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ABSTRACT

This dissertation is relevant both to various breaking conditions for
progressive gravity waves and to wave motion generated by strong wind in
shallow water. First, there is an analytical description of breaking
phenomena for two types of wave breaking of irrotational motion, with and
without wind effects. Secondly, there are laboratory experiments on wave
breaking to study possible internal breaking conditions. Finally. there is
an analysis of wave motion caused by strong wind, where large scale
"carrier’ wind waves are termed the "wind-forced waves”.

As to the breaking of progressive gravity waves without wind effects. a
breaking model is developed to discover what kind of mathematical equation
could describe the whole wave history from non-breaking to symmetric
"peaking” of wave crests, such as Stokes' crested configuration. The
breaking model is developed from the usual basic equations for wave motion
with use of the reductive perturbation method and Thom's catastrobhe
theory. It is shown that the wave profile is smooth but as the wave
approaches the maximum steepness, it has a sharp curvature at the crest
becoming angled rather than rounded at just breaking. Hydraulic properties.
such as the breaking inception, also comfirm the validity of the model .

If there are wind effects, surface drift in a vortical wind-drift layer
formed at an air-sea interface, generated by the exertion of the wind. can
be determined based on intrinsic equations, derived from the Navier-Stokes
equations of motion with boundary layer approximations. The breaking
inception in the presence of surface drift is formulated in referenceto the
shear stress exerting on the wave surface and to the Rankine--Stokes break-

ing condition. At just breaking, the shear stress changes sign becoming
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negative in the leeward side of the wave crest. Then, spilling regions may
be formed from the water there tumbling forward.

Premonitory phenomena in breaking waves are also investigated experi-
mentally based on the imbalance in the partition of wave energies, leading
to internal breaking conditions. The potential energy of waves begins to
decrease in front of the breaking point, causing a sharp increase in
kinetic energy which becomes prominent in the partition of wave energies.
They, finally, lead waves to an unstable state, where the waves may break.

The governing equations for the wind-forced waves generated by strong
vind are derived from the Navier-Stokes equations of motion through the
perturbation method with shallow water assumptions. They are a generaliza-
tion of the Korteweg-deVries-Burgers equation including all physical and
mathematical terms to be accounted for, such as nonlinearity and dispersion
of waves, dissipation in water, wind stresses, and friction at the sea
bottom. The hydraulic quantities are expressed in relation to the wind
stresses. In the equilibrium state of the internal and external forces, the
wind-forced waves could occur and result in cnoidal wave trains. They
accompany wind-induced currents and could become asymmetric if the bottom
friction is reasonably great. The pressure, namely, Burgers® term, has a
significant role in generation of the wind-forced waves as does the shear
stress. The chief characteristics of the wind-forced waves are verified 1in

comparison with experimental and field data.
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CHAPTER 1
INTRODUCTION

An accurate knowledge of the behaviour of water waves, especially the
wave breaking on a beach as the last stage of wave history, is often
essential 1in coastal engineering, such as for the design of nearshore
structures and for the prediction of sand movements on a beach. As a
result, many efforts have been made to clarify the breaking mechanism.
Because of this central position of wave breaking in coastal phenomena, it
seems necessary to try to understand precisely some of the mechanisms of
wave breaking and related phenomena.

The threads to be woven into the fabric of this dissertation are
primarily three. There is, first, the breaking of irrotational progressive
waves. In mathematical wave theory, this wave form is assumed tq remain
symmetric as the amplitude increases, until the wave of maximum height for
the given wave period and water depth is reached. This type of breaking is
thought to be governed by the relation between the wave velocity and water
particle velocity at the wave crest or by the radius of convergence of the
mathematical theory. It may be, however, argued that this breaking condi-
tion is actually due to a small scale phenomenon occuring locally. Second-
ly, there 1is the breaking of progressive waves in the presence of wind-
induced surface drift. If additional energy 1is transferred to a sharp-
crested wave, the wave should break first at the wave crest. The complex
process of the wind-wave interaction can lead to breaking caused by energy
transfer through a turbulent boundary layer formed at and just below the
wave surface. Ocean surface waves are formed by the superposition of many

wave trains of different direction and frequency. Short gravity waves

(1]
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riding on large-scale ’carrier’ waves play an important role in production
of surface drift. Finally, there is an investigation of large-scale waves
generated by strong wind.

The problem of breaking of steady progressive surface waves is one of
the oldest in the literature of mathematical fluid mechanics and one of the
most important in coastal engineering. Pioneers of theoretical fluid
mechanics, Airy", Stokes® 3, Rayleigh', and others, chiefly considered
the elementary properties of surface waves in terms of a perfect fluid
theory, based on the assumptions that the wave slopes were small or that
particle accelerations were negligible compared with gravity, which led to
wave motions that were either sinusoidal or cnoidal in form. However, such
assumptions are not valid for waves of great steepness. By a simple argu-
ment, Stokes™ ¥ gave a local solution which stated that the highest free
surface wave would break with a sharp-crested angle of 120°. About fifty
years later, Michell® expanded Stokes’ method to numerically calculate the
periodic wave profile of greatest height for water of infinite depth and
found the limiting height to be attained at (wave height)/(wave length) =
0.142, while Nekrasov® demonstrated that these wave profiles could be
expressed by an integral equation. Following him, Krasovskii” certified
that Nekrasov's integral equation included Stokes’' limiting wave. As proved
by Levi-Civita® and Struick”, by reformulating the problem for waves on
water of finite depth, series expansions similar to Stokes’ do converge for
sufficiently small amplitudes. However, they did not give the maximum
radius of convergence.

Since Stokes' argument, several valuable solutions for maximum waves
have been obtained by imposing his limiting configuration with the angle of
120°. For instance, Yamada'®'!" and Yamada and Shiotani'® calculated the

3)

limiting wave profiles of solitary and periodic waves. While Lenau! and

Longuet—Higgins”) introduced the method of conformal mapping to obtain the
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wave profile of the solitary wave. Byatt-Smith'® also derived an exact
integral equation for the solitary wave. However, as proposed by Grant'®
and Norman'”, by investigating the free surface condition'®, the index of
singularity at the wave crest is irrational, and though Stokes’ limiting
configuration can be attained by waves of the greatest possible height,
waves with crest angle values smaller than Stokes' can also break.

Recently, the computer-aided continuation of Stokes' expansion have

been carried out by Schwartz'®, Longuet-Higgins and Fenton®, Cokelet?!,

Williams?®, and others. Schwartz discovered first that Stokes’ expansion
never converges beyond a certain wave steepness smaller than the maximum.
Schwartz's calculation also indicates that most waves in deep water will
break with sharp-crested angles of nearly 90° and that waves with angles of
about 120° are restricted to the almost highest waves; this means that the
singularity at the wave crest plays a significant role in wave breaking. In
addition, Longuet-Higgins and Fenton for the solitary wave, Longuet-Higgins
for deep water waves, and Cokelet and Williams for waves on water of finite
depth, all discovered that many characteristics of gravity waves, such as
wave velocity, energy, and momentum, do take on maximum values before the
wave of greatest amplitude is reached. Furthermore, as suggested by
Longuet-Higgins and Cokelet?® in the calculation of the time-dependent,
free surface flow, water near the wave crest of an irrotational wave surges
forward, so the breaking can occur at a wave amplitude substantially
smaller than Stokes’ limiting configuration and, furthermore, the energy
density becomes locally high when the wave enters the breaking region.
Although these computer-aided numerical calculations may be regarded as
exact solutions and that they show that both asymmetric breaking and
symmetric peaking are accounted for in the equations of the exact potential
theory, may one conclude that these analyses are suitable for insight into

the actual breaking phenomenon? In addition, one could ask what kind of
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mathematical equation could generate wave forms both for non-breaking waves
as well as for the limiting configurations? This is a side of the problem
of wave breaking to which vwe will address ourselves in Chapter 2.

With regard to this, Seliger?” and Whitham®™  proposed an integro-
differential equation with the Fourier integral combining full linear
dispersion with long wave nonlinearity; the Fourier integral fills the role
of the dispersion term and behaves like Dirac’'s é-function. This equation
reduces to the Korteweg-deVries equationg” in shallow water approxima-
tions. Seliger was able to show with this equation that a sufficiently
asymmetric hump would break in a manner analogous to gas dynamics. However,
an analytically exact solution of this model equation is hardly obtainable.

The variational principle for irrotational wave motion established by
Luke?” shows that the Lagrangian is the integral of the dynamical boundary
condition at the free surface. This principle, therefore, assures the
existence of the Hamiltonian as a conservative quantity of wave motion,
which may be capable of expressing the wave profiles of both non—breaking
waves and waves with sharp-crested angles.

While it is well known that as a wave approaches the breaking point, it
steepens causing the velocity field to vary. The recent discoveries men-
tioned above also indicate that near the breaking point the energy balance
in the wave surely has some effect on the breaking phenomenon; that 1is,
there may exist an internal breaking condition for progressive waves which
is dependent upon the individual characteristics of a wave. This is another
side of wave breaking investigated experimentally in the present work. The
results are presented in Chapter 3.

The complex energy transfer from wind to waves can yet lead to other
type of breaking mechanism. When wind blows over a wavy surface, a vortical
wind-drift layer may be generated at the air-sea interface; if the wind

speed becomes great, the formation of a spilling region ahead of the wave
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crest occurs likely as "white caps” or “white horses”. The effects of this
wind-induced surface drift on wave breaking have been considered signifi-
cant, but the quantitative evaluation has been yet to be carried out.

Energy transfer is fundamental in the analysis for wind-generated
waves. Most previous work relevant to this investigation has in fact been
directly concerned with questions how the action of wind may give rise to
waves. In one of the earliest attempts at solving this problem,
Jeffreys®® 29  postulated an expression introducing the sheltering coeffi-
cient. Jeffreys’ theory makes use of the principle that an already existing
wave train will grow if the wind supplies energy to it at a rate greater
than that of viscous dissipation in water, but his theory provides no
estimation for the sheltering coefficient. Internal effects and tangential
stress due to the wind are also neglected, and the only property of the
normal pressure distribution, needed for his calculation of average energy
supply, is the Fourier component in phase with the wave slope. Jeffreys’
theory was for a long time held in doubt since experimental estimations of
the sheltering coefficient gave values much too small to explain the wave
growth. However, about thirty years later, Miles® calculated the induced
pressure component in phase with the wave slope; even when there is no
separation of air flow, sufficiently large values of the sheltering coeffi-
cient can occur when there is a critical point away from the wave surface
in a region of the velocity profile where the curvature is negatively
large. Miles’":39.33) extended his theory, with further contributions by
Benjamiﬁ“)ﬁs) and Lighthill3 and others. In a careful and detailed
analysis by Benjamin®, it was found that the surface pressure varies in
phase with the wave slope and the shear stress changes sign becoming
negative on the leeward side; that is, the stresses distribute in much the

same way as if the leeward slopes of the wave were sheltered. For instance,

the pressure distribution often has a substantial component in phase with
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the wave slope, Jjust as if a wake were formed behind each wave crest. Of
course, actual separation effects of air flow were outside the scope of
their analyses which were applicable only to short waves.

These developments constituted a great advance, and it became evident
that the energy flux across the surface to waves is associated both with
the pressure in phase with the wave slope and with the shear stress in
phase with the wave elevation’” . In these analyses, air flow was regarded
as quasi-laminar, although diffusive effects of turbulence are more real-
istic. Many investigatorén) have, since, attempted to evaluate the effects
of turbulence. The recent calculation by Gent and Taylor®® shows that if
the wave surface can be presumed to be rough, variations in surface
roughness with respect to the phase of waves substantially modify the
energy flux to the waves. Therefore, short waves, such as ripples riding on
a long wave, probably cause variations in surface stress.

In connection with the surface drift, Stewart®® realized the impor-
tance of wind effects intuitively, and his theory was revised by
Longuet-Higgins'®. They assumed stress distributions similar to those of
Miles and Benjamin. The essence of‘their analyses is that the greatest
acceleration in the wind-drift layer occurs vwhere the shear stress is
greatest and that the minimum speed and maximum drift layer thickness
attain 7/2 later in phase, behind the shear stress, that is, the leewvard
side of the wave crest. These results are, of course, basically identical
to those of Miles and Benjamin. By simple but stimulative analyses, Banner
and Phillips?" and Phillips and Bamner*? evaluated the surface drift
distribution with respect to the phase of waves more quantitatively, based
on the vorticity balance in the wind-drift layer and on the neglect of
viscous effects. Banner and Melville!¥ also certified their analyses
experimentally. They termed this small scale wave breaking affected by wind

the “incipient breaking”. The results can be summarized as follows: Surface
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drift at the wave crest becomes prominent, at the same time, the maximum
wave height without breaking -diminishes rapidly with the increase in
surface drift, and when the surface drift vanishes, the point of incipient
breaking corresponds to Stokes’ limiting form with sharp-crested angle of
120°. As they pointed out themselves, however, because the viscous effect
in the wind-drift layer is neglected, underestimation of surface drift
should be expected; and, furthermore, the normal distribution of the
surface drift in the wind-drift layer 1is no longer evaluated at all.
Therefore, this model for incipient breaking offers no information with
regard to the wind-stresses. This will be taken up in Chapter 2.

At this point, one may wonder if steady, wind-generated waves of
large-scale are indeed possible? Such waves sometimes occur in shallow
water in an equilibrium state between external forces, such as wind-
stresses, bottom friction, and dissipation or damping in water, and they
would accompany wind-induced currents. Therefore, a one-dimensional
analysis of wave motion may be useful for suitably taking into account the
effects of external forces. Such an analysis can be derived by integrating
across a vater depth and the resultant equations of motion should involve
the effects of nonlinearity, dispersion, and external forces.

One of the recent remarkable developments in nonlinear wave theory is
the discovery of explicit, exact solutions for various canonical equations,

such as the Korteweg-deVries'® , Sine—Gordoﬁm), and Schr6dinger“”

equa-
tions, based on the inverse scattering method!” . The Korteweg-deVries
equation is, of course, one of the simplest prototypes, that combines
nonlinearity and dispersion. In this respect, it 1is analogous to the
Burgers equation'® which also combines nonlinearity with diffusion. It
is, therefore, natural for the present research to begin with the Korteweg-

deVries-type equation.

The well-known representative equation, which combines the nonlinearity
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and bottom friction in an open channel flow, leads to the cnoidal wave or
bore solutions on moderate channel slopes and to roll waves on a suffi-
ciently steep channel slope. The first discussion of the effect of bottom
friction on cnoidal waves entering still water may have been by Sandover

and Zienkiewicz'?

in terms of Chezy's law. That of roll waves was origi-
nally by Thomas®® and Dressler®” with an appropriate jump condition. The
first quantitative discussion on the effects of bottom friction and disper-
sion, on the other hand, appears to have been done by Byatt—Smith&D to
show that a steady undular bore is possible. In addition, diffusion or
damping in water combined with both nonlinearity and dispersion was

discussed by Johnson®®

in the analysis of the undular bore; that 1is, he
dealt with the Korteweg-deVries-Burgers equation. These previous analyses
do not take into account any of the.effects of internal or external forces.
It is, thus, clear that further research into the problem involving all
effects is required for the oscillatory wave motion generated by wind. This
will be developed in Chapter 4.

In concluding this chapter the organization of the present work can be
described as follows:

Chapter 2 investigates two kinds of breaking conditions for progressive
gravity waves. The first kind of wave beaking is for purely irrotational
motion. The customary basic equations of motion are transformed into the
Hamiltonian systems through the variational principle. Accordingly, the
Hamiltonian exists as a conservative quantity of wave motion. A breaking
model is proposed by transforming the Hamiltonian into a suitable form
based on Thom's catastrophe theory®® . This model equation coincides with
the Korteweg-deVries equation in the lowest order of approximations and can
describe the periodic(cnoidal) and solitary waves. For limiting waves, the
wave crest ceases to be rounded and becomes angled, with angles slightly

less than that of Stokes and Grant. However, the water particle velocity



and the wave velocity are fairly close together at just breaking.

The second kind is wave breaking in the presence of wind-induced
surface drift. The governing equation for the normal distribution of
surface drift in the wind-drift layer is derived from the Navier-Stokes
equations of motion with the aid of boundary layer approximations. The
breaking inception is given with reference to surface drift. Changes in the
normal distribution of surface drift in the wind drift layer with respect
to the phase of waves are evaluated in terms of the underlying velocity
field which is, in essence, irrotational. The shear stress and drift layer
thickness are proportional to the inverse of the square root of the
Reynolds number as in the boundary layer theory. The shear stress and
surface drift change sign and become negative further on the leeward side
of the wave crest, indicating a tendency toward a reversal of the surface
drift, and the resultant pressure has the effect of suction near the wave
crest.

Chapter 3 describes experimentally the characteristics of wave behav-
iour on a sufficiently mild slope and discusses an internal breaking condi-
tion. The energy balance in progressive waves is investigated, based on the
conservation law of energy flux, and partition laws of wave energies are
formulated. Potential energy being only one of the easily estimatable wave
energy properties, its changes over the slope are evaluated and a sharp
decrease is seen when a wave approaches the breaking point. At the same
time, the kinetic energy increases rapidly. Therefore, waves would break
due to this unstable state of the energy balance,

In Chapter 4 the wave motion generated by strong wind is described.
These waves will be termed the "wind-forced waves”. To suitably take in the
effects of all external forces, a one-dimensional analysis similar to that
for storm surges 1is adopted. The formulation of the problem set up in

preceding sections leads to the governing equation, which is a generaliza-
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tion of the Korteweg-deVries-Burgers-type equation with the bottom friction
term given by Chezy's law. A steady state solution, accompaning wind-
induced currents, 1is constructed with use of the method of averaging. The
cnoidal wave solution is found to be stable from the analysis, based on the
linear stability theory as is usual in nonlinear oscillations. The most
stable wave motion is also defined by introducing the physical motion.
Furthermore, wind stresses exerting on the wind-forced waves are determined
in relation to the friction at the sea bottom and Reynolds number, and the
shear stress at just breaking in the presence of surface drift is decided
using the results in Chapter 2. Wave profiles of the wind-forced waves
become asymmetric when the dissipation at the sea bottom is great. This
asymmetry is caused by the phase shift derived from the averaging process.
Both the average velocity and shear stress distribute with respect to the
phase of waves showing profiles similar to wave profiles. The pressure has
a significant role in generation of the wind-forced waves as does the shear
stress, acting like a positive external force. The primary properties of
the wind-forced waves are verified in comparison with some experimental and
field data.

Chapter 5, finally, gives the conclusion summarizing the results in

each chapter.
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CHAPTER 2
BREAKING CONDITIONS FOR PROGRESSIVE WAVES
OF PERMANENT TYPE

2.1 Introduction

This chapter discusses theoretically two types of breaking conditions
for progressive vaves, that is, wave breaking under the assumption of
irrotationality of motion without wind effects and wave breaking in the
presence of surface drift generated by the exertion of wind.

For irrotational gravity waves, the transient breaking of large scale
waves 1in a uniform or nearly uniform water depth is generally believed to
occur when the wave profile steepens and reaches to the limiting configura-
tion of Stokes"'? and Michell®, characterized by the sharp crest with an
included angle of 120°, and at the same time the wave velocity and water
particle velocity at the wave crest approach equality, which is the
Rankine-Stokes breaking condition! . Many usual analyses of wave breaking
have been based on this condition. However, in applying the finite ampli-
tude wave theories, when the velocities are equal, the crested angle of the
limiting configuration 1s never generated, i.e. the wave surface remains
smooth. The reason is chiefly attributed to the lack of order of approxima-
tions 1in the perturbation procedure. Nevertheless, the basic equations for
wave motion surely should contain the solutions with peaking, too. There-
fore, it is worth analyzing the systems and formulating solutions which can
express the whole wave history from smooth wave profiles to peaking.

Section 2.2 proposes a breaking model for waves of permanent type. The

variational principle established by Luke? shows that the Lagrangian is

(13]
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the integral of the nonlinear dynamical boundary condition at the wave
surface. The integral surface for the wave motion, therefore, exists as a
conservative quantity and is suitable for driving -characteristics of the
wave solution, rendering a transformation from the Lagrangian to Hamilton-
ian systems possible. The Hamiltonian of the fourth order approximation is
obtained from a wave equation expressed by only the water surface displace-
ment, noting that the Hamiltonian is the Taylor approximation of the
solution which corresponds to the Korteweg-deVries equation® in the lowest
order of approximations. Based on the classification theorem by Thom® for
a surface with singular points, the Hamiltonian can be further converted
into the needed energy surface. The resultant model shows that the cnoidal
wave solution can exibit the peaking of the limiting configuration and
nearly satisfy equality of the velocities at just breaking.

On the other hand, when wind blows over a wavy surface, a vortical
wind-drift layer appears to be dominant at and just below the wave surface,
and soon the wave begins to break at the wave crest, often as "white caps’
or ’white horses”. Sections 2.3 and 2.4 deal with this surface drift which
may chiefly govern the wave breaking by wind.

Small scale wave breaking has been discussed by Banner and Phillips,

and others” 8.9

Their analyses show that, neglecting viscous effects, the
surface drift at the wave crest increases to several times that at the mean
water level and that the maximum wave height reached without breaking
diminishes rapidly with this increase. To the incipient breaking of waves
are applied the finite amplitude wave theories in order to evaluate the
distribution of surface drift with respect to the phase of waves and the
breaking inception under the effective wind. Here comes in question the
relation between wind stresses and surface drift. However, their analyses

are insufficient in regard to this relation due to the omission of the

viscous effects. When the duration and speed of the wind become reasonably
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great compared with the wave motion, the viscous effects are no longer
negligible.

From this standpoint, the normal distribution of surface drift in the
vortical wind-drift layer is evaluated based on intrinsic equations'®
derived from the Navier-Stokes equations of motion with boundary layer
approximations. The wind stresses at just breaking, such as shear stress
and pressure, are determined with use of the breaking condition of Rankine-
Stokes’ type. The surface drift distributes in much the same way as if the
leeward side of the wave crest were sheltered, so when the effect of the
shear stress becomes great compared with the pressure, the downward side of
the wave crest may tumble forward in the usually understood sense.

Section 2.5 summarizes the preceding results obtained from the theoreti-

cal investigations in this chapter.

2.2 A Breaking Model for Progressive Waves of Permanent Type

(1) Wave Equation in Shallow Water

When a perturbation method is applied to the basic equations for wave
motion, periodicity is usually assumed for both the wave profile and the
velocity potential. This assumption restrains the fluid motion « priori, so
the wave motion cannot be formulated without using physical conditions,
such as Stokes' first and second definitions for the wave velocity'!). In
this section, following Tsuchiya and Yasuda's developments'® ¥  periodic-
ity is assumed for the wave profile, but not for the water particle veloc-
ity, and a basic equation for breaking waves expressed by only the water
surface displacement is proposed.

Consider two-dimensional surface waves propagating on water of uniform

depth h with constant density p, under the influence of gravity ¢g. Assuming
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that the fluid is 1inviscid and incompressible and that the motion is
irrotational, there exists velocity potential. A coordinate origin 1is set
up at the sea bottom, the x*-axis being taken horizontally and z*-axis,
vertically upward as illustrated in Fig. 2.1. Positive x* is taken to be

the same direction of wave propagation. Non-dimensional variables are

defined as

8 = ¢*/hyfoh, @z) = @H2')h, t=t4oh T=¢h @.1)
where the asterisk denotes a dimensional variable, and #* is the velocity
potential, ¢* the water surface displacement, and t* the time. The basic
equations are, thus,

Ve =0,

B+ (1/2)(9,2+8.5)+z—1 = 0 at z = ¢,

o~ N * (2.2)
§t+gx¢x_¢z =0 at =z = C,

¢, =0 at z =0,

where V2 is the Laplacian and the subscripts denote partial derivatives.

Waves
—

*
C T X

Fig. 2.1 Coordinate system.

The second and third of Eq. (2.2) are the dynamical and kinematic boundary

conditions, respectively. The variational principle? for Eq. (2.2) is

-
5ffR £dxdt =0, ¢ = —fo (@+ (1/2)(8.242,2)+z—1} dz, 2.3)
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where £ is the Lagrangian and R an arbitrary region in the (x,t) space.

The first, third, and fourth of Eq.(2.2) are derived from the variation
5%, and the second, from the variation &6¢. The significance of Eq.2.3) is
that the basic eguations are the stationary conditions for the functional.

Now introduce Gardner-Morikawa's transformation'®
¢ =e@-t), v=¢6t, z-=z, 2.4)

and take perturbations for the water surface displacement and velocity

potential as

C(x,t) = 1+6C1 (€, T)+2¢o (6, T)+ ¢3¢, T)+. . ., 2.5)
g (x,z,t) = €7 { @&, z,T)+eP2(€,2,T)+E203(¢,2,T)+... |, (2.8)

where € 1is a small parameter. The boundary conditions for a function

f(x,z,t) at the wave surface z = ¢ can be expanded in the Taylor series

around z = 1 such that
F@&t) = FEL,D+E-DFRELTD+HA/20) 12 1, T+, @2.T)

Byr inserting Egs. (2.4), (2.5), and (2.8) into the basic eqations

(2.2), the lowest order equations of approximations become

P12z = 0,

$1—01g = — (1/2)8,2 at z = 1,
, (2.8)
¢]z:O atZ: 1,

P12 =0 at z = 0.

From the first of Eq. (2.8) ¢ = C;z + C2, where C; and (> are arbitrary
functions of ¢ and v, arising from the integration. From the fourth condi-
tion of Eq. (2.8) C; = 0. The second and third of Eq. (2.8), then, lead to

P15 = (1 ¢y = Co(€,7). 2.9
Since ¢; 1is independent of z in the first order approximation, the hori-
zontal component of water particle velocities distributes uniformly
throughout the water depth.

The second order approximations are
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Pory = — Disss
Com o = — @1~ (1/2)015° at z = 1,
> 2.10)
P2, = — (g at z =1,
$o, = 0 at z = 0.
With the aid of Eq. (2.9), the first of Eq. (2.10) integrates to
B2 = — (1/2)2°¢C15+Ch (€,7), 2.11)

where the kinematic boundary condition at z = 1 and the condition at =z = 0
have been used. From the dynamical boundary condition, C; becomes
Cis = CortCot (1/2)C%+ (1/2)¢1gs . 2.12)

To obtain the wave equation, third order approximations are required:

P32z = —Pogss
C3—P3: = — (1/2)02,°— BB~ P2+ (1 Poss at z = 1,
3 2.13)
3z = —Cos— 1 P22+ C16P16+C0 at z = 1,
¢3, =0 at z = 0.
The velocity potential ¢5 easily integrates to
$3 = (1/24)Z4§|§§§— (1/2)22C4§§+C6<§,T>, (2.14)
and Cg is given by
Cos = Cyr+1Cor+C3+ 12+ (1/2)C22
+ (1/2)¢ P+ <18+ (B/2)¢1Cee+ (B/24)C15sss . (2.15)

The kinematic boundary condition, the third of Eq. (2.183), gives the wave
equation for ¢,

Cie+ (3/2)C1C1st (1/6)Cs5¢ = 0, (2.16»
by eliminating ¢, @2, ®¢3, ¢», and C;. This equation 1is the well-known
Korteweg-deVries equation® .

For the fourth order terms the same pattern is followed. The basic
equations are

Pizz = —P3ss»

Ca—Bag = C2%oeat (1/2)C17B2zat 1 B3e2— 30— C1 B20a— (1/2) 005"

—P1sP35—C1P15P2sr—C1 P2 Porr— P2 P 3y at z =1, Y @.17)
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Biz = —C3—C2022— (1/2)C1% P00z~ C1 D3z
+C1Pos+C2e P12+ Cop at z =1,
b4, = O at z = 0,

and the velocity potential ¢4 and function Cs can be expressed as
@4 = — (1/720) 25¢ seeee+ (1/24)2%Caggss— (1/2)2°Coes+Ca (£,7),  (2.18)
Cs = Cort¢1Cos+ (1/2)Coses+ (1/2)Cas%+ (1/2)¢1Cases+C15Cuss
— (1/2)¢186Cag~ (1/2)Cassr— (1/24 )Caggsze+ Cat+ CoCree+ 11
= (1/2)¢% e CiCige (1/8)C1Cisgee+ (1/8)C188%~ (1/6)¢16€ 8¢5
+ (1/24)C1se8c+ (1/720)C1ze88s5 . (2.19)
The wave equation for ¢, is similarly determined from the kinematic bound-
ary condition:
Q2+ (B/2)(Ci¢2)s+ (1/6)C2te = —F, (2.20)
vwhere Fi = (1/15)C1gssse+ (@/3)C1C1sss+ B/2)C1:C 186+ (3/2)¢1%¢s
+ (1/8)C1s5c+ (B/2)C1 €1t €15Coc+ (1/2)Co:r (2.21)
When a similar procedure is carried out up to the order of £''/2 to
obtain the wave equations for ¢3 and ¢4, the velocity potential &5 and
function C)y are given by
b5 = (1/40320)2°C1z5ee006— (1/720)2%Cuseesss
+ (1/24)2* Cogsss— (1/2)2°Cags+Cro (€,7), 2.22)
Cios = Cac+ 1Cos+ (1/2)C8ess+ CaeCoz— (1/2)C12:Co+ € 1:Co85— (1/2)Cez:
+ (1/2)¢C1Coses— (1/24)Coses8e— (1/2)CasCagss+ (1/24)C 1£52:Cae
~$1€C15eCas+2 C1€1Cze+ CoCuess— (1/8)C1885Chss+ (1/2)Cyz6
— (1/2)0%Caszet (1/4)¢15:Chzes— C1Cizee— (1/6)C1:Chzse
— (1/8)¢1Cseses+ (1/24 )Casgzect (1/720)Cusseses+ S5+ C3Cise
+¢2C1E7 - g (1/6)¢2Cigses+ (1/2) (C1¢1e P— (1/2)¢1%¢ 15
+(1/2)¢1€1e8— (1/2)85 et (1/T2)C186°~ (1/12)¢1%C gz
= @&/3)1¢1sC1gse+ (1/6)C1Chegse+ (1/144)C1 Cresssss
+ (1/120)C15Cigsese— (1/48)C15eCisges — (1/720)C 58585+
— (1/40320 )¢ 1e8885¢5 . (2.23)
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The third and fourth order wave equations are also given as
Caet (B/2) {¢1¢a+ (1/2)¢%) ¢+ (1/6)¢ss5¢ = —Fa, 2.24)
Car+ (8/2) (C1€4+C2C3 et (1/6)C4sss = —F3, (2.25)
where
Fz = (1/15)Cosesee+ (2/3)¢C1Coess+ (2/3)CigesCat (3/2)C15C2s¢
+ (8/2)C15eCos+ (8/2)¢17¢2+ 3 Ci¢isCa+ (1/6)Cass.
+ (B/2)¢1€2:+ (B/2)€2C1:+ €150+ C26Cort (1/2)C42e
+ (17/630)< 1858585+ (2/9)C1Crgsges+ (4/3)C15Csess+2 CigeCusse
+(15/2)¢1C1eCige+ B/ sset (B/2)C187+ (9/4)¢1%¢Ce
+ (1/15)Crzeee.+ (5/3)C12eC1e+ (B/6)C1Cheec+ (4/3)¢C16C1350
+8 ¢ ¢t (1/8)C1g2eCort (6/2)¢1€15Cor— (1/12)¢ 502+ C1:Cor
+ (3/2)¢1C2¢z» (2.26)

F3 = (1/15)C 388885+ (2/3)C1C3ses+ (2/3)C2C2e88+ (2/3)C3¢ 184
+(3/2)C1e¢ae+ (B/2)CaeCoss+ (B/2)C3eC 1+ (B/2)¢1%¢C3s
+(8/2)¢2%¢15+3 C1¢a2e+3 C1¢1sCa+ (1/8)¢3ss:+ (3/2)¢1 (3

+ (8/2)C2C2c+ (B/2)¢3S 10+ €18C6c+ C26Car+ C36Cor+ (1/2)Co1¢

+ (17/830)Cogsesese+ (2/5)C2C1zs2e+ (2/D)C1Cosesss+ (4/3)C2eChssss
+ (4/3)C1e€28s8+ 2 Cree€oses+2 CogeCrsgs+ (15/2)01 CisCags

+ (15/2)¢1¢1seCost+ (15/2)¢1:C15eC2+ (B/4)C17Cosss+ (B/2)¢1€2C 182
+(16/2) (C1g ¥Cas + (Q/4)¢1% ot (RT/4)¢17C2C15+ (1/15)Cosseer
+(5/3)¢C28: €1+ (5/3)C1zeC2c+ (5/6)C 1 Coesct (5/6)C2C 160

+ (4/3)¢2:C1eet (4/8)C15C28:+3 C17C2e+6 C1¢aC et (1/6)¢C1:Che

+ (1/8)C2686Cort (5/2)¢1€1Cuc+ (B/2)¢2¢1:Cor+ (B/2)¢C1C2sCor

— (1/12)C2¢e+ C12Car+ C2:Cor+ (3/2)¢1Crrt+ (3/2)¢2C0,

+ (31/2835)C1ggsssssse + 68/310)C1 Crggssege+ (17/18)C1s Cusseces
+(61/30)C1s:Crggzee+ (B3/18)C1sesCreese+ (26/3)C1C1sCgsse

+14 ¢i¢igeCrees+ (151/12)¢152C 1526+ 18 $1eCree®+ BT/4)C17C1s €z
+(65/4)¢1 <182+ (11/6)¢13Cugget (11/100¢1%Cusgees + (16/4)¢1H ¢
+ (17/630 )X 1zes2sec+ (T/15)C1 Crgsgset (167/120)¢C15C 15847
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+(12/9)C1gCigge+ (16/18)C1:Ciggge+ (131/80)¢15: s
+(13/8)¢1%¢Cigget (121/12)¢1 Cisige+ B1/6)¢1<1:C1se+9 CreCie”
+6 €171 (3/80)Cigsere— (1/2)¢1C1sret (4/3)¢1C1ee
+ (5/4)1£C1ee— (1/12)Chzee+ (1/15)C1¢226Cor + (1 C 1255 Cor
+(7/2)¢18€186Coc+ (1/8)C158:C2:+6 ¢12¢1:Cor+5 ¢1¢1:Cor
+ (7/6)¢156C2ee+3 €17Coret C12Co:7+ CorCorr . ' (2.27)
Odd terms C; (j =1,3,5,...) vanish from the boundary condition at
z =0, but even terms C; (j =2,4,6,...) must be treated as non-zero
functions because of the non-periodicity for the water particle velocity.
If both sides of Egqs. (2.16), (2.20), (2.24), and (2.25) are summed up
respectively with the aid of
¢ = QIteCot EG+EG+. .., (2.28)
Q = Co+eCy+e2Co+€3Ca+ . . ., (2.29)
the wave equation expressed by only the water surface displacement is given
by
Cot (B/2)¢Cs+ (1/6)Csss = —eF | —€F2—F3—. .., (2.30)
with
(1/15)Ceeese+ (@/3)CCsse+ (B/2)¢sCes+ (3/2)¢%¢:
+ (1/8)s5c+ (B/2)CC+ et (1/2)Q:+, (2.31.1)

Fy

F2 = (17/830)Csssssse+ (2/5)(Casess+ (4/3)CeCases+2 CesCast

+ (15/2)¢CeCee+ (B/4)¢ Ceget (B/2)¢e+ (9/4)¢ ¢

+ (1/18)Cssezet (B/3)Ce:Cot (4/3)CeCect (B/B8)CCeer+3 ¢7¢,

= (1/12)Csrc+ (1/6)Ceeel+ (B/2)CCe0+ C: Q0+ (3/2)C0 1 (2.31.2)
F3 = (31/2835)(sssssssest (68/315) Cassesas+ (17/18)CeCersser

+ (61/30)CssCessss+ (53/18)(eeeCsses+ (26/3)CCeCesss

+14 CCesCoeet (151/12)¢6 Cogs+ 16 CeCed®+ (BT/4)¢ e

+ (65/4)C¢8+ (11/8)3 e+ (11/100¢ Csgess+ (15/4)¢ ¢

+ (17/8630)Csses2ec+ (1/159)CCeesec+ (167/120 )¢ o541

+ (12/5)CssCesrt (16/15)¢cCares+ (131/80)CecCeeet (13/6)¢%Cee,
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+ (121/12)¢CeCec+ (61/8)¢CCee+9 P +6 o (3/80)Cesser
— (1/2)¢Csrct (A/3)CeCirt (B/A)sCee— (1/12)C e
+ (1/15)CeeeeeQet CCaeeQet (T/2)C:Cest (1/83)CeecQe+6 CCeQ;
+5 ¢t (7/6)CeQer+3 oot CeQP+ QuQer s (2.31.3)
and
Qs = ¢He | Qut (1/2)3+ (1/2)¢s )
+62 { Qe+ (1/2)83+ ¢+ (B/2)¢Ces+ (B/24)sger )
+63 { (1/2)Q2+ 3/2)%+ (1/2)¢ s+ 2¢ s+ (5/8)¢
+(9/4)¢% e+ B¢ ¢+ (13/8)Css + (B/3)CeCiss
+ (25/24 )¢ ssee+ (B1/T20)Ceessse |
+.0... (2.32)
When € = 0, Eq. (2.30) coincides with the Korteweg-deVries equation.
Now consider the waves of permanent type, for which it should be held
that

2co+e3c3+... = const. = c*, (2.33)

d¢/dt = coteci+e
where c¢*, say, 1is a correction term for the wave velocity. Furthermore,
introduce a frame of reference moving with the wave,

0 = ¢-c'r. (2.34)
Therefore, the wave equation for waves of permanent type in shallow water
finally becomes the ordinary differential equation with respect to 6:

—c*Co+ (8/2)¢Co+ (1/8)Co00 = —eF1—eFo—€F3—. . ., (2.35)
where
(1/15)Co0000+ (2/3)¢Caso+ (3/2)CoCos+ (3/2)¢7Cy
— (1/8)c*Cono— (B/2)c*¢Co+ (1/2)c* ¢, (2.88.1)

Fy

1l

Fo = (17/830)Cogs0000+ (2/5)C<00000+ (4/3)CoC0000+2 Coo<o00

+ (15/2)¢CoCo0+ (5/4 )¢ Copo+ (5/2)Ce+ (9/4)C%Co

— (1/15)c* Coppoo—C*¢Cooo— (T/2)c* CoCoo—6 C*¢%¢o

+(1/6)c*%¢oo0+4 c*2¢Co— (1/2)cM ¢, (2.36.2)

Fs (31,2835 )¢ 00000000+ (B8/315)CCopps000+ (177/18)CoCan0000
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+ (61,/30)C00Co0000+ (53/18)CapaConge+ (26/3)CCu o000
+14 ¢Coponn+ (151/12)Ce"Capp+ 16 CoCoo™+ (BT/4)¢ CaCan
+ (65/4)CCo >+ (11,/8)¢3Cop0+ (11/10)¢%Coppon+ (15/4)¢ ¢
— (17,630 )c*Coagos0— (8/15)c*¢<oss00— (8/3)c CaCansn
— (14/3)c*CosCope— (13/4)c* ¢P¢opa— (B3/2)c*¢CoCo9—10 c* ¢Co°
— (85/4)c* 3o+ (1/15)c*Copnpe+ (3/2)c*2¢ Coppt+ (13/2)cCoCon
+ (83/4)c*¢%¢o— (1/6)c*3Capa—6 c*3¢Co+ (1/2)c* ¢, (2.36.3)
and
Q = ¢+e { —c* ¢+ (1/2)¢%+ (1/2)¢o0 )
+€7 { c*P¢— (3/2)c* - (1/2)c*Coot (1/2)¢3
+Co%+ (8/2)¢Con+ (B/24 )Co000 |
+€3{ —e*¢+8 M+ (1/2)c*¢he— (B/2)c* - 3 c*¢y?
— (6/2)c*¢Coo— (6/24)c*Coppo+ (5/8)CH+ (9/4)¢% a0
+5 ¢CoP+ (13/8)Co0%+ (8/3)¢oC 000+ (25/24 )¢ o000

+ (61,720 )< o00000 |
+..... (2.37)

(2) Variational Formulation

First, Eq. (2.35) is transformed into a form suitable for variational
formulation. With the aid of Egs. (2.28) and (2.33), the two lowest order
equations are

—coCiet (3/2)C1¢10+ (1/6)C1000 = O, (2.38)
and
—cp¢20—C1€16+ (3/2) (C1€2)0+ (1/6)C2000
= — (1/15)C 108000~ (2/3)<1 C1000— (3/2)C10¢ 100~ (B/2)¢1%¢ 10
+(1/8)coi000+ (B/2)c0¢1C10- (1/2)e6%C 0. - (2.39)
The higher order derivatives (gpp00 and Cigo9 in Eq. (2.89) can be elimi-

nated by Eq. (2.38), hence
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—cpC2e—CiCrp+ (B/2) (C1€2 )9+ (1/6)C2000
= (8/10)¢16¢100— (9/10)¢12¢10+ (21/5)co¢ €10~ (19/10)c6°Cro.  (2.40)
By accomplishing similar transformations for Eq. (2.35) and by adding
together both sides of the resultant equations, such as Eqs. (2.38) and
(2.40), Eq. (2.35) becomes
—c*¢o+ (B/2)¢Co+ (1/8)Co00
= e { (8/20)¢*-(3/10)¢%+ (21/10)c*¢P— (19/10)c*%¢ }
+€2 { - (149/700)¢*Coo+ (13/35)¢Co°— (36/1T5 )c*¢o™— (5967,/2800 )¢*
+ (1971 /350 )c*¢3— (4869/700 )c*?¢%+ (5716/175)c**¢ | o
+€3 { (1157/3500)¢o"Cop— (151,/2625)¢3Coo+ (229/350 )c* ¢*Cog
+ (10123/7000 )¢ ¢o>— (4241 /1750 )c* o™+ (546,875 )c*¢y”
— (8541,/3500 )¢5+ (54003,/3500 ))c* ¢*— (871413500 )c*2¢3
+ BU1T7/175)c*3¢%— (947/175)c**¢ o
+..... 2.41)
There is no variational principle for this equation as it stands, so
that some potential representations are required. The simplest choice is
¢ = ¢t = 9o, X = Pz = ©oo> (2.42)
as pointed out by Whitham'®, Therefore, Eq. (2.41) is expressed as
—c*pgo+ (3/2)pepast+ (1/6)x00
= £ { (3/20)0p0°- (3/10)pe>+ (21/10)c*ps®~ (19/10)c*pp } o
+€2 { —(149/700 o’ poss+ (13/35 )popes”— (36/175 )c*poe” ~ (5967,/2800 )pp*
+ (1971,/350 )c* pgd— (4869700 )c* 252+ (576/175)c*3pp | o
+€% { (1157/3500 )pes°0os— (151,/2625 )po>0ase+ (229,350 )c* oo™ pase
+ (10123/7000 )ps”pos°— (42411750 )c* popps”+ (546/875 )c*“pgy”
— (8541,/3500 )pe°+ (54003,/3500 )c*ppt — (87141,/3500 )c*> g
+ BIT/175)c e’ — (947/1T5)c* s | o
+..... (2.43)
It will be sufficient to consider the wave motion described by the

variational principle



25

5ff£(x,7ce,§oe,¢oe) dodo =0 (2.44)

for the pair of Eqs. (2.42) and (2.43) because Eq. (2.43) integrates onece
to give the third derivative @ggs, then this term in the right-hand side of

Eq. (2.43) can be eliminated. The variational equations are

oL d a4¢ 2
oL _d 9 40t 4 o 2.45)

oy  do Axe ’ de dps  d6® Appe

These equations can be integrated approximately as follows: from Eq. (2.42)
and the first of Eq. (2.45), the Lagrangian takes the form
£ = — (1/6)xapi— (1/12)%%+ £ (0o, 00 (2.46)
with the correction term £* which follows from the differential equation
DE* = c*po— (3/4)p6”
+e [ (3/20)9pe%- (3/10 )06+ (21/10)c*pe”— (19/10)c*?0q )
+€2 ( (13/35 )pppoa°— (36/175)c* pge”— (657,/560 )es*
+ (762/175 )c*ps>— (4869700 )c*2pe®+ (B576/175)c*3pq
~ (447/350)Bogs” )
+€3 (- (1831,/7000 )psPpes’— (TT/175)c* pagos’+ (546,875 )c**pye”
— (6294,/3500 )pg°+ (33103/3500 )c* gyt — (64908,/3500 )c*2py°
+ (BUT/175)c 3 pp®— (4T/175)c* pe
+Bo { (3471/1750 )ppe®— (302/875 )y + (687/175)c*ps”} )
o, , ' (2.47)
where Bj; is an integral constant to be determined later, arising in elimi-

nation of the third derivative ¢gg. D is also the differential operator

D=— - ———. (2.48)

The assumptions that
£ = £ = (apet Bioe’+ v106° dooe®+C1 (0 )+ £52 (0o, 000 ) (2.49)
Cipe) = (1/2)c*pe®— (1/4)p6°
+€ [ —(8/40)pp*+ (7/10)c* e~ (19/20)c*?pe” )
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+€2 [ — (657/2800)ps>+ (762/700 )c*pp* — (1623700 )c*py°
+ (288/175 )c 04"~ (149/350)Bygs” )
+€3 [ — (1049/3500 )pe®+ (33103/17500 )c*pp°
— (162273500 )c*2pe* + (1039/175 )c*3ps® — (947,350 )ctpp”
+Bg {— (151/1750 )pe* + (229/175)c e} )
+..... (2.90)
lead the coefficients o, Bi, and y; to
a = — (3/20)e+ (36/175)e2c* — (546,875 )e3c*?— (3471 /1750 )e°By,
B = — (13/70)€%+ (11/50)e3c*, (2.51)
y1 = (1631,/21000)€>.
The equation for £'5 in the next order approximation is
DeYr = €[ (27/20)0s*- (9/5)c* ps°— (9/5)Bogy )
+€2 [ ~(27/100)poppe®+ (387/175 o'~ (2751,/350 )c* pg
+ (2061,/350)c*2pg?+ By { — (78/35 o>+ (432/175)c*pg} )
+65 [ - (351,350 )pe°pes+ (648,875 )c* poppe’+ (2913914000 )iy
— (12518/875 )c*po* + (105681,/3500 )c*2pes— (3168/175 )c*Ppy”
+By { (36893/1750 )ps>— (18516,/875 )c* pg’— (6552/875 )c* gy )
~ (20826/875 )By"ps )
+.o.. (2.52)
This method of successive approximation can reduce the lowest order
term of ¢ in the right-hand side of the differential equation as was done
in deriving Eq. (2.52) from Eq. (2.47). The Lagrangian £ in the order of
€3 can be finally approximated by
£ = — (1/4)ps*+ (1/2)c i
+e [~ (3/20)papee’+ (21/80)pe*+ (1/10)c*pa>~ (19/20 )" pg”
— (9/10)Bogs” )
+€5 [~ (71/1400 )pe°pae®+ (36/175 )c* popps”— (99/2800 )pp®
— (33/70)c*po*— (249,700 )c* 0y’ + (288/175 )¢ gy”
~By { (22/35)ps°— (216/1T5)c* 0"} )



+€3 [ (139/420 e e’ — (263/1750 )c* po°peo°— (546,875 )c*psppn-

- (331,800 )p4®+ (862/875 )c* pg®+ (903/875 )c*2ipp
~ (17/175)c*3 o>~ (947,350 )c** po?
—By { (3471/1750 )pgpes®— (5201,/875 )’
+ (8323/8T5 )c* g+ (3276/875 )c*2pe° }
— (10413/875)By?pe° )

.....

(3) Hamiltonian
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(2.53)

Since the dynamical system at this stage is for a potential field under

gravity, one can transform it into a Hamiltonian system. If the momentums

for xs, s, and ¢gg are conjugated as p, q, and r, respectively, the

canonical transformations are

p

q

r

L/ Axs = —(1/86)¢ps,
- (1/6)x+0&" /3¢,

3L/ e

8L/ Apeg = AL /Oppe.

The Hamiltonian is, thus, given by

X

=PXot+tqQeet T pgg — £

= (1/4)p6°— (1/2)c*od®+ qpe+ (1/12)5

+e [ — (8/20)peve0°— (21/80)pe*— (1/10)c*pp>+ (19/20 )¢ %y”
+(9/10)Boge” )

+€2 [ - (71/1400)pe%poe*+ (36/175)c* popos”+ (99,2800 )¢y
+ (33/70)c*pp* + (249,700 )c*2pp’ ~ (288/175 )c* gy
+Bg { (22/35)¢0°— (216/175)c*pe®} )

+€3 [ (139/420 )pa>poe’— (263/1750 )c* pppoo’ — (546,875 )c**pypes”
+ (331,800 )pe®~ (862/875 )c*ps°— (903/875 )c**pe*
+ (17/175)c*3 03+ (947,350 )t pp°
— By { (3471 /1750 )pppee”+ (5201,/875 )pq*

(2.54)
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— (6323/875 )c* po*~ (3276/875 )c*p4” )
+ (10413/875)By>pe” )
+.oo. {2.95)

Hamilton’s canonical equations are

dx/d6 = 9i/dp, dp/d6 = 0X/3q,

dpe/d0 = oK/0r, dp/d6 = —0¥X/0x, (2.596)

dqg/d6 = —-90X/0¢ = 0, dr/d6 = —-3¥X/O¢.
The fifth of Eq. (2.96) gives q = const., and since Eq. (2.55) does not
explicitly contain the variable 6, Egq. (2.55) 1is an integral (energy)
surface. On the other hand, Eq. (2.55) has to coincide with the Korteweg-
deVries equation 1in the lowest order, so that the constant By = - q. By

changing back to two variables ¢ and ¢y, the Hamiltonian (2.55) can be
consequently expressed as
e = 33 ((1/4)- (1/10)ec*+ (249,700 )e?c*?+ (17/175)e3c*+ . . )
~ {(22/35)+ (6323/875)ec*+ ...} €2q
— {(21/80)— (33/70)ec*+ (903/875)e’c*?+ ...} £¢
+ { (5201/875)+...} €2q - €¢
+ { (99/2800)— (862/8T5)ec*+ . ..} €2¢2
+ {(331/800)+...} 3+, .... )
—€2¢2 [ { (1/2)— (19/20)ec* + (2B8/1T5)e%c*?— (847/350)e3c*3+ .. .} ec’
+ {(9/10)- (216/175)ec* + (3276/875)e’c*?+ . .. } £2q
~ {(10413/875)+ ...} (€2q)* )
+e2q- ¢
+e3¢e? [ (1/12)— { (8/20)— (36/1T5)ec* + (546/875)e’c**+ ...} ¢
+ {(84T1/1750)+ ...} €%q - €¢
— {(71/1400)+ (263/1T50)ec* + ...} €7¢2

+ { (189/420)+ ...} 38— . ... ). (2.57)
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(4) Breaking Model

Eq. (2.57) 1s the approximate solution of basic equations (2.2) and
also is the first integral for the Korteweg-deVries equation in the lowest
order, where the energy surface is expressed by the cubic function of the
variable ¢ and by the quadratic function of ¢{y. It is important that the
coefficient of ¢y° have a positive root and that this root be the singular
point of the first integral and, therefore, correspond to the singular
point in the wave form which should occur at the crest of the breaking
wave. In the usual nonlinear wave theory based on the perturbation method,
this singularity is removed into non-homogeneous terms as in the right-hand
side of Eq. (2.30), so that it does not play an important role. A new
concept 1is, therefore, neccessary to discuss wave breaking resulting from
this singularity.

According to the catastrophe theory®), which is a classification
theorem of singular points on a three-dimensional manifold, the types of
singular points on a surface VY represented by a cubic function of two
variables X and Y are classified into two types

Vi = X3 XY2+a; Yo+ b X+c;Y, i=1,2, (2.58)
where a;, b;, and c¢; are parameters. Positive and negative signs correspond
to hyperbolic and elliptic umbilics, respectively. By equating (X,Y) =
(¢,¢s) and by evaluating the coefficients of ¢3 and ¢¢y°, it becomes clear
that Eq. (2.57) corresponds to the elliptic umbilic, that is, the energy
surface should be interpreted as the Taylor expansion around a singular
point!® . If Eq. (2.57) can be transformed into the form of Eq. (2.58),
which would mean that the lowest order (essential) singularity is reserved
and others due to the higher power series are removed, the resultant
equation could be expected to express the breaking of waves.

Now, the coefficients of ¢3 and ¢p> contain the variable £¢, parameters
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ec* and €2q; and, moreover, there is a relation between them. When ¢? = 0,
the most significant information is obtained, i.e. for the solitary wave
this gives the relation between the wave height and wave velocity. There-
fore, €¢ and its powers in the coefficients of §3 and qggz can be replaced
by ec* and ¢2q, provided that when (92 = 0, |£2q|<< 0 and %1€ 0 for
shallow water waves, that is, the terms in higher powers of £ are thrown-
back to lower powers. The resultant Hamiltonian is
3% = e3¢3 [ { (1/4)— (5/8)ec*+ (9/8)e%c*?~ (2821/1400)e%c™+ . . .}
— { (2203/1400)— (2497/1000)ec*+ ...} €2q )
—€2¢2 ([ (1/2)- (19/20)ec* + (288/1T5)e’c*
— (947/350)e3c+ .. .} ec
+ { (9/10)- (216/175)ec* + (3276/8T5)’c*?— . . .} £°q
— [(10413/8T5)+ ...} (€292 )
-+£2q- e¢
+3¢2 ( (1/12)— { (3/20)— (73/700)ec*— (3553/10500 )e*c** - . .
— (6303/3500)e%q+...} €¢ ) . (2.59)
Hydraulic quantities, non-dimensionalized by the water depth h and the
gravity g as in Eq. (2.1), are given as follows: the water surface dis-
placement, wave velocity, and frame of reference moving with the wave are
n = €¢, c = l+ec*, X = x—-ct, (2.60)
respectively. Then, Eq. (2.538) becomes
(@o—n) (dn/dX)* = ay- (ay -azn+az i - 1), 2.61)
with
ap (ec*) = (5/9)4—(73/189)80*4—(6040/3969)£2q*2+...
+ {(2101/315)+... } £%q,

ap(ec*) = 12 ag(ec*) - P(ec*),

az(ec*) = [ {(1/2)= (19/20)ec*+ (288/175)e?c*?
— (947/350)e3c*3+ ...} ect

+ {(9/10)- (216/1T5)ec* + (3276/875 )e2c*2+ . . .} €°q (2.62)
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— { (10413/875)+ ...} (£2q)® ) /P(ect),

az(ec*) = €2q/P(ect),

3%¢/P(ec*),

ag (ec*)
P(ec*) = (1/4)- (5/8)ec*+ (9/8)e’c*?~ (2821,/1400)e3c*3 1 . .
— { (2203/1400)— (2497/1000 )ec*+. ..} £°q.

Eq. (2.61) is the basic equation for wave breaking. When 5 = 0, (dn,/d\')2
must be real, so £X = 0. For periodic waves, one of the roots of the
cubic equation in the right-hand side of Eq. (2.61) must be positive and
the others negative, and in addition the positive one must be smaller than
the root of the coefficient of (dn/dX’)z. Let these roots be un;. -, -3,
and n4; m4 = m = 0, N3 = 2 = 0, respectively. Fig. 2.2 illustrates the

relation between these roots. Therefore, Eq. (2.61) becomes

(m=n)(e+n) (3+n)

(a dn/dX)* = , (2.63)
(m—n)
with o = 1/ay(ec*),
ng = ap(ec*),
az(ec*) = m—m2—n3, » (2.84)

az(ec*) = -mm2+n2n3s—n3n

as (ec™) = mmans,

and integrates to give the wave profile for periodic waves

Ui m+M+n2) ety
= — 2 1 2 »
—kzsnzy srfv
(2.685)
NI = 208 {u~dn2~/+wn<v,y>},
‘ cny
with K= { ) (utns)) /L utme) (m+nz)) = 1,
s’y = (m+n3)/(na+nz) = 1,
k2snly = pl/@e, ] (2.66)

F = (u+m)/m+m),

Iwo= )/ (mtnz) = 1,
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vhere sn, cn, and dn are the Jacobian elliptic functions of the first,
second, and third kinds, respectively, k is the modulus, and II{v,y) the

incomplete elliptic integral of the third kind, defined by

2 v sn’v .
M{v,y) = k“sny cny dny dv. (2.87)
0 1——k25n27 sn?v

The wave height is given by
H = n+n2, (2.68)
and the wave length is decided as follows: when n = n and -2, v =0 and

K, respectively, then

sny dny

L =21Xyx = 40(31\’{dn2y+ zm}, (2.69)

cny

where Z(v) is the incomplete elliptic integral of the second kind, defined

by

Zw) = fv{dnzv—g}dv, 2.70)
0 K

and K and E are the complete elliptic integrals of the first and second

kinds, respectively.

Solitary waves

Fig. 2.2 Relation between the roots of the basic equation
for wave breaking.
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The conservative condition of mass
L
(I/LZL ndr =20 2.71)

gives the trough depth, defined as the distance from the mean water level
to the wave trough,

H(dn\2[ E
m::&w—{ﬂ% EE+{2—3¥7—%}K
Licny k =

sny { 2 1 } ]
+———— <2 -8n°y - K-Z{y)|. 2.72)
cny dny kzsnFY

In these equations there are two basic families of variables. The first
family 1is the wave height H and wave length L or wave period T. The second
family is the seven quantities 1wy, n2, n3, m, ec*, £%q, and &%,
Corresponding equations are the seven equétions of the second to fifth of
Eq. (2.64), and Egs. (2.68), (2.69), and (2.72). The" waves, therefore,
exist as the two-parameter family of wave height and wave length or wave
period, so that the hydraulic quantities relating to the wave profiles can
be formulated with no use of the physical condition, such as Stokes’ first

or second definition for the wave velocity, as mentioned before.
(5) Occurrence of Wave Breaking

This section shows how the basic equation (2.63) constructs wave
breaking. Fig.2.2 illustrates the relation between n and (dn/dX)>. The root
of the coefficient of (dn/dX)?, N4, is a singular point of the energy
surface. When a wave breaks, the greatest root of the right-hand side of
Eq. @2.61), ni, appréaches this singular point, i.e. n — . In this
critical state the singularity is apparently removed, so that the breaking
of the wave can occur. Grant'” has pointed out that previous theoretical

investigations on wave breaking assume that the singular point of a wave in
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the physical plane is in the upper region of the wave crest and moves down
to the wave crest just before breaking. These circumstances are in accord-
ance with each other. Seliger’s model!'® 19 for wave breaking, which is the
integro-differential equation with the Fourier kernel of the phase velocity
for linegr waves, takes the same standpoint on the singularity as the
present theory.

Fig. 2.3 shows contour lines of equi-energy level on energy surfaces
for the solitary wave. The broken lines indicate contour lines of a lower
energy level than the surroundings. Stable regions are the shaded areas
enclosed by the solution curves. There are three saddle points marked by
solid circles on the energy surface. The saddle point at the coordinate
origin corresponds to the point of infinity in the solitary wave phase.
When n; — 7“,' the other two saddle points lie on the solution curve, and
these points also correspond to the wave crest at just breaking. But when
the wave breaks, the three saddle points lie in the equi-energy level, the
critical state, indicating that the energy is about to overflow from the
energy potential well. This may be equivalent to the phenomenon of wave
breaking. Fig. 2.4 also shows contour lines of equi-energy level on an
energy surface for a periodic wave at just breaking. The general aspect of
the energy surface is the same as for the solitary wave with the difference
that one saddle point in phase with dn/dX = O is in the external unstable
region.

For both solitary and periodic waves the trajectories pass two of the
saddle points at just breaking. However, it is well-known in the theory of
dynamical systems that there is no trajectory which links saddle points;
therefore, the breaking wave profiles should show them to be in the limit-
ing state to which waves approach.

Fig. 2.5 illustrates the energy surfaces for the Korteweg-deVries

equation, hyperbolic and elliptic umbilics, respectively. The energy
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\ )
Stable region J

® Saddle point

—_——

Stable region

® Saddle point

(2) Just breaking

Fig. 2.3 Schematic diagrams of contour lines of equi-energy level
on energy surfaces for the solitary wave.
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® Saddle point

Just breaking

Fig. 2.4 Schematic diagram of contour lines of equi-energy level
on an energy surface for a periodic wave.

surfaces for the Korteweg-deVries equation and hyperbolic umbilic are found
to be homeomorphic, while those for the solitary wave at just breaking and
the elliptic umbilic are also homeomorphic. The energy surfaces for peri-
odic waves at just breaking are intermediate ones as seen from Fig. 2.3 to
Fig. 2.5. The wave breaking is surely affected by this transition from the
hyperbolic to elliptic umbilics due to the existence of the singular point
on the'energy surface.

For breaking waves, n; — m, then the wave profile, wave length, and
trough depth become, respectively,

m = -np+Hy {coshu— (1/u)sinhv} 2, ]

(2.73)
Xl = 2av, H, = m+n2,
Ly = 20 In { (1+p)/(1-p)} (2.74)
ne = —n3+4(a/u)Hp/Lp), (2.75)

where the subscript b denotes quantities at just breaking. The maximum
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Stable region

(1) Korteweg-deVries equation

(3) Elliptic umbilic

Fig. 2.5 Schematic diagrams of contour lines of equi-energy level
on energy surfaces for the Korteweg-deVries equation,
hyperbolic and elliptic umbilics.

37
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crest height 74, defined as the length from the mean depth of water to the
wave crest, that is, the root of coefficient of (dn/dX)?, is

m = (5/9)+ (73/189)ec*+ (6040,/3969)e°c*?+ (2101/315)e%q+... (2.76)
This is the upper bound for crest heights, therefore, gives the breaking
condition. The breaking angle is also given by

w = -2 tan! {Hy/ (o)} . 2.77)

(6) Discussion

a. Solitary wave

The extreme case of the solitary wave is provided by k%2 =1, L = Ly
= oo, and n2 = m3 = 0. The relation between the wave height and wave
velocity is obtained by setting (dn/dX)2 =g2qg=¢% =0 in Eq. (2.61),

then

. 1= (19/10)ec*+ (676/175)e°c*?— (947/175)e%c+ . ..

H = 2ec T 3 23 2.78)
1— (5/2)ec*+ (9/2)ec*e— (2821 /350 )e°c™+ . .
The breaking condition is
m = (5/9)+ (73/189)ect + (6040,/3969)e2c*2+ . . . (2.79)

The solitary wave breaks at the point where the wave height - wave velocity
curve, Eq. (2.78), intersects the breaking condition curve, Eq. (2.79). On
the other hand, the breaking condition derived from the boundary conditions
at the wave surface is
H = c?/2. (2.80)
The maximum values for the solitary wave are given in Table 2.1 together
with previous results'®:20).21).22).23).24),25),26).27).30)
Fig. 2.6 shows the changes in wave height with respect to the wave
velocity given by Eq. (2.78). Longuet-Higgins and Fenton's value?” is

shown by an open circle. Fenton’s ninth order solution® 1is also shown by

the heavy, broken line. In the others, solid and broken lines show the
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Table 2.1 Physical properties of the highest waves.

Authors H c
McCowan(1894) 0.78 1.249
Yamada (1957) 0.828 1.287
Lenau(1966) 0.827 1.286
Byatt-Smith(1970) 0.86 1.311
Strelkoff(1971) 0.85 1.304
Fenton(1972) 0.85 1.304
Longuet-Higgins(1974) 0.8296 1.288
Longuet-Higgins

and Fenton(1974) 0.827 1.286
Tsuchiya and

Yasuda(1974) 0.846 1.364
Williams (1981) 0.8332 1.2909
Breaking model 0.814 1.304

breaking conditions (2.79) and (2.80), respectively. Furthermore, represent-
ative values of the maximum wave height and the corresponding wave veloc-
ity, given in Table 2.1, are also in the figure.

FEa. (2.78) agrees well with Fenton's ninth order solution over the
whole range of wave velocity. On the other hand, the curve by Longuet-
Higgins and Fenton takes on the multi-valued profile and its curvature
sharply changes near the breaking point. These properties have been recent-
ly found for finite amplitude waves by some authors®®:29.30) and recognized
as important characteristics of waves.

Now, for some discussion on these properties, the inversion of Eq.

(2.78) is
ot o 1- (5/4)H +(3/2)H*- (2543/1400 )+ . . . . e
2 1-— (19/20)H +(1551,/1400)H* - (17807/14000)H3+ . . .
and the expansion in a power series becomes
ec* = (1/2)H - (3/20)H + (3/56 )H3 - (309/5600 H* + . . . (2.82)

Fenton’'s equation for the wave velocity
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9
c? = (l+ec*)? = ’;:)A,,(H)" (2.83)
is also expanded as

ec* = 0.5H-0.15 H + 0.053571 H* - 0.055179 H*+ 0.019866 H°

- 0.034284 1 + 0.009655 H" - 0.027688 H® + 0.007258 H'— . . . (2.84)
Fig. 2.7 shows the comparison of Eq. (2.81) to Eq. (2.84) with Longuet-
Higgins and Fenton's value. In the figure, the variable n indicates the
adoption of n terms in both the denominator and numerator of Eq. (2.81).
The power series approximation (2.82) coincides with Eq. (2.84) to the
fourth order, which is the maximum order of approximations in the present
theory. It is found that when the order of approximations increases, Eq.
(2.81) may approach Longuet-Higgins and Fenton’'s curve, but the degree of
convergence may be slow. This shows that the relation between the wave
height and wave velocity sensitively depends on whether the wave velocity
is an independent variable or not. Remembering that Longuet-Higgins and
Fenton's results were determined by the Pade approximation for the same
equation as Eq. (2.83), Eq. (2.81) may take on the multi-valued property.
Therefore, the discrepancy is chiefly caused by the lack of higher order
terms.

The breaking condition (2.79) gives slightly fewer values than Eq.
(2.80) near the breaking point. However, the maximum wave height and wave
velocity in the present work agree fairly closely with the others as seen
in Table 2.1.

The wave profile for the solitary wave is expressed by

sech®v
1— (1/8%)tanh?v (2.85)

[ X1 = 2a8 { v—(1/B)lnJ(B+tanhv)/([3—tanhv) b
and the breaking wave profile is given by

m = Hhexp(-1XI /a). (2.88)
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Fig. 2.8 shows wave profiles for the solitary wave approaching the breaking
wave profile with an angled crest. Fig. 2.9 gives the comparison of wave
profiles with various wave heights, for which Bayatt-Smith® has compared
his theoretical results with Fenton's. Bayatt-Smith's profiles, although
not plotted in the figure, are indistinguishable from Fenton’'s ninth order
solution. In the figure, wave profiles based on GQGrimshaw's third order
approximation®”  and Tsuchiya and Yasuda's third order approximation
(NC-3)!3  obtained for the limiting case of the enoidal wave are also
plotted. The wave profiles in the present work are slimmer than the others
and differences between wave profiles are nearly constant even for great
values of wave height near the breaking point because the breaking angle is
100.4° which is less than Stokes’ angle of 120°. Notice that the cuspidal
profile at just breaking cannot be obtained by Fenton’'s ninth order approx-
imation for lack of more higher order terms. For instance, Schwartz=®
worked generally to the order of 48 but only to the order of 117 for the

deep water waves, while Cokelet®  worked throughout to the order of 110.

Solitary waves

0.5

Fig. 2.8 Wave profiles for the solitary wave.
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b. Periodic waves

Wave properties for periodic waves are discussed here in comparison
with those based on the Stokes wave theory of third order approximation
(S-3Y2 | the Quasi-Stokes wave theory of fourth order approximation
(@S-4)!'2,  and also the cnoidal wave theory (NC-3)!¥, the last two being
developed by the reductive perturbation method.

Fig. 2.10 shows wave profiles for periodic waves of the dimensionless
wave period T = 20 with various wave heights H, which approach the breaking
wave profile with an angled crest. Some comparisons of these wave profiles
for various T and H are shown in Fig. 2.11. Wave profiles based on the
breaking model are slimmer than the others as was the case with the soli-
tary wvave.

Figs. 2.12, 2.13, and 2.14 respectively show the changes in wave
height, in wave velocity, and in crest height at just breaking with respect
to the dimensionless wave period T. The curves based on the three wave
theories above are obtained by the adoption of the Rankine-Stokes breaking
condition” . The values in Figs. 2.12 and 2.13 are for the soiitary wave.
The differences of breaking wave height between the breaking model and
other theories are nearly constant. The reason results chiefly from the
discrepancy in values of wave height for the solitary wave. The wave
velocities for values of T greater than 25 are slightly less than those for
cnhoidal waves, while for small T the breaking model has wave velocities
about 15 7% greater than the others do, in spite of smaller values for
breaking wave heights. Similarly, the crest heights at just breaking are
also greater.

The breaking angle of finite amplitude waves is shown in Fig. 2.15. The
solitary wave at the maximum wave height has a crested angle of 100.4°.
Fig. 2.15 suggests that breaking angles are nearly constant for dimension-

less wave periods greater than 15 and sharply increase to 180° for the
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Fig. 2.15 Changes in breaking angle at just breaking.

smallest wave period, that is, no wave.

Fig. 2.16 shows a comparison of various breaking inceptions'? !3.33.3)
The breaking model agrees closely with other breaking inceptions over the
whole range of 1/, < 0.18 because the discrepancies in wave height and in

wave velocity seen in Figs. 2.12 and 2.13 have apparently vanished due to

the adoption of the representation H,/L,.
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A similar comparison of the changes in wave velocity and in crest
height for the smaller values of wave height H = 0.7 and 0.5 are given in
Figs. 2.17 and 2.18, respectively. wave velocities based on the breaking
model, as before, take on greater values than the others for small T, but
the attention must be paid to the fact that the corresponding wave heights
are much closer to the breaking wave heights than the others as seen in
Fig. 2.12. Fig. 2.18 also shows that the crest heights are higher than
those obtained from previous theories.

The breaking model, as discussed above, gives longer period waves whose
crest heights and wave velocities are a little greater. The reasons stem
from the formulation procedure of the breaking model described 1in Section
2.2(4), the assumption that 52q<< 1 and €% < 1 when dn/dY = 0, and from
the lack of higher order terms.

Finally, we turn to a discussion on the water particle velocity. There
exists a singular point in the equation for the wave profile as seen in Eq.
(2.65), and this equation cannot be expanded in a power series. Therefore,
the proper expression for the water particle velocity is still unknown.
This is a disadvantage of the breaking model. Nevertheless, the chief
difficulty in the wave theory is that an unknown wave profile is contained
in the boundary conditions at the free surface, and if the wave profile is
known a priori, physical quantities, such as water particle velocity, mass
flux, and wave energy, can be determined as an external boundary value
problem. For an approximate solution for this problem, the use of the
stream function theoriﬁ) possesses manifold advantages. According to this
theory, the wave profile and the horizontal and vertical components of
water particle velocities can be expressed, respectively, in the present

notation, as

N-1 )
n = (_1/c)|:<po— Z sinh(n—Z)nhﬁ
n=4 .6, ... L
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X{X;cos(n-2)n%%4-xm4sin(n——2)n%%}], (2.87)
! T h+z
u= - 2: (n-2)—cosh(n-2)r —
n=4 6, ... L L
, X R X1 ) )
X{chos(n-2)7rz-+Xn+|sm(n—2)762}, (2.88)
(& T h+z
w= - }: (n-2)—sinh(n-2)r —
n=4.6,... L L
. X Xy
X{anm(n—2)%;—Xn+1cos(n—2)nz}, (2.89)
where x; = x-ct, N 1s an odd number, ¢y is the stream function at the

wave surface, and X; are coefficients of the Fourier series. If the wave
surface n, wave period T, and wave velocity ¢ are given, the Fourier
coefficients X; and the value of the stream function ¢y must satisfy the
kinematic boundary condition by means of the least square approximation.

The degree of satisfaction i1s evaluated by the standard deviation
]
o = AE,  E = (A/DY (i—nei ) (2.90)
i=1

in which the subscript t is a phase index for a sequence consisting of I
values and m indicates a measured quantity. The dynamical boundary condi-
tion at the wave surface is

(1/2) { (u - c)>+u’) +n = const. = Q, say. (2.91)
The gross error for this boundary condition is similarly evaluated by the

standard deviation
i
02 = JE2, Ep = <1/I>Zl Q-Q: 2,
!
Q= (/DXY.Qi, Qi = mmit (1/2) { (uy - )%+ wi?)
t=1

where @, are Bernoulli’'s constants at the wave surface. On the other hand,
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the dynamical boundary condition in the present theory, the second of Eq.
(2.2), becomes

(1/2) {(u - e + v} +n = (1/2)c? 2.93)
at the wave surface, that is, an arbitrary function of time t is included
in the potential ¢,. Here exists the difference in the definition for the
dynamical boundary conditions between the two wave theories, FEgs. (2.91)
and (2.93). The function 5——(1/2)(3 is, then, an index of the accuracy of
the approximation for this boundary condition based on the stream function
theory.

Fig. 2.19 shows the changes in 6-—(1/2)02 with respect to the wave
height for T = 10, 20, and 30, where the kinematic boundary condition is
satisfied to the order of g; < 10 for the sequence of I = 128. The figure
indicates that Egs. (2.88) and (2.89) can estimate water particle veloc-
ities satisfying the dynamical boundary condition within an error of 1 %.
Fig. 2.20 shows the relations between the wave height and both the horizon-
tal component of water particle velocities at the wave crest u, and the
wave velocity. This figure can be used to examine the Rankine-Stokes
breaking condition. Open circles are evaluated values of the wave velocity
based on the breaking model as well as those of the water particle velocity
at wave crests based on the stream function theory. The solid circles are
quantities at just breaking. Broken lines are extrapolation curves using
Lagrange's interpolation polynomial. Fig. 2.21 is the enlargement of Fig.
2.20. The water particle velocities u. approach the breaking point asymp-
totically, although the values are about a few percent less than the wave
velocities at just breaking. Figs. 2.20 and 2.21 suggest that the breaking
model with peaking has the property of u. - ¢ at just breaking, that is,

the Rankine-Stokes breaking condition holds.
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Fig. 2.20 Changes in horizontal component of water particle velocities
at wave crests based on the stream function theory.
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2.3 Small Scale Wave Breaking by Wind

- Incipient Breaking -

(1) Vorticity Equations

In this section small scale wave breaking by wind, termed the
"incipient breaking” by Banner and Phillips”, is discussed in detail and
some questions are raised.

Take a local coordinate (s*,n*) = (s1*,s2",n*) such that the s"-axis is
parallel to a wave surface n* with the coordinate origin on it and n'-axis,
normally upward as shown in Fig. 2.22, and consider the behaviour of a thin
sheet of vorticity w* parallel to the wave surface. In this wind-drift
layer, the tangential velocity u* = (u;*,u2*) varies rapidly with depth and
approaches the tangential velocity U* Qf the lower fluid which can be

assumed to be irrotational. Non-dimensional variables are used as follows:

X,Z) (x*yz*>/hs (s,n) = (S*, *)/h’ t =t g/h’ n = 77*/hs

W gh, U= U Afoh, ¢ = ctAloh, 2.94)

(u,w)

p = p'/pgh, T =1"/poh, w=wih/g, R = hiagh/v,
where the asterisk indicates a dimensional variable, and h is the mean
depth of water, t* the time, g the acceleration of gravity, w* the velocity
of n*-component, c* the wave velocity, p* the pressure, " the shear
stress, p the density of water, R the Reynolds number, and » the kinetic
viscosity of water.

The vorticity®® can be approximated by

w= (-0u/0n, du/0n, 0 ). (2.95)

With the aid of the equation of continuity, the vorticity transport equa-

tion, then, becomes
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0

Fig. 2.22 Orthogonal curvilinear coordinate system.

(2.98)

d du; 9 | au,} a ( au,} 1 33y
— + u; + w = - s
at an as;l  an) oanl onS R an®

in the notation of Cartesian tensors. By integrating Eq. @&.96) in the
wind-drift layer with respect to n from - 6 to 0, and by using the condi-
tions that the normal velocity w vanishes at the wave surface and that the
vorticity OQu;/0n = 0 (j = 1,2) below the layer, the second and third
terms become

0 .
[, S dn - w0 - w o) = S,
% Js; an 2 Js; 2 Js;

2.97)

0 _ . a
Jf -EL{urgiﬁ} dn = w(O)-Q—u—’—@—> - u)(—(S)—(?—l—li—g——é-—> = 0,
-5 Jdn an an an

in which 6 is the drift layer thickness and 4 denotes the difference

across it. Therefore, Eq. (2.98) becomes

) ) d%u;
—duj + ———Adu® = 1y ”2’. (2.98)
at 2 ds;j R on

This equation is expressed generally in the vector form
—a—Au+leA|u|2 ‘;ldaz, (2.99)
ot 2 R on

where V.= (38/8s1,8/0s2).
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Now, define a local drift q as the difference of velocities between
n=0and n=-56 in the vortical wind-drift layer as
q = 4u. (2.100)
Since at the wave surface v = U+ q, while below the layer v = U,
8q/dt+ Vs {U-q+ (1/2)¢?} = 4(8t/dn), (2.101)
where T = (1/R)(3u/8n) 1is the tangential component of viscous stresses.
Eq. (2.101) consists of the same directional component of U with q. The
variations in component of U normal to q stretch the vortex lines, but the
drift layer thickness decreases, then the relative drift q may be un-
affected. Phillips and Banner® have evaluated the right hand side of Eq.
(2.101) as the order of dt/6 on the consideration that when waves exist, 1
varies with the shear stress of wind, but the distortions of the layer are
sufficiently rapid such thét the viscous diffusion of vorticity in a wave
period can be neglected. Therefore, if the assumption
dt/é6 < ¢q (2.102)
holds, Eq. (2.101) is approximated by
dq/at+Vs{U-q+ (1/2)¢°} = 0. (2.108)
This equation specifies the distribution of surface drift q in terms of the

underlying velocity field U.

(2) Surface Drift at Just Breaking

In a single wave train with a wave velocity c, the motion is steady in
the frame of reference moving with the wave, so that Eq. (2.103) integrates
to give

Ug +(1/2)d® = (up - ¢s)q0 +(1/2)q0%, (2.104)
where the subscript s denotes a component parallel to a stream line, and qq
and up are, respectively, the surface drift and tangential component of

orbital velocities at the mean water level. Therefore, the surface drift is
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given by

q = -U-4U2-2(c - u)qo + a°> (2.105)
in which the sign is chosen negative since q = qy when U = u-cs. At

arbitrary phases of the wave U = u-c¢s, then Eq. (2.105) reduces to

q = cs—u-qf (cs—u)’- 2(cs - w0 ) + qo°. (2.108)

If the Rankine-Stokes breaking condition! is assumed, q. + U, = q. + u
-¢ = 0 at the vave crest, so that Eq. (2.106) gives

(€ - u)* = qo{2(cs - u) - qo} . (2.107)
Therefore, Eq. (2.108) together with Eq. (2.107) can determine surface
drift at just breaking.

On the other hand, corresponding breaking wave heights are evaluated
from the equation of momentum. The variations of pressure in the thin
vortical surface drift layer usually have little influence on the propaga-
tion speed of a wave. Furthermore, the response time of the vortical layer
under influence of the variations in shear stress on the wave surface is
considered great compared with the wave period. Namely, when a vortical
layer is formed 1in a scale of time larger than the time in which a water
particle travels from a wave crest to a trough, the effects of viscosity on
the already vortical fluid generated in a wave period can be neglected.
Under these conditions, the equation of momentum for the steady state
becomes

WxV+V {((1/2)V2+z+p} = (1/R)VEV =0 (2.108)
in the (¢,Z) = (X -ct,Z) coordinate, where V = (3/0¢,0/0Z) . Both the
velocity vector V and vorticity vector W are on the wave surface, then the
product WxV is normal to the wave surface. Furthermore, if the variations
of pressure along the wave surface can be neglected compared with those of
velocity field, the tangential component of Eq. (2.108) is

d{(1/2)V2+n) /s = 0, (2.109)
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so that

(1/2) V% +n = const. (2.110)
along the wave surface. This means that the velocity V takes on the minimum
value when the water surface displacement » 1is maximum, then separation
occurs first at the wave crest. Since V = q+u-c¢s at »n =0 and
V=qg+u—c =0 at n = nux, Ea. (2.110) reduces to

2 Mmax = (Cs — Up — q0)°. @.111)

For the lower fluid, assumed to be approximately irrotational, the

stream line is given by

tan® = w,/(uy - C), 2.112)

where u, and w, are orbital velocities and ¢ is the slope of the stream

line at the origin o’. Then, it holds that

Ce —u = 4 (€ - up)2+ w2, 2.113)
Thus, Egs. (2.1068), (2.107), and (2,111) become

a/c = & - 3= 2 o(qo/c) + (qu/c)?, @.114)

(1- (ue/c)}? = (qo/c) {22 - (@/c)} » @.115)

(2/c?) Mmax = {Ro - (qo0/c)}?, 2.116)
where

A= 11 - u/c)) 2+ u/c)?, @.117)

and 4y is a value of & at n = 0. These equations are also expressed in

terms of q. as

q/c = & -4/ &%- (q./c)?, 2.118)
qo/c = Ro -4/ Ae® - (qe/C)?, 2.119)
(2/C?) Mmax = Ao® - (qe/C)?. 2.120)

Now, some remarks on the paramter & are given. For irrotational motion,

R =1 @.121)
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holds exactly’”, while the dynamical boundary condition at an irrotational
vave surface 1is

(- up)?+w?+21y = c®+ const. 2.122)
Thus, at n = 0

A = {1- (uo/c)} %+ (wo/c)® = 1+ const./c?. (2.123)
In the Quasi-Stokes'? and cnoidal'® wave theories, the constant is taken
to be uniquely zero, while in the Stokes wave theory®® it is expressed as
a pover series of the small parameter approximately satisfying Eq. (2.121).
Equating Eq. @2.122) at n =0 and n = nux gives Eq. (2.120). Therefore,
the analysis above for the breaking wave height corresponds to small scale
wave breaking, in which the dynamical boundary condition without wind
effects is approximately applicable. When 43 = 1, the results correspond to

those of Banner and Phillips and others.

(3) Discussion

Figs. 2.23 and 2.24 show the breaking conditions in terms of the
surface drift q; given by Egqs. (2.115) and (2.116), that 1is, the maximum
water particle velocity at the wave crest and the maximum wave elevation
above the mean water level that can be attained without breaking, respec-
tively. When surface drift vanishes, these figures give the Rankine-Stokes
breaking condition with no wind; but, as qy/c increases, the maximum
unbroken crest height and water particle velocity at the wave crest both
diminish rapidly. Similarly, Fig. 2.25 gives the maximum wave elevation
Tmax @S a function of surface drift at the wave crest q.. The relation of
surface drift q. to g9 is shown in Fig. 2.26, indicating that for small
qo/c surface drift chiefly occurs near the wave crest and predominates.

Fig. 2.27 shows distributions of surface drift at just breaking with

respect to the phase of waves for three finite amplitude waves obtained
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Fig. 2.23 Relation between the maximum water particle velocity
at the wave crest and surface drift at the mean water level.
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Fig. 2.24 Relation between the maximum wave elevation without breaking
and surface drift at the mean water level.
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Fig. 2.26 Relation of surface drift at the wave crest

to that at the mean water level.
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Table 2.2 Physical properties of breaking waves of permanent type
in the presence of surface drift.

Theories T qc/c qo/c qc/qo Hb c A,
0.2 0.0211 9,50 0.653 1.044 0.960
S-3 10 0.4 0.0875 4,57 0.549 1.020 0.958
0.6 0.191 3.15 0.422 0.992 0.975
0.8 0.404 1.98 0.255 0.959 0.995
0.2 0.0208 9.60 0.686 1.070 0.970
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Fig. 2.28 Breaking inception for progressive waves of permanent type

inm the presence of surface drift.



68

from the Stokes, Quasi-Stoke, and cnoidal wave theories. Table 2.2 gives
corresponding physical properties. Fig. 2.27 and Table 2.2 indicate that
when surface drift q./c 1is small, q./qo 1s reasonably great, therefore
surface drift predominates near the wave crest. However, as q./c 1lncreases.
great surface drift occurs throughout the phase of waves and the breaking
wave height becomes small. Furthermore, note that positive surface drift
always occurs, even in the wave trough.

The breaking inception for progressive waves of permanent type in the
presence of surface drift is shown in Fig. 2.28, where breaking inception
with no wind has also been added. Wave profiles at just breaking affected
by surface drift are theoretically symmetric, but wave profiles for great

surface drift would become asymmetric, so that the criterion of this figure

does exist for suitable surface drift q./c. This model also offers no
information about the wind stresses in connection with surface drift, about

which further investigation is required.

2.4 Wave Breaking in the Presence of Surface Drift

(1) Intrinsic Equations'?®

To investigate the normal distribution of surface drift in the wind-
drift layer along the surface of a single wave train, consider a stream
line o's and its orthogonal trajectory o'n as shown in Fig. 2.29, the
motion being two-dimensional and steady in the (¢,Z) = (X -c¢t,Z) frame of
reference moving with the wave. Let ds and dn be elements of the arcs of
o's and o'n, and let k, and k, be the corresponding curvatures at the
origin o’. We need the intrinsic equations at o’

Temporarily introduce a rectangular coordinate (x,z), taking x- and =-

axes at 0’ to be tangent and normal to the stream line, and let the tangent
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at s make the angle 6 with the x-axis. Thus,
Ks = d8/0s, Kk, = 868/9n, for 8 — O,
dx/ds = cosB, Oz/0s = sinf, (2.124)
dx/0n = -sinB, 0z/0n = cosH.
Therefore, differentiating and putting 6 = O,
d%x/8s? = 0, 8%2/9s% = ks, 8%x/An® = - k., 3%°z/30° = 0. (2.125)
If f is any function of x and z, derivatives of f at 6 = O are

of/0x = df/0s, Of/3z = o0f/0n,

8%f/82% = 8%f/3s® - k. (8f/8n), (2.128)
3%f/8=" = 3°f/an® + K, (8f/ds).
Z
A 1 q
I\
b
Stream line
p+w/2
-
0

Fig. 2.29 Orthogonal curvilinear coordinate system.

With the aid of these relations, the convection and viscous terms in

the Navier-Stokes equations of motion in the (x,z) plane become, respec-

tively,

{ui+wi}(qeie) = qg—(—l+1’-nsq2 and

2 2 2 2
a - a o a a
{6 }(Qete)z[_q+.__g_,cs_q+pcna—q—q(:<sz+o<n2)] » (2.127)
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at 6 = 0, whereuvu =u+1 - w-= (1e‘9 and q = Jzﬁ+—uﬁ. The real and imagi-
nary parts are the required components. Similarly, the other terms can be
expressed in the (s,n) coordinate. Therefore, intrinsic equations of motion

at the origin of the orthogonal curvilinear coordinate (s,n) are expressed

by
-2 2
‘a—p+ @"'99:1 aq'*‘ﬂ'-Ks@*'Kn@_q(K32+Kn2>],
ds ds d8s RLas® an an as
2.128)
-
CLJNPRIENCi i 2Ksﬂ+2,<n§3+q{a'cs+%}],
an on RL as an s an

vhere Q is the potential of the external force. In addition, the equation
of continuity is

9q/0s + kpq = 0. (2.129)
The vorticity is also given by

w=-0q/0n+ Ksq. (2.130)

Eq. (2.128) can be written in terms of the vorticity as

é [— %2, 4 {aKS - %} - q( K52+r<n2>],

a
P p+ (1/2)¢ + Q)

@.131)
jl{p+ (1/2)q" + Q) :‘*1®+1-[—Zan4-q{aKs+£Eﬁ}],
on R ds adn

with the aid of Egs. (2.129) and (2.130). Therefore, if the curvatures,

vorticity, and their derivatives are small compared with the Reynolds

number, Bernoulli’s theorem holds as a first approximation. However, if the

vortical surface drift layer is formed, viscous terms have important roles.

Similarly, the shear stress and pressure in the wind-drift layer are
evaluated as

T = (1/R)(0q/0n+ksq), 2.132)

pn = P~ (2/R) knq. (2.133)

Since the form of equations above is independent of the position of the

coordinate origin, they are valid for all points on the stream line.
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a. Boundary layer approximations

Making the approximation of the boundary layer theory, Eq.(2.128)

reduces to

ap aq 989 1 8%

__+ q_——+— R (”

as as dJds R o

(2.134)

dp s 00

— + Ksq- + — = 0,

an an

provided that the curvatures are not large. Eliminating p and Q from these

equations gives

3 a3
_a_{q_q} - 123 (2.135)
on as R On

Banner and Phillips’ results can be obtained by neglecting the viscous term
in this equation. With the help of the equation of continuity, Eq. (2.135)
becomes

8 (1 a°
_{_ S JN qz} - 0. 2.138)
an \R an

This equation is also written in terms of the vorticity as

A%

a 1
E;~(q W) = 5-5—3, (2.137)
S n

which expresses the balance between the convection of vorticity and the

diffusion by viscosity.

b. Boundary conditions
Since the water particle velocity in the lower fluid distributes
vertically, boundary conditions require smooth contact with this velocity

distribution at the lower edge of the surface drift layer, i.e.

q= -k = “»\[(UW—C)Z‘F wwz’

aq/8n = du,/8Z at n - 6. 2.138)

—{0u,/9¢ - A ks (dn/0¢)} (In/0¢),
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(2) Normal Distribution of Surface Drift

Transformations
q=-4i{(s) - fn) and Re = A-R (2.139;
turn Egs. (2.138) and (2.138), respectively, into

9
an

(1/Re)(d®f/dn®) - K, f3} = 0, (2.140)
and

f=1 and df/dn = - (1/3)(8q/0n) at n = - 6. (2.141)
Eq. (@2.140) together with boundary conditions (2.141) specify the normal
distribution of surface drift in terms of the underlying velocity.

First, when k, = 0, Eq. (2.140) integrates to

(1/Re) (d°f/dn®) - Ko f* = A(s), 2.142)
where A(s) is independent of n and, therefore, an unknown function of s to
be determined from the conditions of wind stresses exerting on the wave
surace. Since the surface drift layer can be considered thin enough com-
pared with the water depth, the curvature k, may be assumed to be nearly
constant across the layer, so that Eq. (2.142) integrates twice to give

@f/dn)* = F(f), (2.143)
vhere F{f) is the cubic polynomial

F(f)= (F-1){(28)KkaRe(ff+ f+1)+2Re A} + B2, (2.144)
with B = df/dn at n = - §.

The equation F(f) = O has real coefficients, thus there are three roots

a, b, and c. One at least, say a, is real and other two are either real or
conjugate complex. The relations between these roots can be determined as
follows:
(a) When k, > O, F(f) = @/3)kaRe(f -a)(f -b)(f -c). (2.145)
In case of only one real root, b and ¢ are conjugate complex and, then,

(f-b)({f-¢) >0 for real f. Thus, a is a lower bound of f, and o < 1
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because F(1) > 0. In the case of three real roots, number them such that
a>b>c. Since a+b+c =0, ¢ becomes negative. When b <. 1, the
inequality b < a < 1 holds from the condition that F(1) > 0, so that «
i1s a lower bound of f. Similarly, b is an upper bound of f when b > 1 .

(b) When k, < 0, since F(1) > 0, there is at least one real root, say «,
in f > 1. Thus,
F(f)=-@/3)KkaRe(a-f){f-b){f -c). (2.146)
In case of only one real root, a is an upper bound of f. When b and c are
real, a > 1 > b > ¢ provided that ¢ < 0, thus a also becomes an upper
bound of f.
Fig. 2.30 illustrates the possible five-types of F(f), and correspond-
ing solutions are given by following equations expressed in terms of the

Jacobian elliptic functions:

kp>0 F Kp>0 F
(D1) (D2)

kn<o F (D4) kn<0 F (ps)

Fig. 2.30 Schematic diagrams of the cubic function F(f).
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(D1) When k, > 0, a < 1, and b and ¢ are conjugate complex:

f=a+A{l-cnv)/(1+cnv) for df(- 6)/dn < O, (2.147.1)
f=a+A{l+cnv)/{(1-cnv) for df(-&)/dn > O, 2.147.2)
v=4y@8) knReA- (n+8)+ v,

B (2.147.3)
K2 = 2A-3a)/(44), AT = (9M4)d® - (1/4) (b-1D".

(D2) When k, > Oand 1 > a > b > c:

f=0b+ (@ - b)/cn?vu for df{(-&)/dn < O, (2.148.1)
f=-(a+ b)4—(2(1+—b)/sn2v for df{(-é)/dn > O, (2.148.2)
v=41/MB)k, Re(2a+b)- (n+38)+ v,

Vf;i ! ] (2.148.3)
k2 = (@a+2b)y/(2a+b).

D3)Whenk, >0anda >b >12>c:

f = (a+ 21))sn?v - {a + b),
U = J?1/6)1Q1R8(261+ b)- (n+8)+ v, (2.149)
k2= (@+2b)/(2a+b).

(D 4) When k, < 0, a > 1, and b and ¢ are conjugate complex:
f=a-A{+cnu)/{1—-cnv) for df(- &6)/dn < 0O, (2.150.1)
f=a-A(l—-cnv)/(l+cnv) for df(- 6)/dn > O, (2.150.2)
v =4-@/3) knRe A- (n+8) + i, ‘

. . (2.150.3)
k2= @A+8a)/(4A), A®= (9/4)d® - (1/4)(b - b)".

(D5) When k, < Oand a > 1 > b > c:
f=b+{(a-b) cnfv,

(2.151)

v :«/—7(1/6):\”,,1?@ @a+b) - (n+8) + v,
k? = (@-b)/(@a+b).
In Egs. (2.147) to (2.151), wv; is a value of v for f =1, the over-bar
denotes a complex conjugate, and also sn and cn are the Jacobian elliptic

functions of the first and second kinds with the modulus k, respectively.
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Secondly, when Kk, =0, 08q/9ds =0 from the equation of continuity,
thus surface drift takes on locally either the maximum or minimum value. A
sixth-type of surface drift is, therefore, admittable:

(D 6) When k, = 0, Eq. (2.140) becomes d3f/d3n = 0 and integrates to

f=Q0/2)ReAn+8?”+Bm+8) + 1, (2.152)
with the aid of boundary conditions and because this equation must coincide
with the limiting form of Eq. (2.143) when x, — O .

Now, the analysis needs to be completed by deciding the unknown func-
tion A(s) and the drift layer thickness &. The first of the basic equation
(2.134) is transformed into '

dp/ds + 8Q/3s = -2% { (1/Re) (d’f/d’n) - kaf?} , (2.153)
then A is identical to the gradient of pressure exerting on the wave
surface, i.e.

A(s) = —(1/A%)(8p/ds) at n = 0. (2.154)
The pressure can, as usual, be assumed as

Ps = Cs (pa/P) Wa = €+ (80/3€) = 0, (d0/0E), (2.155)
where W, = h@*/J;E is the wind speed, C, the sheltering coefficient, and
ps = ps'/poh and p, are the pressure and density of air, respectively.
Therefore, the gradient of pressure at the origin of the (s,n) coordinate
becomes

Op/ds = —0p Ks {1 + (AN/DE)) . (2.156)
From Eqs. (2.154) and (2.158), A is given by

A(s) = Kke(0p/R%) {1 + (An/8¢ )%} at n = 0. (2.157)

On the other hand, the equation of continuity (2.129) may be applicable
at the lower edge of the drift layer; then,

0(gs - q)/0s+ k(@ -9) =0, q = -4, (2.158)
provided that the curvature k, is nearly constant across the layer, where

gs 1s surface drift at n = - 6.
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By the definition for the displacement thickness §;
0
Qs * 01 =[a<qs—q) dn, (2.159)

Eq. (2.158) takes the form
0(qs-061)/0s+Kn(qs-61) =0 (2.180)

and integrates exactly to

81/81c = (Re/MA1 + (An/9¢ )7, (2.161 ;

where the condition that qs- 81 = qs. - 6;c at the wave crest has been used.

(3) Breaking Conditions

Physical properties of wave breaking can be determined as follows: At
the wave crest k, = 0, therefore the normal distribution of surface drift
is given by Eq. (2.152). If f = fo at n = 0, the drift layer thickness at
the wave crest 6. is the greater root of the equation

(1/2YRe A 6.2 + Bs. + (1 -fy) =0, (2.162)

8 = 2(1- fo)/ (B2 -2Re A(1 - fo) - B}, (2.163)
because the direction of surface drift at the wave crest should be the same
as the wave propagation, i.e. df (- 6)/dn < 0, and because A is negative at
the wave crest as seen in Eq. (2.157). The displacement thickness &;. 1is.
thus, given by

81 = (1/3) (1 - f0)d: - (1/6) B&2. (2.164)

The Rankine-Stokes breaking condition, i.e. fo = 0, gives

6. = 2/ (B2 -2Re X - B} , (2.165)

S1c = (1/3) 8. - (1/8) B 8., (2.166)

Furthermore, since the shear stress on the wave surface is given by
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T = —(A%/Re) (df/dn + ksf ), (2.167)

the shear stress at just breaking becomes

7o = (R2/Re)4B? - 2Re A. (2.168)

Therefore, 6., 8j. » and 7. are all proportional to R@'Vé as 1s usual in the
boundary layer theory.

When the pressure exerting on a wave surface is given, A is evaluated
based on Eq. (2.157). Thicknesses at the wave crest §. and &) can be
determined by either Fgs. (2.183) and (2.164) or Egs. (2.165) and (2.166),
respectively. Furthermore, &, at arbitrary phases of the wave is evaluated

by Eq. (2.161), so that 6 is determined so as to satisfy the definition for

the displacement thickness

It

0
&1 = (dv/dn)! -f6<1 - f) dv for Af(-6)/dn < 0,

(2.169)

0
81 = (du/dn)’! -f_6<f— 1) dv for Af(-8)/an > 0.

Finally, the normal distribution of surface drift in the wind-drift layer
is found from the corresponding solutions (D 1) to (D 6), and the distribu-

tion of shear stress with respect to the phase of waves, from Eq. (2.167).
(4) Discussion

In the analysis above, there are four parameters; wave period T,
surface drift at a wave crest q./c, Reynolds number R, and pressure o,. To
combine the Reynolds number R with the wave period T, the wave Reynolds
number R, = o/(Wk%®), where o is the frequency and k the wave number, is
introduced. Thus, the relation of Reynolds numbers R and R, to the wave
period T becomes

R/R, = 27/(c°T) (2.170)
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in dimensionless form. For surface drift at just breaking q./c, Eq. (2.170)
varies with the wave period as shown in Fig. 2.31, while the Reynolds
number takes on values within from 10° to 10® for water at a temperature of
20°C as the water depth varies from 10 cm to 20 m. Therefore, it is suffi-
cient for the wave Reynolds number to be within from 10° to 10® to cover the
overall range of the Reynolds number; consequently, the Reynolds number for

a greater wave period corresponds to a shallower water depth.
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Fig. 2.31 Relation between the Reynolds number
and wave Reynolds number.
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Fig. 2.32 shows the distributions of displacement thickness &,, gra-
dient of pressure A, shear stress 7, and substantial surface drift 1-f with
respect to the phase of waves based on the Stokes(S-3), Quasi-Stokes (QS-4),
and cnoidal wave theories(NC-3). The surface drift and shear stress are
values at the wave surface, n = 0, and all values are normalized by values
at the wave crests. Corresponding wave profiles have also been shown in the
figure.

Both the displacement thickness and gradient of pressure are indistin-
guishable from the other changes for various pressure 6; = op/c:. The
displacement thickness takes on a maximum value at the wave crest and from
Eq. (2.157) the gradient of pressure is clearly negative there, so that the
pressure is manifested as suction near the wave crest. On the contrary, the
shear stress and surface drift are sensitively affected both by the changes
in pressure and by underlying velocity fields.

As to the velocity fields given by the Stokes wave theory, as shown in
Figs. 2.32(1) and (2), where slight secondary waves are present, for small
values of pressure, the shear stress and surface drift are positive in the
leeward side of the wave crest and negative in the windward side. As the
pressure inceases, the influence of underlying velocity fields appears to
be effective; that is, both the shear stress and surface drift become
positive near the secondary wave crests and negative in these wave troughs.
This circumstance is predominant in Fig. 2.32(3), where secondary waves 1in
the primary wave trough are apparent. Positive regions of the shear stress
and surface drift vary evidently corresponding to the primary and secondary
wave crests. Accordingly, the shear stress and surface drift distribute in
much the same way as 1f the leeward side of the wave crest were sheltered.
There exist positions where the shear stress is greater than that at the
wvave crest, I r/t.l > 1, but water particles are not spilled forward

because surface drift there is less than unity, |1 - f| < 1.
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For the velocity field given by the Quasi-Stokes wave theory without
apparent secondary waves, the distributions of shear stress and surface
drift may show a little difference from that for Stokes waves, but basic
characteristics are the same; the shear stress and surface drift vary as if
there vwere sheltered regions in the leeward slopes of the wave crests.

Of the Stokes, Quasi-Stokes, and cnoidal wave theories, the velocity
field based on the cnoidal wave theory gives representative stress distri-
butions because this theory offers no possibility for the presence of
secondary waves in the wave trough. Both the shear stress and surface drift
are slightly negative in the trough region and take on negative minima in
the windward and leeward sides of the wave crest.

These characteristics of wind stresses fuﬂdamentally coincide with
those determined by Benjamin®®, who calculated the stress distributions of
air flow over a wavy boundary. In his analysis, the pressure distribution
has a substantial component in phase with the wave slope, the same as for
the present model, and the similar stress distributions for a solid hump
with Fig. 2.32. (7) are given.

However, it 1is notable that for small pressure the reversal of the
shear stress and also of the surface drift occurs just at the leeward side
of the primary wave crest. When the pressure increases, this reversal
diminishes gradually. To investigate this feature, the ratios of shear
stress at the wave crest>to pressure are given in Table 2.3. It can be seen
that the shear stress for small pressure is stronger than that for great
pressure. Therefore, when the effect of the shear stress at the wave crest
is much greater in comparison with that of the pressure, a reversal of the
shear stress and surface drift occurs at the leeward side as described
above, and the region may turn into a spilling one.

Generally, the shear stress and surface drift change sign and become

negative in the leeward side of the wave crest, indicating a tendency
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S-3:T=6,H=0.656

0.6
c=0.925
- Qc/¢c=0.1
N Ry=10¢
o)

(1) Stokes wave : T = 6, q./c = 0.1

Fig. 2.32 Distributions of displacement thickness, gradient of pressure,
shear stress, and surface drift with respect to the phase of waves.
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(2) Stokes wave

Fig. 2.32 Continued.

T =6, qg./c = 0.2
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(83) Stokes wave : T = 10, q./c = 0.1

Fig. 2.32 Continued.
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(4) Quasi-Stokes wave : T = 6, q./c =

Fig. 2.32 Continued.



85

L
s | &,=0.05 .
&
| 1 1 1 1 1 ! H 1
| 1 i 1 1 i 1 i 1
O
t
<

/T, I-f

0.6 QS-4:T=6, H=0.589

c=0.895
9c/¢=0.2
Rw =’06

7/H

X/L

(®5) Quasi-Stokes wave : T = 6, q./c = 0.2

Fig. 2.32 Continued.
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Table 2.3 Ratios of shear stress to pressure
at the crests of just breaking waves.
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Fig. 2.33 Changes in shear stress at the crests of just breaking waves.
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towards a reversal of the surface drift. This feature has the same general
character as if the air flow were separated on the downstream side, thus
causing a sheltered region in the usually understood sense.

Fig. 2.33 shows the changes in shear stress at the crests of just
breaking waves t. for various 5;, q./c, and R,. The shear stress increases
monotonically with respect to the wave period because the required surface

drift q. 1is greater than that for smaller wave periods. It is clear from
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Eq. (2.168) that the shear stress varies in proportion to R, "2 and the

term in the order of R,”' has little effect on the stress distribution, so

these curves are nearly identical. Judging from the fact that the drag

coefficient is of the order of 1073, the values for the shear stress in the
figure are physically reasonable ones.

Changes in drift layer thickness at the crests of just breaking waves

-1/2

8. are shown 1in Fig, 2.34. This thickness is also proportinal to R, /-,
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thus only the curves for R, = 10° are presented. For a given gq./c. the
greater the wave period and the smaller the pressure, the thicker the drift
layer. The displacement thickness is about one-third of the drift layer
thickness, as given by Eq. (2.166).

Finally, let it be noted that the applicability of the distribution
model for surface drift is dependent upon the evaluation of the pressure

exerting on waves.
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2.5 Conclusion

This chapter has dealt with two types of breaking conditions. The first
is wave breaking of irrotational motion without wind effects and the second
is that in the presence of wind-induced surface drift.

First, a breaking model for progressive waves of permanent type has
been presented, which is capable of showing both non-breaking waves with
rounded crests and breaking waves whose crests are angled rather than
rounded. The derivation of the model and chief resultant properties are
summarized below:

The wave equation, expressed by only the water surface displacement,
can be derived from the usual basic equations for irrotational motion,
based on the reductive perturbation method. The dynamical system here is
for the potential field, thus the system can also be transformed into the
Hamiltonian system through the variational principle. The Hamiltonian is
found to be an approximate solution of the basic equations and 1is, 1in
essence, a cubic function consisting of three parameters. There is, in
addition, a singular point in the solution which corresponds to the wave
crest at just breaking and, therefore, has an important role for wave
breaking; the usual perturbation procedure, on the contrary, loses this
singularity because of the quasi-linearization of the governing equations,
then the solution has no possibility of being a breaking model. Since the
Hamiltonian 1is regarded as a Taylor approximation of the solution near the
stationary point for the variational principle and, therefore, contains
topologically significant properties, the Hamiltonian should be converted
into a form of the elliptic umbilic-type suitable for a breaking model,
based on the catastrophe theory.

When waves break, wave crests cease to be rounded, becoming crested,

and the so-called Rankine-Stokes breaking condition may hold. The maximum
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wvave heig .t and wave velocity generated by the model agree well with those
found by Byatt-Smith, Fenton, and others. The breaking wave heights for
periodic waves are slightly smaller than those based on the Stokes, Quasi-
Stokes. and cnoidal wave theories, but the breaking inception is in accord-
ance with that found by Miche, Shuto, and those based on the Quasi-Stokes
and cnoidal wave theories. However, the breaking angle of the solitary wave
is about 100.4°, which is less than Stokes’ angle of 120°, thus the wave
profiles given by the breaking model are generally slimmer than those in
other theoretical discussions and the wave velocities for small wave
periods are greater.

Secondly, wind stresses exerting on waves préduce additional velocity
near the wave surface, that is, surface drift. To investigate the wind
stresses at just breaking, shear stress and pressure, the normal distribu-
tion of surface drift has been formulated based on intrinsic equations, in
the orthogonal curvilinear coordinate system along the stream line, derived
from the Navier-Stokes equations of motion with boundary layer approxima-
tions. Following characteristics of wave breaking in the presence of
surface drift have been found.

The shear stress and drift layer thickness, which are proportional to
the inverse of the square root of the Reynolds number as is usual in the
boundary layer theory, increase monotonically with the decrease in water
depth. The displacement thickness at the wave crest is about one-third of
the drift layer thickness. The shear stress and surface drift distribute
with respect to the phase of waves as if the leeward side of the wave crest
were sheltered. When the shear stress is reasonably great in comparison
with the pressure, there occurs the reversal of the shear stress and
surface drift just at the leeward side of the wave crest and they may
become negative there. The pressure acts like suction near the wave crest.

Thus, a spilling region may be formed, where the water tumbles forward.
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CHAPTER 3
EXPERIMENTS ON INTERNAL BREAKING CONDITIONS

FOR PROGRESSIVE WAVES OF PERMANENT TYPE

3.1 Introduction

Observing waves from a beach, one sees waves pushing sand as they
advance, and then the sand is thrown ahead simultaneously with breaking.
After breaking, the waves flow up on the beach. What happens as a wave
breaks? .

Various breaking conditions have been proposed, for example, the
so-called Rankine-Stokes breaking condition! with a cuspidal crest angle
of 120° and the breaker index” . The former deals with local conditions
relating to the breaking phenomena, and the latter is usually obtained_by
experiments to determine breaking conditions, so that it may well be
impossible to describe the whole history of a beaking wave; there may exist
breaking conditions subject not only to the local breaking conditions but
also to the internal breaking conditions. However, if some of the internal
properties of a wave can be evaluated, it may be possible to discuss the
internal characteristics of the wave train.

There are some physical quantities, such as potential and kinetic
energies, mass flux, energy flux, and radiation stresses, which are proper-
ties of the wave train that have been completely defined, and several

3).4.5) have been explained.

relations between these integral properties
In this chapter, experimental investigations on wave breaking are
presented, and fundamental phenomena occurring in breaking waves are

discussed to propose an internal breaking condition based on the instabil-
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ity of waves. Section 3.2 describes an experiment on wave breaking, where
the breaking waves are generated in such a wav that the mass flux accompa-
nied by progressive waves is -not restrained by the endwalls of the wave
tank. Characteristics of the shoaling waves, such as changes in wave
profile, in wave height, and in wave length, are shown in comparison with
theoretical estimations. Section 3.3 discusses some of the usual breaking
conditions. The mass transport induced by breaking waves is investigated in
Section 3.4, where the behaviour of water particles is observed by simula-
tions using tracers, and the resultant motion of water particles near the
breaking point is found to be very active.

Section 3.5 sets out the formulation of an internal breaking mechanism
and discusses the mechanism in comparison with experimental results.
Partition laws of wave energies are derived based on the conservation law
of energy flux(energy flux method). The radiation stress and wave set-down
are also investigated. The radiation stress, defined as the excess momentum
flux of waves, gradually increases with the decrease in water depth and
leads to a depression of the mean water level in front of the breaking
point, that is, the wave set-down. This phenomenon may strongly affect on
wave breaking. Nevertheless, only a formula for the wave set-down® derived
from the Stokes wave theory has been proposed. Therefore, it is neccesary
to develop a formula for the wave set-down applicable in shallower regions.
Formulae are derived based on the balance of the momentum flux of waves
with use of shallow water wave theories. The ever-changing potential
energy, which 1s the only single property directly measurable by experi-
ments, can be estimated. Changes in the potential and kinetic energies of
shoaling waves are discussed in reference to the imbalance of the partition
rate of these two energies to investigate phenomena which may occur in
just-breaking waves. By the comparison of experimental and theoretical

results, the essential point of difference is considered with the conclu-
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sion that there possibly exists an internal breaking condition. as men-
tioned before.

In Section 3.6 the preceding characters related to the internal break-

ing conditions are summarized.

3.2 Experiments on Wave Breaking

(1) Experimental Apparatus and Procedures

a. Wave tank

If physical properties in breaking waves abruptly change, it may be
impossible to measure breaking properties, such as water particle veloc-
ities near the wave surface and wave profiles. Furthermore, it is also
well-known that a wave of breaker-type., which can be discussed based on the
shallow water wave theory, is a so-called spilling breaker forming on water
of gradually varying depth. It is, therefore, convenient in an experiment
that the gradient of a slope be as mild as possible. In the present work it
was set at 1/150.

The wave tank is a double-deck type as illustrated in Fig. 3.1, belong-
ing to the Ujigawa Hydraulic Laboratory, Disaster Prevention Research
Institute, Kyoto University. The slope is located in the middle portion of
the wave tank. Water depths at the front and rear sides of the slope are
fixed, the latter having been determined so that waves should break at the
end of the slope. The mass flux accompanied by waves returns to the wave
generator-side through a circulating duct between the upper and lower
decks. By using this apparatus, the mass transport of waves is not con-
strained by the endwalls of the wave tank; furthermore, the breaking proper-
ties, such as breaking points, wave heights, and wave profiles, remain

steady. This wave tank can, then, be used to properly carry out the purpose
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Fig. 3.2 Measuring points.

of the present study.
There 1is a glass observatinal window on one side of the wave tank with
2 cm high and 4 cm long meshes. These meshes were used as the base line for

measurements of the water surface displacements on photographs.

b. Measurements of breaking properties
i) Steadiness of wave properties
Wave gauges were set up at six locations in the wave tank as shown in

Fig. 3.2, and wave records were continuously taken from the beginning of



103
wave generation. Steadiness was confirmed from the wave records by checking
that wave heights were uniform at measured points and that harmonic changes
in wave height did not appear at the breaking point. Changes in wave height
within 2 mm at the breaking point, however, were considered allowable.

Measurements were taken one hour after wave generation began in all runs.

ii) Wave profiles in time and in space

Wave profiles 1in time were measured by wave gauges set up in the wave
tank as illustrated in Fig. 3.2, and wave profiles in space were measured
by the photographical method as illustrated in Fig. 3.3. A motor-driven
carriage 1s set up about 3 m away from the observation window, parallel to
the axis of the wave tank. This carriage moves at a constant speed. nearly
equal to the measured mean wave velocity. Photographs of wave profiles over
the slope are taken with a 35 mm camera(3 frames per second) through the
glass. This procedure was carried out three times during each run. The
negatives were magnified to life-size projected on a screen and the water
surface displacements were measured at 1 cm intervals near the wave crests
and 2 cm intervals near the wave troughs.

A simple device was used to make these photographs sharper, as shown in

Fig. 3.3. A 10 cm strip of aluminum foil is pasted to the bottom of the

Lamp
Blind
[_ Camera
N
\/ Carriage
Alminum
foll

Wave tank

Fig. 3.3 Photographical method for wave profiles in space.
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wave tank to reflect the light from above. This reflected light is again
scattered by the meniscus on the glass and caught by the camera on the

carriage.

iii) Wave length
A wave length was defined as the distance between two adjacent wave

crests of wave profiles in space.

iv) Wave set-down
Depression of the mean water level, that is, wave set-down defined as
the difference between the still and mean water levels, was measured from

wave profiles in space.

v) Water particle velocity

The tracer method using neutrally buoyancy particles was adopted for
measurements of trajectéries of water particles under the still water
level. The neutrally buoyancy particles used were made of white
polystyrene(l.72 mm in mean diameter and 1.093 in specific weight . which
were heated to be a specific weight of very close to 1, and those suitable
for remaining neutrally in water for a long time were selected. The photo-
graphical method used is illustrated in Fig. 3.4(1). Neutrally buoyancy
particles are added to the water through a syringe at measuring points.
taking scrupulous care not to disturb the water. Particles in the light:3-4
cm  in width) from an ellispotlight are caught in the middle portion of the
lense of the 35 mm camera, possibly decreasing aberration. The particlesare
photographed together with a scale(10 c¢m in total length with intervals of
2 cm), the top of the scale being set up at the still water level to
determine the base line for the vertical coordinate.

Behaviour of water particles on the wave surface were measured photo-
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Fig. 3.4 Photographical method for water particle velocities.

Table 3.1 Experimental conditions at the breaking point.

Run T(sec) hb(cm) T/g?Eb Hb/hb
1 1.00 5.12 13.8 0.734
2 1.40 5.06 19.5 0.734
3 0.79 4.97 11.2 0.684
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graphically with a stroboscope as illustrated in Fig. 3.4(2) using floats
of styro-foam(about 3 mm in diameter) as the tracer. And, for both measure-
ments, a wave gauge was set up at the same place to measure wave profiles
in time.

Negatives were magnified to about double and projected on a screen. and
the mass transport velocity was defined as the ratio of horizontal distance
to wave period, 1in which the distance was that from one vertical tangent
for a trajectory to the next. In measuring the distance, trajectories of
neutrally buoyancy particles were selected such that they moved nearly
horizontally over several wave periods and were within +5 cm from the each
measuring point.

The experimental conditions at the breaking point are given in Table
3.1, where T is the wave period, H the wave height, Ih the water depth. and
g the acceleration of gravity. The subscript b denotes quantities at the

breaking point.

(2) Wave Properties over a Mild Slope

In this section, properties of breaking waves, such as changes in wave
profiles in time and in space, in wave length, and in wave height due to
the wave shoaling, are shown in comparison with theoretically evaluated
ones. Theories adopted are the Stokes wave theory of third order approxima-
tion (S-3) based on the Stokes first definition for the wave velocity.
the Quasi-Stokes wave theory(QS-4)®, and the cnoidal wave theory(NC-3"',

the last two being derived by the reductive perturbation method.

a. Wave profiles in time
Fig. 3.5 shows comparisons of the experimental wave profiles 1in time

with theoretical ones. where x is the distance from the breaking point. and
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1n the water surface displacement. In the figure, experimental and theoreti-
cal wave crests are arranged in phase to draw attention to characteristics
of the changes in wave profile. Thus, the coordinate origin is taken at the
end point of the slope for the convenience of comparison of experimental
and theoretical results.

In Run 1, wave profiles near the wave crest are roughly symmetric at
all measured points and become steep near the breaking point. A weak
secondary wave is seen at x/h, = 52.7 in the phase of the main wave trough
and it grows with shoaling. In Run 2, a secondary wave has already occurred
in the offshore region x/h, = 120.4. This wave is outrun by the main wave
approaching the breaking point. This phenomenon 1is chiefly due to the
nonlinearity of waves in the shoaling process as also seen in Run 1.
Representative asymmetry of wave profiles near the breaking point is seen
in Run 3, where the occurrence of the secondary wave is not as conspicuous
compared with the others, and the development of the shoaling wave into the
breaking wave is clearly shown. Reasonable agreement of wave profiles 1in
the offshore region is presented, but the theories cannot simulate the

steep wave profiles near the breaking points.

b. Wave profiles in space

Secondary waves apparently occurred in Run 2, which cannot be simulated
theoreiically as mentioned above. Thus, wave profiles in space except for
those in Run 2 are now discussed. Physical quantities of the first wave for
Runs 1 and 3 over the slope are given in Table 3.2, where L is the wave
length and the subscript o denotes quantities of corresponding deep water
waves. An example of wave profiles in space is presented in Photo. 3.1. and
Fig. 3.6 shows representative wave profiles in space measured with these
photographs for Runs 1 and 3, where x’ is the distance when the coordinate

origin is taken in phase with the wave crest. The curves are theoretical
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Table 3.2 Physical quantities of incident waves in space.

Run T/g7k H/h h/Lo Bafle | ghopted
1-1 10.3 0.313 | 0.0589 | 0.0182

14 10.3 0.300 | 0.0596 | 0.0181 Qs-4
1-3 10.3 0.323 | 0.0594 | 0.0189

3-1 8.15 0.295 | 0.0938 | 0.0293

3-2 8.08 0.312 | 0.0954 | 0.0315 s-3
83 8.26 0.293 | 0.0914 | 0.0283

Photo. 3.1 Example of wave profiles in space (Run 3).

ones based on the energy flux method.

Wave profiles near the wave crests in Run 1 are roughly symmetric in
the deeper region and conserve this symmetry even in the shallower region,
but the symmetry of wave profiles is slightly marred at the breaking point.
Run 3 shows typical wave profiles which are symmetric in the offshore
region but become asymmetric due to the wave shoaling. In both these runs.
the theoretical wave profiles are in accordance with experimental ones 1in
the offshore region. However, it is remarkable that the asymmetric waves
near the breaking point cannot be simulated theoretically even on the
sufficiently mild slope of 1/150.

In the previous studies on wave breaking, wave profiles in time have
frequently been adopted as the experimental wave profiles. but wave pro-

files 1in time and in space may differ. Therefore, it is important for the
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clarification of the breaking phenomenon that these two wave profiles be
compared. Fig. 3.7 shows examples of wave profiles in time and in space for
Runs 1 and 3, where the measured points x/h;, are nearly equal. Two values
of x/hy and H/h are given in the figure. Values in parentheses are those
corresponding to wave profiles in space. In these runs, the asymmetry of
wave profiles in space is more remarkable than those in time. It is,

however, necessary to investigate this relation more in detail.

c. Changes in wave length

Changes in wave length over the slope are shown in Fig. 3.8. The heavy
line in each figure is the experimental curve, and the lighter solid and
broken lines are theoretical ones based on the energy flux method. These
broken and solid lines show, respectively, wave lengths evaluated by the
adoption of the wave height of the first wave in space over the slope and
by that of the wave height in time at the measuring point 5. There are
differences in the theoretical curves because of the discrepancy in these
incident wave heights.

Experimental wave lengths in Runs 1 and 3 agree well with theoretical
ones in the deeper region, and the former becomes slightly shorter than the
latter with the decrease in water depth. The measurement errors in wave
length are within about 5 %. In Run 2, there exist differences between
these results; the reason is basically due to the occurrence of secondary
wvaves as shown out in Fig 3.5.

Fig. 3.9 shows the changes in wave length for the particular waves
given in Table 3.2. In both Runs 1 and 3, measured wave lengths are shorter
than theoretical ones near the breaking point, but the experimental tend-
ency of the changes in wave length due to the decrease in water depth is

very similar to the theoretical tendency.
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Fig. 3.9 Changes in wave length of particular waves given in Table 3.2.

d. Changes in wave height

Fig. 3.10 shows the changes in wave height over the slope, which were
obtained from wave profiles in time at each measuring point. The curves in
the figure are theoretical ones based on the energy flux method using wave
heights at point 5 as incident waves. In all runs, wave heights in the
offshore region are slightly depressed because of bottom friction, thus
experimental wave heights are smaller than theoretically estimated ones.
but these results agree fairly well over the whole range of h/Lg.

Changes in wave height for the particular waves in space, given in
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Table 3.2, are also shown in Fig. 3.11 together with theoretical curves
drawn by solid lines, where solid circles denote wave heights obtained from
wave profiles in time, the broken lines show the corresponding theoretical
curves, and the steepness of deep water waves 1s given 1n parentheses.
Apart from some slight irregularity in wave height, experimental wave
heights coincide with theoretical ones in the offshore region in both Runs
1 and 3, the former being slightly smaller than the latter near the break-
ing point. This is nearly the same tendency as in the changes in wave
length. The chief cause of this irregularity of wave height in space may be
due to the photographical measurement error for wave profiles. Seen from an
observational point, as waves approach the breaking point, wave crests
become steep and the dynamical condition near the wave crests on the glass
window 1is similar to that of wave fronts propagating over a dry-bed.
Therefore, these phenomena occasionally occur near the breaking point.

where pictures taken very close to the wave crests lack clarity.

e. Changes in steepness

Fig. 3.12 shows the relation between the wave height and wave length
for the waves given in Table 3.2. As shown above in Figs. 3.9 and 3.11,
experimental wave lengths and wave heights are both slightly smaller than
theoretical ones near the breaking point. Nevertheless. these experimental
values of steepness agree very closely with the theoretical ones over
almost the whole range of wave length. Theoretical breaking depths are
shallower than the experimental ones as seen in Fig. 3.12. However, by the
adoption of the representétion h/H versus L/h, the influence of discrepan-
cies 1in breaking depth does not apparently arise, and this is the reason
the experimental and theoretical characteristics of the changes in

steepness due to the varying depth coincide.
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Fig. 3.12 Changes in steepness of shoaling waves.

3.3 Some Usual Breaking Conditions
(1) Rankine-Stokes Breaking Condition

Photo. 3.2 shows the representative behaviour of the floats on the wave
surface. The maximum horizontal component of the water particle velocities
on the wave surface u,,, was derermined from the maximum gradient of the

travel-time curve of the float, obtained from these photographs. Fig. 3.13
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shows the comparison of these water particle velocities with wave veloc-
ities defined as the ratio of wave length to wave period. The ratio up../C
often takes on greater values than unity near the breaking point, but the
discrepancies are about 10 %, which may be considered the maximum accept-
able error for experimental measurements., Therefore, it can be concluded
that the ratio um.x/c becomes equal to unity at the breaking point, that

is, the Rankine-Stokes breaking condition is satisfied.

(2) Breaking Wave Height

Fig. 3.14 shows the comparison of experimental breaking wave heights
with the breaking inception calculated with use of the Rankine-Stokes
breaking condition and with the breaker index. The breaking wave height for
the solitary wave evaluated by the breaking model (see Chapter 2) is also
plotted in the figure. Experimental breaking wave heights have values about
10 % smaller than theoretically evaluated values. Moreover, experimental
results have 4 % smaller values than those of the breaker index. However,
considering the accuracy of the breaker index, both of these experimental

and theoretical values may well agree.

(3) Breaking Angle

This type of breaking wave was for a so-called spilling breaker, and
the angles of wave crest at just breaking were within from ©G0° to @93°,
determined from photographs as shown in Photo. 3.3. The breaking model {see
Chapter 2, Fig. 2.15) indicates that breaking angles for the present
experimental waves are of about 102° to 104°, while, according to

Schwartz!®, waves with breaking angles of about 90° predominate in deep

water. These experimental breaking angles may, therefore, be reasonable.
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Photo. 3.2 Behaviour of floats on the wave surface (Run 2.

Photo. 3.3 Wave profile at just breaking (Run 2.
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3.4 Mass Transport Induced by Breaking Waves

Photo. 3.4 shows the trajectories of neutrally buoyancy particles under
the still water level. It is notable that the shallower the water depth.
the more active the motion of water particles. The horizontal component of
water particle velocities on the wave surface also amounts to several times
the vertical one, as seen in Photo. 3.2.

The vertical distributions of mass transport velocity U, for Runs 1. 2,
and 3. obtained from these photographs, are shown in Figs. 3.15, 3.16. and
3.17. respectively, where the vertical coordinate z is measured upward from
the mean water level.

Theoretically evaluated values by the Stokes, Quasi-Stokes, and cnoidal
wave theories are indicated by chain, broken, and solid lines. respec-
tively. Furthermore, in the pairs of curves, the heavy line shows the
vertical distribution estimated based on the shoaling of the first wave
over the slope, and the light line, estimated using the measured wave
heights from wave profiles in time at each measuring point. The dotted
lines at the breaking point x/h, = 0 were evaluated with the Rankine-Stokes
breaking condition, and the bouble chain lines, with the breaker index.

In Run 1. in the region apart from measuring point 5. x/h > ©2.7,
experimental mass transport velocities distribute nearly uniformly through-
out the whole water depth and give slightly smaller values than theoretical
ones in the upper zone of the water. In the shallower region, from points 1
to 3, experimental and theoretical values roughly coincide near the bottom.
but near the still water level the former approaches D times the latter.

The deviations of the experimental values in Run 2 are of the same
order as in Run 1, as shown in Fig. 3.16, and the experimental values are
greater than the theoretical ones for almost the whole region. The chief

reason stems from the nonlinearity of shoaling waves and from the resulting



(1) x/hy, = 0 : Breaking point

(3) x/hy, = 124.5

Photo. 3.4 Trajectories of neutrally buoyancy particles
under the still water level (Run 3).
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occurrence of secondary waves, as mentioned before. Mass transport veloc-
ities at the breaking point take on values of about 7 times theoretical ones
near the still water level.

In Run 3, which is the case of the weakest nonlinearity of waves here.
the results in the offshore region are similar to those of Run 1. and the
deviations are smaller than in Runs 1 and 2. From points 2 to 7, 8.0 =«
x/hy, < 124.5, experimental and theoretical results agree well except for
in the upper zone of the water. At the breaking point x/h;, = 0, experimen-
tal values amount to several times theoretically evaluated ones.

All runs show that the shallower the water depth. the greater the
deviation. This fact is due to the activity of water particles near the
breaking point as seen in Photos. 3.2, and 3.4. It is also notable that
there exists mass transport in the direction of wave propagation and it
extends over the whole depth for the shoaling waves on a slope as well as
for waves on a uniform depth of water!D

Fig. 3.18 shows the changes in mass flux with respect to the dimension-
less wave period TJ&;Z ., where the mass flux was evaluated from the verti-
cal distributions of mass transport velocity shown in Figs. 3.15, 3.16, and
3.17. The theoretical curves represent the total mass flux @ and the Stokes
drift @> induced by the nonlinear interaction between the water surface
displacement and water particle velocity. The difference Q - Q> 1is the mass
flux caused by the existence of the mean water particle velocity 1in the
Eulerian coordinates for the Quasi-Stokes® and cnoidal waves” . The mass
flux at just breaking, the upper bound of Q. is also drawn into the figure
with use of the Rankine-Stokes breaking condition and the breaker index.

It is theoretically natural that evaluated values for @ based on the
Quasi-Stokes wave theory smoothly coincide with cnoidal theory's because
these two wave theories are derived standing upon the same physical assump-

tion, non-periodicity of water particle velocities, and they are closely in
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Fig. 3.18 Changes in mass flux.

accodance near-by their bounds of validity. The experimental mass flux in
Runs 1 and 3 agree well with the Stokes drift Q». The results in Run 2, on
the contrary, are similar to values of total mass flux @ because mass
transport velocities take on greater values than theoretical ones due to
the occurrence of secondary waves. The mass flux can be theoretically
estimated in the deeper region. However, in the shallower region where the
nonlinearity of waves becomes strong, the theoretical estimation of the
mass flux gives values about 30 % smaller than experimental ones as seen in

Fig. 3.18.
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Generally, the theoretical estimation of the mass flux is not always
possible near the breaking point, but one can obtain approximate values.
Theoretical results indicate that the mass flux at just breaking takes on a

maximum value near the point Tyg/h = 10.
3.5 Internal Breaking Conditions
(1) Partition Laws of Wave Energies for Progressive Waves

Consider two-dimensional surface waves propagating on water of grad-
vally varying depth h with constant density p, under the influence of
gravity ¢. Assume that the fluid is inviscid and incompressible and the
motion 1is irrotational. Let the potential and kinetic energies. and group
velocity be denoted by E,, Er, and ¢4, respectively.

If the energy flux of the progressive waves is conserved, the energy
conservation law (E, + Ex)c, = const. leads to

Ex/Exi = cgi/cqg + Epi/Exi ) (Cqi/Cog—Ep/Epi ), 3.1
vhere the subscript i denotes quantities of offshore waves(incident waves).
The partition rate of wave energies, defined as the ratio of kinetic to
potential energies, becomes

Ex/Ep = (cqi/Cq) Epi/Ep) Exi/Epi+1)—-1. (3.2)

Now consider the waves in the region where the condition

kh > 1 (3.3)
is satisfied, where k 1is the wave number. In this region, the partition
rate in the incident waves can be evaluated as

Exi/Epi = 1. (3.4)
Therefore, Egqs. (3.1) and (8.2) reduce to

Ev/Exi = 2 (cqi/Cqg) — Ep/Epi, (3.5)

Ex/Ey = 2 (Cgi/Cg)Epi/Ep)—1. (3.6
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These equations govern the partition laws of wave energies until the waves
break.

Fig. 3.19 shows an example of the partition rates of wave energies. The
changes in physical properties, such as wave length, wave height, and group
velocity, are also shown. The coordinate origin is, in the figure, taken at
a point on the shoreline with the x-axis horizontally offshoreward. and 6
is the slope of a beach. The breaking conditions adopted are the Rankine-

Stokes breaking condition and the breaker index.
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This figure shows that the wave length and group velocity decrease in
shallow regions x/hy < 102 as the wave propagates over the beach, but the
other quantities, on the contrary, increase monotonically until the wave
breaks. The example of Ey/E, = 1.14 at the breaking point leads to the
fact that the kinetic energy is slightly greater than the potential one.

To verify these theoretical internal characteristics, the physical
quantities in Egs. (3.5) and (3.6) should be investigated experimentally.
However, the changes in potential energy E,/E,; can only be determined
directly in these quantities because when the shoaling wave profiles in
space are measured experimentally, the potential energy can be estimated by

the definition

L
E, = <pg/L>f0 (1/2nf dx. (8.7)

As the wave energy flux 1is conserved, if the changes in group velocity
Cq/Cgi 1s evaluated properly, it is possible to determine the partition
rate of wave energies E /E, near the breaking point based on Eq. (3.6).
Consequently, through discussion of the partition of wave energies of

shoaling waves, one might find an internal breaking condition.
(2) Wave Set-Down

One of the most important wave-driven effects occurs when wvaves
encounter a sloping beach. The waves shorten, steepen, and eventually
break. In the steady state, the shoreward flux of momentum must be independ-
ent of x, which is taken perpendicular to the shore. It is well-known that
the resulting change in radiation stress produces a change in the mean
water level, that is, wave set-down.

Let the horizontal and vertical components of water particle veloc-

ities, the pressure, and the time be u, w, p, and t, respectively. The
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radiation stress'® is defined by

T phen o -
S = (1/"’]’)]‘)'/ (p + pu=) dzdl - (1/2)pgh-
0 Jo
T phey 2
- (1/"/)11){ (1,/'7‘)f()j; pu dzdt} , (3.8)

where z is the vertical coordinate measured upward from the sea bottom. For

Stokes waves, Eq. (3.8) leads to

2 g4 2
S/Dgh2 = l {ﬂ} { 1422 8 ch”- 8 ch=+ 9}
2 \hJ 8 sh*

[1 kh { kh - 20 ch8+ 38 chP- 12 ch'+ B ch®- 9
> -+ /((_ .

L2 shen sh ch 16 sh

+200h6-—28ch4+35ch2v—18_ 1 Qlch}]‘ (3.9)
32 sh® 2 sh®  kh o
where «a and A are parameters concerned with wave properties, and the
notation, for brevity, is made such that sh = sinhkh and ch = coshkh.
Longuet-Higgins and Stewart® have integrated the equation of horizon-
tal momentum balance to yield the formula for the wave set-down 4Ah as

2 -
Ah/d = ~1{9} _ekd (3.10)
4 \d) sinh 2 kd

where d 1is the local depth of water. In Eq. (3.10), the lowest order term
of the radiation stress of Eq. (8.9) is adopted and the local depth d 1is
assumed to be nearly equal to the mean water depth h. This formula has the
validity only in the region where the Stokes wave theory is applied. Thus,
similar formulae for the wave set-down must be developed in shallow regions
where proper wave theories, for example, the cnoidal wave theory. are
applicable.

Based on Eq. (3.8), the radiation stresses for Quasi-Stokes and cnoidal
vaves are expressed“”, respectively, as
S/pgh® = (A~/16) [ 3— (2/3) (kh)?+ (14/45) (kh)*~ (57/1890) (kh )°

+(3/84)40% 1 3Rh) ' +10kh)2 1, (3.11)
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S/pgh? = (1/2)(R3/k*) [ — E/K) {BEMKI+2 K*—4} )+k?—1 )
+(1/10) (A3 /%) [ 100 (E/K)? { (E/K)+k?~2) +2(E/K) (11k*~61k"+61 )
—11(k*-3K%+2) )
+(1/188) A* /K% [ —3(E/K)® (1113(E/K)+ 1496 k?— 2968}

~2(E/K )* (861k* — 4200 k?+4200)

~28E/K) (TKO-T2 k*+ 174 kP~ 116)

+ (k?-1) (@8 k'- 413 k%+413) 1}, (3.12)
where k in Eq. (8.12) is the modulus of the Jacobian elliptic functions,
and K and E are the complete elliptic integrals of the first and second
kinds, respectively. iy and R are also the parameters which are functions
of wave properties.

Since these two expressions for the radiation stress are too compli-
cated to lead formulae for the wave set-down as by the direct integral
method used by Longuet-Higgins and Stewart®, following other simple
arguments by them'¥, let us investigate the general relation for the
vertical momentum flux and propose a formula for the wave set-down.

Consider the vertical momentum balance in a section of water bounded by
the wave surface z = h+n , a horizontal plane =z = z;, and two vertical
planes x = xp and x = xp + dx as illustrated in Fig. 3.20. The mean flux of

vertical momentum(per unit cross-section) across the horizontal plane is

a h+n
———./ puw dz
dx Yz

p+ puf -

in terms of the pressure and Reynolds stresses, in which the over-bar
denotes the time average. This average flux of momentum must balance the
total weight of the section of water, so that the relation for the vertical

momentum flux can be obtained

a [hm _
p+ pu? ~5—f puw dz = pp+pgth+n~zp), pPo = pgth—=zp). (3.13)
X vzo

On the other hand, the time average in the Bernoulli equation gives
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ae _ PRGN
p ;;;+1}+(1/2)p(u2+4U'}+pg(ZU*h) = f{t) = const., (3.14)

where ¢ 1s the velocity potential, f(t) a certain function of time. From

Egs. (3.13) and (3.14),

3 as a9 hen . .
pglh—d) = — (1_,/2)p(u‘—w?')—p _—— puw dz+C (3.15)
at oJdx Jd

at the still water level zy = d, where C is a constant. This equation

expresses the time average of the vertical momentum flux at the still water

level, thus likely giving the wave set-down at any point of ux.

dx

Z=h+9
z=h=d+ah r\<
- 7 A z=d

Fig. 3.20 Vertical momentum balance in a shoaling wave.

The terms contained in Eq. (3.15) can be evaluated as follows: the
velocity potential for Stokes waves is determined such that the relation

C =pdd/A8t must be held”-'®, while in the Quasi-Stokes and cnoidal wave

theories'”, the horizontal water particle velocity is given by
o - . — T
u = ?;— = u-r}j(perlodlc terms), u = (1/T{£ udt = 0, (3.16)
x

thus, the velocity potential becomes

¢ = ﬂx+[2 (periodic terms) dx, (3.17)
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in which the secular term is determined to have vanished. Therefore. the
time averaged term d¢ /0t vanishes in these two wave theories. The con-
stant C is also null in the basic equations.

In evaluating the third term of Eq. (3.15), the slope is assumed to be
sufficiently gentle such that the reflection of waves is of negligible
importance in the calculation of shoaling waves. So the order of approxima-

tion of the derivative with respect to x may lead to

9 he+ o heay , ‘
. puw dz = — puw dz. (3.18)
ax vd ax vh

This is higher than the highest order of the theories adopted, so that this
term 1s also negligible,; consequently, the wave set-down 4h = h - ¢ can be
evaluated by
gdh = — (1/2) (- u") (3.19
under the condition that z = d = §.
Substituting the known expressions of the water particle velocities for
the Stokes, Quasi-Stokes, and cnoidal waves in Eq. (3.19), required expres-

sions are written for the Stokes wave theory as

D . N ?,4_ ?._2
A = _l{g} kh {1+R‘8d1 8(h+9}
4 1) shoch 8 sh*
_ 6 4 1,2
A{1+J@ 20 ch +16¢J2ﬁ-4ch~+9}' 3.20"
16 sh®
for the Quasi-Stokes wave theory
Ah/h = — (A2/18) [ 1= (2/3) (kh)*+ (14/45) (kh)*— (461 ,/3870) (kh )°
+ (3/84)R0° { Bkh)™*~T(kh)? 11, (3.21 )

and for the cnoidal one,
Ah/h = — (1/8)YR2AN [ — (E/K) (3EMKI+2 K2—4) +k°—1 )
— (1/30) (A3 /K8 [ TBE/AKD? { (E/K)+k2—2))
+(E/K) (14 k' —89 k2 +89)~Tk* -3 k°+2)

— (12100 (A A8Y 1 —1TBE//K)? 1129(E/K)+ 188 k-— 352!
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—2(E/K)* (8307 k*—30982 k°+29582)

—4(E/K) (247 k°— 3524 k*+8740 k7~ 5710>
+ (k°-1) (494k*—2701k%+2701) 7 . (3.22)
Eq. (8.10) coincides with Eq. (3.20) in the lowest order of approxima-
tions, assuming that the local depth d nearly equals the mean depth of
water h. By comparison of Egs. (3.11) and (3.12) with Egs. (3.21) and
(3.22). respectively, it is noted that the wave set-down is about one-third
of the radiation stress in the shallower region. The resulting changes in
radiation stress and in wave set-down, expressed respectively by Egs. (3.9)
to (3.12) and Egs. (8.20) to (3.22), will be discussed in the next section,

comparing them with experimental results.

(3) Occurrence of Wave Breaking Subject to the Imbalance

in the Partition Rate of Wave Energies

Because the potential energy must be evaluated from wave profiles in
space without strong secondary waves, wave profiles for only Runs 1 and 3
could be used here. Wave lengths were evaluated from experimental curves
with an error of about 5 % as shown in Fig. 3.8.

To estimate the left-hand sides of Egs. (3.5) and (83.8). which govern
the partition rate of wave energies, measurements of the changes in group
velocity are required. Since it 1is impossible to measure the changes
directly, the following approximations are adopted.

Fig. 3.21 shows the theoretical results of the changes in potential and
kinetic energies, in radiation stress, in group velocity, in wave length,
and 1in wave height. Experimental curves for wave lengths are also shown in
the figure. These experimental and theoreticl results of wave length
coincide over the whole range of the distance x/h, within an error of 5 #%.

Assuming that the wave period does not change with the varying depth, the
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changes in wave length L/L; equal those in wave velocity c/c;. Therefore.
the changes in group velocity cy/cgi near the breaking point may be approx-
imated by the changes in wave length L/L;, 1.e.
cg/Cqi = L/Li = ¢/ci. 13.23»
On the other hand, according to the theoretical results, the partition
rates of incident waves FEy;/E,; for Runs 1 and 3 are equal to 1.0Z7 and
1.029, respectively. This means that the assumption (3.4) is sufficiently
satisfied by the experimental incident waves. Egs. (3.5) and (3.6) can.

then, be approximated by

Ek/Eki = 2<Ci/C> _Ep/Ep'ia (3.24)
E’\/Ep = 2<Ci/c ) (Epi//Ep >“1 ’ 1\325 )
respectively.

Fig. 3.21 shows that the wave length L/I.; and group velocily cg4 ¢y
both decrease with wave shoaling. while the energies E,/E, . F /. and
E./E, and wave height (H/H;)»® all increase until the wave breaks. Among.
them. it is well worth remarking that the radiation stress S/S; takes on a
maximum value at certain points of h/Lg and its change differs from the
monotonical changes in the other physical quantities. The non-dimensional
radiation stress S/pgh2 increases toward the breaking point as shown in
Fig. 3.22; however, the increasing rates are depressed after a certain
point of h/Lp <(marked by a symbol;—). This is the reason the radiation
stress S/S; takes on a maximum value.

The experimental results of the changes in wave energies E,/E,; and
E./Ex; are plotted in Fig. 3.23, in which the open and solid circles
indicate the potential and kinetic energies, respectively. The experimental
values of kinetic energy 1in this figure were calculated from Eq. (3.24)
using the experimental values of wave length and potential energy.

Certain amount of fluctuations arise in Run 3 within 80 < x/hy, << Q0

because of weak meandering of waves. It is, however, remarkable that the
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Fig. 3.21 Changes in physical quantities of the shoaling wave.
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Fig. 3.22 Changes in radiation stress.

potential energies gradually increase in the offshore region x/h, > 100,
as does the theoretical estimation, decreasing slightly to 50-60 of x/h;,
after which they begin to decrease sharply. Let us define the points where
the potential energy turns from a increase to a decrease and then when it
begins to decrease sharply as the turning and initiating points, respec-
tively. For Run 1, the breaking depth h, and wave length L, equal about
5.12 cm and 78 cm, respectively, so that the turning and initiating points
of the potential energy, x;/L, and x;/L,, nearly equal 6.6 and 3.6, respec-
tively. In Run 3, the potential energy begins to decrease sharply before
the breaking point as in Run 1. These points. x;/L, and x;/L, are about 8.6

and 3.6, respectively.
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Fig. 3.23 Changes in potential and kinetic energies.
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To justify the changes in wave properties based on the assumption
(3.23), we need to discuss the changes in group velocity with the aid of
the stream function theorym). According to the stream function theory in
the frame of reference moving with a wave, the water surface displacement

of the wave is given as

N-1
It
n = <1/c>[q>0— Y sinh(n - 2)1 0
n=4.6, ... L
X1 . .x .
X{chos(n—2)75I+X,,+1s1n(n—2)rcz}:|, (3.26)

where 11 = x—ct, N 1is an odd number, ¢y is the stream function at the wave
surface, and X, are coefficients of the Fourier series. The values of
¢0, L, and X; are, originally, determined by the measurements of the wave
profile and wave period. However, there exists a problem in adopting the
theory to estimate wave properties over a slope; because the value of
stream function is a constant only in the frame of reference moving with
the wave, measured water surface displacements in time are able to satisfy
the role of those in space only when the wave propagates on water of
uniform depth. For the waves on a slope, on the contrary, water surface
displacements in space must be used in Eq. (3.26). Therefore, at this stage
we deal with the stream function theory in a slightly unusual manner. the
parameters 1in the stream function representation are determined so as to
strictly satisfy the kinematic boundary condition within an error of about
10* to 10°, using measured values of wave period and wave length. The
gross error for the dynamical boundary condition 1s evaluated by the
standard deviation

l
02 = B2, Ez = (1/D)), @@V,
o (3.27)

1
Q= A/DY.Q, Q& =i+ 1/2){ @ -+ w?),

i=1
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where @; are Bernoulli’'s constants at the wave surface, and the subscript i
is a phase index for a sequence consisting of I values. The resultant error
for the dynamical boundary condition is in the range of 1073 to 107*.

Fig. 3.24 shows the change in group velocity over the slope of 1/150;
where the group velocity is defined by the ratio of energy flux to total
energy. The solid 1lines in the figure are experimental curves for wave
velocity c/c;. Since the kinetic energy 1is extremely sensitive to the
asymmetry of wave profiles, estimated values of group velocity c,/c,; show
certain amount of fluctuations in the offshore region, which resembles that

of the wave profiles in Fig. 3.6.
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Fig. 3.24 Comparison of group velocities based on the stream function
theory with experimental wave velocities.
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The changes 1in kinetic energy (E./E.;)s are shown in Fig. 3.20, eval-
vated by Eq. (8.5). In the figure, the subscript s denotes values based on
the stream function theory, and the chain lines are the experimental curves
of E./Ex; based on Eq. (3.5) already shown in Fig. 3.23. (E./E.;)s takes on
values less than unity 1in the offshore region, but both (Ey/Ey;)s and
E./Ex; reasonably coincide with experimental errors of wave velocities c/c;
in regard to group velocities cg4/cy; .

Figs, 3.24 and 3.25 demonstrate that the assumption (3.23) is well
satisfied by shallow water waves over the slope of 1/190. The estimated
changes 1in potential energy E,/E,;, of course, agree with those shown in
Fig. 3.23, satisfying the kinematic boundary condition.

Comparison of Fig 3.21 with Fig. 3.283 shows a remarkable difference
between the experimental and theoretical results, an abrupt decrease in
potential energy before the wave breaks. Moreover, it is notable that the
point of abrupt decrease is nearly equal to the point where the radiation
stress takes on a maximum value. The experimental tendency for the kinetic
energy to increase as the wave approaches the breaking point is the same as
the theoretical tendency. However, the increasing rates of kinetic energy
in the experiments are several times the theoretical ones because of the
abrupt decrease in potential energy.

Next, let us investigate the wave set-down caused by changes in radia-
tion stress which has a strong effect on wave breaking. Fig. 3.26 shows
experimental results for wave set-down, in which the curves are the
theoretically estimated ones for the wave set-down and radiation stress.
Experimental and theoretical wave set-down are roughly the same in the
deeper region, but the former is greater over the whole range of distance
and is about three times the latter near the breaking point, that 1is., the
values are more or less the same as for the radiation stress. The true wave

set-down is sensitively affected by how the mass flux of the wave balances
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Fig. 3.26 Changes in wave set-down.

the discharge resupplied through the circulating duct in the wave tank.
Therefore, the chief cause of the discrepancy in wave set-down may come
from the fact that the mass flux is slightly greater than the resupplied
discharge. This resembles the tendency of experimental wave lengths to be
shorter and that the breaking points are, consequently, more seaward than
the theoretical ones.

Investigating the experimental results of wave set-down in detail, it
is to be noted that the wave set-down begins to change sharply near the
initiating points of 50-60 for x;/L, , the same as for the potential energy

and radiation stress.
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Now, Fig. 3.27 shows the partition rates of wave energies. which is
defined as the ratio of kinetic to potential energies F,/F, and evaluated
from the experimental curves shown in Fig. 3.23. Corresponding values of
(Ex/E,)s based on the stream function theory and on Eq. (3.6) are also
plotted in the figure. Both values of E\/E, and (Ex/E,)s agree fairly well
as in Fig. 3.25. The ratios Ey/FE, approximately equal 2.4 at the breaking
points. These results conclusively show that the kinetic energy is predomi-
nant when the wave breaks.

From the discussion above, it is concluded that the radiation stress
S/S; approaches a maximum value, while the potential energy E,/E,;
decreases near the breaking point, resulting in the break in the energy
balance of the wave, and that this phenomena has significant effects upon
wave breaking. In addition, the imbalance in the partition rate of wave

energies is confirmed as a premonitory phenomenon of wave breaking.

3.6 Conclusion

Breaking waves of spilling-type were generated on a mild slope of
1/150, the mass transport accompanied by the wave propagation not being
restrained by the end walls of the wave tank. Characteristics relevant to
wave breaking, such as the water particle velocity, mass transport, mass
flux, radiation stress, wave set-down, and partition rate of wave energies,
wvere investigated experimentally and compared with the theoretical estima-
tion based on the law of the conservation of energy flux. The significant
results are as follows:

From the behaviour of water particles, there exists the mass transport
in the direction of wave propagation, and it extends over the whole water
depth for waves on a slope as well as for progressive waves on water of

uniform depth. As the water depth decreases, such as in the region near the
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breaking point, water particle velocities in the upper zone of the water
become much greater than those near the bottom.

The changes in dimensionless total mass flux and in so-called Stokes’
drift with respect to the dimensionless wave period are similar to the
theoretical estimation. It can be expected from the theory that the mass
flux can be roughly estimated and that at just breaking it reaches to 1its
maximum value, when the dimensionless wave period nearly equals 10.

As to the breaking conditions, the Rankine-Stokes breaking condition
may be satisfied by spilling-type breakers, that is, the maximum horizontal
component of water particle velocities becomes equal to the wave velocity
at the crest of breaking waves. Breaking wave heights can be also simulated
by the energy flux method or the breaker index.

The changes in wave energies, however, cannot be sufficiently explained
based on the theoretical method. This indicates that wave breaking 1is
subject not only to local hydrodynamical conditions, such as the Rankine-
Stokes breaking condition and the occurrence of a cusp on the wave crest at
just breaking, but also to internal breaking conditions which relate to
whole properties of waves. From the experimental investigation of the
changes in potential energy and in partition rate of wave energies due to

the wave shoaling, the premonitory phenomenon occuring in the breaking

waves can be described.

When waves propagate and approach the breaking points, the potential
energy in waves abruptly begins to decrease in front of the breaking
points, at which point the radiation stress takes on a maximum value. On
the contrary, the kinetic energy abruptly increases because of the decrease
in potential energy and bpredominantes. These phenomena have significant
effects upon wave breaking. As a result, the partition rate of wave ener-
gies becomes imbalanced and waves fall into an unstable state as a whole.

leading to the breaking.
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CHAPTER 4
DYNAMICS OF THE WIND-FORCED WAVES

4,1 Introduction

Wind above a certain threshold speed gives rise to ripples on a water
surface. These ripples are chiefly governed by the surface tension and
friction at the air-sea interface. Furthermore, as the wind speed surpasses
the minimum speed necessary to create the ripples, the forces at the
alr-sea interface may become a function of the ripples created. At a higher
wind speed with sufficient duration, oscillatory gravity waves arise and
the direct pressure on the wave surface and effects of suction in the
leeward eddies are added to the friction force. At the same time a vortical
layer is formed at the air-sea interface as well as at the sea bottom. The
friction caused by the ripples seems, however, to remain the most prominent
component of the resultant forces on the wave surface.

This chapter investigates the steady oscillatory gravity waves gener-
ated by strong wind, termed "wind-forced waves”, which occur in an equilib-
rium state of the internal and external forces, such as shear stress and
pressure exerting on the wave surface, friction at the sea bottom. and
viscous damping in water. Moreover, at a particular wind speed., energy
transfer from wind to waves excedes the energy dissipation by bottom
friction and by the viscoos damping in water, and this exess energy spills
from wave crests often as “white caps” or "white horses’. In this limiting
situation. the successive formation of spilling regions ahead of wave
crests becomes visible. This breaking phenomenon is also termed “breaking

wave trains’, a special type of wind-forced wave.

[153]
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In Section 4.2 the formulation for the wind-forced waves is set out.
For shallow water waves, the Korteweg-deVries equation” is the natual
stating place, but it contains no energy dissipation or wind stress. The
governing equations, which include terms for these external forces. can be
derived for waves 1n a variable water depth from the Navier-Stokes equa-
tions of motion based on a perturbation procedure similar to that wused by
Keller® . Though they have the bottom friction and wind stress terms. they

3 .
3) for waves 1in a

correspond fundamentally to the Boussinesq equations
uniform water depth. These terms added are non-homogeneous terms and act
like external forcing terms for wave motion by wind. Wind stresses surely
distribute with respect to the phase of waves. The pressure is, therefore,
assumed to vary in phase with the wave slope and the shear stress. in phase
with the wave elevation. The effect of bottom friction is treated as an
empirical friction law like Chezy's law.

In Section 4.3 fofmulas for wind-forced waves on water of uniform depth
are developed and mathematical expressions for hydraulic quantities
together with the existence condition for the waves are given. For steady
waves, the governing equations reduce to one similar to the Korteweg-

deVries-Burgers equation®

having forcing terms by wind and an empirical
dissipation term at the sea bottom. The periodic sélution for this non-
homogeneous partial differential equation is investigated with the use of
the method of averaging and results in the solution for cnoidal waves.
accompaning wind-induced currents. Next, the stability of the cnoidal wave
solution 1in a phase plane is analyzed based on the usual stability theory
for ordinary linear differential equations, and the most stable wave motion
is defined by introducing a physical motion. The phase shift in the wave
which renders the wave profile asymmetric is, then, determined from the

phase equation which arose from the averaging procedure. Finally, the

relations between wave properties and external forces necessary for non-
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trivial wave motion to exist are determined, which leads the existence
condition for wind-forced waves.

In Section 4.4 wind stresses exerting on wind-forced waves are pre-
sented in relation both to the friction at the sea bottom and to the
Reynolds number. The shear stress at just breaking is evaluated using the
results in Chapter 2.

In Section 4.5 the quantitative character of wind-forced waves is
discussed. Wind-forced waves can be formulated as a one parameter family of
a shear stress parameter; if the parameter, whose region is determined from
the existence condition for wind-forced waves, 1s given together with the
Reynolds number and the friction at the sea bottom, hydraulic quantities
and wind stresses can be expressed as functions of the wave period for
required wave heights. It is found that wind stresses, such as pressure and
shear stress, have local maxima at certain wave periods, which relates to
the distribution of wind stresses assumed. This may have strong effects on
wave breaking. It is. furthermore, noted here that the shear stress acts
like a positive external force. The wave profile and the horizontal compo-
nent of water particle velocities averaged over the water depth become
asymmetric if the bottom friction is reasonably great, and, for small water
particle velocities. the velocity field in a frame of reference moving with
the wave can be regarded as subcritical near the wave crest and supercriti-
cal near the wave trough, as in roll waves.

In Section 4.6 the analysis of wind-forced waves is verified by com-
parison with experimental and field data. First, to determine properties of
the breaking wave trains, hydraulic experiments are carried out with a
recirculating wind wave tank which can reproduce wind-generated waves
accompaning wind-induced currents. It is found that wave periods and wave
heights of breaking wave trains are nearly the same as for the peak fre-

quencies of wind-wave power spectra and for significant wave heights.
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respectively. The wind-induced currents have an important role in the mass
transport of wave trains; because of the strong currents, the wave field
may be regarded as a unidirectional flow, and there exists a critical depth
in the frame of reference moving with the wave trains, occuring near the
the mean water depth.

Secondly, field measurements from an observational pier give data for
actual wind-forced waves. From the spectral analysis, significant wave
periods are found to be smaller than those obtained from spectral peaks:
this differs from the experimental results and may be attributed to the
nonlinear wave interaction due to wave shoaling, such as soliton separa-
tion. The two different types of wind-forced waves corresponding to the
significant wave periods and to the wave periods obtained from spectral
peaks are discussed in comparison with the theoretical estimations.

According to the experiments and field observations, hydraulic quanti-
ties, such as wave velocity, mass transport velocity, average velocity. and
wind-induced current, are in the theoretically estimated region, that is.
the gross features of the wind-forced waves can be simulated satisfactorily
by the present model. However, the actual and experimental wave profiles
are more asymmetric and steep than the theoretically estimated ones.
indicating the significant effect of bottom friction.

In Section 4.7 the preceding characters of wind-forced waves are

summarized.

4.2 Governing Equations of Motion

When wind of sufficient duration and speed blows over a sea surface. a
vortical layer is formed at an air-sea interface and a similar vortical
layer 1s formed at the sea bottom due to the friction. Consider the two-

dimensional motion of water between these two vortical layers which can be
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defined as the regions in the flow where the water particle velocity varies
rapidly with depth. These regions may be regarded as extermely thin com-
pared with the water depth. Suppose that a wave propagates with a velocity
c* under a wind speed W,*. Take the origin of the coordinate (x*,z") at the
mean depth of water, the positive x*-axis being in the direction of wave
propagation and z*-axis, vertically upwards, then the wave surface is
defined by z* = »* and the sea bottom, z¥ = - h*(x*) as shown in Fig. 4.1.

Let u*, w", t*, p*, and t* be the horizontal and vertical components of

water particle velocities, time, pressure, and shear stress. respectively.

z* »
A Wa

Q‘i/:?.
| |

" Z*-'-"’]* t___> u*
0

Fig. 4.1 Coordinate system.

Non-dimensional variables are, then, defined as

(x,z) = Q@*.z2"/he. t = t"g/hog. n = n"/hg, h = h*/hg.

(w,w) = W w)Aohe, ¢ = c*Adhe, Ve = W' /i gho, (4.1

(Ps Pb) = (ps*ob" )/poho,  (ts,Th) = (T5, 1" )/poho, R = hy+gho/v,

wvhere the asterisk denotes a dimensional variable, and hg is a length

representative of the water depth at the origin, g the acceleration of
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gravity, p the density of water, R the Reynolds number, and v the kinetic
viscosity of water. The subscripts s and b denote quantities at the wave
surface and sea bottom, respectively.
The equation of continuity and the Navier-Stokes equations of motion
are, respectively, described as
du/dx+dw/dz = 0, (4.2

—8p/dx+ (1/R)V:u, ]

du/dt+u(fu/3x)+w(du/dz)
(4.3)

dw/dt+u(w/dx)+w(dw/3z) ——L—Gp/@z%—ﬂ/R)V%m

where V2 is the Laplacian. The kinematic boundary conditions at the
air-sea interface and sea bottom are
0] at z = -6 = 1, ]

0 at z = -h+&, = -h,

n/ot+u(dn/dx)~w

4.4
u(dh/dx)+w

Il

where 6 is the boundary layer thickness assuming that 6, < 1, and 6, < 1.
In addition, the continuity conditions for stresses at the two interfaces

are given by

6w/62~(6u/82+6w/6;r)(6n/6:c)+(au/ax)(an/ax)2

R {1+ (8n/8x)?}
at z =n-6s = n, 4.5.1)

ps =p-2

il

(6u/82+6uvax){1—(6n/ax)ﬁ -2(8u/0x—0w/0z)(8n/9x)

Ts = >
R{1+(8n/8x)"}
at z =n-6s = n, (4.5.2)
by = ppdwozt (0u/dz+dw/dx)(dh/dx)+ (du/dx) (dh/dx)?
b R {1+ (dh/dx)%}
at z=-h+& = -h, 4.6.1)
. (Au/dz+0w/dx) {1-(dh/dx)?) +2(du/dx—Auw/dz)(dh/dx)
b =

R {1+ (dh/dx)?}
at z = -h+38, = - h. {4.6.2)

There are two important parameters associated with shallow water waves.
One is the ratio of amplitude to depth, and the other is the ratio of depth
to length representative of the horizontal scale. These parameters will be

defined by ¢ and o, respectively. For all long wave theories ¢ <« 1. and
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for finite amplitude wave theory ¢ = 0(1). while ¢ and o- are of the same
order for waves governed by the Boussinesq or the Korteweg-deVries equa-
tion. Here, appropriately choosing the horizontal length scale. the wave
motion with the Ursell number® Ur = 1, i.e. ¢ = ¢-. will be discussed.
The physical quantities can, then, be expanded in the forms

U= fup 4+ ETu +. ..,
w = olew + 2w +...),
n = £n1+-£2ng+..., 3 4.7)

9
p=-Z+€Ep+EP2+...,

T = oe(eT) + ETa 4. . ).
Furthermore, independent variables x and t are scaled such that
(1. ty) = olx, t). 4.8
In the following analysis, assume further that
vi = 1/(cR) = 0(1), 4.9)
and that all variables and their derivatives with respect to x; and {; are
of the order of unity. Since Eq. (4.5) must be held just below z = 3, it
is impossible to approximate these boundary conditions by a power series
around z = 0 as in previous finite amplitude wave theories for irrotational
wave motion. Though this limitation is, on the contrary, not necessary for
the kinematic boundary condition at z = n, the first of Eg. (4.4). the
expansion procedure using a pover series will not be adopted in order to
unify the treatment of all boundary conditions.
Before developing the analysis, with the aid of the average velocity

defined by

_— ]
u = ! .[ udz, 4.10)
h+n J-h

the usual equations of continuity and momentum become

@+-_a—{ﬂ<h+n>} = 0, (4.11)

ot oJx
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uU - . n
ou, + U au f(u—u)zdz = 1 f{ op, 1aw}d~;

at ar h+nax th+n)J-hl gx ROz

4.12)
L. du_ou
T 9z ax

by integrating Eq. (4.2) and the first of Eq. (4.3) with respect to =z,
where w is the vorticity. Here, it is clearly important that the pressure
and visous terms be evaluated properly. Chester®, for instance. has
evaluated the pressure term, assuming that the dispersion effect is small
and that it can be accounted for by a two-dimensional linear theory with
dissipation neglected, which led to Boussinesq’'s dispersion term.
Based on the scheme of approximations above, Eq. (4.2) to Eg. (4.6)

give the first order equations of approximations

duy/9x1+8w/8z = 0,

Auy/d ti+3p1/dx1-v (8%u1/82°) =

dp1/0z = 0,

on/0ti1—w =0 at z = en,

uy (dh/dxy)+w; =0 at z = -h, 4.13)
Pt -pst =0 at z = eny,
vi(8uy/0z) =0 at z = en,
pi-pot =0 at z = -h,
vi(éu/8z) =0 at z = -h.
At both z=eny and z = -h, OJu/dz = 0, and since the forth of Eq.

(4.13) indicates that the motion is for small amplitude waves, the possible
velocity u; is independent of z, i.e.

up = ur(xy.t) = u. (4.14)
The third of Eq. (4.13) gives

P = m+pst (X1, t), (4.15)
which combined with the boundary condition - z+ e(p; - ps;) = 0 at z = ei;.

The equation of continuity can be obtained by integrating the first of Eq.
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(4.13) with respect to z from -h to en and by leaving the higher order

terms of ¢, such as en{du;/dx;)., to the next order approximation.

Am/11+8 (wy h)/dxy = 0. 4.16:

The second of Eq.(4.13) gives the equation of momentum
u/dt+0n,/0x = —3ps;/0x1. 4.17)
These are equations for linearized long waves due to the wind pressure

exerting on the wave surface. The vertical velocity w; can be found by

integrating the first of Eq. (4.13) with respect to z and by applying the

boundary condition at z = - h,
w = —3d (u h)/dx - z(du/dxr). (4.18)
The pressure at the sea bottom is also given by
4,195

pot = 01+ pst (X, b
Using the results of the first order approximation above, the second
order equations are followed by
duw/dx1+0we/9z = 0,
amyatﬁﬂu(am/arm+apyfhn—m(6%n/8xﬁ+a%m/aiﬁ = 0,

odw/0t+0p2/3z = 0,

Sn/0ti+ w (8 /0x1)—wp = 0 at z = en + 5277:,
w2 (dh/dxy Y+we = 0 at z = - h,

(4.20
pp -~ ps2 -2y (Qwy/0z) = 0 at z = en + %,

2
€m + g7n2,

N
|

Ts1 ~ v (Qup/3z+0w/0x1) = 0 at

pr—ppe -2 (Buw/0z) = 0 at z = - h,
Tpi — v | Qup/Az+ 0w /dx1+ 2(0u/dxi—dw /0z){dh/dxy) + = 0
at z = - h.

The third of Eq. (4.20) integrates to

89~ 2 9%u du
p2 = Mot pszt z————( h) + = - 2 v —,
dgtioxy 2 ot;0x axy

4.21)

where the boundary condition at z = £n1+-52n2 has been used. The equatlion

of continuity becomes
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Ao — dmn a
+ Wy +
aty dx; 9ux

(e h) = 0, 4.22)

by integrating the first of Eq. (4.20) with respect to z. The equation of
momentum in terms of the average velocity w» can be obtained from the

second of Eq. (4.20) by integrating with respect to z and by substituting

for p2,
dw — Adu Adne APsz  Tsl - Tl {azﬂl 1 dh am}
+ U + = - + +4 v S+t ——
aty ax)y adxy axy h axrs hdyy dx/
I 63 _ ].2 d?—
+—1——‘,<m h) ——'———u'—.,, (4.23)
290t 0x” 6 dt|jdxy”
where the boundary conditions at z = &5y + ¢ and z = - h, the seventh and

ninth of Eq. (4.20). have been used to express the viscous terms by T¢1 and

Tp1. From the eighth of Eq. (4.20), the pressure at the sea bottom becomes

8% h? 8%y
pv2 = N2+ ps2 — h ———— (u h)+ ———1

. (4.24)
atiox 2 3t 0x

Accordingly, in terms of u, the equations of continuity and momentum

become
522~+—£1-(ﬂ(h +)) = 0(ed), (4.25)
gt ox
8u —du adn Aps Ts-Th 4{625 1dhaﬂ}
— U+t — = - + + - -+ ——
at dx 9dx ax h+n R Ox hdxaox

h a3 — e a3
+ = 5 (uh;
29t9a° 6 dtax®

+ 03, 4.28°

which are formed by adding ¢ times Eqs. (4.22) and (4.23) to Egs. (4.16:
and (4.17) respectively and by changing back to the variables x and ¢t.

Similarly, the vertical velocity and pressure are, respectivély. given by

a — 3 o
w = ———(uh)—zﬂ+0(55/‘), (4.27:
ax ax
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62 _ 2 277 o, )
P =-Z+n+ps+z (uh)+£—a—u——ggil+0(55)‘ (4.28)
ax 2 0tdx Rox

The third term in the general equation (4.12) is of the order of ¢*t.
thus this term can be neglected. In Eq. (4.26) the second order effect of
the variations in water depth remains chiefly in the fourth and fifth terms
of the right-hand side. They are the same as those for long waves. obtained

by Peregriné”

on the assumption of irrotationality of wave motion. This
assumption is not adopted in the present analysis, but the same terms have
been derived from the fact that the horizontal velocity of the first order
approximation is independent of z. The depth effect also occurs in the
viscous term, and, furthermore, Eq.(4.26) contains the significant terms

due to the damping by viscosity of water, the external forces caused by

wind, and the friction at the sea bottom.

4.3 Wind-Forced Waves on Water of Uniform Depth

(1) Basic Equations

For waves on water of the uniform depth, h = 1, the equations of

continuity and momentum respectively reduce to

91,9 Wa ) o, (4.29)
at oJdx

. oA, 3 _ N2

Qu jOou, on 1 0u  Ops To-T 407U (4.30)
at dx dx 3ataxr ax 1+n ROx

These equations with damping and external forces are just variants of the
Boussinesq equations. The external forces can be assumed as follows: the
pressure and shear stress may vary along the wave surface and be asymmetric
in the front and rear sides of the wave crest, so the surface displacement

n and its slope dn/8x, at least, effect on their variations. However, the
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slope effect 1is, as usual, chiefly concerned with the pressure. then the
effect of wave elevation may predominate in generation of the shear stress.
In addition, these effects can be assumed to be linear in the lowest order
approximation. The pressure can, then, be expressed by the form

ps = Cs (/P> Wy -2 (An/0x) = Op- (On/dx), say, 4,31
which varies with respect to the wave slope, and the shear stress can take
the form of the variation with respect to the wave elevation

Ts = Ca(pa/P)Wa = us > (1 + 811) = Calpa/p) Wa™ (1 + 8117) (4.32)
where p, 1s the density of the air, C; and C; are the seltering and drag
coefficients, respectively, and u, is the water particle velocity at the
wave surface, then W, > u.. 61 1s a coefficient to be discussed later. Eq.
(4.32) is similar to the assumption which was used by Stewart®  and
Longuet—Higginsm to discussed variable surface stresses on small amplitude
waves. From analogy to storm surges'”, it follows that

To- T = (1 +m) Calpa/p) W+ (1 +8m) ~su?

= o0,-(1+8&mn)-sus, say, (4.33

where the dissipation at the sea bottom is assumed to be given by Chezy’s
law, s is the coefficient of bottom friction, and m, the coefficient of the

effect of bottom friction on the shear stress. If Egqs. (4.31) and (4.33;

are substituted into Eq. (4.30), the basic equation of momentum reduces to

du —du on 1 8% 8%n 4 98%u 1+ 817 u’
+U— + —_ t— +0 - s

_— = Op - — f S . (4.34)
at dx Jdx 3090toxr oxr Rax 1+ 1+0p
A steady state solution can be found by looking for a solution in which
u and n are functions of the single variable
¢ = x-ct. 4.35:
The equation of continuity, thus, integrates to
(1+»n)(c—-ﬂ) = const. = @, say. 4.36

where Q is called the progressive discharge'’. Therefore, eliminating » in

Eq. (4.34) with the aid of Eq. (4.36) gives
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3/ 7
L2 (1212
3dsg3 e c2) ) dg

= {5—6,76} v, %{m -8+ &Q- (1 -6 U} — %Uf. (4.37)

in which

— = ) — 2 2 :
U=uc, Q=Q/c. o0, =0/, 0, =0,/cc. R=Rc. 4.38)

and terms of the order of U3 are neglected.
The quadratic equation in the right-hand side of Eq. (4.37),
U2+ (0./s)(1 - 8)U - (0:/5)(8:Q+1-81) = 0, (4.39)
will have real roots for real coefficients, and they are uniform flow
solutions of the equation itself. Thus. let these real roots be -U; and

(/. The transformation

u={1+z%}u-{1-§} (4.40)

c c?
leads Eq. (4.37) to

3
li%+nﬂ%:quL
3d¢ d¢

(4.41)

2
o

nG) = g ;Hl+ g2 (U + W U2 - W,
g2

with

2tan a-(ffe8)

U1:{1+22%M+{1—%}, p (4.42)
{

1+—2£%}L@<—{1 —g%}. )

This equation with an empirical dissipation term is the generalization of

U

i

the Korteweg-deVries-Burgers equation{(¢z = 0) for steady state wave motion

and specifies the distribution of average velocity generated by wind.
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Johnson? used the Korteweg-deVries-Burgers equation in the analysis for
the undular bore, while Byatt-Smith'? dealt with a similar equation for

the case of £ = 0 to see if the steady undular bore is possible.

(2) Method of Averaging

When €1 = €2 = 0, Eq. (4.41) can be integrated twice to give
(1/3)(@dU/d¢)® = -(1/3)U 3+ AU+ B, (4.43)
where A and B are integral constants. This equation can be integrated again
in terms of the Jacobian elliptic function of the second kind, leading to

the cnoidal wave solution;

k2 B (4 Ig

= ,  (4.44)
2a+ 3

U=B+-B)en®y, v

il

N —

2a+ B (€+¢€0),

where « and 8 are the largest two roots of the equation - W+ 3 AU+ 3B = 0,
k is the modulus of the elliptic functions, and the integral constant ¢,
the phase.

The cnoidal wave expressed by Eq. (4.44) is periodic with respect to ¢

and has the wave length

L = 41(/4/20” 8, (4.45;

where K 1is the complete elliptic integral of the first kind. The wave
length, of course, depends on («,3) or (A,B). Therefore, the cnoidal wave
train for Eq. (4.41) can be written in the form U = (¢ + ¢9,A,B), where p
is assumed to be a small parameter as in the theory of nonlinear oscilla-
tions, and A, B (or «, f8), and ¢ are slowly varying functions of ¢ to be
determined.
The dependence of A, B, and ¢§; on £ is derived as follows'? :

Setting

g€+ 80 = x (&) (4.46)
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and assuming that A and B are functions of ¢ give

di 9% 0Fd¢y 0Fdd 0OFdB OF
—_———t— — t — — = —

: = . (4.47)
d¢ dy dy d¢ O0AdEé 9IBd¢ ay
on the condition that
9% déy AF¥dd 9% dB _ (4.48)
Oy d¢ d4de 0aBd¢
The derivative of Eq. (4.47) again becomes
2 628: 2 ~2 2
g-l‘,l= .,+asf@+ 63’%+ afd—B. (4.49)
de- Ax- Oy~ d¢ 0OxoAdE OxoBdg
Furthermore, the derivatives of
(1/3)(d&'/dx)2 = —(1/3)3’3+A&'+B (4.50)
with respect to y, A, and B respectively become
29F 0°% , 8% 3% \
—— = -5 — + A—,
39y adx ax ay
295 a§ -2 9% 4098 5 (4.51)
30y OxdA OA gA
2
20% 9% _ - g2 £§E4_A.§EE+_]'
39y dxOB OB 1s]2] y,

Multiplying these equations by d¢g/d¢, dA/d¢, and dB/d¢, respectively, and

adding both sides gives

3

2 (g dty, 0% 4, O By OT o4,

) - §_+_) (4.52)
Ox- d¢ Ox0Ad¢ 0OxoBd¢) oy d¢ dg¢

because of Eq. (4.48). If the condition

g__;+___ =0 (5.83)
d¢ d¢
is imposed, Eq. (4.49) becomes
d2U/de? = d%F/dy?, (4.54)

with the aid of Egq. (4.52), and thus,
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3 A3 3 3 3
A°F )°F dA o°F dB
d™ =——+—6 &'_d§0+ © (4.95)

45 ap g df 0. P0Ade 0L20BdE

Similarly, taking the derivatives of Eq. (4.51) with respect to x and
multiplying by dé¢g/d¢ ., dA/d¢, and dB/d¢, and adding yields

o'Tdey, o'F a4 _0°F 4B 3dd

—— = , (4.56)
ay® d¢ ax()Adf Ax*OBd¢ 2d¢

with the help of Egs. (4.48), (4.52), and (4.53). Substituting Eq. (4.56°

into Eq. (4.95) leads to

3 3
au_ o7 SdA. (4.57)
ded  ayd 2dsg

From Eqs. (4.41), (4.47), and (4.57), it follows that

3
107F 1d4 293 _  a@), (4.58 )

86x 2d§ ox
which reduces to
dA/d¢ = 21 GE). (4.59)

because of Eq. (4.50). Therefore, Eqs. (4.853) and (4.48) respectively give

dB/d¢ = - 2 FG(F), (4.60)
9o _ -2 gy SL95/0B) - 33/94 = 2K, say. (4.61)
d¢ 9%/dx

Consequently, the dependence of A, B, and ¢3 on §¢ is governed by Egs.
(4.59), (4.60), and (4.61), respectively. Since x is the function of 4 and
B through a and 3, if the change of variables from x to ¢, defined by
=¢€+¢ =LA,B) 9, (4.62)
is introduced to exclude the dependence, this makes ¥, expressed in terms
of A, B, and ¢, periodic in & with a unit wave length. A, B, and ¢; being

functions of ¢, it follows that

L‘§9 =1+21uR, (4.83

d¢

with
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g ¢
R = IKR{-(—-L~$(—L}G(3')'<D, {4.64)
dA OB

where Egs. (4.59), (4.60), and (4.61) have been used. The change of varia-

bles also transforms Egqs. (4.59) and (4.80) into

d_A Soul G(T) ’ (4.65)
od 1+2npR

_@_}2 - oul G(&) ‘ (4.66)
ad 1+2u®

It will be proven that ®, expressed in terms of A, B, and &, 1is peri-
odic in & with a unit wave length. The derivatives of both sides of
F{x+LA,BY,AB} = F(x,AB) {4.67)

with respect to A and B are

9L & _ 9
OO e s L AB)+-Fx+L,AB)

- = —F(x.,A.B),
OA Oy aA 0A
4.68)
oL o B
L0 cian s LgiLAB) = 2 F0.4.8).
OB Ay aB aB
These equations lead to
aL a
K(x + L,A,B) = K(x,A,B) + {—-——3‘<x,A,B)——L}G<3‘), (4.69)
OA 0B
because
a d
—F(x+L,AB) = —TF(x,A,B). (4.70)
ax dyx

Eq. (4.69) indicates that X is non-periodic, and this equation can be

transformed into

oL »
K(x.,A.B) - {5— - F(x,A,B) ﬂ}G’(i'f) -9
JA oB

C

) ol oL
K+ LALB) - {——~ F (x +L,A,B)———}G(3‘>' @+ 1), 4.71)
dA a

and, furthermore, from Eq. (4.64), this turns into the required form

R(d+1,A,B) = R(®.A.B). Q.E.D. 4.72)
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Accordingly, the right-hand sides of Egqs. (4.63), (4.65), and (4.66)
are functions of A, B, and &, and periodic in ¢ with a unit wave length.
The basic, ordinary differential equations (4.65) and (4.68) can describe A
and B as functions of ®, while the integral of Eq. (4.63) gives the phase
shift ¢y. Furthermore, these equations can be linearized provided that
| u&! < 1. Therefore, the cnoidal wave train can be, finally., expressed as
U=T{g+¢&) AE), BE)}. 4.73>
The bounded solutions for the periodic system of the ordinary differen-
tial equations (4.65) and (4.68) are required. For this purpose. the method
of averaging 1is available on the assumption that i1 is a small parameter.
Before doing this, however, for insight it is advantageous to analyze the

structure of the cnoidal wave solution, satisfying Eq. (4.50).
(8) Structure of the Cnoidal Wave Solution

The structure of the solution for Eq. (4.50) in the (F,d¥/dy) phase
plane is fundamentally the same as that described briefly in Chapter 2. but
here it will be presented in detail. Equilibrium points satisfy the equa-
tion

(2/3)d°F/dx? = -F2+4A = 0. (4.74)
Thus, if A < 0, there are no equilibrium points, while if A > 0, there
are two, given by ¥ = j:JZ. The separatorix, which splits the phase plane

into stable and unstable regions, is expressed as

@F/dx)? = (F+JA2@A-F)-24%2+3B. (4.75 )

The function (d&’/dx)2 has local maximum and minimum values

@F/dy)? = +2A4%2+ 3B at § = + 4A. (4.76)
Therefore, the point (JZ,O) is a center and the other <5—J;.O> 1s a

saddle point in the {(¥,d¥/dx) phase plane as shown in Fig. 4.2. They are
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(dF/dx )

Bounded motion Separatorix
possible

Fig. 4.2 Relation of integral curves to roots of the cubic function.

B

T

No boundgd motion
possible " oN®

. od

o

Bounded._motion

S

Fig. 4.3 The (A,B) phase plane.
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indicated by the symbols ¢ and s, respectively. The region where the
cnoidal wave solution exists is that enclosed by the separatorix. There is.
then, a condition

B <(4/9) A%, AT
which restricts the region where the bounded motion 1is possible in the
(A.B) phase plane as shown in Fig. 4.3. The bounded solution. clearly from
Eq. (4.78), varies from the solitary wave on the upper branch of Eq. 4.77

to the uniform flow on the lower branch.

(4) Stability Analysis

The averaged equations for Egs. {(4.65) and (4.68) are

/ L(A.B)
Si—\ = g1 AB) = 2] pG(F) dy A
dd 0
= 2L e WU + U — U o - m o),
b 4,78
dB L(A.B)
__:gﬂAB)E—Zf nFGE) dx
dé 0
= —2Ler o (WUT + (U2 - Udma- { (e1/e2)m + 12 | o),
where
7 . BEK) -2+ kP ~_1- K2+ k*
1+k2 1+ k22’
5 " { (4.79)
n o= 4&33{% K KDY EKD - - K@ -k
(1 +k%)
w o= 238 +ml,

and I is the complete elliptic integral of the second kind. The equilibrium

points in the (A.B) phase plane are given by d4d/d® = dB/d® = O, that 1is.

4.80

Yl + W - U Ta-me = 0,
WUl + (U =Yy ma - { (e1/e2)0 + nol & =0

The two quadratic equations of Eq. (4.80) have equal roots when the modulus
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k satisfies the equation

U; Uz . 1 oln:;T; {ﬁ’": 7 ~ <€]/£2+_2/3>7}‘ 4.81)
(U2 = Uy ¥ (e1/e2+2/3) ny n
in which
JUR 3 ) N 5 o o .
m- 1= = —ﬁ{— 3E/MK+2@2-k=EN) - (1 -k} . (4.82)
( n ...'_*);
The equal roots are
U - Wy m-1°
o = —
€1,/€2+2/3 n
(4.83)

Vo> — U {ﬁp—‘ll‘
ap = -

1
— - (e1/€2+2/3) = }.
€1/€2 +2/3 ny m

The equilibrium point of the averaged equation (4.78) is, then. either q
or az.
When k% — 0, o = (1/3)(V2 - Uy )/ (e1/e2 + 2/3),
az = (U2 - W) (e /e2+ 1/3)/(e1/e2+2/3),

, » (4.84)
when k% - 1, a = (10/3) (U2 - Uy )/ (€1 /€2 + 2/3),

ag = -2 - W) (e1/e2 + 1/3)/(e1/€2 + 2/3),
so that a2 changes sign independently of (U2 - U;)/(g1/€2 +2/3). Considering
that physically « must be positive because it corresponds to the wave
crest, ar 1s unsuitable for an equilibrium point. Therefore, the equili-
brium point must be given by «;, and for the positive «; it should be held
that

(U2 - W)/ (er/e2+2/3) > 0. (4.85)

To study the character of this equilibrium point, it is convenient to
work with A and B in terms of « and 3, which relate to

3A = raf+ 5, 3B =-afa+p). (4.86)

Then, the equilibrium point in the (A,B) phase plane is given by

A/ = (1 - k5 kY /1 + k52,
4 .87)

B/« = —(1/37(1 —2k%)y(@2 -k2)/(1 +k2)2,
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where « = q; and the subscript 1 of «, for brevity, will be omitted
hereafter.

Eq. (4.81) gives the relation of external forces g£(/e¢2 and U;/U> to the
mudulus k. The right-hand side of Eq. (4.81) increases monotonically with
respect to k% as shown in Fig. 4.4 and takes on definite values for

k2 - 1, so that

Uy Up

My < —— < M,
U2 - Uy )=
(4.88)
y 1 e1/e0+1/3 M 5 g/e20+7/3
i 1 = — o 2 = — -~
3 (e1/e2 + 2/3)° 3 (e1/e2 + 2/3)*

Therefore, the external force U;/U> varies in the range

1 U 1 e
—{ M - 1/2+41/4-M ) < -u—‘ < E{ Mo+ 1/2-4J1/4+ M), (4.89)

My >

U /(U -14)?

€ /6,42/3:=0.2

Fig. 4.4 Variations in function U2/ (U2 - Uy )2
with respect to the modulus.
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provided that U> > V;, while when U > U, the ratio U;,U> in this
equation can be replaced by U>/U;.

If the coefficient matrix for the ordinary differential equation (4.78)
l: 99g1/0A GQI/BBJ
Sy = (4.90)
3g>/0A 0gx/0B
is invertible, a periodic solution for Eq. (4.78) 1is known to exist
provided that p is small enough. The trace, Tr, and determinant., Det., of
this matrix, are

Tr/2L g2y = (3/2)(e1/€2), (4.91;

Det/ (2L e2)° =

RS jﬂ+2}
18531 - k5ym-Ple 3

N~ o 1 ol
><[{(€1/£2+~2ﬂ3)N,m\n(m—»SZ*)+~4nzl}if—
m- - ak
+{ (e1/e2+2/3) — =1~ B~ I >} o
m—I- ak
_{(EI/CZ+2,//3)NI—21‘NH,”: th}ﬂ]. (4.92)
n ak

The condition that equilibrium points must always be stable can be des-
cribed such that the real part of the eigen values is negative., 1i.e.

Re () < 0. (4.93)
Fig. 4.5 shows variations in determinant, Eq. (4.92): for £1,/€20+ 2,3 < 0,
there are always positive and negative eigen values, so the corresponding
equilibrium points are unstable. If there are real eigen values., the
inequality (4.93) requires that Det > O and Tr < 0. For complex conjugate
roots. the inequality also requires that Tr < 0. The existence condition
for stable equilibrium points is, therefore, given by

0 < g1/e2+2/3 < 2/3, 4.94)
because £» is physically positive as seen in Eq. (4.42). The locations of

the stable equilibrium points in the (A,B) phase plane are shown in Fig.
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4.6 for several values of g/e2.

Fig. 4.7 shows the changes in real part of the eigen value Ge (i’ for
stable equilibrium points with respect to the modulus k. The discriminant
of the characteristic equation for Eq. (4.90), D, 1is positive on the
decreasing solid curves, negative on the level broken lines, and at the
intersections of these curves, D = 0. Thus, these stable equilibrium points
correspond to the stable node, spiral, and node, respectively. The wave
motion at the equilibrium points for D =< 0O is more stable than at those
for D > 0 Dbecause, for given values of g and L. the former takes on
greater values of |®Re(A)! than the latter. However, the stability of wave
motion for A? greater than k%,, satisfying D = 0, is considered the same
degree of stability judging from the linear stability analysis: therefore.
most stable wave motion cannot be determined uniquely from this linear
analysis.

Now, the following physical motion can be introduced to define the most
stable wave motion. If the surrounding conditions of waves, such as water

depth, do not change, it may be considered natural that short period waves

€/€,42/3 =1

Det./(2L¢€; )2

&)

€ /€,42/3 = -1

-1 ] ] | ] | 1 ]
0] 0.5

k2

Fig. 4.5 Variations in determinant with respect to the modulus.
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can be more easily generated by wind than long period waves because the
energy density of the former is greater than that of the latter. Therefore.
at this stage, for a given external force g,/¢2, the wave for the minimum
modulus k,s, satisfying D = 0, is defined to be the most stable wave among
stable waves for the moduli k, satisfing D = O.

Fig. 4.8 shows the relation between the external force £,/¢» and
modulus k for the most stable wave motion. In the figure, the broken line
indicates the approximations:
vhen k% — 0, e1/e0 = —k* {1 - (TABK*},
wvhen k% — 1, e1/e2+2/3 = (B/12)(1 - kD2EK)YZ [ 1 - (B/2)(E/K) (4.95)

+(3/2)1 - k%) (1 - (4/3)EKY} EK )

] | 1 I | I | 1 [

— U2>ZII, 6,/62"'2/3 7 7]
os |- N :
"SN -

N -
(40
0
-0.5
0] 0.5 /

A/u?

Fig. 4.6 Stable equilibrium points in the (A4,B) phase plane
for various external forces g;/¢g2.
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Re(r)/(2L€;)

-0.5

02

€/€,+2/3=0.1 -

0.05
[N T WS (N SN SR SO

Fig. 4.7 Changes in real part of eigen values ®e (1)

273

with respect to the modulus.

D<O -
4%@/& |
”

N \0\6/6 ]

O,}.

(o)
(74 —

D>0 0,
(o) J. |
S R N T S T R T .

0.5 2 I

Fig. 4.8 Variations in external force gi/e2 for the most stable
wave motion with respect to the modulus.



(5) Phase Equation
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The phase shift must be determined from the differential equation

(4.63). Under the condition that (uR! < 1,

linearized as

= _1_, {1t -2p R} dy,

K

= |&

ZH@::“Q{E+§H 3“&4& 1
go 3) U1 + k- ¢! _k2>2

x { Cp+ Cenu+ G entu )

x [ 21 - 2+ k*) snu enu dnu

-k -2k -20 -+ kY enu Zw) ).

with N

~ ) ny 2

G =21 +k%)—=1>-301-k°),
m-— 1-

; 2y _M 2

G =-201+k)—=+6(1-2k%), |
m- 1

Gy = k2,

Io = (1/SYEMK -1 +K2),

the phase equation can be

¢ (4.96)

where sn and dn are the Jacobian elliptic functions of the first and third

kinds, respectively, and Z(v) is the Jacobian Zeta function defined by

Zw) = E(u) - E/K)v,

{4.98)

in terms of the incomplete elliptic integral of the second kind. E(v).

If Eg. (4.98) is integrated such that the phase shift &, = 0 at a wave

trough, after some algebraic calculations with the aid of Eq.

follows that

¢ ) 1 {51 2}{ 3« }4/2 1

Pl 2 B 2 2.2

L 2K 2K o 3JU1 +k 1 -k
x { %1 enfu+ ¥2 en*v + 3 enfu

+ &y snucnudnu- Z(v)

+ & snvendvdnu-ZW) + & Z5 W) 1,

4.80), 1t

(4.99)
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with
Yi= -k G- /320
+ (1/30)(1 -2k%)(8 - 3k + 3k > /%),
Yo = @/3)1 -+ kN G
- (1/60) { 81 - K2+ kY EK) + @-TKE -3KY) } (€™,
Y5 = (@/8)(1 - K2+ k) &, 14.100"
5 = (2/3)(1 - K%+ kM) (Co/k®)
- (1/15)(1 - 2k%) (8 - 3k"+ 3LH) Aty
& = (@51 - K2+ KD G AR,
& = @1/5) 1 (1 -k)/A+k) 2/ - T).
When k* — 0, g/ = v/ @K)+0Kk"), (4.101

then the phase shift ¢,/ = O(k") — 0, while when k= — 1, the phase shift
can be evaluated as
go/L = Olexler/ea+2/3) " K21 k%)) = O(eaNoV" ), 14,102
with the aid of Eq. (4.95). Therefore. the averaging procedure above is
allowable under the condition thaf [ agk’a4/21 < 1.
Since the phase shift ¢/ is assumed to be a slowly varying function
within a unit wave length, Eq. (4.98) gives the explicit expression for the

phase shift

g0 1 {51 2}{ 3« }4/2 1
— = gyt 3 -
L 2K e 311442 (1 - k%)

6U1

~ ] ~ o~
x| 71CH“U1+'XQCH4U1+-Y3CH
+ &1 snuy env; dnuy - Z{(uy)
X 2 ~ ) . Ea3
+ & snuy enduy dnyy - Z (v ) + 83 Z5 (v ) b+ O(ea”y, 4.103"

with vy = 2K(¢&/L).

(6) Hydraulic Quantities

To obtain clear expressions for hydraulic quantities of wind-forced



waves, the transformations

Xi = {1+2@Q/c®) Mg, X2 = {1-@Q/®) M 4.

can be adopted, and then, from Eq. (4.42)

v, = 1+ U X = U2 (W /U2) —lh.

Al ) <4
U] + U,z U] + U:)
The chief hydraulic quantities are, then, given as follows:
a. Wave profile
X1Q
n = 19 — - 1. 4.
Xi-Xo-a/U + (- B)/U2- sn-v
The wave height is, then, given by
H - X4 a- B 4.
Ny -Xo -/ s -X2o-8/U) W
These solutions are bounded only if
0 < /W < Xy - Xo. 4.
b. Average velocity
4\,“ ; - 2
U= fa—l—{l—a'u Igcn‘v}. 4.
XN X\ U

The velocity at the wave crest U, = (X2 + U2 )/X;, so 1t always holds

Xo/Ny < U, < 1 from Eq. (4.108), and the inequality

0 < Q/c® < 1 4.

is obtained for U. > O.

c. Vertical velocity

V=210 +Z>£§a7~8dv
Xy U d¢

— snv cnu dnv. (4.

181
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d. Wave velocity

Q/c? = Xy - Xo)/ (X1 +2X2). 4.112)

e. Progressive discharge
The integral mean of the water surface displacement over a unit wave

length reduces to

L L
<1/L>fO 0o dy = <1/L>f0n<f+so><1+dso/df>ds

L
<1/L>f0 n(¢ + £0) (dgo/de) de

L
<1/L>f0 n(e) (deo (¢ )/de ) de+ 0(ed), (4.113)

considering that

snfv = sn® { @K/L)(¢ + €0)}

sn®uy + 4 K(¢€o/L) snuy cnuy dnuy + 0 { (§0/L)%} (4.114)

§o/L = O(g2), d¢o/d¢ = O(e2).
Since d¢g/d¢ is an odd function of ¢ and n(¢) is an even one, the integral
in the right-hand side of Eq. (4.113) vanishes, so the conservative condi-

tion of mass can be evaluated as
L
(1/L)f0 ndy = 0(622). 4.115>

This condition is nearly the same as for symmetric waves without phase
shift.
Inserting Eq. (4.108) into Eq. (4.115) gives the progressive discharge.

Noting that the integral

K _
v__ 0<—y25—“—3—<oo 4.116)

(2]
01 - yzsn"v Xi - X2 -«

(1/K)

must be performed for two separate cases of the modulus kK,
0< -y¥2 <k and k < -9 < oo, 4.117)

the progressive discharge is given by the following equations:
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1+ &%
X1 - X2)

i) for 0< — < _
Up 1+3k+k°
{ X X - Xo - e
= = —l [ 1 X2 o B2 Tk Slnw‘]‘ (4.118.1)
Q Xi-X-BWLiX)-Xe+ (a+ ) U 2K singsz

1+ k2
— (- X2)
1+ 3k + k2
K+ k) Xp-X
d+k) ’\, 2, (4.118.2)
Xi

ii) for —
Uz

_ 8
Q= - 5
1 +k+7/(@K)1+3k+k®

Uo

1+ k*
TT X - Xe) < - < - Xe)

iii) for
1+3k+k 2
1 X T 1 ng
LA (R [1 ¢ (1 -Aopz k) sfnp‘], 4.118.3)
Q@ Xi-Xo-B/ 2K singp
- 2 U Xy - Xo - /U
with sin~@p = @ ar B)/N , sin?wz = 2 2« =, - {(4.118.4)
Xi - Xo+ (a+ )/ X1 -Xe -
where Ay is Heuman's Lambda function defined by
k' o= 41 -k, (4.119)

L holok)= E/K- D F@k ) +E@k),

\

and F(p,k) is the incomplete elliptic integral of the first kind.

f. Mass transport velocity
The mass transport velocity in the Eulerian coordinates. defined by the

mean velocity over a unit wave length, can be approximated as
L L ,
U = (1/"L)f U + €p) dg = (1/L)f0 Udy = Xo/X1 + (1/X1) (/U2). (4.120)
4]
where T is given in Eq. (4.79)
the wind-

g. Wind-induced current
The average velocity U contains the velocity added by wind,

induced current, as
U = Xo/X1. (4.121)
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(7) Existence Condition

For the cnoidal wave solution mentioned in previous sections. the
quadratic equation (4.33) should have real roots, and some physical condi-
tions for external forces must be satisfied.

First, suppose that the modulus can take on values over the whole range
of 0 < k* < 1, then it follows that
when k2 — 0, €1/e0 - -0, \

LA = -1-3er/e2),

ale = 1+ (9/4)(e1/e2),
i y 4.122)
wvhen k< - 1, €1/e2+2/3 - + 0,

WA = 1 - (3/5)(e/e2+2/3),

a2 = 2- (6/0)(e1/e2+2/3).

The stability conditions (4.85) and (4.94) give U> > ;. so

U (W 2 - Uy
1+

Uz-U > 2X2/X1) = 2 (4.123)

Since U/ UW! < 1, Eq. (4.123) gives the condition for the stable wave
motion,

U +U > 0. 4.124)
Furthermore, the inequality (4.110) for the positive velocity at the wave
crest implies that

0 < Xo/X) < 1 4.125)
from Eq. (4.112), thus

Uz - U > 0. (4.1268
Eq. (4.12b) indicates that the wind-induced current is always positive and
less than wunity. Since the relation between the roots and coefficiénts of
Eq. (4.39) is

Us - Uy = (0./s)(81 - 1), 4.127>

the condition for the coefficient §; becomes
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o > 1, (4.128"
which means from Eq. (4.34) that the shear stress always acts like a
positive external force. Generally, 0 < U < 1, so the inequality

(0:/5)81Q < 1 (4.129
is necessary for real roots of Eq. (4.33) to exist. Under these conditions.
Eq. (4.339) has real roots if

(0:/$) 8@ > 1 - (1/4)(@2 - 8)°,

S = (0/5)(81 - 1), (4.130"

0 < S <2,
in which the range of S is determined from Eq. (4.124).

Moreover. the condition (4.108) for the bounded solution becomes

a1l (- U) (W/t)

{4,131,
U Uy + e
When k> — 0, it takes the form
, B A
e N oqoglite g (4.132)
U U+ Uz eo

and this is always satisfied because of the first of Egq. (4.122). while

when k% — 1, Eq. (4.1831) also becomes

. +U; - U - U
11&_ < = UIU+l UQUL _:_53(;1 +i'2{?+§} @133
Therefore, the condition for o Uy < 2 1is
U < -3lh+2. ‘ (4.134)
This inequality can be expressed as
(0:/3) 8@ < 1 - (3/16)(@2 - 8), (4.135)

in terms of S and Q as in Eq. (4.130).

The existence condition necessary for the bounded motion, given by Egs.
(4,129), (4.130), and (4.135), is shown in Fig. 4.9 by shaded areas. By the
adoption of a new parameter m, the general expression for this portion

becomes
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(0c/5) 61 Q = 1 -m(@2 -8,
3/16 < m < 1/4, (4.136)
o< S <2
In terms of S and m, the two roots U;, U and the relation between the

coefficient &, and progressive discharge Q are, respectively, given by

U2=F 1/2){1x41-4mn }S+41 -4m, (4.137)

_ 4
O G- m@a-sy 4™ (4.138)
& -1 S

In Eq. (4.137). the upper and lower signs correspond to U; and U>., respec-
tively. Figs. 4.10 and 4.11 show the region of U;, U2, and Q. where the
bounded motion is possible.

The conditions above have been derived on the assumption that the
modulus can vary within the whole range of O < k% < 1 independently of
external forces. On the contrary, since X; > 0, it should be held that

Xo > 0 as seen in Eq. (4.125). Therefore, from Egs. (4.105) and (4.124).

/ T T T T T 1
e} o —
e
{h — —
Iy [ N
0.5 Bounded motion —
possible
™
| A) _
L7
e —
i ] ] ] ] ] I [ ]
0 ! s 2

Fig. 4.9 The range where the bounded motion is possible.
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Fig. 4.11 Relation of the progressive discharge Q
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= Bounded motion possible

0.5 |
[ T URS BN N N
(0] / S 2
(1) Modulus k
2/3 — T T T T T 1 S
N %
+ 0.9 |-
o
{ u
v Bounded motion possible
0] / S 2

(2) External force g1/€2

Fig. 4.12 The ranges of the modulus k and external force g, /c>
for the bounded motion.
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the additional condition is given by

U /U > U Uz, (4.139)
which. of course, relates to external forces. If ko and (g/e>)y are roots
of YU = Uy,/U>, Eg. (4.139) is held for

ko < k7 < 1, 0 <ep/es < (e1/82). (4.140)
Fig. 4.12 shows an example of the reiation of Eq. 4.140) for m = 6,25,

indicating that when S — 0, long period waves chiefly occur.
(8) Limiting States

The external force S and physical parameter m determine the existence
condition for the wind-forced waves.‘For these values. the limiting states
of the wind-forced waves can be discussed as follows:

The maximum wave height for the most stable bounded solution is derived

from the extreme case of 2 - 1 as

Hoax = 341 — 4w /{1 -241 - 4m},

or (4.141)
§ ¢! +Hmax>(3+Hmax>
2 .

(3 + 2 Hpax )®

mn =

The lower bound of m given by Eq. (4.136) is found to be a singular point
of the maximum wave height. The maximum wave height of progressive waves of
permanent type without wind effects can reach Hyx = 0.83. so the wind-
forced waves will take on this value as the maximum wave height. more or
less. If the restriction 0 < Hyw < 1 for k¢ — 1 is imposed, the range of
n becomes
620 < m < 1/4. (1.142)
Fig. 4.13 shows that the maximum wave height decreases monotonically
with respect to the increase in m; when m — 1/4, that is, when the quadrat-

ic equation (4.39) has an equal root, the wave height tends to vanish. In
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Figs. 4.9, 4.10, and 4.11, broken lines are for the lower bound m = 6/25.

The limiting values of hydraulic quantities are given by

02 = 301 +S)_1__+H_"'a"_,
3 + 2 Hyax
_135+4Hmax
¢ 2 3+2Huy
ey 3 1 Hmax
g=S(2-8)——m (4.143)
2 3 + 2 Hpax
3(1 +Hmax)S_ZHmax
l_]. = ’
2(3 + 2 Hyax )
WS
2

Fig. 4.14 shows the relations between the external force S and hydrau-

lic quantities given by Eq. (4.143). When S — 0, for finite wave heights,

| T T T T T T T 1

c Most stable bounded
:;:E motion possible —
g X |
x .

2o,

0.5 -
}— H[’"'” _]

o I T S U SO BN RN S
6/25 0.245 m 174

Fig. 4.13 The maximum and minimum wave heights
as functions of the parameter m.
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the progressive discharge Q takes on values greater than unity and the mass
transport velocity becomes negative. The situation is, of course, unsuita-
ble physically. Therefore, an additional condition for the external force,

>§—y—'&:21/1—4m/»{1+4/1—4m } when k% —1, (4.144)

31+ Hmax

should also be applied to exclude the broken lines in Figs. 4.14(1) and
@).

Fig. 4.14(1) indicates that even in the limiting case of Hux — O,
there exist finite values of wave velocity because of the presence of shear
stress from wind. When S — 2, the average velocity at a wave crest becomes
equal to unity, so the progressive discharge, of course, vanishes independ-
ently of wave height. Since the state of H,.x — O corresponds to that for
the existence of a wind-induced current with no wave, the mass transport
velocity diminishes slightly when waves are generated.vThe average velocity
and water surface displacement at the wave trough are respectively given by
U = Uy and 7, = 0 as k% — 1.

On the other hand, the modulus of the most stable wave motion for the

limiting state of k? - 0 becomes

K2 = @2/3)%2@-SW1 -4n/{S+ @-S)y1-4n), (4.145)

because Xo» — 0. Furthermore, the relation between ¢;/¢2 and k% is given by

K2 = —(g1/e2) {1 - (T/18) (e1/€2)} »
or (4.1486)
£1/62 = - k2 {1 - (T/16)k"} .

Eqs. (4.145) and (4.146) give hydraulic quantities for k° — 0 as

Hun = 24 @/3)(1 - 4m)/ {1 -24 @/3)(1 - 4m)}'/2,
or (4.147)

m o= (1/4)(1 = (3/32)Hnin2 {Huin® + 4 — Huin} 2]

and
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Fig. 4.14 Limiting values of hydraulic quantities
in relation to the external force S.
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U, = 0, ) (4.148)

ne = [1-24@/3)1 -4m)} 2 -1,

ne = {1-24@3)d -4m}\V2-1. )
Similar to Eq. (4.142), the range of m becomes

T7+3/5)/64 < m < 1/4 (4.149)
for 0 < Hpin < 1.

The variations in minimum wave height are also drawn in Fig. 4.13.
Therefore, the wind-forced waves in the most stable state exist within the
region enclosed by Eqs. (4.141) and (4.147). The wave velocity, progressive
discharge, and wind-induced current all vanish when k* — 0. The velocity
components given by the third of Eq. (4.148) are non-dimensionalized by the
wave velocity, therefore these components also vanish. Since the condition
that m — 1/4 must be held for 5. and #; to vanish, as indicated in Fig.
4,12(1), the external force S should take on values very close to 2 for

wvaves of k% = 0 to exist. |
4.4 Wind Stresses

The hydraulic quantities presented above depend fundamentally both on
the friction at the sea bottom and on wind stresses exerting on wave
surfaces through the parameters m and S. The wind stresses can be derived
from FEqs. (4.32), (4.33), (4.42), and (4.130) as

0:./s = 8/(81 - 1), (4.150)
A+ mpY(1ts/s) = (0./s)(1 + 6m), (4.151)
a/s = {(4/sR) - (e1/3)}) /Q, (4.152)



194
where

e2/s = 1/(Q{1 +2@Q/c} ), (4.153)
and g£;/e2 can be determined as the function of the modulus k from the
definition for the most stable wave motion, explained in Section 4.3(4).
Furthermore. the shear stress required to cause a wave to break in the

presence of surface drift, mentioned previously in Chapter 2. is given by

(Te/S)e = %«/B 2_2Re X = 4 (A/sR)(0p/s) (- 2Ks), (4.154)
Si<e

in the notation there, for the kinematic boundary condition at the wave
surface, dn/8¢ = W/ (U~ 1), can be satisfied exactly with the aid of Eqgs.
4.106), (4.109), and (4.111), If the average velocity of a wind-forced
wave is taken as the water particle velocity at a wave crest, the effect of
the vertical distribution of water particle velocity B can be negligible,
but the resultant shear stress might be overestimated due to the underesti-
mation of the water particle velocity.

It is clear that the effect of friction at the sea bottom on the shear
stresses o, and (1 +m,)Ts can be excluded by the adoption of the ratios of
stresses to bottom friction, and that these ratios are also independent of
the Reynolds number. as seen in Egs. (4.150) and (4.151). The pressure o,/s
and additional shear stress (ts/s)., on the contrary, depend both on the

bottom friction and on the Reynolds number.

4.5 Quantitative Character of Wind-Forced Waves

The physical quantities of the wind-forced waves can be determined for
the five quantities given, the Reynolds number R, the friction at the sea
bottom s, the wind stresses o, and 0., and the unknown coefficient 6;: the
first two are the flow field quantities, while the others are unknown

variables and it is difficult to give these three quantities theoretically
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in advance. However, the parameters S, e1/e2, and m can respectively take
on the roles of wind stresses o,, 0,, and the coefficient § through the
second of Eq. (4.130), the first and second of Eq. (4.42), and Eq. 4.138).
Then, with the aid of these relations, two of the three parameters can be
eliminated. Moreover, if Manning's roughness coefficient n is used. the
relation between h and s is given by

s =g-n?- W3, h = h(w.R). (4.155)
Accordingly, the wind-forced waves for a given water depth and Manning's
roughness coefficient n are formulated as a one parameter family of S or m
or ¢1/¢2. Hereafter, the kinetic viscosity v = 0.0l cm?/sec and Manning's
roughness coefficient n = 0.02 sec -m /% are used to represent the quanti-

tative character of the wind-forced waves.

(1) Hydraulic quantities

Among the hydraulic quantities of wind-forced waves, the wave height
and wave period are easily observable. In addition, as the parameter S
relates directly to the shear stress exerting on waves. it is chosen as the
main parameter and the diagrams are given as functions of the wave period
for the required wave height.

Fig. 4.15 shows the changes in wave velocity with respect to the wave
period for H = 0.3, 0.5, and 0.7. The lowest wave periods of the curves for
given values of S were determined from Eq. (4.140) and the greatest wave
periods for small values of S were determined to satisfy the condition that
QV: 1. Chain and broken lines in the figure show the relation between the
wave velocity and wave period given by finite amplitude wave theories, the
Stokes third order wave theory(S-3)!¥ and the cnoidal wave theory of the
third order approximation(NC»S)MJ, neglecting wind effects. The lowest

values for S-3 were also decided using the Rankine-Stokes breaking
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condition'® . There exists an envelope, the upper bound of the wave veloc-
ity, for a given wave height. Note that the wind-forced waves exist in the
region where the wave velocities are nearly equal to or greater than those
determined by the finite amplitude wave theories above, and also that the
changes are more sensitive to the external force S rather than to the wave
height.

Similarly, changes in wind-induced current, in mass transport velocity.
in progressive discharge, and in average velocity at the wave crest are
shown in Figs. 4.16, 4.17, 4.18, and 4.19, respectively. Fig. 4.16 shows
that the wind-induced current increases sharply with respect to the wave

period and is asymptotic to the limiting value of S/2, as given in Eq.

i
e

AR
N
L

N
\

0.5} 1.4 o

(1)H=0.83

Fig. 4.15 Wave velocity of the wind-forced waves.
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{4.143). Moreover. the mass transport velocity can be approximated by
U, = 1 -Q, comparing Fig. 4.17 with Fig. 4.18, but the difference in
approximation becomes comparatively great both for smaller wave periods and

for greater wave heights. The reason can be explained as follows: from Eq.

(4.36)
o L
Uy =1-Q- <1/L>fO Un d . 4.156

so the nonlinear interaction between the water surface displacement and

average velocity is, in effect, the same as in nonlinear wave theories

without wind effects!® 1910

Evidently from Egq. (4.36), for a great progressive discharge. the

o5t 1.4 |

1.8 ]

(2)H = 0.5

Fig. 4.15 Continued.
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average velocity at the wave crest takes on a small wvalue., while this
velocity approaches unity as the external force S tends toward 2 as shown
in Fig. 4.19, which corresponds to the Rankine-Stokes breaking condition in
a certain sense. However, the velocity is averaged over the water depth. so
the horizontal component of water particle velocities 1is underestimated.
and, furthermore, the surface drift due to the vortical wind-drift layer at
the air-sea interface may cause the average velocity to take on a value
smaller than unity at just breaking. In this case, the wind-forced waves
would break before the external force S reached to 2, that 1is, there may

exist an upper restriction for 8 in practical applications.

1.2
0.5 1
1.4

1.6 T

1.8

@)H=0.7
Fig. 4.15 Continued.
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Fig. 4.17 Mass transport velocity of the wind-forced waves.
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(2) Wind Stresses

Figs. 4.20 and 4.21 show the changes in shear stresses o./s and
(1 +m)(ts/s). at the wave crest, they being independent of the Reynolds
number and bottom friction. The increase 1in these shear stresses with
respect to the wave height for small values of S 1is remarkable compared
with that for great values of S. It can also be noted that there exist
maxima at certain wave periods both in the shear stress o,/s for all S and
in the shear stress at the wave crest (1 +m,)(Ts/s). for moderately small
values of S, but this second shear stress (1 +m,){(Ts/S). increases sharply
with respect to the wave period for great values of S, while the maxima, on
the contrary, disappear. Nearly constant values for shear stresses indicate
that they may be in a saturation state. This suggests the existence of
optimum wave heights and wave lengths for the generation of shear stress by
wind-wave interaction; namely, as the wave length becomes moderately long
for great values of S, the roughness caused by the water surface displace-
ment has less effect on the shear stress. Since the shear stress o,/s can
be regarded as a quantity at the mean water level, the distribution of
shear stress in phase with a given wave elevation governs the shear stress
values.

On the other hand, the pressure depends on the Reynolds number and on
the friction at the sea bottom and it changes as shown in Fig. 4.22. Slight
differences in pressure for R = 10° and R = 10% occur only near a region of
small T and of great S, but the pressure for R > 108 is indistinguishable
from that for R = 10%. For the conditions R = 10° and 10%, the water depths
are h = 10.1cm and 46.7 cm for v = 0.Olcm2/sec, respectively, so the
effect of the Reynolds number on the pressure is negligible in the deeper
region for almost all wind-forced waves except for ones with small T and

great S. Similar to the changes in shear stress o./s, the pressure takes on
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local maximum values and approaches the saturation point, depending on the
effect of the distribution of pressue in phase with a given wave slope.

Comparison of Fig. 4.20 with Fig. 4.22 shows that for small S the
pressure 1is always greater than the shear stress, but the pressure becomes
smaller than the shear stress, where values of T are small. with respect to
the 1increase in S. Therefore, at the outset where the wind-induced current
increases sharply for great S, as shown Fig. 4.16, the shear stress has a
primary role in the wave generation, but after that. the fully developed
wind-forced waves are maintained chiefly by the pressure.

Fig. 4.23 gives the total wind stress Jcn2+(nf/s exerting on wave
surfaces. The Reynolds number has much less effect for the same reasons
explained just above. The total wind stress takes on the maximum value at
certain wave periods as does the pressure. It can be conclusively noted
that Burgers’ term, the first term in the right-hand side of Eq. (4.37), as
well as the shear stress term, has significant effect on the generation of
the wind-forced waves.

The shear stress at just breaking (t./s).. given by Eq. 4.154,, 1is
also dependent on the Reynolds number and on the bottom friction. The
effects of the Reynolds number on this shear stress for the three wave
heights H = 0.3. 0.5, and 0.7 are shown in Fig. 4.24, where the values for
pressure from Fig. 4.22 are evaluated. This figure, then, gives the values
for shear stress at the wave crest which will cause the wind-forced waves
to break. Their orders are naturally less than that for the wind-forced
waves given in Fig. 4.21. The typical feature is that the shear stress
(ts/s). takes on local maximum values at certain wave periods. similar to
o./s and 0,/s, and begins to increase sharply for all Reynolds numbers. In
Eq. (4.154), for given H and S, the terms A/sR and o¢,/s are slowly varying
functions in the region of great T as shown in Figs. 4.19 and 4.22. thus

the sharp increase in shear stress can be attributed to that of the curva-
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Fig. 4.20 Shear stress exerting on the wind-forced waves.
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ture kg at the wave crest. This may greatly affect wave breaking. but.
unfortunately, how the shear stress is partitioned to generate the wind-
forced waves and to produce surface drift 1is unknown in the present
analysis, so the breaking condition cannot be formulated.

These diagrams presented above can be used practically to obtain
physical quantities for wind-forced wave. First, for the flow field quanti-
ties given, R and s, detemine the wave height and wave period. for
instance, the significant wave height and wave period because the wave
field can be characterized by these wave quantities. Secondly. determine
the physical parameter S from Fig. 4.20 for the required o,/s if the shear
stress g, is known. Consequently, physical quantities for the wind-forced

waves can be obtained.

(3) Wave Profiles and Distributions of Average Velocity

and Shear Stress with Respect to the Phase of Waves

Fig. 4.25 to Fig. 4.30 show the representative wave profile 15 and
distribution of average velocity U together with the phase shift &3/L. The
values for 1 - U and the inverse of the wave velocity 1/c are also shown in
the figures. The physical parameter is temporarily fixed to be m = 0.242 in
these figures to clarify the effects of the Reynolds number and the bottom
friction on wave profiles and velocity fields of developing wind-forced
waves, so the Reynolds number takes on three values of R = 10°%, 107 and 10°
for the same waves given in Table 4.1.

For small wave heights, the wave profiles remain nearly symmetric but
become asymmetric as the waves grow. The smaller the Reynolds number and
progressive discharge, (namely, the shallower the water depth and the
greater the average velocity,) the more remarkable the asymmetry., as the

friction at the sea bottom for a small Reynolds number is greater than that
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for a large Reynolds number; consequently, the phase shift is great, .and
also, for smaller progressive discharge, the shear stress is great compared
with the bottom friction, as shown in Fig. 4.20. Moreover, when the wave
profiles become asymmetric, slight secondary waves occur at the windward
sides of wave crests, as indicated in Fig. 4.25(4).

As to the velocity field, when the progressive discharge is great. that
is, when the water particle velocity is small, the two curves 1 -U and 1/c
intersect at some phases, and then the phases become nearly equal to the
mean water level as the wave grows. At intersections of the curves 1-U
and 1/c, the equality c-u =1 holds in the frame of reference moving with
the wave. In this situation, it follows that c - u > 1 near the phase of
the wave crest, thus the velocity field within these phases is, hydrauli-
cally speaking, subcritical and in the other phases, supercritical. For
another m and R or s the same properties can be obtained.

Fig. 4.31 shows the distribution of normalized shear stress 75/Tsc =
(1 +86mn)/(1 +8m) exerting on waves given in Table 4.1, where 7, 1is the
shear stress at the wave crest. The shear stress distributes similar to the
wave profile and average velocity but is positive even at the wave trough.
For a small progressive discharge, great average velocity and wind-induced
current, the shear stress at the wave trough also becomes great. therefore
the shear stress term in the right-hand side of Eq. (4.34) always acts like
a positive external force.

Similar configurations of the asymmetric wave profile and water parti-
cle velocity may be seen in waves generated by strong wind in shallow water
near a coastal zone. Therefore, the present analysis can help understand
this phenomenon; the analysis, however, depends chiefly on the evaluation
of the friction at the sea bottom, which affects the phase directly. At
this stage. an example for a reasonably great value of bottom friction is

needed to show how the asymmetry occurs. Fig. 4.32 shows examples for when
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the bottom friction is enlarged 25 times independently of Eq. {4.195,
whose physical quantities are also given in the last column of Table 4.1.
The fundamental characteristics are the same as for Fig. 4.25 to Fig. 4.30,
but the asymmetry accompanied by the increases in phase shift and the
occurrence of secondary waves in the windward sides of the wave crests are
clearly represented: even if the wave period is small. asymmetry of wave
profile can be attained if the friction at the sea bottom is great. Fig.
4.32(4) shows well that the secondary wave is almost completely split as a
soliton. The phase shift is always negative near the wave crest and posi-
tive though extremely small near the wave trough. This is the reason the
asymmetry occurs.

In concluding this section, the significance of the evaluation of the
friction at the sea bottom merits paticular attention in attempting to
understand the character of wind-forced waves. The friction at the sea
bottom may apparently be excluded from the obtaining of hydraulic quanti-
ties of waves except for waves with small wave periods and great progres-
sive discharge because the product of the bottom friction and Reynolds
number. sR, is only important in evaluating the pressure exerting on waves.
as given in Eq. (4.152). However, wave profiles and water particle veloc-
ities are almost completely dependent on the bottom friction through the
phase shift. Accurate information about the bottom friction is, therefore,

necessary for practical applications.

4.6 Some Verifications for Wind-Forced Waves

In this section a laboratory experiment and field observation are
described to verify the analytical characteristics of wind-forced waves.
The laboratory experiment is concerned with breaking wave trains. a special

type of wind-forced wave, in which successive spilling regions are fromed
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ahead of the wave crests. The aim of the field observation is to discover
the characteristics of actual wind-forced waves generated by strong wind.
First, primary characteristics are discussed, then the analytical results
of the wind-forced waves are verified in comparison with these experimental
and field data.

Note that all variables in this section are dimensional ones.

(1) Simulation of Breaking Wave Trains

a. Experimental Apparatus and Procedures
i) Wind wave simulator

The wind wave tank used was recirculating-type as illustrated in Fig.
4.33, belonging to the Ujigawa Hydraulic Laboratory, Disaster Prevention
Research Institute, Kyoto University. This tank has two parallel straight
sections joined at the ends by two semicircular sections, forming an oval.
Wind waves generated by a blower circulate in the tank by closing a wave
direction controller, installed at one corner between straight and semicir-
cular sections of the tank, corner (V) in Fig. 4.33. According to prelimi-
nary experiments, wind-induced currents at high wind speeds were reasonably
great, so a weak lateral oscillation was observed due to meandering of wind
waves, probably caused by the curvature of the semicircular parts of the
tank; consequently, a wave direction control plate was installed to prevent
this oscillation.

In a straight wind wave tank, the fetch is limited by the length of the
tank, so reversal of wind-induced currents occurs in lower zones of the
water as in storm surges. On the other hand, this current reversal does not
occur 1in the recirculating wind wave tank. Therefore. if the duration is
long enough, wind waves on the fully developed currents can be generated.

This is an advantage of this wind wave tank, but on the other hand the wave
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field may differ from that for an infinite fetch. According to Tsuchiya and
Yamaguchi’'s investigation'? on wind waves using this recirculating wind
wave tank, however, the properties of power spectra for wind-generated
waves resemble statistically those for field observations, so that wind
waves in this tank were found to be nearly identical to those with an

infinite fetch.

Wave direction controller
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Fig. 4.33 Recirculating wind wave tank.

11) Measurements of wind

Wind speeds over wind waves were measured with Robinson’'s cup anemo-
meter with 5 cm intervals.
iii) Measurements of wave profiles and wave velocities

Wave gauges were set up at two points 2.24 m apart in the straight part
of the tank, marked by 1 and 2 in Fig. 4.33. Wave velocities were deter-
mined from the travel-time of waves between these two points.
iv) Measurements of water particle velocities

In the present work, a current meter (2 cm in diameter) was used for
measurements of water particle velocities due to several experimental
considerations: 1) the reversal of wind-induced currents might not occur in

the preliminary experiments and the horizontal component of the current u
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predominated over the vertical one w, so the current meter would register
values of Juf+u” = u, 2) since measurement with hot-wire or hot-film was

strongly affected by water characteristics, such as a temparature. this
method was unsuitable for the experiments in long run, and 3) a tracer
method was also deemed unsuitable because the flow field 1in wind waves
might be turbulent and the type of wave to be measured was never decided

a priort.

Wave gauge
with servomotor

Measured along the lines : waves
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Measured at fixed points :
Current meter
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Fig. 4.34 Measurement procedure for water particle velocities.

The measurement procedure for water particle velocities is 1illustrated
in Fig.4.34, where the coordinate origin is taken at the bottom of the wave
tank and the wave surface is referred to as z = 7. Water particle veloc-
ities under wave troughs are measured at a point z = z;, and the velocities
between wave crests and wave troughs are measured as follows: the current
meter is fixed to a wave gauge, which can follow wave profiles by surbo-
control, and records velocities on a line z = np-2zy", 1.e. along a line at
a constant depth below the wave surface. This procedure was carried out at
measuring point 2. changing z; at intervals of 2 cm and z;° at intervals of

0.5 cm.
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It was hoped that the self-induced velocity due to vertical motion of

the current meter was negligibly small compared with wind-induced currents.
This velocity was less than 3 cm/sec, the minimum value of measurement

ability of the current meter, when measured in still water.

b. Wave and Wind Properties

Fig. 4.35 shows the time history of power spectra based on the FFT
method. where the record length is about 100 sec and the time lag is 0.06
sec. The peak frequencies are about 1 Hz for both Runs 1 and 2 after
+ = 100 min, the beginning time of measurements. Power spectra in the high
frequency region for both Runs 1 and 2 agree well with Phillips’ law'®  of
f°, and bi-frequency components occur at about 2 Hz. Values of power
spectra in the lower frequency region, less than peak frequencies, may be
reasonably greater than that of field observations due to the presence of
long wave components in the wave tank, generated by the interaction between
wind-induced currents and wind waves. Furthermore. in these lower frequency
regions, power spectra have local maxima resulting from the slight meander-
ing of waves, as mentioned above.

Fig. 4.36 shows the changes in depression of the mean depth of water
— Ah, in mean wave height H,, in significant wave heights Hi;3 and Hy/1o, in
maximum wave height H,., in mean wave period T,, and in occurrence ratio
for wave breaking «,. The occurrence ratio for wave breaking is defined by
o, = api+ap2, in which o,y is the ratio of the numnber of waves completely
broken with decreased wave height to the total wave mumber, and w2 is the
ratio of the number of waves partially broken near the wave crests without
deformation of wave profile to the total wave mumber.

The depression of the mean depth of water —4h gradually increases with
respect to the duration and becomes nearly constant. The mean wave height

H, and significant wave heights H;,3 and Hj, o are roughly constant after 50
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min, while the maximum wave height H,.. 1s strongly affected by the dura-
tion. The mean wave period T, often takes on great values and varies with
respect to the duration, being related to the breaking wave heights and
corresponding wave periods. The ocurrence ratio «, also varies with the
duration but can be considered nearly constant after the beginning time of
measurements.

Fig.4.37 shows the comparison of the wave heights with Longuet-Higgins’
theory'? . All values measured for wave height are smaller than his
theoretical ones. This is in accordance with Tsuchiyva and Yamaguchi’'s

7)

observation! for non-breaking wind waves and is one of the character-

istics of waves generated in the recirculating wind wave tank.

15 15
. 15
Hys Hizo Hmax
tem) [ (cm) [ {cm)
10 10
. 10
5 L1111 5 [ S T S S
S Hp (cm) 10 5 H,s (cm) 10
(a) (b)

Fig. 4.37 Comparison of wind wave heights
with Longuet-Higgins’ theoretical curves.

Breaking wave trains can, now, be defined such that the successive
spilling regions are formed ahead of the wave crests and the wave profiles
are, then, partly deformed only near the wave crests: accordingly. they
were observed by the ratio of .

Examples of wave profiles and water particle velocities for the break-
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Examples of wave profiles and water particle velocities

for the breaking wave trains.
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Table 4.2 Physical quantities for the representative
breaking wave trains.

Run h(cm) TV/g/h H/h c/vgh Wy /V/gh

1 24.1 6.89 0.458 1.28 11.48
2 19.7 6.78 0.408 1.27 10.93

ing wave trains are shown in Fig. 4.38. Short waves. or wavelets disturbed
by wave breaking, clearly occur 1in the wave trough phase. The measured
water particle velocities indicate that reversal of the velocities never
occurs in the wave trough phase, that is, the wind-induced currents are
greater than the water particle velocities due to the wave motion.

Table 4.2 gives physical quantities for the breaking wave trains. which
were determined as the mean values for waves of more or less the same wave
profile, wave height, and wave period. From comparison of Figs. 4.35 and
4,36 with Table 4.2, the wave periods of the breaking wave trains
correspond to those at the peak frequencies of power spectra, and the wave
heights are also nearly the same as the significant wave heights H/3. The
relation between the wave heights and wave periods is shown in Fig. 4.39,

where waves with wave heights within the significant wave height +10 %

! T T T T 11 T
H/h
| Hys37h= ]
0.5 0.458
= 0.408 -
(o} 1 Lt 111 |
4 6 8 10 20 30
Tvg/h

Fig. 4.39 Wave periods of the breaking wave trains
corresponding to the significant wave heights.
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Fig. 4.40 Vertical distribution of wind over waves.

were selected. Most wave periods are close to the significant wave periods,
but there are waves with wave periods somewhat longer than the significant
wave periods both in Runs 1 and 2 because the power spectra have low-
frequency components slightly greater than usual, as seen in Fig. 4.35.
Fig. 4.40 shows that the universal logarithmic law of vertical distri-
bution of wind speed is well satisfied for breaking waves. If the distribu-
tion of wind speed is assumed as
W - c)/We = (1/k)logio Z/Zy), (4.157)
where the coordinate Z is measured upward from the mean water level, the
charateristic values of wind can be evaluated as given in Table 4.3, in
which Wy is the wind speed at Z = 10 m, I, the friction velocity. ¢ the
wave velocity for the breaking wave trains, Z; the relative roughness, and

k Karman’s constant.

Table 4.3 Characteristic values of wind.

Run Wi (m/s) W, (cm/s) Zo (cm) C R; =W, H/v

d 2
1 17.65 51.4 0.005 1.07 x10°° 3830
A 15.18 35.8 0.0003 0.712 1877
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Fig. 4.41 shows the relation between the drag coefficient C; and
roughness Reynolds number2? Reo>* = W.H/v, where H is the wave height for
the breaking wave trains. This figure indicates that the breaking wave
trains are in the region Re»* > 10% where wave breaking occurs constantly.
but the drag coefficient C; 1is about half of Toba and Kunishi's™ and
Kunishi and Imasato’'s?’. The discrepancy in C; results from a fundamental
difference in experiments, that is, current reversal would occur in their

experiments, while it does not in the present work, as mentioned already.

LI l]""l T T]]""I i I”"II T l]l""l 1 Illlll' LR} oI
B m Toba. Kunishi and Imazato N
(Fatch= 6.9 ~20m) Q
4 o) Present work \%{ n
(2]
S | Q
x L Smooth Breaking % B
S /— Transition Rough _ &
1 = - <
2 | @\“ -
A '
- xxssxSSSi{XSSS> o i
! ‘ | o
0 ! ! - 3 4 s
10 I 10 02 10 10 10°

Fig. 4.41 Relation between the coefficient of friction
and roughness Reynolds number.

Fig. 4.42 also shows the relation between the occurrence ratiobfor wave
breaking and the roughness Reynolds number. The occurrence ratios by Toba
et al. increase with Re»>*, but the ratios in the present work are nearly
constant. These results, as before, strongly depend both on the fetch and
on the types of wind wave tanks, that is, whether the wind wave tank has

ends or not.
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Fig. 4.42 Relation between the occurrence ratio for
wave breaking and roughness Reynolds number.

c. Characteristics of the velocity field
i) Existence of the Critical Depth

The representative vertical distributions of water particle velocity in
the breaking wave trains in Runs 1 and 2 are presented in Figs. 4.43 and
4.44, respectively, where the curves are experimental ones. In both Runs 1
and 2, great surface drift occurs in the leeward side of wave crests
t/T = 0 but decreases gradually with respect to the phase of waves, and
wvater particle velocities distribute uniformly over the whole water depth,
while, for t/T > 0, the surface drift decreases sharply. Therefore, the
surface drift in the leeward side of wave crest is chiefly produced by wave
breaking and there possibly exists a sheltered region there.

The average velocity, defined by

1 n
J—— udz, (4158)
n 0

e

can be evaluated from the vertical distributions of water particle velocity
shown in Figs. 4.43 and 4.44. Accordingly, Fig. 4.45 shows examples of the
average velocity minus the wave velocity, u-c, together with the wave

profile in the frame of reference moving with the wave velocity c¢. There
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Fig. 4.45 Existence of the critical depth in the breaking wave trains.

exist points (c-—ﬂ)/Jgﬁ = 1 near the mean water level, so the flow near

the wave crest 1is, hydraulically speaking, subcritical and supercritical
near the wave trough in this steady flow system. This fact 1is similar to
the analytical results for the wind-forced waves, as mentioned in Section

) which occur when a liquid flows

4.5(3), and also for the roll-waves
downward on a steep open channel with bottom friction.
ii) Wind-Induced Current and Mass Transport

The vertical distribution of mean velocity in the measured time T\ a1 -

defined by

Teotal
Uy = (1/Ttotal>f udt, (4.159;
0

is shown in Fig. 4.46, These mean velocities can give values of wind-
induced currents by strong wind as the Frouds number u,/+/¢h = 0.2, though

the velocity components due to waves are, of course, contained, too.
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Fig. 4.46 Vertical distribution of wind-induced current.

The mass transport velocity can be defined as follows:

(a) In the region under wave troughs(on z = zy)
T N
U =<1/T">f wdt = (I/N)Y, du;. (4.160)
) j=1

(b) In the region between wave crests and troughs(on z = - z" )

T n
Up ' :(1/T’z[ udt = (1/n)§jdlu. (4.161)
4] j=1
If u,” is expressed as the mean value per unit wave period, Eq. (4.161)
becomes
T
Up' = (1/T{£; udt = T/T Hup = (/N)u,. (4.162)

In these equations, N and n are the sequence numbers of measured time,
defined by

T = NAt, T =ndt, (4.163)
respectively, as shown in Fig. 4.34, and Ju; 1is a corresponding water
particle velocity.

Fig. 4.47 shows the vertical distribution of mass transport velocity.
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Fig. 4.47 Vertical distribution of mass transport velocity
in the breaking wave trains.

in which the values in the region between wave crests and troughs are. for
brevity, plotted at the phases of wave crests z = e est—20 . The mass
transport velocities under troughs are slightly greater than the wind-
induced currents shown in Fig. 4.46. The great part of the mass transport
induced by the breaking wave trains is, then, due to wind-induced currents,
though surface drift, of course, affects mass transport in the region
between wave crests and troughs, as shown in Figs. 4.43 and 4.44. Dimen-
sionless periods in the present experiment are nearly equal to TJE?H =
6.83 and 6.78. However, Run 2 gives slightly greater mass flux than Run 1,
in which the former has a smaller value of H/h than the latter. Mass flux
deeply depends on wind-induced currents and on the foundamental properties
of the breaking wave trains, therefore it is necessary to investigate the

relations more in detail.
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(2) Field Observation for Wind-Forced Waves

a. Coastal and atmospheric environments

2)  was carried out using an observational pier at

A field observation’
the Ogata Wave Observatory in Ogata-Cho, Niigata, belonging to the Disaster
Prevention Research Institute, Kyoto University. The pier is about 315.4 m
in length and nearly perpendicular to the shore line as illustrated in Fig.
4.48. The water depth along the pier varies as is also shown in the figure.
Four wave gauges of ultra-sonic type were set up at the top of the pier and
a linear wave-probe array along the pier was made up of eight wave gauges
of capacitance type, wave data being chiefly observed by this array. Wind
speeds and their directions were taken by a wind vane and anemometer.

The storm measured was a low atmospheric pressure which ran through the

Japan Sea from Tsushima, Nagasaki (at 3 a.m., 14 March 1981) to Otaru,

Hokkaido (at 3 a.m., 15 March 1981). The observation was carried out con-

N — Sado Isl.

L —— -20 ———__ A Japan Sea
L — /
—— 18 — Noto Pen. Ogata

! aoetsu

1;?yama 0O 40km

Anemometer

315.4

Unit:m

(W)idag Ogata - cho

(0] 500m
: Ogata wave observatory

Fig. 4.48 Environments of a observational pier and linear wave-probe array.
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Fig. 4.49 Wind directions and wind speeds at Ogata coast, March 1981.

stantly from 7-3! March 1981 at intervals of 1 hour during the storm. Wave
data used in the present analysis are Data No. 30(1-6 a.m., 16 March) and
Data No. 31(7-11 a.m., 16 March), which were nearly the peak time of the
storm. The time histories of the wind speed and wind direction are shown in
Fig. 4.49, indicating that the mean wind speeds were about 16 m/sec for

Data No. 30 and 13 m/sec for Data No. 31, respectively, and that the wind

blew steadily from the west.

b. Statistical Properties of Wind-Waves

Representative wave data used are shown in Fig. 4.50, where the record
length is about 855 sec and the time lag is 0.18 sec. Since wave data
contained a trend caused by low-frequency components of waves, the trend

vas excluded by the running average method with a low-pass filter of 32 sec
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Fig. 4.52 Auto-correlations along the observational pier.
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in band-width. Wave properties, such as wave height and wave period. were
determined based on the zero-up cross method using the adjusted data above.

Fig. 4.51 shows power spectra by the FFT method along the observational
pier for Data No. 30 and No. 31. The maxima of power spectra decrease
clearly during the waves travel from measuring points 4 to 5 and from
points 8 to 9, and bi-frequency components become strong near point 5. Fig.
4.52 shows the changes in auto-correlation along the pier. At points 9 and
10 for Data No. 30, there are no longer distinct peak frequencies. It can
also be seen from Data No. 31 that bi-frequency components are more remark-
able at points 9 and 10 in comparison with those at points 7 and 8. When
waves break, power spectra may decrease sharply, so there might be breaking
points near points 5 and 9 or 10. This fact was supported by visual obser-
vation.

In the following analysis, wave data at measuring points 7 and 8 are
used because they have the nearly same power spectra. Table 4.4 gives mean
values for significant wave heights and corresponding wave periods at
points 7 and 8 for Data No. 30 and No. 31. Note that significant wave
periods are nearly equal to those for bi-frequency components and not to
those for peak frequencies of power spectra. According to the laboratory
experiments on breaking wave trains, the significant wave period
corresponds to the peak frequency of power spectra, but the bi-frequency
component is not conspicuous compared with the peak frequency. Therefore,
these differences in the experimental and field data may result from a

strong occurrence of bi-frequency components as seen in Fig. 4.51, for

Table 4.4 Significant wave heights and periods
in field measurements.

Data No. Hys/h Tvs/g/h

30 0.282 6.77
31 0.633 9.95
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instance, 1in a fully developed soliton separation due to wave shoaling. as

predicted by Tsuchiya and Yasuda et al.®

¢. Wave Properties of Wind-Forced Waves

Waves at point 7 and corresponding waves at point 8 were determined
from wave records shown in Fig. 4.90, and the wave velocities were deter-
mined from the travel-time of waves between these two points. Among them.
the waves, having wave heights within the significant wave height +10 %,
were selected because a wave field can be characterized by its significant
wave., Fig. 4.53 shows the relation between these selected wave heights and
wave periods, where the values are mean values at points 7 and 8 using the
mean water depth at these two points. The dimensionless wave periods for
the peak and bi-frequencies obtained from the power spectra are respec-
tively TJ;;H== 11.4 and 5.97 for Data No. 30, and Tyg/h = 14.8 and 7.38
for Data No. 31. Therefore, it is to be noted that dimensionless wave
periods of the wind-forced waves cover the region containing these two wave
periods and that this fact depends on the strong occurrence of bi-frequency

components, as pointed out for the power spectra.

, T L T LA I
H/h Data No.3!
i ...:. H'/S/h‘_
| L 98 T . 0.633 ]
[ ]
0.5 -
- Data No.30 —
[+]
= 0 g o° .
s P 0.282
(0] 1 1 L1 1 1 1
4 6 8 10 20 30
T/g/h

Fig. 4.53 Wave periods of the wind-forced waves
corresponding to the significant wave heights.



251

(3) Discussion

To verify the analytical characteristis of the wind-forced waves, the
physical parameter S needs to be estimated.

First, Fig. 4.54 shows a comparison of experimental wave velocities for
the breaking wave trains, having wave heights within the significant wave
height +10%, with theoretical wave velocities shown by solid lines. In Run
1, experimental wave velocities at wave periods less than the significant
wave period are greater than the theoretical wave velocities by about 10 %.
but measured wave velocities, as a whole, can be considered to be in the
theoretically estimated regions. Experimental wave velocities for the
significant waves are near the upper bounds of theoretical ones, and the
parameter S takes on values from 0.6 to 1.0 for both Runs 1 and 2.

Wind-induced currents predicted in Fig. 4.46 and mass transport veloc-
ities in the Eulerian coordinates presented in Fig. 4.47 are compared with
the theoretical results in Figs. 4.9 and 4.56, respectively. These
figures, on the contrary, indicate that the values of S may be within from
0.2 to 0.4 for both Runs 1 and 2. Moreover, the values of o,/s are plotted
in Fig. 4.957, where the bottom friction s was evaluated based on Manning's
empirical friction law, Egq. (4.195), and the shear stress o, was estimated
by Fq. (4.33) using the drag coefficients given in Table 4.3 from the
laboratory measurements and those by Mitsuyasu and Honda’'s experimental
formulaZ® Manning's roughness coefficient n can take on two values of
0.0!1 and 0.015 because the bottom of the wind wave generator is made of a
steel plate. Furthermore, the coefficient my,in Eq. (4.33) was assumed to be
0.1: in the numerical simulations of storm surges, m, 1s generally about
0.25, but this coefficient is considered to vary from 0.1 to 0.5 according
to the flow conditions, either turbulent or laminar. so the flow 1in the

breaking wave trains was assumed to be nearly turbulent. Fig. 4.57 also
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Fig. 4.55 Wind-induced current in the breaking wave trains.
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Fig. 4.57 Values of o,/s, evaluated based on
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indicates that the parameter S changes from 0.2 to-0.5 for Run 1 and from
0.1 to 0.4 for Run 2, respectively.

Summing up these results, only Fig. 4.54 gives slightly greater values
of S than the others. However, since the breaking wave trains surely
accompany strong wind-induced currents, it may be preferable that the
parameter S be chosen for the theoretical velocity field to nearly coincide
with the experimental velocity field. It should be noted that the wind-
induced currents in the breaking wave trains shown in Fig. 4.46 include

velocity components due to the presence of waves, so give rather large
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values of S, and also that the mass transport velocities shown 1in Fig.
4,47, on the contrary, indicate rather small values of S because water
particle velocities very close to wave surfaces were not measured. There-
fore, the roughly estimated values of S and Manning's roughness coefficient
n are respectiveiy taken to be 0.3 and 0.012 for Runs 1 and 2. in the
following discussion.

This judgment is supported by Fig. 4.58. The figure shows a comparison
of the distribution of average velocity with respect to the phase of waves.
where the experimental values are evaluated from Figs. 4.43 and 4.44., The
theoretical and experimental average velocities agree fairly well except
that the latter distributes asymmetrically and takes on rather large values
in the wave trough phase, which may be caused by short period waves riding

on the breaking wave trains.

Theoretical

Fig. 4.58 Comparison of the distribution of average velocity
in the breaking wave trains with theoretical ones.

Figs. 4.99 and 4.60 show experimental wave profiles of the breaking
wave traines corresponding to the significant waves. Note that experimental
wave heights are within the significant wave height +£10 %, but theoretical

wvave heights are fixed to be those for significant waves. 1.e. HN =
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Iy3/h = 0.458 and 0.408 for Runs 1 and 2, respectively, thus there exists
a discrepancy in wave height of about 10 %. The representative feature 1is
that experimental wave profiles of the breaking wave trains are more
asymmetric and steep compared with theoretical ones. However. surface
slopes on the windward sides of the waves seem to agree comparatively well
with theoretical ones.

Secondly, Fig. 4.61 shows a comparison of wave Velocities from field
measurements, where waves with heights within the significant range vere
selected in a manner similar to that used for Fig. 4.54. The observed wave
velocities exist near the lower bounds of theoretically estimated regions
and have variances of about 10 %. The present observation did not measure
quantities related to the velocity field in waves, thus the parameter S
must be estimated from this figure. Though the wave velocities observed are
sometimes under the theoretically estimated curves. the parameter S at the
significant wave periods, at this stage, still can be assigned 0.1 as the
mean value for both Data No. 30 and No. 31.

Furthermore, the friction coefficient at the sea bottom s is also
unknown in the present observation, while the successive field measurements
at Ogata coast using the same observational pier have been carried out by
Kakinuma et al.226.20.28) = According to their results for bottom friction.
the usual relation between the friction coefficient and wave Reynolds
number is well satisfied in the offshore region, but the friction coeffi-
cient in the nearshore region takes on large values. The wave Reynolds
numbers at measuring points 7 and 8 are about 4+ 107 in the present meas-
urements. thus the bottom friction s can be assumed to be about 0.04 from
their investigations.

Similar to Figs. 4.59 and 4.60, comparisons of wave profiles for Data
No. 30 and No. 31 are shown in Figs. 4.62 and 4.63, respectively. As the

significant wave periods are smaller than those for spectral peaks. as
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mentioned above, the wave profiles for spectral peaks are also shown on the
right-hand side of each figure. Fundamental properties are the same as for
the laboratory simulation of the breaking wave trains., therefore the
experiment using the recirculating wind wave generator may be suitable for
the simulation of wind-forced waves generated by strong wind, accompaning
reasonably great wind-induced currents. However, the asymmetry of wave
profiles in field data is stronger compared with experimental wave profiles
for the breaking wave trains, and this may be natural as the observed wave

profiles 1in the nearshore region are surely subject to asymmetric deforma-

7/h 7/h

Data No. 30 TV/g/h=6.89 Theoretical

S=0.1 —e— Observed 14.3

Fig. 4.62 Comparison of wave profiles of the wind-forced waves
with theoretical ones (Data No. 30).
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tion of waves due to wave shoaling. The occurrence of short period waves in
wave trough phases is also remarkable.

Fig. 4.64 shows the corresponding velocity fields in the wind-forced
vaves together with wave profiles, estimated by the present model. Figs.
4.64(2) and (4) are those for spectral peaks. In case of Fig. 4.64(1),

since the wave velocity is less than unity, the whole velocity field is

7/h 7/h

T/9/h =]0.1

Theoretical

Data No. 3!

S$=0.1 —— Observed

Fig. 4.83 Comparison of wave profiles of the wind-forced waves
with theoretical ones (Data No. 31).
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Fig. 4.64 Representative wave profiles and distributions of average

velocity with respect to the phase of waves, corresponding to
the significant waves and waves for the spectral peaks.
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subcritical in the frame of reference moving with the wave. In the others.
the regions near the wave crests are subcritical and near the wave troughs.
supercritical in this steady flow system. The wind-induced current for the
wind-forced waves from field measurements can be estimated as uw/Jaﬁ =
S/2 = 0.05, and wave breaking seems to occur, as seen in Figs. 4.62 and
4.63; this value is, however, about one-third of those for the breaking
wave trains. A reason may be attributed to the restraint of mass transport
in the wind-forced waves by the presence of the shore.

Judging from the investigations above, it can be conclusively noted
that the gross features of the wind-forced waves can be simulated satisfac-
torily by the present model. As to bottom friction and surface shear
stress, our knowledge, however, is far from satisfactory which obstructs a
better understanding of the present problem. Therefore, more thorough
knowledge about bottom friction and surface shear stress, which interact

each other in nearshore regions, is needed.

4.7 Conclusion

This chapter has developed formulas for wave motion generated by strong
wind in shallow water. General partial differential equations governing
wave motion subject to the surface wind stresses and bottom friction have
been formulated, which- turn into the generalization of the Korteweg-
deVries-Burgers equation. The governing equations contain all physical and
mathematical terms to be taken into account for, such as nonlinearity and
dispersion of waves, dissipation in water, external wind stresses, and
bottom friction. Wind-forced waves could occur in the equilibrium state of
these internal and external forces. The equation has been analyzed using
the method of averaging as for the nonlinear oscillations. where wind

stresses have been assumed to vary along the same lines as in Section 2.4,
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that is. the shear stress varies in phase with the wave elevation. and the
pressure, in phase with the surface slope. The most stable wave motion has
also been defined by introducing the physical motion. The fundamental
physical quantities of the wind-forced waves have been formulated as one
parameter family for a required wave height and wave period together with
flow field quantities, such as friction at the sea bottom and Reynolds
number, in which the parameter is deeply related to the surface shear
stress. Laboratory experiments and field measurements have given some
verifications for the wind-forced waves.

Chief characteristics of the wind-forced waves are concluded to be as
follows: 1) Mathematically, Burgers’ term. namely, the pressure caused by
wind, has a significant role in the generation of the wind-forced waves as
does the shear stress. 2) The wind-forced waves accompany strong wind
induced currents and mass transport in comparison with the progressive
waves investigated by the usual nonlinear finite amplitude wave theories
without wind effects: thus, their wave velocities are nearly the same or
greater. 3) The critical depth in the frame of reference moving with the
wave can occur if the water particle velocity is small compared with the
wave velocity. 4) Wave profiles can also become asymmetric due to the
increase in bottom friction.

Regarding the wind stresses needed to generate the wind-forced waves.
both the shear stress and pressure take on local maximum values at certain
wave periods, and if the wind-forced waves accompany strong currents, the
wind stresses become nearly constant for long period waves. This suggests
the existence of a saturation state of wind stresses; namely, when the wave
length surpasses a certain threshold length, the roughness caused by tn=
water surface displacement has less effect on the generation of wind
stresses. It is, furthermore, noted that if the wind-induced current

becomes great, the shear stress has a primary role in generation of the
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short period wind-forced waves, and the fully developed long period waves
are chiefly maintained with the aid of the pressure by wind.

In practical applications, . once a design storm, with its significant
wave, surface shear stress, and bottom friction, has been determined. the
model will permit an estimate of wind-forced waves and supply design data
for various coastal engineering works. However, the model depends heavily
both on the bottom friction and on the surface shear stress by wind. It is.
therefore, necessary to clarify the interrelation between these two exter-

nal forces more in detail.
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CHAPTER 5
CONCLUSION

This study has dealt with the two types of breaking phenomena of
progressive gravity waves, when wave motion can be assumed to be irrota-
tional and when wind blows over waves, and also with wave motion generated
by strong wind which may accompany wind-induced currents.

In Chapter 2 a breaking model was proposed to show what kind of mathe
matical equation could describe the symmetric "peaking” of the wave crests
with a finite angle, such as Stokes’ crested configuration. as well as
smooth wave profiles. The customary basic equations of wave motion were
transformed into the Hamiltonian systems by using the reductive perturba
tion method and through the variational principle. The resultant Hamilton-
ian coincided with the first integral for the Korteweg-deVries equation in
the lowest order of approximations and had singularity as the "breaking
operator” to initiate wave breaking. Thus, the Hamiltonian was converted
into a more preferable form based on Thom's catastrophe theory. The result-
ing breaking model was for cnoidal wave trains, and could describe the
whole wave history from non-breaking to desired peaking. According to the
model, at just breaking, the wave profile ceases to be rounded and attains
"peaking” with a crested angle, while holding the Rankine-Stokes breaking
condition. The breaking inception under the shallow water assumptions
agrees fairly well with that previously estimated by finite amplitude wave
theories.

Also in Chapter 2 was the clarification of the breaking condition 1in
the presence of surface drift generated by wind. The distribution of

surface drift in a vortical wind-drift layer, formed at and just belov a
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vave surface, was determined based on intrinsic equations, derived from the
Navier-Stokes equations of motion with boundary layer approximations, 1in
connection with the underlying velocity field, being, in essence. irrota-
tional. The pressure and shear stress from wind were assumed to vary 1in
phase with the surface slope and wave elevation, respectively. The pressure
acts like suction near the wave crest. The shear stress and surface drift
change sign and become negative in the leeward side of the wave crest,
indicating the separation of air-flow on the downstream side or causing a
shelterd region in the usually understood sense. The breaking inception in
relation to surface drift was also presented with the use of the Rankine-
Stokes breaking condition. These breaking conditions, however. are for
small scale breaking phenomena which occur near the wave crest at just
breaking. Doubtless another significant phenomena might occur in breaking
waves, which relate to all the wave properties and may give internal
breaking conditions.

In Chapter 3 experiments on the breaking of progressive waves was
described not only to confirm usual local breaking conditions but also to
discover the internal breaking conditions in reference to the imbalance in
the partition rate of wave energies. The local breaking conditions, such as
the Rankine Stokes breaking condition and the breaker index, were found to
be satisfied by breaking waves. Furthermore, the fact that the behaviour of
water particles in breaking waves is more active than that estimated by the
usual wave theories implies the existence of internal breaking conditions.
Ever-changing wave energies should be estimated based on the conservation
law of energy flux. Among them, only the potential energy can be evaluated
from measured water surface displacements. The potential energy begins to
decrease at a certain point in front of the breaking point, near the point
where the changes in radiation stress take on a maximum value, while the

kinetic energy increases sharply and predominates in the partition of wave
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energies. As a result, waves fall into an unstable state as a whole. These
are premonitory phenomena in breaking waves and may finally lead waves to
the breaking.

In the study of coastal phenomena, most wave properties for wind-
generated waves are usually estimated by using of finite amplitude wave
theories with wind effects neglected. It is necessary to develop a new wave
theory which includes the wind effects because fundamental characteristics
of waves surely change due to wind effects. The ocean surface waves are
formed by the superposition of many wave trains with different wave height
and frequency. Among them, large scale "carrier’ waves., termed the "wind-
forced waves’”, are important as they characterize the wave field in a
shallow coastal zone when strong wind blows.

In Chapter 4 the dynamics of the wind-forced waves were developed. The
governing equations were derived from the Navier-Stokes equations of motion
based both on the perturbation method with the shallow water assumptions
and on a one-dimensional analysis. The equations contain all the physical
and mathematical terms to be accounted for, namely. nonlinearity and
dispersion of waves, dissipation in water., wind stresses exterting on the
wave surface, and friction at the sea bottom. In other words. the equations
are an extension of the Korteweg-deVries-Burgers equation. Wind stresses
were assumed along the same lines as in Chapter 2 and the bottom friction
vas treated as an empirical friction law like Chezy’s law. Wind-forced
waves can occur 1in the equilibrium state of these internal and external
forces. The governing equations were analyzed by the method of averaging to
show that the steady wind-forced waves on water of uniform depth are
possible, which resulted in a cnoidal solution. The stability condition.
furthermore, gave the definition for the most stable wave motion by intro-
ducing a physical motion. The physical quantities of the wind-forced waves

can now formulate as a one parameter family of the shear stress parameter
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if the wave height and wave period are given together with the flow field
quantities, the Reynolds number and the friction at the sea bottom. As to
the wave profiles, they become asymmetric due to the phase shift in the
wave for reasonably great values of bottom friction, and the waves accom-
pany wind-induced currents, which cannot be estimated by the usual wave
theories. The wind stresses, shear stress and pressure, needed to generate
wind-forced waves, have been clarified; for most wind-forced waves, the
pressure, 1i.e. Burgers’ term, has a primary role as does the shear stress,
always acting as a positive external force. These wind stresses for certain
wave heights take on maximum values and become nearly constant after
certain wave periods. This indicates that the surface roughness, caused by
the water surface displacements of long period waves, has little effect on
the generation of wind stresses, even if the wave length is very long. In
this situation, the pressure predominates over the shear stress, so the
shear stress has the chief role in the generation of short period waves,
while the pressure maintains long period waves. The laboratory experiment
and field observation have shown that the gross features of the wind-forced
wave can be estimated by the present theory.

As to further investigations, the wind-forced waves depend strongly on
the evaluation both of the friction at the sea bottom and of the shear
stress by the exertion of wind, and they interact with each other as in
storm surges, therefore the interrelation between these external forces

needs to be thoroughly investigated.



