O00000000000O0
19880 0 pp.87-122

Hopf algebra for Fuchsian groups
Kyoji Saito (RIMS, Kyoto University)

This is a partial report on the trial of constructing modular
functions on the Teichmiller space. The idea is to use the Ising
mode]l in stastical mechanics, where the lattice of rank 2 is
replaced by the Fuchsian group. The calculations are still on
the way and in the present note we report on the the
construction of the Hopf algebra and some of its structures.

A more completed note will be published elsewhere.*o
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§ 1 Introduction
§ 2 Fuchsian groups
We describe tessellations and the growth functions for Fuchsian
groups. The materials are classical, which can be traced back to
Fricke and Dehn [ ]J. Some results are rather recent [ ] or

may be new.

(2.1) The PSL(2,R) acts on the upper half complex plane H from



left by the fractiona] linear transformation. A discrete subgroup
' of PSL(2,R) is a Fuchsian surface group, if it acts on H fixed
point freely-and the quotient MH, denoted by X, is compact. The

X is a Riemann surface of genus g¢g>1, where the natural projection
(2.1.1) 2 : H— X

is a universal}covering map. Coﬁversely. for a given cdmpact
Riemann surface X of genus g>1, a universal‘covering map (2.1.1)
exists up to an ambiguity of ['\PSL(2,R)(= a circle bdle over X).

As is well known, on the surface X one can choose 2¢ oriented
circles: |

(2.1.2) a b a

which intersect in only one point O as in the Fig.l (cf Fig.8).
The intersection numbers of the circles are easily seen by

deforming the Fig.1l to Fig.1' at O.

]

2.1.3) <(ai],£aj]> ([bi],[bj]> =0 for i,j=1,...,9,

6ij for i,j=1,...,49,

<[ai3,[bj3>
where [a)l describe the homology class of a4 in Hl(X,Z).

Cut the surface X along the circles a ....bg(called a canoni-

1’
cal dissection) and develop it to a surface Y with boundary.

From Fig.l one sees easily that the boundary of Y is a connected
circle alblazlbil..agbga;lbgl by looking the interier of ¥ in the
left side. The determinant of the intersection matrix of (2.1.3)
is equal to 1 so that la,7, [bi] (i=1,...,9) span the homology
group HI(X,Z). Thus Y is homolegically trivial and then it is

simply connected by classification of surfaces.(See Fig.2.)



Fig.1 Fig.1' Fig.2

(2.2) The homotopy classes in nl(X,O) represented by the circles

a .,bg will be denoted by

17"
(2.2.1) al, bl’ e ag, bg.
Then the fundamental group nl(X,O) is generated by (2.2.1) with

a single relation:

~ o~ ~—1~-1 ~ ~_1~_1 _
(2.2.2) albla1 1 - agbgag bg =1

As a convention in this paper, the succession of a path b
after a path a will be denoted by the product ab.

0] 0] 0 0. 0]
! a 2 b 3 homotopic ab 3

Let us choose and fix a point O of H, which is projected to O€X.
Then the fundamental group nl(X,O) acts on H from the left as the

covering transformations for(2.1.1).This induces the isomorphism:
(2.2.3) Q : nl(X,O) ~ T

By this ¢, we regard (2.2.1) as a generater system for I'. The
change of [+ to Ya for Y€l induces the change of ¢ to ad(y)-o.

Let us lift the movement on the surface Y along the boundary
-1
g

the movement on the surface H starting from 0. Since Y is simply

-1 ;-1 -1 . . . . .
al,bl,a1 ,b1 ,..,ag,bg,a ,bg in anti-clockwise direction, to

connected, it form a polygon of 49 vertexes Bi (i=0,...,49):



(2.2.4) 51:= RIB (i=0,...,49),
with i
(2.2.5) Ri:= kgl cl = clc2 .c1 (i=0,...,49),
where E F. E is the sequence E 3 Z-l 3-1 . E 3 al 3-1
ll A4 » 4g 1’ ll 1 1 ? ) g' gl g i 2 g
(I.e. R.:=1, R,:=d,, R,:=a.5., R,i=a.b.a >, R,:=a.b,a. 137!
° 0 ’ 1 1° 2° 171° 3 17171 ° 4° 17171 "1 °
.“-\- ~ ~—1 R ¢ ~-1 —1 _
v Rygoyi=@y8 .0, R, i=a b ...4, Zg 1. )

The polygon surounds a domain Z in H, which is homeomorphic to Y
by the map (2.1.1) (cf. Fig.3). Obviously, Z is a fundamental

domain for the action of ' on H. The i-th edge of Z between 51“1

and O, is denoted by [0, _;0,1.

There exists a unique element of ', which transforms the vertex
G, to 8., which is explicitely given by RjRII.
(Note that the homotopy class Ei of the circle on X of the image

~ . -1 -1
of edge [oi-loi] is given by Ri-lRi but not by RiRi-l')

(2.3) The following generator system (2.3.5) of I' associated to

the polygon Z is classical.([ ], See Fig 4.)

Orsa¢i-1

are the same, veryfied

For each i with 1<i<g, the elements of I' bringing

-~ -~

t0 0y 4¢i-1) 3M Oz,4¢5-1) 0 0451y

from (2.2.5). Let us denoted it by Ei‘

-1 -1

(2.3.1) %= Rygci-1 Ravaci-1 = Baci-1) Rsvsi-1e
= R . 371 71 g7l

4(i-1) i "i i 4(i-1) °

Samely, the elements of I' bringing 01+4(i-1) to 04+4(i_1) and

are the same, denoted by Ei'

~

Og4q¢i-1) t°

C344¢i-1)



. -1 _ -1
17 Ravsci-1 Rrivaci-n T Raesci-1 Ravsci-1ne

™?
!

(2.3.2)
_ v a =] 1 =1 -1
= Ryci-1y % % ¢y b7 &y RiGioy -

These mean that &i is an element of PSL(2,R), which transforms

the edge [3,,,(;_ 1,85, ,(;-1,] to the edge [01+4(i-1)04(i~1)] and
that Eie PSL(2,R) transforms the edge [01+4(1_1)02+4(1_1)] to
the edge [o4+4(i_1)03+4(i_1)]. (Fig.4.) X
C;[
Fig.4 .
C, .. »
46-1) 40~) +3

Oue—)e1 Cug-n+z
Using (2.3.1) and (2.3.2), one calculates easily

~ g e ly-1_ p-1v-13 ~ -1 ) -1
2.3.3) @B BT Ry BT T8 e Ry = RyonRyye

so that finally one obtains a relation (cf. (2.4.7)):

~ A an‘\-—l ~ A ~a1~—1 -
(2.3.4) alBlal 81 vee angag Bg =1 .

Since one can easily solve (2.3.1) and (2.3.2) to obtain an
expression of Zi and Zi by means of &1,...,39 (for an explicite

form, see (2.4.4) and (2.4.4)'), we conclude that:

Assertion The Fuchsian group I' is generated by the system:
(2.3.5) «., 8., «

where Ei and Ei are elements of PSL(2,R) bringing edges of the

1 to [O ] and

polygon Z from (O 1+4¢i-1% -1

2+4(i-1)%3+4¢i-1)



~

o

~

[o 1 to [O 1)] respectively. (See

1+4¢i-1)%2+4¢i-1) 4+4(i-1)%3+4¢i-

Fig.4.)

The system (2.3.5) satisfies the single relation (2.3.4).

(2.4) Let us give another interpretation of the system (2.3.5).
For the canonical dissection (2.1.2), let us define the "dual®"

canonical dissection of X as a system of 29 circles on X
(2.4.1) o

intersecting in only one point Q as in the Fig.5 (in an opposite
ordering than the Fig.l) such that the circles in system (2.1.2)
and in system (2.4.1) intersects in only the following cases:

a) a; and o, intersects normally at a point with the sign
(2.4.2) <[ai],[ai]) =1 for i=1,...,9.

b) bi and Bf intersects normally at a point with the sign
(2.4.2)° <[Bi],[bi]> = -1 for i=1,...,9.

The existence and the uniqueness (up to the isotopy) of such dual
dissection (2.4.1) may be clear from the Fig.5 drawn on Y. By
this new cut system (2.4.1), the surface X is developped to a

simply connected surface, say U (Fig.7). We remark that the int-

erier of U is now the right sid%’og the, boundary move _of the cyt. _
. A !

SL=aof &

A, i

~

QBiin




Fig. 5 Fig. 6 Fig. 7
Now the point Q is inside the surface Y, which is homeomorphc to
Z by (2.1.1) and one can choose uniquely (after a choice of 6) a
point @ in Z ¢ H which is projected to Q in X. Then the
fundamental group nl(X,Q) acts on H from the left as covering

transformations for (2.1.1) so that one obtains an isomorphism:
(2.4.3) ¢ nl(X,Q) ~ T

It is a straightforward consideration to show that:

Assertion 1. By the isomorphism é, the homotopy classes in
nl(X.Q) of the circles o, and Bi (i=1l,...,9) (2.4.1) are mapped
to the generater system Ei and 3i (i=1,...,9) (2.3.5) of the T
respectively. By this identification, we shall regard Ei and 31

as homotopy classes in nl(X,Q).

Let V be the polygon in H surrounded by the vertexes

(2.4.4) ﬁi:zmiﬁ (i=0,...,49),
where i - -
(2.4.5) mi:skglvk = vl...vi (i=0,...,49),

~ ~ ~ ~-—1 1 ~ ~ ~—1 ~-—1
and ¥y, .Y, 108, 3 ...,ag,Bg,ag Bg

V is homeomorphic to U by the map (2.1.1), which gives another

is the sequence o

fundamental domain for I.

Assertion 2. The Z.GF ((2.2.1)) transforms the edges of the

polygon V from [92+4(1-1)93+4(1—1)] to [Ql+4(i—1)Q4(i—1)] and
Zier transforms [ﬁ

1+4(i-1) 2+4(1—1)] to [Q4+4(i-1)Q3+4(i-1)]



for i=1,...,9 (cf Fig.8) so that one has a representalion:

~ -1 _ -1
(2.4.6) a::= Ry 4~ Favaci-n T Rai-n Faeaci-ne
(2.4.6)" 3. := @ = ® :
-4- 0% Rgeai-1) Fiedai-D 3+4(i-1) F2+4(i-1)"

There is a relation between Ri(2'2'4) and Ri(2.4.5) as follows.

(2.4.7) R4iﬁ4i =1 for i=1,...,9.

( This follows imediately from (2.3.3) by an induction on i.)

Qafi—1)

Fig. 8

e
Q‘!( ﬁ% . ﬂ‘f(t‘—/)+ f
—)+3 ,rlq_(‘._f)+2

A cannonical dissections on a surface of genus 2 and its dual

canonical dissection is drawn in the Fig. 9.

Fig. 9

(2.5) Let us call the correction of polygons ¥Z (v€l') on H a
tesselation T for the cut system (2.1.2). Precisely, T consists

of the data of a correction of the faces, edges, and vertexes:

(2.5.1) T2:= { vYZ : ver ),
T1 = | Y[O1Oi+1] : ver, i=0,...,49-1 1},
T0:= { YO : vel},

such that one has a locally finite cell decomposition:



(2.5.2) H = F v EgT E VU

F¥r, . o
( ﬁ and E denote the interier of F and E respectively), which is
invariant by the action of I', inducing the system (2.1.2).

Twe faces vZ and 6ZET2 are adjacent(ie. have a common edge)
if and only if either ?_16 or 6-17 is a generater in (2. . ).
(Remark that 6?-1 brings vZ to 8Z but not ?-16.) Two vertexes 75
and 80 are adjascent so that [y0,80] is an edge in T1 if and
only if either ?-16 or 6-17 is a generater in (2. . ).

Suppose that the faces vYZ and 8Z and the vertexes ¥'O and 8'0

are adjucent through an edge as in the Fig.

Then one has

(2.5.3) v e =, <= vls=a,
(2.5.4) yls = B, <=> yrlse = bgl.
for i=1...:,g. Fig.
A face yZ €T2 and a vertexe 50 GTO are adjascent if and only

1

if v lseq R, :i=1,...,9) or equivalently 8 've( &, :i=1,...,9),

where the arrangement of the vertexes is the same as the Fig.

(2.5.6) ymiZ €T, (i=0,1,...,49)

and edges

(2.5.7) 7[5,Ei6 1 €T, (i=1,...,40)

are joining in a clockwise cyclic ordering. (For Ei= R;il it

recall (2.2.5).)
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Remark 1. Similar to T, one may consider a tessellation T*=
(T;.T:.T;) for the cut system (2.4.1). Then T and T* are dual in

the sence that there are one to one correspondences:

(2.5.8) FeT, — ve T with V¥ F

*

Ee€T, E*e T with E ET,

* = % O *

Ver, «— F*e T with V e F*,

2
(Here the notation " " means "intersect transverally".)
Thus the data of T and T* are equivalent so that we shall treat
mainly T in the present paper.
2. The combinatorial data of T is nothing but the Caylay

graph in combinatorial group theory for the group I' with the

generater system (2.2.1). (Cf. [ 1)

(2.6) Word problem for the group T.

The word problem for is a problem to give a finite
processes to determine whether two words written by the letters
in give the same element in I'. We recall a solution due

to Dehn [ , , 3.

Assertion (Dehn) Any nonempty word W in the generater system
representing the identity elemenl in I' can be shortened by
one of two processes:
i) delete a word cc” ! from W,

1

ii) for a cyclic permutation R'=A-B ~ of R with {(4)>L(B),

replace A in W by B.

(2.7) Dihedral group action on TI.

The following is a straightforward consideration.



Assertion The set of automorphisms of I' preserving the set

l,Bl,BIl,....ag,a;I,B 8-1y s isomorphic to a dihedral

g g
group with two generators ¢, ¢ and three relations:

G:=(a1,al

(2.7.1) D = <o, ¢l o921, ¢%=1, b@r%=1 >

9

00,01,0%,...,097L, 4, s0, t0%,..., #0971y,

Here @ is a cyclic rotation:

(2.7.2) w(ai): w(ai+1) for i=1,...,9 with ag+ =

1

w(Bi):= w(Bi+1) for i=1,...,9 with Bg+1:=8

1’

1 ’
and ¢ is an orientation reversing homomorphism:

2.7.3) ¢(ai): for i=1,...,9,

Bg—i+1
$(B.):
1

¥+l for i=1,...,9.

Proof The dihedral group above obviously preserves G. Let ¥
be an automorphism of I' preserving G. In the free group generated
by G, the element R:= ¥(a ¥ (B ¥ (@ ¥ .. ¥ hwes b is
conjugate to either S:=a181a11 1
element of length 49, we see that R is a cyclic permutation of
-1

-1 -1,~1 - . .
81 ...ag Bg or § Since R is an

either § or §

(2.8) The growth functions.
As a consequence of the solution of the word problem, we can
determine the growth function and related funections [ , 1.
Let ' be as before a Fuchsian surface group and fix a generator

system (2. . ). For each Y€, we define the length by

11



1

(2.8.1) L(¥>:= inf(n: v=v;...v , either v, or y; € ).
Then the growth function of I' relative to is defined to be
(2.8.2) an t= & vell ¢ L(¥)=n } ,

whose generating function, called a growth power siries for I,

is also defined to be

<
(2.8.3) Pty := Zat" = 3 1t
n=0 Yer
The P(t) is calculated by Cannon, Wagreich [ 1.

(1+1) (1-t29)
1 - (49-1)t + (4g-1)t29

(2.8.4) P(ty = -tzg+1

For a later purpose, we give a proof of the formula including
some auxiliary functions.

For a face 7vZ GTZ, the length {(yZ) is defined to be {(7).
I.e. LrzZ) = ().

For an edge E€ T1 and a vertex VGTO, length are defined to be:

L(E) inf( n: 3FeT® s.t. &(F)=n and Ec F ),

Lv) := inf( n: 3FeT? s.t. t(F)=n and V € F ).
The number of elements of length n are defined as
f_ := the number of faces of length n = an,

e_ := the number of edges of length n,
and v_ := the number of vertexes of length n,

whose generating functions are denoted by

f(ty:= zfnt",
.o n
e(t):= Zent
and v(t):= Evntn .

A face of length n is said to be overlapping if it is adjacent
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“to two faces of length n-1. Then we put,

0
n

o(t):

the number of overlapping faces of length n
. .
> ot .

Under these notations, we show the following recursion relations.

fo= Ug-DFf -0, -0, , for nx2,
€ = (4g-1)fn -0, , for nxl1,
vn = (4g-2)fn - on , for nx1,
0h = Vo0 , for n20.
429
(2.8. ) f(t) = (A+2)(1-¢"7) 5e—7gr1
1 - (4g-1)t + (4g-1)t°9 -¢
_429
(2.8. ) e(t) = 49 (1-% ) TRV 3]
1 - (4g-1)t + (4g-1)t -t
(2.8. ) v(t) = 49 (1-%) TEVT
1 - (49-1)t + (4g-1)t°9 -t
29, . _
(2.8. ) o(t) = 49 t "(1-%) TS\
1 - (49-1)t + (4g-1>t°9 -¢

The roots of the denominater polynomial lie on the unit
circle except for a pair of real roots o and m-l. where the
bigger one, say m-l, is aproximately given by

-2(g-1) -1

4g9-1 - (4g-1) < @ < 4g9-1

§3. Configuration algebra

Most of the results are varid for finitely generated infinite

groups, or even for infinite graphs with certain homogenety.

(3.1) Configurations in I.

Due to the tessolation T on H (2. . ), the group I as a set



has a structure of an oriented colored graph. Namely, two element
Yy and & of ' are connected by an edge if and only if Y—lé belongs
to the set of the generators (2. . ). The edge carries a color

with an orientation according to the elements y-lé in

A subset S of "' inherits the oriented colored graph structure
from I'. Two subsets S and T are said to have the same configura-
tion type, if both have the same oriented colored graph structure
(This means that if S= Si and T = T. are decompositions

i€l j€J
to their connected components, then there is a bijection ¢:1 - J

and a map ¢:1 — I such that Tw(i = ¢(i)Si for Yi€l.)

)
By a configuration type §, we shall simply mean such a colored
graph of a subset § of T. In this paper, we shall consider only

finite configulations, ie. § with #S<(«. Let us fix notations:

(3.1.1) Conf := the set of all finite configuration types,

(3.1.2) Conf0:= { S€ Conf : § is connected.}

Note. As a convention, we shall not include the void set ¢
in Conf. When it is convienent to include ¢ as a configuration,

we shall use a notation: Confu{é¢}.

The set Conf naturally carries an abelian semigroup structure
by taKing the disjoint union S T as the product of § and T€Conf.
Thus ConfU{¢} is naturally identified with the free abelian

semigroup generated by Confo, where ¢ is the unit element.

(3.2) Configuration algebra

-100—
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Let us consider the algebra,
(3.2.1) z[ Conf ]

over the semigroup Conf, (i.e. the algebra generated by the set
Conf with the relations §:T =S T for YS, T€ Conf.), which may
be regarded as the polynomial algebra freely generated by Confo.
The algebra carries a graded algebra structure by taking the
cadinarity #(S) of a configuration as the degree of S, due to

the aditivity:
(3.2.2) #(ST) = #(8) + &#(T)

The adic topology on the algebra is defined by taking the

sequence of ideals
(3.2.3) fn:= the ideal gnerated by S€Conf with #(S)=n

as the fundamental system of neighbourhoods of 0. The formal

completion Z[[ Conf ]]::;im Z[Conf]/fn of the algebra is denoted
n

by

(3.2.4) R(T)

and will be called the configuration algebra. The augumentation

ideal !im !1/!n of the configuration algebra will be denoted by
n
(3.2.5) R,

For an algebra A with a unit element, the exXxtension of the

coefficients is dnoted as

(3.2.6) R(T,A) R(F)GZA

(3.2.6)° R(F,A)+: R(F)+GZA

—101-
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An elment A of R(F,A)* is uniquely expressed by an infinite sum:

A= S ASYS
S€Conf

for A(S)EA (S€Conf).
(3.3) Exponential and logarithmic maps.
Let @€ALL{1] be a formal power series in ¢ with coefficients
in A. Then one may define a map:
¢ : R(MA, — R,
by substituting fGR(l".A)+ in the variable ¢t. The map is
equivariant with any algebra automorphism of R([,A).

As the particular case, let us consider the exponential map

(3.3.1) M € R(C,Q), — exp) -1 € R(CC,Q,

and the logarithm map

(3.3.2) . A € R(r,@)+ — . log(1+4) € R(F.@)*
< 1 $ -ph!
where exp(M):= 3 = H"  and log(l+A):= 3 - A" .
n=0 n=1

The maps are well defined and inverse of each other due to the
standard argument for complete algebras. Hence they give a
bijection of R(I,Q) to itself.

The additivity: exp(M1+M2) = exp(Ml) exp(Mz) and the
multiplicativity: 10g((1+A1)(1+A2)) = log(1+A1) + log(1+A2)

are standard.

Formula. Let A := 3 A(S)S and XM := > M(S)S e
S€Conf S€eConf

elements of R(l‘,@)+ such that 1+A = exp(M) (or equivalently,

—102—
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M=log(l1+4)). Then the coefficients of A and M are related by tlhe

transformations:

kl k
TR T M(Sl) .o M(Sm)

S=k.S. .. kmS 1°°"""m

(3.3.5)  AS) n

]
™M
-
—

and

(k1+..+km~1):(—1)k1""‘km'1 k ko
2 T T AS ). AT

(3.3.6) HMS) =
S=k.S, .. kmsm 1 m

Here the summations are over all possible decompositions:

(3.3.7) S = klsl “o kmsm

such that Sie Conf (i=1,...,m) are pairwisely different.

(Here we use a convention kS:= S ... S for k€N and S€Conf.).
k~copies

Proof Recall that the configuration algebra may be regarded
as the algebra of formal power serieses of the set of variables
Confo. Even the set Conf0 is infinite, the standard arguments

for exponential and logarithmic functions are valid so that we

omitt the proof. _ o

Remark We shall often use the notations A and ¥ to indicate
the relation l+A=exp(M). In spite of original attempt to indicate
"additive" and "multiplicative” by A and M, our use of them are

cofused as avbove.

(3.4) Representation of R(I') in a power series.
To a configuration type S€ Confu(¢}, let us associate a vector

E(S) = (e,,.. ) e N29,

.,e2g

—103~-



called the exponent of S by

e . .:= #(yer\S: 3s5€S s.t. ¥ ls=a. or afl}.
2i-1 i i

#(yerNS: 3seS s.t. v 15

(3.4.1)

It
#

e B. or 8.7),
1 1

2i

where § is a subset of ' of the type S. E(S) depends only on the

type S but not on S. The exponent has the following additivity:

(3.4.2) E(Sl 52) = E(Sl) + E(Sz) .

Let us introduce 2g indetermintes X = (Xl,...,ng) and put
e e e
ES) . _ 1,72, v 29
(3.4.3) X i= Xl X2 .o ng
E(S)

The additivity (3.4.2) implies that the correspondence S —X
is a semigroup homomorphism from Conf to the set of monomials in

X, so that one has a well defined ring homomorphism:

X, .1

(3.4.4) - Z[Conf] — LIX Xy, e Xy

We shall regard that the polynomial ring ZI[X] carries the adic

topology defined by the maximal ideal (X)=(X1,...,ng). To show
that (3.4.4) is continuous w.r.t. the toplogies, we prepare a
29
Lemma. Let us denote by |E(S)! the sum 2 e -
i=1

Lemma For S€Conf, one has

(3.4.5) IE(SYT > 4(g-1)-2(S).

Corollary The homomorphism (3.4.4) is continuous w.r.t.

the adic topology. Hence it induces a ring homomorphism between

-104—
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the formal completions:

(3.4.6) R(TI) - Z[[XI,XZ.....ng]]
Proof of the Lemma. Due to the additivities (3.2.3) and
(3.4.2), we have only to consider the case S is connected.

Since any vertex of ' as a graph has 4g edges, we have
*) [E(SY| = 49 #(S) - 2 #{edges on S}

The following Euler's relation on a graph is well known.
*k )

deg(S)~#{edges on S)+#{(linearly independent cycles on S} = n(S),

‘where n(S) denotes the number of connected components of S.

Combining the relations *) and *x*),

(3.4.7) IECSYE = (4g-2)-#(S8) + 2 n(8§)

- 2 #{linearly independent cycles on S}.

Let us show an inegquality:
(3.4.8) #{linearly independent cycles on S} < #(S),

by induction on #(S). There is no cycles on S sofar #(S)<4g.

Let § be a subset of ', whose configuration type is S (#9). Since
#S=#(S)<=, there is a point YOGS such that £(Y0)=max({(7):Y€S).
Then the vertex of S corresponding to YO is adjacent to at most
two other vertexes of S (cf ( . . )). Then it is easy to show
that one can find a basis of cycles on S such that at most one

cycle of them passes the vertex v This means that the # of

0°

linearly independent cycles on S\(Yo) is non less than the # of
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linearly independent cycles on S minus 1.

(3.4.7) and (3.4.8) imply (3.4.5). a

Remark 1. The map (3.4.6) is not a graded homomorphism.

2. The map (3.4.6) is an open map, since one has an estimate:

4g-#(S) = |E(S)! in the other direction than (3.4.5).

(3.5) Recall the dihedral group ng (2.7.1) action on ' as
automorphism of the group preserving the set of generators G.
The action of ng on I' preserves the graph structure up to a
change of the colors and orientations. Hence the action induceé
an action on the semigroup Conf. Since the action is continuous
w.r.t. the adic topology, it induces an automorphism of the

configuration algebra:

(3.5.1) ng X R(T'y —— R

On the other hand the dihedral group ng acts on the monomials

in X=(X,,...,X,.) by

1 ‘729
(3.5.2) @(Xi):= Xi+2 (i=1,...,2g9) (here x29+i:=xi)
and
(3.5.3) ¢(xi):= ng_i+1 (i=1,...,29).

Comparing (2.7.2)>, (2.7.3) and (3.5.2), (3.5.3), one sees:
For any «€ ng and S€ Conf, one has

xE(r.!(S)) E(S))

= a(X

Hence the actions of ng on the configuration algebra and on the
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power series in X is equivariant with the homomorphism (3.4.6).

(3.5.4) ng x R — R

l l

ng x 20LX11 — Z1[X1]

§ 4. Covering coefficients and the Hopf algebra

We introduce a Hopf.algebra structure on the configuration

algebra, which plays an important roll in (6. . ).

(4.1) Covering coefficients.

We ihtroduce a concept of covering coefficients
(4.1.1) (sl':g'sm) eN

for configuration types Sl""'Sm and S€ ConfU{¢} as follows.
i) Fix a subset S of T, whose:configuration type is S.
ii) Put

(4.1.2)

(Sl'é'sm):=((sl,...,5 y: S, (i=1,...,m) is a subset of S s.t.
m i

a) the configuration type of Si is Si. b) igl Si = S.)

iii) Show that the cardinarity of (Sl'é'sm) depends only on the
type S but not on the choice of S. (The verification is left.)

iv) Put

: S,...S . S,...S
(4.1.3) ( 1 S m) .-,#( 1 S m)

(4.2) Imediate from the definition, we have the followings,

whose proofs are omitted.
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i) The coefficient (Sl'é°sm) is invariant under the action of

the symmetric group Sm by the permutation of Si's.

ii) If si=¢ for 1<3i<m, then the term can be eliminated. 1I.e.

(4.2.1) (51"'51—1 g si+1...sm) . (51"'51—&5“1'“5"1).

iii) For S and T € Confu{¢},

T _ 1 if S =T,
(4.2.2) ( S ) = { 0 else,
iv)
S,...S - 1 if v S.=¢,
(4.?.3) ( 1 & m) = { 0 else. |

(4.3) The following formula on the coefficients is important.

Assertion. For Sl.....Sm.Tl,...,Tn € Confu{¢}, one has
(4.3.1) s (51‘(']‘51:1) (u Tlé..Tn) - (Sl"'SmSTl"'Tn) ]
Ue€Confu (g}

Proof. Consider the map

(51"'Sm Tl...Tn) U (U Tlé..Tn)
UeConf
Sy -8 . T, Ty — (8s,,T

S

1"'Tn)

The fiber over a point (U.Tl,...,Tn) is bijective to the set
(Sl'®°sm) so that one has the bijection

(sl"'smSTl"'Tn) - U (Sl'b'sm)(u Tlé"Tn) .o
UeConf

Nole The summation index U in (4.3.1) runs over all Conf.

But in fact the sum is finite, since the coefficients (Sl'b'sm)

for large U vanish. In the following of the paper, we shall meet
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the same phenomenon, on which we shall not mention each time.

(4.4) Another important formula for the covering coefficients is

the following decomposition formula.

Assertion For 81,..,8 , U, V€ Confu{(é}, one has a formula:

m
(4.4.1) (Sll.}.‘.,sm) = S S (Rl.l.j.Rl) (Tl"’,'Tm)
. S =R T S =R T .

171 71 m m'm

Here Ri and Ti run over ConfU{¢} for all possible decomopositions

of Si (i=1,...,m).

Proof Consider the map

(slu'J'gSm) _ v ... v (Rl'O'Rl)x(Tl'Q'Tm)
$,*R, T, SR T ,
m m m

(S ...Sm) _ (San,...,San) X (Slnv,....smnV).

1

One checks easily that the map is bijective. o

(4.5) The Hopf algebra structure on the cofiguration algebra.
As consequences of (4.2)-(4.4), we give an Abelian Hopf
algebra structure on the Configuration algebra.
First, for a positive integer meN, let us define a map ¢m
defined on U € ConfU(¢) as

(4.5.1) o W) := 2 2 (Sl'l'j'sm) $,8...8S
SIGConfU(¢) SmEConfU(¢)

which takes values in the completed tensor product g R(I') of
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m-copies of the configuration algebra. Due to (4.2) iv),
Om(¢) = 1.

The map @m is multiplicative in the sence that
(4.5.2) Om(U V) = ¢m(U) Om(V)

for U, VEConfU{¢). This can be directly shown from (4.4.1).

Hence Qm induces an algebra homomorphism:
(4.5.3) ¢ : R(T) — ®& RN
m m

v -— ¢m(U)
which is denoted by the same ¢m. The symmetric group Sm acts on
the m~tensor product by permutating letters 10.:0108i01®..®1
(i=1,...,m). Then the image of ¢mrlies on the 6m~invariant
subalgebra, due to (4.2) 1i).
We define now a coproduct structure on the configuration

algebra by 02, which is abelian due to the remark above.

(4.6) Associativity.

The formula (4.3.1) implies the relation:

(4.6.1) (10...®1®¢m)°®n+1 = ¢m+n

for m, n €N. Particularly, this implies the relation:
(¢2®1)°¢2 = (1®¢2)°¢2

which is the associativity of the coproduct of the Hopf algebra
structure. It is also clear from (4.6.1), that ¢m for m22 are
described as the compositions of 02.

(4.7) Unit element.

The augumentation map for the algebra, i.e. the map
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(4.7.1) aug : R(ry — 1 , (SeConf — 0, ¢ — 1)

gives the identity element of the Hopf structure. This means

(4.7.2) (aug-id)°¢2 = id

¢2 R aug-1
I.e. the composition of the maps: R([) —— ? R(F)Y — R

becomes the identity due to (4.2) ii) and iii) as follows.

Image of S = > (TSU)T-aug(U) = > (TS¢)T = S.
} }

T,U€Confu{¢ TEConfU{¢

(4.8) The involution map t.

Assertion There exists uniquely an automorphism
(4.8.1) t : R(MN) ~=w— R

of the configuration algebra such that

i) t is involutive, i.e. 12=id .

_ 1 t-1
ii) The composition of the maps: R(I) —2- § R('y — R

is the qugumentalion map (4.7.1). 1.e.

(4.8.2) (t-id)vd)2 = aug .

Proof. For an neEN, let us denote by‘Conf(n) the sub semigroup
of Conf generated by SGConfo with #(S)<n. We denote also by
R(n):= [[ Conf(h)]] the complete subalgebra of R(I') generated
by Conf(n). VWe remark that the restriction ¢2(n):= ¢2 R(m) maps
R(n) to R(n)&R(n). ‘

Let us show by induction.on n the existence and the unigueness
of an involutive automorphism t(n) of R(n) such that

i) t(n) = 1(n-1),

R(n~-1)
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ii) (t1(n)-1)-®,(n) = the augumentation map for R(n),

iii) l(n)( s R(n)) c $.N R(n) for meN.

For n=0, R(0)=Z and t(0)= idZ. Suppose the hypothese is shown
for an nz0. We want to determine t(n+1)(S) for SeConfo with

#(S)=n+l1 by solving the equation:
(z(n+1)-1)°¢2(n+1)(S) = 0

More explicitely, the equation is rewritten by the use of (4.5.1)

;(n+1)(8)[ ) (SSV)V]

VeConfu({é}
. ( s (Usv)t(n)(U) v]
U,Ye€EConfU{g}
v,y # 8
+ ( 3 (Uss)t(n)(U)) S
UeConfu(¢}
U=S .
=0

For simplicity, one may write the equation as

(4.8.2) z(n+1)(S)(1+d(S)) + B(S) + (1 + t(n)(d(S)-S)) S = 0,
where
SV
(4.8.3) 4(8) - § := > S 1 € R(n)n!l.
VeConf
V=S

and s UV .

* B(S):= ( )l(n)(U) V € R(n)n# .
(4.8.3) U,veConfu(g) * S n+1

v,v # S8

Since 4(S)Ef,, the inverse of 1+4(S) (=m§0(-d(5))m) exists in
R(n+l) so that (4.8.2) is solved as

1

(4.8.4) t(n+1)(S):= ————;ng(ﬁ(S) + (1 + l(n)(d(S)-S)) S)

1 +

Extend (4.8.4) multiplicatively to Conf(n+l) so that one obtains
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an algebra homomorphism from Z[Conf(n+1)] to R(n+l1). Since the

right hand side of (4.8.4) belongs to # the map is continuous

n+l1’
w.r.t. the adic topo]ogy‘so that it can be completed to a map
from R(n+1) to itself, which we denote t(n+l1). The properties
i), ii) and iii) for t(n+l1) are shown in the construction. The
uniqueness of t{(n+l) follows from the unique solution (4.8.4) for
the egquation (4.8.2).

What remains to show is the identity: l(n+1)2(S)=S for SGConf0
with #(S)=n+1. Let us apply t(n+l) to the equality (4.8.2),

where we shall denote t(n) simply by 1.
*) t(n+1)2(S)(1+t(A(S)~S)+l(n+1)(S))+tB(S)+(1+d(S)-S)t(n+1)(S)=O

Here we have t8(S)=%8(S) due to the symmetry (4.2)i) and the fact
t(n)2=id (i.e. the induction hypothesis on t(n))>,
Taking the difference: *)-(4.8.2), one ha§
(z(n+1)2(si—s) (1+1(d(8))) = 0.
Since l(.d(S))ef1 so that 1+1(d4(S)) is invertible in R(n+l1l), this

implies the involutivity of t(n+l). o

Remark 1. The coproduct ®2 (4.5.3) and the augmentation map
(4.7.1) are defined already on the polynomial ring Z[ Conf ].
whereas the invblution map t (4.8.1) cannot be defined in the
polynomial ring and it was nescesarry to extend the algebra to
that of power serieses as above.

Precisely, for the‘deffnition'of t, it is enough to extend

the polynomial algebra Z[ Conf ] to its localizafion by the set

fi=(1 + 4(8): SEConfO)
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(i.e. to the algebra of meromorphic functions, whose poles are

at most products of powers of elements of M).

2. In §5, the functions 4&£(S) (S€Conf) are re~introduced and

investigated more precisely. Particularly we shall show that
(1 + z(d(S)))-(l + A(S)) = 1

for S€Conf (5.3.1). This relation may be understood as an

inductive definition for t for (4.8.3) replacing (4.8.2).

§5. The growth functions for configurations.

(5.1) Growth functions for configuration types.

For S and T € ConfuU{¢}, we define A(S,T)E N as follows.
i) Fix a subset of T of ', whose configuration type is T.
ii) Put

(5.1.1) |

A(S,T):= #(S: § is a subset of T, whose configuration is S}.

iii) Show that the cardinarity of A(S,T) depends only on the
types S and T but not on the choice of T. (The proof left.)
iv) Put

(5.1.2) AGS,T) := #AGS, .

We shall call A(S,T) the growth function (or gr-function for
short) for the configurations. Offcause A(¢,T)=1 for T€ConfU{d}.

Using the growth function, let us introduce a series

(5.1.3) 4(T) := 2 A5, TS
SeConf
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whose investigation is the central problem of the paper. Since

(5.1.4) 1 + () = >
Se2

wvhere we denote by [S] the configuration type of a set S, one has

T [S].:

a product formula:
(5.1.5) (1 + A(Tl-Tz)) = (1 + A(Tl))(l + d(Tz))

follows imediate from (5.1.4).

Remark 1. By comparing the definitions, we see imediately
_ (T S

A(S,T) = ( T )

for § and T € Confu{é}. Hence the two definitions (4.8.3) and

(5.1.3) for d(T) coincides.

Remark 2. A first aproximation of the growth function is
(5.1.6) AS, ) < -k—-,—l-';—,' #(T)n(S),
REEEL

where kl,...,km are given by the irreducible decomposition of S:
(5.1.7) S = kIS1 . kmSm

m
such that SiEConf0 are pairwisely different and n(S)= 2 ki'

i=1

Proof One has an embedding

' m k.
AGS,T) — T ( n‘A(s.,T)) /6
. i 0] k.
i=1 i
by associating to each Se€ A(S,T) its irreducible decompostion.

4 k :
Here ( mA )0:={(a1,...tak)e TA a,'s are pairwisely different},

on which the symmetric group Sk is acting freely.

Let SiCF be a set of the configuration type Si' Since Si is
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connected, A(S.,T) = (vS.: vel and ¥S.cT) c Q T?~1. This
i i i Y Si

implies A(Si.T):= #A(Si.T) < #(T). _ a

(5.2) Product expansion formula for growth functions.
Let us show a very important expansion formula (5.2.1) for

products of growth functions.

Lemma Let Sl,...,sm (m21) and T be given configquration

types in Confu(g). Then,

(5.2.1)

n=ag

A(Si.T) = > (Sl'é'sm) A(S,T)
1 S€EConfU{¢)

i
Proof. Let T be a subset of I', whose configuration type
is T and let us denote by ZT the set of all subsets of T.

. Consider a map

A, T) + S:=US, € 2T,

1 i=1

(S .,Sm) €

1"

# 238

i

whose fiber over § is (Sl'é’st so that one has the decomposition

33

as, D a o (SgSa)
i=1 Se2
By counting the cardinarity of the both sides, one obtains the

formula. u]

Remark The expansion formula (5.2.1) is essentially
reduced to the case m=2, since the higher cases are shown by

induction on m as follows. Multiply A(S T) to (5.2.1) and

m+1°*
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apply the formua for m=2.

m+1

mACS,,T) = S (S15%) asmacs,,,.
i=1 Se€Confu (¢} ' :
= 2 (sl'é'sm) > (susm”) AWU,T)
SeConfu{¢} UeConfu(d)}
Using (4.3.1),
= 2 (51"'gmsm+1) ALU,TY .
UeConfu(¢) o

(56.3) A very important consequence of (5.2.1) is the following.

Lemma For any configuration type TE€Confu{(d#) and meN, one has

(5.3.1) (1+4(T))®...8(1+4(T)) = Qm(1+d(T)).
Proof Define an infinite series of m variables Sl....,Sm:
m
*) 2 > T AGS,,T)| S§,8...85
SleConfU{¢) SmGConfU{¢) i=1

in the complete tensor g R(I') of m-copies of the Configuration

algebras. By definitions of &4(T) (5.1.3), this equals to
ok ) (1+4(T))®...8(1+4(T)) (a tensor of m~copies)

On the other hand, by a use of the product expantion formula

(6.2.1), *) is expressed as

> [ 2 (Sl'é'sm) A(S,T)]sle. ..8S
SIGConfU(¢) SmGConfU(¢) SeConfu{¢}

Recalling the definition of'thevmap ¢m (4.5.1), this equals to
2 ® (S) A(S,T)

S€ConfuU{¢}

= ¢m( > S A(S.T))
S€Confu{¢)
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Aok ) = Om(1+d(T))

Comparing **%x) with **), we obtain the relation. a
(5.4) Another consequence of the (5.2.1) is the following.
(5.4.1) ( 1 + t(d(T)))( 1 + A(T)) =1,

for any configuration type T €ConfuU{(¢}.

Proof Apply (5.3.1) to the (t~1)°¢2(T)=aug(T) (4.8.1). 0O

(5.4) The logarithmic growth function.

As we saw in (5.1.4), the function A(S,T) is polynomial growth
in #T of degree n(S). For our>purpose. we need to know not only
its leading coefficient but its precise lower terms. This is
achieved by introducing another function M(S,T)€Q for S, Te€Conf,
which we call the logarithmic growth function,as follows.

Take the logarithm of the series 4(T) (5.1.3) (cf (3.3.4)),

(5.4.1) K(T) := log(l+4(T)) ,
in R(r',®). The coefficients of its expansion

(5.4.2) KT = 2 M(@S,T)S .
SeConf

are the logarithmic growth functions (or log gr-functions),

taking their values in Q. We formaly put
(5.4.3) M(¢$,T):= 0 for T € Conf.

For a sake of completeness, let us recall the relations (3.3.5)

and (3.3.6) and apply it to the coefficients of 4(T) and X(T).
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(5.4.4)

1 kl km

A(S,T) = > —_— M(S,,T) ... M(S.,T) T,

S=k.S E S kl!...km! 1 m
) 171 m m
(5.4.5) _

(k1+..+km-1)z(—1)k1+‘+km 1 k k
M(S,T)= 2 klg":km! ACS T ACS L TY

S=k181 .- kmsm

Remark 1. In fact, 4(T)
H(T) is an infinite series in

2. For a connected S € Con
(5.4.6) A(S,T) =

(Directly seen from (5.4.4) o

(5.5) What is surprizing is

(5.2.1) imply linear relation

Lemma Let configuratio

given. Then,

is a finite sum. Nevertheless
the algebra, whose support is in T.

f we have

0’
M(S,T).

r (5.4.5).

that the polynomial relations

s on the log gr-function.

n types T,Sl,...,Sm#¢ (m=2) be

(6.5.1) 2 (51'§‘Sm) M(S,T) = 0

S€ConfU{¢d}

Proof Substitute 1 + 4

T) by exp(H(T) in the formula

(6.3.1) so that one obtains a relation:

exp(ﬂl(T)+...+ﬂm(T)) = 0m(exp(K(T)))

i-th.

where ki(T):=1e...ox(T)o...®1.

we obtain the relation:

Since 0m(exp(K(T))=exp(0m(K(T))),

—119-

33



34

(5.5.2) KI(T)+...+Km(T) = Om(K(T)).

Now develop the both sides of (5.5.2) in the series of variables

S .,Sm and compare the coefficients. Since the left hand side

10

does not have a cross term in the variables Sl,...,Sm, the
corresponding coefficients in the right hand side should vanish.

Combining (5.2.6) and (5.4.3), this means the formula (5.5.1).0

Remark 1. The formula (5.5.1) is essential in the case m=2
with Si¢¢ (i=1,2), since the cases of m>3 are reduced to that

case by a use of (4.2.4) as follows.

2 ( 2 ( Sp- 1)( m)) M(S,T)

S WeConfu(¢}
(5a) wes.m)

5 (S-S )(g
. (31" )( §(¢ssm) M(S,T))

UeConf
+ 0

S (Sl'é'sm) M(S,T)
S

1]
(o]
"
(=]
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