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ON  THE slrALGEBRA OF FORMAL MULTIPLE EISENSTEIN SERIES 

HENRIK BACHMANN 

(Based on a joint work with JAN-WILLEM VAN ITTERSUM and NILS MATTHES) 

ABSTRACT. In this survey article we summarize the results of [BIM] in which the authors 
introduced the algebra of formal multiple Eisenstein. This algebra is motivated by the clas-
sical multiple Eisenstein series, introduced by Gangl-Kaneko-Zagier as a hybrid of classical 
Eisenstein series and multiple zeta values. This algebra is an slralgebra by formalizing the 
usual derivations for quasimodular forms and extending them naturally to the whole algebra. 
A quotient of this algebra is isomorphic to the algebra of formal multiple zeta values. This 
gives a novel and purely formal approach to classical (quasi)modular forms and builds a new 
link between (formal) multiple zeta values and modular forms. 

1. INTRODUCTION 

The purpose of this note is to provide a summary of the work [BIM], where the authors intro-
duced formal multiple Eisenstein and studied their derivations. These objects are formalization 
of multiple Eisenstein series, which are a hybrid of classical Eisenstein series and multiple zeta 
values. Multiple zeta values, which are defined for integers r 2: 1 and k1 2: 2, k2,..., kr 2: 1 by 

く(k1,...,kr)：＝こ 1 

m1>…＞叫＞O
m↑ • • • mkr r 

(1.1) 

are subject to many relations. Denote the Q-algebra of all multiple zeta values by Z. Con-
jecturally, the extended double shuffie relations of multiple zeta values provide all algebraic 
relations among multiple zeta values [IKZ]. These relations are obtained (after possible reg-
ularization) from the two ways of expressing the product of multiple zeta values-the'usual' 
(stuffie) product of real numbers, and a (shuffle) product from the iterated integral represen-
tation of multiple zeta values— which both can be interpreted as quasi-shuffle products [H]. In 
this note we use the standard algebraic setup as in [IKZ] (see the introduction of [BIM] for 
details) to describe these relations. 
Multiple zeta values and (quasi)modular forms are connected in various ways. For example, 
in the case r = 1, they appear as the constant term of the Eisenstein series. The Eisenstein 
series of weight k:::,: 2 is given for TE lHI ={TE CI Im(T) > O} by 

広(T):= ((k) + 
(-21ri)k 
1 L nk-lqmn (q = e加 T).

(k -1)! 
m,n:C:1 

For even k 2: 2 these series are (quasi)modular forms for the full modular group. In [GKZ] the 
authors defined double Eisenstein series, which have double zeta values ((1.1) in the case r = 2) 
as their constant terms, and which can be seen as a natural depth two version of Eisenstein 
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series. This construction was generalized by the first author in [B叫 Givena depth r ~ 1 and 
integers k1,..., krミ2the multiple Eisenstein series are defined 1 for T E lHI by 

G圧，Kr(T)：＝こ 1 

入1>--…>入r>--0沖・・•沖'入，EZT+Z
where the order >--on the lattice ZT + Z is defined by m汀十n1>--m汀十n2iff m1 > m2 or 
m1 = m2 /¥ n1 > n2. The multiple Eisenstein series are holomorphic functions, i.e. elements 
in O(lHI). Since G-k1,…，kr(T+l)=G-柘，…，kr(T), which can be obtained directly by the above 
definition, the multiple Eisenstein series possess a Fourier expansion 

(Gk1,…，kr (T)＝く(k1,...,kr)＋Lanqn (an E Z[21ri]), (1.2) 
n::C:1 

which was calculated in depth r = 2 in [GKZ] and for arbitrary depth by the first author 
in [Bal]. 
Based on various conjectures2 regarding the relations of the q-series appearing in this Fourier 
expansions, the authors of [BIM] came up with the following definition: the algebra of formal 
multiple Eisenstein series gt is defined (Definition 2.4) to be the Q-vector space spanned by 
symbolsび， whichare swap invari叫 andwhose product is given by (a double indexed version 
of) the stuffie product. More precisely, for r 2: 1, k1,..., kr 2: 1, d1,..., dr 2: 0 we introduce 
formal variablesび（闊：●： :~~) and impose the relations (swap invariance) 

吋ふ，，Xr)＝叫r(Y1+＋Ym,X ＋杓，~)
Yi,・・・, Yr } -, ¥ Xr, Xr-1 -Xr, ・ ・ ・, X1 -X2 

(for all r ~ 1), (1.3) 

where (!Jr denotes the generating series 

Qjr（ふ，．・．，Xr) dl 

兄，．..'Y,.
=,_~叫',Kr)対1-l...x;,-1恥．．呂
k1,…,k,21 

d1,..., dr) --'--r d1 ! dr ! 

d1,…,d,20 

We then define the algebra of formal multiple Eisenstein series gt as the Q-vector space spanned 
by these formal symbolsびequippedwith the stuffie product (Definition 2.1), e.g., 

dG:)d(::) = d(:::::) +d(：:：誓）＋d(:::::)' 
G(::)Gi(::：な）＝Gi(：：］；:];:）+6i(2:］；［な）＋6i(：:］;：］;:)＋Gi(：：:2:：な）＋6｛（誓］；：：な）
For example, in the case r = 1 they satisfy the relationび（り＝ （K！［ド(~~~). The use of double 
indices is necessary to make sense of the swap invariance (1.3). But often we will be interested 
in the case when d1 = • • • = dr = 0 and set 

び(k1,...,kr) :=心：： ： :~r) ・ (1.4) 

Then we expect that the symbolsび(k1,...,kr) should satisfy the same relations as the (stuffie 
regularized) multiple Eisenstein series. In fact, we will see that theび(k)satisfy exactly the 

1In the case k1 = 2 one needs to use Eisenstein summation. See [Ba5] for details. 
2See the introduction of [BIM] for a detailed explanation and motivation for these objects. 
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algebraic relations as the classical Eisenstein series (Theorem 2. 7), which is quite surprising 
considering the simple family of relations that we impose on Gf. Even though it seems like 
the single indexedび(k1,...,kr) in (1.4) just give a small portion of the whole space gt, we 
conjecture (Conjecture 2.5) it is already spanned by them. This justifies calling gt the algebra 
of formal multiple Eisenstein series. 
By the Fourier expansion (1.2) of multiple Eisenstein series we see that projecting onto the 
constant term gives a surjective algebra homomorphism from the space of multiple Eisenstein 
series to multiple zeta values. This raises the natural question of whether there is a formal 
analogue of this projection onto the algebra of formal multiple zeta values z!. We give a 
positive answer to this question together with an explicit description of the kernel of this 
'formal projection onto the constant term'as follows. 

Theorem 1.1 ([BIM, Theorem 1.1]). There exists a surjective algebra homomorphism 

7r:g→Zf, 

with誓 (k1,...,kr)) = (f (k1,..., kr). The kernel of 1r is the ideal generated by all formal 
multiple Eisenstein series which are not of the form 

叫'..．，1,K1,．．．，Kr) 
di,..., ds, 0,..., OJ' 

for some r, s 2'. 0 and k1,..., kr 2'. 1, d1,..., ds 2'. 0. 

In fact, we will define the algebra of formal multiple zeta values as the quotient by the above 
ideal (Definition 2.10) and then show that this algebra is isomorphic to the classical definition 
of formal multiple zeta values. Theorem 1.1 offers a new perspective on the extended double 
shuffle relations. Namely, it states that these relations are equivalent to the combination of 
swap invariance, the stuffie product, and the relations derived from dividing out thc mentioncd 
ideal. 
The main result of [BIM] focuses on the derivations of the algebra gt. This is motivated 
by the derivations for classical (quasi)modular forms, which we recall now. For this, we first 
introduce another normalization of the Eisenstein series and define 

B 
Gk == (-21ri)-kCGk =—ー＋

k 1 

2k!'(k -1)! 
L mk-lqmn, (Bk= kth Bernoulli number). 
m,n:::>l 

As is well-known, for even k the relations 

k+l_ 1 d 

2 
伍＝ q-Gぃ＋
k -2 ~dq L Gk1G知，

(k + l)(k -l)(k -6) 
12 

Gk= 

柘十k2=k
k1,k2~2 even 

区 (k1-l)(k2 -1)仇 G知，
柘十k2=k
k1,k22:4 even 

(k 2 4) 

(1.5) 

(k：：：：： 6) 

suffice to write every Eisenstein series Gk with k：：：：： 4 asap⑯皿皿叫 inG4皿dG5.M叩叩虹

the relations (1.5) imply that the space M = (Q[G2, G4, G叶ofquasimodular forms (with rational 
coefficients) is closed under the operator q羞． Evenmore, the algebra M is an s(ralgebra 
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(see [Z]). In general, an,s(2-algebra is an algebra together with three derivations W, D, 8 acting 
on this algebra and satisfying the following commutator relations 

[W,D] = 2D, [W,8] = -28, [8,D] = W 

In the case of quasimodular forms, these derivations are given by D =嬬 andthe other two 
derivations are determined by 8伍＝

2' 
6伍＝仰＝ 0and WGk = kGk. As one of the 

main results of [BIM] (Theorem 3.1), the algebra gt is an slralgebra which can be seen as a 
natural generalization of the slralgebra of quasimodular forms: 

Theorem 1.2 ([BIM, Theorem 1.2]). There exist derivations W, D, 8 on gt such that 

(i) gt is an s(2-algebra; 
(ii) the subalgebra _Mf = Q［び（2)，び(4)，び(6)]C gt is isomorphic to M as an slralgebra. 

We refer to屈 asthe algebra of formal quasimodular forms. The derivations W, D, 8 are 
given explicitly. The s(ralgebra structure of gt gives a natural definition of the space of formal 
modular forms M1 := ker釘ぶ1and a notion of Rankin-Cohen brackets. The projection 1r in 
Theorem 1. 1 then also naturally leads to the space of formal cusp forms Sf := ker 町Mf• These 
spaces are isomorphic to their classical counterparts M and S. 

Acknowledgements. The author thanks the organizers of the conference" Algebraic Number 
Theory and Related Topics 2023" for giving him the opportunity to present the result of [BIM]. 
This project was partially supported by JSPS KAKENHI Grant 23K03030. 

2. FORMAL MULTIPLE EISENSTEIN SERIES 

In this Section, we recall the basic algebraic setup of [BIM]. Define the set A, whose elements 
we call letters, by 

A=  { [:] I k ~ I, d ~ o} 
We are interested in Q-linear combinations of words in the letters of A, i.e., in elements of Q〈A〉.
Here and in the following, we call the monic monomials in Q〈A〉words.For k1,..., kr ::::, 1 and 
d1,..., dr ::::, 0, we will use the following notation to write words in Q〈A〉:

［誓： ］；：］ ＝ ［口］［::]' 
where the product on the right is the usual non-commutative product in Q〈A〉.Thespace.fj1 
(defined in [IKZ] or [BIM, Introduction]) can be viewed naturally as a subspace of Q〈A〉via
the inclusion 

Sjl---tQ〈A〉

Zk1... Zkr f-----t[>:: : : : ：r]． (2.1) 

We will extend the stuffie product defined on Sj1 to Q〈A〉inthe following way. 
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Definition 2.1. Define the stuffie product * on Q〈A〉asthe Q-bilinear product, which satisfies 
1 * w = w * l = w for any word w E Q〈A〉and

[::]w* [::]v= [::] (w* [::]v) + [::] ([::]w*v) + [:::::](w*v) 

for any letters [!~], [!~] E A and words w, v E Q〈A〉.
This turns Q〈A〉intoa commutative Q-algebra (Q〈A〉,＊）， asshown in [H]. The algebra 
（が＊） canbe viewed as a subalgebra of (Q〈A〉,＊） via (2.1). Most of the time, we will work 
with the generating series of our objects. Let B。(Q〈A〉)＝ Q〈A〉andfor r ~ l set 
庄＝B図〈A〉)：＝Q〈A〉[X1,Y1,..,,Xr,Yr] and B=B(Q〈A〉)：＝①且(Q〈A〉)．

r::,.o 

For r ~ 0 consider the family of formal power series辺＝ （叫叫...)EB, where Q{。＝ 1and 
for r ~ l one has 

吋立，Xr)＝と [K19,Kr]Xf1-1 ・ • ・Xダ―1$・・・i
yl,．．．, Yr d1,．．．，dr d礼 d』'

k1,…,kr::,.1 
d1,…，d,::,.o 

Definition 2.2. We define the swap as the linear map(J ： B →B given by(J（fr)=（サ） with

(J （fr(M,Xr)）＝ fr(Y1+ ＋ Yr9 ，い＋％，~)
乳．．．，Y,.}}. Jr ¥Xr, Xr-1 -Xr,...，ふーX2}.

(2.2) 

Note that the swap(Jis an involution. 

Definition 2.3. By applying a map p : B→B to the power series別 oneobtains a map 
f : (Q〈A〉→ Q〈A〉bycomparing coefficients, i.e., p［闊：：：：幻 isdefined as the coefficient of 

Xい•.. x:r-1呂• • ・筈 ofp叫
In particular, we can think of the swap(J ： Q〈A〉→ Q〈A〉asthe linear map defined in the 
above sense. Formal multiple Eisenstein series are objects whose generating series are invariant 
under the change of variables in (2.2). 

Definition 2.4. We define the space of formal multiple Eisenstein series as 

gf:=(Q〈A〉,＊五，

where I is the ideal in ((Q〈A〉,＊） generated by(J（w) -w for all w E (Q〈A〉.Fork1,..., kr 2: 1 
and d1,..., dr 2: 0 we denote the class of the word w =［闊：：：：：と］ ingf byび(w)＝び（闊：：：土）．
We define a weight grading and two filtrations on gf, as follows: 

(i) Write 

wt(w) := k1 + ・ ・ ・ + kr + d1 + ・ ・ ・ + dr, 
lwt(w) := d1 + ・ ・ ・ + dr, 
dep(w) := r 

for the weight, lower weight and depth of the word w respectively. 

(ii) Write外forthe subspace of gf generated byび(w)with wt(w) = k. 
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(iii) Write Fil炉gt,Fil1ep gt for the lower weight and depth filtration on gt respectively. We 
shorten the notation when considering two filtrations at the same time, that is 

Fil~wt gt=〈び(w)I w EA*, lwt(w):::; d〉,

Fil岱~,depgt=〈び(w)I w Eぶ lwt(w)::;d and dep(w)::; r〉IQ!,etc. 

In the special case lwt(w) = 0, we write 

虞，．．．，kr):= G1宣：： ： :~r) ・ 

The space of formal multiple Eisenstein series is a commutative Q-algebra (gt,*) where each 
element is swap invariant. Notice that the Q-linear map 

び：（針＊） → g 
知...Zkr←→び(k1,...,kr) 

(2.3) 

is an algebra homomorphism. Even though the double indices are crucial for the defini-
tion, a non-trivial conjecture is that the space Qi is already spanned by the singles indexed 
び(k1,...,kr), i.e., that the mapping (2.3) is surjective. This conjecture is the formal version 
of the conjectures in [Ba2, Conjecture 4.3], [BK, Conjecture 5 (B2)] and [BI, Conjecture 3.15], 
of which only special cases are known (cf. [Ba2, Bul, V]). 

Conjecture 2.5. The map (2.3) is surjective, i.e. 

Qi c:,, Fil~wt Qi. 

A more refined version of the conjecture is that 

Filし~:,depgf C Fil謬竺g for all d, r :::. 0. 

Denote the generating series of the formal multiple Eisenstein series is denoted by 

Q)r（ふ，．．，Xr)＝と叫'..， Kr)正• •. x:r-lfi.. ・ 1凸
Yi,..., Yr k1,…,kr::>l 

d1,...,drJ'~1 ・~r d1! dr! ・ 

d1,...,dr::>O 

Since the formal multiple Eisenstein series are swap invariant we have 

吋ii:::::;:)＝吋r(x+．＋YT99Y1 +Y2,Y1) 
Y1,...,Y,.} -'¥Xr,Xr-1-Xr,・・・,Xl-X2} ・ 

OnQ〈A〉wecan define another product◎byw◎V=U（u(w) * u(v)) for w, v E Q〈A〉.One
can easily check that since u is an involution, this product is commutative and associative. Due 
to the swap invariance of gt, this product is the same as the product *・ This implies a large 
family of relations among elements in gt, i.e., f * g -f @) g = 0 for all f, g E gt. These relations 
can be seen as an analogue of the double shuffle relations for multiple zeta values. If f and g 
are of depth 1, these relations are given as follows. 
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Proposition 2.6 ([BIM, Proposition 2.9]). For k1, k2 2:: 1, dぃd22:: 0 we have 

G(：:)6(：:)＝6(2:]；:）＋6(：：］］）＋G(2::：：) 
苔`11t；瓜（（；11--］） （：：） (-1)山 e1＋仇―＿~)（:：）←1)必 e1) 叫:::: ~,) 
＋ 尋！ （K1 ＋柄ー 2)叫k1+ K2 -1) 
(d1 +必＋ 1)! ¥ k1 -1)  -¥ d1 + d2 + 1)' 

where we sum over all li, b 2:: 1 and e1, e2 2:: 0,叫 jectto l1 +l2 = k1 +k2 and e1十砂＝ d1+dか
in the second expression. 

Proposition 2.6 shows that the formal multiple Eisenstein series in depth two give a realization 
of the formal double Eisenstein space introduced in [BKM, De恥 ition2.1], since the latter are 
formal symbols satisfying the above relations. It was then shown in [BKM, Theorem 4.4], that 
these relations can be used to obtain the following relations. 

Theorem 2.7. For all k1, k2 2:: 1 with k =柘十k22:: 4 even we have 

~ (el: k2)-(-l)k1)び(k)=昇（（kk:J_―11) + (kk-2J--1 1)-11k1)び(j)び(k-j) 
jeven 

+ ~ ((:1 ~ ~) + (~口~) + lk1,1 + lk2,1) cfe ~ l) 
The following relations are special cases of Theorem 2.7, which will be used later when 
dealing with formal (quasi)modular forms. They can be seen as the formal version of the 
classical recursive formulas for Eisenstein series given in (1.5). 

Corollary 2.8. (i) For even k ~ 4 we have 

K+ 1 k -1 
2 び(k)＝び（ 1)＋ど伽）び(k叶

k1+k2=k 
k1,k2::>2 even 

(ii) For all even k ~ 6 we have 

(k + l)(k -l)(k -6) 
12 び（k)= L (k1 -l)(k2 -1)び(kリび(kサ

k1+k2=k 
k1,k2::>4 even 

Due to Euler we know that for m ~ 1 we have 

B2mB2m  
(（2m) ＝ - （-2が）2m= -~(-24((2)）匹

2(2m)！ 2(2m)！ 

As an analogue, in our formal setup we can show the following. 

Corollary 2.9 ([BIM, Corollary 2.12]). Form~ 1 we have 

B2m 
び(2m)＝一 (-24び(2)忙十Q2m,

2(2m)! 
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for Q2m E DMf, where Mi= (Ql［び（2)，び(4)，び(6)]is the space of formal quasimodular forms. 

We now mention the connection of formal multiple Eisenstein series to of formal multiple 
zeta values. Conjecturally, these satisfy exactly the same relations as multiple zeta values. 
The definition in [BIM] is equivalent to the usual definition of formal multiple zeta values as 
formal symbols modulo the extended double shuffie relations. The difference is that in [BIM] 
the authors define the space of formal multiple zeta values as a quotient of gJ. This approach 
has the benefit of allowing connections to q-analogues of multiple zeta values and modular form 
on a formal level, which is not directly possible with the usual approach. Define the following 
two subsets of the alphabet A. 

A。={[~] I kミ1}' A1 := { [~] I d 2'. O} 

With this we define the following ideal in (Q〈A〉,＊） generatedby the set A*¥((A1)*(A。)＊）

沢：＝ （ふ（（ふ＊（A。）＊））Q〈A〉'

where for an alphabet.cby.c＊we denote the set of words in the letters.c,i.e., the free monoid 
generated by the elements in.c．The generators of沢 areexactly those elements which are皿し
of the form 

叫L.．．，1,K1,．．．，Kr) 
d1,...,d.,O,...,OJ' 

for some k1,..., kr 2 1, di,..., ds 2 0. 

Definition 2.10. The algebra of formal multiple zeta values is defined by 

因：＝巧引・

The justification for the name formal multiple zeta values comes from the fact that our notion 
is equivalent, up to the non-vanishing of乳1)in our case, to the one by Racinet [Rac] (see 
Theorem 2.13 below), which consists of formal symbols satisfying the extended double shuffie 
relations. In particular, we expect z! ~ Z[T]. Note that this definition does not coincide 
with the definition of formal multiple zeta values in the Introduction: it is the content of 
Theorem 2.13 that both definitions are equivalent. 
We denote the canonical projection of the space of formal multiple Eisenstein series into the 
space of formal multiple zeta values by 

T : g →因．（2.4)
This projection can be seen as a formal version of the'projection onto the constant term'. 

Proposition 2.11. The map町Filもwtgf: Fil炉g→z! is surjective. 

Proof. All non-zero elements in幻 arelinear combinations of elements of the form 

f ＝び（d［'， 99:：，二'〗,:~) (2.5) 
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with s, r 2'. 0, j 2'. 0, ds 2'. 1 and k1 2'. 2. By induction on j one can apply the usual calculation 
used for the stuffle regularization ([BI, Proposition 4.18]) to show that f can be written as 

f三とf裏 (1沖 mod汎
m=O 

where the fm are have the same shape as (2.5) with j = 0. Such elements can be expressed as 
products （芦（d~ ：：:：：土）び（唸：：：：点） modulo91. By the definition of !Y it is easy to see that !Y((］！〈Aり） ＝ 
Q凶〉， i.e.，紅（ル，：：：’よ） EFil炉gt.Therefore, we can find a representative for the class of f 
in幻 whichis an element in Fil~wt gt. ロ

Definition 2.12. For k1,..., kr 2'. 1 we define the formal multiple zeta valueぐ(k1,...,kr) by 

ぐ(k1,...,kサ：＝7f(び(k1,...,kr)). 

The (Q-linear map defined on the generators by 

ぐ： jjl→ zf
知・ • • Zkr t---+ (1(k1, • • •, kr) 

(2.6) 

is an algebra homomorphism with respect to the stuffie product *・ This follows from the 
fact that (2.3) is an algebra homomorphism and from the definition ofぐ(k1,...,kr)- The 
justification for calling (f formal multiple zeta values comes from the following theorem, stating 
that they conjecturally satisfy the same relations as (*-regularized) multiple zeta values, namely 
the extended double shuffie relations (cf. [IKZ, Rac]). Notice that, in contrast to [Rac], we 
have (f(l)-/-0. 

Theorem 2.13 ([BIM, Theorem 2.17]). The formal multiple zeta values (f satisfy exactly the 
extended double shuffie relations, i.e. the kernel of the map (2.6) is the ideal generated by 
w * v -w w v for w E,fj1 and v E,fj0. 

3. DERIVATIONS FOR FORMAL MULTIPLE EISENSTEIN SERIES 

Now we introduce the s(rstructure on gJ. For this, the authors in [BIM, Section 3] introduced 
various families of derivations on quasi-shuffle algebras, which are(J-equivariant. We will leave 
out the details and just give the definition of the derivations explicitly. 
An algebra A is called an s(ralgebra if there exists a Lie algebra homomorphism s(2→ 
Der(A). More explicitly, there exist three derivations D, W, r5 E Der(A) such that (D, W, r5) 
forms an s(2-triple. This means that the satisfy the commutator relations 

[W, D] = 2D, [W, r5] = -28, [r5, D] = W. 

The algebra of quasimodular forms Q[G2, G4, G4] is our main example of an s(ralgebra. The 
differential operator 

1 d d 
D:＝-- -
珈 idT= qdq 

preserves the space of quasimodular forms. Besides D, an important differential operator on 
quasimodular forms is the operator b defined by bG2 = -½ and bG4 = bG6 = 0. Lastly, ones 
defines the operator W by W (G砂＝K伍 fork = 2, 4, 6. The algebra of quasimodular forms is 
an s(ralgebra with respect to these three operators. 
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We will now introduce three derivations D, W and 15 on gt giving it the structure of an 
-Sb-algebra. These can be seen as natural extensions of the derivations on quasimodular forms 
described above. This is supported by the fact that there is a,s[rsubalgebra of gt isomorphic 
to the,s[ralgebra of quasimodular forms. This algebra of formal quasimodular forms will be 
defined in the next section. For motivation of the definitions of the following operators, we 
refer to [BIM, Section 4.4]). 
The derivations Wand Don gt are given as the (Q-linear maps defined on the generators by 

叫：：::)＝芦kjcf（誓：：:; : ~: : : : : ::)' 
wび（杜．．．，Kr) 杜．．．，Kr
di,..., dr 

:= (k1 + ・ ・ ・ + kr + d1 + ・ ・ ・ +い（）di,...,dr). 
The definition of 15 is in comparison much more complicated. Its discovery is based on extensive 
numerical experiments done by the authors of [BIM]. We write it as a sum of five derivations 
as follows 

6 :＝が―胴＋柁＋炉＋炉），

where Ji: (Q〈A〉→Q〈A〉(1::; jさ5)are the linear maps defined on the generators by 

151[:::::::::]＝苫1朽＞1山［:::: : : : :;口~::::::: ] 
1 
r-1 

―うI:1朽＋1＝1dJ+1 k1,..., ki, kH2,..., kr 

J=1 [心．．．，も＋dJ+1 -1, dJ+2,．．．, dr] 

-~~1朽＝1dJ [d1, K1,dJ ;,KiJ 1;Ki>'~.1,, ~~., dJ' 

82 [::::: : : :: ] := 1屈；二6[:::::::::□:］ — i1と：二仇二6[::::::: ::=:]' 
83 [ :: : : : : : :: ] := 1盆二i[::::: : : :：□J, 
84[柘,．．．，Kr] r k1,．．．，KJ-l -1, KJ+1,．．．, Kr 
d19 , dr ＝苫屈よし ，dJ-1 + dJ, dJ+19 , dr] 

一芦ぃ［ぶ [:11,,_·_·_·,,~□,9:]J+＋ld/＋1; ',Kdrr]， 
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炉［杜，Kr]＝とい［外，KJ-1,KJ+19,Kr ] 
d1,..., dr 仇．•．， dj-1, 山十 d1+1,...,dr j=l 

一旦1朽＋1＝2[d1, h,, dJ ;K]JJK:1:2]J+2,, Kr,dr] 
1 
r-2 十一ど1 柘，．．．，KJ,KJ+3,．．．，Kr 
2 J-l 朽＋1=k;+2=l［心，山＋dJ+1 + dJ+2, dJ+39, dr] 
r-2 
1 
2区1朽＝k;+1=l

k1, • • •, kj-l, kj+2, • • •, kr 

--J-1 ［心，dJ-1,dJ + dJ+1 + dJ+29,dr] 
Theorem 3.1 ([BIM, Theorem 4.12]). With the maps D, W, 15 defined above, the space <Jf is 
an,s(2-algebra. 

On the single indexedびthederivation 8 has the much easier form 

6び(k1,...,kr) = -~1年2 び(k2,...,kr)+~l炉年1び(k3,...,kr) 
r-1 

＋うこ1朽＝1び(k1,...,kj-l, kj+l -1,..., kr) 
j=1 k3+l>1 

1 
-i区1柘＝1び(k1,...,kj-l -1, kj+l,..., kr)-

j=2 朽—1>1

Moreover, following the same proof as in [BB, Proposition 6.30 and Corollary 6.31] one has 
the following nice expression for the operator D 

Dび(k1,...,kr)＝び(z2＊知...Zkr―硲 WZk1 ・ ・ ・ Zkr), 

This leads to the following: 

Proposition 3.2 ([BIM, Proposition 4.15]). The subspace Fil炉gJis an sb-subalgebm of gJ. 

4. FORMAL QUASIMODULAR FORMS 

In this section, present the definition of formal analogues of classical quasimodular forms as 
a subalgebra of the space gt. 

Definition 4.1. We define the algebra of formal quasimodular forms屈 asthe smallest.s(2― 
subalgebra of gt which containsび(2).

Combining all the results proven for formal multiple Eisenstein series, the authors of [BIM] 
obtain the following. 
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Corollary 4.2 ([BIM, Corollary 5.5]). The Ramanujan differential equations are satisfied in 
gf, i.e., 

Dび(2)= 5び(4)-2び(2)2'

Dび(4)= 14び(6)-8び(2)び(4)'

120 
Dび（6)=び(4)2-12び(2)び(6).

7 

Theorem 4.3 ([BIM, Theorem 5.4]). We have Mi竺 M as s(2-algebras. 

Corollary 4.4. The algebra of formal quasimodular forms Mi satisfies: 

(i)び(k)E立 forall even k :::. 2. 
(ii) Mi= Qげ(2)，び(4)，び(6)]= Q［び（2),Dび(2),D心 (2)].
(iii) The Chazy equation is satisfied, i.e., 

かび(2)+ 24び(2)D心 (2)-36(Dび(2))2=0.

Definition 4.5. We define the algebra of formal modular forms by Mi= ker釘Mi.Write M{ 
to denote the space of all formal modular forms of weight k :::. 0. 

Proposition 4.6. We have Mi = Q［び（4)，び（6)]竺 M.

Recall the projection 7r : gf→幻 givenby (2.4). 

Definition 4.7. We define the algebra of formal cusp forms by Sf = kern1Mf• Write S{ to 
denote the space of all formal cusp forms of weight k :::. 0. 

The first example of a non-zero formal cusp form appears in weight 12 = lcm(4, 6). 

e(4)3 -e(6)2 
凶＝＝ 2400・ 6! ・び(4)3-420 ・ 7! ・び(6)2'

1728 

where we write e(k) =—尻び(k) for even k :::. 2. These elements correspond to the Eisenstein 
series Ek, which all have constant term 1. 

Proposition 4.8. We have凶 ES{2, D凶＝ e(2)凶 andM{=Qび(k) 〶 s{.
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