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Chapter 1 

Introduction 

Synchrotron radiation (Sll) is an electromagnelic wave emitted from a charged 

particle moving along a curved orbit caused by the> acceleration by a magnetic field, 

which is usually observed in a synchrotron accelerator [1]- [3]. Since t.his phenomenon 

limits thc achievablc cnergy of a charged particle, in particular, an electron accel­

erated in a synchrotron, it is merely an annoyance for accelerator designers. For 

many kinds of scientist utilizing an electromagnetic wave as a tool for research, 

however, SH has two major advantages over any other conventional x-ray sources, 

such as x-ray tubes. One is the fact that the spectral range of SR is quite broad, 

from far infrared to x ray [4]-16]. Because of this characteristic, monochromatic light 

wit.h an arbit.rary energy can be obtained by using an appropriate monochromator. 

The other is the fact that the brilliance, not the total power, is much higher than 

conventional x-ray sources. This is due to the fact that SR has twcrdimensional 

directionality, while radiation from an x-ray tube is isotropic. 

The broad spectral range of SR means, in other words, that there are many phcr 

tons to be abandoned for a researcher who uses a limited range of monochromatized 

photons. The unwanted photons, in turn, causes an undesirable heat load and can 

damage the monochromator and other optical elements. Such kind of heat load is 

called "unreasonable", because it is brought by the photons in the unnecessary spec­

tral range [7]. Unfortunately, optical elements superior in the resistance to heat has 

not yet developed sufficiently, therefore monochromatic light sources to avoid such 
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an unreasonable heat load are urgently required for SR-techniques. In addition, the 

monochromatic light should be tunable over a wide> range of 0ncrgics. 

Scrcalled insertion devices (IDs), in particular, undulators , are dc>vices that trw<'t 

such requirem0nts 18]-11:3]. The \\'Ord "insertion" originates from the fact that the 

device is to be inserted in a straight section in a synchrot ron or a st.omge ring. In 

general, IDs have periodic magnetic field(s), in which electrons move along a periodic 

trajectory. Since the radiation waves emitted from each period arc superimposed, the 

intensity is expected to be significantly higher compared to that of bending-magnet 

sources. IDs arc classified into two types according to the way of superimposing of 

the radiation emitted from each period 114]. 

One is a wiggler. Radiation waves emitted from each period of the trajectory are 

superimposed incoherently, meaning no interference between t.he waves. Therefore, 

the intensity is mult.iplied simply by the number of periods and of course the spec­

trum is not rnonochromatized. The reason why wigglers arc utilized as SR sources 

is that. they not. only intensify the radiation but make the available (critical) energy 

of the spectrum higher than that obtained from the bending magnet. Nevertheless, 

use of wigglers never becomes a solution of the heat load problem. 

The other is an undulator. Radiation waves emit.ted from each period are super­

imposed coherently, therefore intense monochromat.ic light is obtained. In addition, 

radiation emitted from the undulator has one-dimensional directionality, so that. the 

intensity is much higher than that of bending-magnet sources. In fact, the inten­

sity is proportional to t.he square of the number of periods. This is because the 

amplitude of radiation is multiplied by the number of periods, and t.he intensit.y is 

proportional to the square of the amplitude. Undulators are also classified into two 

types according to the trajectory of electrons inside. 

One is a planar type, inside which electrons move along a sinusoidal trajectory 

which lies in a plane. Since the electron motion lies in the plane, the polarizat.ion 

of radiation emitted from the planar undulator is linear when observed on (t.he 
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undulator) axis. The other is an cllipLical or a helical type, where clccLrons mov<> 

along a trajectory rotating along the undulator axis. It is easily understood that 

the polarization of radiation emitted from the elliptical or the helical undulator is 

elliptical or circular when observed on axis. 

As described later in chapter 2, the characteristics of radiation emitted from 

the planar undulator is affected strongly by the so-called K value, or the defiection 

parameter, which represents the strength of the magnetic field in an ID. When the 

K value is much lower than unity, only the fundamental radiation is contained in 

the spectrum. As the K value increases, the contribution of higher harmonics to the 

spectrum becomes larger. When the K value is much higher than unity, the spec­

trum is dominated mainly by higher harmonics and the envelope of the spectrum 

becomes similar to that of bending-magnet radiation. If users want to usc only the 

fundamental radiation, all the other higher harmonics cause the unreasonable heat 

load. On the other hand, the spectrum of radiation emitted from the helical undu­

lator does not contain any higher harmonics when observed on axis [15). Therefore, 

one can expect the ideal utilization of undulator radiation without being annoyed 

by any unreasonable heat load. 

Recently, many SR facilities have been proposed and some of them are now 

operating or under construction. The largest one is the Super Photon ring-SGeV, 

or the SPring-S, which stores an 8-GeV electron/positron beam for supplying the 

high brilliant photon beam over a wide range of energies. Other than this, SR 

facilities using medium-energy (1-2 GeV) electron are now planned also. In these 

facilities, various kinds of experiment are to be made using photons in the energy 

region between infrared and x ray. In particular, vacuum ultraviolet (VUV) and 

soft x ray (SX) arc quite useful for many users. For example, solid state physics, 

photochemistry, atomic and molecular physics, and so on. Therefore, supplying 

high-brilliant photons in this energy range is one of the most important target for 

such SR facilities. Moreover, it is preferable to supply photons with both circular 
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and linear polarizations. 

In an SR facility using an electron beam with an extremely high etwrgy (largt' 

SR facility) like the SPring-S, K values much higher than unity arc nercssary to 

supply VUV and SX. In this case, use of the planar undulator is impractical since 

the on-axis power density is quite high due t.o the contribution of higher harmonics. 

On the other hand, helical undulators do not have such a problem. Therefore, il is 

reasonable to usc a helical undulator for supplying VUV and SX. It should be not<'d, 

however, that only circularly-polarized radiation is available. ln an SR facility using 

medium-energy electron (medium SR facility) , VUV and SX cannot be covcn'd by 

the fundamental radiation obtained from conventional undulators. In the case of 

the planar undulator, higher harmonics such as the 3rd, 5th and so on arc available. 

On the other hand, radiation from the helical undulator does not contain higher 

harmonics when observed on axis, which becomes an obstacle to obtain higher­

energy photons. In this case, only linearly-polarized radiation is available. 'J'h<> 

above discussions can be summarized as follows: 

Table 1.1. Available polarization of VUV and SX in SR facilities. 

Polarization 
SR facility 

Circular Linear 

Large 0 X 

Medium X 0 

In this thesis, two novel IDs are proposed. One is a "figur~S" undulator to obtain 

linearly-polarized radiation with a low on-axis power density. Using this device, 

linearly-polarized VUV and SX can be available in the large SR facility. The other 

is a "rhombus" undulator to obtain higher harmonics with a circular polarization. 

Using higher harmonics obtained from this device, circularly-polarized VUV and SX 

will be available in a medium SR facility. Here, the words "figur~S" and "rhombus" 

represent the electron orbit in each device, projected on the transverse plane. In 
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order to investigate the pet formances, the figure-S and rhombus undulators are 

compared to ordinary undulators. In addilion, various characteristics of radiation 

an' invcsligat0d for the pffectivc utilization of the proposed IDs. It should be noted 

that all equations in this thesis are written in MKSA units. 

In chapter 2, general theories of IDs arc described in order to clarify disadvan­

tages of ordinary IDs. ~Equations on radiation emitted from electrons moving in an 

ID with an arbitrary field are derived. In addition, characteristics of undulator radi­

ation such as the power density, spectrum, polarization, and so on are investigated. 

f n chapter :3, the "figure-S" undulator is proposed. A detailed description is given 

of the principle and the equations on radiation emitted from the figure-S undulator. 

In order to investigate the performances of the figure-S undulator, a comparison is 

made between the ordinary planar undulator and the fig.ure-S undulator with respect 

to the power density and the photon flux density. 

In chapter 4, various characteristics of figurcr8-undulator radiation, such as the 

polarization, the electric field and the K dependence are investigated. 

In chapter 5, the design of the figure-S undulator is described. In order to install 

an ID in the storage ring, the structure of the ID should be a "planar" one, such that 

the magnet arrays exist only above and below the undulator axis. Taking this fact 

into account, the structure of the figure-S undulator is determined. In addition, the 

size of the magnet block is discussed with respect to the spectral performances such 

as the brilliance and the heat load or the on-axis power density. Some effects of the 

figurc-8-undulator magnetic field on the storagcrring operation are also discussed. 

In chapter 6, the "rhombus" undulator is proposed. Discussions are made on 

various IDs to supply circularly-polarized VUV and SX in the medium SR facility. 

After that, the principle of the rhombus undulator is given and the equations on 

radiation are derived. By comparing with ordinary circularly-polarized IDs, the 

performances of the rhombus undulator are investigated with respect to the degree 

of polarization and the photon flux density. In addition, the design such as the 
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magnet structure and the size of the magnet block arp discussed. 

In chapter 7, various characteristics of rhombus-undulator radiation are inV<~ti­

gated for the effective utilization of rhombus-undulator radiation. 

A summary of this thesis is given in chapter 8. 
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Chapter 2 

General Theory of an Insertion 
Device 

2.1 Int roduction 

The so-called insertion devices (IDs) are apparatus inside which periodic mag­

netic fields arc generated and an electron moves along a periodic trajectory. The 

emitted waves al various positions of the trajectory arc superimposed, which results 

in much higher intensity of radiation. In general, IDs arc classified into two types 

according to whether the superposition of waves is coherent or incoherent. The 

former is called an undulator and the latter a wiggler. 

In most experiments using SR, what is necessary for users is that the brilliance 

of the photon beam, not the total flux, is high. The brilliance (usually expressed 

as photonsfsec/mra.d2/mm2/0.l%B.W.) is a quantity representing the photon flux 

per unit phase space area, i. e., per unit source area per unit solid angle into which 

the radiation is emitted. In order to obtain the high brilliance, two approaches arc 

considered. One is to improve the quality of the electron beam and the other is to 

improve the quality of the photon beam. 

Improving the electron beam means the improvement of the storage ring. In fact, 

the recent progress of the accelerator technology has made it possible to construct 

a quite-low-emittance storage ring, resulting in the quite high brilliance of SR. 

Improving the photon beam means the improvement of the light source. There 
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arc three factors which determine the quality of the light source: the angular diver­

gence, the photon flux density and the monochromatization with a tunability. IDs, 

especially undulators, have excellent characteristics with r0.spcct to these fartors. 

First, the angular divergence of the radiation from the undulator is proportional to 

N - 1
, where N is the number of periods. Second, the photon flux density is pro­

portional to N 2
. Third, the radiation is monochromatized with the peak width of 

N 1 and it is tunable by changing the strength of the magnetic field(s) inside. From 

these facts, we can say that undulators with a large number of periods are preferable 

for obtaining the high brilliance to bending-magnet sources. 

In this chapter, an outline of IDs as SR sources is described and general equa­

tions on undulator radiation are derived, which are the basis of the calculation in 

later chapters. In addition, two types of ID, planar and helical undulators , are 

investigated in order to clarify the status of the ordinary IDs. 

2.2 Radiation from a relativistic electron 

2.2.1 Radiation cone 

Let us consider the emission of photons from an electron moving with a rela­

tivistic velocity v. Let pi = (e/ c, p) be the 4-dimensional momentum of the photon 

observed in the rest frame and piJ = ( C j c, p ) in the laboratory frame, as shown in 

Figs. 2.1 (a) and (b). () and()' are the angles between the direction of the electron 

motion and that of the emitted photon observed in the rest and laboratory frames, 

respectively. pi and pi' associate with each other by the relations 

e' = 1(& + ,Bcpu), (2.1) 

Pi = 'Y (Pu + ,B~) ' (2.2) 

I 
P.1 = P.L, (2.3) 
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., 

p~~l 

(a) rest frame (b) laboratory frame 

Figure 2.1. Observation of photons emitted from a relativistic electron in the (a) 
rest and (b) laboratory frames. 

where subscripts II and J_ show the components parallel and vertical to the direction 

of the electron motion, respectively. {3 is the relative velocity of the electron, or 

{3 v /c. 1 is the Lorentz factor of the electron defined by 

E 
mc2' 

(2.4) 

where E is the energy of the electron and m the electron rest mass (0.511MeV). 0' 

is calculated as 

tan 0' = PL 
P(,, 
1 Pl. 

I P11 + {3£/c 
l sin() 

1 cos()+ [3' 
(2.5) 

Since the velocity is relativistic, {3 is almost close to unity. Therefore, it is found 

from equation (2.5) that the radiation power emitted from the relativistic electron 

is condensed to a narrow forward cone with the vertical angle of 1/1· This is an 

important feature of radiation from the relativistic electron and applies not only to 

SR but to other radiation processes such as Bremsstrahlung, Cherenkov radiation 

and transition radiation. 

9 

2.2.2 Radiation field 

Let us consider a relativistic electron moving along an arbitrary trajectory, as 

shown in Fig. 2.2. Ro and r are lh<' vectors dirccling from the origin to an observer 

and to the moving electron, r<'..spcctivcly. R is the vector directing from r to Ro, or 

R = Ro - r. n is a unit vector in the direction of R. The potential g<'ll<'rat<'(j by 

lhC' electron is known as the Lienard-Wiccherd potential given by 

¢(t) = _1_ e 
4n<:o R(t')- R (t'). v(t')/ c' (2.6) 

A l _ 11o ev (t') 
( ) - 4n R(t') - R (l') · v (t')/ c' (2.7) 

where </> and A represent the scalar and vector potentials, respectively. t' is the 

so-called retarded time and associates wi th t by the relation 

t' + R(t') / c - t. (2.8) 

It is well known that the electric and magnetic fields are associated with the scalar 

and vector potentials by the relations 

8A E = - V </>--
8t' 

B = V x A. 

(2.9) 

(2.1 0) 

Substituting equations (2.6) and (2.7) into (2.9) and (2.10), we obtain the electric 

and magnetic fields 

(2.11) 

e rl -{32 n - {3 l 
4nEo R2 (1 - n. {3)3 ret' (2.12) 

E e [nx [(n- {3)x,8]] 
a - 47rEoC R(I - n. {3)3 ' 

ret 
(2.13) 
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0 Ro 
r---~-~'V' Observer 

r (t') 

~t') 

Figure 2.2. Relativistic electron moving along an arbitrary trajectory. 

B (t) ~n(t') x E (t), 
c 

(2.14) 

where the square brackets with subscript uret" mean that the quantity in the brack­

ets should be evaluated at the retarded time. E can be ·divided into uvelocity field", 

Ev, which is independent of acceleration, and "acceleration field", E a, which de­

pends linearly on i3. The velocity field is essentially a static field falling off as R- 2
, 

while the acceleration field is a typical radiation field varying as R- 1• In the far-field 

limit of R being infinity, the velocity field, Ev, can be neglected. In addition, the 

equation (2.8) is simplified to 

t' = t -f n · r(t') / c- n · ~/c. (2.15) 

From the above equation, we obtain 

dt 
dt' = 1 - n . {3. (2.16) 
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2.2.3 Angular distribution of radiation power 

The radinlcd power is calculated from the Poynting V<'clor. TIH' Poynting wctor 

is given by 

S = Exl-I. (2.17) 

From equation (2.14), we obtain 

(2. 18) 

The power per unit soliu angle per unit. lime is calculal<'d as 

dW(t) 
- R 2S·n em 
= EociF (t)l2

, (2. J 9) 

wit.h 

F(t) RE(t). (2.20) 

The total power per unit solid angle is the time integral of equation (2.19) ralculat.ed 

as 

dP 
df! Joo dW(t)d 

- d t, 
00 t 

- Eoc ;_: IF (t) l2dl. 

2.2.4 Frequency spectrum of radiation 

(2. 2)) 

The total power represented by equation (2.21 ) can be expressed alt.crnalively 

as an integral over a frequency spectrum by use of Fourier transformation. WP 

introduce the Fourier transformation F w of F (l) 

(2.22) 

and its inverse 
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F(i) 

Then equation (2.21) is rewritten as 

dP 
dfl 

(2.23) 

(2.24) 

ThNcforc, Ul<' power per unit solid .angle per unit frequency interval (photon flux 

density) is cakulated as 

(2.25) 

2.2.5 Radiation from an electron with a periodic motion 

When an electron moves periodically with a frequency of w, photons with a 

frequency of w arc radiated from 1~he electron. If the energy of the electron is 

relativistic, the frequency of the photon observed in the laboratory frame is shifted 

tow' due to the Doppler eiTect [16] 

w' 
,. 

w v , 
1-- cos a. 

c 

(2.26) 

where v is the speed of the electron and a the angle between the direction of the 

electron motion and the observer. If a = 0, equation (2.26) is rewritten as 

w' 2--yw. (2.27) 

Since 1 is much larger than unity, the frequency of radiation observed in the labo­

ratory frame is much higher than that observed in the rest frame. 

If the electron motion is completely a harmonic oscillation, only the photons with 

a frequency of w' are observed. If not so, but the motion is periodic, then not only 

photons with a frequency of w' but photons with frequencies of 2w', 3w', ... , nw' are 

observed. llere, n is an integer. The photons with frequencies of 2w', 3w', ... , nu./ 

are called higher harmonics. 
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Figure 2.3. ID with arbitrary fields. 

2.3 Radiation from an ID with arbitrary field 

Let us consider an ID with arbitrary but periodic fields. The coordinate is shown 

in Fig. 2.3. r is the position of the electron, R the vector from r to the observer, 0 

the angle between R and the z axis,</> the azimuth relative to the x-z plane and Au 

the period length of the ID. In t his device, electrons move along an arbitrary but 

periodic trajectory. 

2.3.1 Wavelength of the fundamental radiation from an ID 

In the rest frame of the electron, the period lengt~ of the field contracts by a 

fac tor of ~- l due to t he Lorentz contraction. Therefore, the frequency of the electron 

motion is 

(2.28) 

where Vz is t he z component of the velocity. The frequency observed in the laboratory 

frame, w~, is calculated by using equation (2.26) as 

14 



(2.29) 

where f3z is the z component of the relative velocity. Since the electron is observed 

to radiate photons with a frequency of w1 in the laboratory frame, we can say that 

w 1 is also a frequency of an appare11L motion of the electron , i. e., the electron is 

observed to move with a period of 1' 21r w1 in the laboratory frame. 

2.3.2 Radiation from an ID with infinite periods 

If the number of periods of th•a ID is infinite, F (t) can be expanded into a 

Fourier seric.c:; as 

oc 

F (t) L F k e1Wtkt , (2.30) 
k 00 

(2.31) 

where w1 is the frequency of the apparent motion of the electron, given by equation 

(2.29) and 1' 2rr/w1. Substituting equations (2.20) and (2.13), equation (2.31) is 

rewritten as 

(2.32) 

Using equations (2.15) and (2.16), Fk is calculated as follows 

(2.33) 

wi th 

(2.34) 
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T' is the period of the electron motion obser\'ed in the rest frame and calculated as 

T' 2rr/wo. 

In this case, photons with energies of only huJ1, 2h.JJ1, 3n...v~, ... , nn...v1, arc ob­

served as described in section 2.2.5. 

The radiated power per unit period is calculated as 

dP 
dn EQC loT !F (t) l2dt 

T 
= €oC r L L FmFn e1Wl(m+n)tdi 

Jo m n 
00 

= EocT L IFnl2 . 
n oo 

2.3 .3 Radiation from an ID with finite periods 

(2.35) 

Next, the case is considered that the number of periods is not infinite but a 

finite number of N. In this case, the method of Fourier expansion cannot be used 

to calculate the spectrum, since the electron motion is not completely periodic. VIe 

should calculate F w to calculate the spectrum. F w is calculated as follows 

(2.36) 

Substituting equation (2.36) into (2.25), we obtain the photon flux density 

(2.37) 

If N is sufficiently large, the second term in equation (2.37) can be neglected com­

pared to the first one. In this case, equation (2.37) is rewritten as 
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(PP 

df2dw 

4rrcoc/\r21F 12p2 
2 J..· N• 

u.JI 

sin rrl\'w1 w 1 

rr N(w jw1 - k)' 

(2.38) 

(2.39) 

(2.40) 

As well as the infinite-period case, the spectrum is expanded into harmonics. Since 

w is eontnined only in the term PN, PN determines the shape of the spectrum. The 

intensity of each harmonic is proportional to 1F kl2 calculated by equation (2.33). 

2.3.4 F lux a nd power den sity for two polarization compo­
nents 

The electric field can be decomposed into two polarization components. We 

introduce' two unit vectors m u and m 1. . The triad m u, m.l and n forms an or­

thogonal set. Choosing m u to lie in. the horizontal plane as shown in Fig. 2.4, we 

have 

n - (0 cos ¢ , Bsin ¢ , cosO), (2.41) 

m u = (1, 0, -B cos(/>), (2.42) 

m .l = (0, 1, -Bsin ¢). (2.43) 

Here, we have used the approximation that B is much smaller than unity. Decom­

posing F (t) into two polarization components, we have 

Fl .l (t) = _e_ (Bx,y - f3x,11 )(n · i3)- (1- n · {3){3:,11 
II, 47rt:o (1 - n . {3)3 , (2.44) 

where Fh,.l (t) represent the components parallel to m u,.l , respectively. Bx,y are hor­

izontal and vertical observation angles defined as 

Bx = Boos¢, (2.45) 
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Figure 2.4. Two polarization vectors. 

011 B sin¢. (2.46) 

From equation (2.21), the power radiated per unit solid angle (power density) is 

calculated as 

As well as F (t), Fk is also decomposed. Using the relation 

a x (b xc) = (a· c) b - (a · b)c, (2.48) 

we have 

"kw2 
F t 1 e - iw.kRof c( Q Q 11 ) kll,.l = 8 2 e - k:r,ky + kzU:r,y · 

7r €QC 
(2.49) 

Substi tuting into equation (2.39), we obtain the photon flux density for each polar-

ization component 

(2.50) 

with 

f · iw kRofc4m:ocp ,;. 
x = -te 1 -- Nrkll.l· 

,y /Wle ' 
(2.51) 
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z 

Figure 2.5. Plane electromagnetic wave propagating in the z direction. 

2.3.5 Linear and c ircular polarization 

Let us consider a plane electromagnetic wave propagating in the z direction as 

shown in Fig. 2.5. In this case, the electric field is given by 

(2.52) 

where e are the unit vectors in the x andy directions, k the wave vector and w x,y 

the frequency. In order to consider the phase difference between waves of different 

polarizations, the amplitudes E1 and & are assumed to be complex. 

When E 1 = i& = E0 , where Eo is real, equation (2.52) is rewritten as 

E Eo( · ) iwt- ik ·X = ex - tE;, e . (2.53) 

Taking the real part of equation (2.53), the components of the actual electric field 

are obtained as 

Ex(x,t) = E0 cos(wt- kz), (2.54) 

E11 (x, t) = Eosin(wt- kz). (2.55) 

At a fixed point in space, the fields expressed by equations (2.54) and (2.55) are 

such that the electric vector is constant in magnitude, but sweeps around in a circle 
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a t. a frequency w . Such an electromagnetic wave is called circularly polarized. In 

particular, the rota tion is counter-clockwist' when the observer is facing int o tiH' 

oncoming wave, therefore the wave is called left-handedl circularly polarized . On 

the contrary, if E 1 

polarized. 

-ilh Eo , then the wave is <'ailed righL-handecl circularly 

Equation (2.53) can be rewritten as 

E - E e ..,t(wt k·X) I E e ei(wt - k.xt n/2) 
- Q X '- 1 Q y (2.56) 

Therefore, a circularly-polarized wave is regarded as the superposition of two line.arly­

polarized waves with the relative phase difference of 1T 12. 

Next, let us consider the case that E1 = E7. E0r -l ib(,,, where l~0r and R0, are 

real. The electric field is calculated as 

(2.57) 

This is obviously a linearly-polarized wave. Therefow, the linear polarization is 

considered as the superposition of two circular polarizatitons with different helicities. 

In general, an arbitrary polarization is considered as the superposition of two linear 

or circular polarizations. 

2.3.6 Stokes param eters and degree oJf polarization 

The polarization content of a plane electromagnetic wave is known if it can 

be written in the form of equation (2.52) with known coefficients (E1 , fh). Useful 

vehicles for determining the polarization state of an electromagnetic wave are the 

so-called Stokes parameters, proposed by G. G. Stokes in 1852. These parameters 

are quadratic in the field strength and can be determined only through the inLensiLy 

measurements. 

The Stokes parameters are given by 
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so lex. El2 ~ ley. El2· 
St lex· El2 -ley· El2 • 

s2 2Rcl(ex · E)' (e11 ·E)], 
(2.58) 

s:1 2Im[(ex · E )' (ey ·E)]. 

s2 aw I s3 can be rcwri llC'n as 

(2.59) 

(2.60) 

with 

(2.61) 

and 

(2.62) 

It is found from above equations that e± are the ±45°-linear polarization vectors 

and that e1,r arc the leftr and right-handed circular polarization vectors. Therefore, 

the meanings of the Stokes parameters are considered to be 

So = lx I 111 , 

S1 = lx - fy , 

S2 = I+- L, 
S3 = it - fr, 

(2.63) 

where lx,y arc the intensities of x- andy- linear polarizations, I± the intensities of 

±45°-linear polarizations and Ir,l the intensities of the left- and right-handed circular 

polarizations. 

The degree of linear polarization, PL, is defined as 

(2.64) 

The degree of circular polarization, Pc, is defined as 

(2.65) 
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The meanings of these values are clear from interpretations of the Stokes parameters, 

(2.63). Using fx ,y given by equation (2.51), P1- ,C are cakulated as 

2.4 

Pc 

lfxl2 -1Jyl2 

lfxl2 + 1Jyl2 ' 

2Im(f;Jy) 

lfxl2 -l IJyl2 • 

Radiation from a planar undulator 

(2.66) 

(2.67) 

In the previous section, we considered the radiation from an ID with arbitrary 

field. Using equations (2.47) and (2.50), we can investigate the properties of radiar 

tion from any types of ID. First, we consider a planar umdulator, which is the most 

popular ID. 

2.4.1 Configuration of m agnets 

Figure 2.6 shows a schematic cross section of a planar undulator. This con­

figuration of magnets is called a Halbach type, because it was first proposed by 

Halbach [17]-[20]. Each period contains four magnet blocks. The direction of mag­

netization of each block is rotated by 1T / 2 when it goes from one block to the next. 

Two-dimensional calculation shows that the magnetic fiield in this device is given by 

Bz - iBy = 2iBr L sin[nku(z + iy)) e -·n7rgf >.u 

ll~o 

sin(nn/4) ( _ 2n1rL! >..u) 
x nn/4 1 e , (2.68) 

where Br is the remanent field of each magnet and 

n 1 + 4J.t, (2.69) 

(2.70) 

On axis, equation (2.68) is reduced to 
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Figure 2.6. Schematic cross section of a planar undulator. The arrow shows the 
direction of the magnetization of each magnet. 

Bz = 0, 

(2.71) 

From the above equation, it is found that not only the fundamental component 

but harmonics of n = 5, 9, 13, .. . are contained. Nevertheless, the strength of the 

field due to those harmonics are negligibly small. Therefore, we can approximate as 

follows 

By = Bo sin kuz, (2.72) 

where B0 represents the peak field given by 

(2. 73) 

2.4.2 Deflection parameter 

Let us consider the motion of the electron moving in the magnetic field expressed 

by equation (2. 72). The equation of motion of an electron moving in an arbitrary 
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field is given by 

dp 
di = ev x B . 

Substituting 

B = (0, Bo sin kuz, 0), 

into equation (2.74), we have 

ffi"( Vx - -eBovz sin kuz, 
. 

ffi"( Vy 0, 

eBovx sin kv.z. 

Integrating the x component, we obtain 

K 
f3x = Vx/ C = -COS kuz, 

'Y 

where the dimensionless parameter K is defined as 

K = eBoAv. 
21rmc · 

K is often called a deflection parameter. We define a d·eflection angle 6 as 

(2.74) 

(2.75) 

(2.76) 

(2.77) 

(2.78) 

T he deflection angle is the angle between the direction of the electron motion and 

the undulator axis. In this case, 6 is simply equal to f3~c because /3y 0. Therefore, 

the maximum deflection angle, 6max, is found to be .Kf "f. In Figs. 2. 7 (a)"-'(c), 

the radiation cone with the vertical angle of 'Y- 1 and tthe trajectory are shown for 

three cases of K. When K « 1, all the trajectory contributes equally to the 

radiation because the deflection angle is always much smaller than 'Y- 1. Therefore, 

the electron motion observed in the laboratory frame (apparent motion) looks a 

harmonic oscillation, which means that the radiation contains only the fundamental. 
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(a) K << l case 

--- ~ t> 

(b) K - 1 case 

----- ------ --- ~ ~ 

(c) K >> 1 case 

Figure 2. 7. 'Trajectory and radiation cone in the case of (a) K « 1, (b) K rv 1 and 
(c)K >> 1. 

When K rv 1, the contribution is large where 6 rv 0, while it is small where 6 rv K /f. 

Therefore, the apparent motion does not look a harmonic oscillation any longer, 

which means that the radiation contains higher harmonics. When K >> 1, only a 

limited part of the trajectory with 6 rv 0 contributes to the radiation. Therefore, the 

apparent motion looks far from a harmonic oscillation, which means that so many 

higher harmonics are contained in the spectrum. 
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2.4.3 Electron motion 

Since the cle<'tron is relativistic, the z <'omponent of the velocity is calculated 

as 

(2.79) 

Substituting equation (2.76) and {:Jy 0, /3z is calculated as follows 

{J, "' {J ( 1 - ;~: coo' k"z) 
/3 (1 - K2 

- }(

2 

cos 2kuz) 
4,2 4')2 

• /3K2 
= /3z -

412 
cos 2kuz, (2.80) 

where !3; is the average of !3:: and given by 

(2.81) 

Using !3; , kuz is calculated as follows 

(2.82) 

with 

(2.83) 

From above equations, /3 is expressed as 

[ 
K ( ](2 1('2 ) l f3 = /3 -:y cos w0 t, 0, l -

412 
-

412 
co:s 2wot . (2.84) 

Integrating over time, we obtain the position of the electron 

(2.85) 
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2.4.4 Frequency of the fundamental radiation 

Substituting f3; in to (2.29), we obtain the frequency of Lhe fundamental radialion 

from llw planar undulalor 

flcrc W(' have used the approximations 

02 
cosO~ 1- 2 . 

(2.86) 

(2.87) 

(2.88) 

From equation (2.86), it is found that the frequency of the fundamental radiation is 

varied by changing the /( value, or the peak magnetic field. According to equation 

(2. 73), the peak magnetic field is varied by changing the parameter g or the magnet 

gap. Therefore, we can say that the radiation from the planar undulator is tunable. 

2 .4.5 Spectrum 

The photon flux density for the k-th harmonic obtained from the planar undu­

lator is calculated as 

(2.89) 

with 

(2.90) 

(2.91) 

(See appendix A.1 for details and the definition of the symbols.) When observed on 

axis, fv is found to be zero. Therefore, the radiation is horizontally polarized for 
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each harmonic. In addition, 5±1 is calculated as follows 

odd number, 

Here we have used the well known formula of the Bessel functions 

Jn(O) = { 1; n 0, 
0; n ~ 1. 

(2.92) 

(2.93) 

From above equations, it is found that only the odd-numbe1r harmonics are observed 

on axis. The on-axis photon flux density is calculated as 

with 

cPP 
dndwo=o 

e2'Y2 K2 
= -- p2 

4neoc 1 + K 2 / 2 N 

'"" 2 [ (~~0) (~~0)]
2 

k~d ~0 J¥ - 4- - J~ - 4-

k 

~0 = 1 + K2/ 2 

(2.94) 

(2.95) 

Examples of on-axis spectra obtained from the planar undulator for various K values 

are shown in Figs. 2.8 (a)rv(d). We have assumed that. the electron energy is 8 

GeV, the average current 100 rnA, the period length of the undulator 5 em and 

the number of periods 90. When K = 0.1, only the fundamental radiation appears 

in the spectrum. As the K value increases, the fundamental radiation is shifted 

to the lower energy. Simultaneously, more and more higher harmonics appear in 

the spectrum, as is already discussed in section 2.4.2. If one wants to use only the 

fundamental, a ll other harmonics cause the unreasonable heat load. 

28 



~ 
co 
~ >-0 

~ ~ 
(f) 0 

a5<b 
0 ~ 
X E 
:::3 0 

u_ Q) 

c ~ 
0 (f) 

0 c 
.c .9 
Q_ 0 

.c 
Cl.. 

<X> .,.... 
0 
or­..._ 

0.10 

0.05 

0.00 

4 

3 

2 

0 

(a)K=0.1 

(c)K=3. 

II 
0 20 40 60 80 1 00 

Photon Energy (keV) 
0 20 40 60 80 1 00 

Photon Energy (keV) 

Figure 2.8. Examples of spectra obtained from the planar undulator. Four cases of 
Lhe K value are shown. (a)K= O.l, (b)K= l.O, (c)K=3.0 and (d)K= 5.0. The arrows 
show the fundamental radiation. 

2.4.6 Wiggler as a large K limit of th~ planar undulator 

There is another type of ID called a wiggler. This is considered as a large K 

limit of the planar undulator. The general explanation of the wiggler is described 

below. 

When K is much larger than unity, the spectrum obtained from the planar 

undulator contains so many higher harmonics, as shown in Fig. 2.8 (d). Because 

of some errors of the magnetic field, the finite size of the aperture to extract the 

photon beam and the finite angular divergence of the electron beam, the sharp peak 

for each harmonic is broadened and the spectral shape reduces to the envelope of 
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that of lhc idt'al spectrum. In this case, Llw device is called a wiggler. Tlw ~pcctml 

shape of the wiggler is similar to that of bending-magnet radiation, which means 

that the wiggler radiation is considered as the incoherent sum of SH emitt<'d from 

each pole in the device. 

According to the above explanation, il seems that onty the K value dctennitH'.'l 

whether an I D is a wiggler or an undula.tor. However, this is a litLle mistake. 

Although the peak of the higher harmonics is broadened, that of Llw fundamental 

radiation remains sharp, as described later. Therefore, if one uses the fundamental 

radiation, this device should be regarded as an undulatcor. On the other hand, if 

one uses the energy range in the envelope part, the device should be regarded as a 

wiggler . 

2.4. 7 Power density 

Substituting f3x (K/'Y) cosw0 t and /3y = 0 into equ.ation (2.47), we obtain the 

power density obtained from the planar undulator for Lwo polarization components 

( ~I ) -
dP1. 
dfl 

(2.96) 

with 

X = "/Ox- K COS1J, (2.97) 

(2.98) 

D = 1 + X 2 I Y 2
. (2.99) 

The total power density is calculated as 

dP 'Y
4
w0 e

2 
N J<21'7r [ 1 4X

2
] . 2 d - = - - -- Sill 1J 1]. 

dfl 21T2€o - '7f D3 D5 
(2.100) 
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Figure 2.9. Examples of the spatial distribution of the power density. 

Figures 2.9 (a)rv(d) show examples of the spatial distribution of the power density. 

The parameters used in the calculation are correspondent to those in Figs. 2.8 

(a)rv(d). In each case, the on-axis value is the maximum. The peak width of the 

distribution along Oy axis is almost the same in each case, however, that along Bx 

axis becomes larger with increasing of K. This is due to the fact that f3x varies from 

-K/1 to K/1, while /3y is always equal to zero. 
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2.4.8 Effects due to the angular dive1rgence 

So fa.r, we have ignored the angular divergence of llhc electron beam. In practice, 

the electron beam has the finite angular divergence. The photon flux density includ­

ing the effect of the angular divergence of the beam is calculated as (see appendix 

B for detai Is) 

(2.101) 

- 1 laoo 11f 2 

2 2 udu da.fx y(u, a) 
1r')' UrU,; 0 - 1r ' 

[ 
( u cos a - 1e cos <1>) ~!] 

xexp -
2 2 -

21 u:r:' 

[ 
(usinct- 1Bsin<J>)2

] 
xexp - 2 2 2 • 

I uy' 
(2.1 02) 

Examples of spectra including the effect of the finite angular divergence of the 

beam calculated using equations (2.101) and (2.102) are shown in Fig. 2.10 (a) rv(d). 

The angular divergence, u:r~,y', are assumed to be 1 1
• In addition to odd-number 

harmonics, even-number harmonics appear in the spectrum. This is due to the 

fact that the radiation emitted from an electron having a slope with respect to the 

undulator axis is observed to have some emission ang;le by an observer on axis. 

Comparing with Figs. 2.8 (a)rv(d), it is found that the intensity of the fundar 

mental radiation is degraded by about 1/20 due to the angular divergence for each 

case of the K value. For higher harmonics, the degradation is more remarkable. 

When K 5, the spectral shape in the energy region higher than 10 keY is found to 

be similar to the envelope of the ideal spectrum. Therefore, if one uses the radiation 

in this energy region, the device should be regarded as a wiggler. On the other hand, 

if the fundamental radiat ion is used, it should be regarded as an undulator. 
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Figure 2.10. Examples of spectra obtained from the planar undulator, including the 
effect. of the angular divergence of the beam. 

2.5 Radiation from a helical undulator 

In the previous section, we have investigated the radiation from the planar 

undulat.or. Another ID of great interest is a helical undulator, which is considered 

as a special case of an elliptical undulator. 

2.5.1 Configuration of magnets 

In the elliptical undulator, the magnetic field is given by 

(2.103) 
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Figure 2.11. Schematic illustration of the elliptical undulat.or. 

A simple way to realize the magnetic fields given by equation (2.103) is to superpose 

two planar undulators, one of which is rotated 90° along the z axis from the other, 

as shown in Fig. 2.11. In this case, the relative distance, L, should be set to >..u/ 4. 

In the case of IDs to be installed in the storage ring, however, another configuration 

of magnets should be adopted. The reason is that t he h~rizontal aperture should be 

sufficiently large for the beam life time and the beam injection. This problem will 

be discussed again in section 5.3. 

2.5.2 Electron motion 

In the same manner taken in sections 2.4.2 and 2.4..3, we obtain the position 

and relative velocity of t he electron moving in the elliptical undulator 

{3 = ( ~~~ cos wot, 
Kx . 
-smwot, 
'Y 
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(2.104) 

r - c - smw0t, -- smwo, ( 
Ky . Kx . t 
/Wo /Wo 

fl' l I K'; ~ }(~ sin 2wot) , 
z 81 wo 

(2.1 05) 

wiLh 

(2.1 06) 

(2.107) 

wo (2.108) 

From equation (2.107), Lhe frequency of Lhe fundamental radiation is calculated as 

(2.109) 

Due to the horizontal magnetic field Kx, the frequency is slightly smaller than that 

of the planar undulator. 

2.5.3 Spectrum 

The photon nux density for the k-th harmonic obtained from the elliptical 

undulator is calculated as 

(2.110) 

wit.h 

(2.111) 

(2.112) 
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k 
(2.1 1:3) 

(Sec appendix A.2 for details and the definition of tiH' symbols.) \Vhen Kx Ky 

K , the device is called a helical unctulator. In this case, lx and /yare rewrilll'll as 

fx 2~K [Jn(X) ( ~ - ~)cos <P i.J:,(X) sin <t>] P,.,, 

J, 2~K [J .. (X) ( ~ - ; ) sin¢ I iJ;,(X) cos¢] I'N 

Here we have used the recursion relations for Jn(x) 

When observed on axis, fx,y are rewritten as 

k = 1, 

Here we have used the relation for the Bessel functions 

J~(O) = { ~; 
o· ) 

k = 1, 

k ?:. 2. 

(2.1 1•1) 

(2.115) 

(2.116) 

(2.117) 

(2.118) 

(2.119) 

(2.120) 

From equations (2.118) and (2.119), it is found that only the fundamental radiation 

is observed on axis and that the radiation is circularly polarized because the phase 

difference between FkJ. and Fk ll is 1r /2. The reason vvhy only the fundamental 

radiation is observed on axis is explained as follows: From equation (2.104), the 

deflection angle of the electron moving in the helical undulator is found to be 
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I 
(2.121) 
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Figure 2.12. Examples of spectra obtained from the elliptical undulator. Four cases 
arc shown. The value, K = JK'; + K~, is assumed to be (a)O.l, (b)l.O, (c)3.0 
and (d)5.0. The ratio, Kx/ K 11 , is set to 0.5 in each case. The arrows show the 
fundamental radiation. 

Namely, the deflection angle is constant. Therefore, all the trajectory contributes 

equally to the radiation in the case of the helical undulator. As described in section 

2.4.2, the apparent motion in such a case becomes a harmonic oscillation. Ther~ 

fore, the radiation from the helical undulator contains only the fundamental when 

observed on axis. This is a great advantage because the user is never annoyed by 

the unreasonable heat load caused by higher harmonics. With respect to obtaining 

higher-energy photons with a circular polarization, this advantage in turn becomes a 

disadvantage. Because no higher harmonics are contain~d in the radiation obtained 
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from nn I D which has a helical trajectory, a ''h('lical wiggler" never existst. This 

problem will be discussed again in chapter 6. 

The on-axis photon flux density obtained from the helical undulator is calculatc'< l 

as 

dP = e2-"l N 2 2K2 p 2 

dDdw 41rt:0c (1 -I K 2) 2 N· 
(2.122) 

Examples of on-axis spectra obtained from the ellipLica.l undulator for various K 

values are shown in Figs. 2.12 (a)rv(d). The K va.lues are shown by the value, 

J( J K'; -1 K~. The parameters used in the calculation are the same as those 

in section 2.4.5. When K = 0.1, only the fundamental radiation appears in lh(' 

spectrum. With increasing of the K value, higher harmonics appear, however, the 

contribution is not so large as that of the planar undulator. 

2 .5.4 Power density 

Substituting .8x = K11 coswot and ,£311 - Kxsinwol into equation (2.47), we obtain 

the power density obtained from the elliptical undulator 

(2.123) 

with 

(2.124) 

(2.125) 

(2.126) 

(2.127) 

D = 1 + X 2 + Y 2
. (2.128) 

tor course, this depends on the definition of the 10. For some people, in particular, specialists 
of t.hc FEL theory and experiment, all IDs arc called wiggler. 
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Figure 2.1 3. Examples of the spatial distribution of the power density obtained from 
the elliptical undulator. 

Examples of the spatial distribution of the power density obtained from the elliptical 

undulator are shown in Figs. 2.13 (a)"'(d). Although most of the radiated power 

exists on axis in the case that K = 0.1, t hat in other t hree cases exists off axis 

and t he on-axis power density is extremely low compared to the maximum value. 

Figures 2.14 (a)"' (d) show the spatial distribution of the helical und ulator. As well 

as the elliptical undulator, most of the radiated power exists off axis when K is 

larger than unity. 
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Figure 2.14. Examples of the spatial distribution of the power density obtained from 
the helical undulator. 

2.6 Conclusions 

The characteristics of radiation obtained from ordinary IDs, t he planar and 

helical undulators, were investigated. The results are summarized below. 

1. In the case of t he planar undulator, the radiation characteristics are affected 

strongly by the so-called deflection parameter, or the I< value. When K is much 

lower than unity, only the fundamental radiation appears in the spectrum. 

When K is close to unity, low-order higher harmoniics such as the 3rd, 5th, 

7th, appear in the spectrum in addition to the fundamental. When K is 
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much higher than uni ty, so many higher harmonics appear in the spect rum. 

Therefore, the unreasonable heat load brought by higher harmonics becomes 

more serious as the increase of t he K value, while the available energy is not 

limited to t hai of the fundamental radiation. 

2. In the case of the helical undulator, only the fundamental radiation is observed 

regardless of the K value. Therefore, the users of helical-undulator radiation 

arc never annoyed by the unreasona ble heat load, while the available energy 

is limi ted to thai of the fundamental radiation. 

These characterist ics of undulator rad ia tion are concerned with the fa.cL thai the 

power radiated from the relativistic electron concentrates on the narrow cone with 

the vertical angle of , - 1
. 
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Chapter 3 

Figure-8 Undulator 

3.1 Introduction 

In an SR facility using an electron beam with an extremely high energy (large SR 

facility), for example 8 GeY, high K values are necessary in order to obtain vacuum 

ultraviolet (YUV) and soft x ray (SX). As described in the previous chapter , the 

planar undulator has a disadvantage that many higher harmonics are observed when 

high K values are applied. As a result, the on-axis power density is unreasonably 

high due to the contribution of those higher harmonics. On the other hand, no 

higher harmonics are observed on axis in the case of the helical undulator, even 

when the K value is high. T herefore, the reasonable way to obtain VUV and SX in 

the large SR facility is to use the helical undulator instead of the planar undulator. 

However, the polarization of radiation emitted from the helical undulator is circular, 

therefore use of the helical undulator does not become a best solution for obtaining 

YUV and SX, for users who want to use linearly-polarized radiation. 

A novel undulator to be proposed in this chapter is am ID to obtain linearly­

polarized VUV and SX in the large SR facility. The principle is as follows: The 

circular polarization is regarded as the superposition of two components of linear 

polarization. On the contrary, the linear polarization is regarded as the superposition 
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f l , f c'trcttlar pohriu1tion. Therefore, the radi<tlion emi t Led from o two componcn s o . < • 

Clll el<'ctron moving along a trajectory which contains lwo helical trajectories with 

diffen'nl helicit.ies is considcrcd to be linea.rly polarized. The on-axis power density 

b · 1 f ch a dev1·cc' may be as low as that of the helical undulator. This is o Lallie< rom su · 

the basir id<'a of the novel undulator and it is called a •·figure-8'' undulator, because' 

the orbit projectPd on the transverse plane looks like a figure 8. 

3 .2 Principle 

It is possible lo obtain linearly-polarized radiation 'with low on-axis power den­

sity l>y using the I I) containing two helical trajectories with different hclicitics. Two 

configurations ar<' possible. One is a "tandem, type and the other is a ''parallel" 

type. 

3 .2.1 Ta ndem t y p e: simila r to the crossed undulator 

A simple way to make the trajectory containing two helical trajectories with 

diiTerent helicitics is to place two helical undulators tandem. There is an ID similar 

to this device, which is known as a crossed undulator 122]-124]. This ID applies the 

principle that an arbitrary polarization is obtained from two linear polarizations. 

Figure 3.1 shows the schematic illustration of the crossed undulator. Two planar 

undulators are contained, one of which is rotated 90° along the z axis. The planar 

undulator generating the horizontal field is called a vertical undulator because the 

elect ron trajectory lies in the vertical plane and that generating the vertical field is 

called a horizontal undulator. By adjusting the phase diiTerence between SR emitted 

from both undulators, circularly polarized radiation is obtained. The adjustment 

can be done by the "modulator,, or the magnet inserted between the two undula­

tors. Because the radiation emitted from each undulator contains higher harmonics, 

higher harmonics with a circular polarization are also available, unlike the ordinary 

helical undulator. 
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Horizontal Undulator Modulator Vertical Undulator 

Figure 3.1. Schematic illustration of a crossed undulator. 

The phase difference between radiation waves emitted fnom both planar undula-

tors is given by [23] 

0 = 2rr~ [N -1 >.M(l + K~/2) + Dl 
Wt Au{l -1 K2/ 2) , 

(3.1) 

with 

(:~.2) 

(3.3) 

where w is the frequency of the radiation, Wt the frequency of the fundamental 

radiation, N the number of the periods of each undulator, BM the peak magnetic 

field of the modulator. 

The phase difference expressed by equation (3.1) is correct only in the case that 

the electron is parallel to the beam axis. If the electron hflS a slope fJ with respect 

to the beam axis, equation (3.1) should be rewritten as 

w [ AM(l + Kf..t/2 + 12
()

2
) + Dl 

Q = 2rr Wt N + Au(1 + K2j2 + 12()2) . (3.4) 

It is found from the above equation that the phase difference for an electron having 

a finite slope with respect to the beam axis is different f1rom that of the electron 

parallel to the axis, which can cause the degradation of the degree of polarization. 
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y 

z 
Figure 3.2. Ideal trajedory of the figure-S undulator. 

In particular, the degradation is remarkable for higher harmonics due to the term, 

wjw1• In fact, the degree of polarization of radiation obtained from the crossed 

undulator is known to be quite sensitive to the angular divergence of the beam 

not only for the higher harmonics but for the fundamental. Therefore, the beam 

emittance should be quite low for obtaining the high degree of polarization when 

using such devices. 

The discussions above also applies to an ID which contains two helical undulators 

tandem. Therefore, other methods for the combination of helical trajectories are 

preferable in order to achieve the high degree of polarization. 

3.2.2 Parallel type: ideal trajectory of the figure-S undu­
lator 

Another type of configuration for the combination of two helical trajectories is to 
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(a) y 

z 

z 

Figure 3.3. Ideal orbits in a figure-S undulator projected on (a)x-y (b)y-z and (c) z-x 
planes. 

place helical trajectories parallel, as shown in Fig. 3.2. ~he electron moves along the 

right- and left-handed helices alternately. Since the polarization of radiation emitted 

from an electron moving along the left-handed (right-handed) helix is left-handed 

(right-handed), the total polarization is linear. In addition, the spatial distribution 

of the power density is considered to be the same as that of the helical undulalor , 

therefore the on-axis power density will be low. 

When the trajectory is projected on the x-y, y-z and z-x planes, we obtain the 

orbits shown in Fig. 3.3 (a),.....,(c). In this case, the period length of the vertical 

undulator is twice as long as that of the horizontal undulator. As a definition, 

however, we consider the period length of the total device~ as that of the horizontal 

undulator. 
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z 

Figure 3.4. llorizontnl and vertical magnetic fields in the figure-8 undulator {ideal 
case). 

r n order to make electrons move along such a traj~tory, the vertical magnetic 

field should be discontinuous, as shown in Fig. 3.4. It is impossible to make such a 

field because it does not satisfy the Maxwell equations. 

3.2.3 Figure-S type: practical trajectory of the figure-S 
undulator 

In the previous section, the parallel configuration was found to be impractical 

because the magnetic field was impossible to generate. Therefore, some modification 

or approximation is needed. 

Let us consider a trajectory as shown in Fig. 3.5. This trajectory can be con­

sidered as an approximation of the trajectory shown in Fig. 3.2. Therefore, linear 

polarization and low on-axis power density is expected. When the trajectory is 

projected on the x-y, y-z and z-x planes, we obtain the orbits shown in Figs. 3.6 

(a)rv(c). In order to make electrons move along such trajectories, the magnetic fields 

shown in Fig. 3.7 are needed. It is found from the figure that both the horizon­

tal and vertical magnetic fields are sinusoidal, like an ordinary ID. Therefore, such 

magnetic fields are realized easily by a slight modification of the helical undulator. 

As well as the ideal case, the period length of the vertical undulator is twice as 
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z 

Figure 3.5. Approximated trajectory of the figure-8 undulator. 

long as that of the horizontal. Again, we consider the period length of the total 

device as that of the horizontal undulator. 

3.3 Spectrum 

Let us calculate the spectrum to be obtained from the figure-8 undulator. In 

order to investigate the performances of the figure-8 undulator, it is sufficient to 

calculate only the practical case {Fig. 3.5), however, it may be quite interesting to 

calculate the ideal case (Fig. 3.2) also, and compare to the practical case. 

3.3.1 Ideal case 

First, the ideal case is considered. The magnetic fields shown in Fig. 3.4 are 

given by the equations 
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(a) y y (b) 

z 
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Figure 3.6. Approximated orbits in the figure-8 undulator projected on (a)x-y (b)y-z 
and (c)z-x planes. 

{ 

Bo cos kuz; 2n.Au $ z < (2n + l).Au, 

- Bo cos kuz; (2n -1 l).Au $ z < 2(n + 1).Au, 
(3.5) 

B11 Bo sin kuz, (3.6) 

where n is an integer and 

(3.7) 

In the same manner taken in chapter 2, the relative velocity and position of the 

electron moving in the fields given by equation (3.5) are calculated as 
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Figure 3.7. Horizontal and vertical magnetic fields in the figure-8 undulator (prac­

tical case). 

with 

cK . 
x= -smwot, 

(Wo 

y = l 
cK (1 - cosw0t); 2n.Au $ z < (2n + l).Au, 
(Wo 

cK -(cosw0t- 1); (2n + l).Au < z < 2(n f l).Au, 
(Wo 

z = cfl (I -~) t, 

wo = 27rc (1 - I{l) .A 2 2 , 
u f 
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(3.8) 

(3.9) 

(3.10) 



( IJoAu 
21T111(: 

Th<> fn'q1wncy of tlw fundamental radiill ion is calculated ru; 

111"<{ 2 / Au 
I J(2 ~ 1202 · 

Tlw total photon flux dc'nsity is calculated as 

2: Jl.pn 
li 1/ 2 drtdw, 

1 3 A· d wh<>rc 11 2, I. 2 , 2, .... 2 an 

with 

rPP~. 

drtdw 

fx 

/( - c s+ , s 1 ) 1 1o cos ¢JS+ · 
2 

- 1 I 0, k 
PN { 

- ii<(R 2 I /~) I 2it0 cos ¢JR.o; 

PN { 
il< (S-

1
- 5 1 ) I 10sin¢JS{j; 

2 
K(R~2 - RJ.) ~ 2if{}sin¢R.Q; 

sin 11"Nwjw1 
PN ----~-

7rN(wjwl -n) 

k 

k 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

even, 
(3.15) 

k - odd, 

even, 
(3.16) 

odd, 

(3.17) 

(Sec appendix A .3.1 for details and the definition of the symbols.) When observed 

on axis, fx and f 11 are calculated as 

{ 

0; n /l, 
fx - 2/( 

l + /(2 PN; n 1, 
(3.18) 

{ 

2
/( 

2
n P · n = half-odd integer, 

I I K 2 11" ( n 2 - 1 ) N ' 

0; n integer. 

(3.19) 

It is found from above equations that the fundamental radiation is horizontally 

polarized, while half-odd-integer harmonics are vertically polarized. The ratio of 
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tlw intensity of half-odd-integer harmonics to lhnt of the fundanwntnl radi<1lion is 

calculated as 

half-odd-integer ( n) harmonics 

fundament ill 
(:3.20) 

which rapidly reduces with increasing of the harmonic number and is indepcndPnt 

of the 1\ value. Therefore, reasonable utilization of the fundamental radiation is 

possible without being annoyed by the heat load caused by higher lwnnonics. 

3.3.2 Practical case 

1ext, the practical case is considered. The magnetic fields shown in Fig. :~.7 

arc given by the equations 

(3.21) 

B11 13ya sin kuz, (:3.22) 

with 

Solving the equations of motion, we have 

r(t) ( 
K 2Kx . wot c/3 - 11 sinw0l, --sm-

2 
, 

w01 wo'Y 

( 
J<; + ~) K; . K; . 2 t) 1 - t - --

2 
sm wol - --2 sm wo , 

4{2 4wo{ 8wo1 
(3.24) 

{3(t) 

(3.25) 

with 

wo (3.26) 
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(3.27) 

K y 
{:3.28) 

The frequency of the fundamental radiation is calculated as 

(:~. 29) 

Tlw total photon flux density is calculated as 

cf Pn 2:: cf Pn --
df'ldw n=l/2 df'ldw' 

(:3.30) 

cPPn e2·-y2N2 
J;), -- (!2 j 

dO. d.,; 4rrcoc x 
(3.31) 

wilh 

(:~.32) 

(3.33) 

(Sec appendix A.3.2 for details and the definition of the symbols.) As well as the 

ideal case, half-odd-integer harmonics appear in the spectrum. 

When observed on axis, fx and fv are calculated as 

00 

-~KyPN L !J-2p-k ,(Y) + J 2p-k+l(Y)]Jp(Z) 

fx 
p= - oo 

; n - integer, (3.34) 

0; n half-odd integer, 

0 ; n integer, 

00 

-~KxPN 2:: [J_2P_2kr(Y)~ J _2P_2\1(Y)jJp(Z) 
p= - oo 

(3.35) 

; n half odd integer. 
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It is found from above equations that integer harmonics are horizontally polarized, 

while half-odd- integer harmonics are vertically polarized. 

3.4 Examples of spectra 

Now, let us show some examples of spectra to be obtained from the figurr--8 

undulator and compare to the planar undulator. For example, the el0d ron energy 

is assumed to be 8 GeV, the beam current 100 rnA, the period length 10 em, the 

total length of an ID 4.4 m. 

3.4.1 High-field case 

First, a high-field case is considered. The K value is assumed to be 4.72 ( K, 

planar) and 3.34 (=Kx Ky , figure-8). In this case, the energy of the fundamental 

radiation is found to be 500 eV. Figures 3.8 (a)rv(c) show the spectra to be obtained 

from the planar, ideal-figure-8 and practical-figure-S undulators, respectively. As 

already described in chapter 2, so many higher harmonics appear in the spectrum 

in the case of the planar undulator because the K value is much larger than unity. 

On the other hand, much less higher harmonics appear in the spectrum in the case 

of the figure-8 undulator. The photon flux density at 500 eV is also shown in the 

figure. It is found that the difference of the intensity between the planar and figur<r8 

undulators is small. 

In order to compare the practical case with the ideal one, the spectra in the 

energy range between 0 and 4 keY are shown in Figs. 3.9 (a) and (b). As described 

before, half-odd-integer harmonics appear in the spectrum. As for integer harmonics, 

only the fundamental appears in the ideal case, while all integer harmonics appear in 

the practical case unlike the planar undulator which only contains the odd-number 

harmonics. The intensity in the practical case is found to be about three quarters 

of that in the ideal case. 
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Figure 3.8. Examples of spectra to be obtained from the. (a) planar, (b) ideal-figur~S 
and (c)practical-figure-8 undulators. 

3.4 .2 Low-field case 

Next., a low-field case is considered. The K value is assumed to be 0.66 (= K, 

planar) and 0.46 (= Kx= K11 , figure-S). In this case, the energy of the fundamental 

radiation is found to be 5000 eV. Figures 3.10 (a)rv(c) show the spectra to be ob­

tained from the planar, ideal-figur~S and practical-figur~S undulators, respectively. 

The contribut.ion of higher harmonics to the spectrum is small not only in t he case 

of the figur~S undulat.or but. the planar undulator. This is because the K value is 

small. Therefore, the effect due to the figur~S trajectory is not so drastic as the 
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Figure 3.9. Spectra obtained from the figurc'-8 undulator between 0 and 4 keY in 
the (a)ideal and (b)pract.ical cases. 

high-field case. In addition, the degradation of the intensity at. the energy of the 

fundamental is large compared to the high-field case. Moreover, the 1.5th harmonic 

in the ideal case is remarkable. This is due to the fact that the ratio expressed by 

equation (3.20) is independent of the K value. 

In this way, the figur~S undulat.or is not so effective in the low-field region. 

However, as described later, it has the advantage that some specific higher harmonic, 

for example, the third harmonic, can be eliminated completely by adjusting the 

ratio, Kx/ K11 • In general, the radiation contains integer harmonics even after the 

monochromatizalion by a monochromator. Because even-number harmonics can be 

eliminated by using an ordinary crystal monochromator, for example, Si(lll), the 

main higher harmonic may be the third. Therefore, only the fundamental can be 

obtained by adjust.ing Kx/ K11 so as to eliminate the third harmonic. Of course, 

for the user who uses the double crystal monochromator, such discussions may be 

meaningless, because one can eliminate the third harmonic by det.uning the second 

crystal of the monochromator [25]. 
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Figure 3.10. Examples of spectra to be obtained from (a)planar, (b)ideal-figur&8 
and (c)practical-figur&8 undulators. · 

3 .4.3 Effect s due to the a ngular divergence 

ln the previous section, the angular divergence of the beam was not included 

in the calculation. In practice, the beam has a finite angular divergence. Therefore, 

comparison should be made by the calculation including the angular divergence of 

the beam. In this section, the effects due to the angular divergence on the radiation 

from the planar and figur&8 undulators are investigated. The undulator parameters 

used in the calculation are correspondent to those in Fig 3.8. Figures 3.11 (a) and 

(b) show the spectrum and the degree of linear polarization, PL , obtained from the 
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Figure 3.11. Spectrum and degree of linear polarization obtained from the planar 
undulator including the effect of the angular divergence. 

planar undulator, respectively. The degradation of the photon flux density and PL 

become more remarkable as the increase of the angular divergence. However, PL at 

the peak energy remains sufficiently high when /Ux,y' = 0.5. 

Figures 3.12 (a) and (b) correspond to Fig. 3.11, in the case of the figur&8 

undulator. Unlike the planar undulator, the degradation of PL is not negligible 

when /Ux ,y' are large. Therefore, the angular divergence of the beam should be low 

in the case that the extremely high degree of linear polarization is desired , which 

means that the emittance of the beam should be low and the betatron value should 
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Figure 3.12. Spectrum and degree of linear polarization obtained from the pract.ical­
figure-8 undulat.or including the effect of the angular divergence. 

be high. 

For a reference, the spectrum and PL to be obtained from the "tandem" type, 

which means that. two helical undulators with different helicities are placed tandem, 

are shown in Figs. 3.13 (a) and (b). The angular divergence of the beam is included 

in the calculation. The degree of polarization at the energy of 500 eV in each case of 

'"Wr,y' =- 0.1,0.2 and 0.5 are found to be 0.95, 0.71 and 0.29, respectively. The value 

of 0.29 may be almost. meaningless for experiments which utilize the polarization of 

radiation. Therefore, the angular divergence of the beam should be extremely low 
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Figure 3.13. Spectrum and degree of linear polarization obtained from the "tandem" 
type including the effect of the angular divergence. 

in order to use such IDs, as already described in section 3.2.1. 

3.5 Power density 

Calculating the power density at a fixed point in space may be quite important. 

for the analysis of the heat load on optical elements arid front-end components. ln 

this section, the power density radiated from the figure-8 undulator is investigated. 
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3.5.1 Ideal case 

First, the id<'al case is consid<~roo. It is easy to understand that the power 

density obtained from the ideal-figun.'-8 trajectory is quite the same as that of the 

helical undulalor, hccaus<> the equation (2.t17) docs not contain r, or the position of 

the cl<'dron. 

3.5.2 Practical case 

<~xt, t IH' practical case is considered. Substituting f3x - (Ky / /) cos(w0t j 2) and 

{Jy (1\x 1) coswo/ into (2.47), we have 

with 

dP 

dn 

n 

y 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

The expression for the power density given by equation (3.36) is similar to that 

of the elliptical undulator. This is natural because the magnetic fields in the figure-8 

undulator are similar to those in the elliptical undulator. 

3.6 Spatia l distribution of the power density 

Now, let us calculate the spatial distribution of the power density obtained 

from the figure-S undulator and compare to that from the planar undulator. The 
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Figure 3.14. Spatial distribution of the power density obtained from the (a)planar 
and (b)figure-S undulators (high-field case) . 

parameters to be used in the calculation are assumed. to be the same as those in 

section 3.4. 

3.6.1 High-fie ld case 

First, a high-field case is considered. The K value is assumed to be 4.72 ( K, 

planar) and 3.34 (= Kx=K 11 , figure-S). 

Figures 3.14 (a) and (b) show the spatial distribution of the power density ob­

tained from the planar and figure-S undulators, respectively. It is found from the 

figure that most of the power radiated from the planar undulator exists on axis. The 

on-axis power density is found to be 9S kW/mrad2 . On the other hand, most of the 

power radiated from t he figure-S undulator exists off axis. Therefore, the on-axis 

power density is much lower than that of the planar undulator and found to be 1.4 

kW/mrad2 . 

The spatial distribution of the power density obtained from the figure-S undulator 

is asymmetric with respect to Bx and forms a V figure. This is explained as follows. 
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Figure 3.15. Relation between the horizontal and vertical velocities in the case of 
the (a)pla.nar, (b)helical and (c)figurc-8 undulators. 

Figures 3.15 (a)"-'(c) show the relations between f3x and {3y for three types of 

undulator. In the case of the planar and helical undulators, the shapes are similar 

to their own orbits projected on the transverse plane. In the case of the figum-8 

undulator, however, it does not look a figure 8 but a V figure. Since the power 

radiated from a relativistic electron is condensed to a narrow forward cone, the 

power radiated from the electron with the velocity /3 = (f3x, {3y) has its peak at the 

observation angle (Ox, Oy) = (f3x,f3y), which means that the distribution of the power 

density reflects the relation between the horizontal and vertical velocities, f3x and {3y. 

Therefore, the spatial distribution of the power densit~ obtained from the figure-8 

undulator forms a V figure. 

3.6.2 Low-field case 

Next, low-field case is considered. The K value is assumed to be 0.66 ( K, 

planar) and 0.46 (= Kx-Ky , figure-8). 

Figures 3.16 (a) and (b) show the spatial distri bution of the power density ob­

tained from the planar and figure-8 undulators, respectively. In t his case, the V 

figure cannot be seen any more and most of the radiated power exists on axis as 

well as the planar undulator. The V figure is contracted to the axis and collapses. 
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Figure 3.16. Spatial distribution of the power density obtained from the (a) planar 
and (b)figurc-8 undulators (low-field case). 

In this way, the figure-8 undulator cannot be used to suppress the on-axis heat load 

when the K value is small. 

3.6.3 Effects due to the angular divergence 

As well as the spectrum and the degree of polarization, the distribution of the 

power density is affected by the angular divergence of the beam. 

Figures 3.17 (a) and (b) show the horizontal angular distribution of the power 

density including the effect of t he angular divergence in the case of the planar and 

figure-8 undulators, respectively. The K values are correspondent to those in Figs 

3.8 (a) and (b). 

In the case of the planar undulator, the on-axis power density, which is the 

maximum value, is reduced as the increase of the angular divergence. On the other 

hand, the on-axis power density of the figure-8 undulator increases. This is due to 

the fact that the peak power density of the figure-8 undulator exists off axis and 

that it is broadened by the angular divergence of the beam. The designer of optical 

elements should be careful of t he fact described above, since the situation is reverse 
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Figure 3. I 7. Ll orizontal distribution of the power density radiated from the (a) planar 
and (b)figurc-8 undulators including the angular divergence of the beam. 

to that of the planar undulator. 

3. 7 Other types of figure-S undulator 

So far, the period length of the vertical undulator has been set. to the value 

twice as long as that of the horizontal undulator. One may think of other types of 

lD that the period length of the vertical undulator is M times as long as that of the 

horizontal, where M is an integer. If M can be large, the construction of the device 

may be easier because the number of magnet pieces can be reduced. 

In this case, the magnetic fields can be written a.s 

(3.42) 

The photon nux density and the power density can be calculated in the same manner 

taken so far. The photon flux density is given as 

where k 

cflp 

dfldw 
f cflpk 

k=l /M dfUJw, 

I 2 M- l 1 M+l n d 
M•M•····~• ·~····M, ... ,an 
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(3.43) 

(3.44) 

500 

(3.<1G) 

k 

1 + uc; + K;) / 2 -1 , ... po2, (~i.t17) 

eBxOl\11 .Au 
2nmc ' 

(3.48) 

eBy0.Au 
2nmc ' 

(3.'19) 

4trC)'2 / Au 

1 + uc; + K;) 12 I 1 202' 
(3.50) 

00 00 00 

sj I: I: I: JMk+2q+2Mp Mr-u(X)Jq(Y)Jp(Z)Jr(W), (3.51) 
p--oo q - oo r oo 

X 2~M Kx/(}sin </>, 

The power density is given as 

dP 
dn 

y rJ 
1011 - Kxcos M' 

(3.52) 

(3.54) 

(3.55) 

(:3.56) 

(3.57) 

(3.58) 

(3.59) 

(3.60) 
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Figur<' :t 18. Examples of spectra in the ca..c:;e that (a)M 3 and (b)M 4. 
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Figures 3.18 (a) and (b) show the examples of spectra in the case that. M 3 

and A1 4, rcspcclively. The parameters used in the calculation are correspondent 

to those in Fig 3.8 (c). When M = 3, the contribution of higher harmonics to 

t.he spectrum is much larger than that of the ordinary figure-8 undulator and the 

spectrum is similar to the planar undulat.or. When M 4, the conLribution of 

higher harmonics is less than theM = 3 case, however, it is still large. In addition, 

the photon Aux density at 500 eV in each case is less than that of the figure-8 

undulator. 

Figures 3.19 (a) and (b) show the spatial distribution of the power density in 

the case that M = 3· and M = 4, respectively. In each figure, the relation between 

f3x and /3
11 

is also shown. The distribution of the power density reflects the relation 

between f3x and {3y, as already described in section 3 .. 6. It is easy to understand 

the reason why the on-axis power density is high in the M = 3 case and low in the 

M = 4 case. Anyway, the on-axis power density in each case is higher than the that 

of the ordinary figure-8 undulator. 

From the facts described above, we can say that the M - 2 case, or the ordinary 

figure-S undulator, is the best configuration. 
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Figure 3.19. Spatial distribution of t.he power densit.y (above) and relation bet.wccn 
f3x and /3y (below) in the case that (a) M = 3 and (b) M = 4. 

3.8 Conclusions 

Three types of ID containing two helical trajectories with different helicities were 

proposed to obtain linearly-polarized radiation with a low on-axis power density. It 

was found that the degree of polarization obtained from the tandem type would 

be quite low and that the magnetic field of the parallel type, or the ideal-figure-8 

undulator, should be discontinuous. Therefore, these two IDs were impractical for 

usc. The figure-8 type, or the practical-figure-S undulator, was found to be realized 

easily by a slight modification of the helical undulator. 

Calculation showed that the photon flux density obtained from the figure-8 undu­

lator was almost equivalent to that of the planar undulator, while the on-axis power 
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density was much lower. This was due to the fact that the power radial ed from 

the figurc-8 undulator existed mainly off axis like the helical undulator. The low 

on-axis pow<'r density is a great benefit for the YUV and SX beamline components, 

in particular, optical elements. 

From 11m, on, we call the practical-figurc-8 undulator simply the figurc-8 undu-

lator since' the idcal-figun"-8 undulator is impossible to construct. 
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Chapter 4 

Characteristics of 
Figure-8-U ndulc:ttor Radiation 

4 .1 Introduction 

The tunability of the undulator is achieved by changing the magnetic fideL 

1. c., the magnet gap. The K value and the K ratio, which means the ratio of 

the hori:wntal K value (Kx) to the vertical K value (Ky), are considered to be 

often changed when changing the magnet gap in order to shift the energy of the 

fundamental radiation. Therefore, it. is necessary to investigate the K-value nnd 

K-ratio dependences of radiation for t.he effective utilization of undulator radiation. 

In addition, these characteristics are: important in determining the design of the 

figure-8 undulator such as the magnet configuration and the size of each magnet 

block. 

As well as an ID, the design and the construction of a beamline to transport the 

photon beam is an important factor which determines the quality of the SR facility. 

Many components are contained in one beamline, e. g., x-ray beam position monitor 

(XBPM), X-Y slit, monochromator, and so on. The XBPM is used to monitor the 

position of the photon beam and to make a feedback on the storage-ring operation 

parameters. The X- Y slit is used to eliminate the power brought by the photons in 

unnecessary spectral part. The monochromator is used to obtain a monochromatized 

photon beam with the typical bandwidth of 10- 4
. In designing these components, 
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it is important to know the spatial distribution of radiation, such as lhe power, 

polarization and harmonics. 

Because the trajectory in the figure-S undulator is a novel one and different from 

any other IDs which have been proposed or developed so far, it is important to in­

vestigate the above characteristics of radiation obtained from the figure-S undulator 

and to clarify the difference between the figure-S and ordinary undulators. 

4.2 Polarization 

If the user is not concerned with the polarization, the best way to obtain Sft 

with the high brilliance is to use the helical undulator. If the user wants to use the 

linear polarization, the degree of polarization is one of important items to be careful 

when constructing a beamline. 

4.2.1 Spatial dependence 

From equations (A.59)rv(A.62), we obtain the two polarization components of 

the electric field of radiation emitted from the figure-8 undulator 

(4.1) 

{4.2) 

where fx,lJ are functions given by equations (3.32) and (3.33). As is already described, 

the polarization is linear because both components have the same phase. 

The amplitude E0n and the direction of polarization a for each harmonic are 

given by 

{4.3) 

an= tan- 1 (Enl. ) . 
En II (4.4) 
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180° -

(b)Figure-8 

Figure 4.1. Spatial dependence of the ;:unplitude and the direction of polariza.t.ion for 
the fundamental radiation in the case of the (a) planar and (b) figure-8 undulators. 

Figures 4.1 (a) and (b) show the spabal dependence of the direction and the ampli­

tude for the fundamental radiation obtained from the planar and figure-S undula­

tors, respectively [26]. The K values are assumed to be 4.72 (=K, planar) and 3.34 

(=Kx=K11 , figure-8). The length and the slope of each bar show the amplitude and 

the direction of polarization, respectively. 

In the case of the planar undula.tor, the radiation is polarized nearly in the 

horizontal plane for values of 'YO smaller than 1.0, while for larger values of "(0, 

the direction of polarization rotates along the contour. In the case of the figure-8 
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(a) 0.5th 

(b)1.5th 

Figure 4.2. Spatial dependence of the amplitude and the direction of polarization 
for the (a)0.5th and (b)l.5th harmonics obtained from the figure-8 undulator. 

undulator, the rotation of the direction of polarization along the contour is more 

remarkable than that of the planar undulator, which means that the degradation of 

the degree of polarization due to the angular divergence of the beam a nd the size of 

the aperture for extracting the SR beam, will be more remarkable. 

The direction and the amplitude of polarization of the figure-8 undulator are 

symmetric and antisyrnmetric with respect to By, while they are asymmetric wit h 

respect to B:c. These characteristics can be explained by t he asymmetry of the 

relation between f3:c and /3y. 
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The slope of the direction of polarization is equal lo zero both along O:r and 

Oy in the case of the planar undulator. On the other hand, that of the figuw-8 

undulator is increasing along the Oy axis, which means that the degrcc of polarization 

degrades. Therefore, the coupling constant of the storage ring and the vert teal sizP 

of the aperture should be as small as possible in order to obtain the high dcgn'{' of 

polarization. 

Figures 4.2 (a) and (b) show the spatial dependence of th<' direction and the <\lll­

plitude for the 0.5th and 1.5th harmonics obtained from the figure-8 undulator. As 

well as the fundamental radiation, the d irection and Uie amplitude are asymmetric 

with respect to Bx for both harmonics. As for the 0.5th harmonic, the radiation is 

polaril'.cd in the vertical plane when observed 011 axis and the rotation of t.hc dir<~c­

tion of polarir.ation for larger values of 10 is not so remarkable as the fundamental, 

which will result in the higher degree of polarization. As for the l.5th harmonic, 

the polarization on axis is vertical as well as the 0.5th harmonic, however, the ro­

tation of the direction of polarization is more remarkable. Therefore, the degree of 

polarization will degrade more rapidly than that of the 0.5th harmonic. 

4.2.2 Effects due to the angular divergence 

Figures 4.3 (a) and (b) show the degradation of the degree of polarization 

due to the angular divergence of the beam for the planar and figuro-8 undulators, 

respectively. In the case of the planar undulator, increaSe of both U:rf and ull causes 

the degradation, however, increase of 1:!ither u:r:' or uy' does not degrade the degree of 

polarization. This is due to the fact that the slope of the direction of polarization is 

equal to zero both along B:c and Oy. In the case of the figure-8 undulator, degradat.ion 

with respect to uy' is remarkable. This is also equivalent to the discussion in the 

previous section. In order to achieve the high degree of polarization, Uy• should be 

small, which means that the coupling constant of the storage ring should be as small 

as possible. 
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Figure 4.3. Degradation of the degree of polarization according to the angular 
divergence for the fundamental radiation obtained from the (a)planar and (b)figure-
8 undulators. 

Figures 11.4 (a) and (b) show the degradation of the degree of polarization due 

to the angular divergence of the beam for 0.5th and 1.5th harmonics of the figure-8 

undulator, respectively. For both harmonics, the degradation due to u11 is remark­

able as well as the fundamental radiation. As for the 0.5th harmonic, however, 

the degradnLion is small. On the other hand, the degradation of polarization for 

1.5th harmonic is very large. For example, PL for the 1.5th harmonic is 0.63 when 

'Wr,v' - 0.5. On the other hand, that for the 0.5th harmonic is 0.98. From the facts 

described above, the 0.5th harmonic is more preferable than the 1.5th for obtaining 

the vertically polarized radiation. 

4.3 Electric field of radiation 

Substituting equation (3.25) into equation (2.13) directly, we obtain the electric 

field of radiation observed at the point far from the device. Because the spectrum 

is obtained by the Fourier transformation of the electric field, it is interesting to 

investigate the features of the electric field. 

4 .3.1 Time dependence 
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Figure 4.4. Degradation of the degree of polarization ac~ording to the angular diver­
gence for the (a)0.5th and (b)1.5th harmonics obtained from the figuro-8 undulator. 

Figures 4.5 (a) and (b) show the on-axis electric field of radiation from the 

planar and figure-8 undulators, respectively. R means the distance between th0 

observer and the source and T the period of the electric field. r n the same figures, 

the deflection angles are also shown. The observer time means the time in the 

laboratory frame, not in the rest frame of the electron. 

In the case of the planar undulator, the electric field forms a pulse at the time 

when the deflection angle is equal to zero. This is due to the fact that the time 

interval through which the deflection a~ngle is smaller than ,-1 is very narrow, which 

is found from the figure showing the time dependence of the deflection angle. When 

the electric field shown in Fig. 4.5 (a) is expanded into a Fourier series, so many 

higher harmonics appear in the spectrum, which cause the unreasonable heat load. 

This has been already described in chapter 2. 

In the case of the figure-8 undula.tor, the electric field does not form a pulse 

because the deflection angle is never equal to zero. Therefore, much less higher 

harmonics appear in the spectrum than the planar undulator. 

Figures 4.6 (a) and (b) show the o~ff-axis electric fielq of radiation obtained from 

the figure-8 undulator. The horizontal observation angle Ox is assumed to be -Ky/1 

and Ky//, respectively. The horizontaJ angle is assumed to be zero in each case. It is 
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Figure 4.5. Above: On-axis electric field of radiation from the (a)planar and 
(b)figurc-S undulat.ors. Below: Deflection angle of the trajectory for both undu­
lat.ors. 

found from the figures that the electric field forms a pulse at. the angle Bx = - Ky//, 

while it does not form a pulse at the angle Bx = Kyf/· This is due to whether the 

effcct.i ve deflection angle Det" defined as 

(4.5) 

becomes equal to zero or not. The meaning of the effective deflection angle is the 

angle between the direction of observation and the direction of the electron motion. 

If the effective deflection angle becomes equal to zero at some part of the trajectory, 

the contribution of radiation will be the largest. at that. point. Therefore, the electric 

field forms a pulse. 
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Figure 4.6. Electric field of radiation from the figure-S undulat.or observed off axis. 

4.3.2 H armonics and polarization 

In chapter 2, the radiation from the planar undulalor was found to contain only 

the odd-number harmonics when observed on axis. This is due to the fact. that. t.hc 

horizontal component. of the electric fie~ld satisfies the periodic condition 

Ex(t -l T/2) -Ex(t). (4.6) 

When Ex is expanded into a Fourier series, the even-number harmonics disappear 

due to the periodic condition (4.6). In the case of the figure-S undulator, however, 

Ex does not satisfy the periodic condition (4.6), which is found from Fig. 4.5 (b). 

Therefore, even-number harmonic in addition to odd-number harmonics appear in 

the spectrum. As for Ey, integer harmonics disappear in·turn, because of the periodic 

condition 

(4.7) 

Therefore, only the half-odd-integer h:armonics appear in the spedrum. 

Summarizing the facts described above, integer harmonics are found t.o be hor­

izontally polarized, while half-odd-int;eger harmonics vertically polarized. This is 

equivalent to the discussion in section 4.2. 
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Figure 4. 7. Spatial distribution of the power density for various values of the K 
ratio. 

4 .4 K-ratio dependence of radiation 

So far, the mtio of t.he horizontal K value to t.he vertical, Kxf Ky, has been 

assumed to be constant and unity. In this section, the dependence of radiation on 

the K ratio is investigated. 

4.4.1 Power density 

First, the K-ratio dependence of the power density is discussed. Figures 4.7 

(a)rv(f) show the spatial distribution of the power density for various values of 
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Figure 4.8. K-ratio dependence of the on-axis power density. 

[JJ. 

Figure 4.9. Relation between horizontal and vertical velocities. 

Kxf K,r In calculating the dependence, the value, K = J K~ + K;, is set. to be 

constant (= 4.72). Therefore, the energy of the first harmonic is fixed at 500 eV. ll 

is found from the figures that the vertical angle of the Y figure of distribution is 

increasing as the increase of the radio, Kx/ K,.r In addi~ion, the top of the Y figure 

gets closer to the axis. 

Figure 4.8 shows the K-ratio dependence of the on-axis power density. When 

Kxf Ky = 0, the device is simply a planar undulator ~d the power density is 98 

kW /mrad2 . The on-axis power density takes its minimum at Kx/ Ky = 1.5. When 

Kxf Ky is smaller than 1.5, the on-axis power density is reduced as the increase 
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f / . I I r ll<)WCV<'l' i l is Sll fTicienl to k<'CP /(,./ I(,J larger than 0.5 in order to 
() \T / \y· l 

suppress the heat load. When Kx/ Ky is larger than 1.5, the on-axis power density 

is increasing as the incn~ase of Kx/ Ky. This is due to the fact that the top of the V 

figure of distribution closes lo the axis as the increase of Kxf Ky. Therefore, the K 

ratio should be set to the value between 0.5 and 1.5 in order to suppress the on-axis 

powN dcnsi ty effectively. 

The minimum value of the K ratio to suppress the heat load is considered to 

d<'p<'nd on the K value. In the previous ca.c;;e, it was found to be about 0.5, which 

corr<'Sponds to Llw value of Kx 2.1. This value can be interpreted as follows. 

1\s described before, the relation between f3x and f3v reflects the distribution of 

the power density. In Fig. 4.9, the distance between the top of the V figure and the 

axis is Ky/ f. Let !(11 be much larger than unity. If dis smaller than unity, then the 

on-axis power density may be high because the angle between the direction of the 

PIP<'! ron motion and the observer on axis is smaller than -y- 1 and the radiat ed power 

from the electron having the velocity represented by the point A and B reaches 

to the axis. In turn, if d is larger than unity, the on-axis power density may be 

low. Therefore, the minimum value ford to keep the on-axis power density low, is 

considered to be unity. Because dj-y is the absolute value of /3y when f3x = 0, or 

wot 2n;F1r, where n is an integer, dis calculated as follows 

d -1 f( (2n + 1 ) 1- K x - xCOS 2 7r - -12· (4.8) 

Therefore, the minimum value for Kx to keep the on-axis power density low is con­

sidered to be 1.4. In practice, Kx slightly higher than 1.4 is necessary for suppressing 

cfl'cctively the heat load on axis. Thus the minimum value for Kx is considered as 

about 2, which is equivalent to the value estimated from Fig. 4.8. 

The minimum Kx value of 2 to keep the on-axis power density low, is independent 

of Kr: except the condition that !(11 is larger than unity. This fact is important for 

designing the figure-8 undulator, to be discussed in chapter 5. 
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Figure 4.10. K-ratio dependence of the photon flux density. 

4.4.2 Photon flux density 

Next, the K-ralio dependence of the photon flux density is discussed. Figure 

4.10 shows the K-ratio dependence of the on-axis photon flux density for various 

harmonics. Each value is normalized by the value at Kx/ K11 0. It is found from 

the figure that the unnecessary higher harmonics is reduced rapidly as the increa.c;e 

of K f K while the degradation of the fundamental is not so remarka ble. 
X l/l 

What is more interesting is that some specific harmonic can be eliminated com­

pletely by adjusting Kxf !(
11

• For example, the third harmonic is eliminated com­

pletely when Kx/ K
11 

= 1.0. As described before, the even number harmonics can 

be eliminated by using an ordinary crystal monochromator, therefore only the fifth 

harmonic or higher may remain after monochromatization by a monochromator. 

However, the reflectivity of the fifth harmonic or higher is considered to be much 

smaller than that of the fundamental, therefore the intensity of higher harmonics 

will be quite low. 

82 



~ 
Z'~ ·- ()' 
(/) T"" c . 
Q) 0 O'b 
x ro 
:::J "-- E u.. _ 
c u 
0 Q) 
.... (/) 
0-..c (/) 
a. § .... 

0 
..c 
a. ......... 

5 
4 

3 
2 

1 
0 
5 
4 

3 
2 
1 

0 

5 
4 
3 
2 
1 

0 

0 5 1 0 15 20 25 30 0 5 1 0 15 20 25 30 
Photon Energy (keV) Photon Energy (keV) 

Figure 4 .11. Spectra of the figure-8 undulator for varit>us values of the K ratio. 

4.4.3 Spectrum 

Figures 4.11 (a)rv(f) show the spectra for various values of the K ratio. As 

the increase of the K ratio, the contribution of higher· harmonics to the spectrum 

becomes smaller. Although considerable higher harmonics remain in the spectrum 

when K:r/ K" = 0.25, they are suppressed considerably when K:r/ K" is larger than 

0.5. This is equivalent to the discussion in section 4.4. 

In Figs. 4.11 (c)rv(f), the spectra in the energy range up to 3 keV are also 

shown. From these figures, it is found that the intensity for the fundamental is 

getting lower as the increase of the K ratio, while those of the half-odd-integer 
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ha rmonics arc> getting higher. This is em;i ly understood h\ consid<>ri ng the fact that 

those half-odd-integer harmonics are derived from the vertical undulalor with tht' 

period length of 2>-u and that the larger K ratio m<'ClllS the stronger magnetic fieiJ 

of the vertical undulalor. 

4.5 Spatial distribution of radiation 

Investigating the spat ial distributio n of radiation is important for designing the 

components of the beamline, in particular the mirror for focusing the SR beam 

and the X-Y slit for extracting the SR beam and eliminating t he photons in the 

unnecessary spectral part. 

4.5.1 Partial power density 

Integrating equation (3.31) over ttJ, we obtain the power contained in the n-th 

harmonic. We call it a part ial power density for the n- th harmonic. lf the parti al 

power density for the fundamental is high and that for higher harmonics is low, t he 

radiation is reasonable for the utilizaUon of the fund amental radiation. 

Figures 4.12 (a)rv(d) show the spa.tial distribution of the partial power density 

for various harmonics obtained from Lhe planar undulator. Distributions along Ox 

and By axes are shown with the on-axis value. For each harmonic, the on-axis value 

is the maximum. As the increase of the number of harmonic, the on-axis power 

density increases, which means that the ra tio of the partial power density for the 

fundamental to the total power density will be low. In fact , the ratio is calculated 

as 0.31 / 98 = 3.2 X w-3 . Therefore, only 0.3% of the power radiated to the axis is 

available. 

Figures 4.13 (a)rv (d) show the spatial distribution of the partial power density for 

various harmonics obtained from the Jfigure-8 undulator. Although the distribution 

is symmetric with respect to the By axis, it is asymmetric with respect to the Ox axis. 

This is due to the asymmetry of /3:r with respect to (3y, which is already discussed 
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Figure 4.12. Angular distribution of the partial power density for various harmonics 
obtained from the planar undulator. 

in section 3.6. As for the fundamental, the on-axis value is not the maximum. The 

maximum of the power density is located at the angle slightly shifted to +Bx. It is 

found from the figures that the on-axis power density is reduced as the increase of 

the harmonic number. Although the on-axis power density for the fifth harmonic 

is comparable to that of the fundamental, that of the other higher harmonics is 

much lower than that of the fundamental. The reason is that the power for higher 

harmonics distributes mainly off axis, which is similar·to the total power density. 

In this case, the ratio of the partial power density for the fundamental to the total 

power density is calculated as 0.22/1.4 = 0.16. Although this value is lower than 

that of the helical undulator (partial/total= l.O, because no higher harmonics are 
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Figure 4.13. Angular distribution of the partial power density for various harmonics 
obtained from the figur~8 undulator. 

observed on axis!), it is much highE~r than that of the planar undulator. 

Because the partial power density for higher harm~nics distributes mainly off 

axis, larger size of the aperture results in larger contribut ion of higher harmonics 

to the spectrum. From Fig. 4.13 (a), it is found that in order to extract most of 

the power contained in the fundamental radiation, the aperture should be as large 

as 2; 1 . However, this may result in the unreasonable heat load caused by higher 

harmonics. In order to avoid such a situation, the size of the aperture should be as 

small as 1/1· 

4.5.2 Spectrum 
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Figure 4.14. Spectra of the figure-8 undulator for various angles of observation. 
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Figures 4.14 (a)rv(d) show the spectra obtained from the figure-8 undulator for 

various angles of observation. The observation angles shown in Figs. 4.14 (b)rv(d) 

correspond to the points C, D and A indicated in Fig. 4.9, respectively. Although 

the values of 18 in Fig. 4.14 (b) and (c) are the same, the spectra are quite different. 

When ¢J = 0, the contribution of higher harmonics is quite small. On the other hand, 

so many higher harmonics appear in the spectrum whe~ ¢ = 1r. This is due to the 

fact that the electric field of radiation forms a pulse when observed at 18 = Ky and 

¢J = 0, as shown in Fig. 4.6 (a) because the effective deflection angle becomes equal 

to zero at some part of the trajectory. Similarly, so many higher harmonics appear 

in the spectrum when observed at ,e = Kxf../2 and¢ = rr/2. This is also explained 
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by the discussion on the effecli ve deflection angle. 

4.6 Conclusions 

In this chapter, various characteristics of figure-8-undulator radiation were in­

vestigated. The results are summarized below. 

1. Unlike the planar undulator, the slope of the direction of polarization increases 

along the By axis. Therefore, 1the horizontal angular divergence of the electron 

beam and the vertical size of the aperture should be as small as possi blc in 

order to achieve the high degree of polarization. 

2. The photon flux density of some specific harmonic can be eliminated com­

pletely by adjusting the K ratio, Kxf Ky. 

3. The on-axis electric field of radiation from the figure-8 undulator does not form 

a pulse because the deflection angle never becomes equal to zero. Therefore, 

higher harmonics are suppressed effectively. 

4. Ideal utilization of the fundamental radiation is possible because most of the 

power of the higher harmonics exists off axis. 

The facts described in items 3 and 4 are equivalent to the case of the helical undu­

lator. This is natural because the figure-8 undulator is based on the combination of 

two helical undulators. 
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Chapter 5 

Design of the Figure-8 Undulator 

5.1 Introduction 

Recently, it has h<'Cn decided that the figurc-8 undulator should be installed in 

the Super Photon ring-SCeV, or the SPring-S, for supplying linearly polarized SR in 

the VUV and SX regions. The SPring-S, now under construction , is the SR facility 

using the 8-CeV electron (positron) beam for supplying SR with a high brilliance 

and a wide spectral range of energies. Because the energy of the electron beam 

is extremely high, it is natural to use the figure-S undulator instead of the planar 

undulator for supplying VUV and SX with a linear polarization. 

In designing an 10, the requested performances, i. e., the characteristics of 

radiation desired by the users, should be concerned. In t he figure-8-undulator case, 

not only the high brilliance but also the high degree of polarization and low on-axis 

power density are desi red. In addition, the available energy range of the fundamental 

radiation should be as wide as possible. 

If there are no limitations on the dimensions of the 10, it is easy to design any 

type of ID. In particular, it may be easier to construct an ID having not only the 

vert ical but also horizontal magnetic fields such as the helical and figure-8 undu­

lators. In fact, there are some limitations. Among them, the most troublesome is 
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that the horizonlHl gap of the ID should be quite large, typically larg<'r th<lll !)() 

mm. Therefore, it is impractical to adopt the three-dimensional configuralion, i. <' .. 

the configuration with magnet arrays nol only in the vertical plane but also in tlw 

horizontal plane. 

In this chapter, some magnet cc•nfigurations for the figurc-8 undulalor are dis­

cussed and the most fitted one is determined. After that, the sizr of rach magnet 

block is determined considering the requested performances. In addit.ion, discus­

sions on the magnet configuration 'Lo generate lhc ide_al trajectory of the figur<'-8 

undulat.or arc given. Finally, effects of the magnetic fields on the electron beam in 

the storage ring arc investigated in the case of the determined magnet configuration. 

5.2 Requested performances 

What performances are requested for the 10 is quite importHnt for designing 

the device. In the figure-8-undulat.or ca.c;e, the requested performances and I)) P<l­

rameters at the SPring-8 are shown in Table 5.1. 

Table 5.1. Requested performances .and 10 parameters for the figurc-8 undulator aL 
the SPring-S. 

Available En(~rgy 100 eVrv5000 eV 
On-axis power density as low as possible 

Brilliance as·high as possible 
Polarization linear 

Minimum Gap 20 mm 
Remanent Field of Permanent Magnet 1.3 T 

Total Width of an TO 106 mm 
Total Length of an ID 4.5 rn 
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5.3 Planar structure for helical undulators 

As dcscrib<'d before, the rnagnelic fields in the flgurc-8 undulator can be realized 

hy a slight modification of th<' helical UJ1dulator. 'lb be concrete, by changing the 

period length of thr horizontal magnetic field from >-u to 2>-u, where >-u is the period 

l<'ngth of the helical undulator. Therefore, we should consider the design of the 

lwlica l undulator before considering the design of the figure-8 undulator. 

J\ fter the study on Llw I D with a helical mHgnetic field, or the hclic<ll und ulator, 

by Kincaid !15], many efforts have been devoted to construct such devices. This 

is due Lo the ability of the helical undulalor Lo arrow the ideal utilization of the 

fundamental radiation and the interesting demand for ci rcularly-polarized radiation 

in the study of magnetic materials, biological molecules and other systems that 

exhibit circular dich roism. 

If there is no limitation on the size of the aperture of the beamlinc, the simplest 

way to make such d0vices is to superpose two planar undulators, as shown in Fig. 

2.11. In order to install the devices in the storage ring, however, the horizontal 

ap<'rture should be large for the beam injection and the beam life t ime. Therefore, 

a planar structure should be adopted. 

So far, four types of configuration of the magnets are considered in order to realize 

the helical undulator having the planar structure. It is important to compare the 

performances between them to determine which configuration should be adopted. 

5.3.1 Configuration of magnets 

Figures 5.1 (a)rv(d) show various configurations of magnets to realize helical 

magnetic fields which have been proposed and developed so far. Each configuration 

has magnet a rrays more than two, which arc all standard Halbach types except Fig. 

5.1 (b). 

Figure 5.1 (a) is the so-called Helios, proposed by Elleaume [1 3]. The upper 

magnet array generates the vertical field a.nd the lower array generates Lhe horizontal 

(d) 

phasing phas1ng 

Figure 5.1. Various configurations of magnets to realize helical magnetic field. 

field. The phasing, which means the changing of the helicity, can be done by sliding 

the upper array and changing the relative distance between the arrays upper and 

lower. In order to generate a circular helix, the half gaps between the axis and the 

arrays must be changed independently. 

Figure 5.1 (b) is the configuration proposed by Walker and Diviacco [28]. Each 

magnet array is similar to the Halbach configuration but the magnet blocks mag­

netized in the z direction are replaced by those in the x direction. The magnet 

blocks magnetized in the y direction generates the horizontal field and those in the 

x direction do the vertical. It is clear from the figure that the phasing cannot be 
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done. 

Figure 5.1 (c) is the so-called APPLE, proposed by Sasaki 129]. Four standard 

Halbach arrays are contained. Each magnet block has the role to generate the 

vertical and horizontal magnetic fields. Two arrays, for example, upper left and 

lower right., arc movable in order to obtain linear, elliptical and circular polarizations. 

Figurr 5.1 (d) is a configuration recently proposed by Kitamura et al. 130],[31}. 

Six standard I Ia Ibach arrays arc contained. Four outer arrays generate the horizontal 

field, while two inner arrays below and above the axis generate the vertical field. 

The hclicity can be changed by sliding the two inner arrays. 

5.3.2 Comparison between 4each configuration 

Let us compare each configuration shown in Figs. 5.1 (a)rv(d). First, we consider 

the performance with respect to the field measurement. In the field measurement in 

an 10, a Hall probe is usually used. A Hall probe is a device to measure the magnetic 

field by using the Hall effect, whereby a voltage is created in a thin slab of material 

(usually a semiconductor) in which a current flows perpendicular to the direction of 

the magnetic field. By measuring the voltage, the magnetic field can be determined. 

In such a measurement using the Hall probe, what is the most troublesome is the 

so-called planar Hall effect. This is a phenomenon that an additional voltage is 

created by a magnetic field not perpendic.ular but parallel to the plane on which the 

Hall probe lies [32H34J. Therefore, an accurate measurement of the vertical and 

horizontal fields is difficult at the place where both horizontal and vertical fields 

exist. In this point of view, the configurations shown in Figs. 5.1 (a) and (d) are 

preferable. 

Next, the performance is considered with respect to the strength of the magnetic 

field. It is easily understood that the configuration whose achievable magnetic field 

is the lowest is that shown in Fig. 5.1 (a). This is due to the fact that both horizontal 

and vertical fields are generated by magnet array(s) placed only at one side, below 
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Figure 5.2. An example of the magnet configuration for the figur&-8 undulator. 

and above the axis. On the other hand, other three types are considered to be 

equivalent, except slight differences. 

5.4 Configuration for the figure-S undulator 

In considering the magnet configuration for the figur&-8 undulator, we should 

concern with the fact that the period length of the horizontal magnetic field is 

twice as long as that of the vertical. In this point of view, the configuration which 

can generate the horizontal and vertical magnetic fields. independently is preferable. 

Therefore, the configurations shown in Figs. 5.1 (a) and (d) are considered to be 

fitted for the figure-8 undulator. Considering the strength of the magnetic field, the 

best configuration is that shown in Figs. 5.1 (d). An example of the configuration 

for the figure-8 undulator is shown in Fig. 5.2. 
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y 

X 

Lz 

Figure 5.3. Parallelepiped permanent magnet block. 

The four outer arrays generate the horizontal field, while the inner two arrays 

generate the vertical field. We call the former the vertical undulator and the latter 

the horizontal undulator, according to the orbital plane of the electron moving in 

each field. 

5.5 Size of magnet blocks 

In the previous section, the configurattion of magnets for the figure-8 undulator 

has been decided. Next, the size of each magnet block is discussed. 

5.5.1 Calculation of the magnetic field generated by a per­
manent magnet block 

In general, the analysis of the magnetic field in a system containing the coil 

with current, soft iron for the yoke and other materials wit h high permeability, is 

difficult and cannot be solved analytically. However, in the 10 using only the per­

manent magnet materials such as the rare-earth-cobalt and rare-earth-iron-boron, 
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the analysis is more simple. The magnetic field can be considered as tlw sum of 

the magnetic field generated by each magnet block because the permeability of such 

material is almost equal to unity. Therefore, the ma!,rt1clic field generated by magnet 

block(s) with an arbitrary shape and magnetization can be obtained by dividing t lw 

block into small pieces and summing up the magnetic fields generated by individ­

ual piece. In o rder to do this, the expression for the magnetic field generated by a 

paral lelepiped permanent magnet block should be derived. According to references 

135]"'137], the magnetic fields generated by the magnet block with a magnet ization 

A1 in the z direction, as shown in Fig. 5.3, are given by 

(5.1) 

(5.2) 

11-oM ~ _1 [(x- f.xL-r)2)(y- E11 L11/2) 
Bz -=- -- ~ €xf.lJf.z tan (z - c L / 2) x 

47r l.,lvl& z z 

j(x- <,L,/2)' 1 (y- ~L,/2)2 I (z- <,L,/ 2)2
] ' 

(5.3) 

with 

argsh(x) ln(x + Jx2 + 1) , (5.4) 

Ex y z - I 1 or - 1. 
'' 

(5.5) 

Using equations (5.1)"'(5.3), the calculation of the magnetic field generated by ar­

bitrary magnet configurations is possible. 
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Figure 5.4. Solid line: K values as a function of the width of the horizontal undulator 
at the gap of 20 mm for the period length of (a)9 em, (b)lO em, (c)ll em and (d)12 
em. Dotted line: Energy of the fundamental radiation calculated using the K values 
shown by Lhc solid lines. 

5.5.2 Achievable K value 

First, the achievable K value is cons:idered. The variable parameters to be 

determined are the period length, the widths and heights of both (horizontal and 

vertical) undulators. Among these, we determine the height of the horizontal and 

vertical undulators as 35 mm and 40 mm because of the mechanical limitation of 

the support. Therefore, the period and the width can be varied. 

Figures 5.4 (a)rv(d) show the K values as a function of the width of the horizontal 

undulator at the minimum gap (20 mm) for various values of the period length. 

In the same figures, the corresponding energy of the fundamental radiation is also 
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Figure 5.5. Gap dependence of the magnetic field for various values of the width of 
the horizontal undulator and the period length. 

shown. It is found from the figures that in order to obtain the fundamental radiation 

of 100 eV, Lw should be smaller than 37 mm and 60 mm when Au is equal to 9 em 

and 10 em, respectively. In the other two cases, there is no limitation with respect 

to the minimum energy of 100 e V of the fundamental. 

5.5.3 Gap dependence 

Next, the gap dependence of the magnetic field is considered. Figures 5.5 

(a)rv(d) show .the gap dependence of the magnetic field for various values of Lw 
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Table 5.2. ])<•signs of figure-S undulator fitted for the condition. 

Name of design Au Lw 
A 10 ern 60 mm 
B 11 ern 60 mm 
c 11 em 70 mm 
0 12 em 60 mm 
E 12 ern 70 mm 

and the period length. In deciding the period lcn!,rlh and Lw from these figures, 

what we should considN b that the higher value of F<x causes not only the reduction 

of till' on-axis pOW('f d<'IISity but a)so the degradation Of the photon (lux density of 

the fundamental. As already described in section tl.tl, the minimum value of Kx 

t.o keep the on-Axis power density low, is estimated as 2 . Therefore, the preferable 

<'ondition is that Kx is close to 2 when Ky is larger than unity, and as small as 

possible when Ky is smaller than uni ty. 

When >.u 9 ern, only the case that Lw 60 mm fits the condition. In 

other cases, Kx is too high and the degradation of the photon flux density of the 

fundamental will be remarkable. When .A.11 = 10 em, 11 em and 12 em, two cases 

that Lw 60 mm and 70 mm fit the condition. In the case that Lw 50 mm, 

Kx is too high. On the other hand, Kx i:s too low in the case that Lw - 80 mm. 

Among these cases, (>.u, Lw) = (9 em, 60 mm) and (>.u, Lw) = (10 em, 70 mm) do 

not satisfy the condition that the obtainable energy of the fundamental radiation 

should be as low as 100 cV. 

Summarizing the discussions above, there are five designs which are considered 

to be fitted for the condition. They are shown in Table 5.2. 

5.5.4 Brilliance and power density 

In order to determine which design is the best among the cases discussed in the 

previous section, we should calculate the peak brilliance and the on-axis power den-
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Figure 5.6. Peak brilliance of the fundamental radiation from the figure-S undulator 
for the designs ArvE. 

sity to be obtained practically. Figure 5.6 shows the peak brilliance of the fundamen­

tal radiation from the figure-8 undulator for the designs ArvE. The ring parameters 

used in the calculation are shown in Table 5.3 

It is found from the figure that the highest brilliance can be obtained by adopting 

the design C in most of the required energy range. In the design D, the brilliance is 

about half of that in the design C. In general, the brilliance in the designs for Lw 

of 60 mm is lower than those for Lw of 70 mm. This is because Ky increases with 

the increase of Lw. 

Figure 5. 7 shows the on-axis power density from the figure-8 undulator for the 

designs ArvE. The maximum on-axis power density is obtained at 2500 eV in the 

design C. In general, the on-axis power density in the designs for Lw of 60 mm is 

lower than those for Lw of 70 mm. 
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Figure 5.7. On-axis power density from the figure-8 undulator for the designs ArvE. 

From Figs. 5.6 and 5.7, it is found that the best design cannot be decided, 

because the reduction of the on-axis power density causes the degradation of the 

brilliance of the fundamental. In other words, the designs ArvE are considered to 

be all acceptable. 

For comparison, the peak brilliance and the on-axis power density obtained from 

the designs for Au of 10 em and Lw of 50 mm and 80 mm are shown in Figs 5.8 (a) 

and (b). As for the brilliance, that from the design for Lw of 50 mm is a little too 

low, while as for the on-axis power density, that from t.he design for Lw of 80 mm 

is a little too high. Therefore, the two designs are not preferable. 
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Figure 5.8. (a)Peak brilliance and (b)On-axis power density for two cases of Lw 
values of 50 rrun and 80 mm. Au is assumed to be 10 em in each case. 

Table 5.3. Ring parameters used in the calculation. 

Electron Energy 8 GeV 
Average Current 100 rnA 

Natural Emittance 7.0x10 ·9 m-rad 
Coupling Constant 0.02 

Horizontal Betatron Value 24m 
Vertical Betatron Value 9m 

5.6 Consideration on the ideal trajectory 

In section 3.2.2, the ideal trajectory of the figure-8 undulaior was found to 

be impractical because the magnetic field should be discontinuous. It is, however, 

important to investigate the magnetic configuration to make the ideal trajectory. 

In order to make a trajectory similar to the ideal one, a magnet configuration 

as shown in Fig. 5.9 is considered. The trapezoidal magnet plays a role to suppress 

the leakage of the magnetic flux. If there is no leakage of the flux, the magnetic field 

generated by such a magnetic configuration may be the ideal one. In fact, however, 

the practical magnetic field is far from the ideal one, as shown in Fig. 5.10. In the 

calculation, the values of He, Au and g2 are fixed to be ~5 mm, 100 mm and 40 mm, 

res pecti vel y. 
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Figure 5.9. Example of a magnetic config:uration to make a trajectory similar to the 

ideal one. 

Figures 5.11 (a) and (b) show the spectra obtained from the ordinary fig:ure-8 

undulator and the magnetic configuration shown in Fig. 5.9, respectively. In the 

calculation, the respective parameters of the number of periods, the electron energy 

and the average current are used as 10, 8 GeV and 100 rnA. It is clear from the 

figures that the ordinary figure-8 undulaltor is preferable with respect to the photon 

flux density of the fundamental and the: contribution of the higher harmonics. In 

addition, the magnetic configuration shown in Fig. 5.9 has a disadvantage that the 

practical value of the gap is regarded not as 92 but as 91 , which means that the 

achievable magnetic field may be much lower. 

If He is smaller, the leakage of the flux may be larger, which results in much 

more difference between the practical and ideal fields. In turn, if He is larger, the 

practical field may be more close to the ideal one but the achievable magnetic field 

may be much lower. Therefore, we can say that the magnetic config:uration of the 

ordinary figure-8 undulator is the best one. 

5. 7 Effects on the eleetron beam in the storage 
ring 

In installing the ID in the storage ring, the most desirable situation is that the 
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Figure 5.10. Magnetic field obtained from the magnetic configuration shown in Fig. 
5.9. The dotted line shows the ideal magnetic field. 

fields of the ID do not have any effect on the electron beam. In other words, the ID 

field should be regarded as the so-called drift space. In practice, however, there arc 

some effects due to field errors of magnets and the nonuniformity of the field. 

5. 7.1 Field integral 

When the electron beam crosses an ID, it experiences the deflection (0) and the 

displacement ( 6) between the entrance and the exit of the ID due to the field error 

of the magnets, as shown in Figs. 5.12 (a) and (b). They are calculated as 

e Joo Bx,y = -- By,x(z)dz, 
!ffiC - oo 

(5.6) 

e Joo Jz bx,y = -- By,x(z')dz'dz, 
/ffiC - oo -oo 

(5.7) 

where the subscripts x and y mean the values of x and y components, respectively. 

The terms of integral are often called the first and second field integrals of the ID. It 

is possible to eliminate the both field integrals by a careful adjustment of magnets 

and steering coils placed before and after the ID. 
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Figure 5.11. Spectra obtained from the (a)ordinary figurc-8 undulator and 
(b)magnctic configuration shown in Fig. 5o.9. 

5. 7.2 Focusing 

If the first and the second field integrals are corrected and can be ignored, 

another effect, or the focusing of the beam, becomes remarkable. The focusing 

effect is characteristic of the ordinary ID and is utilized for focusing of the beam 

in some FEL experiments [38)-[40], but in the case of the ID to be installed in the 

storage ring, such effect causes some unwanted variations of storage-ring parameters. 

Therefore, it is important to investigate such focusing effects of IDs. 

Focusing in the 10 is characterized by the focal length given by [13],[41) 

_1 = 82
</> 

F,; 8x2 ' 
(5.8) 

(5.9) 

(5.10) 
F. c 8x8y' 

1 ( e )
2 

2 -ymc 
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(a) 

Insertion Device ---- -~ 

(b) 

Insertion Device t ----------~ 15 

' 

Figure 5.12. Effects of the ID field on the electron bce1rn in the storage rmg: 
(a) deflection and (b )displacement. 

x J: [ (L B,(z')dz') 
2 

1 (/~ B,( z')dz') }•, { 5.11) 

where the subscript c means the cross (skew) focusing. The focusing induces a 

variation of the betatron function and degrades the stability region in the tun<> 

diagram, or causes the tune shift [42]. In addition, the skew focusing causes a 

variation of the emittance, which results in the modification of the coupling constant. 

For example, we consider the design A. By numerical computation, Fx, Fy and 

Fe are found to be 3.02x103 , 5.00x102 and oo. Therefor~, the skew focusing does not 

exist. The horizontal and vertical focusings cause the tune shift and the variation 

of the betatron function given by [42) 

1 f3x,y 
6vx,y = -

4 
-F , 

1r x,y 

6f3x,y _ 21rDV,;,y 

f3x,y Sin 21rVx,y 

(5.12) 

(5.13) 

Substituting f3x - 24 m and (3y = 9 m, Dvx and 6vy are found to be 6.32 x 10 4 

and 1.43 x 10 3, respectively. These values are quite low and the degradation of 

the stability region in the tune diagram is almost negligible. 6f3x! f3x and D(Jy/ f3y 

are found to be 7.94 X w-3 and 1.80 X w-2
, respectively. These variations in the 
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hPtatroll functions result in th~ change of the angular divergence and the beam size. 

llow<'\'{!r, they are too small to be concerned. 

5.8 Conclusions 

W0 haw disc·uss<'d Uw dcsih'll of th<~ figure-S undulator such as the magnet 

configuration and th<' size of the magnets, for obtaining VUV and SX with linear 

polarization at l.lw SPring-S. It was found that the configuration containing four 

magn<'l arrays for tiiC' horizontal field and two for vertical, was fiLLed for the figure-S 

undulalor. 'l'hl' width of the horizontal undulator (Lw) and the period length (.Au) 

Wt'l'<' also cl<'t<'llllined <'Onsidcring the performances such as the brilliance and the on­

axis powt'r dc~nsity. It was found that Au between 10 em and 12 em and Lw between 

GO mm and 70 mm were preferable. In addition, the effects on the electron beam 

wrrc nlso inv<'sligalcd, and it was found that the effects were small and negligible. 
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Chapter 6 

Rhombus Undulator 

6.1 Introduction 

In chapter 2, it was found that the contribution of higher harmonics to the 

spectrum was small in the case of the elliptical undulator. Jn particular, no higher 

harmonics were observed in the special case that Kx K11 (helical undulator). 

Accordingly, the helical undulator has a great advantage that the ideal utilization 

of the fundamental radiation is possible without being annoyed by the heat load 

caused by the unwanted higher harmonics. 

In an SR facility using medium-energy electrons, it is difficult to obtain VUV and 

SX by the fundamental radiation of the conventional undulators. In the case of the 

planar undulator, VUV and SX can be covered by usi~g higher harmonics. On the 

other hand, higher harmonics cannot be obtained by helical undulators, therefore 

circularly-polarized VUV and SX is never available only by using helical undulators. 

Other than the helical undulator, the elliptical and crossed undulators can be 

used to obtain higher harmonics with a circular polarization. In the case of the 

crossed undulator, the degree of polarization is quite sensitive to the angular diver­

gence of the electron beam and it is almost impossible to use higher harmonics as 

circularly polarized radiation. In the case of the elliptical undulator, higher har­

monics are considerably suppressed when one obtains the high degree of circular 

polarization and vice versa. Therefore, the ID which can generate higher harmonics 
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with th<' high degrc~c> of circular polarization is desired. 

TIH' reason why only Lhe fundamental radiation is contained in lhe on-axis spec­

trum obtained from the helical undulator is that the deflection angle is constant. as 

alrccHJy discussed. In the flgurc-8-undulator case, the deflection angle never becomes 

equal to zero. Therefore, the electric field never forms a pulse and higher harmon­

ics ar<' effectively suppressed. On the contrary, considerable higher harmonics are 

exJH'<'l<'d from a trajectory l1aving a parL in which the deflection angle is equal to 

zero. This is the ba .. •>ic idea of a novel I D to be proposed in this chapter. It is called 

a rhombus undulalor, because the orbit projected on the transverse plane looks like 

a rhombus. 

6.2 IDs for high-energy photons with a circular 
polarization 

So far, various devices have been proposed to obtain high-energy photons with 

a circular polarization. In this section, the outlines of these device.''> are described. 

6.2.1 Crossed undulator 

The crossed undulator, which was already described in section 3.2.1, contains 

two planar undulators. Circularly-polarized radiation is obtained as a result of the 

coherent sum of SR from each undulator. In the case of such devices, the degree of 

polarization is sensitive to the finite angular divergence. Therefore, the achievable 

degree of polarization will be low. 

6.2.2 Elliptical undulator 

In the case of the elliptical undulator, the deflection angle never becomes equal 

to zero h · 't · · , owever, 1 ts not constant. Therefore, the apparent motion of the electron 

moving in the elliptical undulator is not a harmonic oscillation which means that , 
higher harm · · dd' · omcs m a 1t10n to the fundamental appear in the spectrum. However, 
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it is easily understood that the degre<' of polarization will be lower with decn'<lSi 11g 

of the ratio, K x! Ky, and the intensity of higher harmonics will be 10\w'r if /{ x },' ll 

is close to unity. 

6.2.3 A symmet ric and e llipt ical wigglers 

It is well known that the polarization of radiation from ~\ bending magnet is 

linear when observed 011 the orbital plane, while il is right-/l<'ft-hantkd dr<'ulnr 

when observed slightly above/below that plane, if the rot at ion of the <'lcctron 1s 

right handed. There are two kinds of I D applying this principle. 

One is an asymmetric wiggler [44[. In the case of the ordinary wiggler, radiation 

from each pole is circularly polarized when observed off axis but the component of 

the circular polarization is cancelled out because the direction of the rotation of tlw 

electron passing through a certain pole is contrary to that of the electron passing 

through the neighboring pole. In the asymmetric wiggler, the field integrals of th£> 

neighboring poles are the same but the peak-field strengths arc different from <>a.ch 

other. Therefore, cancellation of polarization is avoided and the circular polarization 

is obtained when observed off axis. 

The other is an elliptical wiggler [t15Jrv[47]. Although the structure of this device 

is equivalent to that of the elliptical undulator, the vertical K value is much larger 

than unity. In an ordinary case, Kx and Ky arc set to be rvlO and rvl, respectively. 

Then, the radiation from the device can be regarded as the superposition of the 

off-plane radiation from the bending magnets. Each half of the sinusoidal orbit is 

tilted up or down slightly by the horizontal magnetic field. When observed on axis, 

the cancellation of polarization is avoided and the circular polarization is obtained. 

6.2.4 Comparison between each device 

Let us consider an SR facility using an electron beam with a medium energy, 

for example, 1 GeV. In this case, the energy range which can be covered by the 

fundamental radiation from a conventional undulator will be up to 300 eV. If the 
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Figure 6.1. Thajectory in the proposed ID. 

user wants circularly-polarized photons in the x-ray region (above 2 keV), no device 

exists except the wiggler type such as the elliptical wiggler. On the other hand, 

an undulator-type device, such as the ellitptical undulator, can be used if the user 

wants circularly-polarized VUV and SX (below 1 keV). However, the intensity of 

higher harmonics obtained from the elliptical undulator is not so high as described 

in chapt.er 2. In the case of t.hc crossed undulator, the intensity of higher harmonics 

is equivalent to that of the planar undutlator, however, the achievable degree of 

polarization is sensitive to the angular divergence of the electron beam. 

6.3 Principle of a rhom.bus undulator 

As described in the previous section, circularly-polarized photons with energies 

slightly higher than the upper limit of the fundamental radiation can be obtained 

by using the elliptical undulator or the c:rossed undulator. However, the intensity 

and/ or the degree of polarization may not be sufficiently high. A device to be 

proposed from now on is a.n 10 improving these disadvantages. 

6.3.1 Trajectory 

Let us consider a trajectory shown in Figs. 6.1 (a) and (b). In t his case, the 

deflection angle becomes equal to zero at the points . indicated by the arrows in 

the figure, where the contribution to the radiation becomes the largest. Therefore, 
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the clecl ri<' field of mdialion is distorted and higher harmonics <11'<' obscr\'cd in 

the spt'<'lrum. In addition, the relative phase between the horizontal and \'ertical 

motions is rr / 2, therefore the polarization becomes ci rcular. As shown in Fig. 6.1 

(b), the orbit projected on the transverse plane looks like a rhombus. Therefore, wt' 

call this device a ·'rhombus'' undulator. 

The orbits shown in Fig. 6.1 are expressed as 

. sin 3z 
X SlllZ- --3 , 

cos3z 
y - cosz I -

3
- . 

(6.1) 

In order to make an electron move along the trajectory given by equation (6.1), tlH' 

magnetic fields should be 

(6.2) 

(6.3) 

(6.4) 

B1 = 3Bo. (6.5) 

From above equations, it is found that B 0 represents the magnetic field of a helical 

undulator having the period length of Au, while B , represents that having the period 

length of Au/ 3. Therefore, the magnetic field B is realized by superposing two helical 

undulators, one of which has the period length three times as long as that of the 

other. In addition, the direction of rotation should be different. For example, B o is 

right handed, while B , is left handed. 

6.3.2 Configuration of magnets 

Two methods arc considered in order to superpose undulators having different 

period lengths. One is the superposition of magnetization of each magnet. This 

means that the direction of magnetization should have some angles with respect to 
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(a) 

(b) 

Helical undulator 2 

Helical undulator I 

Figure 6.2. Superposition of two helical undulators having different period lengths. 

the x, y or z axis. Therefore, the construction of the device will be difficult. The 

other is the superposition of the magnet blocks of each device, as shown in Figs. 6.2 

(a) and (b). In the case of configuration (a), the peak magnetic fields are considered 

to have the dependence on the gap as follows 

(6.6) 

(6.7) 
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where Co and C1 are the geometrical factors determined by the size of the magnet 

block. It is found from the above equations that the relation (6.5) does not hold 

for all the values of the gap. In the case of configuratidn (b), the relation (6.5) can 

be made hold for all the values of the gap by moving the helical undulators I and 

2 independently. In addition, this device can be used as a simple helical undulator 

having the period length of Au or >-u/ 3. The disadvantage of configuration (b) is 

that the peak magnetic field may be lower. However, (b) is preferable to (a) on Lhe 

point described above and that the mechanical support may be easier. 

6.4 Spectrum 

Very generally, the magnetic fields generated by the configuration of magnets 

shown in Fig. 6.2 are given by 

Bx(z) = Bxl COS 3kuz + Bx2 COS kuz, 
By(z) = By1 sin 3kuz- By2 sin kuz, 

(6.8) 

where k1.1. = 2rr/ >-u· Solving the equations of motion, we have 

{3(t) = [( -Ky1 cos3wot + Ky2 coswot), - (Kxl sin3wot + Kx2 sinwot), 

( 
K'; 1 + K';2 + K;1 + K;2 ) 

1- I 
412 

+-cos 6wot + -cos 4wot + -cos 2wot -, 
A B C ]{3 
41 21 41 I 

(6.9) 

r(t) = [ (- Kr sin 3w0t + Ky2 sinw0t), - ( K;
1 

cos 3w0t + Kx2 cosw0t) , 

( 
K;1 + ~ + K;1 + K;2) 

1-
2 

1wot 
41 

A . B . C . l c{3 +- sm 6w0t + - sm4wot + -
8 

sm 2wot -, 
241 81 1 wol 

(6.10) 

with 

K _ eBxt,yl>-u/3 
xl,yl -

2 
, 

rrmc 
(6.11) 
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Kx2,y2 
eBx2,y2Au 

2rrmc 
, 

wo 
2~c ( _ K;, + K;, + K;, + K;,) 
).. 1 4 2 , 

u ' 

A }(;I - }(;1, 

R KxtKx2 I KytKy2, 

c 2KxtKx2- 2KytKy2- K;2 + K;2. 

The photon flux density for the k-th harmonic is calculated directly as 

with 

c(lp 

df2dw 

1/1(7]) k 
A~ . 

6 
B~ . C~ . 

T] - 12 sm T] - 4 sm 4ry - 4 sm 217 

2~1fJ [sin qy ( K;1 
cos 37] + Kx2 cos 17) 

cos qy ( Kt sin 3ry - Ky2 sin 7])] . 

The degree of circular polarization is givem by 
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(6.12) 

(6.13) 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

(6.23) 

(6.24) 

If the relation (6.5) holds, the K values are the same. Replacing those by K, equa­

tions (6.20) and (6.21), for photons observed on axis, are rewritten as 

with 

{ 

0; k = even, 
Sx - Q; k = 1 + 4n, 

-Q· k = 3 + 4n , , 

0; k =even, 
-iQ· k = odd l ) 

2K r /2 ( ~K2 ) Q = --;- Jo (sin 37] +sin 17) sin k17 - - 2- sin 47] d7], 

(6.25) 

(6.26) 

(6.27) 

where n is an integer. From above equations, it is found that Pc is equal to -1 for 

(4n + 1)-th harmonics and l for (4n + 3)-th. In other words, the radiation has a 

right-handed circular polarization for (4n + 1)-th harmonics and has a left-handed 

for ( 4n + 3)-th, which means that this device cannot be used as a wiggler because 

the obtainable degree of polarization will be low in the energy region of higher 

harmonics, or the envelope part of the spectrum. The reason why radiation with 

different helicities are contained is that the magnetic field, or the trajectory in the 

device, contains two helicities. 

6.5 Power density 

Substituting (6.9) into (2.47), we obtain the power density from the rhombus 

undulator 

(6.28) 

with 

(6.29) 

(6.30) 
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/) 1 ~ X2 1 Y2
, (6.31) 

X 1o:c- (Ky 1 cos3ry- K,a cosrJ), (6.:32) 

}' /Oy- (Kx1 sin3ry + Kr.2sinry), (6.33) 

(} :3Ky1 sin 3ry I Ky2 sin 1J, (6.34) 

\1 3/{ x t cos :)rJ t- K x2 cos rr (6.35) 

6.6 Examples of perfor:mances 

Now, let us show some performances of the rhombus undulator. In order to 

obtain sufficient tunability of the undulator, at least 1.0 is required as t.he maximum 

K value. In the case of the magnetic configuration shown in Fig. 6.2(b), Au larger 

than 18 em is necessary for this requirement when the minimum gap is assumed 

to be 20 mm. ln this case, the helical undulator 1 has the period length of 6 

em. Therefore, this device can be operated in three modes: (a)helical undulator l 

(period 6 em) , (b)helical undulator 2 (period= 18 em), and (c)rhombus undulator. 

For example, the electron energy is assumed to be 1 GeV, the average current 100 

mA, coupling constant. 0.1, horizontal and vertical betatron values 10 m and the 

total length of a11 ID 4.5 m. 

6.6.1 Spectrum 

Figures 6.3(a)"'(d) show examples of spectra obtained from the helical, elliptical, 

crossed and rhombus undulators, respect ively. The K values for each device are set 

to the values indicated in the figure so that the energy of the 7th (helical, elliptical 

and crossed undulators) and the 27th (rhombus undulator) harmonic becomes equal 

to 500 eV. The natural emittance is assumed to be 10 nm·rad, which is a typical 

value in most SR facilit.ies now planned or under const.ruction. 
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Figure 6.3. Examples of spectra obtained from the (a) helical, (b)elliptical, (c)crossed 
and (d) rhombus undulators. 

It is found from the figure that the helical undulator is the best choice for users 

who want to use low-energy photons, because only the fundamental radiation ap­

pears in the spectrum. On the other hand, for those who want to use high-energy 

photons, for example, above 200 eV, other IDs should be used. 

Figures 6.4(a) and (b) show the spectra and the degree of circular polarization 

in t he energy range between 495 eV and 505 eV obtained from the elliptical, crossed 

and rhombus undulators, respectively. If users are not concerned with the degree of 

polarization, the best choice will be the crossed undulator because the brilliance is 

t he highest. On the other hand, the best choice will be the rhombus undulator if 

users need t he high degree of polarization. 
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Figure 6.4. Examples of (a)spectra and (b)degree of circular polarization obtained 
from the crossed, elliptical and rhombus undulators. 

6.6.2 E mit t a nce d ep ende nce 

Figures 6.5(a) and (b) show the spe~ctra and the degree of circular polarization 

obtained from the rhombus undulator for various values of natural emittance. The 

peak brilliance degrades with increasing of the emittance. However, Pc remains 

meaningful (Pc rv 0.7) even when E = 1000 nm·rad. 

In Figs. 6.6 (a) and (b) , the spectra and the degree of polarization for various 

E are shown in the case of the crossed undulator. It is found from the figure· that 

the degradation of Pc due to the finite •emittance is more remarkable. For example, 

Pc=0.36 and 0.28 when E = 100 and 11000 nm·rad. These values are considered to 
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Figure 6.5. Emittance dependence of the (a) brilliance and (b)degree of polarization 
obtained from the rhombus undulator. 

be meaningless for users of the circular polarization. 

6 .6.3 A vailable e n ergy range 

Figure 6. 7 shows the peak brilliance for four IDs. The natural emittance is 

assumed to be 10 nm·rad. The solid lines labeled "Helical 1" and "Helical 2" show 

the peak brilliance in the case that either the helical undulator 1 or 2 are used. In 

this case, this device works as a simple helical undulator. Other solid lines show 

the peak brilliances of ( 4n + 3)-th higher harmonics obtained from the rhombus 

undulator. The dashed line shows an example of the spectrum obtained from the 

elliptical multipole wiggler (EMPW). The period length is assumed to be 12 em, Kx 
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Figure 6.6. Emittance dependence of the (a) brilliance and (b)degree of polarization 
obtained from the crossed undulator. 

1.0 and Ky 11.2. The brilliance obtained from the rhombus undulator is found to 

be higher than that of the EMPW in the energy range shown in the figure. We can 

say from the figure that quite broad energy range is covered by using the proposed 

device, as shown in Table 6.1. 

6.6.4 Power density 

Figures 6.8 (a) and (b) show the spatial distributions of the power density 

obtained from the rhombus and elliptical undulators, respectively. T he parameters 

are correspondent to those in Figs. 6.3 and 6.4. It is found from the figures that 

the on-axis power density from the rhombus undulator is higher than that of the 
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Figure 6.7. Examples of peak brilliances obtained from the helical undulator 1, 
helical undulat.or 2, rhombus undulator and the EMPW. 

elliptical undulator. This is natural because the contribution of higher harmonics to 

the spectrum is larger than that of the elliptical undulator. As for the peak width, 

that of the rhombus undulator is larger than that of t he elliptical undulator, which 

is due to the larger deflection angle of the trajectory. Anyway, the on-axis power 

density is too low to damage the optical elements. 

6. 7 Consideration on the d esign of the rhombus 
undulator 

Because the magnet configuration shown in Fig. 6.2 (b) is simply the super­

position of two helical undulators having period lengths of >-u and >-u/3, the aim in 

designing a rhombus undulator is the same as that of the helical undulator. What 

is required of the helical undulator is that the horizontal and vertical K values are 
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Table 6.1. Available energy and the type of undulator. 

Energy Range Type of Undulator 
2 eVrv50 eV Helical 2 

50 eVrv80 eV Novel (IIelical 1+ 2) 
80 e V"' 150 e V Helical 1 

150 cVrv Novel (Helical 1 + 2) 

o.o2o (a)rhombus undulator 

£ --0.015 

0.020 (b)elliptical undulator 

0.015 
C/)N 
c "0 
Q) ~ 0.010 
o E 
.._ -
~ ~ 0.005 
o-
CL 0.000 

-2 

0.010 

Figure 6.8. Spatial distribution of the power density obtained from the (a) rhombus 
and (b) elliptical undulators. 

the same at all the values of the gap. It is not so difficult to realize this requirement. 

For example, let the total width of an ID be 120 mm, the height 40 mm and Au 

18 em. Figures 6.9 (a) and (b) show the ]peak magnetic fields for various values of 

Lw in the case of the helical undulators 1 and 2, respectively. It is found from the 

figures that Lw - 18 mm and 30 mm are preferable for the helical undulators 1 and 

2, respectively. 
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Figure 6.9. Peak magnetic fields as a function of the value of the gap for various 
values of Lw: (a) helical undulator 1 and (b) helical undulator 2. 

6.8 Conclusions 

In this chapter, the "rhombus" undulator was proposed as an ID for obtaining 

higher harmonics with a circular polarization. In addition, comparisons with the 

elliptical and crossed undulators were made with respect to the photon flux density 

and the degree of polarization. It was found that the photon flux density obtained 

from the rhombus undulator was about twice larger than that of the elliptical un­

dulator and that the degree of polarization was almo~t equal to unity, when the 

angular divergence was as small as is achievable in most SR facilities. Even if the 
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Hngular divergcncr wa~ not small, the degree of polarization remained suffici0ntly 

large. It was also found that by using the proposed device not only as tlw rhombus 

undulator but also a~ a simple helical undulator, circularly- polarized radiation with 

a quite broad energy rang<', for example, from 2 eV lo 1000 eV, would be available. 

1.25 

Chapter 7 

Characteristics of 
Rhombus-Undulator Radiation 

7.1 Introduction 

When utilizing the radiation obtained from the rhombus undulator, two factors 

are important for the users. One is the degree of polarization and t he other is llw 

intensity of higher harmonics. Because the rhombus undulator will IH' usPd in tlw 

medium SR facility, it is unnecessary to take the heat load problem into account. 

There are four types of K value in the rhombus undulator, i. <'., Kx1, Kyt, Kx2 

and Ky2 . The subscripts 1 and 2 represent the magnetic fields generated by helical 

undulators 1 and 2, respectively. The subscripts x and y represent the horizontal 

and vertical fie lds, respectively. With respect to obtaining the high degree of polar­

ization, it is preferable that the ratio, /(,:/ Ky , is set to unity. As already described, 

it is not so difficult to hold Kxf Ky to be unity at all values of the magnet gap. 

Another K ratio, K 1/ K 2 , can be changed easily by moving the magnet arrays of 

helical undulators 1 and 2 independently. Therefore, it is meaningful to investigate 

the dependence of radiation on the ratio of Ktf K2. 

Because many higher harmonics are contained in the rhombus-undulator radi­

ation, it is important to determine which harmonic sh9uld be used for the experi­

ments. In order to do so, it is necessary to investigate the relation between harmonics 

and polarization including the effects of the emittance of the electron beam. 
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Figure 7.1. Shapes of polarization for various harmonics obtained from the rhombus 
undulator. 

In this chapter, some characteristics of rhombus-undulator radiation mentioned 

above, are investigated. In addition, an explanation with respect to the relation be­

tween the helicity and harmonics is given by analyzing the electric field of radiation. 

7.2 Polarization 

Since the polarization of radiation obtained from the rhombus undulator has 

the strange characteristics that both left- and right-handed circular polarizations 

are contained, it is interesting to investigate the polarization in detail. 
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Figure 7.2. Angular distribution of the degree of polarization. 

7.2 .1 Angular d istribution 

Figures 7.1 (a) and (b) show the angular dependence of polarization for various 

harmonics. Each polarization is shown as an ellipse with an arrow representing the 

direction of rotation. As described before, the on-axis polarization for (4n -1 1)-th 

harmonics is right handed, while that for (4n -1 3)-th harmonics is left handed. For 

the fundamental, the shape of polarization is almost a circle at all angles shown 

in the figure. On the other hand, the shape of polarization for higher harmonics 

collapses rapidly as the increase of 18. After collapsing, the shape begins to return 

to a circle, however, the direction of rotation is reversed. 

Figures 7.2 (a) a nd (b) show the angular distribution of the degree of polarization, 

Pc, for harmonics corresponding to those in Figs. 7.1 (a) and (b), respectively. It 

is found from the figure that the degradation of Pc according to the increase of 10 

is more remarkable for higher harmonics. Therefore, Pc for higher harmonics are 

affected easi ly by the finite beam emittance and the size of the aperture. 

7.2.2 Effects due to the a ngular divergence 

Figure 7.3 shows the dependence of the degree o( polarization on the angular 
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Figure 7.3. Dependence of Pc on the angular divergence. 

divergence of the beam for various harmonics obtained from the rhombus undulator. 

The degradalion of the degree of polarization is remarkable for ( 4n-l l)-th harmonics. 

In particular, that of the 5th harmonic i:s reversed when (Ux',y' are larger than 

0.3. This is due to the contribulion of the 7lh harmonic which has a left-handed 

circular polarization. On the other hand, the degradation is small for (4n I 3)-th 

harmonics. We can say from the figures that the (4n+3)-th harmonics are preferable 

for experiments which need the high degree of polarization. 

7.3 Electric field of radiation 

7.3.1 Time dependence 

Figure 7.4 shows the on-axis electric fields and the deflection angle as a function 

of the observer time. Although the K values are not so .high (0.96), the electric field 

forms a pulse at the point where the deflection angle is equal to zero. This is due 

to the fact that the maximum deflection angle is not equal to K/ 1 but equal to 

2K//, which results in the effective K value of 1.92. Because the electric field forms 

a pulse, so many higher harmonics will appear in the spectrum. 
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Figure 7.4. Electric field obtained from the rhombus undulator and the deflection 
angle. 

7.3.2 Harmonics and polarization 

As described before, the radiation from the rhombus undulator contains both 

left- and right-handed circular polarizations. This is natural because the trajectory 

contains both right- and left-handed helicities. However, this cannot explain the 

fact that the polarization is right handed for ( 4n + 1 )-th harmonics and left handed 

for (4n + 3)-th harmonics. In order to understand the relation between harmonics 

and polarization, t he analysis of the electric field is necessary. 

It is clear from Fig. 7.4 that Ex and Ey associate with each other by the relation 

(7.1) 
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where T is the period. The electric field of the k-th harmonic is obtained by the 

Fourier transformation 

(7.2) 

Due t.o t.h<' symmetry, the above equations are rewritten as 

(7.3) 

From the relation (7. 1) , Eky is rewritten ,J\.5 follows 

· T T) l~ky = ~ !o Ex (t + 4 sin kwttdt 

~loT Ex(r) sin ( kWtT- ~7r) dr 

. T 

{ 
-; !o Ex(r) cos kwtrdr = -iEkx; k = 4n + 1, 

. T 

~ lo Ex(r) cos kw1rdr = iEkx; k - 4n + 3. 

(7.4) 

Therefore, the polarization for (4n + 1)-th harmonics is right handed and that for 

(4n + 3)-th harmonics are left handed. 

Because the discussion above is limited only by the conditions Ex(t) = E11 (t + 

T/ 4) and Ex(t) = Ex(t + T), it is quite general. We can say that the radiation 

whose amplitude of both horizontal and vertical electric fields are the same and 

the phase difference is 1r / 2 necessarily contains both right- and left-handed circular 

polarizations. 

7.4 K-ratio de pendence 

If the magnet configuration shown in Fig. 6.2 (b) is adopted, the K-ratio, which 

means the ratio of the K value of the helical undulator 1 to that of the helical 

undulator 2, can be varied arbitrarily. T herefore, it is important to investigate the 

K-ratio dependence of radiation to determine the values of the half gap of both 
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Figure 7.5. K- ratio dependence of the photon flux density. 

helical undulators 1 and 2. As described in section 6.7, the K ratio, Kxf K 11 , can 

be made hold almost unity for all the values of the available gap, therefore the 

dependence only on the K ratio, Kd K2, is important. 

Figure 7.5 shows the dependence of the photon flux density for various harmonics 

on the K ratio, Ktf K 2 . When K 1/ K 2 = 0, the devi~e is reduced to an ordinary 

helical undulator having the period length of >-u· Therefore, the photon flux density 

for harmonics except the fundamental is equal to zero at Ktf K2 = 0. As the increase 

of the K ratio, the photon flux density for harmonics other than the fundamental 

increases, while that for the fundamental degrades. As for the third harmonic, the 

increase is monotonous. This is natural because the increase of the K ratio means the 

increase of Kt, which is the K value of the helical undulator 1. When Ktf K2 = oo, 

the device is reduced to an ordinary helical undulator having the period length 

of >-u/3. Therefore, harmonics except the third will vanish at Ktf K2 = oo. As 

for the fifth and seventh harmonics, the photon flux density has its maximum at 

Ktf }(2 "' 0.6 and Ktf K 2 "' 1.5, respectively. What is interesting is t hat each 

harmonic has its maximum not at Ktf K2 = 1 but at K1 / K2 =I 1. This is quite 
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important '' lwn dc>termini ng tlw value of •t he gap i 11 operation. 

7.5 Conclusions 

In this chapter, various characteristics of rhombus-undulator radiation were 

invC'stig<ltcd. The> results arc summarized b<'low. 

l. The dngradaLion of th<' degree of circular polarization according to t,he increase 

of tlw angular divcrg('JH'l' is remarkable for (tln -l 1)-th harmonics, while that 

for (·1n 1 3)-th harmonics is small. 

2. The <'l<'clric field of radiation forms a pulse even if the K value is not so high. 

This is due to the fact that the maximum deflection angle is equal to 2K/ 'Y, 

not K '). As a result, higher harmonics appear iry t,he spectrum effectively. 

3. Th(' photon flux density for the fundamental (the third harmonic) degrac.les 

(increases) monotonously as the K ratio. On the other hand, those for other 

harmonics have its maximum at some values of the K ratio. 

If the ratio, K 1/ K2 , can be varied arbitrarily, it is more preferable to set K 1/ K2 to 

Lhe value at which the target higher harmonic becomes mosl intense. In this point 

of view, lhe magnet configuration shown in Fig. 6.2 (b) is beller than Fig. 6.2 (a). 
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Chapter 8 

Conclusions 

Two novel IDs were proposed in this thesis, which would improve the disad­

vantages of ordinary IDs. One is the figurc-8 undulator for linear polarization with 

low on-axis power density and t.hc other is the rhombus undulator for high-energy 

photons with a circular polarizaLion. 

The figure-8 undulalor is the TO which has an advant.age t.hat the on-axis power 

density is quite low even when high K values are applied. This is quit.c important for 

the SR facility using an electron beam with an extremely high energy lo supply low­

energy photons with a linear polarization, for example, VUV and SX. In particular, 

for the long straight section, such as the 30-m straight. seclion at the SP ring-8, the 

figure-8 undulator should be used as the ID for linear. polarization since the heat 

problem may be quite serious for planar undulators. 

The helical undulator, in addition to the figur~8 undulator, is preferable for 

supplying low-energy photons. In this case, the polarizat.ion is circular. Therefore, 

users who want linearly-polarized photons can use the figure-8 undulator, while other 

users who want circularly-polarized photons can use the helical undulator. For the 

IDs to be installed in the long-straight section, however, another problem may limit 

the available energy range. 

In t he case of the I D which has the horizontal field, such as the helical and figu r~ 

8 undulators, there is a possibility that the power radiated at the entrance of the ID 

may damage the vacuum chamber if Lhe vertical aper t.ure of the vacuum chamber 
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between the gap of the r D is small and the total length of the' I D is long. For 

exumple, let us consider the C<lS<' that the vertical aperture of Uw vacuum chamber 

is 1.1 mm and the total length of the ID is 30m. In this case, the minimum apPrture 

for Sit emitted at the entrance is calculated as 15(mm)/2/30(m) ±250(ttm). If 

the electron energy is 8 GcV, this correspond to ±3.9/')'. Remembering the fact 

that the power radiated from the ID has the angular width of Kx,,JI, the maximum 

horizontal K value should be smaller thalli 3.9. Therefore , the maximum K value is 

equal to about :to in the case of the heliical undulator, which limits the available 

energy of photons. 

ln the case of the figum-8 undulator, however, Ky does not have to be equal 

to Kx necessarily. Therefore, /(11 can be>. set to a value as high as the magnetic 

configuration and other mechanical support arrow, which means that the available 

energy is not limited. We can say from this fact that t~e figure-8 undulator should 

be adopted as the I D for the long straight section in an SR facility for suppressing 

the heat load. 

The rhombus undulator is the ID which has the advantage that higher harmonics 

with a circular polarization can be obta.ined even when K values are low. This 

device is fitted for an SR facility using an electron beam with a medium energy to 

supply VUY and SX with a circular polarization. The radiation from the elliptical 

and crossed undulators also contains higher harmonics with a circular polarization 

but the intensity of higher harmonics obtained. from the elliptical undulator is not 

sufficiently high and the achievable degree of polarization is quite low in the case 

of the crossed undulator. On the other hand, the degree of circular polarization 

obtained from the rhombus undulator is sufficiently high even for the large angular 

divergence of the beam. In addition, the intensity of higher harmonics is larger than 

that of the elliptical undulator. Therefore, the users who want the high degree of 

polarization should adopt the rhombus umdulator. What is preferable with respect 

to the rhombus undulator is that it can be used as a simple helical undulator, which 
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makes it possible to covc'r '' quite wide range of Plwrgies, for <'Xmnplc, from 2 e\' to 

1000 eY. 

The essence of the two IDs proposed in this thesis is to obtain linearly (drcularly) 

polarized sn in the energy region where circularly (linearly) polariwd sn can b<' 

obtained eEisily. In other words, the proposed IDs have the roll to convert tlw 

ci rcular (linear) polarization to the linear (circular) polarization. It should b<' not<'<l 

that the re is another method to convert linear or circular polarization using tlu' 

Bragg diffraction. Although this technique can convert linear or c ircular polarization 

easily by using an ordinary crystal monochromator, the available energy range may 

be between 2 keY and 20 keY and ca.nnot be used in the range of VUY and SX. 

'1'herefore, we can say that the figure-8 and rhombus undulators are regarded as to 

be quite valuable because they can cover the energy range of SR which has nev<'r 

been available only by using ordinary IDs. 
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Appendix A 

Calculation of the~ Spectrum 
Obtained from V;arious IDs 

l10.re, the photon flux density for each harmonic obtained from various types of 

undulator are calculated using t.he equations derived in section 2.3. 

A.l Planar und ulator 

Substituting (2.85) and (2.41), the exponent in equation (2.34) is calculated as 

. k ( 1 n · r) -Lu.JJ t - -c- -i(ku.10t'- X sin w0t' -l Y sin 2w0 t'), 

with 

X 
2kK 18 cos <P 

1 + K 2/2 I [ 202 ' 

y kK2 

Neglecting the term of the order ~-2 , we have 

Qkx !!_ {21r COS7Je- i(kfJ- XSiD17+Ysin2'1)d7], 
[Wo lo 
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(A.l) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

where we have replacPcl ..u0 t' by TJ. Integrals in equations (A.l) and (A.5) can lH' 

expressed by the BessPl function J,lr). Bessel function is d<'fln<'d as 

X (- l)J(J• 2)7H2J 

HT!(nlj)!. 

Using the generating function for the Bessel functions 

00 

Cz(t-J/ t)/2 I: l'IJn(z), 
n 

we obtain the relation 

\)( 

2: Jn(x) cm11 • 

1l 00 

Using the r<'lalion (A.8), equations (A.4) and (A.5) are rewritten as 

!!_ f t Jq(X)Jp(Y) 
[Wo q--oo p oo 

{21r 
X Jo COSTJCXp[-iTJ(k- q ~ 2p)jd7], 

1 00 00 

- L I: Jq(X)Jp(Y) 
Wo q=-oop oo 

x Jo2

7r exp[-iTJ(k- q + 2p)Jd7J. 

Integrating directly, we have 

{ 

1rK q 2p I k ± 1, 
Qkx = [Wo, 

0; q =I= 2p--l k± 1, 

{ 

27r 
-; q = 2p -l k, 

Qkz = Wo 

0; q =I= 2p + k. 

Introduc ing a new function Sj defined as 

00 

Si = 2: Jp(Y)J2p+K+1(X), 
p- 00 
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(.\.6) 

(i\.7) 

(J\.8) 

(A.9) 

(A.lO) 

(A.ll) 

(A.l2) 

(A.13) 



th<' components of Q arc calcu l<~tcd as 

QA;r 1rK (S 
/WO 

I I S.). 

QJ.oy 0, ( t\ .I 1) 

QA·z 
21r So. 
wo 

Substituting into equation (2.t19), we have' 

ikwie tw 1 kl~ lc 1r [ f( (S c ) 25 O ,~.,] _....:;__ C - --- - 1 -l •J J + 0 COS II-' , 
81r2coc wo 1 

(A.l5) 

(A.16) 

From above equations, it is found that each harmonic is linearly polarized becaust' 

/•1-n and Fkl have the same phase. The photon flux density for the k-th harmonic 

is calculated as 

(A.17) 

with 

(A.l8) 

(A.l9) 

k 
(i\.20) 

A.2 Elliptical undulator 

Substituting equations (2.104) and (2.105), the exponent in equation (2.34) is 

calculated as 

. k (, n · r) -u.ul t - -c-

= -i( kwot' - A sin wot' B cos w0t' I Y sin 2wot') , (A.2l) 
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wi th 

2kKv'YO cos¢> A - ----::--o-___..::,...;,_ _ _;_ __ 

1 K;/2 -l K;/2 -l 1 2fJ2' 

2kKx'YO sin¢> 8 = ----::--o--__;___...;,_ ___ -.,.-

1 K;/2 + K;/2 1 'Y202' 

In the same manner as the planar-undulator case, we have 

with 

00 

sj = L Jp(Y)Jk+2p ~ j(X) e-i(k -1 2p Ul<' 
p 00 

X = 2'YO J K; sin
2 

¢> -t K; cos2 ¢> 

1 I ')'2 02 + K'i/2 1- K; ' 

The two components of F k are calculated as 

(A.22) 

(A .2:3) 

(t\.2 1) 

(A.2f>) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 

(A.30) 

From above equations, the photon flux density for the k-th harmonic is calculated 

as 

(A.31) 
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with 

(t\.:32) 

(i\ .:n) 

(A.:H) 

A.3 Figure-S und u lator 

A.3.1 Idea l case 

In calculMing Q k by equation (2.34), it should be noted that the period 1'' and 

the fr('(Juency w1 should be replaced by 27'' and wJ/2, respectively. This is originated 

from the fact that the practical period length of the device is not >-u but 2>-u, which 

is the period length of the vertical undulator. In addition, N should be replaced by 

N 2 in calculating the photon flux density by equations (2.39) and (2.40) because 

the practical number of periods is not N but N / 2. 

Substituting equations (3.8) and (3.9), the exponent in equation (2.34) is calcu­

lated as 

= 

with 

X 

y 

~ 

-i(wd2) k (t'- n ~ r) 
-i[kwot' /2 + Y(cosw0t' - 1) - X sinwot'J 

; 4mr ~ w0t' < 2(2n + 1)n, 

-i[kwot' / 2 + Y(1 -- coswot')- X sinw0t'] 

; 2(2n 1- 1)n ::; r.v0t' < 4(n I 1)n, 

kK~-rfJ cos¢, 

kK~1fJsin¢>, 

k 
1 -1 K2 + -r202 I 
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(A.35) 

(A.36) 

(A.37) 

(A.38} 

where n is an integer. 

Replacing w0t' by 7], we have 

(A.:m) 

From equation (A.8), we have 

00 

L inJn(x)einy. (A .itO) 
n = -oo 

Using equations (A.8) and (A.40), Q~.-x is calculated as follows , 

Qs.x 

_!!_ [ eiY {2rr cos 1J e- ik17/2 L( -i)" J,(Y) e'"'' L Jq(X) e'q''d1J 
-rwo Jo , q 

-I e- iY {4rr COS7J e-ikrl!2 L iP J,(Y) eiJl11 L Jq(X) e'q''d1Jl 
J2rr p q 

_!i_ [ eiY L L ( -i)" J,(Y)Jq(X) 
2-rwo P q 

!a2
rr [ eifl( J- k/2+p+q) + eifl( I +k/2+p+q)] d1] 

+ e ,y L I: i" J, (Y) Jq (X) 
p q 

h:rr [ ei,1(J-k/2+p+q) + ei11( I+k/2+p+q)] d7J] 

! 
n K (S:

1 
-1 St); k =even number, 

-rwo 

2
iK (R=2 + ~ ); k =odd numJ:?er, 

-rwo 
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with 

s; ~ Jk/2 p~ 1(X)Jp(Y)J:, 
p 

I n the same manner, other components of Qk arc calculated as 

l 
i1rK 

---(S I - sl ); k = even number, 
{Wo 

2K 
--(R 1

2 - RJ); k =odd number, 
{Wo 

k = even number, 

k = odd number. 

Substituting into equation (2.49), we obtain 

ik(wi/2)2e - i(wtf2)kRo/c 
e 

87r2CoC 

[
- 1f K ( s~ 1 -+ sn + 21fB cos <I> st] 

/Wo wo 
; k = even number, 

X 

[
- 2iK (R:

2 
+ R2) + 4iBcos </>no] 

/Wo wo 
; k = odd number, 

- ik(wt/2)2e e- i(wl/2)kRofc 
87r2eoc 

[
i7rK (S:

1 
_ Sl) + 21rBsin¢ st] 

/Wo w0 

; k =even number, 
X 

[ 
2K (R~2 _ J?.t) + 4iB sin</> no] 
/Wo w0 
; k = odd ~number. 
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(A.42) 

(A.43) 

(A.'l4) 

(A.45) 

(A.46) 

(A.47) 

(A.48) 

From above equations, t lw photon flux density for tlw k-th harmonic is calcul<11 <'d 

as 

with 

fx 

(A. 19) 

- ? I I sl ) -1 ,o cos </>So : k even numlwr, 
PN ~ { 

Kcs+ + ' 

-·i K(R 2 I R;;) I 2i{Ocos ¢H0 ; k odd numi>N, 

= 

iK( ) . s+. 2 S_1 - S1 + 10sm¢ 0 , ·k even number, 

K(R~2 - it}) -1 2i,Osin¢R<>; k - odd number, 

sin7r(N/2)w/(wi/2) 
7r(Nj 2)(w l (wJ/2) - k) 

sin1rNwjw1 

1r N(wjw 1 - k/ 2) · 

(A.51) 

(A.5'2) 

From equation (A.52), it is found that the peak energy for the k-th harmonic is 

kwtf2. This looks strange. For convenience, we introduce a new harmonic number 

n defined as n = k/ 2. Since k is an integer, n contains not only integers but. also 

half-odd integers. 

A.3.2 Practical case 

In calculating the photon flux density using equations (2.34), (2.39) tmd (2.40), 

T', w, and N should be replaced by 2T', w1j2, and N/ 2, respectively. This is due 

to the same reason as the ideal case. 

Substituting (3.24) and (3.25), the exponent in equation (2.34) is calculated as 

( n · r) -i(wtf2)k t'- -c-

. ( kwot' . wot' = -t -
2
- -Xsm2 I Y sin w0 L' -l Z sin 2w0 t') , (A.5:3) 

with 
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X 1~Kx10sin 0, 

y ~ [? -21<,70 cos ~J ' 
~K2 

z _JL 

t1 
) 

~ 
k / 2 

I I K'i / 2 I K;/l I ,2o2· 

Hcplncing w0t' by TJ. we have 

Using Lhc relations for Bessel funcLions (A.8), we have 

wiLh 

S1 _L_LJk 12q+4p+j(X)Jq(Y)Jp(Z). 
p q 

In the same manner, we have 

2rrKx (S
1 
+ S_), 

/Wo 

4rr So. 
wo 

(A.54) 

(A.55) 

(i\.56) 

(i\.57) 

(A.58) 

(A.59) 

(i\.60) 

(A.61) 

(A.62) 

As well as Lhe ideal case, we introduce a new harmonic number n defined as n k / 2. 

The photon flux dcnsiLy for Lhe n-th harmonic is calculated as 

(A.63) 

with 

(A.64) 
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Appendix B 

Effects Due to the Angular 
Divergence 

Let us consid<'r the cffc<'t of the angular divergence on the spc'Ctrum and the 

degree of polarization. As shown in Fig. B.l, radiation emitted from an electron 

which has a slope 0 with respect to the beam axis is observed with an emission angle 

0 by an observer on axis. Considering this fact, the photon flux density is calculated 

as 

(B.1) 

(B.2) 

where g(~, TJ) is the probability distribution function of the beam and 

u (B.3) 

a (B.4) 

If the probability distribution function is of the Gaussian type, g is expressed as 

g(~,TJ) = exp ---- , 1 ( e r1) 
2n a r all a~ a~, 

(B.5) 

where !x,11 are the functions defined by equation (2.51) and ar,lJ' are the horizontal 

and vertical angular divergences. Expressing~ and TJ by u and a, equation (B.2) is 
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Figure B.l. Radiation emitted from an electron which has a slope with respect to 
the beam axis. 

rewritten as 

(B.6) 

The degree of linear and circular polarization, PL and Pc are given by 

P 
_ Bxx- Sw 

L- S S 1 

X% + !Ill 

(13.7) 

(B.8) 
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Appendix C 

Development of the In-vacuum 
Undulator 

As w<.'ll as Llw brillianc<', the tunability is one of the most important features 

of the undulalor. Because the energy of the fundamental radiation depends on the 

K value>, or the magnetic field, the strong magnetic field is desired for sufficient 

tunability of the undulator. 

In order to obtain the strong field in the ID, the gap between the magnet arrays 

should b0 as small as possible. The minimum gap of the ordinary ID is considered 

lo be lhc sum of the vertical aperture and the thickness of t he vacuum chamber. 

If the magnet arrays are placed in the vacuum chamber, the minimum gap is just 

equal to the minimum vertical aperture not to cause the loss of the beam life time. 

Such a type of undulator is called an in-vacuum undulator [50]. 

Recently, the construction of the pilot in-vacuum undulator to be installed in 

the Sf>ring-8 has been almost finished. This undulator has the period length of 32 

mm, the number of periods of 140 and the minimum gap of 8 rrun. The magnet 

materia.! is the rare earth iron boron called NEOMAX33UII, an anisotropic sintered 

magnet composed basically of neodymium, iron and boron, produced by Sumitomo 

Special Metals co., ltd. with the remanent field of 1.15T. The available energy of 

the fundamental radiation obtained from this undulator is between 6 keY and 18 

keY. Taking the use of the third harmonic into account, up to 40 keY is available. 
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Figure C.l. Schematic illustration of the construct·ed apparatus. 

The technology of the in-vacuum undulator can be applied not only to ordinary un­

dulators but also to the novel IDs proposed in this thesis. Therefore, it is interesting 

to review the development of the in-vacuum undulator for the future const.ruct.ion 

of t.he figure-8 and rhombus undulators. 

There are many techniques to be developed in realizing the in-vacuum undulator. 

Among them, two techniques, i. e., the magnetic field correction and the ultra-high­

vacuum syst.em, are important. Here, these two techniques are described. 

C.l Field measurement and correction 

C.l.l Construction of the field-measuring system 

First, the system to measure t he magnetic field accurately is described. In 

general, the magnetic field in the ID is measured by t he Hall probe. Because the 

output of the HaLl probe is sensitive to temperature, it is necessary to place the 

Hall probe in a temperature-stabilized environment for th1e accurate measurement 

of the magnetic field. F igure C.1 shows the schematic illustwation of the constructed 

apparatus to measure the magnetic field. Four elements wene contained in the copper 
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holder. By flowing currents in the resistances and adjusting them by the temperature 

conlrol lc'r, the temperature inside was stabilized at 28.00±0.01 °C. The type' of the 

Hall prob<' was "SI3V603", produced by Siemens with a temperature coeffici<'nl of 

-0.1%/K. 

Because' the output from the Hall probe is not the absolute value of the magnetic 

field but thP- llall voltage, it is necessary to calibrate the Hall probe. The calibration 

was madt' by placing the Ilall probe in a magnetic field generated by an electromag­

net and comparing the Hall voltage with the magnetic field measured by an N i\1H 

(Nuclrar Magnetic Hesonancc) probe: the calibration curve was then obtained by <1 

least-square fitting of the calibration data with an 11th-order polynomial. 

It is necessary to investigate the variation of the measurement according lo the 

passage of time bt'cause the field measurement in the ID lakes a Jot of time, typically 

:3 hours. In order lo investigate the variation, the magnetic field allhe fixed position 

where the magnetic field was 3926 Gauss was measured for G hours and it. was found 

that the variation was within 0.2 Gauss, which was correspondent to 5.1 x 10 3%. 

This can be considered to be negligibly small. 

C.1.2 Result of the field measurement 

The magnetic field was measured at the gap of 15 mm. The simplest way to 

estimate the quality of the magnetic field is to calculate the electron orbit inside. 

Figure C.2 shows the electron orbit calculated using the measured field. It. was 

found from the figure that there were many points where the orbit was deflected 

remarkably (they are often called kicks). Because these kicks would degrade the 

coherence between radiation waves emitted at various points of the trajectory, some 

correction should be made. 

C.1.3 Method of correction 

The simplest. way to correct the magnetic field in the ID is to place a thin steel 

plate (shim) onto the surface of the magnet block whose magnetization is weaker 
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Figure C.2. Electron orbit calculated using the measured field of the> in-vacuum 
undulator at the gap of 15 mm. 

than the average. This technique is called "shimming" and widely used for the 

field correction of the 10 (48]. As well as the shimming, shifting the magnet block 

upward or downward is an effective method to correct the magnetic field. Although 

it is possible to correct the magnetic field easily by using; these two techniques, 

they do not fit to the field correction of the in-vacuum undulator. The reason is 

as follows: It is well known that an electromagnetic field is created whenever a 

relativistic charged particle travels near a material that is not perfectly smooth. 

This is called a wake field which, in turn, can act back on the particles traveling 

behind the one that created it (49). If the wake field lasts for a sufficiently long time, 

it will affect the particles in trailing bunches in successive turns, which causes the 

instability of the electron beam. Therefore, the shimming and shifting techniques 

cannot be used because they cause the roughness on the surf:ace of the magnet arrays 

near which the electron beam travels. 

6000 

The method adopted for the field correction of the in-vacuum undulator was 

to insert chip magnets into the holder which held the permanent magnet block, as 

shown in Fig. C.3. There were three holes in the holder, into which up to two chip 
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Figure C.3. Schematic illustration of the magnet holder and chip magnets to correct 
the magnetic field. 
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Figure C.4. Arrangement of inserting chip magnets. Eight cases are shown. 

magnets could be inserted. If the peak magnetic field of the specific pole was weaker 

(strong) than the average, the chip magnet(s) should be inserted at the position of 

that pole in the direction where the force between the magnet block and the chip 

magnet was attractive (repulsive). Unlike the shimming, this method never causes 

the roughness on the surface of the magnet arrays. 

In order to investigate the effect of inserting the chip magnets, the field integral 

for each pole, In , defined by 
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Figure C.5. Electron orbit calculated using the measured field after correction. 

(C.l) 

was calculated before and after inserting chip magnets. He re, Zn is the n-th point 

where 8 11 becomes equal to zero and In means the deflection caused by the n-th 

pole. Taking the subtraction of In before and after insertLing chip magnets, the 

effect was calculated as the variation of ln. The effect was investigated in eight 

cases of arrangements of inserting chip magnets, as shown in Fig. C.4. The typical 

value of In was about 4000 G·cm and the maximum variat ion of In was about 60 

G·cm or 1.5% of In, which can be considered to be sufficien1L for the field correction 

because the standard deviation of In was found to be 0. 79%. 

In addition to the correction of each pole of the magnet described above, the 

end correction was also done. This means that pairs of magnets were placed at the 

entrance and the exit of the undulator, such that the center of the electron wiggle 

corresponded to the undulator axis. 
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C.1.4 Results of correction 

For thr Geld correction, the chip magnets were inserted into 180 positions of 

the magnrt pole. Figure C.5 shows the electron orbit calculated using the measured 

field nfter correct ion. As can be seen, the kicks have almost disappeared and the 

orbit lookc•d ahnosl straight. 

In order to investigal<' the effect of the field correct.ion quantiLaLively, the spectral 

analysis should be made>. Figure C.6 shows the expected spectrum of the fundamen­

tal mdialion and the 9th harmonic calculated using the measured field before and 

after correction. In LIH' same figur<', the ideal spectrum is also shown. The elec-

tron energy was assumed to be 8 C:e V and the average current 100 rnA. As for the 

fundamental radiation, the int.ensitics of both cases were almost equivalent to the 

ideal one. On Uw other hand, the intensity of the 9th harmonic after correction was 

twice as that before correction, which showed that the method of correction was 

quite effective. After the field correction, the magnet was baked at the temperature 

between l:~ooc and 135°C throughout the baking proc~s of the vacuum test of the 

in-vacuum undulator, to be described later. Then the magnetic field was measured 

again and it was found that the difference between the magnetic fields before and 

after the bakeout was too small to be concerned. 

C.2 Ultrahigh-vacuum system 

In order to install the undulator in the storage ring, it is necessary to develop 

a system which can achieve ultrahigh vacuum (UHV; below 10 10 Torr) . There 

are two problems to be solved. One is to suppress outgassing from t he surfaces 

of the rare earth magnets due to their porous structure. The other is irreversible 

demagnetization of the magnets during the UIJV bakeout. Since the demagnetiza­

tion of NEOMAX33Ull begins to occur at the temperature higher than 150 °C, the 

temperature for the bakeout should be lower than 150 °C. 
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Figure C.6. Expected spectra calculated using the measured field before and after 
correction in the case of (a) the fundamental and (b) the 9th harmonic. The ideal 
case is also shown. 

C.2.1 Vacuum test of the magnet material coated with 
TiN 

A simple way to suppress outgassing from the magne t is to coat the surface 

with a specific material. In the case of the SPring-S in-vacuum undulator, titanium 

nit ride (TiN) was adopted as a material to coat the surface. 

In order to test the performance of the TiN coating, the achievable pressure 

of the vacuum chamber containing the samples of the TiN-coated magnet material 

was measured and compared to that not containing the samples. Figure C. 7 shows 

the schematic illustration of the experimental apparattis. Four kinds of pump were 

attached. Among t hem, the titanium getter pump and ~he sputter ion pump played 

an important role to realize UHV. Both pumps utilize titanium as the getter of the 

remaining gas. In order to monitor UHV, two types of vacuum gauge were attached. 

One was the Bayard Alpert nude gauge (BA gauge) and the other was the extractor 

gauge (EX gauge). Both the BA and EX gauges monitor the current of the ion 

created by the process that the molecule of the remaining gas is ionized by the 

electrons emitted from the cathode. In such a measurement of the pressure, there 

156 



BA gauge 

All metal valve 

Gate valve 

Turbo 
molecular 
pump 

Sputter 
ion pump Ti getter pump 

EX gauge 

Sample 
chamber 

Rotary pump 

Fi(:,rurc C.7. Experimental apparatus to test the performance of the 'fiN coating. 

is a background called an x-ray limit. This is due to the fact that Bremsstrahlung 

emitted from the electron when it collides with the anode, in turn, irradiates the 

collector which collects the ion current and causes the photoemission. It is known 

from experience that the x-ray limit of the BA gauge is about 2.0x 10 11 Torr and 

that of the EX gauge is 1.0 X 1 o- 12 Torr. 

The size and the shape of the samples were the same as the magnet block which 

would be practically used in the in-vacuum undulator. The number of pieces was 

60 and the surface area was about 1000 cm2 . In order to avoid the irreversible 

demagnetization during the UHV bakeout, it is necessary to apply the aging process 

to the magnets at the temperature somewhat higher than that of the UHV bakeout. 

In fact, the aging temperature was set to 145 °C, t~ing into account that the 

demagnetization of NEOMAX33UH begins to occur at the temperature higher than 

15ooc. Therefore, the temperature of UHV bakeout sl).ould be lower than 145 °C. 

Actually, the temperature of the sample chamber containing the magnet samples 
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Figure C.8. Pressure of the chamber as a function of lime after the bakeout (a) 
containing no samples and (b )containing 60 magnet blocks. 

was stabilized at 135± 1 °C during the baking process of the vacuum test. 

Figures C.8 (a) and (b) show the pressure of the test chamber measured by the 

BA and EX gauges with and without the samples as a function of time after the 

bakeout, respectively. Due to the x-ray limit as mentioned previously, the apparent 

vacuum measured by the BA gauge was worse than that me.a.sured by the EX gauge 

in the range below 10- 10 Torr. It was found from the figure that the achievable 

vacuum of the test chamber was about 6 x 10- 12 Torr and that there was no difference 

between two cases with and without the samples. Therefore, we can say that the 

TiN-coated magnet blocks can be introduced in UHV without any degradation of 

the vacuum. 

C.2.2 Vacuum test of the in-vacuum undulator 

After the magnetic field measurement and correction, the magnet arrays were 

assembled into the vacuum chamber. In order to realize UHV, 12 non-evaporated 

getter pumps and 6 sputter ion pumps were attached. The temperature of the 

magnet should be lower than 145 oc during the bakeout, however, high temperature 

for the bakeout is necessary for good vacuum. Therefore,, the temperature of the 

158 

1000 



10.5 

10-6 
- • - Upstream 
-6- Downstream -'- 10.7 '-

0 
f-....__, 

10.8 
Q) 
'-
::J 
en 10.9 
en 
Q) 
'-

0.... 1 o·10 

1 o·11 

1 10 100 
Time after baking (hour) 

Figure C.9. Pressure measured by the BA gauges attached at the upstream and 
downstream parts of the chamber of the in-vacuum undulator as a function of time 
after the bakeoul. 

magnet was stabi lized betwC('I1 130°C and 135°C by means of adjusting the nux of 

the cooling water which flowed inside copper pipes laid around the aluminum I-beam 

assembling the magnet array. The typical temperature of the vacuum chamber was 

about 200°C. 

Since the vacuum chamber of the in-vacuum undulator was long (4.5 m) and con­

sisted of three parts, i. e., upstream, midstream and downstream, two BA gauges 

were attached at the upstream and downstream parts to monitor the vacuum over 

a wide area of the chamber. Figure C.9 shows the pressure of the vacuum cham­

ber measured by these two gauges as a function of time after the bakeout. It was 

found from the figure that there was no difference between the pressures measured 

upstream and downstream and that the achievable pressure was about 4.3x w - tl 

Torr. Because this value contained the background, the actual pressure was consid­

ered to be about 2.0x 10 11 Torr, which was sufficient to be installed in the storage 

ring. 
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