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Topological recursion, quantum curves
and the second Painlevé equation

By

Kohei IWAKT*

Abstract

For the second Painlevé equation Ps, we show that the WKB solution of the Jimbo-Miwa
isomonodromy system (with the O-parameter solution of P> being substituted) is obtained by
the Eynard-Orantin topological recursion from the spectral curve of Ps.

§1. Introduction

Since the discovery of Painlevé equations by [28], a lot of works have been devoted
to investigate properties of solutions of Painlevé equations (e.g., [12]). One remarkable
property of the Painlevé equations is the existence of the associated isomonodromy
system (or the Laz pair). That is, each Painlevé equation describes an isomonodromic
deformation of a certain meromorphic linear ordinary differential equation (20, 21]).
Based on the theory of exact WKB analysis of the isomonodromy system, Aoki, Kawai
and Takei established the WKB theoretic approach to Painlevé equations with a large
parameter ) (= 1/h in this article). See [1, 23, 24, 25, 29]. The second Painlevé equation,
which we will discuss in this article, was studied in this framework by [14, 15, 16] in
detail.

On the other hand, Eynard-Orantin’s topological recursion ([11]) is a recursive al-
gorithm to assign a hierarchy of certain invariants (or functions) to a given algebraic
curve called a spectral curve. Topological recursion attracts both mathematicians and
physicists since these invariants are expected to encode the information of various geo-

metric or enumerative invariants and correlation functions of matrix models (see [10]).
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Moreover, the topological recursion is also closely related to integrable systems and the
theory of Painlevé equations (see [3, 4, 17, 18]).

For a class of spectral curves, it turns out that the generating function of invariants
defined by the topological recursion satisfies a Schrodinger-type linear differential (or
difference) equation containing a small parameter A (e.g., [2, 5, 6, 7, 8, 9, 13, 26]). The
Schrodinger-type equation is said to be a quantization of the spectral curve, or quantum
curve, because its semi-classical limit h — 0 recovers the initial spectral curve. As an
application, the WKB analysis of quantum curves enable us to describe certain formulas
for Gromov-Witten invariants ([8, 9]). Understanding how Schrédinger-type equations
solve enumerative problems etc. is very interesting problem, but we haven’t established
a general theory so far. The above literatures on quantum curves (as well as this article)
will be foundation to build a general theory of quantum curves.

Here let us focus on the connection between the Painlevé equations and quantum
curves. A construction of the isomonodromy system as a quantum curve is first estab-
lished in [19] for the case of the first Painlevé equation with a small parameter h. The

main result of this article is to generalize the result to the second Painlevé equation
2
P h2j’t2 =2¢°+tqg—0+ g
Here 0 is a complex parameter. A new observation of this article is that we have obtained
two different quantum curves from the same topological recursion process. That is, the
quantum curve depends on how we integrate to get a WKB solution defined through
the topological recursion, as we will describe below.

Now we briefly describe our main results. Let us take
(1.1) y® = (z — q0)*(2* + 2907 + 3¢} + 1)

as a (1-parameter family of) spectral curve for the topological recursion. Here gy = qo(t)
the leading term of h-expansion of the solution of P». Let W, ,(z1,...,2,) be the
Eynard-Orantin differential of type (g,n) defined from the spectral curve (1.1) (see
Section 3.1). These are meromorphic differential forms (and depend also on t), where
z;’s are copies of a coordinate on the spectral curve (1.1). Let us introduce functions

(1.2) Fyn(zi,...,2n / / Wyn(21,...,2n)

satisfying d,, ---d., Fy ., = Wy . Then, our main results claims that a particular WKB
solution of the isomonodromy system is constructed as the generating function of F, ,
(after appropriate modifications of Fy ; and Fy ).

Theorem 1.1 (Theorem 3.2).  The formal series ¥ (z,t,h) defined by
Fyn(z, ...,
Y(x,t,h) = exp Z 529—2+nw

n!
g>0,n>1 z=z(x)
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is a WKB solution of an isomonodromy system (2.7) and (2.8) associated with Py. Here
z(x) is the inverse function of x(z) which parametrizes the spectral curve (1.1). The

semi-classical limit of the isomonodromy system coincides with the spectral curve (1.1).

Here we show another result. Let us introduce
_ 1 zZ1 Zn
(1.3) Fg,n(Z17~~'7zn):2_n/_ /_ Wyn(z1,...,2n0)
zZ1 Zn

(where zZ = 1/z) which also satisfies d., - --d,, F,, = W, as well as F, ,,. Our second
main result claims that the corresponding quantum curve is also related to the second
Painlevé equation, but different from the one in Theorem 1.1.

Theorem 1.2 (Theorem 5.1).  The formal series ¥(x,t, ) defined by

- oinFyn(z,y,2)
w(l', t, h) = exp Z h29—2+ QT _a(t7 h)
g>0,n>1 z=z(x)

is a WKB solution of an isomonodromy system (5.7) and (5.8) associated with

_ qu
Py: B*— =2¢° +tq— 0.
2 dt2 q q
Here a(t, h) is a certain formal series independent of x. The semi-classical limit of the
isomonodromy system coincides with the spectral curve (1.1).

Therefore the quantum curve is again an isomonodormy system of the second
Painlevé equation, but with a parameter shift § — 0 + /2. These results show that the
quantum curve depends on how we define the function F, ,, satisfying d., ---d., Fyn =
Wy n. This is our new observation which cannot be seen in the case of the first Painlevé
equation. This is because the spectral curve of the first Painlevé equation has only one
ramification point, and hence F},, and Fy,, coincide (see [19, Remark 4.8]).

This article is organized as follows. In Section 2, we briefly review some known
facts about P, and the WKB analysis of the isomonodromy system [15, 23]. Theorem
1.1 (Theorem 3.2) will be formulated precisely in Section 3 after recalling the notion
of topological recursion. We will give a proof of Theorem 1.1 (= Theorem 3.2) and
Theorem 1.2 (= Theorem 5.1) in Section 4 and 5, respectively.
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8§2. The second Painlevé equation P»

Painlevé equations having a small parameter £ (or a large parameter 1//) has been
analyzed by Aoki, Kawai and Takei in terms of the exact WKB analysis ([1, 23, 24, 25]).

In this article we focus on the second Painlevé equation with a small parameter h:
d?q h
Pyt P— =2¢" +tq— 0+ .
2 a2 q q 9
The equation P is analyzed by [14, 15] in detail. We review some results of these
literatures that are relevant to this article.

§2.1. Hamiltonian description and formal power series solution

It is well-known that P, can be written as a Hamiltonian system with the (time-
depending) Hamiltonian

(2.1) H = H(q,p,t) = %p2+ (q2+%)p+€q.
That is, P» is equivalent to
22) i

| @——a—H:—2qp—9.

dt  Oq
(See [27].) Throughout of the paper we only focus on the formal power series solution
(called 0-parameter solution) of (2.2) of the form

(2.3) (4:0) = (a(t, 1), p(t, 1) = (D Wqu(t), 3 W"pa(t)).
n=0 n=0

It is easy to see that ¢(t,h) is the formal power series solution of P». Hence the top
term gg = qo(t) satisfies an algebraic equation

(2.4) 2q8 4+ tgo — 6 = 0,
and the terms g, (t) for n > 1 are recursively determined. The formal power series

p(t, h) is given by

(e, ) = K6, 1) — a(t, )7

N |+
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In what follows we assume
(2.5) 0 # 0.

Note that gy never vanishes under the assumption (2.5). We also assume that ¢ lies on
a domain defined by

0

(2.6) (6a0(t)> +t =) dao(t)? = —— #0.

qo()

Remark 2.1. The points excluded in (2.6) are called turning points of Ps.
Turning points, together with Stokes curves introduced in [23] play important role
when we discuss the Borel summability ([22]) and the (parametric) Stokes phenomenon
([14, 15, 16]) of the formal solution of P;.

§2.2. Isomonodromy system

It is well-known that each Painlevé equation describes the compatibility condition
of a certain system of linear PDEs, called isomonodormy system (|20, 21]). For Ps,

0%y o

2.7 R L —pf=
27) 22 f@x + 9v,
oy ho 0y pH++t/2 g
2.8 pv___ v ow (pTqTls 4
(2.8) ot 2(x—q) Oz ( 2(z — q) 2)w
give an isomonodromy system. Here
1 2 9 5
f=h—, 9=x4+tm2—20x+2H—|—t—+h(x_q)_hm7

and H is given in (2.1). In what follows we consider the system (2.7) and (2.8) with
the formal solution (2.3) being substituted into the coefficients. Therefore f and g are
regarded as a formal power series f =Y " A" fn, g = >, h"g, whose top terms are
given by

fo=0, go=(x—q0)*®+ 20z + 3¢5 +1).

Remark 2.2.  The isomonodromy system (2.7) and (2.8) is obtained from the
following matrix-version of the isomonodromy system introduced by Jimbo and Miwa
(for the case of h = 1) in [20, Appendix C|:

ov ov
h— =AY, h— = BU
oz ’ ot ’
where

9 t T u
" +p+ - u(x — q) -z
A= 2 B=| 2 2
2(zp +qp + ) 9 t]’ _p z
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Here ¢ and p are solution of (2.2), and u satisfies h(du/dt) = —q. It is easy to check
that, if we write U = (1), ), then the first component ) satisfies
=B 4 | —detA+h —h
022 Ay or or ( D T T ) ¥
oy B0y < A11B12> "

h2

ROV _ P12 9%
ot A, 0z

A straightforward computation shows that these equations coincide with (2.7) and (2.8),

respectively.

Remark 2.3. The system (2.7) and (2.8) is obtained from the isomonodromy
system considered in [15, 23] through the gauge transformation ¢ — u~"2(z — ¢q)'/?%)
together with a shift § — 6 — i/2 of the parameter. Hence, results proved in the
references are applicable to our current situation with some modification.

§2.3. r7-function of P,

Let
(2.9) o(t,h) = H(q(t, h), p(t, h),t)
be the Hamiltonian function. The formal series 7(¢, i) satisfying
d2
(2.10) hQ@ log 7(t,h) = o(t, )

is called the (isomonodromic) T-function of Py ([21, 27]). As is shown in [17, Section
3.2], the 7-function for P, is invariant under % — —h. Hence, the formal series o is a

formal power series of the form
(2.11) o(t,h) = W oo (t).
n=0

§2.4. WKB solution of the isomonodoromy system

Let us summarize some part of results obtained in [15, 23] which is relevant to the
main result of this article.
The WKB solution is a formal power series solution of the form

(2.12) Yy (x,t,h) = exp (/w R (z,t, h)da:) :

where R (z,t,h) = > > _, pm—1RGE) (z,t) be two formal solutions of the Riccati equa-
tion associated with (2.7):

OR
(2.13) A2 (R2 + %> =hfR+g

. R — (¢* +p+1/2)
— o

2

t
+(:U—q)) +l’4+t$2—29$—|—2H—|—Z.
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The first two terms of R(F) are given explicitly as

—(z 4+ qo) £ /r(z,1)
2r(z,t) ’

RS (2,t) = £(x — q)Vr(z,t), RF(2,t) =

where
r(x,t) = 2% + 2qox + 32 + t.

The coefficients R )(x, t) for m > 2 are recursively determined by

(£)
(2.14) E Réi)Rl(7 ) + “or E faRl(, ) + Gm+1-
a+b=m-+1 a+b=m++1
a,b>0 a,b>0

It follows from the recursion relation (2.14) that the coefficients {R,(;f )}mZO are
(multi-valued) holomorphic on the domain C\ {qo,v1,v2} as functions of z. Here vy, vy
are defined as zeros of r(x,t). However, they are in fact holomorphic at x = ¢y as a
consequence of [23, Theorem 1.1] (c.f., Remark 2.3). Note also that the assumptions
(2.5) and (2.6) imply that go, v1 and v, are pair-wise distinct.

Lemma 2.4.  The coefficients {Rﬁ,ﬁf)}mzo have the following asymptotic behavior
when x tends to co:

RS (e, 1) =+ (m2 bty O(m2))
Rgi)(ﬂ%t) =0, RWB(x,t)=0"%) form>2.

Lemma 2.4 can be verified by using the recursion relation (2.14).

Using Lemma 2.4, now we fix a normalization (i.e., choice of the lower end-point of
the integral in (2.12)) so that the WKB solution satisfies both of (2.7) and (2.8). Define

(2.15) SE (@, t,h) =Y KmSE (1),
m=0
where

(216 S(Sﬂ(x,w:iWW%bg(wﬁ mw)

$+QO— ’I“(Il?,t)

. 1 1 T+ qo + /r(z,t) 1
2.17 S x,t)=—-logr(z,t) = =1lo — —log qq,
(2.17) 1 (1) = —7 logr(z,t) £ 7 log Tt VieD) 1%
(2.18) S'T(f)(x,t):/ RF) (z,t)dx  for m > 2.

oo(£)
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(Here we put ~ on these functions to distinguish them from functions defined by topo-
logical recursion in next section.) Since the functions Rﬁ,;t ) are multi-valued functions

of z, the path of integration in (2.18) should be considered as a path on the Riemann

surface of Réi). The Riemann surface is explicitly defined by the algebraic equation

(2.19) y? = (v — qo)*r(z,1).

We call the Riemann surface (2.19) the semi-classical limit, or the spectral curve of (2.7).
The symbol oo in (2.18) represents the points on the spectral curve corresponding
to x = oo satisfying

(. —qo)V/r(z,t) = +2> (1+ 02 ")), asz— oo F).
The following Theorem is a modification of a result shown in [15].
Theorem 2.5 (C.f., [15, Section 4.2]).  The formal series
(2.20) Yy (x,t, h) = exp (g(i)(x, t, h))

gives WKB solutions of isomonodromy system (2.7) and (2.8). That is, the formal
power series S (x,t, h) satisfies

(2.21) 2S‘(i)(av,t, h) = R (x,t, h),
ox
05 1 05 t q
2.22 _ _ AR
(2:22) L ot 2(x —q) (h ox (p—l—q +2)) 2

Proof. The equality (2.21) follows immediately from the definition of S. The
equality (2.22) is equivalent to

95> 1 95 ) , q
(2:23) o [2(x—q) (h or <p+q +§) 2 .

for all m > 0. Here, for a formal series c(h) = -, h*ck, we define [c(h)]pm = ¢y,
The equalities (2.23) for m = 0,1 are easily verified after applying 0/0t to (2.16)
and (2.17). To compute 85’%)/81& for m > 2, we use the following identity for R(*).

Lemma 2.6 ([23, Proposition 1.2]).  The formal series R™®) satisfies

(2.24) haR(i> 0 <hR<i> - (p+q2+t/2)>

ot oz 2(x —q)
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Lemma 2.6 implies

x

a =~ a
—Z §() = —Z R
tSm (x,t) /(i) tRm (x,t)dx

_ [hR(i) —(p+ ¢ +t/2)] B
2(x —q) Bm

lim

z—oo(E)

{hR(i) —(p+q%+1/2)
2(27 - q) h'rn '
Since

_1 _ dm 23 () _ 2 .
{2@_(1)}% 2%2+O( ), Ry (1+0(z™1))

holds as z — 0o, we obtain

hR) — 2+1/2
lim et | B
Thus we have proved (2.23) for m > 2. O

The equalities (2.21) and (2.22) show that the Riccati equation (2.13) is written as

95\2  9%8 95 £
2 [ (92 A o0 4 2 v
(2.25) I (<8x> +6:c2> h<2h8t +x> +a® +tx® —20x + 2H + i

3. Quantum curve theorem

In this section we apply the Eynard-Orantin’s topological recursion [11] for the
spectral curve (2.19), and formulate our main theorem on the reconstruction of the

whole isomonodromy system as a quantum curve.

§3.1. Topological recursion

The topological recursion is an algorithm associating some differential forms W ,,
and numbers F; to the following given data:

e A plane curve (C,z,y): C is a compact Riemann surface, z,y : C — P! are mero-

morphic functions.

e The Bergman kernel B: It is a symmetric differential form on C x C with poles of

order 2 along the diagonal, and satisfying some normalization conditions.

For our purpose, we choose C = P! and z,y are rational functions which parametrize
the spectral curve (2.19) (called Jimbo-Miwa curve in [17]):

z(2) = —qo + oz +271)

(3.1)
y(z) = a(z — 271 (—2q0 + a(z + z_l)),
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where z is a coordinate on P!, and

Note that a # 0 under the assumption (2.5). The Bergman kernel is given by
le dZQ

B(Zl,ZQ) = m

since C is of genus 0. Zeros of dx are called ramification points of the spectral curve
(3.1). Our spectral curve has ramification points at z = +1.

The topological recursion for our spectral curve (3.1) is formulated as follows (see
[11] for general case):

Definition 3.1 ([11, Definition 4.2]).  The Eynard-Orantin differential Wy (21, ..., 2,)
of type (g, n) is a meromorphic n-differential on the n-times product of the spectral curve
(3.1) defined by the following topological recursion relation:

e For2g—2+n<0:

Wo1(z1) =y(z1)dz(z1).
VVQQ(Zl7 22) = B(Zl, 22).

e For2g—2+n=1

1
W0,3(21,2’2,Z3):T Z 7{ K(z,21)
X [Wo,z(Z, 20)Wo 2(Z, 23) + Wo 2(2, 23)Wo 2(Z, 22) | -

Wll Zl Z K Z Z1 WOQ(Z Z)
ae{:l:l} Va

o For2g—2+n>2:

(32) Wynlrnrooom) = e 3 ij(z,zl)

2me
ae{x1} " Te
X |:Z (W072(Z, Zj)Wg’n_l(f, z[i,j‘]) + WO’Q(Z, Zj)ngn_l(Z, Z[i,j])>
=2
stable
Wyt (2 20) + Y Wo s (220 W, 141 (%, ZJ)]-
91+9g2=g

TuJ=[1]
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Here v41 is a small cycle on z-plane which encircles the ramification point z = +1 in the
counter-clockwise direction, Z = 1/z is the conjugate of z near the ramification point,

and the recursion kernel K(z,z1) is given by

1 z
Ko 2) = 3 o P07

Also, we use the index convention [j] = {1,...,n} \ {j} and so on. Lastly, the sum
in the third line of (3.2) is taken for indices in the stable range (i.e., only W, ,’s with
29 — 2+ n > 1 appear).

Explicit expressions of W, ,, for 2g —2 +n =1 are given by

Wos(21, 22, 23) = ((QO —a)(z —1)?

le dZQ dZ3
8a2

Wii(z1)= <a3zf +20%qo2}) + (dagd — 50°) 21 + (8¢5 — 1202q0) 2}

le
3202(q2 — a?)(22 — 1)*

+(4ag? — 5a°) 2% + 202z + a3>

Eynard-Orantin differentials have the following properties (see [11]):
o W, , is symmetric under permutations of variables 21, ..., z,.

e For 29 —2+mn > 1, W, is anti-invariant under the involution z; + Z; for each

variable:

(3.3)  Wyn(#1,--yZjy.vey2n) = —Wyn(z1,...,25,...,2,) forj=1,...,n.

e As a differential form on each variable z;, W, ,,, for 29 — 2 +n > 1, is holomorphic
except for the ramification point z; = £1, and may have a pole at those points. In
particular, we have

Cg,n _
(34) Wgzn(zh s 7Zn) = % (1 + O(Z] 1)) dzy - -- dZn
J

as zj — oo for each j =1,...,n.
e W, is also holomorphic in ¢ and # on the domain specified by the conditions (2.5)

and (2.6). Formulas describing derivatives of W, ,, with respect to ¢ and 6 will be
given in Section 3.4.
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§3.2. Topological recursion and quantum curve theorem

For g > 0,n > 1 satisfying 2g — 2 +n > 1, define

zZ1 Zn
(3.5) Fg,n(zl,...,zn):/ / Wyn(21,...,2n).

oo oo

Obviously, Fy ,, satisfies
(3.6) dyy - dey Fyn(21,. 0 52n) = Wyn(z1,..., 2n).

It also follows from (3.4) that

/

(3.7) Fyn(21, 0, 20) = 2% (14 0(z7)

Zj
holds when z; — oo for each j =1,...,n.

To compare F,,, and S defined in (2.15), we also fix the branch of \/r(z,t) so that
R(()+)(.r, t) = y(z(x)) holds. Here z(x) be the inverse function of z(z) given in (3.1) whose
branch is chosen so that z(x) — oo holds as x — co. We will omit the superscript (+)
and denote S(z,t, k) = St (x, ¢, h) for simplicity. Then, our main result is formulated
as follows:

Theorem 3.2.  Define

oo

(3.8) S(x,t,h) =Y K" S (x,t).
m=0
by
(3.9) So(z,t) = So(,1),
(3.10) Sy (x,t) =S (x,t),
(3.11) Spn(z,t) = Z Fg’n(z(xi;" -+ 4(2)) form > 2.

920,n>1,
29g—24+n=m-—1

Here Sy and Sy are given in (2.16) and (2.17). Then, the formal series
(3.12) Bl B) = exp (S(, 1, 1)

coincides with the WKB solution 1 (defined by (2.20)) of the isomonodromy system
(2.7) and (2.8) with the 0-parameter solution (2.3) being substituted. In particular, we
have

(3.13) S(x,t,h) = S(xz,t,h).
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Therefore, the generating function of Fy ,,’s gives the WKB solution of the isomon-
odromy system associated with P, whose semi-classical limit is the spectral curve (2.19)
for the initial data of the topological recursion. Therefore we have seen that the isomon-
odromy system is a quantum curve of (2.19) in the sense of [6, 7].

Remark 3.3. In the case of the first Painlevé equation discussed in [19] the
function F,,, was defined by the formula (5.1) below instead of (3.5). In Section 5 we
will discuss how the quantum curve changes if we change the definition of F ,,.

Remark 3.4. Once we have established the relation between 1, constructed in
(2.20) and that constructed from topological recursion (c.f., (3.13)), we can also show
that the other WKB solution ¢ _ of the isomonodromy system is also obtained from
the topological recursion. This is because ¢, and ¥ _ are related by term-wise analytic
continuation from x to & on the spectral curve. Here we identify x and & with points on
the spectral curve satisfying & = ¢(x), where ¢ is the covering involution of the spectral
curve (i.e., Ré+)(j,t) = R()(z,t)). On the topological recursion side, the covering
involution is realized by the conjugation z(z) — zZ(z) = 1/z(x). Consequently, we have

1~ ~(— —ounFgn(Z(z),..., Z(x) ~(_
;_Lsg @)+ 87 @)+ Y el ( . ) _ g )(z,t,h).
>0,n>1
23:2+n21
Explicit computation shows

Foys(z,z,2
% + Fy1(2)

_ —0af2(32f — 1427 — 9) — a?qo(32* — 2427 + 1) — dagiz(222 + 3) — 2¢5(927 + 1)
9602(22 — 1)3(¢¢ — a?)? ’

(3.14)

and we can check that (3.14) coincides with Sy(z,t) after the substitution z — z(z). A
proof of Theorem 3.2 in full order will be given in Section 4. The rest of this section is
devoted to describe some properties of W, ,, and F},, which will be used in the proof.

8§ 3.3. Free energies and the 7-function

Let us recall the notion of free energies of the spectral curve (3.1).

Definition 3.5 ([11, Definition 4.3]).  Define the (closed) free energy Fy = Fy(t)
for g > 2 by

(3.15) [N e — jf B(2)W, 1 (2),

-~ 27i(2 — 29) ity e

where
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and z, is a generic point. Free energies Iy for g = 0, 1 are also defined but in a different
manner (see [11, §4.2.2 and §4.2.3] for the definition).

Note that Fy is different from F, ,, defined in the previous subsection. F’s are also
called symplectic invariants since they are invariant under symplectic transformations
of the spectral curve (see [11]).

The following theorem will be used in the proof of our main theorem.

Theorem 3.6 ([17, Theorem 3.4]; see also [18]).  The generating function of the

free energies
o0

log 7(t,h) = > h*972F,(t)
g=0

gives the logarithm of the T-function of Py. That is, we have

dEy ()
dt

(3.16) = 094(t) for g > 0.

Here 094(t) is defined in (2.11).

We note that the relation between free energies and 7-functions was first shown in
[3] for a special case of P, with 6 = 0. The result is generalized to P, with non-zero 6
in [17], and to all second order Painlevé equations in [18]. It is worth mentioning that,
although the 7-function is defined up to constant (see (2.10)), the topological recursion
fixes the constant and specifies one particular 7-function (see [17, Theorem 3.4 and 4.2]).

§3.4. Variational formulas

Since the spectral curve (3.1) depends on the parameter ¢, so does W,,. The
following formula (shown in [11]; see also [4]) describes the derivation of Wy , with
respect to t.

Proposition 3.7 (C.f., [11, Theorem 5.1]).  Set
(3.17) A(z) = —%(Z — ),

Then, for 2g —2+n > 0, we have

0
(3.18) anm(z(azl), ooy 2(z))
-
= — [ Aw)Wynt1(z1,...,2n, w)) )
(27” r (21sezn)=(2(@1)eres2 ()

(3.19) %Fg:% /F A(w)W, 1 (w).
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Here T' is a cycle on w-plane which is given by the sum of two positively oriented small

circles around the origin and infinity. That is,
1
— / f(w)dw = Res f(w)dw + Res f(w)dw.
21 r wW=00 w=0
Proof. We can check that A(z) satisfies the required condition

G ) = SHd) = [ AwWaa(w

to apply [11, Theorem 5.1]. Then the equalities (3.18) and (3.19) immediately follows
from the result. 0

Integrating (3.18) with respect to z1,...,x, and using (3.3), we have

(3.20) %Fg,n(z(xl),...,z(%)):%AA(w)a%Fg,nH(z(xl),...,z<xn),w)dw

= lim (—2wA(w)%Fg,n+1(z(m1), o z(mn),w)).

w—r 00
d , 0
(3.21) aFg zwlgnoo(—2w/\(w)%Fg,1(w)).

The variation formula for the other parameter 6 is also described as follows.

Proposition 3.8 (C.f., [11, Theorem 5.1]).  For 2g —2+n > 0, we have

0
(3.22) %Wg,n(z(xl), oy z(zy))
= ( Wg,n+1(zl,...,zn,w)) .
0 (21,-y2n)=(2(21),...,2(Tn))
o 0
3.23 IYp = w,.(w).
( ) o0 g 0 9,1 )

The above follows from the fact that the parameter 6 satisfies

0 = L% R(()+)(x)dx,
A

27

where A is a closed cycle on the spectral curve encircling the two branch points (c.f.,
[11, Section 5.3]). Such a parameter is called a filling fraction. Proposition 3.8 will be

used to prove another version of quantum curve theorem in Section 5.

§4. Proof of the main theorem

In this section we will give a proof of Theorem 3.2. The proof is rather technical,
and similar to the one given in [19] for the case of the first Painlevé equation. However,
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it is worth describing our proof concretely since the definition (3.5) of F, ,, discussed in
this article is different from the one used in [19]. (As is mentioned in Introduction, the

resulting quantum curve changes completely if we change the normalization of F, ,,.)

§4.1. Differential recursion for | ,

Topological recursion (3.2) implies that the function Fj,(21,...,2,) defined in
(3.5) satisfies the following differential recursion relation (c.f., [6, 7, 19]).

Proposition 4.1 (C.f., [19, Theorem 3.11]).  For 29 — 2+ n > 2 with g > 0,
n > 1, we have

(4.1)
OF, , - 1 1 1 OF g1
(214 2n) = — + == : 21,2 ;
021 1 ) ; 2y(21) 32 (=1) <Zl -z 2(% —Zj)> B
1 1 1 OFyn—1
- : Zjy 214 5
Z; )(Zl—zj 21—5j> 0z 07
1 62 stable
— F, 1., U1, ug, 24 (uy,2r)Fy, U, 2
2y(21)§—j(z1)8u18u2< g—1,n+1 (U1, ug [1 1% , 1 I]+1(t1 T) g ,|J|+1( 2,27) o
TuJ=[1] e

1 1 1 “ 1 1 OFy 1
" Qd_y(s)z_ﬁ(s) (Zl —s - 5> [Z (3 &) i s?(s — Zj)) 0z (S’Z[l’j])

dz

stable

82
G g \ Tt (v, U2, 25+ Y Fanaa(wi,z0)Fy, gy (uz, 29) :
1 2 g1+g2 Ag UL =u2=s
IuJ=[1]

Here s is defined as one of solutions of ©(z) = qo. That is,

(67

x(z) —qo = ;(2 —s)(z — 9).

We can show the above equality similarly to the proof of [19, Theorem 3.11] (see
also [6, 7]).

§4.2. Variation formula for F ,

Proposition 4.2 (C.f., [19, Theorem 3.13]).  For 29 —2+n > 1 with g > 0,
n > 1, we have

0

(4.2) -

—Fyn(z(z1),...,2(xn)) = Egn(2(x1), ..., 2(n)),
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—z;) OFy, als —5) | — ( 1 1 ) OF, .
’ z 7...72 +— _|_ — ) S. z
2:: da: Zj) 8zj ( 1 ) 235(8) 3323 (S) ; s — 2 82(8 _ Zj) 621 ( []])
62 stable
+8u ou (Fg1’”+2(u1’u2"z1""”z”>+ Z Fon+1(ut, 21)Fy, 5141 (uz, 27)
1 g1+g2=g
IuJj={1,...,n}

Proof. 1t follows from the definition (3.17) of A(z) that
wA(w)
y(w) G (w)

hold when w tends to infinity. Then, the desired equality follows from the asymp-

= 0(1), wA(w)( L1 )z—%(u—vHO(wl)

w—u w—"v

totic behavior (3.4) of Wy ,,, the variation formula (3.20), and the differential recursion
relation (4.1) with n being replaced by n + 1. O

As a corollary of (4.2), we obtain

(4.4) Z Eyn(2(2),. .-, 2()) = OSm (xz,t) form > 2.

n! t
29g—24n=m-—1 0
920, n>1

§4.3. Partial differential equation for S

Using Proposition 4.1 and 4.2, in this subsection we will show

Proposition 4.3.  The formal series S(x,t,h) defined in (3.8) satisfies

oS 0?8 S t?
2 _ 4 2 _
(4.5) h (<8x> +8x2)_h(ha +x>+x +tx 293:+2H+4.

The equality (4.5) is same as (2.25) which is satisfied by S(x,t, i) defined in (2.15).
The is equivalent to the following hierarchy of equalities:

880 2 4 2 t2 2
(4.6) 5 ) =° + tz* — 20x + 2[o]xo +Z = (z — qo)°r(z,t),

050 051 n 955 050

(4.7) 97 02 92 =2 p + 2+ 2[o]m
054 9Sy | 0*Sm _,0Sm

4. _ L -

- a+l§w+1 oz Oz ' 02 2 ot + 2[o]pm+r for m >

a,b>0

...t
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Recall that [e];m denotes the coefficient of A in a given formal series e, and ¢ is defined

in (2.9). As we have mentioned in Section 3.2, the equalities (4.6), (4.7) and (4.8) for
m = 1 hold. To prove (4.8) for m > 2, we need to prepare several statements.
For g > 0, n > 1 satisfying 29 — 2+ n > 2, we set

(4.9) Ggn(z1,...,2n) =

OF, ., = 1 1 1 OFy 11
5or (zl,...,zn)—k' - )( + >

o7 (21, Z[i,j})

1 ( 1 1 > OF; n—1 ( )
B - Ziy 23 2
S L)\ —z a-z) 0 T
1 02
' 92 (21) Ou1dus (Fg_l’n+1(u1’u2’ 1))
stable

+ Z Fgl,u|+1(U1, ZI)F92,|J|+1(U2a Z7)

g1+92=9g
TuJ=[i)

Lemma 4.4 (C.f., [19, Lemma 4.2]).

DN
<
—~
2
~—

Q.la

Up=uU2=21

For m > 2 we have

(4.10)
<2y(z) Z Ggnl(z,... ,z)) 08, 3Sb+825m 1 oS,
z () 2g—2+n=m (n—1)! z=2()  atb=m+1 Ov Oz = 0% w—qo Ox
920, n>1 a,b>0

Proof. The proof is similar to that of [19, Lemma 4.2]. Applying 229_2+m:m ﬁ
and the principal specialization (z1,...,2,) = (z,...,2) to (4.9), we obtain

2y(2) Gyn(z,...,2) — ol s(x 0Sm+1 .
(% R ) e
920, n>1
L 1 EC@)) 08w, S 0Sa, 0y,
* 9z (2(z)) (z(m) y(z(x)) ) Ox (x) + 2 ( >+a+§n+1 ox ( )896( )
a,b>2
(C.f., [6, Theorem 6.5].) Using the equalities
9% )= yz(@), Py FFD, L 1
8:8( ) =y(@), 356( ) 2r(z)  2\/r(x) az(z—z71)2 z:z(x)’

we can verify
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Thus we have proved (4.10). O
Lemma 4.5 (C.f., [19, Lemma 4.3]).  For m > 2, we have
2 n(zy ..., 2 n—1(2,..., 1 m
(411) Z di{(z> Gga (Z ' Z) _ 9 1<Z ; Z) - _ aS )
2g—2+n=m %(2) (n N 1) (TL B 1) z=z(x) T~ % O
g=>0, n>2
Proof. First, we note that Proposition 4.1 implies
(4.12) Ggn(zi,...,2n) =
1 1 1 = 1 1 OF -1
- - + - L S, 21 5
29 (s) 92 (s) <21 -5 21— 8) LZ:; (S —zj  $(5- Zj)) 0z 7MLl
(92 stable
Fu,0up (Fg—l,n+1(U1,U2,Z[1 > Fynsa(ur, z0)Fyy g1 (u2, 25) ]
gl+g2 Ag U1=U2=S8
TuJ=[i]
Using the above expression of G ,,, we can show that the equality
2 coizn) 2B n1(z9y e
(413) di!( 1) G (217 '72 ) _ g, 1(22 ' 2 ) —
Z(z1) (n—1)! (n—l).
— OF,
(s —5) g, 1(22,...,zn)

n—l' QIUZJ dz(ZJ> 0z;

holds for g > 0 and n > 2 satisfying 2g — 2 +n > 2. Here we have used

y(21)< LI 1_)204(8—5).

fli(zl) Z1—S8 z1— S8
Note also that
8ngn( ) 10 Foo )
—— (2, ,2) = —=—Fyn(z,...,2
dz; 7 noz ¥
holds since Fy (21, ..,2y) is a symmetric function of z,..., 2, (c.f., [6, Lemma 6.4]).
Using the equality, we obtain the desired relation (4.11) after setting (z1,...,2n) —
. 0

(z,...,2) and summing up (4.13) for 2g — 2+ n =m with g > 0, n > 2

Lemma 4.4, 4.5 and (4.4) imply
0 if m is even.

0S, 0S8,  0%S,, OSm
-2 ) 2y(2)
(m+1)/2,1(2) if m is odd.

W Y S T ai .
Z()

a+b=m-+1
a,b>0 a2
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Lemma 4.6 (C.f., [19, Lemma 4.5]).  For g > 2 we have

2y(z
%(ziag,l(z) = 205, (1).

Proof. By the second expression (4.12) of G ,,, we have

2y(z) Gg’l(z) _ Oé(S — 5) (8 Fg_172 (S 3) 4 Z 8Fg1’1 (8) 8F9271 (S))

Z—ﬁ(z) %(3)%(3) (92’1(922 ’ 91-ga=g 621 62’1
91,9221
We can check that this coincides with 2(dF,/dt) by using (3.21) and (4.1). Hence the
desired equality follows from Theorem 3.6. U

We have already seen in (2.11) that [o]pm+1 = 0 for even m. Therefore, (4.14)
together with Lemma 4.6 imply (4.8) for m > 2.

§4.4. Proof of quantum curve theorem

Here we show that Proposition 4.3 implies Theorem 3.2. That is, we will prove

Proposition 4.7.  Let S(z,t,h) (resp., S(x,t,h) = S (z,t,k)) be the formal
series defined in (3.8) (resp., (2.15)). Then we have

(4.15) S(x,t,h) = S(z,t,h).

Proof. The equality (4.15) is equivalent to
(4.16) Sy (1) = S (2, 1)

for any m > 0. We will prove (4.16) by induction.

As is mentioned in Section 3.2, we have already checked that (4.16) holds for
m = 0,1,2. Let kK > 2 an integer, and suppose that (4.16) holds for m = 0,...,k. In
particular, the assumption for m = k£ implies

Sk(x,t) = /m Ry (x,t)dx.

[e.¢]

Then, as is proved in (2.23), we have

oS, 1 S , ot q
7 = g (- (r+ e +g)) -],

Therefore, the equality (4.8) for m = k implies that, under the induction hypothesis,

0Sk+1/0x satisfies the same equation (2.14) satisfied by Rj41. Then the uniqueness of

the solution shows
Sk 11

I (7,t) = Riq1(z, ).
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Since we know that lim,_, . Sk+1(z,t) = 0 from its definition (see (3.7)), we can con-
clude that (4.16) also holds for m = k£ + 1. This completes the proof of Proposition 4.7,
and thus we have proved Theorem 3.2. O

85. Another quantum curve theorem

Let W, ,, be the Eynard-Orantin differentials for the spectral curve (3.1) defined in
Section 3.1. Here we introduce functions

_ 1 zZ1 Zn
(5.1) Fg7n(z1,...,zn):2—n/_ [ Wyn(z1,...,2n)

for g > 0, n > 1 with 29 —2+n > 1. Thanks to the property (3.3) of W, ,,, the function

F, ., satisfies the following equality as well as F,,, (c.f., (3.6)):

(5.2) dey - do Fgn(21,..0,20) = Wy n(21,..., 2n)-

)

In the case of the first Painlevé equation discussed in [19] the function (5.1) was used
to obtain a quantum curve instead of (3.5). F,, and Fj,, coincide in the case of the
first Painlevé equation since the spectral curve has only one ramification point (see [19,
Remark 4.8]). However, in the case of the second Painlevé equation, it turns out that
F’gyn’s also give a quantum curve which is different from the one given in Theorem 3.2.

We put ~ on quantities appearing here to distinguish from those appearing in pre-
vious sections. The quantum curve theorem corresponding to ngn is formulated as

follows.

Theorem 5.1.  Define S(z,t,h) = o _ hF™ 1S, (z,t) by

S()(m?t):m(m—qo)—i—t 0 (x+q0+\/r(x,t))+%

r(x,t) — =lo
3 w03 - viwn) 8

0
(5.3) +3 log qo,

_ 1 1
(5.4)  Si(x,t)= ~1 logr(z,t) — 1 log qo,

(5.5) Sp(x,t)= Z Fon(2(2),.., 2(2)) for m > 2.

n!
g>0,n>1,
29g—24+n=m-—1
Here we fiz the branch of z(x) and \/r(z,t) similarly to Theorem 3.2. We also set
. m—1 7q: Q
a(t,h) = Z_:Qh lim Sy (x,1).

Then, the formal series

(5.6) Y(x,t,h) = exp(S(z,t,h) — a(t,h))
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satisfies the following isomonodromy system

2
(5.7) h2g¢_hf3_w+ 57,

00 h o (P2 g4\
(58) hor = Me—gos \ semp " 2)P

associated with the second Painlevé equation

2 —

_ d?q
P, tht =2¢° +tq— 0.

Here

- 1 _ 2 p+q>+1/2
[ S SD Y IDY  SRRLAY T k)
r—q 4 r—q

and H is the Hamiltonian for Py given by

_ 1 t h
(5.9) HZH(q,p,t)=§p2+<q2+§)p+(0+§) 7.

As well as Theorem 3.2, the quantum curve is also related to the second Painlevé
equation, but with a parameter shift § — 6+ /2. Again we emphasize that we regard ¢
in the coefficients of isomonodromy system as the formal power series solution g(t, h) =
> o B™@m (t) of P>. Obviously, the top term of the formal solution g(t, k) of P, and
that of g(t,h) are the same: qo(t) = Go(t). Hence the equations (5.7) and (2.7) have
the same semi-classical limit (2.19). These facts imply that the quantum curve depends
on how we define F, ,, by integrating the Eynard-Orantin differential W, ,,. This is our
new observation that cannot be seen in the case of the first Painlevé equation.

Remark 5.2.  As we will see below, the formal series a(t, i) can also be defined
(up to constant) by the condition

Oa

ot (t h) o [ (t’ h) B U(ta h)]hz2 .

Here o(t, h) is defined in terms the solution of P, (not of P) as in (2.9), and
a(t,h) = H(q(t,h),p(t, h),1).

Also, for a formal series c(h) = >, h¥ck, we have used the symbol [c(h)]>> for

>hee e

The rest of this section is devoted to a proof of Theorem 5.1. It will be proved
similarly to Theorem 3.2.
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Let RF) =35> hm_lerjf)(m, t) be the formal solution of the Riccati equation
_ dR __
(5.10) K2 (R2 - E) —hfR+g

:h(hR—(ﬁ—i-qQ—l-t/Q) 2

_ ot
—cj)+x4+tx2—29m+2H+Z

rT—q
associated with (5.7). The first two terms are given explicitly as follows:

_ _ T+
R (2,) = +(z — go)\/r(@, 1), R (a,t) = -1

2r(z,t)
As well as (2.24), R satisfies

ﬁ(?R(i) 0 <hR<i>—(p+q2+t/2)>

(5.11) ot ox 2(z — q)

Using the equality, we obtain

Proposition 5.3 (C.f., [14, 15]).  The formal series

x

(5.12) Yy (x,t,h) = exp (%So(x,t) + Sy (w,t) + Z hm—l/

oco(+)

R (x, t)d:t)

m=2

satisfies both (5.7) and (5.8).

Proposition 5.3 can be proved by a similarly method used in the proof of Theorem
2.5.

Let us compare (5.12) to 9 given by (5.6). We can check that (the logarithm of)
these formal series agree up to 7% by direct computation. To prove the coincidence of
(5.6) and (5.12) in full order, we will use

Proposition 5.4. For each m > 2, we obtain

95,08 Sm  0Sm
> ot o T = Aol

(5.13)

a+b=m+1
a,b>0

The equality (5.13) is the counterpart of (4.14), which can be proved in the same
way as a consequence of the topological recursion. Theorem 5.1 follows from Proposition
5.3, Proposition 5.4 and the following statements.

Proposition 5.5. Let m > 2 be an integer.

(i) The function a,,(t) defined by

am(t) = lim S,,(x,t)

T—r 00



80 KoHEI IWAKI

satisfies

Oa,,

(5.14) =

(t) = [a(t,h) — o(t, h)]pm+r
(ii) The function a;,(t) also satisfies

(5.15) Spn(z,t) = / R (&, t)dx + am(t).

oo(+)

Proof. First, we note that

5’(t, h) = U(t7 h) |9._>0—|—h/2

holds. This follows from the fact that (g(t, k), p(t, k) and (q(t, h), p(t, h))|gs04r/2 satisfy
the same Hamiltonian system having the unique formal power series solution. Using
(3.16), we have

006 1) — ot W) = | S 2 O Zﬁ”%
920

n!2m g™
TL_l Rm+1
. S0
S ot nl2n 90n |’
2g+n=m+1
g>0,n>1

On the other hand, it follows from the definitions of S,, and Fgm that

.5 ) Fon(z,...,2) 1 o o
A D D L TEL R o /0 /0 Won

29g—24+n=m-—1 29g—2+n=m-—1
g>0,n>1 g>0,n>1

holds. Then, the equality (5.14) follows from the variation formula (3.22) and (3.23)
with respect to 6.

Next we prove (5.15) by the induction. Suppose that we have given k& > 2 and
(5.15) holds for m = 0,1,..., k. In particular the assumption implies
OSm =
5.16 — = R, =0,1,...,k.
( ) ox mn

Applying by 9/0t to both hand-sides of (5.15) for m = k, we have

S, |hR—(p+q +1t/2) q _
ot 2(z — q) T2 hk”"_”]h’““
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through a similar computation presented in the proof of Theorem 2.5. Then, under the
induction hypothesis (c.f., (5.16)), the equality (5.13) shows that 9Sk;1/0z and Rjyq
satisfies the same recursion relation. Hence the uniqueness of the solution implies

OSk+1 _
(5.17) 8—+(x, t) = Ryp1(z,1).
x
Integrating the both hands-sides of (5.17) with respect to x from oo, we have (5.15) for
m=k+ 1. O
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