゜こzJΩandtheこりbranches

whichareremovedfromrjtoobtain?karea:LIinΩ.Butthe%

branchescanbechosentoincludeanarbitrarybranchinj?z

4?″and

thusj?&Jmustbeinn.Itfollows,then,from(4.16)thatΩlmust

beincludedinΩ.Wehaveseenthatthe:Latterisincludedin

theformer,andtherefore,'theyareidenticaltoeachother.

Thefactthatthesetofbranchesdefinedby(4.1･7)isidentical

tothatsatisfyingCondition2,canbeshowndually｡

Q.E.D.

FromCondition2weget

<ηZ4°p･£rr;1)-p/r;∂J

forthecorrespondingMCT's.Wealsohavethat

(ii)'ﾌZ71zり(7£r恥j/isaforestofG.'rn;月'

__
μ゛)'?z4/7%r町刀･is°forestofらr町刀'

(ii)"Th flG
-

.rf;0)isaforestofGぞぼj刀″

(iv)"?Zj/IG(Y;1)isaforestofび1,rrj刀″
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andtherefore

%゛pj恥刀‾pj恥の

亀゜pjり刀ごpjFjの

(4.20)

匈.21)

Theseequationscanalsobeobtainedfrom(4.18)and(4.19)

byuseof(2.11)and(4.11)｡

Since(4.18)-(4.21)holdfor2-graphswithoutcommontree,we

seethattheconditioninLemma4｡2isalsosufficientforthe

existenceofacommontree,andwehavethefollowingfundamental

theorem.

Theorem4.6

Anecessaryandsufficientconditionfortheexistenceofa

cominontreeofC7andC7.･isthatthereeχistsnopartition
びt

satisfvina(4,9)or(4.10).'

Proof:ThenecessityfollowsfromLeirana4.2.工fthereisno

commontree'ξu≠0ornz

4
ﾒ∂‘ΩoΓΓsatisfies(4.9)or(4.10).

Thustheconditionisalsosufficient.

Q.E.D.

WealsoseethatΩisasetofbrancheswhichgivesthe

maximumofthefar-right-handsideof(4.12).･

1FromTheorem4.5werecognizethatthesubgraphsinG

I)･and

と7£formedbythebranchesinΩ[Γ]havestrongsi°ilaritytoど7

2【ら】

andG[G
2
]″respectively,oftheprincipalpartitionofagraph,

[2.7】andalsothatanMCTresemblesanextremaltree.[3.1]l

Thuswecanextendtheknownalgorithmtoobtaintheprincipal.

partitionandanextremaltree,tothosetoobtainQ,randan

MCT.Inthefollowingalgorithmwefirstfindthesetof
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branchessatisfyingConditionlwithrespecttoanarbitrary

tree!rz4ofGび゛Thenif?z4isnotanMCT″atreeofGぴhaving

onemorecommonbranchwithatree'ofG.isobtained.Thenew
t-¨

treeisusedt0findthesetofbranchessatisfyingCondition1.

ThisoperationisrepeateduntilanMCTofと7びandthesetof

branchessatisfyingConditionlwithrespecttotheMCT,-that

is,setU,areobtained.,ヽ

Algoritih皿4.2･,゛

step1'Setk°ll%}C^v'Gil《゜G.,and!'uk゛?14゛Gotostep2'

step2°Findj?ukil｀C;£k°工f仇4k≠0,gotostep3'Otherv゛ise

gotostep7.

step3°Find,invk″t!lefundamentalcutsetsdefinedwith

respectto?z
4kbythebranchesof尽4ﾇC°Letthesetof

thebranchesinthecutsetsbeFulc' 工fF
以
containsno

branchinQz4″90tostep4'otherwise90tostep5'.I

step4.Deleteandcontractthebranches､of＼k.fromGびたand卜

吼£k″respectively″toobtainGljk+1へandGik+1｀obtain･ﾆ

alsouk+1from"^ukbycontractingthebranchesof尽4ど

Setた=･kﾁjandreturntostep2.!‘……で".･.¶･-■I

step5°Chooseabranch″sayz″whichiSﾀﾞinQandalsoinRUk｀

Chooseabranch,sav!j･which'iSinj?ukandalso1nthe

fundamental100pdefinedbyXwith'respectto?z4'

Obtain?z∂゜?z4びz‾!ﾀﾞbyanelementarytreetransformation.

工fたj″set?z4°Tandreturntostep1'工fk>j″goto

step6.一一一犬

step6'ﾆQi､)nFuk-:Zﾒβinthiscase.Set?z4゛rzJ″Qz4°Qz∂and

k=k一21.Returntostep5.7･
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step7°Setn゜'ul
u2 u...び^uk-1,^"-^stop°

END

ExampleofAlgorithm1.

Let'7z4={1,2,3″4}forthegl°aphsinFig.4°1°ThenQ
z4°{7,8,

9}‘step1°u2°{1,2″3,4}゜step2°7?
^j=.{l,2,3}゜step3''u2°

{1,2″3″5″7,8,9}゜step5°Let゛゜7and!!/=l.Thenr={2,3,4,7}.

step1゛Qz4｀{8″9}゜!r,={2,3″4″7}‘step2'7?z
4j°{2″3}゜step3°

F
“j°

{1‘'2″3}'step47?
Z42°

{4″7}'step2'＼
2=^'step7.Ω=,...ﾉｼﾞI‾

●
{1,2,3}.

Theorem4.7

ThetreeobtainedattheendofAlgorithm4.2isanMCTof

と7●.●
び

Proof:Notethat･ΩobtainedbyAlgorithm4.2satisfiesCodi-

tionlwithrespectto!Z7
z4'RegardΩas/lin(4°12)゜Thenfor

thetree?z

4
attheendofthealgorithm,5=5

゛pびr?jヱJand亡八Ω゜Pir?jθﾉ.Thereforealltheequalitiesin

(4.12)hold.Henceと
z4
isminimum,sinceonlyequalitiesor

-

inequalitiesholdforanarbitrarytreeofG
び'I

Q.E.D.

工fthereexistsacommontree,anMCTmustbeacommontree-.

ThuswecanobtainacommontreebyAlgorithm4.2,ifoneexists.

工ftheMCTobtainedbyAlgorithm4.2isnotacommontree,there

isnocommon七ree.

Fromthedefinitions(4.16)and(4.17)weseethatthesets

ofbranchesΩandrareuniquelydeterminedforagivenpairof

graphs.ThenbyTheorem4.5and4.7weseethatΩcanbe

obtainedbyAlgorithm4.2.WecangetΓbythedualalgorithm
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whichisobtainedfromAlgorithm4'2byexchanging"Gy"and

"G."andreplacing"u"bylﾘh"and"Ω"by"r7‘LetAbethe

setofbranchesnotbelongingtoΩorr,Thenwegetapart-

titionof2-graphs″(;びΓΩjr.AﾉandG.ΓΩjr.Aﾉ'Atleasta

commontreeexistsfor刀ぴ印jもa;andG(1,らA八

4.4PARTITIONOFVOLTAGEANDCURRENTGRAPHS

similarlytothefactthatagraphconsistingofapairof

disjointtreesmayhaveafinerstruCture,【3゛212-graphsfor

whichacommontreeexists,mayhaveafinerstructurethatgoes

alongtheconditionsdescribedintheprevioussection.The

branchesof2-graphs･can･bepartitionedintoseveralsetsanda

partialorderingcanbegiventothesesets.Toseethiswe

firstgivealgorithmstoobtainsetsofbranches胃zand瓦a7

satisfyingthefollowingConditions3and4,respectively,for

abranchzwithrespecttoacommontreeT,whichweassumehas

beenfound.

Condition3｡

(i)3J･

(ii)r/'7G£ぽ･0)isaforestofら;ぼx'刀

(111)!tOgび防;2;isaforestofG^ぽx'刀

(iv)Sisaminimalsetsatisfying(i)-(iii).

Condition4｡

(i)゛EXZ

(ii)TDg.
t

(iii)THg
び

XK:1)isaforestofG.(Kjl)

(K;0)isaforestofGびr尤zjθﾉ
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(iv)xa,isaminimalsetsatisfvinq(i)-(iii).

Algorithm4｡3-1

step1°77z°β'Suppose°;isachordinG..Add゛to

X

step2.FindthefundamentalloopsinG£definedbythe

brancheswhicharenewlyaddedtoH｡工fsomeofthe
a;

branchesintheloopshavenotbeeninZla
lyet″addthem

to≪x'andgotostep3'otherwisestop°

step3.FindthefundamentalcutsetsinG

びdefinedbythe

‘'brancheswhicharenewlyaddedtoH｡工fsomeofthe
a7

branchesinthecutsetshavenotbeenin仇

じyet,add-

themtoHa:,andgotostep2°otherwisestop‘

END

Algorithm4｡3-2

Exchange"Gy"and"G."andreplace'り"by¨瓦"inAlgorithm

4.3-1.

END

Algorithm4｡3-3

Exchange"loops"and"cutsets"andreplace"chord"by"treが-

brancheS"and"77"by"K"inAlgorithm4｡3-1.

END

Algorithm4｡3-4

Exchangefurther"ff
y"and"(7£"andreplace"K"by゛?"in

Algorithm4｡3-3.

END
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FromConditions3and4weseethatthefollowingequations

holdforHandχ_respectively･

i)jらjU°pjり∂J

pprS;j∂ﾉ゜p£rXzj刀

(4.22)

(4.23)

Nowwedenotethesetsofbranchesobtainedbytheabove

algorithmsforbranchesz,!ﾉandsbyHz″Kz″B!j″K!j'Hzand

尤z.respectively°Thentheysatisfytheaxiomsofapartially

ordered'set｡

Theorem4.･8

(i)

(ii)

工IHこ⊃H

Z‾y
andH!/⊇Zlz

,thenH=

Z

工fZZz⊇Z7yandHｼﾞ⊇H‘z'thenHZ⊇

Z1

1ﾀﾞ

H

S

These･relationsalsoholdfo1:^x'x!jandxz'

Theorem4.9●

77a7⊇ZI!ﾀﾞifandonlyif尤y⊇尺z°

Proof:■IHz⊇HthenthereisastringofbranchesZ°X-,X21‥゜″

X.,zk･fl'"'l;x:♂UdeterminedbyAlgorithm4゛3‾10rAlgorithm

4.3-4″suchthataり
(ﾁjisinthefundamentalloop9rcutset

definedbyzk'ThisstringcanbetracedbackbyAlgorithm4°3‾

2orAlgorithm4｡3-3.

Q.E.D.

NowletZZz/lK?゜μz″ZlzJnxμ゜Mljandlj7snxz°Mz

Theorem4.10

H,=召and
a;!j 尤z°x!ﾀﾞ″ifyejら;orxeM
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Corollary4｡2

Z二⊃瓦if
μa:

Corollary4｡3

工fyﾀﾞμzorzﾀﾞjf!,thenjﾀﾞzandちaremutuallydisjoint.

TheproofsforTheorem4｡10,Corollary4｡2andCorollary4｡3

arethesameastheseforTheorem3｡7,Corollary3｡1andCorel-

lary3.3respectively｡

FromTheorem4｡10weseethatthebranchesofthe2-graphs

canbepartitionedintoseveralsetsinthesamewayaswas

discussedinsection3.2.Wecangiveapartialorderingto

thesesetsanddefineastructureof2-graphs,whichisrepre-

sentedbytheHassediagramshowingthepartialordering｡

Thestructureof2-graphshavingatleastacommontreecan

beextendedt02-graphswithoutcommontree.工ngeneralΩ

andrarea]ごSopartitionedintothesubsetswhicharedetermined

bythefollov゛ingalgorithms‘ConsiderG

^(n;刀3｢Id%薗丿刀‘

Forabranch,sayzinΩ″weget0,asfollows°

Algorithm･4｡41

step1゛3ZAdd゛toΘぎ

step2.Findallthenonseparablepartsofぐ7びΓΩj 刀which

includeanyofthebranchesnewlyaddedtooz 工f,in

thenonseparableparts,therearebrancheswhichhave

notbeeninoa;yet″addthemtoozandgotostep3゛

otherwisestop･

step3.FindallthenonseparablepartsofG£Γfi;0)which
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includeanyofthebranchesnewlyaddedtoozllf″in

thenonseparableparts,therearebrancheswhichhave

notbeeninozyet,addthemt00,andgotostep2'

otherwisestop.

END

ThesubgraphformedbythebranchesofΘa7iscalledacommon

nonseparablepartofC7
び

ΓΩj:1)andG.Cfi;∂八Wedenotethesets

･

obtainedbyAlgorithm4.4forbranchesz,!ﾀﾞfsetc.byoz″0!ﾀﾞ″

e

z″etc°respectively°Ωispartitionedasfollows.Wefirst

findりforanarbitrarybranchzinΩ,andnextΘyfor!ﾀﾞﾀﾞΘa7″

andthenΘforsﾀﾞΘぴΘandsoon.Thepartitionofrcan

Z"a:!j

bedeterminedbythedualalgorithmwhichisobtainedfrom

Algorithm4'4byreplacing"Ω"by"r"andexchanging"'v"and

゛IG.".
1.

Thestructureof2-graphswithoutcoiranontreeisrepresented

bythepartialorderingofthepartitionedsubsetsinΩ,Γand

A.工nordertodeterminethepartialordering,Alqorithm4.3-1

orAlgorithm4.3-4mustbemodifiedasfollows.First,instead

ofacoiranontree?″apairofcorrespondingMCT'sofRJandC7£

areused.Secondly,ifabranchof'acoitunonnonseparablepart

isincludedinH,
Z,

areaddedtoZ7｡
',Z

allthebranchesinthenonseparablepart

Thepartialorderingisdeteirminedaccording

totheinclusiverelationamongthesubsetsofbranches"x'HU゛

HZ″etc.Anexampleof2-graphsandtheHassediagramshowing

theirstructureare･giveninFig.4.3.'Forthese2-graphswe

get″ﾚﾁﾞorinstance″7715°召jび召2ぴZyJぴz4″尤15°Z4び召石andμ15゛

り＼HI¬り‾K'7゛E2UE4UE5and吻゜£2;Ω゜FjびZ2″r=

E51 andA=^_ UE.
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1

9

6

1

F3

町

13

(a)

ど
2

8

7 G

び

G.
t

(b)

町s{1″2,3,4″5″6}″E={7,8,9},E°{10″11″

12,13},ff^={14,15,16,17,18,19,20,21},

E5°{22,23,24}.

Fig.4.3(a)･Exampleof2-graphs.(b)Partialordering0f

thesetsofbranches.
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Wecanalsodiscussthepartitionof2-graphsandthesolva-

biﾕityof(4.1)intermsofthecanonicalformofthecoeffi-

cientmatrix.Obtainthefundamentalloopandcutsetmatrices

BandQ゛゛ithrespectto゛1con°espondingp゛iir0fMCT゛sofGI,and

(;･£″andarrangetherowsandcolumnsof

1
0
3
<
o
r

I

accordingtothe

partialorderingofsetsofbranchesinthesamewayasa(O-1)

matrix.【1'1】[3.4】[3.5】Thenwegetacanonicalformasshown

inFig.4.4.Thenonzeroelementsofthematrixareallcontain-

edintheshadedregion.Weseethatifthereisnocommon

tree,thereisnobalancebetweenthenumbersofvariablesand

equations.Thetermrankofthematrixisobviouslylessthan

thedimensionofthematrix.Fundamental100Pandcutset

matriceswithrespecttotreesofと7andG.whicharenotMCT's
●p7.

mayyieldacoefficientmatrixwithitstermrankequaltoits

dimension.

ΩA

宍 言言言
言言言
∩
‰言

V

回

士

Y
~
A
卜
-
＼

numberofrows

1｣丿恥jL゛‘)j恥∂ﾉ(㈲

μび(T;∂ﾉﾁP.rr;刀>|rl

Fig.4.4Canonicalformofthecoefficientmatrix.

Therelationbetweenthestructureof2-graphsand･thatofa

graphdiscussedinsection3｡3isschematicallyshowninFig.4.5.

Thesolidarrowsshowthelikenessandthedottedarrows,the

dualityamongthesubgraphs.
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Fig.4.5structureof2-graphsinconnectionwith
thestructureofagraph.

4｡5CLASSIFICATIONOFNETWORKSOLVABILITY

Onthebasisoftheresultsobtainedintheprevioussections

wegiveaclassificationofnetworksolvabilityinthissection.

Wearefirstconcernedwiththesolvabilityof(4.1).Forthe

brevityofthedescriptionweusethefollowingnotations.

CTE:thecaseswhereatleastacoiranontreeofGandG.exists｡
ﾘヱ.

CTN:theca'seswherenocommontreeofC7andG｡exists.｡

びS

SEzthecaseswheretheuniquesolutionof(4.1)exists.

SNP:thecaseswherenosolutionof(4.1)ispossiblefornon-

zeroindependentsourcevoltagesorcurrents.

SND:thecaseswheresomeoftheunknownvariablesin(4.1)are

notdeterminate.

RE:thecaseswherethereexistspecialrelationsamongthe

elementvalues.●
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RN:thecasewherenospecialrelationamongtheelement

､valuesexists.

Case1.CTE.UsuallywehaveCase1-a.
-

Case1-a.RNandthenitfollowsSE.
-

Case1-b-l.RE十andSNP.AnexampleisgiveninFig｡4｡6｡

(Eχample4.1.)犬･

Case1-b-2.REandSND.Example4.2inFig.4.7.

Case]L-b-3.REandSE.Therelationsamongtheelementvalues

mayhavenoeffectonsolvability,andwehavethis

case.

e

e

Fig.4.6Example4.1.

→

→

→

Fig,4.7Example4.2

RI°rl

『

r191°1

召2

召

Case2.TheconditioninTheorem4｡1issatisfiedbutCTN,
-

UsuallywehaveCase2-a-l.
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Case2-a-l.RN,thenitfollowsSNPandSND.SeeFig.l.3,-

Eχample1.1.

Case2-a-2.REandSND.Example4.3inFig.4.8.Voltageび
ｰ｀･

isindeterminate.

61

Case2-b-!'RNandSND.Example4゛4inFig,4°9‘Volt°geび6
3

isindeterminate.

Case2-b-2.RE,SNdShif11fmC2

a-1iftherelationshavenoeffectonsolvability･

""l

召.十ら→→●→

9

-

り

ｰ

Fig.4.8Example4.3

→

Fig.4.9Example4.4

→･

1゛J'

い

り'勺

(7

β2

Case3.TheconditioninTheorem4｡1isnotsatisfied.CTN.

UsuallywehaveCase3-a-l,

Case3-a-l.RNandSNP.Example4.5inFig.4.10.

心dSpibbtidby
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combiningExample4｡3inFig.4.8andExample4｡5

inFig.4.10.

2!旦旦ご!二旦二!･RNandSE.Example4.6inFig.4.11.Another

examplecanbederivedfromExample4｡3inFig.4.8

bycontractingresistorRI゛

゛!

-

Fig,4.10Example4.5

→

十
～
一

→

Fig.4.11Eχample4｡6.

沢2

び

ｶ

Case3-b-l.REandSNP.″ThiscasefollowsfromCase3-a-1
-

iftherelationshavenoeffectonsolvability･

Case3-b一犬2.REandSND.Eχample4°:ﾌ‘inFig.4°:12゛:,工frjlgljlﾆj

.･.-

¶

･andr-°r2″び61isindeterminate.■

Case3一白‾:b:‾:3°:RE∧andSE°:‘Example4:':5linFig°:4.10withr21°白沢121゛

Noothercasethanaregivenabove,ispossible.

NowweconsiderthevariablesinSet2whichisspecified
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り

ｰ

Fig.4.12Example4｡7

『

rlgl°landrl°r2

j?

insection4｡2.IftheconditioninTheorem4｡1issatisfied,

thereisatreeofG*containingallthevoltagesources,inde-

pendentorcontrolled,butnocurrentsources.Thus,ifv2and

iareobtained,theunknownvariablesinSet2canbedeter-
:Z

minedfromKirchhoffslaws.Nextletusconsiderthecases

wheretheconditioninTheorem4｡1isviolated.choosinga

treeofG4whichcontainsamaximumofvoltagesourcesanda

minimumofcurrentsources,weget゛72‾μΓ£が0)-p(Eぴj/

equationsforthevariablesinSet2,whereれ2isthenumberof

thesevariables.Therefore,someofthevariablesareindeter-

minate,evenifvjandijZareobtained°工ngeneral'landijZ'

themselvescanbeobtainedonlywithcertainspecialrelations

amongtheelementvalues,asispreviouslyindicated.,

4.6CONCLUDINGREMARKS

TheconditioninTheorem4.1isequivalenttothecondition

2)inTheoremlofreference[4.3]orthecondition1)in

Theoremofrefere戸ce[4.4].Thenecessary.andsufficientcondi-

tion(4.9)and(4.10)fortheexistenceofacommontreeseems

63

●Φφ

ﾉ ㎜



tocorrespondtothefamousHall'sconditioninthematching

theory.[1'1][4.12】Equation(4.18)isainin=raaxrelationlike

Konig'sきりeorem.】Algorithm4｡2issimilartotheHungarian

methodtoobtainamaximalmatching･
[4.13]

I七isanefficient

algorithmtoobtainacommontree,ifoneexists,oranMCT,if

nocommontreeexists.

Althoughtheexistenceofacommontreeis,oftenguaranteed

bycheckingtheconditionofTheorem4｡2,itisnotsoforan

activenetworkmodelusingnoratorsandnullators.Thediscus-･

sionsinthischapterare,ofcourse,applicabletothe2-graphs

derivedfromsuchanetworkmodel,givingtopologicalconditions‘

andalgorithmstocheckthesolvability･
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CHAPTER5STATEEQUATIONSANDORDEROFCOMPLEXITYOFLINEAR

NETWORKS

5｡1INTRODUCTION

Thestateequations,asoneoftheimportantwaysofdescrib-

ingalinearnetwork.arewritteninaverycompactformwhich

onlyshowstherelationbetweenthefirstderivativesofthe

statevariablesandthestatevariablesplusexternalforces.

A11theothervariablesareeliminatedintheprocessof

derivingthestateequationsfromthenetworkequations.工n

general,thisprocessisverycomplicatedinthecaseofan

activenetwork,andtherelationbetweenthestateequations

andtheoriginalnetworkisdifficultto･observe.[4.2][4.3][5.1]

【5.2】Thedimensionofthestatespace.orinotherwords,the

orderofcomplexityofanactivenetworkdependsnotonlyonthe

networktopologybutalsoontheelementvalues｡

工nthischapterweinvestigatehowthetopologicalproperties

ofthenetworkandthepropertiesofthenetworkelementsare

combinedtoformulatetheS七ateequations.･Anupperboundon

theorderofcomplexitywhichcanbedeterminedfromthenetwork

topologyonly,isdiscussedinsection5.2.Ifthereisno,

specialrelationamongtheelementvalues,thenetworktopology

whichgivestheupperboundistocorrespondtothestatespace｡

Wederivethestateequationsforanactivenetworkunder

therestrictionimposedinsection1.2,tryingtomakeequations

whichappearintheprocessofderivation,assimpleaspossible

sothattherelationbetweentherelevantequationsandthe

networktopologycanbeobserved.Therearenetworks,however,
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towhichnounifiedprocedure,exceptcompletelyalgebraic

ones,toderivethestateequationsisapplicable.Weillus-

tratethedifficultiesencounteredintheprocessofderivation

bygivingseveralexamples.‘-

5.2ORDEROFCOMPLEXITYOFLINEARACTIVENETWORKS

Onthebasisofthe2-graphmethodTow【4.8]showedthatanl

upperboundontheorderofcomplexitycanbestatedwith■

respecttosomeparticularcommontree,whichhecalleda

maximaltree.Theconditionforamaχimaltreeseemstobe

rathercomplex.Wegiveamuchsimplercommontreewith

respecttowhichanupperboundontheorderofcomplexityofa

...[5.3】
generalactivenetworkISgiven.

UnlikeTowwereplacedacurrent-controlledcurrentsource

byacascadeconnectionofacurrent-controlledvoltagesource

andavoltage-controlledcurrentsource.Avoltage-controlled

voltagesourcewasreplacedinasimilarway‘HenceD6andD6

in(4.2)and(4.3),･respectively,areconstantdiagonalmatrices

and'lp-I"s.inthecommon-tree-iminittanceproductsn£四･nitarise

onlyfromthecapacitorsinthecommontreeandthe･inductors

initscotree.Let?(ybesuchacommontreethatthesumof

thenumbersofthecapacitorsinthecommontreeandtheindue-

torsinitscotreeis(J.Thenwecanrewrite:(4.8)asfollows.

@Heretheorderofcomplexityisthenumberofnaturalfre-

quenciesincludingthezerofrequency.Itisthesameasthe

dynamicaldegreeoffreedom.11°1]゜･･
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D
y
B
O

D

3

O
Q

十
一

一
一

(3

mα:X:

χ

0=1?

ぶ(sign?
(JJnajl6(JrIZ(J%on13(Jp"

(y

防.刀

where(sign?(JJisthesignpermutationforT,andnc
(J″H6び″

la″nr(yandSoaretheproductofthecapacitancesin?
(J″

theproductofthemutualconductancesofthevoltage-controlled

currentsourcesin7(J″theproductoftheinductancesinf″

theproductoftheresistancesini(y″andtheproductofthe

mutualresistancesofcurrent-controlledvoltagesourcesin7
(y″

respectively.Wedefineanormalcommontreeasacommontree

thatcontainsamaximumofcapacitorsandaminimumofindue-

tors.Thenwehave:

Theorem5.1

Anupperboundontheorderofcomplexityisequaltothe

sumofthenumbersofthecapacitorsinanormalcommontree

andthatoftheinductorsinthecotreeofthenormalcommon

tree.Theupperboundisthelowestpossibleifthenetwork

topologyonlyisknown.

Theupperboundisequaltotheorderofcomplexityifthere

isonlyonenormalcommontreeoriftherearemorethanone

normalcommontreebutthereexistsnospecialrelation

amongthevaluesofelementsspecifiedbythenormalcommon

trees.

NowletZaand･hbethesetsofthecapacitorbranchesand

inductorbranchesrespectively,andletr
と7beamaximalcommon
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subtree(amaximalsetofbrancheswhichcontainsnoloopin

eitherof2-graphs)ofらJぼjりandG£防｡jθJ'rcisthe

commonpartofacorrespondingpairofMCT'sofC7びrZaj刀and

Gir孔,j∂ﾉ.DuallyletP7beamaximalcommonsubcotree(amaximal

setofbrancheswhichcontainsnocutsetineitherof2-graphs)

ofG

^

?c【PZ

防μ幻andG.ぼがjJ'Contract[delete!thebranchesof

1

inGび(E,;幻andC7£r孔yj刀【と7び(E;月andGir召丿丿月

Thenanyofthebranchesingc,‾!rclgZ‾PZ】becomesaself-loop

[bridgeiineitherorbothofthederivedgraphs,becauseif

abranchisnotaself-loop[bridge]ineitherofthederived

graphs,itcanbeaddedtorc【Z】Z]″whichcontradicts,!Z7c,[PZ]

beingmaximal.LetPc[rZ]bethesetofbrancheswhichareself-

loops[bridges】inbothofthederivedgraphs.Thenwehave:

Theorem5.2

工facommontreer7?existsforthe2-graphsderivedfrom

と;りandG.bycontractingthebranchesofrcび?Zanddeleting

F^UP,then?゜rcびｱZび?j?isanormalcoiranontree.

Proof:Thesubtreeconsistingofcapacitors｡0fanormal

commontreeofGandG｡
pl.

% (E C;

alsoforms‘asubtreeinG17rgcj∂Jand

∂ﾉ.Thusthenumberofbranchesofthesubtreeisno

morethanthenumberofbranchesin?..Thedualstatement

'C

Isvalidforthenumberofinductorsin7

Q.E.D

■

NotethatT

?

containsnocapacitor.andi

j?″noinductor°

=ゝ
Nowletusconsiderthetransformationofconunontrees,or

thecommon-treetransformation,in2-graphs,asanextension

･ofthetreetransformationinonegraph.Contrarytothefact
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thatanelementarytreetransformationinonegraphisalways

possible,anelementarycommontreetransformationmayormay

notbepossible.Suppose?isacommontreeofGtjandG

andzisachordof?.

ｼﾞ

Theorem5.3

工fthereisasequenceofbranchesa:-Xq.X,..‘'^2k-1゛Z2k゛

a:2k+l″゛"･'^?.m°a;thatsatisfiesthefollowingconditions;

(i)'^2k+lisinthefundamentalloopinG[G.:]definedwith

respec七to?byz2k゛k°0,1,..,m-l,and゛2だisinthefun-.

damentalcutsetinら;[C7ﾘ]definedwithrespectto?byz2Å:-2″

k=lj2｡...m,

(ii)thereexistsnosequencewhichisproperlycontainedin

thesequenceandsatisfiescondition(i),

then″theset{x^.a:3''･･';x:2k+1'･･'こx:2m-いcontainsnocutset

inG
lj
【G

‘£】″andthesetix^.゛2j"'j2'2だJ.･･,a:2m-2}containsno

loopinG£[GzJ]゛

Proof:Supposethattheset{xjy゛3"'･'a:21
<.+1'゛‥ja:2h十P‥゛j

剛?･-ﾉcontainsacutsetinG
び[G.Uandthatthecutsetcontains

a:2k+l'Brancha:2k+lbelongstothefundamentalloopdefinedby

a;2kSincealoophasanevennumberofcommonbrancheswith11

cutset,thefundamentalloopmustcontainonemorebranch,say

''2h-hl'i'^thecutset.Let2k+lく2h+l,thenthereisasequence

ofbranches^O''^!"･･'^2k'^:2h十P‥゜jz2?7?″whichsatisfiescondi-

tion(i)andisproperlycontainedin゛∂'゛j'‥･*^2k'^2k+l≫"･･≫

^2h+V‘‥jz277?‘Thiscontradictscondition(ii).Theprooffor

therestofthetheoremissimilar.
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Theorem5.4

.Ifthereisasequenceofbranchesa:=:x:,x,...,x
一1″Z2k゛

Z･2k+･1'"｀,x2m°zthatsatisfiestheconditionsinTheorem5.3″

thei＼Z

2k十'Il

k°1,2,..jin-l″isnotcontainedinthefundamental

loopsdefinedbvXq,X,.‥″゛2友
一2

inて;

び

【(7
i;
)″andZ2k″k°2,3,‥j

m,isnotcontainedinthefundamentalcutsetsdefinedbyzj″

゜;J″゜,‥‘゛Z2k-J

inQ[(7

び

)

゛

Proof:Supposez2几子jiscontainedinthefundamentalloop

defined'byz

27z

防くたﾉ.ThenthereisasequenceXq|X^,...|

'^2h'^2k+l""'^2mwh

ichsatisfiescondition(i)and･is

properlycontainedinthesequenceIx.,x.,.‥″゛2y'‥'^2k'^2T
<.+l"

‘゛″z2177'

Thiscontradictscondition(ii).Theproofforthe

restofthetheoremissimilar.

Q.E.D

Theorem5.5

工fthereisasequence‘ofbranches^~^O'^1'**"^21<.-I'^2k'

Z2k+1゛‘･･･/3u2m°ZsuC1!thatsatisfiestheconditionsinTheorem

j･●
5.3,then-

●尻-j

?″'?びr

k

lj

∂

{z政}J'｢

詞

･び

k=1

{゛2k-2}J
(5.2)

i弓anewcommontree.0fGljandG£"'

Proof:¥ieprovethat?″isatreeofく7ﾘ'Byanelementarytree

transformationwecangetatreeofG^″孔Z°?.ひa7∂‘a;j°since゛

Z2k十■1'^°1,2,...,m-l″isnotcontained｡inthefundamentalloops

definedbya;,withrespecttoTfromTheorem5.4,andthusthe上

fundamentalcutsetdefinedbyZ2k+1″k°1,2,....m‾j″with

respecttordoesnotcontainx.″thefundamentalcutsetdefined
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byZ2k+l'･lc°1,2,･'‘,m-‘1″withrespecttoTwhichnowincludes

●
りasatree-branch,remainsunchanqedandstillcontainsx,,

thatis.thefundamentalloopdefinedby==

2kviithrespectto

?jstillcontains^
2k+l'Thusanothertreetransformation

?2'!Z7jびz2‾zJispossible°Furthermorex:
2k+l'k°2,..,m‾2″is

notincludedinthefundamentalloopsdefinedby^

2"-"''2k-2･

withrespectto?j‘Repeatingtheprocess″wegetatreeof

と7.B･ythedualdiscussiontotheabovewecanshow7fisa
び

●

cotreeofG.,andhence?″isatreeofて;‥工tfollowsthat
tl.

2"isacommontreeofC7andG‥

び2.

Q.E.D.

Wecangivethedualdiscussionstotheaboveconcerninga

coinmontree?andasequenceofbranchesstartingwithatree-

branchof?insteadofachord.

Nextweapplytheabovetheoremtoanormalcommontreeof

こ7

ぴ
andC7i'LetTbeacoiranontree.Weassignaweighttoeach

branchasfollows.Weightωkofbranchz
たis1″ifa;たrepre-

sentsacapacitorinioraninductorinT,-1,ifz

krepresents

acapacitorin?oraninductorinT,andootherwise.

Theorem5.6

工fthereisasequenceofbrancheszごz
o'^i'-"ぶ2k一1″Z2k゛

a:2k+l'"‥'^Zm°ZthatsatisfiestheconditionsinTheorem5.3

foranormalcommontreeT,thenthesumoftheweightsassigned

tothebranchesinthesequenceisnon-positive,thatis.

ω∂ ﾁω7 ･f...+ω2k-l ﾁω訣 ﾁω2たﾁjﾁ...ﾁﾞﾘ'm-li' (5.3)

Proof:Ifthesumoftheweightsispositive,thesumofthe
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numbersofcapacitorsin!randinductorsinicanbeincreased

byperformingthecommon-treetransformationspecifiedin

Theorem5.5,whichcontradicts?beinganormalcommontree.

Q.E.D.

Corollary'5.1

ThereiS'nosequenceofbranchesX―X_|X^I･･･f≪C:2k-lぶ2k'^2i<.+l'

･･･f2C =zthatsatisfiescondition(i)inTheorem5｡3(not
加

necessarilycondition(ii))foranormalcommontree?with

りﾘ″andωﾄﾞωﾀﾞ'‘ヴω加-r°-

Proof:ｴfasequencesatisfyingonlycondition(i)existed,T'

obtainedby(5.2)mayormaynotbeacommontree,butthe

sequencecontainsasubsequencewhichalsosatisfiesconditions

(i)and(ii).･Acontradictioncanbeshownforthissubse-

quence″sinceitcontainSXWhoseweightω∂゜j゛

Q.E.D.

Anefficientalgorithm･toobtainanormalcommontreeIsnow

available.
[5.4】

Althoughthevoltagesofthecapacitorsinanoinnalcommon

treeandthecurrentsthroughtheinductorsinthecotreeof

thenormalcommontreearetoconstituteasetofthestate

variables,derivationofthestateequationsforthesevariables

sometimesneedsacompleχprocess.

5.3STATEEQUATIONSOFLINEARACT工VENETWORKS

☆･Inspiteofthesimplestatementontheorderofcomplexity

4nterms｡0fanormalcommontree,weencountersubtledifficulty
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inderivingthestateequations･ifVJGuseanormalcommontree.

Herewediscussderivationofstateequationsusinganover-

normaltree.[1‘2]【5°2H5°5】

WefindanovernormaltreeofG*,denotedbyT,havingthe･

followingproperties.

1.Tcontainsalltheindependentvoltagesourcesandcurrent

sensors.

2

3

4

5

6

!Tcontainsamaximumofcontrolledvoltagesourcesconsist-

entwithproperty1.

7containsamaximumofcapacitorsconsistentwithproper-

tiesland2.

?containsnoindependentcurrentsourcesnorvoltage

sensors.

rcontainsaminimumofcontrolledsourcesconsistentwith

property4.

?containsaminimumofinductorsconsistentwithproperties

4and5.

Atreehavingtheabovepropertiescanalwaysbefoundin

G4withthetopologicalrestrictions(ii)specifiedinsection

1.2.Nowweassumethat?containsallthecontrolledvoltage

sourcesbutnocontrolledcurrentsource.Theelementsin?,･

thatis,theindependentvoltagesources,currentsensors,

controlledvoltagesources,capacitors,resistorsandinductors

in?areindicatedbye,a,B,a,gandf,respectively.The

elementsinthecotreeofT,thatis,theindependentcurrent

sourceszvoltagesensors,controlledcurrentsources,inductors,

resistors.andcapacitors･in7areindicatedby3,t.&rI,『

ands,respectively･
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(5.4)V

'c

va

＼

Nowinordertomaketheform.ofthenetworkequations

βimplerwereplaceresistorsinrandibytheircontrolled

sourceequivalentsasshowninFig.5.1(a)and'(b)respectively.

Ξ

o
-
~
～
乏
く
~
o

Ξ

o
卜
ぶ
9
卜
o

』

↓
十
一

白
中

'

由
ヅ

Ξ

o
-
^
W
A
―
o

千
(b)

汗疹 氷水 C

(C)(d)十

Fig.5.1(a)Equivalentcircuitforaresistorin!T.(b)Equivalent
-

circuitforaresistorinT.(c)Equivalentcircuitfora2

inductorinT.(d)Equivalentcircuitforaninductorin?.

Thenetworkequationsare,then.
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Z

6

i

i

V

V

(5.5)

a｡幻

(5.7)

whereV.and･i'.arethevoltageandcurrentvectors,respec-

tively,associatedwiththeelementsasnotedbythesubscripts

B..andQ..arethesubmatricesoftheprincipalpartsofthe

fundamentalloopandcutsetmatrices,respectiφely,associated

withtheelementsasnotedbythesubscripts‘D,D″DZ″Df″

DaaandD6Yarediaqonalmatricesoftheelementvaluesasare

respectivelyindicatedbythesubscripts.sincewearemainly

concernedwiththestateequations,wearesatisfiedwithout

iiranediatelyknowingthecurrentsthroughthevoltagesources

orthevoltagesacrossthecurrentsources.Thereforetheヽ

equationsforthesevariablesarenotshown｡

Wefirsteliminate臨and%fromtheequationsin(5.7)

andthefirstequationsin(5.4)and(5.5).Thenweget

M(x6v6°'Q(xsis'＼iH'Q.1.

ﾁ‰6D6YrBYfvfﾁBYaSﾁﾞBY?y
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y66°'Bが,v

where

-Bv-Bv
YCayee

ﾁB
祁DβCQi+Q,i,+Q.i.;,

M邱゜D6(z‾j
z

'Q(x6D6YB傾

MY6°D6√j‘BY6D6(XQa6

ぽ.幻

(5.ﾕ0)

(5.11)

WeobservethatM(x6orM‘Y6becomessingularifandonlyif

themuiﾆualresistancesinD
恥
andthemutualconductancesin

hysatisfyacertainrelationspecifiedbythenetworktopol-

ogy.Wedistinguishthecaseswherethisoccursfromthecases

wheretherankofamatrixdecreasesduetothenetworktopol-

ogyonly.Iftheelementvaluescanbechosenarbitrary,M^^

andMY6canbemadenonsingular.andwecansolve(5.8)and

(5.9)forVg andi6 .Thenfromthethirdsetofequationsin

(5.4)and(5.5)weobtaintherelationbetweenv,
S

り' whichcanbewritten■intheform;

where

^6a

V
S

V

゜H,

R
1
O

t
I

一
一ｆ8

H

s

勺

+H

7
V

C

i

乙

じJO
剛
｡

8

哨
ﾄ
に
1
0
し

1
1
1
剛
｡
‘

o
y

U

Y6D

V
e

ﾘ

S

夙
に

1 0
ﾚ

ｰ

<
o

D

6
Ua

Q
一

a
Q
μ

andM6yaretheinversematrices‘ofM(16

1
1
J
‥
‥
'

>
-

O
B

and
"y6

●●?″s
and

(5.12)

(5.13)

respective-

1y･

工f"a/isnonsingular″then(5.12)canbesolvedforsand

vf'Eliminatingthesevariablestogetherwith'aandHusing
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(5.5),weobtainasetofstateequations.Theorderof

complexityforthiscaseisthesumofthenumbersofcapacitors

andinductors.工f'sfissingularandthenullityofthe

matrixisy≫,theremustbeμsfrelationsamong^'V″vcand

ij(Possiblysomeofthethesevariablesmaybecomecoりstant.).
･-←

Thusanupperboundonthenumberofstatevariablesisgiven

bythesvunofthenumbersofthecapacitorsin?andinductors

iniplustherankofHsf'Thereforeweinvestigatetherﾀink

ofthismatrixinthefollowing.

Therearefourmatricesontheright-handsideof(5.13).

Thesecondandthethirdmatricesaresquareandbecomesingular

‘onlyiftherearecertainrelationsamongthemutualresistances

inhaandthemutualconductancesinD6Y‘Therankofthe

othertwomatricescanbedeterminedfromthenetworktopology

only°WedefinegraphGびs[Gis]゜sthegraphobtainedfromthe

voltagegraphGび[thecurrentgraphGに]bycontr°ctingtheca‾

pacitorsin?andtheinductorsinT,andbydeletingthe

inductorsinf,thevoltagesensors[thecontrolledcurrent

sources]andthecontrolledvoltagesources[thecurrentsensors]

leavingonlythecapacitorsini.Thenwehave:

Lemma5.1

TherankofB
邱

Proof:

(7
びS6
[G.

[Q

SubmatrixB

as

邱

1

【Q

isequaltotherankofG
びS
[‰s]

[χS

]

correspondstothegraph,denotedby

],obtainedfromGﾘ[Gぞlbycontractingallthetree-

branchesexceptthecontrolledvoltagesources[currentsensors]

andbydeletinga;Llthechordsexceptthecapacitorsiny.

ThenLemma5.1followsimmediatelyfromCorollary2.2[Corollary
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2｡1]

WealsodefineG

Q.E.D.

好'IG‘£f]゛lsthegraphobtaine‘dfromGlj[Gii]

bydeletingtheinductorsin!randthecapacitorsinT,and

bycontractingthecapacitorsinT,thecontrolledvoltage

sources[currentsensors】andthevoltagesensors[controlled

currentsources],leavingonlytheinductorsin?.Then:

Lemma5.2

TherankofB
T丿qμ]isequaltothenullityof%丿%f]

Corollary5｡2∇

Matri°cBj6[Q]issquareandnonsingular1f'゜11donly'if

て;

びS6
【G£[ふ] isagraphconsistingofapairofdisjointtrees.

thatis,atreeofcontrolledvoltagesources[currentsensors]

andatreeofcapacitors.犬丿

ThedualcorollarytoCorollary5.2canalsobestated,but

isomittedhere.lﾄ...,●',.

Theorem5.7

rankof"≫r <_minfranicofG十nullityofG町'
=

S波ofG.+nullityofV-(5.14)

Proof:ApplyingSylvesterlstheoremfortherankofamat'r･ix

product,Lemma5.1andLemma5.2to(5.13),weeasilygetthe

result.‘ﾉ

Q.E.D
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Nowinordertomakethefollowingdiscussionssimplerwe

furtherreplacealltheinductorsinthenetworkbytheir

equivalentcircuitsasshowninFig.5.1(c)and(d).Then

thetermswithsubscriptsZandfin(5.4),(5.5)and(5,6)

disappear.Thetermsconcerninginductorsarealsodropped

from(5.8),(5.9)and(5.12).Fromtheresultantequations

weobtain

ﾁ

B卵M

‰6M

陥
ﾚ
ﾚ
し

Ba^as0is°UBscﾁB卵MS(XQ(x6D6YBμvs

6YB叩%(z(‰り

JE)1

0(‰M6YBYc

)ﾌﾞ]

sg.ﾅB卵M13(xq(16D6｀yB^YeB卵M13(XQ(xj｀'g(5.15)

丿
‰6M6YB咋Qｶﾞﾁ‰6M6YB祁

V]

゜

Wearenowgoingtoderiveasetofstateequationsfrom

(5.15).LetusdenotetherankofB.M
Sa^as byps'Therank

ofthematriχinthe'left-handsideof(5.15)isthesumof

Psandthenumberofthecapacitorsin?.工fthereexistsa

(%xps) nonsingularprincipalminormatrixinBs6M6(x Q

cχs
we

-procedeasfollows.Firstdividingthecapacitorsin7into

twosets,indicatedbySiandS2.suchthatthecapacitorsin

thesecondsetcorrespondtothenonsingularprincipalminor

matrix.wecanwrite(5.15)as

0

^2si

whereA
2S2

0

'^2S2

'^3S2

0
0
U l

C
M

(
0
T
O
O

v
*
'
"
"
~
'
^
/

1Sｱ

ド
一
一

K182

U
O

K

C
O
C
O
^

>
ﾚ
ﾚ
>
に
卜
>

ド F
Fｅ

ａ
j
2

Ze

F

and2siarenonsingular.kliminating.is
l″is2

andobyuseof!5°6)andthenvsl″wehave
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Thematrixontheleft-handsideof(5.17)isnonsingular

unlessthereexistsaspecialrelationamongtheelement

values.Nofurtherdecreaseintheorderofcomplexityis

causedbythenetworktopoﾕLogyonly.】Asetofstate

equations,canbeobtainedbymultiplyingtheinverseofthis

matriχtobothsidesoftheequation.Notethatonlythe

firstderivativetermsoftheindependentsourcevoltages

and/orcurrentsmayappearinthestateequations.工fthe

matrixintheleft-handsideof(5,17)issingular,theprocess

usedtoderive(5.17)from(5.16)isrepeated,andeach

repetitionoftheprocessmayyieldhigherorderderivatives

oftheindependentsourcevoltagesand/orcurrents.Suirana-

rizmg.wehave:

｢rheorem5.8

工f

(i) ?containsallthecontrolledvoltagesources.butno

controlledcurrentsources,

(ii)nospecialrelationamongtheelementvalues,orthe
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elementvaluesarearbitrary,and

(iii)B s6M恥%shas゛l(ps゛%)nonsingularprincipalminor

matrix,

then

(i)M(x13andM.arenonsingular″･

(ii)thecoefficientmatrixintheleft-handsideof(5.17)

isnonsingularandvandvconstitutetheSta七evari-
aS2

ables,and

(iii)atmostthefirstderivativesoftheindependentsource

voltagesand/orcurrentsappearinthesta七eequations.

Nowwelookintothenetworks,forwhichtheconditionsin

Theorem5.8donothold.

Case1-1.EveniftherankofB

alwaysexistsa(psxp8)

s6M6(XQ(zs･is‰'theremaynot

nonsingularprincipalminormatrix

Fore?<ample″ifcapacitorC2 inthenetworkshowninFig.5.2

isincludedinanovernormaltree.B-M

り

∂

り

り

り 十r3

∂

り

rl+r3

り
ﾁr3

θ

り

ﾁ『

勺 ﾁrJ

恥 ‰s
1S

Therankofthismatrixiseasilyseentobe3,butthereis

no(3×3)nonsingularprincipalminormatrix.Thelargest

nonsingularprincipalminormatrixisa(1×1)matrix.The

orderofcomplexityofthisnetworkis2..Thereisno(psxps)

nonsingularprincipalminormatrixforanyovernormaltreeof
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thenetwork.Forthiskindofnetworkthederivationofthe

stateequationsneedsmorecomplexprocesses.

→●/¶β

%

Fig.5.2Example5.1(byT.Nitta[5.5]).

£旦旦旦二二二旦'Forsomenetworkstheexistenceofa(pxp)non-

singularprincipalminormatrixdependsonthechoiceofthe

7overnormaltree.工fcapacitorぴjinthenetworkshownin

Fig.5.3a'SExample5.2isinC:Ludedin?″therankofB邱M6(XQ(zj‘

is2,butthereisno(2×2)nonsingularprincipalminor

matrix.Someotherovernormaltree.･however,sayatreeべ

withcapacitorと77asatreeelement″leadstothematrix

with(2X2)nonsingu:L&rprincipalminormatrix.Theorder

ofcomplexityofthisnetworkis3.犬十l

←.

%

-

Fig.5.3Example5.2

9
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Case1-3.ForthenetworkobtainedfromthenetworkinFig.5.2

byexchanginga3and6J″Wegeta(pxp)nonsingularprin-

cipalminormatrixforanypossibleovernormaltree.The

networkisshowninFig.5.4asExample5.3.

%

→

Fig.5.4Example5.3(byT.Nitta[5.5】).

じ

Letusnowstudythecaseswheretherearesomespecial

relationsamongtheelementvalueS,andMaFOrydbecomes

singular.工nthesecaseswegobackto七heoriginalnetwork

equations.工tmayormaynotbepossibletogetasetofstate

equationsdependingonthenetworktopologyandtheelement

fvalues,asareillustratedinthefollowingexamples.

Case2-1.Evenif･M
卵 issingular.asetofstateequations

canbeobtained.AnexampleisgiveninFig.5.5asExample･

5.4.工frjZ°1'j″M(zFforthisnetworkissingular,buta

stateequationforびS2

Case2-2.M

canbederived.

卵
issingular,andsomeofthevariablesin(5.4)-

(5.7)areindeterminate.Nosetofstateequationseχists.

Fore°c゛17ple゛ifr191°1.inExample5゛5inFig.5°6″M(x6is

singularandﾘ

Case2-3.M

6･1
isindeterminate

邱
issingularandnosolutionofthenetwork
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引

-

g

S

||

Fig.5.5Example5.4

Fig.5.6Example5.5

→

り

●

り1°j?″M(x6issingular°Nosolutionof七henetworkequations

existsforび
~
ﾒ∂
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a

Fig.5.7Example5.6

-

Theorderofcomplexitymayormaynotdecreasecompared

withthenetworkwiththesamenetworktopologyandelement

kindbutwithnonsingularM(x6orMY6･FromExample5.4adis-

advantageofusinganovernormaltreecanbepointedout.The

priorityof‘current-controlledvoltagesourcestobeincluded

inanovernormaltreeishigherthanthatof'capacitors,and

thepriorityofresistorsis｡lowerthanthatofcapacitors.

Therearecases.however,whereacurrent-controlledvoltage

sourcecanberegardedasonlyaresistor,rather,thana

mutuallycouplingtwoportelement.Thenthecapacitorwhich

constitutesaloopwithsuchacurrent-controlledvoltage

sourcecanberemovedfromthecotreeandincludedinthetree.

Inthesecases,therefore,itcanbesaidthatthenumberof｀

capacitorsinthecotreebecomesunnecessarilylargedueto

thepriorityspecifiedfortheovernormaltree.工ncidentally

Example5.4servesasacounterexampletoTheorem30frefer-

ence[1.2],showingthatthetheoremisnotalwaysvalid｡

Finallyweremarkonthecondition(i)inTheorem5.8.工t

isexactlythesufficientconditioninTheorem4｡2forthe

existenceofacommontreeofthevoltageandcurrentgraphs.
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Thusitguaranteestheexistenceofstateequationsifthere

ヽisnospecialrelationsamongtheelementvalues.Moreover

itsimplifiestheformofthe･networkequationsascanbeseen

in(5.4)and(5.5)｡,andmakesitpossibletotreatanactive

networkalmostlikeanRLCnetwork.Itisnotanessential

condition,however,fortheexistenceorthederivationof

stateequations.

5｡4CONCLUDINGREMARKS

Thestateequationsandtheorderofcomplexityofactive-

networksarestudiedfromthenetworktopologicalpointof

view.withtheefforttopreservethetopologicalproperties-

inthemanipulations,wehavesucceededinshowingtheresults

whichareverymuchalikethoseofRLCnetworks.Theorder

ofcompleχityisstated‘withrespecttoanormalcommontree.‘

whichisexactlya.directextensionofanormal･treeofan

RLCnetwork.Thestateeqﾘationswhichcanbederivedfrom

(5.17)hasonlythefirstderivativetermsofexternalforces

likethepassivecase.Aquestionmightarisethatthederiva-

tionofstateequationsusinganormalcommontreeinsteadof万

anovernormaltree,wouldbemoreappropriate.Usuallywe

havetogothroughal!lorecomplicatedeliminationprocessif

weuseanormalcommontree.一一･
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