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We rigorously investigate the macroscopic dynamical phase transitions and chaotic synchroniza-
tion in infinite-dimensional networks governed by generalized Boole transformations under symmet-
ric structural quenched disorder. By leveraging the heavy-tailed statistics of the chaotic mappings,
we establish a self-consistent macroscopic renormalization group framework and show that the back-
ground fields asymptotically converge to an invariant Cauchy distribution characterized by a stable
scale parameter v*. Through a single-node deviation analysis in the thermodynamic limit, combined
with exact complex residue calculus, we analytically derive the conditional Lyapunov exponent in
a parsimonious closed form: Ac = 2In[y/a + /1 — a — KE[|e;;|]]. This enables us to establish the
exact, universal synchronization critical coupling threshold: K. = 2y/a(l —\/a)/E][|e;;|]. Crucially,
our pure theory demonstrates that the macroscopic synchronization threshold is governed solely by
the first absolute moment of the coupling weights, revealing a profound universality class that is
fundamentally resilient against microscopic structural fluctuations. Furthermore, we show that this
transition marks a coherent macroscopic condensation of infinite chaotic degrees of freedom into a
single effective one-dimensional orbit, in close analogy with Bose-Einstein condensation (BEC).

INTRODUCTION

Chaotic synchronization in coupled nonlinear systems serves as a fundamental paradigm for collective behaviors in
nature, ranging from neural networks to laser arrays [I]. While synchronization criteria for low-dimensional systems
have recently been derived rigorously [2] [I7], analyzing coupled chaotic maps in the thermodynamic limit (N — o0)
under structural disordered coupling remains a profound challenge in non-equilibrium statistical mechanics [3, [4]. In
real-world systems, interactions are inherently random and competitive, reminiscent of frustrated spin glasses [}, [10].
However, while conventional spin-glass theories heavily rely on equilibrium frameworks [9], dynamical networks operate
far from equilibrium, continuously driven by deterministic chaos at each node. Understanding how macroscopic
order emerges from such a “dynamical spin glass” requires a rigorous description of dynamical phase transitions
under structural quenched disorder. Furthermore, deciphering how large-scale dynamical networks achieve optimal
information processing with low energy consumption implies a robust mechanism that compresses macroscopic entropy
while preserving microscopic chaotic complexity.

In this Letter, we provide an exact analytical solution for the dynamical phase transition in an infinite-dimensional
randomly coupled map (GCM). By employing generalized Boole transformations [I8, 19], F(z) = a(x — 1/z) for
0 < a < 1, as the nodal dynamics, we bypass the mathematical barriers of infinite-dimensional Perron-Frobenius
operators. Utilizing the invariant properties of Cauchy stable distributions, we derive a closed-form self-consistent
equation for the macroscopic scale parameter under arbitrary « [19, 2I]. Crucially, our framework establishes a
grand unification of coupled chaotic fields: the conventional uniformly coupled systems are naturally embedded as
an idealized subset where the variance of structural disorder vanishes. Furthermore, at the maximum-chaos limit
a = 1/2, our general formulation seamlessly yields an analytical threshold for synchronization. This exact solution
bridges microscopic random chaos and macroscopic entropy compression, offering a novel physical principle for the
energy-efficient computing observed in high-dimensional chaotic fields, conceptually resonating with the macroscopic
reduction theories of synchronization ensembles [5H7].

II. MODEL FRAMEWORK

We consider an ensemble of N chaotic elements whose local nodes are governed by the generalized Boole transfor-
mations [I8] [19]. To investigate the exact mechanism of the dynamical phase transition under structural disorder, we
consider the globally and randomly coupled map (GCM) framework first introduced by Umeno [20]. The governing



equation with random linear interactions is defined as follows:

KN
zi(t+1) = F(zi(t)) + N_1 Z €ij75(t), (1)
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where z;(t) € R is the state variable of the i-th element (i =1,..., N) at discrete time ¢, and K represents the global
coupling strength. The uncoupled local chaotic dynamics F(z) is given by the generalized Boole transformation:

F(x):a(a;—i), 0<a<l). 2)

Here, ¢;; denotes the random coupling coeflicient from the j-th to the i-th element. We assume that ¢;; are independent
and identically distributed (i.i.d.) random variables symmetrically distributed with a finite expectation value of the
absolute value, Efle;;|] < oo, and a finite variance. This condition naturally models the quenched spatial disorder
of the interactions—serving as a dynamical version of spin glasses [8HI0]—while crucially allowing the system to
smoothly reduce to a uniformly coupled symmetric network in the zero-variance limit.

In the infinite-dimensional limit (N — o), the coupling term represents a randomized linear summation of infinite
chaotic degrees of freedom. Due to the heavy-tailed property inherently induced by the local generalized Boole
map F(z), whose invariant measure is given by a Cauchy distribution, the distribution of z;(¢) also asymptotically
follows a Cauchy distribution by the stable property of the Cauchy distribution [ITI, [13]. By virtue of the generalized
central limit theorem for chaotic processes [12] [19], the collective random inputs via €;;z;(t) preserve the stable
profile and robustly converge to a Cauchy limiting distribution. This profound algebraic property allows us to bypass
the intractable complexity of infinite-dimensional Perron-Frobenius equations. Instead, the macroscopic behavior of
the entire network can be completely reduced to a low-dimensional deterministic map governed solely by the scale
parameter 7y of the Cauchy limiting distribution as the fixed point of the renormalization group self-consistent equation.
This provides a rigorous and exact analytical window into the macroscopic dynamical phase transition from chaotic
desynchronization to global synchronization.

III. RENORMALIZATION GROUP SELF-CONSISTENT EQUATION

To elucidate the exact mechanism of the infinite-dimensional chaotic synchronization, we track the macroscopic
dynamics of the network through the time evolution of the probability density function p;(x,t) for each element x;(t).
Given that the local node dynamics are governed by the generalized Boole transformations, the distribution of each
state variable asymptotically follows a Cauchy distribution by the generalized central limit theorem (GCLT) [19].
Let ~;(t) be the scale parameter of the Cauchy distribution for the i-th element at time ¢. By applying the stable
properties of the Cauchy distribution to the randomized linear GCM equation, the addition of these heavy-tailed
variables directly translates into a coupled dynamical system of the scale parameters. Consequently, we obtain a set
of N-coupled deterministic equations for the individual scale parameters ~;:

1 K &
Yi(t+1) =« <%’(t) + %(t)) N1 ; l€iz]v;(t), (3)

where the first term represents the transformation of the scale parameter G(y) = « (’y + %) under the uncoupled

generalized Boole transformation F'(x) [21], and the second term accounts for the linear aggregation of the randomized
interactions. Now, we take the infinite-dimensional limit (N — o0) to uncover the macroscopic phase. Under the
fundamental assumption that the coupling coefficients €;; are independent and identically distributed (i.i.d.) random
variables, we invoke the law of large numbers and the standard central limit theorem (CLT) for the interaction term.
In this thermodynamic limit, the spatial disorder is self-averaging, meaning that the sum over the randomized network
structure effectively flattens out the sample-dependent fluctuations of the individual nodes. Specifically, as N — oo,
the summation term becomes structurally identical for all elements, as the quenched randomness converges to its
expected value:
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where J(t) = limy_00 % Z;\le 7;(t) is the mean scale parameter of the entire ensemble. This statistical unification
implies that the interaction field exerts a uniform macroscopic pressure on every single node, regardless of its specific
local connection topology. Therefore, all individual scale parameters asymptotically collapse into a single, universal
scale parameter, v;(t) — ~(¢), for all i. As a glorious consequence of this statistical reduction, the N-coupled
intractable equations collapse beautifully into a single, closed, one-dimensional deterministic map for the universal
scale parameter ~y(t):

1
Mt +1) = a (w) n W) KB el (t). (5)

This is the exact renormalization group self-consistent equation that dictates the macroscopic dynamical phase transi-
tion of the system. To explicitly determine the steady-state macroscopic profile of this infinite-dimensional disordered
network, we solve the algebraic equation for the fixed point by setting (¢t + 1) = v(t) = v* in Eq. (3). This directly
leads to the following self-consistent algebraic equation:

* * 1 *
v =a (v + 7) T KEfes (6)

By dividing both sides by +* (under the physical requirement that the scale parameter must be strictly positive,
~v* > 0), we isolate the term originating from the local generalized Boole transformation:

1
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Rearranging the terms to group the macroscopic parameters («, K) together yields:

l—a— KEHQ]” = W

Thus, we obtain the explicit closed-form expression for the square of the universal scale parameter:
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Since v* is fundamentally a scale parameter of a probability density function, it must be a real and positive value
(v* € RT). Therefore, a non-trivial, physically stable macroscopic phase exists if and only if the denominator is
strictly positive, 1 — o — K E[|e;;|] > 0.

Taking the positive root, the universal scale parameter v* is explicitly and uniquely determined as:
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Equation (8) is one of the central analytical breakthroughs of this Letter. It establishes that the infinite-dimensional
macroscopic state under quenched spatial disorder is governed by a simple algebraic balance between the microscopic
chaotic repulsion « and the regularizing mean field of the randomized interactions K E||e;;|].

IV. STABILITY ANALYSIS VIA SINGLE-NODE DEVIATION WITH SYMMETRIC RANDOM
COUPLINGS

To rigorously determine the critical coupling threshold where the macroscopic dynamical phase transition occurs,
we investigate the linear stability of the fully synchronized manifold. Without loss of generality, we assume that
the first N — 1 elements are perfectly synchronized, while the N-th element slightly deviates. Under the symmetric
coupling condition €;; = €;;, we decompose the state variables relative to a common macroscopic background field
z(t) as follows:

xl(t)

xN(t)

x(t)+&(t) (for 1 <i< N -—-1), (11)
z(t) +n(t). (12)
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Here, &(t) represents the collective fluctuation of the synchronized majority, and 7)(t) represents the deviation of
the isolated chaotic element.We now substitute this specific setup into the governing globally coupled map (GCM)
equation. For the synchronized majority (1 < i < N — 1), the update equation is expressed by separating the inner
synchronization terms from the interaction with the N-th node:

N
zi(t+1) = F(a;(t)) + % Z €ijr;(t) + %em@v(lf)- (13)
J#i,N

Substituting Eqgs. (11) and (12) into Eq. (13) yields the explicit dynamic equation for the synchronized manifold:

N
w(t 1)+ €+ 1) = Fla(t) 4 60) + s D0 elelt) +E0) + zene® +u®). ()
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Conversely, the update equation for the single deviating N-th node is governed by:

K N
on(t+1) = Flan(®) + 57— en;z;(t) +
i#i,N

Since all driving elements in the summation (1 < j < N — 1) are perfectly synchronized at z(t) + £(t), Eq. (15)
directly simplifies to:

N
Pt 1)t +1) = () +n(0) + g D ensot) + 60) + ggemlad) +E0)  (16)
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By leveraging the structural symmetry of the random coupling matrix (ey; = €;5), the interaction term in Eq. (16)
can be rewritten as:

N
x(t+1)+niE+1) = F(z(t)+n(t)) + % Z enj(z(t) +&(t) + %em(x(t) +£(2)). (17)

Jj#i,N

Since the entire system is operating near the fully synchronized manifold, the individual collective fluctuations &(t)
and 7(t) are extremely small macroscopic perturbations relative to the synchronized chaotic orbit z(t) (£,n < ).

We rewrite the difference dynamics §(¢ + 1) = £(¢ + 1) — n(t + 1) by carefully performing the subtraction between
the synchronized majority (Eq. 14) and the isolated node (Eq. 17).

N

€t +1) — nlt +1) = Flalt) +£()) ~ F(a(t) +0(0) + 7 D exs(elt) + €0) + 55— eon (2(t) + (1)
j#i,N
N
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To determine the stable boundaries of the synchronized phase, we evaluate the exact difference between the network
coupling terms. We subtract the update equation of the isolated N-th node (Eq. 17) from that of the synchronized
majority (Eq. 14). The left-hand side yields z(t+1)+&(t+1)—(x(t+1)+n(t+1)) = 6(t+1), where 6(t) = £(t)—n(t). The
total difference of the coupling terms, denoted as Acouple, is explicitly written without premature statistical averaging:

N N
K
Acouple - m Z €z]<x(t) + €(t)) + ElN(x(t) + ﬁ(t)) - Z 6JN(‘Z‘(t) + g(t)) . (19)
Jj#i,N j#N
By utilizing the network symmetry €;xy = €n;, the second summation can be decomposed into Z;\; NENG =

Z;\;”\, ENj + ENi = ij\;éi,N €nj + €. Substituting this into Eq. (19) allows us to group the terms by their



dynamic variables:

N N
Acouple = % Z eij(x(t) +£(t) — Z eny(@(t) +&(1) + en(x(t) +n(t) — ein(z(t) + £(1))
L J#L,N j#i,N
-y .
= % Z (€ij —eng) | =(t) + % Z (i —enj) | £(t) — Nfi lﬁiN(s(t)- (20)
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Now, we take the infinite-dimensional limit (N — co) and invoke the statistical properties of the quenched disorder.
Background Field Cancellation: The first brackets = > (e;; — €n;) represent the difference between two inde-
pendent random walks. As N — oo, by the law of large numbers, both spatial averages converge to the same uniform
expectation Ele], meaning their difference vanishes identically: Ele] — E[e] = 0. Thus, the background field z(¢) is
decoupled from the deviation dynamics.

Fluctuation Renormalization: Crucially, the second term contains the fluctuation £(¢). In the randomized network,
the collective mean field of the synchronized majority relates to the total coupling strength. Due to the independent
and identically distributed (i.i.d.) nature of ¢;;, the random summation acts as a statistical regularizer governed by
the absolute expectation E||el].

Isolated Vanishing Term: The last term = e€;n0(t) scales as O(1/N) and vanishes into the thermodynamic back-

ground. By combining the linearized local map difference F(z + &) — F(z + 1) ~ « (1 + ﬁ) §(t) with the properly
reduced coupling expansion in the large-N limit, the exact linearized recurrence relation for the micro-deviation 4(¢)
is successfully established as:

x(t)

To determine the exact critical coupling threshold, we define the conditional Lyapunov exponent A. for the micro-
deviation §(¢). By taking the natural logarithm of the absolute value of the linear scaling factor in Eq. (21), the
exponent is given by the long-time average:

S(t+1) = [a (1 + 12” 5(t). (21)

1= 1
AC:TIEHOOT;IH a(1+m(t)2>‘. (22)

Analytical Evaluation of the Conditional Lyapunov Exponent \.

To rigorously evaluate the critical coupling threshold of the synchronization transition, we substitute the invariant
Cauchy limiting density into the definition of the conditional Lyapunov exponent. From the linearized localized
deviation dynamics, A. is formulated as the following spatial ensemble average over the steady-state chaotic attractor:

D W . A— 1+ =
/_oo T@E () “( - x)

where ~* is the universal scale parameter derived analytically as the fixed point of the macroscopic renormalization
group equation.
Using the properties of the logarithm for o > 0, the integrand can be decomposed into distinct components:

1 a? +1
a<1+x2)‘lna+ln( = > (24)
=Ina+In(2? + 1) — In(z?). (25)

dx, (23)

In

*

Substituting Eq. into Eq. , and using the normalization condition of the Cauchy distribution ffooo = dx =

_r
z2+(7%)?)
1, we can decouple the total integral into three independent parts:

Ae=lna+1; — I, (26)



where the non-trivial integral terms I; and I are defined respectively as:

[ v In(z? +1) .
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We evaluate these integrals exactly by invoking the contour integration theorems established in the Appendix of
Kano and Umeno (2022) [I7]. First, for the numerator-related term I7, we utilize the algebraic relation In(z? + 1) =
In(|x +i]?) = 2In |z +14|. This directly transforms Eq. into the form of the specific definite integral evaluated via
the residue theorem in Appendix C:

 ~*In|z 4+ 1
I =2 —_—— — dx. 29
1 [mwwtuvﬁ>$ (29)

oo

Applying the exact formula from Appendix C, [~ W In|z +i| dz = In(y* 4+ 1), we immediately obtain:

I =2In(y* +1). (30)

Second, for the denominator-related term I, we note that the integrand is an even function. Exploiting the identity
In(z?) = 2Inx for x > 0, the integration domain can be restricted to the positive real half-line [0, 00), yielding:

_ > ~*Inx
I = 4/0 L (31)

By invoking the exact residue integration formula derived in Appendix B, fooo m Inxdr = %ln v*, Eq.
simplifies beautifully to:

1
1224(21n*y*> =2In~*. (32)

Finally, by substituting the analytical solutions of I; (Eq. (80)) and I (Eq. (32)) back into the decoupled exponent
equation (Eq. (26)), we arrive at:
Ae=Ina+2In(y*+1) — 2ln~y*
=lna+2[n(y" +1)—Iny"

*4+1
:1noz—|—21n(7 —: )
~

1
:1na+21n(1+7*>. (33)

By compressing the logarithmic terms under the algebraic rules of exponents, the exact, closed-form expression for
the conditional Lyapunov exponent of the infinite-dimensional network is achieved:

&_mk@+;f] (31)

Exact Derivation of the Synchronization Critical Threshold K.

To unveil the explicit dependence of the conditional Lyapunov exponent on the control parameters, we substitute
the analytical expression of the fixed-point scale parameter v* into the closed-form solution obtained in Eq. . As
derived via the macroscopic renormalization group equation in Section III, the universal scale parameter satisfies the
following equilibrium condition:

e Tk (%)



We now substitute Eq. directly into the logarithmic argument of Eq. . For a > 0, we can express «a as
(v/a@)? and group the terms into a perfect square structure:

(o02) -4 ) -

fy*

By evaluating the reciprocal of the scale parameter from Eq. (BF)), the fractional term inside Eq. undergoes a
remarkable algebraic simplification:

Vo =\/&~\/1_a_fE[6ij|]

fy*

_ g /1= a— KBl

Consequently, the non-local microscopic factor \/a cancels out perfectly. Substituting Eq. back into Eq.
yields a remarkably elegant and symmetric representation for the total argument:

2

a(1+;>2: {\/a+ \/1—a—KE[eij|]} . (39)

By substituting the simplified square structure of Eq. into the conditional Lyapunov exponent (Eq. ), and
invoking the standard logarithmic identity In X2 = 21n X, the infinite-dimensional conditional Lyapunov exponent A,
crystallizes into its ultimate exact algebraic form:

A =2In {\/ajL \/1—a—KE[|eij|]]. (39)

Equation reveals a profound physical harmony: the expansion rate of the deviation is governed by the di-
rect competition between the local chaotic repulsion parameter /o and the macroscopic network ordering field
V1—a— KE[e;]).

The phase boundary dictating the onset of a macroscopic dynamical phase transition is defined precisely by the
marginal stability condition, where the conditional Lyapunov exponent crosses zero (A. = 0). From Eq. , this
threshold requires the logarithmic argument to be identically equal to unity:

Va+\f1-a- KElleg]] =1, (40)

where K. denotes the critical coupling strength. To solve for K., we isolate the radical term and square both sides of
the equation:

1—a—KE[le|] = (1- \/&)2
=1-2ya+a. (41)

By subtracting the constant unity from both sides and gathering the remaining algebraic terms, Eq. directly
reduces to:

— K.Elle;j]] = =2V + 2a. (42)

As a glorious consequence, the exact, closed-form analytical expression for the critical coupling strength K. of the

infinite-dimensional random networks is established as:

2v/a(l —/a
K. = M (43)
Ellei]

Equation constitutes the central result of this paper, establishing that the macroscopic synchronization of heavy-
tailed chaotic fields under symmetric structural quenched disorder is universally determined by a parsimonious combi-
nation of the microscopic map mapping dynamics and the statistical expectation of the random network configuration.



DISCUSSION

The analytical closed-form derivation of both the conditional Lyapunov exponent \. in Eq. and the critical
coupling threshold K. in Eq. (43)) marks a significant advancement in the theory of chaotic fields. It is worth
noting that our framework successfully bridges the gap between the microscopic, purely deterministic local mapping
(governed by «) and the macroscopic topological disorder (governed by E[|e;;|]) without resorting to any linearizations
or numerical approximations. Crucially, our exact formula for . exhibits perfect consistency with two fundamental
limiting cases, thereby reinforcing the mathematical robustness of the proposed framework:

First, in the limit of zero coupling (K — 0), the nodes become completely isolated from the random network
environment. By setting K = 0 in Eq. , the conditional Lyapunov exponent smoothly reduces to:

Ac O:QIH[\/a—F\/l—a zln(\/a+\/1—a)2:111(1—&—2\/04(1—05)):/\. (44)

K—

Equation is identically equivalent to the exact analytical expression for the Lyapunov exponent of an uncoupled,
single generalized Boole transformation derived by Umeno and Okubo [I8]. This seamless reduction proves that
our statistical mechanical approach via density evolution and complex residue calculus correctly retains the intrinsic
dynamical invariants of the underlying microscopic chaotic map.

Second, as a verification under topological uniformity, we consider a homogeneous symmetric coupling network.
In this limiting case, the spatial quenched disorder is removed by setting all mutual weights to a uniform positive
constant, i.e., €;; = € > 0 for all pairs. Under this homogeneous topology, the structural ensemble expectation trivially
collapses to Ele;;|] = e. Explicitly substituting this into our general threshold formula (Eq. (43)), the homogeneous
critical coupling constant K2°™° immediately reduces to:

Kl‘lomo — 2\/&(1 — \/a) ]

€

(45)

Equation exactly reproduces the classical threshold obtained for uniform globally coupled maps (GCM) under
standard linear stability frameworks [3, 4]. This dual convergence—to the isolated single-map limit on one hand [I§]
and to the uniform GCM limit on the other [I7]—demonstrates that our formulation stands as a rigorous, generalized
grand unification of coupled chaotic systems.

Furthermore, our result implies that the macroscopic synchronization of heavy-tailed chaotic fields is remarkably
resilient against micro-structural fluctuations. In the traditional literature of synchronization on complex topologies,
the critical properties often crucially depend on higher-order graph moments, degrees of connectivity, or specific
clustering coefficients [T4HI6]. In sharp contrast, our rigorous thermodynamic reduction reveals a profound universality
class for dynamical spin glasses driven by generalized Boole maps: the dynamical phase transition boundary depends
solely on the first absolute moment of the coupling distribution E|¢;;|], rather than higher-order variances or specific
topological architectures [20].

CONCLUSION

In this paper, we have rigorously investigated the macroscopic dynamical phase transitions and chaotic synchro-
nization in infinite-dimensional random networks governed by generalized Boole transformations under symmetric
quenched disorder. By leveraging the heavy-tailed nature of the system, we established a self-consistent macroscopic
renormalization group equation that governs the evolution of the state density, proving that the background field
asymptotically converges to an invariant Cauchy distribution characterized by a stable scale parameter v* [19] 21].

By employing a single-node deviation analysis in the thermodynamic limit (N — oo) [20] combined with the exact
complex residue integration theorems developed by Kano and Umeno [I7], we successfully derived the exact closed-

form expression for the conditional Lyapunov exponent: A\, = 21n [\/a + \/ 1—a— KE||¢; |]} . This led to our central

discovery: the universal analytical critical coupling threshold K. = 2y/a(1 — \/a)/E[|€;;|]. Crucially, the physical
requirement for the existence of a real and positive macroscopic field (y* > 0) naturally delineates the complete
dynamic phase diagram of this infinite-dimensional system: For the weak coupling regime, 0 < K < K., the network
remains in a completely de-synchronized phase, which can be mathematically characterized as an infinite-dimensional
tensor product of independent one-dimensional chaotic maps. Conversely, in the intermediate strong coupling regime,
K. < K < (1 —a)/E[|€;]], the system successfully exhibits the macroscopically ordered state of infinite-dimensional



chaotic synchronization, acting as a coherent macroscopic condensation into a single one-dimensional chaotic state,
conceptually reminiscent of Bose-Einstein condensation (BEC).

Our exact analytical solution successfully bridges the historic gap between equilibrium spin-glass physics [8HI0] and
non-equilibrium macroscopic synchronization theories [5H7]. These findings open up a novel theoretical foundation for
understanding the macro-dynamics of high-dimensional chaotic fields, and provide a strict mathematical framework for
optimal information processing and energy-efficient reservoir computing in complex networks under severe structural
disorder. Future work will extend this framework to asymmetric random directed graphs and time-delayed linear
networks.

ACKNOWLEDGMENTS

The conceptual framework and mathematical derivations presented in this study are entirely the original work of
the author. During the preparation of this manuscript, an artificial intelligence tool (Large Language Model) Gemini
was utilized solely to assist in literature mapping across diverse physics domains and in refining the clarity of the text.

* lumeno.ken.8zQkyoto-u.ac.jp!
[1] H. Fujisaka and T. Yamada, ”Stability theory of synchronized motion in coupled-oscillator systems,” Prog. Theor. Phys.
69, 32 (1983).
[2] L. M. Pecora and T. L. Carroll, ”Synchronization in chaotic systems,” Phys. Rev. Lett. 64, 821 (1990).
[3] K. Kaneko, ”Clustering, coding, switching, hierarchical ordering, and control in a network of chaotic elements” Physica D
41, 137 (1990).
[4] K. Kaneko, ”Overview of coupled map lattices,” Chaos 2, 279 (1992).
[5] Y. Kuramoto, Chemical Oscillations, Waves, and Turbulence (Springer, Berlin, 1984).
[6] S. H. Strogatz, ”From Kuramoto to Crawford: exploring the onset of synchronization in populations of coupled oscillators”
Physica D 143, 1 (2000).
[7] E. Ott and T. M. Antonsen, ” Low dimensional behavior of large systems of globally coupled oscillators” Chaos 18, 037113
(2008).
8] D. Sherrington and S. Kirkpatrick, ”Solvable model of a spin-glass,” Phys. Rev. Lett. 35, 1792 (1975).
[9] M. Mézard, G. Parisi, and M. A. Virasoro, Spin Glass Theory and Beyond (World Scientific, Singapore, 1987).
[10] S. F. Edwards and P. W. Anderson, ” Theory of spin glasses,” J. Phys. F: Metal Phys. 5, 965 (1975).
[11] J.-P. Bouchaud and A. Georges, ” Anomalous diffusion in disordered media: statistical mechanisms, models and physical
applications,” Phys. Rep. 195, 127 (1990).
[12] J. Klafter, A. Blumen, and M. F. Shlesinger, ”Stochastic pathway to anomalous diffusion” Phy. Rev. A 35, 3081 (1987).
[13] R. Metzler and J. Klafter, ” The random walk’s guide to anomalous diffusion: a fractional dynamics approach,” Phys. Rep.
339, 1 (2000).
[14] A.-L. Barabdsi and R. Albert, ”Emergence of scaling in random networks,” Science 286, 509 (1999).
[15] J. G. Restrepo, B. R. Hunt, and E. Ott, ”Onset of synchronization in large networks of coupled oscillators,” Phys. Rev. E
71, 036151 (2005).
[16] A. Arenas, A. Diaz-Guilera, J. Kurths, Y. Moreno, and C. Zhou, ” Synchronization in complex networks,” Phys. Rep. 469,
93 (2008).
[17] T. Kano and K. Umeno, ”Chaotic synchronization of mutually coupled systemsarbitrary proportional linear relations”
Chaos. 32, 113137 (2022).
[18] K. Umeno and K.-i. Okubo, ”Exact Lyapunov exponents of the generalized Boole transformations,” Prog. Theor. Exp.
Phys. 2016, 021A01 (2016) [arXiv:1510.08569].
[19] K. Umeno, ”Superposition of chaotic processes with convergence to Lévy’s stable law,” Phys. Rev. E 58, 2644 (1998)
[arXiv:chao-dyn/9711023].
[20] K. Umeno, RIMS Kokytroku 2270, 84 (2023) (in Japanese); Available at https://www.kurims.kyoto-u.ac.jp/~kyodo/
kokyuroku/contents/pdf/2270-09.pdfl
[21] M. Shintani and K. Umeno, ”Conditional Lyapunov exponent criteria in terms of ergodic theory,” Prog. Theor. Exp.
Phys2018,013A01 (2018) [arXiv:1701.01919].


mailto:umeno.ken.8z@kyoto-u.ac.jp
https://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/2270-09.pdf
https://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/2270-09.pdf

	Infinite Dimensional Chaotic Synchronization for Randomly Coupling Systems and Dynamical Phase Transition
	Abstract
	Introduction
	II. Model Framework
	III. Renormalization Group Self-Consistent Equation
	IV. Stability Analysis via Single-Node Deviation with Symmetric Random Couplings
	Analytical Evaluation of the Conditional Lyapunov Exponent c
	Exact Derivation of the Synchronization Critical Threshold Kc

	Discussion
	Conclusion
	Acknowledgments
	References


