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CHAPTER 1  ELECTRICAL NETWORKS AND GRAPHS

1.1 INTRODUCTION

The application of linear graph theory to electrical network
analysis can be dated back to the middle of the nineteenth
century, when Kirchhoff applied topological concepts to formulate
the loop-basis network equations. Although in the first half of
the twentieth century Kuratowski and Whitney made importan;
contributions in the developement of graph theory by introducing
many useful concepts, the épplication of topological methods to
netﬁork analysis had not made significant édvancement until the
beginning of the second half of the century.

In 1950's and 1960's a great number of so-called topological
formulas were given for both passive and active networks. Many
elaborate topological techniques were presented to handle net-
works containing mutual inductors; transformers, gyrators,
controlled sources and so on. During that period the state-
space approaches to network analysis also began to attract wide
attention of network theorists. The formulation of the state
equations for an RLC network was well established making full
use of topological properties of the network. Extensive efforts
were made to derive the state equations for various types of
networks.

In recent years the application of digital computers to net-
work analysis acceleratéd the need of systematic method. Graph-
theoretic approaches have been found useful to the systematic
formulation of the network equations and‘the state equations, to

the reduction of computation time and memory size, or to the



handling of ill behaviors encounted in computing.

. The purpose of this dissertation is not to present the full
scope of computer-aided network analysis, but to give fundamental
investigations to the network topology, which offer underlying
principleé to solve the fundamental problems arising in computer
application to network analysis.

In the remaining sections of this chapter the restrictions 6n
tﬁe networks considered in this dissertation are explained, and
a briefhdescription:of a graphical method, called the 2-graph
method, is given.

Some of the fundamental properties of mulfi—Colored-branch
graphs, which can represent electrical networks in a Very conven-
ient way, are discussed in Chapter 2. The results derived in
the chapter are used in‘the following chapters.

The networks considered in Chapter 3 are RLC networks, which
contain no mutually coupling elements. The topological proper-
ties usefulAfor the mixed'analysis of such networks are derived.

So-called active networks are considered in Chapters 4 and 5.
Although the édjective "active" is originally concerned with the
generation of energy in the networks; now it is often used to
signify the existence of mutually coupling elements, especially
controlled sources, which may or may not generate energy.

.The problem of solvability, one of the most fundamental and
important problems in electrical network analysis, is studied in
Chapter 4, and a'solution to this problem is given. The theorems
and algorithms obtained.in the chaptér p?ovide a fundamental
contribﬁtion in electrical network analysis.

In Chapter 5 the state equations and the order of complexity



of active networks are studied from a topological point of view.
The way how the network topology is related to the final form.

of the state equations is clarified, and a graphical solution to
the problem of the order of complexity is given in a very compact

form.

1.2 NETWORK RESTRICTIONS

The graph of a network is obtained by replacing all its
elements by simple line ségments. We denote the network to be
consideréd by ¥* and its graph by G*. The asterisk on the
shoulder of ¥ indicates that the network contains independent
sources. The network obtained from #* by contracting independent
voltage sources and deleting independent current sources is
denoted by N. The network N is é so-called free-network. The
graph of N is denoted by ¢G.

For the simplicity of the presentation of the graph-theoretic
approaches which will be discussed in this dissertation, we
.impose the following restrictions on ¥*.

(i) Restrictions on the network elements.

The network N* contains only those elements that are listed:
below. The symbols indicating the elements and the numbers of
the elements are also listed.

In Chapter 3:

elements symbols numbers of elements
independent voltage sources e n,
independent current sources J nj
fégistors e L r n,



inductors 1 nZ

capacitors c n

In Chapters 4 and 5, in addition to the above:

elements symbols numbers of elements
current-controlled voltage sources a, B nB
voltage-controlled current sources Y, 6 n6

A current-controlled voItage source[voltage-controlled current
source]@ is a twoport element consisting of a current sensor
[voltage sensor] and a controlled voltage source[current source],
as shown in Fig.l.1[Fig.1l.2]. The voltage vs current relation

of the element is given by (1.1)[(1.2)].

1
i
1 1 2
v, 1 2 \ Y
|
(a) (b) (a) (b)
Fig.1.1 (a) Current-controlled Fig.1l.2 (a) Voltage-controlled
- voltage source. a: current - current source. Yy: voltage
sensor, B: controlled voltage " sensor, &: controlled current
source. (b) Graphical repre- source. (b) Graphical repre-
sentation. sentation.
v, =0 .
1 } | | (1. 1)
Vg =-B15%1
1, =0
T (1. 2)
tp = 815Y1

@ The repetition of the dual sentence is avoided. The words in

[..] are to replace their preceding words in the dual sentence.
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The other elements which may appear in a usual active network,
such as mutual inductors, transformers, gyrators and impedance
convertors, can be replaced by their equivalent controlled-source

[1.1]

representations. A current-controlled current source can be

replaced by a cascade connection of a current-controlled voltage

source and a voltage-controlled current source.[l'zl

A voltage-
controlled voltage source can be replaced similarly. Thus in
spite of the above restrictions we suffer no loss of generality
of the network which we are considering.

(ii) Restrictions on the network topology.

(1i-1) There is no loop consisting of independent voltage
séurces and/or current sensors only, nor cutset consisting of
independent current sources and/or voltage sensors only.

(ii-2) A controlled source is controlled by a sensor.

The first restriction (ii-1) is imposed so that the definitions
of the independent sources are consistent with Kirchhoff's
voltage and currént laws. A current sensor or a voltage sensor
is essentially a short- or an open-circuit element respectively.
Then a loop consisting of current sensors or a cutset consisting
of voltage sensors has no meaning in a usual electrical network.

The second restriction (ii-2) is imposed so as to be the :
network topology consistent with the restriction (i) on the
network elements and the definitions of the controlled sources
as given in Fig.l.1 and Fig.1.2. Thus if, for instance, many
voltage soﬁrces are controlled by a current through an element,
as many currentasensors as the sources are inserted in series
with the element. The existence of a current[voltage] sensor

which is not in series[parallel] with an element, is allowed.



Therefore we are considering quite wide varieties of network

topology.

1.3 DERIVATION -OF VOLTAGE AND CURRENT GRAPHS

In Chapters 4 and 5 we will use the 2-graph method.[l'3]
The 2-graphs, or the voltage and current graphs, denoted by
Gv aﬁd Gi’ are the graphs of network Nv and Ni respectively,
which are derived from N* in either of the following two ways}‘
To derive Nv[Ni] from wxy [1.1]
(i) ‘Obtain Nv*[Ni*], which represents the voltage[current]
relations in ¥*, by deleting[contracting] independent and control-
led current sources|voltage sources], and contracting[deleting]
current sensors[voltage sensors]. Then contract[délete] independ-
ent voltage sources|[current sources].
(ii) Obtain N from ~N*, and then delete[contract] cohtrolled
current sources[voltége sources] and contract{delete] current
sensors [voltage sensors].

From the derivation of v, and N, it can be easily seen that
anvélement in ¥ appears as a branch in Gv and'Gi. Thus a branéh
in Gv and a branch in Gi have a one-to-one correspondence to
each other. The corresponding branches in Gv and Gikare often
rega:r.:ded.as the same branch appearing in different gfaphs, and are
usually given the same identification. Of cource the numbers of
branches of GvAandvGi are equal. An eéxample of Gv and Gi for a

given network is shown in Fig.l.3. The suffixes of the symbols

indicate the corresponding sensors and controlled sources.

o



(b)

Fig.1.3 Example 1.1. (a) Network N*. (b) Voltage and current graphs,

G . and G..
v 1

The above procedure to derive the 2-graphs is applicable to
networks containing-controlled sources. The derivation of
2-graphs from active network model using norators and nullators
[1.4] is as follows. |
To. derive Nv[Ni] from N*: | '
(i) Obtain Nv*[Ni*] by deleting[contracting] independent current
sources [voltage sources]. Then delete{contract] norators and
contract(delete] nullators. '
or:

(ii) Obtain ¥ from ¥* and then delete[contract] norators and
contract[delete] nullators.

The 2-graphs derived from a network using norators and
nullators contain thé brancheé corresponding to resistors,

inductors and capacitors only.



CHAPTER 2 PROPERTIES OF MULTICOLORED-BRANCH GRAPHS

2.1 INTRODUCTION

A multicolored-branch graph is such a linear graph that the
branches of the graph are partitioned into severél sets, aﬁd a
certain color is assigned to the branches bélonging to each of
the sets to signify the nature of the branches. For instance,
if the graph represents an electrical network, the sets of
brancheé méy correspond to resistors, caéacitors and inductors,
or may correspond to passive elements and active elements. Two-
coiored—branch graphs were introduced by Reza to investigate the

[2.1]

order of complexity of electrical networks. Hattori

presented a theory of multicolored-branch graphs and used it in

the derivation of the state equations of electrical networks.[2'2]

(2.3] He introduced the concept of the degree of interference
of loops or cutsets in multicolored-branch graphs, as is defined
in section 2.2. The order of complexity of a linear passive or
active network was given in terms of the degree of interference

of loops or cutsets. [2+21[2.3]

2.2 NOTATIONS AND BASIC PROPERTIES

Let us first give some notations concerning multicolored-
branch gfaphs. Given an arbitrary graph G; we partition the
branches of G into sets Agr Agreves Aﬁ.. A coloring of branches
of G, or_ simply a coloring, is an aésignment of colors to the
bfanchés of G. In other words, a coloring is a specification of

the partition of the branches into sets Al’ A2,..., Am. For

8



simplicity, we denote the colors of the branches in sets AZ’ A2,
e+, and Am also by Al’ A2,..., and Am’ respectively. With a
particular partition of branches or coloring thé graph is denoted
by G(AZ’ A2,.;., Am). In the following we often delete or
contract all the branches in a set. If, for instance, all the
branches in set A1 are deleted or contracted, the graph obtained
by this operation is denoted by G(o, A2,..., Am) or G(1, A2,...,
Am) respectively. ' Thus Ak(k=1,2,...,m) are regarded as variables
taking one of Ak’ 0 and 1. Furthermore, we often pay attention
to a particular set of branches only, and delete or contract the
rest of the branches. 1In such cases the partition of the rest

of the branches is insignificant and indicating it merely makes
the notaion unnecessarily complex. Thus if we delete or contract
all Fhe branqhes except those in a set, say Ak' we denote the

derived graph by G(Ak; 0) or G(Ak; 1) respecti&ely. The rank and

A )

nullity of G(Al’ AZ""’ Am) are denoted by D(AJ: AZ""’ m

and “(Al’ AZ""’ Am) respectively.
The complementary set of 4 is denoted by 4, and the number of
elements of 4, by MI.

Now we give some basic properties of a 2~-colored-branch graph

G(A, B). It is obvious that[z’zl
p(As B) 2 0(A, 0) > 0(A, 1) >0 (2. 1)
u(A, B) > u(4, 1) > u(4, 0) > o. (2. 2)

The following theorem is most fundamental.

Theorem 2.1

max (number of tree-branches of color A) = p(4, 0) (2. 3)



min(number of tree-branches of color A) = p(4, 1) (2. ¢4)

mazx (number of chords of color A) = u(4, 1) (2. 8)

min(number of chbrds of color A) = u(4, 0) (2. 6)

max (number of tree-branches of color B) = p(0, B) (2. 7)
min(number of tree-branches of color B} = p(1, B) . (2. 8)
max (number of chords of color B) = u(l, B) (2. 9)
min(number of chords of color B) = u(0, B) - SR (2.10)

wﬁere the maximum or the minimum in the above equations is taken
over ali‘trées of G(4, B). |

Proof: We notice that a tree[cotree] is a subgraph which
contains no loopl[cutset], and that deletion[contraction] of
branches yields no loop[cutset]. Hence the deletioﬁ[contraction]
of branches of color B leaves the tree-branches[chords] of.

color A to form a tree or a part of a treel[a cotree or a part of:
a cotreel in G(A, 0)[G(A, 1)]. It is obvious that there is a
tree[cotree] of G(4, B) which contains the "branches of a tree
[cotree] of G(A4, OHG(A, 1)]. Thus we have (2.3)[(2.5)]. If

the number of tree-branches[chords] of color 4 is maximum, the
number of chords[tree-branches] of color A is minimum. Hence we
have (2.6) from (2.3)[(2.4) from (2.5)]. We can get (2.7)-(2.10)

from (2.3)-(2.6) by merely replacing color A with color B.

Q.E.D.

Theorem 2f2[2-2][2.4]
P(4, B) = p(4, 0) +0(1, B) = p(4, 1) + 0(0, B) . (2.11)
U(A, B) .= U(A, 0) + u(l, B) = u(A, 1) + U(o, B). (2.12)

Equations in (2.11) and (2.12) can be interpreted in terms of

10



the numbers of tree-branches or chords of special trees of
G(A, B). From (2.3) and (2.8) we see that the first equation
in (2.11) corresponds to a tree of G(A, B) which contains a
maximum of branches of color 4 and accérdingly a minimum of
branches of color B. The other equations in (2.11) and (2.12)

can be interpreted likewise.

2.3 DEGREE OF INTERFERENCE OF CUTSETS AND LOOPS

A loop or cutset in'G(Al, AZ""’ Am) is called k-chromatic
if the total number of colors assigned to the branches in. the
loop or cutset is exactly k. The degree of interference of
cutsets[loopg] in G(Al, A2,..., Am), denoted by 5(A1? A2,..., Am
[ﬁ(Al, Agsenes Ah)], is the minimum number of m-chromatic
cutsets[loops] in a set of p(Al’ A2,..., Am)[u(Al, AZ””’ Am)]
independent cutsets[loops}, the minimum being taken ovér all
possible such sets.

For a 2-colored-branch graph the degree of interference of

cutsets or loops is given as follows. [2+2]
p(4, B) = p(A, B) -~ p(A4, 1) - p(1, B) = o(4, 0) - o(A, 1) (2.13)
fifA, B) = u(4A, B) - u(A, 0) - w(0, B) = u(A, 1) - u(4, 0). (2.14)

Since the number of branches of color 4 is,
1Al = p(4, 0) + u(A, 0) = p(4, 1) + ufa, 1), (8.15)

the degree of interference of cutsets and that of loops in

G(A, B) are equal. Hence, both of them are called simply the

11



degree of interference in G(4, B), and are denoted by v(4, B),

that'is,
5(A, B) = 1{i(A, B) = v(4, B). ' (2.16)

Now the distance between a pair of trees is defined to be
the number of branches contained in one of the trees but not in
the other. For trees TA and TB’ the distance between them is
aenoted by e(TA, TB). The degree of interference can be
related to the distance between a pair of trees of G(4, B)_as

follows.[z’sl[z’si

Theorem 2.3

For a given graph G(A, B) there is a pair of trees such that
£he distance between them is equal to the degree of inteference.
Proof: Le;,TA[TB] be a tree pf G(A, B) containing a maximum
of branches of color A{B]. The number of branches of color 4
and B in TA[TB] are; from (2.3) and (2.8), p(A, 0) and p(1, B)
{from (2.4) and (2.7), p(A, 1) and p(0, B)] respectively. 1In
general there are many choices for TA'and TB' but we choose a
sﬁecial pair Tz and T§ which has as many common branches as
possible. Such a pair can be obtained as follows. Let a tree
1B and TAi respectively. 'Then

choose a tree of G(4, 0) which contains TA] and denote it by

Tao- Likewise let T)B be a tree of G(0, B) containing T

of G(1, B) and G(A, 1) be T

1B°

Then construct T* = and T# = Since Tz

2= T U Tgo g = Taz ¥ Tpp-

and”Tgﬂhave TAZ and TJB in common, the distance between TZ and

U ur

Tg is given as,

.B(TZ, Tg) = p(A, 0) - p(A, 1) = p(0, B) - p(1, B) = v(4, B)s (2.17)

12



and the theorem holds.

Q.E.D.

From the procedure in the above proof we also see that

0(T,, Tp) 2 v(4, B), (2.18)

since Zz and Tg have the maximum number of common branches.
Next let us consider the fundamental cutset matrix, Qf,

defined by TA' We can write Qf in the form

Qf =[u Qp] = UA 0 QAB QAA (2.19)
0 Up Qpp 0

where U is a unit matrix and Qp is called the principal part
of Qf. UA and UB are unit matrices corresponding to the tree-
branches of qolor A and color B respectively. QAA’ QAB and QBB
are submatrices of Qp corresponding to the tree-branches of
color specified by the first subscript, and to the chords of
color specified by the second subscript. The lower rows of
(2.19) correspond to the monochromatic cutsets of color B, and
thus we have a zero-submatrix at the right-lower corner. We

have:[2'5][2'6]

Theorem 2.4

The rank of QAB is equal to the degree of interference in
G(A, B).
Proof: Consider a graph, denoted by GA' which is obtained
from ¢ by contracting all the tree-branches of color B. The

fundamental cutset matrix of ¢, corresponds to the upper rows of

A
(2.19). Since there are p(4, 1) independent monochromatic

13



cutsets of color 4 in GA’ the upper rows of (2.19) can be

converted to the form

Q'

o
!
I
1
!
!

by proper additions or subtractions among the rows. The zero-
submatrix above QAB. has p(4, 1) rows and thus the rank of QAB

ié not more than p(A4, 0)-p(4, 1)=v(A, B). Now deleting the -
branches of color 4 in GA vields a graph consisting of the

chords of color B of TA' Noting that the numbér of tree-branches
of color B in TA is p(1, B), we see that a tréé of this graph
contains p(0, B)-p(1, B)=v(A, B) branches. As the columns of

QAB contain. the columns corresponding to the branches of such

a tree, the rank of QAB is no less than v(A, B). Hence we have

the theorem.

0.E.D.

Corollary 2.1

The rank of the principal part Qp of a fundamental cutset
mafrix is equal to the rank of the graph obtained by deleting
all the tree-branches, or is equal to the nullity of the graph
obtained by contracting all the chords.
Proof: Assign color 4 to the tree and color B to the cotree.
Then QAB in (2.19) is the principal part of the fundamental
cutset matrix. Mqreover p(1, B)=0 and u(A, 0)=0. Thus v(A, B)
=p (0, B)=u(A, 1), and the result follows'from Theorem 2.3.

Q.E.D.

Dual discussions concerning the fundamental loop matrix can

14



also be given. Especially we have:

Corollary 2.2

The rank of the principal part of a fundamental loop matrix
is equal to the rank of the graph obtained by deleting all the
tree-branches, or is equal to the nullity of the graph obtained

by contracting all the chords.

- Corollary 2.2 also follows from the fact that the ranks of
these two submatrices are'equal.
The preceding discussions are concerned with the degree of
interference in a graph with a given, or fixed, coloring. Let
us now consider various coloring of branches. In contrast with

Theorem 2.3 we have:

Theorem 2.5
For a given pair of trees, TJ and TZ’ there is a coloring of

branches such that the degree of interference is equal to the

distance between the tree.

Proof: Assign color 4 to the branches of 7_-T

1 "2

2—T1. The coloring of the common tree-branches

and color B,
to those of T
and that of the common chords of TJ and T2 are arbitrary. The
number -of branches in TZ_TZ is G(Tl, TZ)' The numbers of
common tree-branches and common chords of color A4 is no less
than p(4, 1) and u(4, 0) respectively from (2.4) and (2.6).
Thus from (2.15) we have p(4, 0) +u(A4, 0):;6(T1, T2) +p(A, 1)

+ u(4, 0). Then from (2.13) and (2.16)

15



v(4, B) 20(T;, T,) . (2.20)

2

A coloring which gives the equality in (2.20) can be obtained,
for example, by assigning color B to all the common tree-
branches and the common chords as well as to the branches of

TZ-TJ.

Q;E.D.

i

For a given graph G, the degree of interference varies
depending on the coloring of branches, and there must be. a
maximum of the degree taken over all possible colorings. We
denote such a maximum of the degreé'of interference by Voaz’

and the maximum of the distance between a pair of trees by
[2.71 -

max= max
Hence (2.21) must hold.

) Then:
max
Theorem 2.6
Vmax = ema:z:' (2.21)
Proof: From (2.18) v <0 , and from (2.20) v 6

> .
max= max

Q.E.D.
-If we apply the proofs of Theorems 2.3 and 2.5 to the special
cases where a coloring to give Voaz is given and where a pair of

maximally distant trees is given, we get the following theorem.

Theorem 2.7
If a coloring to give Vmaz is given, a maximally distant tree

pair can be obtained by any procedure to obtain T, and TB in the

16



proof of Theorem 2.3. The branches of TA-TB[TB-TA] are of color

A[B]. Conversely if a pair of maximally distant trees Tl and
T2 is given, a coloring to give Voaz is obtained by assigning
color 4 to TI-T2 and color B to T2-T1. The color of a common

tree-branch or a common chord is arbitrary.

The coloring of a common tree—branch determines a monochro-
mat1c cutset, and that of a common chord, a monochromatic loop.
All the monochromatic loops and cutsets are included in Gl and
02, respectively, where Gi is the principal subgraph with
respect to common chords and 02 is the principal subgraph with

respect to common tree—branches.[2'7]

The principal subgraph
of disjoint trees 00 consists of a pair of trees of different
colors. An algorithm to obtain a pair of maximally distant trees
is given in feference [2.7], and that to obtain a coloring to

give v is given in reference [2.6].

max
As an application of the above discussions let us consider

an LC network. For an LC network the number of non-zero natural

frequencies is twice the degree of interference, if the inductor

branches and capacitor branches are regarded as branches of

color 4 and B respectively.[2'21[2'3]

Then with the given net-
work topology the maximum of the number of non-zero natural
frequencies can be obtained by assigning inductors and capacitors
according. to a coloring to give Vax Moreover, suppose the LC
network has no zero-natural frequency. Then the number of
branches of the graph representing the network is equal to the
number of non-zero natural frequencies if, and only if, the

graph consists of a pair of disjoint trees of differnt colors,

17



that is, a tree of inductors and a tree of capacitors. It
follows that the graph of an LC network which realizes a rational
function with-the minimum number of elements for the given order,
must, when fhe two terminals are propérly open- or short-
circuited so that the number of the natural frequenéies agrees
with the order, consist of a pair of disjoint trees, plus a
branch corresponding to the zero-natural frequency, if any.
Reélizations in Foster's or Cauer's form clearly satisfy this
condition. We can expect to construct different canonical forms '
using the graphs consisting of a pair of disjoint trees.

Similar discussions can be given for LR or CR networks.

2.4 CONCLUDING REMARKS

The degree of interference of loops or cutsets in a multi-
colored~-branch graphs has not been sufficiently studied'yet.
In general the degree‘of interference of loops in G(Aj, A2,..., Am)
may or may not equal to the degree of interference of cutsets
-if m>3. Moreover it can not be given in terms of the ranks and
nullities of the graphs obtained by éeleting or contracting all
the branches belonging to some of the partitioned sets. The
above statement can be verified by giving two graphs with dif-
ferent degrees of interference and showing that the ranks and
nullities of every pair of the graphs which are derived from the
two graphs by deleting or contracting all the branches in one or
more of the partitioned sets, are equal.. We can, however, give
an upper bound and a lower bound on the degree of interference

of loops or cutsets in terhs of these ranks and nullities.[z'G]

18



The degree of interference is defined in the deriyvation of
the state equations for an electrical network. _Uhder certain
conditions it agrees with the function which is defined by Tutte
to show Menger's theorem for matroid,[2'8] and which is closely
related to thé”connéctivity of a graph. It is expected that the
investigations made‘from quitedifferent points of view can be

combined together to develope new results.

19



CHAPTER 3 MIXED ANALYSIS OF LINEAR NETWORKS

3.1 INTRODUCTION

Since the computation time to solve a set of simultaneous
equations increases rapidly as the number of equations increases,
it is desirable, specially in handling large scale networks, to
obtain‘as small a set of equations as possible. It has been
shown that the required number of equilibrium equations for the
nodal or loop analysis where the variables in the equations are
either all voltages or all currents respectively, can, in certain
cases, be reduced by choosing a suitable set of variables con-
taining both voltages and currents. The analysis using such
variables is called mixed analysis. The minimum number of equa-
tions required is equal to the topological degree of freedom of

the network.[3'1]

For the mixed analysis the graph representing
the given electrical network is partitioned to two branch-
disjoint subgraphs aésociated with the voltage variables and the
current variables respectively. The optimal partitionings
(denoted Pd for brevity) which lead tb the minimum number of
equilibrium equations are closely rélated to maximally distant
treeé and the principal partition of the graph.[2'7]

There are three subgraphs uniquely determined in the princi-
pal partition, though some of which may be an empty graph. 1In
order to get a Pd the principal subgraph with respect to common
chords of maximally distant trees should be included in the
sﬁbgraph associated with voltage variabieé, and the principal
subéraph with respect to common tree-branches should be in the

[3.1]

subgraph associated with current variables. The third sub-
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graph of the principal partition is called the principal subgraph
of disjoint trees. 1In general it is subdivided into smaller
subgraphs corresponding to the minimal graphs consisting of a
pair of disjoint trees (abbreviated as PDT) and a partial order-
ing can be given to these smaller subgraphs together with the

[3.2]

other two principal subgraphs. As for achieving a P

dl
these smaller subgraphs may belong to the subgraph associated
with voltage variables or to that associated with current
variables, provided a certain restriction arising from the

[3.3] Thus there may be more than

partial ordering is observed.
one Pd for the given graph and to choose one of them some
criterion other than the number of equations may be introduced.

The above-mentioned properties of a graph consisting of a PDT
are discussediin section 3.2, and a method which enables us

easily to choose the optimal Pd for some criterion is given in

section 3.3.

3.2 GRAPHS. CONSISTING OF A PAIR Of‘ DISJOINT TREES

We first define the minimal graphs among the graphs consist-
ing of a PDT, as those which contain no proper subgraph consist-
ing of a PDT. The minimality can be determined independent of
the PDT of the graphs. The minimal graphs for the number of
nodes less than or equal to seven are shown in Fig.3.1l.

Consider a connected graph G consisting of a PDT. If G is
not minimal, it may contain one or more minimal subgraphs. For

these subgraphs we get the following theorems.
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Theorem 3.1

Any pair of the minimal subgraphs in ¢ has neither branches
nor more than one node in common.
Proof: Let Gk and Gm be the pair of minimal subgraphs in G.
Consider subgraphs zeckU Gm andva=ka7Gm. Noting that ¢
consists of a PDT, we have bx=bk+bm-by' ax=ak+am—ay, bk=2(ak—1)
bmfZ(am-l), b.s2(a -1) and by;Z(ay-l), where b, , b ., b and by
[ak, a,r a, and ay] are the numbers of branches[nodes] of Gk’

Gm, Gx and Gy respectively. From the first five relations
we get by;Z(ay-l) and hence by=2(ay-1) from the last relation.
Then by must be zero if Gy#ﬂ, since Gk and Gm are minimal

subgraphs. It follows that ay is one or zero(Gy=ﬁ).

Q.E.D.

Suppose a set of minimal subgraphs G G

s1' g9’ Gsk-l’ Cor
Gygpgr+--r and G in G such that Ggp for k=2,...,m-1 has exactly

one common node with each of & and G Then we call the

sk-1 sk+1°

set a chain of minimal subgraphs. A chain is closed if Gsl and

Gsm also have a node in common.

Theorem 3.2

No closed chain of the minimal subgraphs exists in G.

The proof of Theorem 3.2 is similar to that of Theorem 3.1;

and hence‘is omitted.

Theorem 3.3
The dual of aplanar graph consisting of. a PDT is also a graph

consisting of a PDT.
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Proof: Consider one of the PDT in the original graph. There
is no cutset cénsisting only of the tree-branches. Hence there
is, in the dual graph, no loop consisting of the branches which
correspond to the tree-branches in the original graph. There-
fore the PDT in the original graph corresponds to a PDT in the
dual graph.

Q.E.D.

Next let us consider the graph denoted by G(l)

, which is
derived from G by contracting all the branches of the minimal
subgraphs in G. If G consists of the minimal subgraphs only,

G(l) (1) also

is a single node. Otherwise it can be shown that ¢
consists of a PDT. It may be minimal or contains one or more
minimal subgraphs. We can repeat the same branch-contracting

(1) and determine 6(2), and so on until G(k) is

operations-on G
a single node. In this case we say that G is k-compound in the
sense of the minimal graphs consisting of a PDT. We can give.a
partial ordering to £he minimal subgraphs in the above procedure

" according to the order of appearance. An example is shown in

Fig.3.2.

(@) ' (b) ©) (@)

Fig.3.2 Example 3.1 (a) G. (b) G(l). (c) 6(2).. (d) Partial order-
ing. . of the sets of branches.
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Theorem 3.4

The dual of a planar minimal graph consisting of a PDT is
also minimal.
Proof: Suppose the dual graph is not minimal and contains a
minimal subgraph. Consider the graph obtained by contracting
the branches of this minimal subgraph. Corresponding to the
graph there exists a subgraph consisting of a PDT in the original

graph, which is a contradiction to the original graph being

minimal.
Q.E.D.
In order to obtain those minimal subgraphs in G, G(l),...,
and G(k-l) and the relation between them, we adopt the following

algorithms based on the algorithms given in references [2.7] and
[3.1]. We assume a pair of maximally distant trees (TJ, T2)
has already been obtained. By Algorithm 3.1 and Algorithm 3.2

given below we are going to determine the sets of branches

denoted by Lx and Cy respectively.

Algorithm 3.1
step 1. Choose a chord, say z, of Tl' Set Lx={x}. Find the

fundamental loop defined by x and T]'

Add to Lx the
branches of the loop besides =x.

step 2. Find the fundamental loops defined by the newly added
branches and T2. Add to Lx the branches in the loops
which are not in Lx yet. If no new branch is added,
stop. Otherwise go to step 3.

step 3. Find the fundamental loops defined by the newly added

branches and Tl' Add to Lx the branches in the loops
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which are not in Lx yet. If no new branch is added,
stop. Otherwise go to step 2.
END
Algorithm 3.2

2
Find the fundamental cutset defined by y and the cotree

step 1. Choose a tree-branch, say y, of 7,. Set Cy={y}.

of T2. Add to Cy the branches of the cutset other than y.

step 2. Find the fundamental cutsets defined by the newly added

1
in the cutsets which are not in Cy yet. If no new branch

branches and the cotree of T,. Add to Cy the branches -

is added, stop. Otherwise go to step 3.

step 3. Find the fundamental cutsets defined by the newiy added

2

in the cutsets which are not in Cy yet. If no new branch

branches and the cotree of T,. Add to Cy the branches

is added, stop. Otherwise go to step 2.
END
Suppose we obtain sets of branches L_, L and L_[C_, C and
x y z x" Y
Cz] by starting Algorithm 3.1[Algorithm 3.2] from branches =z, y

and z respectively. We can easily see that they satisfy the

axioms of a partially ordered set.

Theorem 3.5

(i) If L 2L and L DL , then L _=L_ .
x y Y x z Ty

(ii) If L 2L and L 2L_, then L 2L .
z y y 2 x z

The dual theorem for Cx,t%/and Cz also holds, but is omitted

here.
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Theorem 3.6

C,2C_if and only if L 2L

y x ' x ¥
Proof: If LxZQLy, then there must be a string of branches
x=x

x

290 vs Tps Tyyqse-es T =Y such that =z is included in

1° k+1

the fundamental loop defined by Ly and thus Ty is included in

the fundamental cutset defined by =z Tracing the string

k+1°
backward by Algorithm 3.2, we see CyQ Cx' The proof for the
converse is similar.

Q.E.D.

Now let L NC =8 , L NC =S and L NC =S . Then:
x z =z y y Yy 2 2 'z

Theorem 3.7
L =L and C =C if y€S5_ or z&€S . The converse also holds.
xz Ty x Ty x Y

Proof: If'yes_, then L 2L and ¢ 2C . From Theorem 3.6,
: . x x y x Y

then, Cy;JC:’L. and Ly;Lx, and the result follows from Theorem 3.5.

The converse is obvious.

0.E.D.
Corollary 3.1
¢ DOC 1if and only if [ DL
Y x x ¥
Proof:  Since L DL , y¢ 5,. Thus y¢C, and €,2C,e
Q.E.D~

Corollary 3.2

L =L if and only if ¢ =C .
xr Yy z Yy

Corollary 3.3
If yqé Sx or x¢3y, then Sx and Sy are mutually disjoint.
Proof: If Sx and Sy have a common branch.z, that is, Sxaz

and Syzaz, ‘then Sx=Sz and Sy=Sz from Theorem 3.7. This obviously
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contradicts y ¢ Sx or x ¢ Sy
Q.E.D.
From Corollary 3.3 we see that the branches of the graph can
be partitioned into several sets. First we choose a branch =z
and determine Sx’ Then we choose yétsx and determine Sy, and
then Sz for 3‘¢lelsyr and so on. A partial ordering can be
given to these sets by use of Theorem 3.5.
' It is not difficult to see that each of these sets Sx’ S,

y
Sz and so on, corresponds to one of the minimal subgraphs

(1{, 6(2) and so on. To see this we notice

appearing in G, G
that the graph formed by the branches of Sx is a graph consisting
of a PDT. Moreover, the number of its branches is minimum among
the graphs consisting of a PDT and containing branch x. Then

the locally least sets in the partial ordering correspond to
the minimal subgraphs in G, andvthe next sets to the least, to
the minimal subgraphs in G(l), and so on. The Hasse diagram, -
like that shown in Fi§.3.2'(d), of the partial ordering of the

sets of branches, represents the structure of the graph in the

sense of minimal subgraphs consisting of a PDT.

3.3 GRAPH-PARTITIONING FOR THE MIXED .ANALYSIS

The partial ordering of the sets of branches defined in
section 3.2 is not necessafily restricted to the graphs consist-
ing 6f a PDT. In general, the principal subgraph with respect
to common chords is further partitioned'into nonseparable
componénts. The principal subgraph with respect to common tree-

branches is partitioned likewise. In this case, however, .the
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principal subgraph is partitioned according to the nonseparable
components of the graph which is obtained by contracting all the
branches not belonging to the subgraph. The sets of branches

in these nonseparable components are aéded to the partial order-
ing of the sets of branches which is derived from the partitioh
of the principal subgraph of disjoint trees.

In order to determine the partial ordering of the sets,
Algorithms 3.1 and 3.2 need a minor modification in handling
the common chords and common tree-branches. If Algorithm 3.1
is started from a branch in T2, the common chords are not
included in Lx' Therefore they must be added to Lx’ if any of
the branches in the nonseparable component to which they belong,
is included in Lx' The common tree~branches must be excluded
in steps 2 and 3, since it is not possible to find the fundamen-
tal‘loops defined by them. Similar modification is necessary
for Algorithm 3.2. An example of a graph-partitioning and the

partial ordering of sets of branches are shown in Fig. 3.3.

E
/o\__gl Eqq
Eys 2y
Ep1 Y
Ei1q
(a) (b)

Fig.3.3 Example 3.2 (a) Graph-partitioning.
(b) Partial ordering of the set of branches.

.

The sets of branches in the principal subgraph with respect
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to common chords[common tree-branches] are always the locally
least[greatest] sets in the partial ordering.

Now let us denote the subgraphs associated with voltage and
current variables in the mixed analysis by GV and GI respectively.
The sets of branches belonging to GV and GI are denoted by V
and I respectively, so that the whole graph is written as G(V, I).
.The number of equations to be solved in the mixed analysis is

equal to the hybrid rank of G(V, I), defined as[3’1]

w(V, I) =po(V, 0) + u(1, I). (3. 1)

The minimum of the hybrid rank taken over all possible parti-
tions of G is called the topological degree of freedom.[3'1]
It is denoted by 7_. . An optimal partition P, to achieve 7 _.

min d min
is given by a cut of the Hasse diagram showing the partial

ordering of the sets of branches, that is:

Theorem 3.8
Every Pd is given by a cut of the Hasse diagram satisfying
the following conditions. |
(ij GV[GI] includes the principal sﬁbgraph with respect to
common chords[common tree-branches].
(ii) The cut traverses the lines of the diagram in ﬁhe same
‘direction. .
Proof: We only give a proof for the condition (ii) here. For
the condition (i) see references [2.7] and [3.1]. Contracting
the branéhes of the principal subgraph with respect to common
chords and deleting those of the principal subgraph with respect

to tree-branches, we get a graph consisting of a PDT. Now (3.1)

30



is rewritten as
w(V, I) = w(V, I) + o(V, 0) - u(V, 0) ' (3. 2)

Since the rank of a minimal subgraph consisting of a PDT is
equal to the nullity, the addition of such a subgraph to G, has
no effect on n(v, I), as is seen from (3.2). Contracting the
minimal subgraph, we again have a graph consisting of a PDT.
RepeatingAthe process, we see that the cut specified in (ii) gives
a Pd. Since no subgraph of a minimal graph has the property
that the rank is less than or equal to the nullity, there is no
finer graph partitioning to achieve Tin other than thdse speci-
fied by (ii). |

Q.E.D.

An example of a Pd is shown in Fig.3.4 for the Hasse diagram
in Fig.3.3 (b).

Now if the'diagram is such that
all the sets are on a straight
vertical’line,ball the possibili-
ties for P4 can be easily seen.

In order to bring a Hasse diagram

to such a form we use the follow- B

11

ing algorithms and get two new Fig.3.4 Optimal partitioning

. . . for the mixed analysis.
diagrams which have less lines Y

than the original one.

Algorithm 3.3
step 1. .Choose a set in the diagram, to which the greatest

number of lines are incident.
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steﬁ 2. Draw a new diagram for each of the following two cases.
fi)  The chosen set and all the sets which are less, in the
parﬁiél ordering, thén the chosen set, are included in V.

To dréw the diagram for this case, contract all the

directed paths from the.chosen set to the sets of

branches in Gl'
(ii) The chosen set and all the sets which are greater, in
the partial ordering, than the chosen set, are included

'in I. To draw the diagram for this case, contract all

the directed paths from the sets of branches in 62 to the

chosen set.

step 3. If any line appears in the new diagrams which connects

two sets with some other longer path between them,

delete the line.
END

We repeatedly apply the algorithm until the derived diagrams

become simple enough for us to make a decision. For example,

we pick E’o3 in Fig.3.3 (b), and if we include E03 in V, we get

Fig.3.5 (a), and if in I, we get Fig.3.5 (b).

E21

——
- —

E, osE

E . E

“112%01° 03

(a)

Fig.3.5 Possibilities for the optimal partitioning.

02’

(b)

',The dotted lines shown in Fig.3.5 are deleted in step 3. As
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shown in Fig.3.5 (a) there are two possiblities for Pd in this
case. In Fig.3.5 (b) we see 2x3=6 possibilities, and thus there
are 2+6=8 possibilities in all. To choose one of them we may

introduce some other criterions than the number of equations.

3.4 CONCLUDING REMARKS
The graph partitioning discussed in section 3.2 has strong
similarity to the partition of a bipartite graph,[3‘4][3’5]

(3.6] of a mafroid[3'7] and also of 2-graphs which

of a matrix,
will be discussed in section 4.4. The structure of a graph
defined in sections 3.2 and 3.3 seems to be a fundamental con-
cept, which has wide application to various objects.

An optimal partitioning Pd is much easier to see on the Hasse
diagram showing the partial ordering of the sets of branches
than the original graph. The operation on the diagram in

Algorithm 3.3 is essentially a foldant algorithm. It is easy

to perform by computers as well as by hands.
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CHAPTER &4  SOLVABILITY OF LINEAR NETWORKS

4.1 INTRODUCTION

The problem of solvability of a linear active network has
been appréached from various points of view depending on the
restrictions imposed on network elements and network topology.
(4.1]1-[4.5] The problem is especially impqrtant in computer-
aided network analysis when a numerical solution does not
convergé. The divergence due to improper numerical integration
and the divergence due to lack of existenée of é unigue solution
must be distinguished.

Although the problem involves the values of the network
elements and is therefore an algebraic one, the topological
approach assuming the values are independent to each other, or
the values are arbitrary, is important to clarify the cause and
the type of network singularity. When the 2-graph method is
used, it can be said, as will be shown in section 4.2, that the
topological condition for the solvability is the existence of a

common tree@

of the voltage and curreht graphs. If there is no
.common tree, the network shows singdlarity, differnet from the
examples given in reference [4.6], without any special element
values or any special relations among them. Changing the values
of network elemeﬁts has no effect on this type of network
instability.

A necessary and sufficient condition for the existence of a

common tree of the 2-graphs is derived in section 4.3. If there

@ A common tree is a tree in both the voltage and current graphs.
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is no common tree, subg;aphs which are the cause of the non-
existence can be distinguished, and a partition of 2-graphs can
be defined. The partition has similar properties to the princi-
pal partition of a graph[2'7][3'1][3'2] or the canonical form
of a bipartite graph,[3'4][3'5] but it is much more complicated,
since 2-graphs whose topology may be quite different from each
other's, are dealt with. An algorithm to obtain the partition
and a tree of one of the graphs which has asmamy common branches
as possible with a tree of the other, is given. Such a tree
must be a common tree, if a common tree exists. Therefore the
algorithm also gives an efficient way to obtain a common tree.
In section 4.4 it is shown that a certain structure of 2-
graphs which is similar to that discussed in section 3.2, and
which is represented by a partial ordering of sets of branches,
can be definéd. Algorithms to determine the structure are also

given.

4.2 COMMON TREES OF VOLTAGE AND CURRENT GRAPHS

The restrictions on the network considered in this section
and the procedure to obtain the voltage and current graphs from
the network are given in sections 1.2 and 1.3 respectively.
The notations of multicolored~branch graphs defined in section
2.2 are used as needed.

Now we classify the unknown variables in the network into
two éets as follows.
set 1.

(i) The voltages across the resistors, inductors, capacitors,
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controlled voltage sources and voltage sensors.

vector is denoted by v1.

Their voltage

tors, inductors, capacitors, current sensors and controlled

current sources. Their current vector is denoted by i

Set 2.

7°

(ii) The currents through the resis-

(i) The voltages across the independent and controlled current

sources. Their voltage vector is denoted by v

(ii) The

currents through the independent and controlled voltage sources.

Their current vector is denoted by 12.

For the variables in Set 1 we have

Dy -Dz Vil = 0
B 0 11 -Beve
0 Q -Qj1j
where
Dy =’ur 1
0
Ug
pD, .
0 s
e Dd-{
and
Dz = _Dr ]
0
pD,
U
e
0 s
U(SJ .

tiv S1lu

(4.

(4.

(4.

1)

2)

3)

U.'s are unit matrices, and Dr’ DZ' Dc, Dsand Dé are diagonal

matrices of element values. B[Q] is a fundamental loop[cutset]
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matrix obtained from Gv[Gi]; -Beve and -Qj1j are the voltage

and current vectors due to the independent voltage and current
sources respectively. The rank and nullity of Gv[Gi] are denoted
by pv and uv[pi and ui] respectively. ' Then uﬁ[pi] is derlved
from ¢ and G(Eé; 1)[G(EB; 0)1, where EG[EB] is the set of
branches corresponding to the controlled current [voltagel

[4.7]

sources. The rank([nullityl of ¢ is denoted by polul.

Lemma 4.1

My = W= u(EG; 1) (4. 4)
Py =0 - p(EB; a). (4. 5)
Proof: Consider G(Ea’ Ea)’ where Ea is the set of branches

corresponding to the current sensors. Because of the topologi-
cél restriction (ii) in section 1.2, u(i, Ea) is equal to u,
but it is also equal to the sum of H, and U(EG; 1) from (2.4).
Thus we have (4.4). Equation (4.5) can be proved dually.
Q.E.D.
Now p+u-=n1+n8+n6 where n, =nr+nz+nc+n8+n6, pv+uv=pi+ui =n1,

D(Es; 1)+u(E5; 1) =ns and p(EB;0)+u(EB; o) =ng. Then we get

B, —-U.=p. -p.=u(kE

» ¥ p) v B; 0) + p(EG; 1) (4. 6)

W, Fe. =g 4 u(EB; 0) + p(EG; 1). (4. 7)

From these equations we immediately have the following theorem.

Theorem 4.1[4'7]
If and only if, there is no voltage-source-only loop nor

current-source-only cutset in G*, the ranks[nullities] of Gv
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and Gi are- equal, and the_number:of equations in (4.1) is equal
to the number of unknown variables in (4.1).

Proof: W(E

B; 0) and p(Es;-l)'in (4.6) and (4.7) should be

zero.
Q.E.D.

‘ Note that the condition in Theoreﬁ 4.1 is a necessary condi-
tion for the existence of a common tree, since there can be no
cémﬁon trée if the ranks of the voltage and current graphs are
different.

| If the condition of Theorem 4.1 is satisfied, the coefficient
matrix Qf (4.1) is square and its determinant is expanded as the

sum of common-tree-immittance products as follows.[4'8][4'9]

D =D | = + J (signT) 1. . (4. 8)
Y . B “all T mmit

B0

0 Q

where T denotes a common' tree of G, and Gor and "sign T" is
the sign permutation of T. nimmit signifies the common-tree-
immittance products. (The detail of nim ., Will be shown in

mit
section 5.2.) From (4.8) we-see that the determinant becomes
zero if there is no common tree of Gv and Gi' or if there are
common trees but there exist special relations among the values
of network elements so that all the common-tree-immittance
products are canceled out. If the condition in Theorem 4.1
is not satisfied there exists no common tree. Then whether the
condition is satisfied or nét, it can bé said that the topologi-

cal condition for the solvability is the existence of a common

tree of(ﬂ,and Gi’ The network shown in Fig.l.3 is actually an
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example of a network without comﬁon tree, The network‘is
singular even if there is no special relations among the values
of the network elements. The singular;ty~of this network is
caused by the network topology only.

We add one more theorem for the existence of a common tree.

of G  and G..[4’7]
v i

Theorem 4.2
A sufficient condition for the existence of a common tree
of Gv and Gi is that there exists no loop consisting of voltage
sources and current sensors nor cdtset consisting of current
sources and voltage sensors, beside the condition in Theorem
4.1 that there is no voltage-source-only loop nor current-
source-only cutset, in G*.
Proof: If the condition is satisfied, there is a tree of G*
which contains all the voltage sources and current sensors but
no current sources or voltage sensors. Corresponding to this
tree, a common tree can be obtained.
Q.E.D.
The determinant in (4.8) can be evaluated by generating all
the common trees of Gv and Gi' We give an algorithm for the
'generation of all the common trees which is based on the
Minty's algorithm for generation of all the trees of one

[4.10]

graph. The existence of a common tree can, of course, be

checked by the algorithm.

Algorithm 4.1

step 1. Set k=0, Gu=Gv and Gh=Gi.
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step 2. Check if there is a self-loop in Gu or Gh' If there
is one, go to step 3. Otherwise go to step 4.

step 3. If the corresponding branch in G, or Gu to the self-

h
loop in Gu or Gh’ respectively, is a bridge@, go to
step 6. Otherwise delete the self-loop and its corre-
sponding branch to obtain a new pair of graphs. Let
the new pair be Gu and Gh' and go to step. 2.

etep 4. Check if there is a bridge in Gu or Gh' If there is

‘one, contract it and its corresponding branch to obtain

a new pair of graphs. Let the new pair be Gu and Gh'
and go to step 2. If there is no bridge go to step 5.

step 5. 1If Gu and Gh are null graphs, print out a common tree
formed by the contracted branches, and go to step 6.
Otherwise go to step 7.

step 6. Set k=k+1. GO to step 8.

step 7. .Set k=k+1. Set Gvk=Gu’ Gik=Gh’ and mk=0. Choose a
branch say b‘, in~Gvk. Contract bk and its correspond-
ing branch in Gik to obtain a new pair of graphs. Let
the new pair be Gu anaAGh, and go to step.2.

sﬁep 8. If k=1, stop. Otherwise ge to step 9.

step 9. Set k=k-1. 1If mk=0, go to step 10. If mk=1' go to
step 8. |

step 10. Set mk=1. Delete bk and its corresponding branch in
Gvk and Gik respectively to obtain a new pair of graphs.

Let the new pair be Gu and Gh; and go to step 4.

END

‘@ A branch is a bridge if there is no other path connecting

its end points than the branch itself.
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The graphs Gvk and Gik(k=1’2"") in step 7 must be stored
until they are reused in step 10. The number of graph pairs to
be stored is at most the rank of the original 2-graphs. The
contracted and deleted branches to derive Gvk and Gik are also

to be recorded.

4.3 VOLTAGE AND CURRENT GRAPHS WITHOUT COMMON TREE[4'll]
First we consider all possible partitions of branches into
two sets A4 and B, or in other words, all possible Gv(A, B) and

GifA’ B).

Lemma 4.2
A necessary condition for the existence of a common tree of

Gv and Gi is that there exists no partition of branches such

that

p,(4s 1) > p.(4, 0) ' (4. 9)
or

pi(A, 1) > pv(A, 0). (4.10)‘
‘Proof: The minimum number of branches of 4 that should be in

a tree of Gv is pv(A, 1) by (2.4), and the maximum number of
branches of 4 that can be in a tree of Gi is pi(A, 0) by (2.3).
Thus if there is a partition satisfying (4.9), there can be no
common tree. The proof for (4.10) is similar.

Q.E.D.

Next we consider 2-graphs without common tree. For any tree,
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say Tu’ of Gv' there is, in Gi' at leas£ one loop consisting
only of the tree-branches of Tu' and/or one cutset, only of the
chords of Tu. _The branches belonging to such loops and cutsets
are denotea by Ru,and Qu réspectively, and the numbers of inde-
pendent suchvloops and cﬁtsets are denoted by Eu,and n, respec-
tively. A tree cofresponding to Tu is defined to be a tree of
Gi which is derived from Tu by removing proper Eu branches in R,

and adding proper n, branéhes in Qu. We have
g, +p =N, +p, . » | (4.11)

Let.Th be a tree of Gi corresponding to Tu' There are, in Gv’
loops consisting of fhe tree-branches of Th and/or cutsets, of
the chords of Th' The sets of branches belonging to such loops
and cutsets are denoted by Rh and Qh respectively. Now assume
that a subset 4 of branches is given.  Let EuA and N4 be the
number of branches which are in 4 and also among the removed
and added branches,.fespectively, to obtain Th from Tu' and let
tuA and thA be the number of tree-branches which are in 4 and

also in Tu and Th respectiveiy. Then we have

Eu 2 EuA = tuA - thA + nuA“; tuA - thA ;zpvca, 1) - oi(A, 0). (4.12)

The last relation in (4.12) can be derived by use of (2.4) and
(2.3). Now if Eu is minimum for all trees ova, Tu is called

a maximally-common tree (abbreviated as MCT) of Gv' It is easy

to see from (4.11) that Eu is minimum if and only is n, is minimum.

A tree corresponding to an MCT of Gv is called an MCT of Gi'
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Theorem 4.3

Choose two MCT's, Tu and Tw' of Gv' Then

Ruf7Qw =g ’ (4.1?)

n =
Rw Qu a. | (¢4.14)
Proof: It is obvious that Ru and Qu are disjoint. If Ru=Rw’

nothing more to prove. 1If Ru;éRw, choose a branch, say =z, in
Rw which is not in Tu, and then find, in Gv’ a branch, say y,
which is in the fundamental cutset defined by x with respect to

Tw' By an elementary tree transformation@ we get a new tree of

G T +1=Tw(jy-x. Since Tw 1s an MCT and x is in Rw’ T must

v’ T w+1

be an MCT, and y should be in Rw . Besides, @ and thus

+1 w+1=Qw'

(RwL/Rw+1)n Qw=¢. Repeating the operations for m times and

obtaining Tw we see that

+m’

m
@, =@ and (U R,/ NQ, = 0.

k=0
Tree Tw+m has m more common tree-branches with Tu than Tw’ and
thus there must be a finite m such that Rw+m=Ru' Hence we have

(4.13) . Equation (4.14) can be proved similarly.

Corollary 4.1-

QNTr =¢g (4.15)

@ An elementary tree transformation is a transformation from one
tree to another with the distance between the two trees being

exactly one.
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where
all MCT's of Gv
T = U Qu . (4.17)
all MCT's of Gv
The set of branches which are neither in Q nor in T is
denoted by A(A may be empty.). Then the branches of the 2-
graphs are partitioned into three subsets Q, T and A. An

example of such a partition is given in Fig.4.l1. For this

Fig.4.1 2-graphs for which no common tree exists.

example an MCT of Gv'is obtained by choosing two branches from

branches 1, 2 and 3, a branch from branches 4, 5.and 6, and a

branch from branches 7, 8 and 9. For in;tance Tu;{l,2,4,7} is

anl MCT of G, and then R ={1,2}, Qu=:{8,9}, @={1,2,3}, r={7,8,9}

and A={4,5,6}. A corresponding‘MCT of G; to Tuis Th={l,4,7,8}.
. For a corresponding pair of MCT's,. Tu“6f<a)andﬂylof Gi,we

have the following theorem.

Theorem 4.4
(i)[(ii)].> The fundamental loops([cutsets] in Gi defined by

the Branches in Th[Th] and also in Q[I'] consist only of branches

in Q[I'].
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(iii) [(iv)] The fundamental cutsets[loops] in Gv defined by

the branches in Tu[Tu] and also in Q([I'] consist only of

branches in Q[T'].

Proof: (1) Suppose the fundamental loop defined by branch z
in Q contains a branch not in Q. We consider a sequence of
elementary tree transformations of MCT's of Gv’ as was described
in the proof of Theorem 4.3, to obtain, from Tu' such an MCT,
Tw’ of'Gv, that x is in Bw. If the tree-branches in the funda-
mental loop under consideration remain as the tree-branches of
Tw’ the loop contains a branch not in 1, and Rw contains a
branch not in Q, which is a contradiction to the definition of
Q. In the other case, suppose a tree-branch, say y, in the -
loop becomes a chord after a certain elementary tree transfor-
mation, and a chord, say z, becomes a tree-branch. Before the
transformation y belongs, in Gi’ to a loop consisting of tree-
branches of an MCT of Gv' We see after the transformation the
fundamental loop defined by x is altered to contain, instead of
Yy, a part of the loop of tree~branches, but that it remains to =~
contain the branch not in Q. See Fig.4.2 (a). To ascertain
these we have to check two more cases; an elementary tree trans-:
formation such that the branch not in @ is bypassed by a part °
of the loop of tree-branches containing y, as shown in Fig.4.2
(b), and an elementary tree transformation such that the fuhda-
mental loop defined by x is altered to contain some other path
of tree—brancheé in @, which is formed by the addition of z as

a tree-branch, as shown in Fig.4.2 (c). 1In such cases the loops

of tree-branches contain a branch not in Q.before or after the

transformation. Thus either case is impossible. 1In any stage
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(a) ' (b) - {e)

Fig.4.2 Elementary tree transformation exchanging y and z.
The thick lines indicate the tree-branches in @, and the
dotted lines indicate the branch not in Q. (a) Possible
case. (b) and (c) Impossible cases.

of the sequence, therefore, the fundamental loop defined by =z
remains to contain a branch not in @, and we eventually come up
to a contradiction. Thus we must have the result as given in
the theorem.

(iii) Suppose the fundamental cutset defined by a branch, say
x, in Q contains a branch not in . We again consider the same
kind of elementary tree transformations described above. If an
MCT, Tw' of Gv such that Rw contains x, is obtained without
changing the fundamental cutset defined by x, a contradiction
can be caused by pefforming one more elementary tree transforma-

o

tion removing x from, and adding the branch not in @ to, Tw' In
the other case if the fundamental cutset defined by z is altered
not to contain the branch not in aftef an elementary tree
tranéfbrmation with a branch, say.y, in the cutset becoming a

tree-branch, then the fundamental cutset defined by y contains
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the branch not in Q. Hence we still come up to a contradiction,
and we must have the result as given in the theorem.
(ii) and (iv). Dual proofs to those for (i) and (iii) can be

given.

Q.E.D.

Theorem 4.5

The: sets of branches defined by (4.16) and (4.17) are identi-
cal to the sets of branches 2 and T' which satisfies the following
Conditions 1 and 2, respectively, with respect to a pair of corre-

sponding MCT's,Tuof Gv’ and T, of Gi'

h
Condition 1.

(1) G.(Q; 0) contains R .
z u
(ii) Thr70i(9; 0) is a forest of Gi(Q; o).
(iii) GU(Q; 1) contains Qh'
(iv) T NG (Q; 1) is a forest of ¢ (Q; 1).
u v v

(v) The set of branches  is a minimal one satisfying (i)-(iv).

Condition 2.

(1) G,(T; 1) contains Qu.

(i1) Th[7Gi(F; 1) is a forest of Gi(F; 1).

(iii) GU(P; 0) contains Rh.

(iv) Tu/7Gv(T; 0) is a forest of GU(F; o).

(v) The set of branches T is a minimal one satisfying (i)-
(iv).

Proof: The set defined by (4.16) is denoted by @' in this

proof to distinguish the two definitions. First, from Theorem

4.4 we see that (i)-(iv) in Condition 1 hold for Q'. Thus

which also satisfies (v) in Condition 1 must be included in Q°'.
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Second, let us regard @ as set 4 in (4.12) and the corresponding
MCT's"as T and T, in (4.12). Then & =g o from (i) in Condition
1. Besides, .since Q' does not include Qu from Theorem 4.3, §
does not include Qu' Thus an=0. Furthermore tun=pv(9; 1) and
th9=p£(9; 0) from (iv) and (ii) in Condition 1. Consequently

all the equalities in (4.12) hold for §, and we have

e, =0, (05 1) - p (05 0). (4.18)
Next'letqu and Tk be an arbitrary pair of corresponding
MCT's. If we reagrd @ as 4 in (4.12) and Ib and Tk as Tu and
Th in (4.12) respectively, we see that all the equalities in
(4.12) must hold, since £w= Eu. Thus Ew:=€w9 and the Ew branches
-which are removed from Tw to obtain Tk are all in Q. But the Ew
branches can be chosen to include an arbitrary branch in Rw’ and
thus Rw ﬁust be in Q. It follows, then, from (4.16) that Q' must
be included in 2. We have seen that the latter is included in
the former, and theréfore; they are identical to each other.
The fact that the set of branches defined by (4.17) is identical
té that satisfying Condition 2, can be shown dually.

Q.E.D.

From Condition 2 we get
n, = 9i(r; 1) - pv(r; 0) (4.19)

for the corresponding MCT's. We also have that
ao' o, ﬂGi(Q; 1) is a forest of Gé(ﬁ; 1),
(iﬁ)' Tu/7Gﬁ(ﬁ; 0) is a forest of Gu(ﬁ; o),
(i) " Th/IGi(f; 0) 1is a forest of Gi(f; 0),

(iv)" Tu/7Gv(f; 1) is a forest of Gv(f; 1),
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and therefore

Ny

Eu

pi(ﬁ; 1) - pv(ﬁ; 0} (4.20)

pv(l'",- 1) - ’pi(F; 0). : (4.21)

These equations can also be obtained from (4.18) and (4.19)
by use of (2.11) and (4.11). ‘

Since (4.18)-(4.21) hold for 2-graphs without common tree, we
see that the condition in Lemma 4.2 is also sufficient for the
existence of a common tree, and we have the following fundamental

theorem.

Theorem 4.6

A necessary and sufficient condition for the existence of a
common tree of Gv and Gi is that there existsxu)partition
satisfying (4.9) or (4.10).
Proof: The necessity follows from Lemma 4.2. TIf there is no
common tree, Eu#O or nu#O.  or I satisfies (4.9) or (4.10).
Thus the condition is also sufficient.

Q.E.D.

We also see that Q is a set of branches which gives the
maximum of the far-right-hand side of (4.12). '

From Theorem 4.5 we recognize that the subgraphs in Gv-and
Gi formed by the branches in Q] have strong similarity to 62[61]
and Gl[GZ]’ respectively, of the principal partition of a graph;
[2.7] and also that an MCT resembles an extremal tree.[3'1]
Thus we can extend the known algorithm to obtain the principal
partition and an extremal tree, to those to obtain Q, I and an

MCT. In the following algorithm we first find the set of
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branches satisfying Condition 1 with réspect to an afbitrary
tree Tu of Gv' Then if Tu is not an MCT, a»tree of Gv having
one more common branch with a tree of Giis obtained. The new
tree is used torfind the set of brénches satisfying Condition 1.
This operation is repeated until an MCT of Gv and the set of
branches satisfying Condition 1 with respect to the MCT, that

is, set , are obtained.

Algorithm 4.2

_step l. Set k=1,_ka=Gv, Gik=G{’ and Tuk==Tu. Go to step 2..

step 2. Find Ruk in Gik' If Ruk#ﬂ, go to step 3. Otherwise
go to step 7.

step 3. Find, ip Gvk’ the fundamental cutsets defined with
respect to Tuk by the branches of Ruk' Let the set of
the branches in the cutsets be Fuk" If Fuk contains no’
branch in Qu’ gb to step 4. Otherwise go to>step 5.

step 4. Delete and éontract the branches»of Fuk from Gvk and

‘Obtain

Gik’ respectively, to obtain Gvk ~and G£k+

1
from Tuk by contracting the branches of Ruk’

+1
also 7T
u

k+1
Set k =k+1 and return to step 2.

step 5. Choose a branch, say x, which is in(%Land also in Fuk'
Choose a branch, say y, which .is in Ruk and also in the
fundamental loop defined by x with respect to Tu'
Obtain Tw:=Tu Uzx-y by an elementary tree transformation.
If k=1;.set Tu==Tw and return to step 1. 1If k>1, go to
step 6. v ' .

step 6. Qw/vFuk_J#ﬂ in this case. Set Tu:=T , @ =@ and

w u w
k =k-1. Return to step 5.
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step 7. Set Q-=Fu1 UFu2 U... UFuk-l, and stop.
END
Example of Algorithm 1.

Let Tu-={1,2,3,4} for the graphs in Fig.4.1. Then Q, ={7,8,
9}. step 1. Tu1={l,2,3,4}. step 2. Ruz;{l,2,3}. step 3. F .=
{,,2,3,5,7,8,9}. step 5. Let z=7 and y=l. Then Tw={2'3'4’7}’
step 1. @ ={8,9}. 7 ,=(2,3,4,7}. step 2. R ;={2,3}. step 3.

Fu1={l’2’3}‘ step 4. Tu2 ={4,7}. step 2. Ru2=ﬂ. step 7.‘Q=,,,,f’
{1,2,3}.

Theorem 4.7

The tree obtained at the end of Algorithm 4.2 is an MCT of
G . .
v
Proof: Note that Q@ obtained by Algorithm 4.2 satisfies Codi-
tion 1 with respect to Tu' Regard @ as 4 in (4.12). Then for

the tree TuAat the end of the algorithm, Eu::EuQ' n ~=0, t

uf ul
=pv(T; 1) and th9:=pi(T; 0). Therefore all the equalities in
(4.12) hold. Hence Eu is minimum, since only equalities or
inequalities ﬁold for an arbitrary tree of Gv'
Q.E.D.

If there exists a common tree, an MCT must be a common tree-
Thus we can obtain a common tree by Algorithm 4.2, if one exists.
If the MCT obtained by Algorithm 4.2 is not a common tree, there
is no common tree.

From the definitions (4.16) and (4.17) we see that the sets
of branches Q and T' are uniquely determined for a given pair of

graphs. Then by Theorem 4.5 and 4.7 we see that O can be

obtained by Algorithm 4.2. We can get T by the dual algorithm
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which is obtained from Algorithm 4.2 by exchanging "Gv" and
"Gi"~and replacing "u" by "h" and "Q" by "Ff. Let A be the
set of branches not belonging to Q or ' Then we get a part-
tition of 2-graphs, Gv(Q, r, A) and Gi(Q’ I'n A). At least a

common tree exists for Gv(o, 1, A) and Gi(l’ 0, A).

4.4 PARTITION OF VOLTAGE AND CURRENT GRAPHS

Simiiariy to the fact that a graph consisting of a pair of
disjoint trees may have a finer structure,[3'2] 2-graphs for
which a common tree exists, may have a finer structure that goes
along the conditions described in the previous section. The
branches of 2-graphs can-be partitioned into several sets and a
partial ordering can be given to these sets. To see this we
first give algorithms to obtain sets of branches Hx and Kx
satisfying the following Conditions 3 and 4, respectively, for

a branch x with respect to a common tree T, which we assume has

been found.
Condition 3.
(i) z€E Hx'
(ii) TN@G.(H ; 0) is a forest of G.(H ; 0).
i Tz i Tz
(1ii) 7T Gv(Hx’ 1) is a forest of Gv(Hx’ 1).
(iv) %:is a minimal set satisfying (i)-(iii).
Condition_4.
(1) xE Kx. .
(ii) T/7Gi(Kx; 1)}s a forest of Gi(Kx; 1).

'..' n . 3 .
(iii) T Gv(Kx’ 0) is a forest of Gv(Kx’ o).
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(iv) Kx is a minimal set satisfying (i)-(iii).

Algorithm 4.3-1 '

step 1. Hx=ﬂ. Suppose x is a chord in Gi‘ Add z to Hx.

sﬁep 2. Find the fundamental loops in Gi defined by the
branches which are newly added to Hx' If some of the
branches in the loops have not been in Hx yvyet, add them
to Hx' and go to step 3. Otherwise stop.

step 3. Find the fundamental cutsets in Gv defined by the
branches which are newly added to Hx' If some of tﬁe
branches in the cutsets have not been in Hx yet, add
them té Hx’ and go to step 2. Otherwise stop.

END

Algorithm 4.3-2
Exchange "Gv" and "Gi" and replace "H" by "K" in Algorithm
4.3-1.

END

Algorithm 4.3-3
Exchange "loops" and "cutsets" and replace "chord" by "tree-

branches" and "H" by "X" in Algorithm 4.3-1.

END

Algorithm 4,3-4
Exchange further "Gv" and "Gi" and replace "K" by "H" in

Algorithm 4.3-3.

END
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From Conditions 3 and 4 we see that the following equations

hald for H and Kx respectively.

bv(Hx; 1) = pi(Hi; 0) . ' | (4.22)

pv(Ki; 0) = pi(Ki; 1). i (4.23)

Now we denote the sets of branches obtained by the above

élgorithms for branches z, y and z by Hx' Kx' Hy' K , Hz and

Y
Kz_respectively. Then they satisfy the axioms of a partially

ordered set.

Theorem 4.8
(1) If #H DH and H DH , then H =H .
X ) y X X y

(ii) If H DH and H DH , then H DH_.
x y y 2 x F]
These - relations also hold for Kx' Ky and Kz.

Theorem 4.9

H =H if and only if X DK .

x Y Y x
Proof: If Hx;?Hy then there is a string of branches =Ly L greees
Lo Lppgrecer T =Y determined by Algorithm 4.3-1 or Algorithm
4.3-4, such that Ty 41 is in the fundamental loop or cutset
defined by Ly e This string can be traced back by Algorithm 4.3-

2 or Algorithm 4.3-3.

Q.E.D.

Now let H NK =M , H NK =M and 'H NK_=M_.
z Tz x' Ty Ty Ty z Tz Tz

Theorem 4.10

H.=H and XK =K , if ye M_or z€ M_. The converse also holds.
x Yy x y x Yy
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Corollary 4.2

K DK if and only if # D&H
Y x x Y

Corollary 4.3

If y¢ Mx or xz¢& My' then Mx and My are mutually disjoint.

The pfoofs for Theorem 4.10), Corollary 4.2 and Corollary 4.3
are the same as these for Theorem 3.7, Corollary 3.1 and Cprol-
lary 3.3 respectively.

From Theorem 4.10 we see that the branches of the 2-graphs
can be partitioned into several sets in the same way as was
discussed in section 3.2. We can give a partial ordering to
these sets and define a structure of 2-graphs, which is repré—
sented by the Hasse diagram showing the partial ordering.

The structure of 2-graphs having at least a common tree can
be extended to 2-graphs without common tree. 1In general Q
and T are also partitioned into the subsets which are determined
by the following algorithms. Consider GU(Q; 1) and Gi(Q; 0).

For a branch, say z in , we get Ox’ as follows.

Algorithm 4.4

step 1. Ox=¢. Add =z to Ox'

step 2. Find all the nonseparable parts of Gv(Q; 1) which
include any of the branches newly added to Ox' If, in
the nonseparable parts, there are branches which have
not been in Ox yet, add them to Ox and go to step 3.
Otherwise séop.

step 3. Find all the nonseparable parts of Gi(Q; 0) which

55



include any of the branches newly added to Ox. If, in
the nonseparable parts, there are branches which have
not been in Ox yet, add them to ex, and go to step 2.
Otherwise stop.

END

The subgraph formed by the branches of Gx is called a common
nonseparable part of GU(Q;il) and Gi(Q; 0). We denote the sets
obtained by Algorithm 4.4 for branches z, y, z etc. by 0,0 0,
-Oz, eté. respectively. Q is partitioned as'follows. We first
find Gé for an arbitrary branch z in @, and next @y for y&'@x,
and then Oz for z¢ Oxlley and so on. The partition of T can
be determined by the dual algorithm which is obtained from
Algo;ithm 4.4 by replacing "Q" by "I'" and exchanging "Gv" and
"Gi"'

The structure of 2-graphs without common tree is represented
by the partial ordering of the partitioned subsets in @, I' and
A. 1In ordér to detefmine the partial ordering, Algorithm 4.3-1
or Algorithm 4.3-4 must be modified as follows. . First, instead
of a common tree T, a pair of corresponding MCT's of Gv and Gi
afe used. Secondly, if a branch of:a common nonseparable part
is included in Hx? all the branches in the nonseparable part
are added to H_. The paftial ordering is determined according.
to the inclusive relation amohg.the subsets of branches Hx' Hy,
Hz’ etc. An example of 2-graphs and the Hasse diagram showing
their structure are given in Fig.4.3. For these 2-graphs we
get, -fc.>r. instance, H15=E1 UE2 UE'3 UE4,.K15=E'4 Z{E5 and M15 =
E'4;'.H7=E'2,'K7=E'2UE’4UE’5 and M.7=E27 Q=E'1UE'2, 1"=‘

and A=F_UE,.

Es’ 374
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(a)

(b)

E1={112I3I415l6}l E ={718r9}, E3‘={10,11,

2
12,13}, E4 ={14,15,16,17,18,19,20,21},
E5:={22,23,24}.

Fig.4.3 (a)r Example of 2-graphs. (b) Partial ordering of

the sets of branches.
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We can also discuss the partition of 2-graphs and the solva-
bility of (4.1) in terms of the canonical form of the coeffi-
cient matrix. Obtain the fundamental loop and cutset matrices
B and Q with respect to a corresponding pair of MCT's of G and
Gos and arrange the rows and columns of [g] according to the
partial ordering of sets of branches in the same way as a (0-1)

matrix.[l'1][3-4][3.5]

Then we get a canonical form as shown
inAFig.4.4. The nonzero elements of the matrix are all éontain—
ed in the shaded region. We see that if there is no common
tree, there is no balance between the numbers of variables and
equations. The termrank of the matrix is obviously less than
the dimension of the matrix. Fundamental loop and cutset
matrices with respect to trees of G, and G. which are not MCT's

may yield a coefficient matrix with its termrank equal to.its

dimension.

number of rows

// WV/V//} W, (95 1) + 0 (2; 0) < |Q

N
% u,(T; o).+ p;(Ts 1) > |r|

'Fig.4.4 cCanonical form of the coefficient matrix.

The relation between the structure of 2-graphs and that of a
graph discussed in section 3.3 is schematically shown in Fig.4.5.
The solid arrows show the likeness and the dotted arrows, the

duality among the subgraphs.
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Fig.4.5 Structure of'2-graphs in connection with

the structure of a graph.

4.5 CLASSIFICATION OF NETWORK SOLVABILITY

On the basis of the results obtained in the previous sections

we give a

classification of network solvability in this section.

We are first concerned with the solvability of (4.1). For the

brevity of the description we use the following notations.

CTE: the
CTN: the
SE: the
SNP: the

cases where at least a common tree of G, and G, exists.
cases where no common tree of Gv and Gi exists. '
cases where the unique solution of (4.1) exists.

cases where no solution of (4.1) is possible for non-

zero independent source voltages or currents.

SND: the

cases where some of the unknown variables in (4.1) are

not determinate.

RE: the

cases where there exist special relations among the

element values.
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RN: the case where no special relation among the element

values exists.

Casé 1. CTE. Usually we have Case l-a.

Case l-a. RN and then it follows SE.

Case 1l-b-1. RE and SNP. An example is given in Fig.4.6.
(Example 4.1.)

éase 1-b-2. RE and SND. Example 4.2 in Fid.4.7.

Case I—b-3. RE and SE. The relations among the element values
may have no ‘effect on solvability, and we have this

case.

—
() °
R S 1

e
(), E%
Z _ r +

<

o Sy
——

1

Fig.4.7 Example 4.2. r.94 =1.

Case 2. The condition in Theorem 4.1 is satisfied but CTN.

Usually we have Case 2-a-1l.
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Case 2-a-1l. RN, then it follows SNP and SND.

Example 1l.1.

Case 2-a-2. RE and SND. Example 4.3 in Fig.4.8. vVoltage v

'is indeterminate.

See Fig.l.3,

Case 2-b-1. RN and SND. Example 4.4 in_Fig.4.9.

is indeterminate.

Case 2-b-2. RE, SNP and SND. This case follows from Case 2-

Voltage v

g1

B3

a-1 if the relations have no effect on solvability.

o .’\_9
(O OH(C

Dt

)
B 3

Fig.4.8 Example 4.3.

Fig.4.9 Example 4.4. r,=

Case 3. The condition in Theorem 4.1 is not satisfied. CTN.

Usually we have Case 3-a-1.

Case 3—-a-1l. RN and SNP. Example 4.5 in Fig.4.10.

Case 3—a—2.‘ RN and SND. An example can be obtained by
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combining Example 4.3 in Fig.4.8 and Example 4.5
in Fig.4.10.
Case 3—a-3.\ RN and SE. Example 4.6 in Fig.4.11. Another
| example can be dérived from Example 4.3 in Fig.4.8

by contracting resistor R

1°

Fig.4.11 Example 4.6.

Case 3-b-1l. RE and SNP. This case follows from Case 3-a-1
if the relations have no effect on solvability.

Case 3-b-2. RE and SND. Example 4.7 in Fig.4.12. If r 1

1917

1 Py vBl is indeterminate.

Case 3-b-3. RE and SE. Example 4.5 in Fig.4.10 with r2==32.

“and r, =r

No other case than are given above, is possible.

Now we consider the variables in Set 2 which is specified
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r

S __ R

Fig.4.12 Example 4.7.° r1g1 =1 and r, =rg.

in section 4.2. If the condition in Theorem 4.1 is satisfied,
there is a tree of G* containing all the voltage sources, inde-
pendent or controlled, but no current sources. Thus, if v1 and
11 are obtained, the unknown variables in Set 2 can be deter-
mined from Kirchhoff's laws. Next let us consider the cases
where the condition in Theorem 4.1 is violated. Choosing a
tree of G* wﬁich contains a maximum of voltage sources and a
minimum of current sources, we get n

-u(k 0)-o(E5; 1)

2 g’

equations for the variables in Set 2, where n, is the number of

2
these variables. Therefore, some of the variables are indeter—
minate, even if v, and i1 are obtained. 1In general Vl and 11-
themselves can be obtained only with certain special relations

among the element values, as is previously indicated. 1

4.6 CONCLUDING REMARKS

The condition in Theorem 4.1 is equivalent to the condition
2) in Theorem 1 of reference [4.3] or the condition 1) in
Theorem of referepce [4.4]. The necessary, and sufficient condi-

tion (4.9) and (4.10) for the existence of a common tree seems
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to correspond to the famous Hall's condition in the matching
theory.[l'l][4'12] Equation (4.18) is a min=max relation like
[1.1]

‘K8nig's theorem. Algorithm 4.2 is similar to the Hungarian

[4.13] It is an efficient

method to obtain a maximal matching.
algorithm to obtain a common tree, if one exists, or an MCT, if
no comﬁon tree exists.

Although the existence of a common tree is often guaranteed
by checking the condition of Theorem 4.2, it is not so for an
active het&ork.model using norators and npllétors. The discus- -
sions in this chapter are, of course, applicable to the 2-graphs

derived from such a network model, giving topological conditions’

and algorithms to check the solvability.
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CHAPTER 5  STATE EQUATIONS AND ORDER OF COMPLEXITY OF LINEAR
NETWORKS

5.1 INTRODUCTION

The state equations, as one of the important ways of describ-
ing a linear network, are written in a very compact form which
only shows the relation between the first derivatives of the
state variables and the state variables plus external forces.
All the other variables are eliminated in the process of
deriving the state equations from the network equations. 1In
general, this process is very complicated in the case of an
active network, and the relation between the state equations

and the original network is difficult to-observe.[4'2][4‘3][5'1]

[5‘2] The dimension of the state space, or in other words, the
order of comélexity of an active network depends not only on the
network topology but also on the element values,

In this chapter we investigate how the topological properties
of.the hetwork and the properties of the network elements are
combined to formulate the state equations. - An upper bound on
the order of complexity which can be determined from the network
topology only, is discussed in section 5.2. If there is no )
special relation among the element values, the network topology
which gives the upper bound is to correspond to the state space.

We derive the state equatioﬁs for an active network under
the restriction imposed in section 1.2, trying to make equations
which appear in the process of derivation, as simple as possible

so that the relation between the relevant equations and the

network topology can be observed. There are networks, however,
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to . which no unified procedure, except completely algebraic
ones, to derive the state equations is applicable. We illus-
trate the difficulties encountered in the process of derivation

by giving several examples.

5.2 ORDER OF COMPLEXITY OF LINEAR ACTIVE NETWORKS

[4.8]

On the basis of the 2-graph method Tow showed that an

e can be stated with

upper bound on the order of complexity
respect to some particular common tree, which he called a
maximal tree. The condition for a maximal tree seems to be
rather complex. We give a much simpler common tree with
respect to which an upper bound on the order of complexity of a
general active network is given.[5'3]

Unlike Tow we replaced a current-controlled current source
by a cascade connection of a curreﬁt—controlled voltage source
and a voltagé—controiled current source. A voltage-controlled
voltage source was replaced in a similar way. Hence DG and DB
in (4.2) and (4.3), respectively, are constant diagonal matrices

and "p"'s in the common-tree-immittance products Himmit arise
only from the capacitors in the common tree and the inductors
in ité cotree. Let Tc be such a common tree that the sum of
the numbers of the capacitors in the common tree and the induc-

tors inits cotree is 0. Then we can rewrite (4.8) as follows.

@ Here the order of complexity is the number of natural fre-
quencies including the zero frequency. It is the same as the

dynamical degree of freedom.[l'l]
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Dy -0, | =+ 020 ; (sign T ) MooMsoM 26 polgg P (5. 1)
B 0 ¢
0 Q

where (sign To) is the sign permutation for To' and Hco, Héo’

HZG' Hro and HBG are the product of the capacitances in To'
the product of the mutual conductances of the voltage-controlled
current sources in To’ the product of the inductances in To;
the product of the resistances in To, and the product of the
mutual resistances of current-controlled voltage sources in To'
respectively. We define a normal common tree as a common tree
that contains a maximum of capacitors and a minimum of induc-

tors. Then we have:

Theorem 5.1

An upper bound on the order of complexity is equal to the
sum of the numbers of the capacitors in a normal common tree
and that of the inductors in the cotree of the normal common
tree. The upper bound is the lowest possible if the network

topology only is known.

The upper bound is equal to the order of éomplexity if there
is only one normal common tree or if there are more than one
normal common tree but there exists no special relation
among the values of elements specified by the normal common
trees.

Now let Ec and,EZ be the sets of the capacitor branches and

inductor branches reSpectively, and let Tc be a maximal common
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subtree(a maximal set of branches which contains no loop in
éither of 2-graphs) of Gv(Ec; 0) and Gi(Ec; o). Tc is the
Common part of a corresponding pair of MCT's of Gv(Ec; 0) and
Gi(Ec; é). Dually 1et.PZbe a maximal common subcotree(a maximal
set of brénéhes which contains no cutset in either of 2-graphs)
of Gv(EZ; 1) and Gi(EZ; 1). Contract[delete] the branches of
Tc[PZ] in Gv(Ec; 0) and Gi(Ec; 0)[GU(EZ; 1) and Gi(EZ; 1)1.

Then any of the branches in Ec_Tc[EZ-PZ] becomes a self-loop
{bridge] in either or both of the derived graphs, because if

a branch is not a sglf-loop[bridge] in either of the derived
graphs, it can be added to Tc[PZ]’ whiéh contradictsvTc[PZ]
being maximal, LetPcME] be the set of branches which are self-

loops[bridges] in both of the derived graphs. Then we have:

Theorem 5.2
If a common tree TR exists for the 2-graphs derived from
Gv and Gi by contracting the branches of Tc UTZ and deleting

P UPc, then T=Tc UT,UT, is a normal common tree.

[A 1 R

Proof: The subtree consisting of capacitors of a normal
coﬁmon tree of Gv and Gi also forms:a subtree in Gv(Ec; 0) and
Gi(Ec; 0). Thus the number of branches of the subtree is no
more than the number of branches in T,- The dual statement

is valid for the humber of inductors in T.

Q.E‘.D.

Note that TR contains no capacitor, and T no inductor.

R r
Now let us consider the transformation of common trees, or
the common-tree transformation, in 2-graphs, as an extension

‘of the tree transformation in one graph. Contrary to the fact
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that an elementary tree transformation in one graph is always
possible, an elémentary common tree transformation may or may
not be possible. .Suppose T is a common tree of Gv and Gi'

and x is a chord of T.

Theorem 5.3
If there is a sequence of branches x=x0,x1,...,x2k_1,x2k,

x2k+1,;..,x2m=x that satisfies the following conditions;

(i) P is in the fundamental loop in Gv[Gi] defined with
respect to T by Loger k;=0,1,..,m-1, and 29 is in the fun-.
damental cutset in Gi[Gv] defined with respect to T by Lop gt
k=1,2,...,m,

(ii) there exists no sequence which is properly contained in
the sequence and satisfies condition (i),

then, the set {xl, z } contains no cutset

32t Toparo e Topog

in Gv[Gi]’ and the set {xo, Lgseves Topsene, xgm_z}contalns no
loop in Gi[Gv]'
Proof: Suppose that the set {xz, Tgseees x2k+1,..., x2h+1,...,

x2m-1} contains a cutset in Gv[Gi]’ and that the cutset contains
Topsre Branch:x2k+1belongs to the fundamental loop defined by
Tope Since a loop has an even number of common branches with &
cutset, the fundamental loop must contain one more branch, séy

Topagt in the cutset. Let 2k+1 < 2h+1, then there is a sequence

of branches xO’xl""’ka’x2h+1""’x2m’ which satisfies condi-
tion (i) and is properly contained in TsXLgseresTorsLop gseees
32h+1”'°’?2m' This contradicts condition (ii). The proof for

the rest of the theorem is similar.

Q.E.D.
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Theorem 5.4
..If ther? is a sequence of branches x=x0,x1,...,x2k_1,x2k,

32k+1,...,x2m=x that satisfies the conditions in Theorem 5.3,

then x k=1,2,..,m-1, is not contained in the fundamental

2k+1’
loops defined by Lpr Tgreeer Top o in Gv[Gi],‘and Topr k=2,3,..,
m, is not contained in the fundamental cutsets defined by L0

xs',._..‘, xzk_s in G?:[Gv]‘

'Proof: Suppose x is contained in the fundamental loop

2k+1
defined’ by izh(h <k). Then there is a sequence ,,%;,...,
Lot Tors1’ 1 Com . which satisfies condition (i) and is
properly contained in the sequence xo’xl""'th""’xzk’x2k+1’

oo X This contradicts condition (ii). The proof for the

2m*
rest of the theorem is similar.

. Q.E.D.

Theorem 5.5
If there is a sequence of branches x=x0,x1,...,x2k_1,x2k,
x2k+1(}..,x2m=x such that satisfies the conditions in Theorem
5.3, then
m=-1

m N
P =TUl Uz} - (U {z
k=0 2K k=1 2

gV (5. 2)

is a new common tree of G and Gi'

Proof: We prove that T' is a tree of Gv' By an elementary tree
transformation we can get a tree of Gv’ T1=1fvxo-x1. Since
Lopp1’ k;=1,2,...{m-1, is not containéd in the fundamental loops
defined by z, with respect to T from Théoreﬁ 5.4, and thus the

fundamental cutset defined by =x k=1,2,...,m-1, with

2k+1’

respect to T does not contain =z the fundamental cutset defined-

0!
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by x2k+1,'k=1,2,...,m—1, with respect to T1 which now includes
x, as a tree-branch, remains uncﬁanged and still contains Topr
that is, the fundamental loop defined py Z ok with respect to
T, still contains T orr1® Thus another tree transformation
1} =1} Ux2-x3 is possible. Furthermore Toppq? k=2,..,m-1, is
not included in the fundamental loops defined by Lgreees Top_9
with respect toﬂu. Repeating the process, we get a tree of
G,. By the dual discussion to the above we can show 7' is a
cotree of Gi’ and hence T' is a tree of Gi' It follows that
T' is a common tree of Gv'and G, -
Q.E.D.

We can give the dual discussions to the above concerning a
common tree T and a sequence of branches starting with a tree-
branch of T instead of a chord.

Next we aéply the above theorem to a normal common tree of
Gv and Gi' Let T be a common tree. We assign a weight to each
- branch as follows. Weight wy of branch P is 1, if x, repre-

sents a capacitor in T or an inductor in T, -1, if z represents

a capacitor in T or an inductor in 7, and 0 otherwise.

Theorem 5.6 '
If there is a sequence of branches x=x0,x1,...,x2k_1,x2k,
x2k+1,...,x2m=x that satisfies the conditions in Theorem 5.3

for a normal common tree T, then the sum of the weights assigned

to the branches in the sequence is non-positive, that is,

Wp + Wy F een Fug o+ Wop * Woppy T oor + 0o o 20 (5. 3)
Proof: If the sum of the weights is positive, the sum of the

71



numbers of capacitors in T and inductors in T can be increased
by performing the common-tree transformation specified in

Theorem 5.5, which contradicts T being a normal common tree.

Q.E.D.

Corollary 5.1

There is no sequence of branches x=x0,x1,...,xzk_l,xgk,x2k+1,
cee Ty =T that satisfies condition (i) in Theorem 5.3 (not
necessarily condition (ii)) for a normal common tree T with
w0=i, and w1=w2=...éw2m_1~0.
Proof: If a sequence satisfying only condition (i) existed, T'
obtained by (5.2) may or may not be a common tree, but the
sequence contains a subsequence which also satisfies conditions
(i) and (ii). A contradiction can be shown for this subse-
quence, since it contains z, whose weight w0=1.

Q.E.D.
An efficient algofithm~to obtain a normal common tree is now

available.[5'4]

Although the voltages of ﬁhe capacitors in a normal common
tfee and the currents through the iﬂductors in the cotree of
the‘normal common tree are to constitute a set of the state
vériables, derivation of the state equations for these variables

sometimes needs a complex process.

5.3 STATE EQUATIONS OF LINEAR ACTIVE NETWORKS
‘In spite of the simple statement on the order of complexity

in terms of a normal common tree, we encounter subtle difficulty
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in deriving the state equations  if we use a normal cdmmon tree.
Here we discuss derivation of state equations using an over-
normal tree.[l'Z]FS'Z][S'S]
We find an overnormal tree of G*, deﬁoted by T, having the'.
following properties.
l. T contains all the independent voltage sources and current
sensors.
2. T contains a maximum of controlled voltage sources consist-
ent with property 1.
"3. T contains a maximum of capacitors consistent with proper-
ties 1 and 2.
4. T contains no independent current sources nor voltage
sensors.
5. T contains a minimum of controlled sources consistent with
property 4.
6. T contains a minimum of inductors consistent with properties
4 and 5.
A tree having the above properties can always be found in
G* with the-topological restrictions (ii) specified in section
1.2. Now we assume that T contains all the controlled voltaée
sources but no controlled current source. The elements in T,
that is, the independent voltage sources, current sensors,
controlled voltage sources, capacitors, resistors and inductors
in 7 are indicated by e, a, B, e, g and f, respectively. The
elementé in the cotree bf T, that is, the independent curreht
sources, voltage sensors, controlled current sources, inductors,
resistors, and capacitors in T are indicated by 4, v, 6§, 1, r

and s, respectively.
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Now in order to make the form.of the network equations
simpler we replace resistors in T and T by their controlled

source equivalents as shown in Fig.5.1 (a) and (b) respectively.

(a) ’ (b)

(c) - (@)

Fig.5.1 (a) Equivalent circuit for a resistor in T. (b) Equivalent
circuit for a resistor in I. (c) Equivalent circuit for an
inductor in T. (d) Equivalent circuit for an inductor in T,

The network equatiohs are, then,

v]=-[8s B B4 B [V (5. 4)
vy Bir Bio Big Bro| | Ve
vs 0 sc SB se VB

Ve

74



1.ct = - (Qus Qal Qué Quj (js v (5. 5)
1.c ch QcZ Qcé ch 7
Ir 0 Qg Qy Q| | s
i,
L J
O T r . N
p(vc = [0, i, (5. 6)
v p I 0 i
S S [
. -1
1Z . DZ vz
. 0 5 -1
'rl L ol
vgl= [Dg 0 1[4,] (5. 7)
16 0 sy vY

where v. and i. are the voltage and current vectors, respec-
tively, associated with the elements as noted by the subscripts.
B.. and Q.. are the submatrices of the principal parts of the
fundamental ioop and cutset matrices, respectively, associated
with the elements as nqted by the subscripts. Dc, DS, DZ' Df'
DBa and D are diagonal matrices of the element values as are

Sy

respectively indicated by the subscripts. Since we are mainly
concerned_with the state equations, we are satisfied without
immediately knowing the currents through the voltage sources
or the voltages across the current sources. Therefore the '
equations for these variables are not shown.

We first eliminate ia and vY from the equations in (5.7)
and the first equations in (5.4) and (5.5). Then we get

MaBVB N -Qas1s - QaZIZ - Quj1j

+ QaéDGY(Bnyf + Bchc + Byeve) (5. 8)
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M i =-B v.-B v -B v

Y8 6 £ f ye e Ye e _
+ BYBDBa(Qas1s + Qaz‘z + Qaj1j) R (5. 9)
where
M =b,"1-qQ.D.B (5.10)
aB Ba ad 8y YB -
- -1 _
MY‘S = DSY ByBDBaQad . (5.11)

We observe that MaB or MYG becomes singular if and only if
the mutual resistances in DBa and the mutual conductances in
DGY satisfy a certain relation specified by the network topol-
ogy. We distinguish the cases where this occurs from the cases
where the rank of a matrix decreases due to the network topol-
ogy only. If the element values can be chosen arbitrary, MaB
and Myé can be made nonsingular, and we can solve (5.8) and
(5.9) for Vg and iG’ Then from the third set of equations in
(5.4) and (5.5) we qbtain the relation between vs, if' is and
vf,.which can be written in the form;

Vo T Hsf is +H v |t Hej Vo | (5.12)
1f vf iZ ij
where
Hsf = BSB 0 MBG 0 U 'QaGDéy Qas 0 (5.13)
0 Qfd 0 MGY -BYBDBa U 0 BYf .

MBa and MGY are the inverse matrices Of.MaB and Myd respective-
ly.
If Hsf is nonsingular, then (5.12) can be solved for is and

vf. Eliminating these variables together with ic and vy using
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(5.5), we obtain a set of state equations. The order of
complexity for this case is the sum of the numbers of capacitors
and inductors. If Hsf is singular and'the nullity of the
matrix is usf’ there must be usf relations among Vgr if’ vV, and
iZ(Possibly some of the these variables may become constant.).
Thus an upper Bound on the number of state variables is given
by the sum of the numbers of the capacitors in 7 and inductors
in T plus the rank of Hsf’ Therefore we investigate the rank
of this matrix in the following.

There are four matrices on the right-hand side of (5.13).
The second and the third matrices are square and become singular
only if there are certain relations among the mutual resistances
in DBa and the mutual conductances»in Ddy' The rank of the
other two matrices can be determined from the network topology

only. We define graph Gv [Gis] as the graph obtained from the

s
voltage graph Gv[the current graph Gi] by contracting the ca-
pacitors in T and the inductors in T, and by deleting the
inductors in T, the voltage sensors[the controlled current

sources] and the controlled voltage sources[the current sensors)

leaving only the capacitors in T. Then we have:

Lemma 5.1

The rank of BsB[Qas] is equal to the rank of G [G. 1.

vs " 18§
Proof: Submatrix BsB[Qas] corresponds to the graph, denoted by
GvsB[Gias]’ obtained from Gv[Gi] by contracting all the tree-~

branches except the controlled voltage sources|[current sensors]
and by deleting all the chords except the capacitors in T.

Then Lemma 5.1 follows immediately from Corollary 2.2 [Corollary

77



2.1].
Q.E.D.
We also define Gvf[Gif] as the graph obtained from Gv[Gi]
by @eleting the inductors in T and the capacitors in 7, and
by contractiné the capacitors in T, the controlled voltage
sources [current sensors] and the voltagevsensors[controlled

current sources], leaving only the inductors in 7. Then:

Lemma 5.2

The rank of Byf[QfG] is equal to the nullity of Gvf[Gif]'
Corollary 5.2

Matrix BéB[st] is square ‘and nonsingular if and only if
GvsB[GiaE] i1s a graph consisting of a pair of disjoint trees,

that is, a tree of controlled voltage sources[current sensors]

and a tree of capacitors.

The dual corollary to Corollary 5.2 can also be stated, but

is omitted here.

Theorem 5.7

rank of Hsf < min(rank of Gvs + nullity of Gif’

rank of G+ nullity of Gva . (5.14)

Proof: Applying Sylvester's theorem for the rank of a matrix
product, Lemma 5.1 and Lemma 5.2 to (5.13), we easily get the

result.

Q.E.D.
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Now in order to make the following discussions simpler we
further replace all the inductors in the network by their
equivalent circuits as shown in Fig.5.1 (c) and (d). Then
the terms with subscripts I and fin (5.4),(5.5) and (5.6)
disappear. The terms concerning inductors are also dropped

from (5.8),(5.9) and (5.12). From the resultant equations

we obtain

BsBMBaQas 0 1's =Y Bs BsBMBaQaaoéyByc Vs
Q QcG Sy YB BaQas v 1.c 0 ch 67 Ye Ve
* Bse * BsgMaalesDsyB Ye Bes M30lu Ve (518
QM Gy ye Q # Qu M 5Y Y8 BaQaJ ij

We are now going to derive a set of state equations from
(5.15). Let us.denote the rank of B BaQas by 04+ The rank
of the matrik in the left-hand side of (5.15) is the sum of
p, and the number of the capacitors in T. 1If there exists a

(psxps) nonsingular principal minor matrix in B , we

sBMBaQas
procedé as follows. First dividing the capacitors in T into
two sets, indicated by s; and s,, such that the capacitors in
the second set correspond to the nonsingular principal minor

matrix, we can write (5.15) as

0 0 0 181 = Klsl Klsz ch vSl + er sz v, (5.16)
AZSi A232 0 132 0 U 2e V32 F2e FZJ 1J
A3sl ASsz v e 0 0 KSc Ve F3e F3j

where A282 and Kls1 are nonsingular. Eliminatlng,1sl’ 132

and ic by use of (5.6) and then vsl, we have
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A232032 - AZSIDlels;JKISZ -A231D31K1311ch PV,
ASszDsz - ASslolelsleZSZ - 3slnlels;1 e * 0 |PYe
= U K2c vs2 + F2e sz v,
0 ze||Ve F3e F3j 1.,7'
- [Age D, K, TTF, A, DK T 241 [pv (5.17)
1 81 48y 1 & 481 49 e
A331031K13;1F1e A3SIDSIK1311F1j pij

The matrix on the left-hand side of (5.17) is nonsingular

unless there exists a special relation among

values. No further decrease in the order of

caused by the network topology only.[S'S]
equations can be obtained by multiplying the

matrix to both sides of the equation.

Ay

the element
complexity is
set of state

inverse of this

Note that only the

first derivative terms of the independent source voltages

and/or currents may appear in the state equations.

If the

matrix in the left-hand side of (5.17) is singular, the process

used to derive (5.17) from (5.16) is repeated, and each

repetition of the process may yield higher order derivatives

of the independent source voltages and/or currents.

rizing, we have:

Theorem 5.8

If
(i)

controlled current sources,

(ii)

80

Summa-

T contains all the controlled voitage sources, but no

no special relatibn among the element values, or the



element values are arbitrary, and

(iii) B BaQa
matrlx,

then

(i) MGB and M

(ii)

is nonsingular and Vo,

ables, and

vé
the coefficient matrix in the left-hand side of (5.17)

has a (psxps) nonsingular principal minor

are nonsing

and v

ular,

S2

constitute the state vari-

(iii) at most the first derivatives of the independent source

voltages and/or currents appear in the state equations.

Now we look into the networks,

Theorem 5.8 do not hold.

Case 1-1. Even if the rank bf B

is

s8M8alas

Ps

for which the conditions in

, there may not

always exists a (stps) nonsingular principal minor matrix.

For example,

0 r2 rz
0 0
0 r,
-? rz rl

if capacitor ¢

2
is included in an overnormal tree, B Ba
+r3 r2+r3+rg
0 0
Ty Ty
+r; z’1+1ﬁ3 ]

The rank of this matrix is easily seen to be 3,

no (3 x3) nonsingular principal minor matrix.

nonsingular pr

incipal minor

order of complexity of this

nonsingular pr

incipal minor

matrix is a (1xl) matrix.

network is 2..

Q

in the network shown in Fig.5.2

is
as

but there is
The largest
The

There is no (osxos)

matrix for any overnormal tree of
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the network. For this kind of network the derivation of the

state equations needs more complex processes.

= Cs -

Fig.5.2 - Example 5.1(by T.Nitta[5.5]).

Case 1-2. For some networks the existence of a (psxps) non-
singular principal minor matrix depends on the choice of the
overnormal tree. If capacitor 01 in the network shown in
Fig.5.3 as Example 5.2 is included in T, the rank of BéBMBaQaé
is 2, but there is no (2 x2) nonsingular principal minor
matrix. Some other overnormal tree, however, say a tree

with capacitor C, as a tree element, leads to the matrix

7.
with (2 x2) nonsingular principal minor matrix. The order

of complexity of. this network is 3.

Fig.5.3 Example 5.2.
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Case 1-3. For the network obtained from the network in Fig.5.2
by exchanging o, and 83, we get a (psxps) nonsingular prin-
cipal minor matrix for any possible overnormal tree. The

network is shown in Fig.5.4 as Example 5.3.
—
-—

Fig.5.4 Example 5.3 (by T.Nitta[5.5]).

Let us now study the cases where there are some special
relations amgng the element values, and MaB or Myé becomes
singular. In these cases we go back to the original network
equations. It may or may not be possible to get a set of state

equations depending on the network topology and the element

values, as are illustrated in the following examples.

Case 2-~1. Even ifiMaB is singular, a set of state equations
can be obtained. An example is given in Fig.5.5 as Example -
5.4. If Py =gy MaB for this network is singular, but a

state equation for v ,can be derived.

S

Case 2-=2. MaB is singular, and some of the variables in (5.4)-

(5.7) are indeterminate. No set of state equations exists.
For exawple, if r.dq =1 .in Example 5.5 in Fig. 5.6, MaB is
singular and Ve, is indeterminate.

Case 2-3. MaB is singular and no solution of the network
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Fig.5.6 Example 5.5.

equation is possible. See Example 5.6 in Fig. 5.7. 1If .

r, =R, Ma is singular. No solution of the network equations

8
exists for v, #0.
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Fig.5.7 Example 5.6.

The order of complexity may or may not decrease compared
with the network witﬁ the same network topology and element
kind but with nonsingular MaB
advantage of using an overnormal tree can be pointed out. The

or MyG' From Example 5.4 a dis-

priority of current-controlled voltage sources to be included
in an overnormal tree is higher than that.of'capacitors, and
the priority of resistoré is lower than that of capacitors.
There are cases, however, where a current-controlled voltage
source can be regafded as only a resistor, rather. than a
mutually coupling twoport element. Then the capacitor which
constitutes a loop with such a current—cohtrolled voltage
source can be removéa from the cotree and included in the tree.
In these cases, therefore, it can be said that the number of
capacitors in the cotree becomes unnecessarily large due to
the priority specified for.the overnormal tree. Incidentally
Example 5.4 serves as a counter example to Theorem 3 of refer-
ence [1l.2], showing that the theorem is not always valid.

Finally we remark on the condition (i) in Theorem 5.8. It
is exactly the sufficient condition in Theorem 4.2 for the

existence of a common tree of the voltage and current graphs.
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Thus it guarantees the existence of state equations if there
is no special relations among the element values. Moreover

it simplifies the form of the’getwork equations as can be seen
in (5.4) ahd (5.5), and makes it possible to treat an active
network almost like an RLC network. It is not an essential
condition, however, for the existence or the deriQation of

state equations.

5.4 CONCLUDING REMARKS

The state equations and the order of complexity of active
networks are studied from the network topological point of
view. With the effort to preserve the topological properties.
in the manipulations, we have succeeded in showing the results
.which are very much alike those of RLC networks. The order
of complexity is stéted with respeét.to a normal common tree, '
which is exactly a.direct extension of a normal tree of an
RLC network. The state equations which can be derived from
(5.17) has only the first derivative terms of external forces
like the passive case. A question might arise that the deriva-
tion of state equations using a normal common tree inétead of
an overnormal tree, would be more appropriate. Usually we
have to‘go through a more complicated elimination process if

we use a normal common tree.
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